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The work here enables a cost scaling of O (%) and maximum

depth O (%) for estimating observables after some Hamiltonian

evolution e*T

using no extra block-encoding qubits, where € is the algorith-
mic error of the target Hamiltonian evolution and ¢ is the statistical error
from the observable estimation. Throughout, O suppresses factors that are
doubly logarithmic in 1/€ (i.e. polyloglog(1/¢)), which are subdominant to
the displayed polylog(1/€) factors. This is achieved through product formu-
las, stable interpolation (Chebyshev), and to calculate the needed fractional
queries, cardinal sine interpolation is used. This is an improvement over sim-
ilar work using interpolation methods which have a superlinear scaling of
the form 5?7'+/P where p is the order of the product formula used and an
improvement on required qubits over Quantum Signal Processing methods
while maintaining scaling with polylogl/e. This is accomplished through
an optimized and variable (with T') order p. The slightly better log®(1/¢)
compared to log®(1/€) comes from the use of cardinal sine interpolation
compared to other methods using Chebyshev interpolation and product for-
mulas. The work presented here also provides an alternative to Quantum
Signal Processing techniques to calculate observables or amplitudes after
a fractional query evolution with a cost O(T'log1/€) through this cardinal
sine interpolation.

1 Introduction

A central task in quantum simulation is the estimation of observables following Hamil-
tonian evolution: given a Hamiltonian H, an evolution time 7', and an observable or
amplitude of interest, one wishes to estimate a quantity such as (;]eT|1),) to a tar-
get accuracy. Product formulas (Trotterization) are the most hardware-frugal route to
this task, using no block-encoding ancillas, but they suffer from a poor dependence on
the algorithmic error e: the Trotter step size must shrink polynomially in 1/e. Post-
Trotter methods such as Quantum Signal Processing achieve the desirable polylog(1/e)
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dependence, but at the cost of additional ancilla qubits and circuit-depth overhead
from block-encoding. The question we address is whether one can retain the low qubit
footprint of product formulas while attaining polylog(1/¢) accuracy and a near-linear
dependence on T

This work answers the question in the affirmative. We give an algorithm for estimat-
ing observables after Hamiltonian evolution with a cost scaling of O (T o) 1og?(1/€)/ 5)

and maximum depth O (T +o(1) Jog(1/€)/ 5), using no extra block-encoding qubits, where
e is the algorithmic error and ¢ is the statistical error of the observable estimation; here
and throughout, O hides factors doubly logarithmic in 1 /€, which are subdominant to
the displayed polylogarithmic ones. Informally, the algorithm proceeds in three steps.
(i) The Trotterized evolution is run at several step sizes chosen at stable (Chebyshev)
interpolation nodes, and the corresponding amplitudes are estimated. (ii) Because
these nodes require non-integer powers of the product formula, the needed fractional
queries are reconstructed classically, as a post-processing step, from the amplitudes of
nearby integer-power product formulas via cardinal sine interpolation. (iii) The am-
plitudes are extrapolated in the Trotter step size to the zero-step-size limit, recovering
the un-Trotterized result. The two design choices that yield the stated scaling are the
use of cardinal sine interpolation for the fractional queries (which gives a log?(1/e)
dependence, an improvement over the 10g3(1 /€) of product-formula-plus-Chebyshev-
interpolation methods) and an order p that is optimized and allowed to vary with T,
which produces the quasi-linear 7'7°() dependence. As a byproduct, step (ii) is itself
a self-contained method for evaluating amplitudes after a fractional-query evolution, at
a cost O(T'log1/e) and without any signal processing on the quantum computer.

The remainder of this introduction places these ideas in the context of prior work
on fractional queries and Trotter-error mitigation.

Fractional queries on a quantum computer are of great importance for quantum
algorithms like Grover search and its variations. And they were difficult to come by
up to 2006 according to Scott Aaronson’s “The ten most annoying questions in quan-
tum computing"|[1]. They were later proven to be implementable by Sheridan et al.
in [2]. Later, an exponential improvement was achieved in the query model in the
work of [3]. These techniques combined with linear combination of unitaries and ampli-
tude amplification authors of [4] achieve an exponential improvement on Hamiltonian
simulation.

After this, there was a flurry of works using Quantum Signal Processing [5, 6]
which achieved exponential precision improvements on several operations like inversion
of a matrix, Hamiltonian simulation, and also fractional queries |[7]. There has been
a recent paradigm shift in regards to what has to be done in a quantum computer
and what can be relegated to classical post-processing [8] using the power of stable
interpolation. Here, it is shown how to implement fractional queries by using cardinal
sine interpolation which is closely related to the sampling theorem [9, 10, 11, 12|, while
preserving optimal error scaling and requiring no signal processing on the quantum
computer.
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Moreover, fractional queries have emerged as a necessity when using well-conditioned
interpolation methods for interpolating to zero Trotter-step size[8] of the Hamiltonian
evolution operator as feasible alternative to block-encoding. These methods are compet-
itive in the sense that they accomplish polylog(1/e) scaling, where € is the algorithmic
error. The scaling achieved for the evolution operator with respect to the time evolution
t was O(t?), and thus here an attempt to improve this is made.

It is useful to situate the present work among existing approaches to Hamiltonian
simulation and observable estimation. Product formulas|[13] are simple and use no an-
cilla qubits, but a p-order formula incurs an algorithmic error scaling as T(T/r)P, so
reaching error € requires a step count growing polynomially in 1/e. Post-Trotter meth-
ods — linear combination of unitaries|4], quantum signal processing and qubitization|5,
6, 14], and the quantum singular value transformation|7] — achieve the exponentially
better polylog(1/e) dependence and (for QSP/qubitization) optimal joint scaling in
T and €, but they require block-encoding the Hamiltonian, which introduces ancilla
qubits and additional circuit depth. When the goal is the estimation of time-evolved
observables rather than the evolution operator itself, a complementary line of work
mitigates the Trotter error in classical post-processing: Richardson extrapolation and
polynomial (Chebyshev) interpolation of observables computed at several Trotter step
sizes[8, 15, 16|, and multi-product formulas[17, 18]. These retain the low qubit foot-
print of product formulas while recovering a polylog(1/e) accuracy dependence; the
underlying amplitudes are read out by amplitude estimation[19, 20]. The algorithm
presented here belongs to this last family. Relative to the Chebyshev-interpolation
methods|[8, 15| on which it builds, it improves the accuracy dependence from log®(1/¢)
to log®(1/€) through cardinal sine interpolation of the fractional queries, and improves
the dependence on T to quasi-linear 7'7°(") through an order p that varies with 7T
relative to the multi-product approach of [17], discussed next, it forms the required
combination classically rather than coherently, avoiding the associated qubit overhead.

We note that the well-conditioned multi-product formulas of [17] also confront the
non-integer powers that arise from interpolation nodes, and do so by rounding them
to integers while preserving a well-conditioned linear combination. The key distinction
of the present work is where and how this combination is formed. In [17] the linear
combination of (integer-power) product formulas is realized coherently and in situ on
the quantum device, through a linear combination of unitaries together with oblivi-
ous amplitude amplification; the rounding to integer powers is precisely what keeps
this on-device combination well-conditioned. By contrast, the fractional queries here
are never formed coherently: they are reconstructed classically, as a post-processing
step, from the amplitudes of integer-power product formulas via cardinal sine interpo-
lation. Consequently, the Trotterization bias is corrected without the ancilla register
and amplitude-amplification overhead required by an in-situ combination, that is, with
no extra block-encoding qubits beyond those used for amplitude estimation.

In the next section (see section 2), we illustrate how the necessity of fractional
queries emerge in the approach of interpolating away Trotter error in a stable manner.
In the section after (section 3), we show how to obtain fractional queries through

Accepted in { Yuantum 2026-10-08, click title to verify. Published under CC-BY 4.0. 3



a classical addition of amplitudes of integer queries as a post-processing step using
cardinal sine interpolation. Next (section 4), bounds are obtained on the convergence
rate of Chebyshev interpolation of the Trotterized evolution operator assuming access
to efficient fractional queries. Finally (section 5), the results are combined to obtain an
algorithm that achieves quasi-linear cost-scaling with ¢ while keeping polylog(1/¢).
The stability analysis for the cardinal sine interpolation is left to Section A and the
reader is pointed to [8] for an analysis on the stability of Chebyshev interpolation.

2 Setup of the problem

Suppose one wants to estimate:
- iT; H
(W] [T Vie™ ™ ), (1)
J

where V; are unitary matrices. Suppose each Hamiltonian H; on a collection of n qubits
can be decomposed into a sum of m; terms.

Hj =) Hjy. (2)

=1

Notice that both the Hamiltonian and decomposition are specified, as the decomposition
is not unique. Throughout this work, 37 || H;, || < 1 is assumed.
In order to implement the unitary evolution operators

eiTjHj (3)

we wish to approximate them first through p-order product formulas. Standard exam-
ples of product formulas include the Trotter first-order formula

™m;
Su(t) = T e n
y=1
the second-order symmetric formula
Sy ;(t) = etHint/2  Hmt/2 il m-jt/2 eiHint/2, (5)

and more generally, the order 2k symmetric Suzuki-Trotter formula, defined recursively
as

Sok,j () := [Sar—a,5(urt)]* Sk (1 — dug)t) [Sar—2,; (uxt)]? (6)

for every k € Z, \ {1}, where uy := (4 — 4%/Z=1)=1 [13].
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Thus, one calculates

(| HVSQ/S st;) i) = ?/)1|HV ( i(sty) Hp,5 (st ) W)z) (7)

where g = T} /t;, for certain values of s and then interpolates to s — 0 to recover the
desired result. Here,

i, (st,) = 28 Gni(51)) ®)

iStj ’
where H, ;(st;) will be a single-valued analytic function of s provided that
tj S . (9)

The values of s chosen are those at optimal collocation of nodes, s, and set of inter-
polating polynomials such that the error does not blow up (see [8, 21, 22, 17]). This,
however, introduces the necessity of using fractional queries since g/s; will not be in
general an integer. This was an obstacle which authors in [15] ran into. Typically,
fractional queries are assumed to be calculated through Quantum Signal Processing
techniques (|7, 5, 14]) because this is the most efficient approach in terms of error.
However, fractional queries using this technique require extra ancillary qubits and ad-
ditional circuit depth overhead. For that reason, we propose to use close-to-optimal
interpolation techniques by estimating nearby integer powers

¢1’HVSm+n sitj)|2), (10)

where m = |g/sg| forn € {—q¢,—q+1,...,q}.

In the next section, we will detail how to obtain the fractional queries through
cardinal sine interpolation and estimate upper-bounds on the resource requirements.
Following that, we will estimate the uncertainty propagation to the interpolant due to
cardinal sine interpolation. Finally, we explain the Trotter interpolation to the limit
s — 0.

3 Fractional Queries using Cardinal Sine Interpolation

In this section, we will explain how one can use cardinal sine interpolation to obtain
the fractional queries required by Trotter step interpolation. Here is the main theorem
regarding fractional queries interpolation:

Theorem 1. In order to give an estimate of (1|1} V; Sg/s’“(sktj)Wg) within an error
Einterp USING

n=—qsine (r — n) w(n) (| T} ViSpT™ (sut;)[¢2)

w(r)

Y
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where w(t) = m}% exp (—%), m = |g/sk], andr = g/sk—|g/sk], one needs to choose

any

421 + 8 )

> 51
1=\ 198 i3z

interp
and enforce 33 [t;] < .

The proof occupies the remainder of this section and proceeds in three stages. We
first cast the integer-power amplitudes as samples of a windowed signal x(t) (Equa-
tion (11)), so that recovering the fractional query becomes a band-limited interpolation
problem. The interpolation error then splits, by the triangle inequality, into a spectral
part (from windowing a signal that is not exactly band-limited) and a truncation part
(from using finitely many samples). We bound these two contributions separately in
Theorem 2 and Theorem 4, and finally combine them to solve for the number of samples
q stated above.

To prove this theorem, we first make the following definition for the signal:

w1| HVSt—i—m Sktj)|w2 77/}1| HV ( i(skt;)Hp,j(skt; ) |¢2> (11)

Now, one defines the followmg windowed function:
z(t) = w(t)(t), (12)

where

w(t) = 0127Texp (—222> . (13)

By triangle inequality, one can estimate the total error by looking at both the
truncation error and the spectral error separately

Espectral

ginterp = milX ’:C(t) - 'Tinterp,Qqul (t)’ S H’l?X |.T(t) - xinterp,oo@)’

+ m?X ’xinterp,oo (t) - xinterp,2q+1(t)| . (14)
Here,
Tinterp,o(t) = > x(n)sinc (t —n), (15)
and
q
Tinterp2q+1(t) = Z x(n)sinc (t —n) . (16)
n=—q

Let us first bound the spectral error, egpectra. Our result is expressed in the following
lemma:
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Lemma 2. Let Ap,q denote the guard band between the mazimum normalized frequency
of the signal, maxy|u, and the Nyquist edge 1/2, that is, Npaq = 1/2 — maxy|pu;].
Provided that Ap.qa = 1/4 and 0 > 1/(47), then

< 8 49 w20?
Espectral > T €x -0 |-
pectral \/ﬁ p 9

To prove this, we start by re-expressing the operators in Equation (11) terms of the
eigen-states |j,1), defined through H, ;(sxt;)|j, 1) = El(])|j, 1y, thus

e’L(Skt VHp,; (skts) Z ‘]’ j, ll exp ( (Skt )E( )) (17)

Vi=> 13,00 UV )G, (18)

l/ ’l//

We insert these expressions into Equation (11) to obtain

= (¢ HV ( i(skty) Hp,j (st )t+m o)

j l/ 7ll/

= (v (H 3GV )G T 315 D e (it + m><sktj>E§”)) [12)

= (v (H S 15 UG Vi1, D G U exp (it + m)(skmE}”)) [12). (19)

oL

Here, it will be more convenient to define separate indices I and [ for each j, that is, l;-
and [;. This way, we can write the previous expression the following way:

2" -1 2" -1

ZOED SN SR (H\j,z;-w, 1V 13130 4y exp (it -+ m) (st Ef )) ).

Ul tsleslv

(20)
With this labeling we can now factorize the phase factor:

2" —1 2" —1

Et)= Y, > exp (Z@'(Hm)(skt ) (HIJ, IVili, 1 )(J;H) |ha),

l/17l/2 ..... lg\/[ l1,l2,...,1 7’

(21)

as long as we introduce the new dummy index j’. We can now regroup it

2n—1 , 2n—1 o
ZOENDS exp(zz<t+m><skty>E};>) > <¢1|(Hw,zj>< H1Vili ><y,z|) ).
Iilo,ln 7' Uty J

(22)
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We now define
on_1

o= (@Dll(H!j,l})( 3Vl ><J,ll) |1h2), (23)

il !
15155l

and
1 M
l 27 Skt (24)

7j=1
such that
B(t) = X op 30(0) (25)
r
where 2 (t) = ?m(+mur A similar decomposition for the windowed function will
also be useful:

x(t) = Z oy 27 (1), (26)

where 240 (t) = w(t)z#) (t), more explicitly, for any y, each individual windowed signal
looks like:

1 t°
tW(t) = ——exp | —=— | exp (i27tp) exp (i2rmyp) . (27)
oV 21 202
We also have that

> lof <1, (28)

thus, bounding the interpolation error for the worst-case #(*)(¢) should also be an upper
bound for the interpolation error for z(n). Simply put,

Copetat = T [2(8) = Terpo (1)) < e o) (8) = )], (29)
where
o oo (t) = i 2% (n) sinc (£ — n) . (30)
Moreover,
o) ooty = Fit {]—"t/ { _f; 2 (n) sinc (' — n)} ( f)} (t)
= F! { i W (n)Fy {sinc (' —n)} (f)} (1)
- .7-71 { i 2™ (n)rect (f) exp (27rz'fn)} (t)
= Fy {rect (£) X1 ()} (1) (31)
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(W)

The discrete-time Fourier transform X;"/(f) can be written in terms of the Fourier

transform
X (f)y = F Az @)} ()
B 1
= o (qU - we)
where oy = 1 , in the following way:
XPf) = 3 2 m)exp (2ri )
= /Hl t)exp (2mift) dt
— F{LI(t )}*f{x n(t)}
= LI (f) * X¥(f)

=Y XW(f - k).
k

Here, III is the Dirac comb function

— S Stk

k=—o00

Now, the error between Tinterp.o(t) and z(t) is

F-1 {X(“)(f)} —F {rect <JJ;> X(#)(f)}‘

< max | [ S IXU(f k) vect(f/£,)df
K k£l

Espectral S Hl;;iX

+max ([ IXO(D)](0 = rect(f/ ) ).

If one assumes

1 M
Z—Z <1/4,

(32)

(34)

(35)

we then know that |4 < 1/4. Thus, one can bound the error by letting ;o be in the

worst case scenarios defined by

ul =1/

(36)
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This means that the term in the last line of Equation (34) is bounded as

/ |X W)L~ rect(f/f,))df

<2 (50 —1/22/03) df
- f=1/2 af\/% P 71

= 2erfe (\/3_2(”)

1
< 2exp (— 3202> : (37)
!

For the term in the second-to-last line of Equation (34), the p that maximizes it is
p = —1/4, giving us:

[ S IXCUN(E — k) rect(f/ 1) f

k£l

1

< max (Z [ XV - kfsﬂ) / rect(f/fs)df

k#1
_ zki Uf\l/% exp ( ;(1/2 4 1/4— k)2/a§)
= 212) of\l/% exp ( ;(k + 1/4)2/Uj2f>
= 25:0 Uf\l/% exp ( 1(l<:2 + 2k: + 1/2)/af>
_ 2exp (‘%(1/2)/0]%) i <eXp <_11/02>)(2k2+k). 58)
orV2m = 41
Now, if we assume exp (—4%) < 1 we can state the following

[ S IXCYO(F — g vect(f/ £)df

k#£1
2exp (—1(1/2)/0%) oo (2k2+k)
S xp (—3(1/2)/0%) Z(ﬂp(_ll/%%»
opV2m k=0 4
2exp (—43,2) oo 3 k
<N 7 exp | ———
- opV2m zfz:%)( p( 40?))
2 exp (—4012) 1
= ! : (39)
oV 2T 1 —exp (—432)
f
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If one further assumes

then

[ S XY = kp rect(F/ £
kA1

4 exp (—4%)
< — 17 41
- opV2m (41)

We note that
0 exp (—4012)
—1 (42)

which leads us to introduce the following necessary lemma:

Lemma 3 (Derivative bound). If the function f(z) is analytic on the complex disc of
radius v centered at zg, then

Mnl2™

1 - )| £ 2 (43)

r

for |z — 2| < 5,

where M = max|.._. <, | [(2' — 20)].

Now, using this last lemma for z — 2y = o, 20 = 207 > 0 and r = 20 one obtains

Y 1 1 1
= max ex ————= | = X —————— = | = X — | .
o 220, P\ T4 — 20, )2 P\ 4o, — 20,2 P\ 1602

(44)
With this, we obtain the following bound:
0exp <—41) 2 1 1

203> T <952 = exp (- =2 - . 45
T 00, = e, P ( 160]%) 7P ( 16aj%> (45)

Finally, if we restrict ourselves to considering o, <1,

(&) (L
17 < 2exp (— 2) (46)
o 6oy
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Thus,

[ IXCUIG = kf )l wect(f/£)df

k£1
8 1 8 1

< — < —— . 47
= Var eXp( 160;> = Van eXp( 320;> (47)

Putting together the bounds on the last two terms in Equation (34), one gets

8 1
spectral < | —=—= + 2 —— . 48
é\p tral <m+ )eXp( 320_.?> ( )

Thus, we have proven Theorem 2.
Now, we wish to obtain a bound on the truncation error, €¢.yn.. This is summarized
in the following lemma:

Lemma 4.

202

0228

Etrunc = m?X xinterp,oo@) - xinterp,2q+1(t>| S 2€XP <_

Proof.

Etrunc = m?X |xinterp,oo(t) — Tinterp,2q+1 (t)|

xi(ri)erp,oo (t> - xi(gt)erp,Zq—i—l <t> ‘

> ’x(“) (t) sinc (t — n)‘

ng{k|—q<k<q}

3 ’x(u) (t)‘

ng{k|—q<k<q}

> lw®)

ng{k|—q<k<q}

1 n?
ng (k| —q<k<q} TV 2T 20°
fe'e) 1 TL2
=2 ———exp | ———
nzq;i—l v 27 P ( 202)
2

<2 /::q+2 a\}ﬁ exp <—2"02>
— 2erfc <(‘i/g02)> < 2exp (- (q;j)?) . (49)

IN

max
p

IN

IN

IN
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Now, we set equal the exponentials on the bounds for egpectral and €¢pune from The-
orem 2 Theorem 4 respectively:

exp <—(q2—;22)2> = exp (— 7T2202> : (50)

1 1
AW

With this, €ipterp can be bounded through

= (14 o T2, o

Thus, solving for ¢, we obtain an upper bound for it:

which gives

(51)

2 4+ 2
qglog(\/ﬂ)—z (53)
™ 8interp
The interpretation of this bound is the following: “If we have an error €iyterp, the value
T T
of ¢ must be at most %log w - 2"
interp

At this point, the error €iygerp is With respect to the windowed function

w(t) t) (| HVS”’” sktj)[2). (54)
Now, the bounds on ¢ with respect to the error
éinterp = ‘QI}(T) - xinterp,2q+1(r)‘ = 5interp/w(r)- (55)
After making the substitution the upper bound for ¢ becomes:
44 =
2, ()
( )5interp
2 (4\/ 2m + 8)
< —log -2
@ exp ( ) 51nterp
9 o (4\/27r +8) 21
< —log ——m—~ + — 53— 2
T Einterp T 20
2 (4V2m+8) 2167207
< —log - + — —
78 O fEinterp T 2
L2 Va2 (4v27 +8) L2
— O e
By & \/_élnterp ™ 2(q + 2)
1 q+2)(4v27 +8 1
g—log( )( ) + — QR (56)
™ 7Tginterp ™ (q + 2)
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If we assume that ¢ > 0, we can loosen the bound to

(¢ +2) exp (w/2) (427 + 8)’

1
+2)< ~1 57
(q ) o o8 7T‘gmterp ( )
Solving for ¢ one obtains
1 7T 81n1:erp
(q+2)<—=W_ |- 7 | (58)
7T exp (7/2) (4\/ 27 + 8)
w22
provided 0 < eXp(ﬂ/Z)(th\e/rQ%+8)2 < 1/e. Now, we use —W_i(—e 1) < 1+2u+u <
1 4 3u for u > 0 We are now able to identify
2
exp (7/2) (4\/ 21 + 8)
u = log 5o , (59)
en Elnterp
w2g2 . . .
which means exp(w/2)?2ij§7r+8)2 < 1/e. Using the aforementioned bound, one obtains
6 421 + 8
q= T <10g 7T61/3+7r/125~mterp> (60)
This means that, for a given target error &inerp Wwe need only choose any:
S 6 | 421 + 8 61
7= T 08 7Te1/:’>+7r/125~mterp : (61)

Thus, we have proven Theorem 1.

4 Optimally-conditioned Trotter Interpolation

After having solved the issue interpolating to fractional queries with powers g/s; we
will now discuss the interpolation of the amplitudes

f(s) = (] HVSQ/S (st;)1hs) = ¢1|HV(Z<“J “J)(g/ |12) (62)

to s = 0. These results will be summarized at the end of the section in Theorem 7.
The interpolant we use is the following linear combination of orthogonal polynomials

n lf Z ijj (63)
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One samples f at certain values s and solves the following system of linear equations

y=Vec (64)
where Y= (f(81)7 f(32)7 T f(sn))7 and
po(s1) pi(s1) .. pa-1(s1)
V- p0(282) P (232) -' pn—lz(SQ) ‘ (65)
O(Sn) Y41 (Sn) ce pnfl(sn)

Thus, one can obtain the coefficients, ¢;, with ¢ = V~'y. Like in [§], the choice
of interpolating nodes s; and the interpolating set of polynomials are the Chebyshev
nodes and polynomials. In that case, p; is defined by

VETo(s), j=0
{[T s), j=12... (66)

where 77 is the standard jth Chebyshev polynomial.

Tj(x) := cos (n cos ™t x) (67)
The node collocation is described by
2t — 1
.= . 68
S; = COS ( o 77) (68)

These polynomials fulfill the discrete orthonormality condition [23] with respect to the
collocation nodes, that is,

S pilsins(sn) = 0 (69)

k=1

for all 0 < 7,7 < n. Instead of estimating the coefficients ¢; intermediately to estimate
f(0), one knows from (8], that

Po1f(0 def Sk), (70)
where
4(0) = ~ (1) tan <2’“2; 17?) . (71)
We define
€cheb = | f(0) = Po-1f(0)]. (72)

Now, to get estimates on the Trotter interpolation error bounds, we need to introduce
some methods of complex analysis. For each p > 1, let B, C C be the Bernstein ellipse,
which is an ellipse with foci at -1 and the semimajor axis is (p+ p~!)/2. The following
lemma bounds the Chebyshev interpolation error for analytic functions on B,.
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Lemma 5. Let f(z) € C be an analytic function on B,, and suppose C € R, is an
upper bound such that |f(2)| < C, for all z € B,. Then the Chebyshev interpolation
error on [—1,1] satisfies

4Cp™"
1f = Pufllo <
p—1

for each degree n > 0 of the interpolant through the n + 1 Chebyshev nodes.

Proof. Theorem 8.2 of Ref. [24]. O

With this lemma in place, we now wish to upper bound the corresponding norm of
the amplitude f(z) on the Bernstein ellipse by promoting the real variable s to z € B,,.
First, like in Section 2, we assume a sufficiently small |7;|, where 7; = 2¢;, such that

Hy(y) = 108 (5a(7)) )

1T;
is single valued. Now, recalling, with slight modifications, Lemma 14 from [8]:

Lemma 6. Let H;(7;) be the effective Hamiltonian associated with a complex-time pth
order product formula Sy ;(7;) , where 7, = zt; with z € C and t; € Ry, which is
analytically continued to an open neighborhood containing z € [—1,1]. The norm of
operator error can upper bounded as

|H; — i < 2(2) Qcomm (Hjme (s -+ Hymomst)s Hieoom)

D ST
(p+1)!

provided that HH — I:IYH <15, |7] <1/8, and

71" 2l S | s |
> comm (Hjme(rys -+ Himo(merr)s Hjmoom) ) 7 pe - =m0 < L
(v,m) ( N >(p + 1)'

Here, ccomm (AS, A B) =Ygt tge=p (q1 s qs) ‘adf{fs . ~a~d(£1(B)H. This means
that, for a pth-order product formula one has that for L;(r;) = H;(7;) — H,

I =0 (25, )

provided the constraints of Lemma 14 of [8] are fulfilled. Here,

Oéj = Z Xeomm (Hj,m(r)7 ey Hj,TrU(m—i—l)) Hj,ﬂ'u(m))' (75)
(

v,m)
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We specifically look at each evolution operator that one obtains from Trotterization
with a step 7; is

Ty (Hy+L;(75)) (76)
We split this operator (or equivalently raise to a real fractional power A/Tj) into suffi-

ciently small steps of length A, such that one can use the Zassenhauss formula. That
is, we first look at the following expression and use the Zassenhauss formula:

o IAH; GIA(H+L; (1)) _ AL () (A2 [H,Li(75)] (77)

Thus, applying 2" on the left, we finally obtain:

GIAH L (7)) _ GiAH; JAL(ry) (A2 [Hj Lyj(ry)] (78)

With this, one has that

”ez’A(HjJrLj(Tj))H < IAH;

O (eﬁlfg‘lpa]‘/(pﬂ)!) -0 (eﬁ\fjl”aj/(pﬂ)!) ’ (79)
which finally gives us, for the full evolution length T}, after exponentiating e**(i+Ls (i)
by T;/A, a real number, we can bound the following norm through:

T (Hy+L;(75))

‘ -0 (eTj\le”aj/(pH)!) _ (80)

This means that,

_ 0 (ewtm Syt (81)

M
(] H%S;g;/z(Zti)Wﬁ

max
2€B,

with g = Tj/t;. Here, r = O(1) is the radius of the smallest disc containing B,. The
relationship between p and r is

p=r+vr2—1 (82)

Now, using Theorem 5, one knows the interpolation error is

s > oti(rt)P
€cheb = )

,,nn

o T Dy it (rty)”
=0 : (83)

en logr

Solving for n one gets

1
~ logr

n

@] <log 1/€cheb + (pfl)' ; Ozjtj(’r‘tj)p) . (84)

This is summarized in the following theorem:
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Theorem 7. In order to get a error
M .
€cneb = (V1] ]] Vielitlifahy) — P, 1 £(0)], (85)
J
where f(s) = (1| T} Vi (st g = Ty /ft;, and

Puif(0) = 3 dif(se). (6)

1

7T) , one needs

uhere du(0) = (~1)2 an (Z47), and s, = cos (%

1 g
= — log 1/¢€ghe — 7 it (rt;)P ],
n logr0<0g /Ehb+(p+1)! Ej a; J(r]))
where

Q= Z Ocomm (Hj,TrT(F)a ceey Hj,ﬂ'v(m—i-l)7 Hj,ﬂ'v(m))7

(v,m)
and m; runs over all the non-commuting terms of the product-formula decomposition
for Hj, and provided that

t

<. (87)

5 Combined Results

In this work, a distinction between algorithmic and statistical error is made. We call
statistical error, €, the error that comes from estimating amplitudes on the quantum
computer. We call algorithmic error, €, the error stemming from the use of finite
interpolations, assuming that the underlying amplitudes are estimated exactly. In turn,
from triangle inequality, we know that the algorithmic error is

€ S €cheb + €sinc- (88)

For convenience, we set €pep, = €sine = €/2. Now, we bring to your attention that the
number of queries required for Trotter interpolation is proportional to

), (59)

5ng> , (90)

9

1 1 "
total Cost:o(wmzq| |
i 1S

€
and a maximum circuit depth that goes like:

log glogn
€ min; ||

max depth = O (
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where s; is defined in eq. (68), and the factor 57 is coming from the number of stages in
the Suzuki product formulas. The 1/e factor is on account of the amplitude estimation
algorithm needed to extract the underlying amplitudes [19, 20]. One need only estimate
the underlying amplitudes with statistical error O o qalogn) to get a statistical error ¢
on the final interpolant. This is due to the stability of the cardinal sine interpolation
(see Section A) and the stability of Chebyshev interpolation (see lemmas 4 and 5 of
[15] ). The factor g/|s;| is the number of queries needed to achieve an evolution time
O (T}) for each Chebyshev sample point s;, and ¢ are the number of integer queries
around [g/|s;|] needed to interpolate to an evolution time 7;. From [8], one knows that
>il/lsi| = O(nlogn), and 1/ min; |s;| = O(n), thus, finally, the number of queries is
proportional to

total cost = O <5ngnqlogq:)g2n> : (91)
and the maximum circuit depth is
max depth = O <5ngnlogqglogn> . (92)
From these we take the factor 5? M gn and define the following cost function:
L =5PMgn. (93)

Replacing n from Theorem 7 we get

1 g
L= PMg—— | log 1 ——>"at;(rt;)" | | - 4
We can simplify this using:
j=Tj/g < —L1-2, (95)

we define Thax = max; T; and omax = max; «;, and thus write the cost function as:

MamameaX (rTmaX/g)p> )

(p+1)! (96)

1
L=0 <5nglogr <log 1/€chep +

For a moment, we treat p as a continuous variable and optimize this bound with respect
to g to obtain:

1
(p— 1)]\/[ozmaXTerl P
oot = max )" 97
Gopt T<<p+1>;10g(1/echeb> (97)
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However, for simplicity, we choose a close optimum

1
- MozmaXTf;j; »
Gopt ~ T < ) (98)

(p+1)!
) | (99)

Here, we now assume we use any r > 1 for which r/logr = O(1). Here, we will now
optimize the cost with respect to the order, p. If we optimize this expression with
respect to p, we obtain:

If we replace this back into the cost function, we get:

D 1+1/p
L — O (5 (MTmax) r <10g 1 ) (amax>

IOg r €cheb

S =

log M1 axOtmax
Popt = .

100
log 5 (100)

However, to avoid any problems for when ay,,« < 1, we simply choose a near optimal
scaling for p that scales only with MT,,.x (or optimize again, but without the factor

al/p):
log M T ax
Popt = || ——— 101
Popt ' logh (101)

Replacing this choice for p in the bound for the cost function L, we obtain:

L—0 ((MTmax)Ho(l)ozing 4log(M71Tmax))e@(\/log(MTmax)> log 1) . (102)

€cheb

We replace this cost function bound in the previous total gate cost bounds and maxi-
mum circuit depth:

O\ met T o8 (M T 1 glogqlog?
total cost = O ((MTmaX)Hou)amgxm) e@( log(MT, )) log qlogglog n) 7

€cheb €

o/ e 5
max depth = O ((MTmax)Ho(l)amgW) ee( 1 g(MTmax)) log 1 logqlog n) .

€cheb €
(103)

We recall that ¢ = O(log (1/€gine)) from theorem 1 and note that n = O(log(1/€chen))
after our choice of g and p. If we set both target error tolerances equal: €, = €cher, =
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€/2 , we have:

(MTmax)lJrO(l)ai(\/m)

~ " 1
total cost = O 2 log? <>
€ €

140(1) 6<\/ m)

(MTmax) (Ymax 1
log () : (104)
€ €

where, by triangle inequality, the algorithmic error is going to be less than the tolerance

O y/log(MTmax) ) . .

e. We have also grouped the term e ( el )> into (M Tpax ) M) since the exponent
o(1) already encompasses all sub-polynomial growth terms. We do something similar
to the bound on the exponent of ay., and replace it with o(1):

B MTmax 1+0(1) H0(1) 1
total cost = O <( ) Fmac log? ()) ,
€

€

5 MTox 1+o0(1) H0(1) 1
max depth = O <( )5 Fminx log ()) : (105)
€

max depth = O

We also note that with our choices for ¢ and p, the number of Chebyshev nodes for
interpolation are:

n =0 (log1/e). (106)
We can summarize these results in the following theorem:

Theorem 8. We can estimate
M .
(1| [T Vie™ ™ ),
J

with an algorithmic error of at most € and a statistical error of at most €, with a query
cost of

B MTmax 1+0(1) H0(1) 1
O<( ) Fmax IOgQ ) 7
€ €

and mazimum circuit depth going like:

O~ <(MTmax>1+O(1)aO(1) 1)

max |
og —
3 €

using the following interpolation:

n g sinc (r — o) w(o) (v | TI VS5 (sit)|be)
d q J Dp,J
2 w(re)

I
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where w(t) = (—z), 0 =22, e = lg/se ), re = /56— Lg/se), 9 = Ty/t;,
S; = COS (2 ), and dy, = L(=1)k+n/2 tan (% ) Here,

2n n

Z Oécomm( G (D) =Hj,7rv(m+1)aHj,m(m>)a

(v,m)

Thax = max; T and omax = max;o;. This is, while choosing n = 0) (log %), q =

@) (log %),
. ( <Mam;Tng;> ) |

log M T ax
— Q]2 max
b < log 5 )’

and 3;t; < w/2. Also, this is provided that | T} V;Sy 5™ (skt;)|e) are estimated with
O (5/ log2(1/6)> precision through amplitude estimation.

and

Now, we look at the case M = 1:

Corollary 9. There exists a qucmtum algom'thm for Hamiltonian evolution whose query
cost scales like O (mln (T”" Dlog®(1/e)/e, 1)) and a maximum query depth that

scales like O (max (THO(l)oz )log(1/€) /e, 1)), while only using two extra ancilla qubits.

One extra qubit requirement is coming from the Hadamard test to block-encode
both the real and imaginary parts of the complex amplitudes, and the other extra
qubit is for the amplitude estimation algorithm.

6 Discussion and outlook

We have provided an alternative method for the calculation of fractional queries by using
a cardinal sine interpolation in conjunction with amplitudes of integer power queries.
The algorithmic error from the query interpolation alone converges exponentially with
the number of amplitudes used. Cardinal sine interpolation also proves to be very
stable and does not propagate uncertainty significantly when using confidence intervals
or normally-distributed random variables. Provided also here is a method to interpolate
Trotterized evolution to zero Trotter-step-size.

The scaling with all relevant parameters is almost optimal for static Hamiltonian
evolution. The expected quadratic scaling log?(1/¢) of the method presented here is still
asymptotically worse than the state-of-the-art log(1/€). Extending these kind of meth-
ods for time-dependent simulation is also of great importance, however, no attempts at
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this were made in this work. Quantum signal processing methods are not good at this
either, however there are some new methods available using virtual clock registers and
multi-product formulas [18] which achieve polylog(1/€). More importantly, the algo-
rithm obtained here has, for the first time, an exponentially small algorithmic error in
terms of computational resources while having a quasi-linear cost-scaling with respect
to the evolution time compared to similar methods using product formulas plus stable
interpolation (see for example [16]). This was allowed by the variable order in p we pro-
posed. This could be quite possibly extended to other works using stable interpolation
with product formulas.

The results here, combined with low-weight Fourier expansion, Lemma 37, from [25]
or Fourier series accelerators/mollifiers (|26]) open up the possibility for efficient off-
loading of a great extent of quantum signal processing into a classical post-processing
(for the M = O(1) case) for Hermitian operators. Such examples include Gibbs sam-
pling (f(H) = exp(—BH)), and matrix inversion f(H) = H~'. This, while keeping
competent cost scaling with respect to state-of-the-art methods. All that is left for the
quantum computer is to estimate the matrix element amplitudes for unitary operators.
If the amplitude of these operators with respect to two quantum states is expected to
be small, one is better off estimating these coherently as there is a quadratic advantage
lost if one estimates the amplitudes of unitaries incoherently and then added up. In
this regard, quantum signal processing remains better as well.
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A Uncertainty propagation

In this section, we provide bounds on the uncertainty propagation to the cardinal sine
interpolant coming from errors on integer queries estimates. First, we estimate how the
uncertainty propagates when the estimates come in the form of confidence intervals.
This is summarized in the following lemma:

Lemma 10. Given an error vector ¢ € C** where |l€||co < Eestimate- The error
tolerance on the interpolated quantity is

2
max les(t) 1 < Costmte (3 + = log (2q)> . (107)

Here,

Is@lh = 3 fsine (t — )| (108)

n=—q
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Proof. Using Hoélder’s inequality, one obtains that the error tolerance on the interpo-
lated quantity is

max [les(t)]]1 < [|eljo max [|s(t)]1- (109)

Now, we would like to upper-bound max; ||s(¢)||;. First note

max ls(t)]]1 = 2‘1: |sinc (7 —n)]. (110)

n=—q
With this, we note that one can split the sum into two parts

q L7
max [|s(7)l|, < > sinc(n—7)[+ Y |sinc(n —7)| (111)

n=|7|+1 n=—q

We now upper-bound the terms | sinc(|7|+1—7)|, | sinc(|7] —7)|, and | sinc(| 7] —1—7)|
with 1, obtaining

q [7]—2
max ||s(7)([1 <3+ > sinc(n—7)[+ > [sinc(n—71)|
n=|7|+2 n=-—q
(112)
We can now upper bound the summands with
1 1 120221
<34 — —
max |[s(r)]x < +7rn_%+2 n—rt an_q n—T1
1 1 |
<34+- ) +- ) ‘
T o at2 n—+q T =—g|n—4q
2.2 1
=34+ — —. 113
+ WnX:an (113)

Following that, we use right-Riemann sum approximation of an integral to upper bound
the last term, finally getting

2 21
max [s(7) |1 <3+ = [ ~da
T mJ1 T
2
<3+ —log(2q). (114)
T
]

Now, if we were to estimate the amplitudes for integer queries sampling a Gaussian
distribution, the variance on the interpolated quantity would be
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Lemma 11. Suppose one has 2q + 1 independent random variables X, ~ N (pin,0?2),
where n € {—q,—q+1,...,q}. One has that the interpolating quantity is the random

variable
q
Xinterp(t) = Y sinc (t — n) X,,.
n=—q
For such, the variance o*(t) is calculated through

o(t)? = s (t)Cs(t)

2 2

where C' = diag(o?,,0% ,,,...,07) and (s(t)), = sinc(t —n) and it can be bounded

through

™

o(t)? < (3 + 42> mgx(ai).
Proof.

o(t)? = sT(t)Cyps(t)

= [lo*s* s < llo*lsclls[l1 = lo* |l

q
Isl* = > |sine (t = n)|”
n=—gq
oo
< Y |sinc(t —n)[?
n=—oo
o0
< max_ Y Isinc (1 — n)|>

TE[_lvl] n—=—oo

< max (sinc2 (1) +2 Z |sinc (n — 7)\2>
T€[-1,1] =

. 2 . 2 2 s

< max ((smc (1) + 2sinc*(1 — 1)) + = Z

T

T€[-1,1] ot

4
<3+
(A

1

)

(115)

(116)
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