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We address the problem of existence
of completely positive trace preserving
(CPTP) maps between two sets of density
matrices. We refine the result of Alberti
and Uhlmann and derive a necessary and
sufficient condition for the existence of a
unital channel between two pairs of qubit
states which ultimately boils down to three
simple inequalities.

1 Introduction
A fundamental aspect of resource theories is finding conditions which characterize the possibility
of state-conversion via “allowed” operations. In
quantum thermodynamics, for example, one usually asks whether a state τ can be generated
from an initial state ρ via a Gibbs-preserving
channel, that is, a completely positive and tracepreserving (cptp) map which leaves the Gibbsstate of the system invariant [5, 10, 12, 16, 24].
Sometimes one limits the problem from Gibbspreserving channels to the smaller set of thermal
operations which are of a specific form compliant
with the underlying resource theory. However,
in what follows we focus on general cptp maps.
Recall that complete positivity of a linear map
T : Mn (C) → Mn (C) is equivalent to positivity
of id ⊗ T : Mn (Mn (C)) → Mn (Mn (C)) [21, 23].
The above is just a special case of the following more general question: given two pairs of
quantum states {τ1 , τ2 }, {ρ1 , ρ2 } can one find a
characterization (which is non-trivial and possibly simple to verify) for the existence of a quantum channel which transforms both ρj into τj ?
While this problem is fully solved in the classical
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case (for an overview on the equivalent conditions
see [12, Ch. V] or [26, Prop. 4.2]), in the quantum
realm this remains unanswered, with the qubit
case being the notable exception: In a seminal paper [1] Alberti and Uhlmann derived a necessary
and sufficient condition for such a simultaneous
state conversion. The Alberti-Uhlmann condition
reads
kρ1 − tρ2 k1 ≥ kτ1 − tτ2 k1
∀ t ≥ 0, (1)
√
where kAk1 = tr A† A denotes the trace-norm
[20]. Note that (1) is equivalent to
kp1 ρ1 − p2 ρ2 k1 ≥ kp1 τ1 − p2 τ2 k1 ,

(2)

for all p1 , p2 ≥ 0 and p1 + p2 = 1. Due to Helstrom theory [14] condition (2) means that distinguishability of states {ρ1 , ρ2 } given with probabilities {p1 , p2 } is not less than distinguishability
of states {τ1 , τ2 } (occurring with the same probabilities). For the sake of computation (1) can
be reduced to finitely many inequalities via the
formulae
kAk21 = tr(A† A) + 2| det(A)|
det(A + B) = det(A) + det(B) + tr(A# B) (3)
for all A, B ∈ M2 (C) where (·)# denotes the adjugate [15, Ch. 0.8] given by
"

M

#

#

"

#

d −b
a b
=
, where M =
.
−c a
c d

Thus the function resulting from (1) is piecewise
quadratic in t so non-negativity reduces to certain
conditions on the coefficients (with respect to t).
It is well known that every positive tracepreserving (ptp) map is a contraction in the
trace-norm and hence the Alberti-Uhlmann condition (1) is necessary for the existence of a ptp
map T . Interestingly, this condition is sufficient
in two dimensions – even for the existence of a
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quantum channel – and fails to be sufficient for
dimension three and larger [13, Ch. VII.B].
In [9], Chefles et al. generalized the problem to input and output sets {ρ1 , . . . , ρn } and
{τ1 , . . . , τn }, respectively, with arbitrary dimension and arbitrary value of n, under the constraint
that at least one of the two sets must be a set of
pure states. They derived conditions for the existence of a cptp map between the sets in terms
of the Gram matrices of the two sets.
A result for arbitrary (non-pure) states was derived by Huang et al. [17] where their characterization (of existence of a cptp map) goes via the
existence of some more abstract decomposition
of the initial and target states. More interestingly, they considered the case of qubit states
{ρ1 , ρ2 , ρ3 }, {τ1 , τ2 , τ3 } under the generic assumption of the input states being pure (cf. footnote
1 ). However the characterization they derived,
while verifiable with standard software, seems to
not generalize to a condition for arbitrary input
states and, moreover, seems to not lead to much
physical insight.
In [13], Heinosaari et al. considered a slightly
different version of the problem and studied conditions for the existence of only cp maps between two sets of quantum states. Moreover they
gave a fidelity characterization for the existence
of a cptp transformation on pairs of qubit states,
consisting of only a finite number of conditions.
In a more recent paper [10], Dall’Arno et al. derived a condition for the existence of a cptp map
when the input set is a collection of qubit states
which can be, through a simultaneous unitary rotation, written as real matrices. They study the
problem from the perspective of quantum statistical comparison and derive that if the testing
region of the real input states includes the testing region of the output states then there exists a
cptp map connecting them. More precisely, the
main result of [10] says that a set of qubit states
represented by real density matrices {ρ1 , . . . , ρn }
can be mapped via a quantum channel to a set
{τ1 , . . . , τn } if and only if the corresponding testing regions satisfy
R({τk }) ⊂ R({ρk }),

(4)

1
For arbitrary qubit states ρ1 , ρ2 there exists c ∈ [0, 1)
−cρ2
such that ρ̃1 := ρ11−c
is a pure state. Thus the problem {ρ1 , . . . , ρn } → {τ1 , . . . , τn } by linearity of the desired
channel can be reduced to {ρ̃1 , . . . , ρ̃n } → {τ̃1 , . . . , τ̃n }.
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where R({ρk }) is a set of vectors x ∈ Rn which
can be realized via
xk = Tr(ρk π) ,

k = 1, . . . , n,

for some 0 ≤ π ≤ 1. Similarly one defines
R({τk }).
For further analysis on the relation
of this problem to quantum statistical comparison see [6, 7].
In this paper we refine the original AlbertiUhlmann problem by asking about the existence
of a unital channel, that is, T maps ρk to τk and
additionally T (1) = 1. Original condition (1)
guarantees the existence of a cptp map but does
say nothing whether T is unital. Clearly, condition (1) is again necessary but no longer sufficient.
Note, that the map T is uniquely defined only on
an at most 3-dimensional subspace M spanned by
{1, ρ1 , ρ2 } and one asks whether this map can be
extended to the whole algebra M2 (C) such that
the extended map is cptp and unital. Extension
problems such as this one were already considered by many authors before [21]. The classical
result of Arveson [3] says that if M is an operator
system in B(H), that is, M is a linear subspace
closed under hermitian conjugation and containing 1, and if Φ : M → B(H) is unital and completely positive, then it can be extended to a unie : B(H) → B(H).
tal completely positive map Φ
Note, however, that this result says nothing about
trace-preservation. Hence, even if the unital map
e need
Φ is trace-preserving the unital extension Φ
not be trace-preserving. Actually, unitality may
be relaxed by assuming that the hermitian subspace M contains a strictly positive operator
[13]. Interestingly, it was shown [18] that if M
is spanned by positive operators and Φ is completely positive then there exists a completely
e
positive extension Φ.
The main result of this paper reads as follows.
Let {ρ1 , ρ2 } and {τ1 , τ2 } be two pairs of qubit
states and consider the two subspaces of M2 (C)
M := span{ρ0 =1, ρ1 , ρ2 },
N := span{τ0 =1, τ1 , τ2 }.

In what follows we assume w.l.o.g. that dim M =
3—indeed dim M = 1 is trivial and dim M = 2
can be traced back to the original result of Alberti
and Uhlmann.
Theorem 1. The following statements are equivalent:
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(i) There exists a unital quantum channel mapping {ρ1 , ρ2 } to {τ1 , τ2 }.
(ii) There exists a unital ptp map which sends
{ρ1 , ρ2 } to {τ1 , τ2 }.
(iii) For all α, β, γ ∈ R
kα1 + βτ1 + γτ2 k1 ≤ kα1 + βρ1 + γρ2 k1 (5)

Proof. Since M is a 3-dimensional operator system in M2 (C) there exists a hermitian operator
orthogonal to M w.r.t. the Hilbert-Schmidt inner product. Being orthogonal to 1 it is traceless
so after choosing an appropriate basis it equals
σz . Analogously, choosing an appropriate basis
on the output Hilbert space makes N orthogonal to σz . More precisely this yields unitary
Ũ , Ṽ ∈ M2 (C) such that
Ũ † M Ũ ⊥ σz ;

(iv) For all β, γ ∈ R
k 12 + βτ1 + γτ2 k1 ≤ k 12 + βρ1 + γρ2 k1 (6)

Now, define the map S̃(ρ) := Ṽ † T (Ũ ρŨ † )Ṽ .
Since S̃ preserves hermiticity and the trace one
has
"

(v) For all t ∈ R one has τ1 − tτ2 ≺ ρ1 − tρ2 .
Here ≺ denotes classical matrix majorization
which is usually defined via the comparison of
eigenvalues but can be characterized as follows
(e.g., [2, Ch. 7]): for any two Hermitian n×n matrices one has B ≺ A iff there is a unital quantum
channel T such that B = T (A). Interestingly
[2, Thm. 7.4] B ≺ A iff for every real t one has
k1 − tBk1 ≤ k1 − tAk1 which may be considered
the order-free characterization of majorization.
Clearly, the original Alberti-Uhlmann condition (1) provides now only the necessary condition corresponding to α = 0 in (5).
While the conditions in Theorem 1 give conceptional insight, one can also reduce the problem to
three easy-to-verify inequalities.
Theorem 2. There exists a unital quantum
channel mapping qubit states {ρ1 , ρ2 } to {τ1 , τ2 }
if and only if det(τj ) ≥ det(ρj ) for j = 1, 2 as
well as
#
tr(ρ#
1 ρ2 ) − tr(τ1 τ2 )

2

≤ 4 det(τ1 ) − det(ρ1 )



 (7)

det(τ2 ) − det(ρ2 ) .

2 Proof of Alberti-Uhlmann conditions
for unital maps

Ṽ † N Ṽ ⊥ σz .

S̃(σx ) =

0 zx
zx∗ 0

#

"

,

S̃(σy ) =

0 zy
zy∗ 0

#

,

with zx , zy ∈ C. Hence the action of S̃ can be
represented via

1

1 0
0
1
 

 
σx  → 0 a11 a12  σx  ,
σy
0 a21 a22 σy










for some A = (ajk )2j,k=1 ∈ R2×2 . Applying the singular value decomposition to A one
finds orthogonal matrices W1 , W2 ∈ M2 (R) such
that W1T AW2 = diag(a, b) with a, b ≥ 0 [15,
Thm. 7.3.5]. But every orthogonal 2 × 2 matrix is a rotation matrix (possibly up to a composition with σz ) [15, p. 68]. Hence, the channel Sφ (ρ) := Uφ† ρUφ with Uφ = diag(1, eiφ ),
φ ∈ R leaves span{1, σx , σy } invariant and acts
on (1, σx , σy ) as

1
1
0
0
 

 
σx  → 0 cos φ − sin φ σx  .
σy
0 sin φ cos φ
σy


1









Now, there exist φ, θ ∈ R such that Sφ ◦ S̃ ◦ S−θ
corresponds to the diagonal matrix diag(1, a, b)
or diag(1, a, −b). Thus one has
S(ρ) = V † T (U ρU † )V,

(8)

Consider a linear map T : M → N mapping ρk
to τk . By construction this map is unital and
preserves the trace as well as hermiticity.

where U = Ũ Uθ , V = Ṽ Uφ , that is, the map T is
unitarily equivalent to the Pauli diagonal map S
defined on Σ.

Proposition 1. The map T is unitarily equivalent to a Pauli diagonal map S : Σ → Σ where,
here and henceforth, Σ = span{1, σx , σy }.

Therefore it is clear that the unital map T :
M → N can be extended to a unital cp map
T : M2 (C) → M2 (C) if and only if the unital
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Pauli diagonal map S : Σ → Σ can be extended to
a unital cp map S : M2 (C) → M2 (C). Now, T :
M → N is a positive map if and only if S : Σ →
Σ is positive. However, for Pauli diagonal maps
the positivity conditions are well-known [22]: S
is positive if and only if |a|, |b| ≤ 1. Now, if S :
Σ → Σ is positive it can be always extended to
a unital ptp map S on M2 (C). Indeed, one may
use the trivial extension defining
S(σz ) = 0.

(9)

c

(−1, 1, 1)

(−1, −1, 1)

(1, 1, 1)

b

(−1, 1, −1)
(1, −1, 1)
(1, 1, −1)

(−1, −1, −1)
(1, −1, −1)
a

Remark 1. Actually it was shown [8] that if M
is a 3-dimensional operator system, then there
exists a unital ptp projector Π : M2 (C) → M.
Hence S := S ◦ Π defines a unital ptp extension
of S. Interestingly, however, it was proven [8]
that there is no cptp projector Π : M2 (C) → M.
Yet one can find an extension of S which is not
only ptp but even cptp:
Proposition 2. If a Pauli diagonal map S : Σ →
Σ is positive it can always be extended to unital
cptp map S on M2 (C).
Proof. We show that there exists S which is also
a Pauli diagonal map, that is,
S(σz ) = cσz .
The Pauli diagonal map S is cptp if and only
if the well-known Fujiwara-Algoet conditions are
satisfied [11, 22]
|a + b| ≤ 1 + c , |a − b| ≤ 1 − c ,

(10)

that is,
|a + b| − 1 ≤ c ≤ 1 − |a − b| .
Clearly, there exists a non-trivial solution for c if
and only if
2 ≥ |a − b| + |a + b| = 2 max{|a|, |b|},
which concludes the proof.

Figure 1: The tetrahedron represents Pauli diagonal
channels with a, b and c being the respective eigenvalues for eigenvectors σx , σy and σz . The horizontal plane
represents Pauli maps with c = 0.

and x3 = (−1, −1, 1). These four vertices correspond to four unitary Pauli channels — Uα (ρ) =
σα ρσα , with σ0 = 1, and {1, 2, 3} = {x, y, z}.
Projecting the tetrahedron along the z-axis onto
the xy-plane one obtains the unit square of parameters a, b satisfying |a|, |b| ≤ 1, cf. Figure 1.
Hence it is clear that starting from any point in
the unit square and going along the z-axis one
eventually ends up inside the tetrahedron, thus
realizing a cptp extension of a ptp map from
the unit square.
Now, we are ready to prove the main theorem.
Proof of Theorem 1. (i) ⇒ (ii) is obvious and (ii)
⇒ (iii) follows from the well-known fact that the
trace-norm is contractive under the action of ptp
maps. To show (iii) ⇒ (i) let us observe that the
very condition (5) is equivalent to
kα1 + βaσx + γbσy k1

≤ kα1 + βσx + γσy k1

for all α, β, γ ∈ R with a, b being the parameters
of the Pauli diagonal channel S as above. Indeed,
assume (5), i.e. for all α, β, γ
kα1 + βV † τ1 V + γV † τ2 V k1 = kα1 + βτ1 + γτ2 k1
≤ kα1 + βρ1 + γρ2 k1

It turns out that the above Proposition also has
a simple geometric representation:
Remark 2. It is well known [4, 19, 22] that
the parameters (a, b, c) of the Pauli diagonal
unital cptp maps form a tetrahedron defined
by Fujiwara-Algoet conditions (10) with vertices
x0 = (1, 1, 1), x1 = (1, −1, −1), x2 = (−1, 1, −1)
Accepted in

(11)

= kα1 + βU † ρ1 U + γU † ρ2 U k1
with U, V being the unitary matrices from Proposition 1, using unitary equivalence of the trace
norm. Writing
U † ρj U =
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+ rjx σx + rjy σy
4

3 Example

for some rjx , rjy ∈ R yields
V † τj V =

1
2

Let us now present an example which hopefully
demonstrates the power of our results. Consider
the linear map

+ arjx σx + brjy σy .

Thus the trace norm condition (5) becomes:
kα0 1 + β 0 aσx + γ 0 bσy k1

"

≤ kα0 1 + β 0 σx + γ 0 σy k1 ,

(12)

 



1
α
α0
1 12
2
 
 0 
β  = 0 r1x r2x  β  .
γ
0 r1y r2y
γ0

"

Now, observe that


#

"

7→

ρ11 + (1 − p) ρ22 κρ12
κρ21
p ρ22

#

,

(13)
which is cptp whenever 1 ≥ p ≥ κ2 . Choose
p = κ = 12 and recall that every qubit state can
be represented as

where
 

ρ11 ρ12
ρ21 ρ22



1
#
"
1 21
2
r1x r2x


det 0 r1x r2x  = det
6= 0
r1y r2y
0 r1y r2y

p

γ c(1 − c)
p c
γ ∗ c(1 − c)
1−c

#

for some c ∈ [0, 1] and some γ ∈ C, |γ| ≤ 1. Thus
we may consider the two valid density matrices:
"

because dim(M) = 3. Hence condition (5) for all
α, β, γ is equivalent to (12) for all α0 , β 0 , γ 0 , that
is, it is equivalent to (11) for all α, β, γ.
Now, as we have shown (iii) implies (11), the
last step is to show that (11) implies (i). Choosing (α, β, γ) = (0, 1, 0) and (α, β, γ) = (0, 0, 1) in
(11) implies |a| ≤ 1 and |b| ≤ 1 so there exists a
cptp extension of S (and hence also of T ) due to
Proposition 2.
(iii) ⇔ (iv) is readily verified using homogeneity and continuity of the norm.
(v) ⇔ (iv): By [2, Thm. 7.1] and (1) condition
(v) is equivalent to k 12 − s(τ1 − tτ2 )k1 ≤ k 12 −
s(ρ1 − tρ2 )k1 for all s, t ∈ R which by the same
argument as before is equivalent to (iv).
Remark 3. Note that an input set {ρ0 =

1/2, ρ1 , ρ2 } can be always represented by real

matrices and hence it fits the scenario of [10].
Therefore, condition (4) is equivalent to all conditions from Theorem 1.
Proof of Theorem 2. The eigenvalue formula for
2×2 matrices directly yields that if A, B ∈ M2 (C)
are hermitian and of same trace then A ≺ B iff
det(A) ≥ det(B). Using (3), condition (v) from
Theorem 1 is equivalent to

ρ1 =
"

ρ2 =

pc
− 3i
c(1 − c)
4

0.2 0.4
0.4 0.8

3i
4

p

c(1 − c)
1−c

#

,

#

with c ∈ [0, 1] arbitrary which are mapped to
"

τ1 =
"

τ2 =

1
(1 + c)
2p
3i
− 8 c(1 −

0.6 0.2
0.2 0.4

3i
8

c)

p

c(1 − c)
1
2 (1 − c)

#

,

#

by means of (13). The Alberti-Uhlmann condition is obviously satisfied since by constriction the
τk are related to the ρk via a cptp map. Now let
us use Theorem 2 to check for which c one can
find a unital extension:
• det(τ1 ) ≥ det(ρ1 ): one readily computes
that this is satisfied iff (1 − c)( 14 − 21
64 c) ≥ 0.
Together with the base assumption c ∈ [0, 1]
this leads to c ∈ [0, 16
21 ].
• det(τ2 ) = 0.2 ≥ 0 = det(ρ2 ) X

+ det(τ1 ) − det(ρ1 ) ≥ 0

• Condition (7) after a straightforward computation becomes (0.7c − 0.3)2 ≤ 0.8(1 − c)( 14 −
21
64 c) which together with c ∈ [0, 1] means
c ≤ 0.6082 . . .

for all t ∈ R. But a parabola t 7→ at2 + bt + c
is non-negative iff a, c ≥ 0 and b2 ≤ 4ac which
concludes the proof.

While this fully solves the one-parameter problem let us look at two interesting and hopefully
illuminating special cases.

#
t2 det(τ2 ) − det(ρ2 ) − t tr(ρ#
1 ρ2 ) − tr(τ1 τ2 )
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Example 1. Choosing c = 0 we know there exists a unital channel which simultaneously maps
{ρ1 = |1ih1|, ρ2 } to {τ1 = 1/2, τ2 } with ρ2 , τ2

"

ρ11 ρ12
ρ21 ρ22

#

"

7→

ρ11 +ρ22
21
+ ρ12 +ρ
2
8
ρ12 +ρ21
4

Example 2. For the second example choose c =
2
3 so by the above analysis no unital cptp map
simultaneously transforms
"

2
3√
− i 82

ρ1 =

√
i 2
8
1
3

#

"

,

ρ2 =

0.2 0.4
0.4 0.8

#

into
"

τ1 =

5
6√
− i162

√
i 2
16
1
6

#

"

,

τ2 =

0.6 0.2
0.2 0.4

#

.

However, τ1 ≺ ρ1 and τ2 ≺ ρ2 so by [2, Thm. 7.1]
one can find unital channels T1 , T2 such that
Tj (ρj ) = τj for j = 1, 2. This is what makes this
example remarkable: while there exists a cptp
map sending {ρ1 , ρ2 } to {τ1 , τ2 } (i.e. (13) for
p = κ = 12 ) and while there exist unital channels which map either ρ1 to τ1 or ρ2 to τ2 , there
is no simultaneous unital cptp transformation.
Thus this example clearly emphasizes the necessity of Theorem 1.

4 Conclusions & Outlook
In this paper we derived necessary and sufficient
conditions for the existence of a unital quantum
channel mapping a pair of qubit states {ρ1 , ρ2 }
to {τ1 , τ2 }. These conditions connect the problem to trace-norm inequalities (in the spirit of
Alberti-Uhlmann (1) which is reproduced by setting α = 0 in (11)) and majorization on matrices.
Moreover we reduced the infinite family of conditions to just three inequalities which are simple
enough to be verified with pen and paper. We
also provided an example of two pairs of qubit
states τk ≺ ρk which satisfy the Alberti-Uhlmann
condition, that is, there exists a quantum channel mapping ρk to τk , but condition (7) is violated
meaning there is no single unital channel between
ρk and τk . The authors of [13] provide an example of a qutrit system (i.e. 3-dimensional) where
Accepted in

from above. Interestingly, it can also be found
that a unital cptp map giving rise to this transformation is given by

ρ12 +ρ21
4
ρ11 +ρ12
21
− ρ12 +ρ
2
8

#

.

pairs of states ρ1 , ρ2 and τ1 , τ2 satisfy the AlbertiUhlmann condition (1) but there is no quantum
channel mapping ρk → τk (cf. [13], Sec. VII
B). Actually, the same example may be used to
show that {1/2, ρ1 , ρ2 } and {1/2, τ1 , τ2 } satisfy
(5) but there is no (unital) quantum channel mapping ρk → τk .
We expect that our result will encourage more
research in this direction and shed light on finding
more general closed form conditions for the existence of channels between sets of quantum states.
Possible next steps could focus on the case of the
input set consisting of any three linearly independent qubit states or—in spirit of thermo- and
general D-majorization [25]—on how to modify
Theorem 1 & 2 if the fixed point of the channel
is not the identity but an arbitrary Gibbs state
(i.e. an arbitrary positive-definite state D).
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