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QwaveMPS: An efficient open-source Python package for
simulating non-Markovian waveguide-QED using matrix

product states
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QwaveMPS is an open-source Python
library for simulating one-dimensional
quantum many-body waveguide systems
using matrix product states (MPS). It
provides a user-friendly interface for con-
structing, evolving, and analyzing quan-
tum states and operators, facilitating stud-
ies in quantum physics and quantum in-
formation with waveguide-QED systems.
This approach enables efficient, scalable
simulations by focusing computational re-
sources on the most relevant parts of
the quantum system. Thus, one can
study a wide range of complex dynam-
ical interactions, including time-delayed
feedback effects in the non-Markovian
regime and deeply nonlinear systems, at
a highly reduced computational cost com-
pared to full Hilbert space approaches,
making it both practical and convenient
to model a variety of open waveguide-
QED systems (in Markovian and non-
Markovian regimes), treating quantized
atoms and quantized photons on an equal
footing. The QwaveMPS package auto-
mates the waveguide-QED-specific tensor-
network operations, including construc-
tion of the time-bin evolution operator
from physical parameters, the swap net-
work required for delayed interactions,
orthogonality-center and truncation man-
agement, the matrix-product factoriza-
tion of N-photon Fock-state inputs, and
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the evaluation of single-time and two-time
field observables (such as the second-order
quantum correlation function) at chosen
points along the waveguide.
github.com/QwaveMPS /QwaveMPS

1 Introduction

Waveguide quantum electrodynamics
(waveguide-QED) is a platform for studying
quantum light-matter interactions
one-dimensional geometries, where quantum
emitters—atoms, quantum dots, or supercon-
ducting qubits—couple strongly to a continuum
of quantized field modes [1-24]. This opens up a
wide range of applications in quantum optics and
quantum technologies |25, 26|, where photons
and atoms interact strongly.

in quasi-

As an example application, having quantum
emitters such as two-level systems (TLSs) or su-
perconducting transmons in a waveguide gives
rise to interesting effects such as time-delayed
feedback phenomena (yielding non-Markovian ef-
fects) and long-lived vacuum quantum oscilla-
tions through controlled feedback, with the abil-
ity to continuously re-absorb and re-emit photons
by the emitters. Additionally, the local symmetry
of the problem can be broken by using chiral sys-
tems, where the emitters couple to photons only
in one waveguide direction [27-29].

Modeling such systems in an exact quan-
tum mechanical way, however, poses a signifi-
cant challenge. Their rapidly increasing Hilbert
space, combined with strong nonlinearities and
long-time delays, presents a substantial obstacle
for accurately solving these types of problems.
Thus, most approaches make use of the com-
mon Markov approzimation, in which the delayed
feedback effects are disregarded, and all coupling
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Figure 1: Schematic of some example cases calculated using QwaveMPS. These can represent various waveguide-
QED systems, including semiconductors and superconducting circuits. (a) Decay of a TLS in a waveguide, where
~r and g are the left/right coupling rates. (b) Decay of a TLS in a semi-infinite waveguide with a side mirror at a
distance d = v47/2, with v, the group velocity and 7 the roundtrip delay time. (c) Decay of two TLSs, where one
is initially excited, and the other one is in the ground state (linear regime). (d) Decay of two TLSs initially excited
(nonlinear regime). (e) A TLS in a waveguide perpendicularly driven by a time-dependent classical field (¢). (f)
Single TLS driven by a quantum pulse (such as an N-photon Fock state) with an envelope shape f(¢).

rates are instantaneous. Examples of such ap-
proaches include the master equation approach
and input-output theories; although these highly
simplify the problem and are widely used, there
are various regimes where they fail (and often
drastically), and non-Markovian effects must be
taken into consideration.

Other theory approaches can extend beyond
the Markov approximation, such as scattering
theories and quantum stochastic methods [30—
35]; however, these methods are typically re-
stricted to weak excitations or low photon num-
bers, which is not suitable for modeling strongly
nonlinear time-delayed regimes. Recent progress
in superconducting quantum circuits [36-41| and
quantum nanophotonics [42-44] has intensified
the demand for numerically exact and scalable
simulation techniques capable of capturing the
full quantum dynamics of complex quantum cir-
cuits. In superconducting systems, dipoles cou-
pled to different parts of a complex waveguide can
also realize so-called giant atom effects [9, 20, 45—
50].

In our waveguide-QED software package, we
exploit a matrix product state (MPS) method

to address these common model limitations. For
quantum circuits with delay lines and quantum
feedback, the approach we use was pioneered by
Pichler and Zoller |6, 51|. It is important to note
that the MPS formalism is a numerically exact
approach, based on tensor network (TN) theories,
that allows one to discretize the electromagnetic
field into time bins, in order to limit the growth
of the Hilbert space and solve the problem in a
tractable manner [52-54]. It was originally devel-
oped for computing strongly correlated systems,
such as finite-size coupled spin chains, and it has
been successfully used by leading companies to
benchmark their most advanced superconducting
quantum processors [55-57].

Methods based on MPS have been success-
fully employed to model various quantum circuits
and waveguides, including non-Markovian envi-
ronments, time-delayed feedback, and strongly
correlated photonic states [58]. However, it re-
mains a relatively niche tool within the broader
quantum optics community, in contrast to other
approaches such as master equation techniques,
which have been widely used in software frame-
works such as the excellent QuTiP [59, 60| pack-
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age, or waveguide-QED approaches restricted to
low photon numbers, such as the Waveguide-
QED.jl package [61], which is limited to solve
problems with a maximum of two quanta, and
semi-analytical solutions [62]. This is largely due
to its technical complexity and the lack of specific
documentation and accessible simulation tools in
the quantum optics framework for quantum cir-
cuits and waveguide-QED.

In this work, we introduce QwaveMPS, our
open-source Python library designed to simulate
waveguide-QED systems using MPS. QwaveMPS
combines a user-friendly interface with TN al-
gorithms, enabling efficient and scalable simula-
tions of open one-dimensional quantum systems
with delayed feedback, strong nonlinearities, and
multiple propagating quanta. By making the
use of MPS methods more accessible in quantum
optics and quantum circuits, QwaveMPS aims
to bridge the gap between powerful theoretical
techniques and practical and reproducible stud-
ies. Importantly, users can use and benefit from
QwaveMPS without requiring a detailed knowl-
edge of TNs. This allows users to avoid having
to build from scratch a time-bin waveguide-QED
simulation model, time evolution, and observable
evaluation on top of a general-purpose TN library.

We begin by presenting the basic theoretical
background of MPS in Sec. 2, where the princi-
ples of MPS applied to waveguide-QED systems
are explained; we introduce the fundamentals of
MPS, show a useful diagrammatic representation
of states and operators, and discuss the time evo-
lution of the system. Then, in Sec. 3, we intro-
duce QwaveMPS, our open-source Python pack-
age, with an overview of the package framework
and usage. QwaveMPS performs steps from time-
bin evolution to field observables internally, and
Sec. 3.4 sets out exactly which ones. Example
cases showing its potential both in the Marko-
vian and non-Markovian regimes are shown in
Sec. 4. These examples are pictured schemat-
ically in Fig. 1. We start with the simplest
case of vacuum dynamics in the linear regime
in Sec. 4.1 [Figs. 1(a)-1(c)], and then introduce
nonlinear dynamics and quantum correlations in
Sec. 4.2 |Fig. 1(d)]. Section 4.3 introduces the use
of external classical drives with continuous-wave
pumps and pulsed light [Fig. 1(e)]. Afterwards,
dynamics with full quantum Fock state pulses are
solved in Sec. 4.4 [Fig. 1(f)].

Although we already address here a fairly
broad range of important problems in waveguide-
QED quantum optics, MPS is not limited to these
cases, and in Sec. 4.6, we discuss some features
that could be implemented in future versions of
the QwaveMPS package. Finally, in Sec. 5 we
give some concluding remarks.

2 Theoretical background

2.1 Waveguide-QED

Waveguide-QED deals with
dimensional quantum systems where atoms
or quantum emitters couple to a continuum of
quantized field modes. These systems show rich
light-matter phenomena that are unique to the
waveguide geometry, and can include significant
delayed feedback effects,
which can lead to the emission and complete
reabsorption of photons by the quantum emit-
ters, or the ability to couple to chiral emitters,
breaking the local symmetry of the problem by
emitting photons only in one waveguide direction
for a better flow of the quantum information.
Resonant single photons can also be scattered
and reflected elastically, or completely invert a
TLS [63].

The following theory is in units of h = 1. The
general form of the total Hamiltonian is

quasi-one-

non-Markovian or

H:Hsys+HW+H17 (1)

where Hgys corresponds to the emitters” Hamilto-
nian:

1 ,
Hgys = Z [wnaf{ag—2 (Qn(t)agel“’Lt—i—H.c.)] ,

n

(2)
which can also include a classical pump 2, (¢) cen-
tered at a frequency wy. In addition, Hvy is the
waveguide Hamiltonian, and Hj represents the in-
teraction between the emitters (one or more) and
the waveguide modes of interest. The waveguide
Hamiltonian can be expressed as,

Hy= Y /B dwwbl, (@Wba(@),  (3)

a=L,R

where bl (w) and b, (w) are the bosonic creation
and annihilation operators for the right- and left-
moving photons, and B is the relevant bandwidth
of interest around the resonance frequency wyg, in
the rotating-wave approximation.
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The interaction Hamiltonian between the field
and n emitters is
5
=> > dw [#7, o
T aeLR 2w JB ’

- ’in,a(‘*})ba(w)arﬂ ’

(w)o,, bl(w)

(4)
where Ky, o is the coupling rate, which is assumed
to be frequency independent (in the bandwidth
of interest). Thus, we can replace K, q(w) by
Kn,a(Wo) = /Vn,a/2m, With 7, o being the decay
rate of the nth emitter.

Then, we can transform the Hamiltonian to the
time domain by defining a time-dependent noise
operator in terms of the field operators:

/ =t ba(w)eT T (5)

with the white noise commutation relation
[ba(t),bl,(t’)] §(t — t')0p,0r.  We can then

rewrite the interaction Hamiltonian as

HI:Z Z (K5 Lon bl (t— x,/V)

TLO( n-"o
n a=L,R (6)

- Kvn,aba(t - :L‘n/U)U;H,

where x,, corresponds to the position of the atom,
and v is the velocity of propagation. Here, we are
working in the interaction picture, where o, (t) =
o, e 0t and by (w,t) = bo(w)e ™t

To solve the general class of complex
waveguide-QED problems mentioned earlier,
many traditional quantum optics theories make
use of approximations, such as the Markovian ap-
proximation, which results in potentially valuable
information being lost (including quantum coher-
ence, causality effects and entanglement). In con-
trast, MPS allows one to solve waveguide-QED
systems without invoking the usual approxima-
tions [6, 28, 64]. Moreover, we stress that the
general MPS methods are computationally effi-
cient as well as numerically ezxact.

For the waveguide-based MPS approach, we
need to discretize the waveguide in time into so-
called time bins. Omne can then write the dis-
cretized Hamiltonian in time, using the boson
noise operators [6],

trt1 , ,
AW = [ adw), @)
tg
where these operators create/annihilate a photon
in a time bin and have the commutation rela-

tions [ABa(t), ABl, ()] = Atd psdaar, with

a = R, L for the right- and left-moving photons,
respectively, and At being the time bin resolution
(discretized time step).

With this definition, we create a new basis,

(AB] ()"

ig) = o=t
iXN(At)%

vac) , (8)

and write the time evolution operator for each

time step:
tot1
i / dt’H(t’)). )

i

U(tk+1,tk) = exp (-

Then, the initial state is written in terms of a ma-
trix product state, and the time evolution opera-
tor is transformed to a matrix product operator
(MPO) so we can evolve the entire system one
time step at a time.

2.2 Matrix Product States
2.2.1 Singular value decomposition

Matrix product states is an approach based on
one-dimensional tensor network theories [28, 65].
The MPS algorithm relies on the Schmidt decom-
position or singular value decomposition (SVD)
of a quantum system, which considers the bipar-
tition state of the system as a tensor product.
The SVD of a tensor M is

M =USVT, (10)

where S is a diagonal matrix containing the
Schmidt coefficients in descending order, U is
a left-normalized tensor, and VT is a right-
normalized tensor. Afterwards, one of the side
tensors can be contracted with the tensor con-
taining the Schmidt coefficients. This is called
the orthogonality center (OC) and carries the sys-
tem’s information. Thus, we end up with two new
tensors written as a tensor product. To better
understand the process, this is represented dia-
grammatically in Fig. 2.

Here, the vertical lines correspond to the phys-
ical dimensions of the system, while the horizon-
tal ones represent the bond or virtual extra di-
mensions generated when performing the SVDs.
The new bond dimensions will carry the entangle-
ment of the system, and their size will depend on
the level of entanglement generated in each case.
This entanglement will increase with the number
of excitations/photons considered in the system,
as well as with the delayed feedback.
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Figure 2: Diagrammatic representation of an SVD,
where U represents a left-normalized tensor (green bins),
V1 is a right-normalized tensor (magenta bin) and S rep-
resents the diagonal matrix with the Schmidt coefficients
(blue bin). The lower diagram shows the subsequent
contraction of the Schmidt coefficients with VT, where
OC represents the orthogonality center (grey bin).

2.2.2 Matrix product states

By iterating this process, we can decompose the
Hilbert space into a tensor product of smaller sub-
spaces until we get the following general MPS ex-
pression for a waveguide-QED system,

) =
Z AflslAfllhaz“'Azjj\rvill,aNAzaIX/ ‘Z.S7i17"'7iN> 9
1591 0N
(11)

where the first term represents the system (or
quantum emitter) part, and the remaining N
terms represent the waveguide discretized in time.

Here, each tensor can be represented as a ‘bin’
which corresponds to the boxes in the diagram-
matic representation in Fig. 3. By changing the
dimension of the time bins, one can include prob-
abilities for one or more photons per time step.
This gives the possibility of having denser proba-
bilities of photons, as is necessary for simulating
Fock states and calculating higher-order field cor-

relations.
& e

Figure 3: Diagrammatic representation of a state written
as a matrix product state. The grey bin represents the
emitter subspace and contains the OC, and the magenta
bins are right-normalized tensors containing the field dis-
cretized in time, with each bin corresponding to a time
step. In this diagram, i4i;...iy represent the physical
indices of the MPS.

2.2.3 Matrix product operators

An operator can be seen as a map that takes one
physical index ¢ to another j with some coeffi-
cients OY. Thus, MPOs have two physical in-
dices per site. The main advantage is that the
whole state does not need to be computed when
an operator is applied. Only the sites involved in
the operation are computed, highly reducing the
computational cost of the operation.

For example, an MPO operating on a single
site can be represented as in Fig. 4, where 7; and
j1 are the labels for the physical indices of the
corresponding bra and ket. This can be directly
applied on the corresponding MPS bin.

i1
J1

Figure 4: Diagrammatic representation of a single site
operator written as an MPO. Here, i; and j; represent
the physical indices of the MPO.

2.2.4 Time evolution

The evolution of the system is performed by ap-
plying the time evolution operator, U, on the rel-
evant parts of the MPS at each time step. In the
Markovian regime or when we do not have feed-
back effects, this is usually on the system bin and
the present time bin. For example, at a time tp,
U will operate on the system bin with physical
index 75 and the time bin with physical index iy
as in Fig. 5. In this case, the evolution operator
is a 2-site MPO.

I

Uis ,/Lk:

Figure 5: Diagrammatic representation of a Markovian
time evolution operator U operating at a time step ¢ on
the system bin (grey bin) and the corresponding present
bin (magenta bin). Here, i is the system physical index
and iy, is the time bin one.

However, in cases with feedback effects in
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Figure 6: Diagrammatic representation of a non-

Markovian time evolution operator U operating at a time
step ti on the system bin (grey bin), the corresponding
present bin (magenta bin) and the feedback bin at 7
(green bin). Here, is is the system physical index and iy,
is the time bin index, and i, is the feedback one.

the non-Markovian regime (e.g., if including
backscattering from emitters or a mirror), we will
have to consider also the feedback bins (time de-
lays and retardation). For example, if we have a
feedback bin with physical index i,, the time evo-
lution operator is now a 3-site MPO as in Fig. 6.

Here, we have first brought the feedback time
bin next to the system bin 75 and the present time
bin ¢; by applying a swap operator, in order to
then apply U only in three sites. For a time de-
lay of 7, the chain of feedback bins is of length
round (Ait), and requires a proportional number
of swaps to place the bins in the appropriate lo-
cations in the MPS chain.

In all cases, after applying the time evolution
operator, the state is again decomposed, perform-
ing SVD to recover the MPS shape of each bin.
By iterating this process, the evolution of the sys-
tem is calculated.

3 QwaveMPS package overview

In this section, we introduce the QwaveMPS
package, its implementation, and usage.
QwaveMPS is a Python package that al-
lows one to solve waveguide-QED problems using
the MPS techniques introduced in the previous
section. The source code is publicly available on
GitHub [66].

Figure 7 contains a diagram with the basic
components of the package. There are six source
scripts in the package. Three of them contain in-
formation for the initial parameters: these are the
possible initial states (states.py) and Hamil-
tonians (hamiltonians.py), and they are used
along with the other initial parameters set in the
InputParams data class (parameters.py) to set
up the simulation (left column on the diagram).
One script (simulation.py) contains the time

evolution functions that use the initial param-
eters to conduct the simulation and obtain the
time evolution information of the system state,
stored in the Bins data class (parameters.py).
These time-evolved states can then be used
by declaring operators and taking expectation
values (operators.py) or calculating two-time
point correlation functions of the output field
(correlation.py).

The graph in the right column of the diagram
in Fig. 7 shows some of the possible outputs that
the user can calculate in a non-Markovian sim-
ulation. As we will see in the next sections,
these include population dynamics (such as a TLS
population or the population of the photon flux
at various parts of the waveguide, such as the
transmitted flux or the flux in a feedback loop),
photon-photon and photon-matter and matter-
matter correlations, entanglement, spectra, and
more.

3.1 Initial states

As we saw in Sec. 2, in the MPS scheme, the
initial state is written as a matrix product state,
and only the relevant bins will be required for
the time evolution at each time step. This highly
reduces the Hilbert space of each part of the state.

On the one hand, the system part, containing
the quantum emitter information, must be de-
fined. As we will see in the following examples,
this depends on the number of emitters and the
initial preparation we want them to start with.
Since we are working here with TLSs, each emit-
ter will have a bin size of dimension 2, which cor-
responds to its ground and excited energy levels.
For example, a TLS initially excited can be de-
fined with qmps.states.tls_excited.

On the other hand, we also need to de-
fine the initial field. For example, if we are
starting with our waveguide in a vacuum state
(gqmps . states.vacuum), or if we are sending pho-
tons into the waveguide. As we will see in the
example in Sec. 4.4, with MPS, we have the
ability to send quantized photons, e.g., Fock
pulses (gqmps.states.fock_pulse), where we
can choose the number of photons, their direction
of propagation, and their pulse shape. Since the
dimension of each bin determines the maximum
number of photons per time bin, for exact Fock
state simulation this must be chosen correctly to
accommodate probabilities of N photons in a sin-
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QwaveMPS

Input parameters:

Initial parameters:

Choose the simulation
parameters.
Data class: InputParams
parameters.py

Choose an initial state and
symmetrical/chiral coupling:
states.py

Choose the Hamiltonian:
hamiltonians.py

—

Main simulation:

Time evolution
(Markovian or
non-Markovian):
simulation.py

Population dynamics:

operators.py

Correlation dynamics:

correlation.py

Output parameters:

Output bin information.
Data class: Bins
parameters.py

Example observables:

1
NTLS1
© nTLS2
2 R
= I N ng
=054 r
SR L I\/Im)p
) . T
< E — lotal
- '.
""n-.--
0 2 |
Time, ~t

Figure 7: Diagram showing an example of the package framework. The input parameters include the initial parameters
needed to set up the system and run the main simulation, where the time evolution of the total system state is
calculated (stored in the Bins data class). Observables such as TLS populations and field fluxes can be calculated
by taking the expectation values of the relevant operators on the appropriate emitter/field bins. An example output
plot with some observables in the non-Markovian regime is included in the bottom right.

gle bin. For example, if we limit the bins to a sin-
gle photon, the dimension will be two, to contain
the zero- and one-photon subspaces. In general,
for N photons per time bin, we need an N + 1
bin size. In addition, if we consider two channels
in the waveguide, with photons moving to the
right and left, the size of each time bin’s dimen-
sion will be a product of the individual channel
dimensions.

Since this part of the initial state is indepen-
dent of the system part, it can be implemented
for a system containing multiple emitters, even
if they are in the non-Markovian regime, making
this approach highly powerful.

This is not the only way to send photons to the
system; the drive can also be treated classically,
as a Rabi frequency, including it directly in the
Hamiltonian. This can be a good approximation
in some scenarios when dealing with many pho-
tons in the pump field (such as a high-intensity
laser field).

3.2 Hamiltonian

In order to evolve our system, as seen in Eq. (9),
we need to apply the time evolution operator at
each time step. This means writing it in its MPO
form (Sec. 2.2), and consequently, writing the
Hamiltonian in the same form.

Each Hamiltonian is specific to its system. For
example, for a single TLS in an infinite waveg-
uide, the Hamiltonian in the time domain and
rotating frame is,

&)
2
+ A (otbu(t) + o bl (1)) (12)

+ VAR (0T bR () + 0T bR (1))

~—

H(t) = (ot 4+07)

where 7 /r are the left/right decay rates, and
Q(t) can contain a classical pump (which can be
a continuous wave pump or pulsed light). This
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can be written as an MPO, using:

H(ty) = ng)At (0’+ + a_)

+ VAL (o ABL(ty) + o~ ABL (1)) (13)
+ VAR (o ABg(te) + o~ ABL (1))

where H(tx) = H(t;)At is the Hamiltonian per
time step, the quantum operators are now MPOs,
and this form is then introduced in the time evo-
lution operator. In the QwaveMPS package, this
case can be simply implemented with the pre-
defined function gqmps.hamiltonian_1tls.

For convenience, more complicated systems are
already available in QwaveMPS, including

e Single TLS with a side  mir-
ror (semi-infinite waveguide):
gmps.hamiltonian_1tls_feedback.

e Two TLSs in the Markovian
gmps.hamiltonian_2tls_mar.

regime:

e Two TLSs in the non-Markovian regime
(with  delayed feedback effects):
gmps.hamiltonian_2tls_nmar.

time

Moreover, these forms can be extended to ac-
commodate other Hamiltonians, including more
TLSs or other types of quantum emitters (such
as harmonic oscillators and multi-level systems).

3.3 Simulation and observables

Once the initial parameters are defined, we can
introduce them as inputs in the main simulation
and evolve the system. There are two main types
of evolutions, one for systems in the Markovian
regime: qmps.t_evol_mar, and one for the non-
Markovian regime: qmps.t_evol_nmar.

These functions will give us the evolution of
both the system and the field bins, which are
used afterwards to calculate observables. These
observables can easily be calculated with the time
evolved bins using functions in the operators.py
and correlation.py scripts and passing them

the user’s operators of interest. Observables in-
clude:

e Population dynamics. Evaluated using

gmps .operators.single_time_expectation.

e Two-time quantum correla-
tion  functions. For  example:
gmps.correlation.correlation_4op_2t.

e Spectra. For example:
gmps.correlation.spectrum_w.

e Entanglement entropy:

gmps .operators.entanglement.

3.4 Waveguide-QED operations handled auto-
matically

The MPS structure underlying a time-bin
waveguide-QED simulation is similar to other
one-dimensional chains of local multilevel degrees
of freedom, and it can in principle be constructed
with a general-purpose TN library such as ITen-
sor, mpnum or MPSDynamics.jl [67-69]. How-
ever, these libraries do not provide the waveguide-
QED layer. Left to the user are the waveguide-
QED model itself, the time-bin evolution, the de-
layed interaction together with the swap sequence
that implements it, the gauge (in this case a
mixed canonical form) and truncation bookkeep-
ing, the matrix-product factorization of quantum
input pulses, and the calculation of field observ-
ables and multi-time correlation functions. To-
gether these account for most of the implementa-
tion work in a waveguide-QED MPS calculation,
and they recur in every example of Sec. 4.

The central practical contribution of
QwaveMPS is that all of these operations
are performed internally, behind a small set
of calls whose arguments are largely physical
parameters rather than TN objects. Table 1
lists them explicitly, alongside the corresponding
QwaveMPS function. Accordingly, a user who
understands the physics of the problem, but
not the details of tensor networks, can set up,
evolve, and analyze the waveguide-QED systems
shown below without writing any MPS code, in
the same spirit in which QuTiP makes master-
equation solvers available without requiring the
user to implement them.
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Table 1: Waveguide-QED-specific TN operations that are performed automatically by QwaveMPS, alongside the

corresponding QwaveMPS function.

QwaveMPS Function

Performed Automatically

gqmps.hamiltonian_x*

Construction of the per-time-step Hamiltonian MPO from phys-
ical parameters (coupling terms 7z, vgr, drive Q(t), detuning ¢,
mirror phase ¢, delay 7), in the 2-site (Markovian) or 3-site (non-
Markovian) form.

qmps.t_evol_mar

SVD and truncation at each time step, tracking and movement of
the orthogonality center, swapping of the output-field time bin, and
storage of the Schmidt spectra at the system.

qmps.t_evol_nmar

Similar to qmps.t_evol_mar but now in addition: Identification
of the feedback bin at 7, generation and application of the swap
network that brings it adjacent to the system and present bins,
round(7/At) swaps per time step, and restoration of the chain or-
dering afterwards.

bond_max (in InputParams)

Bond-dimension control, with an automatic warning raised when
the requested cutoff is insufficient to represent the entanglement
generated.

qmps . fock_pulse

Creates an MPS factorization of an N-photon wavepacket, account-
ing for an arbitrary envelope shape and propagation direction, ap-
plying the required bin dimensions (N + 1 per channel) and the
tensor product over the left and right channels.

gmps.single_time_expectation,

qmps.b_pop_1/r, gqmps . b_pop,
gmps .loop_integrated_statistics

Mapping of physical observables (emitter populations, output flux,
occupation of the feedback loop) onto the correct bins, including
the positional bookkeeping that relates a bin index to a space-time
point on the waveguide.

gmps .correlation_x*

Application of operators at two separated times with re-gauging in
between and assembly of the two-time grid.

gmps.spectrum_w

Transformation of the steady-state first-order correlation function
into the long-time-limit spectrum.

gqmps . entanglement

Calculate entanglement entropies at the system and feedback cuts,

obtained from the stored Schmidt coefficients.

4 Selected Simulation Examples

In this section, we present selected examples of
the QwaveMPS package being used to calculate
different waveguide-QED systems and scenarios,
and show results for some of the main observ-
ables discussed in the previous section. Here, we
include computational times of the observables
calculated in the examples.

All the examples below have been run on a
single standard computer workstation, specifi-
cally with 527.8 GB RAM, 3.00 GHz, and 18
cores, though only a maximum of around 180 MB
(< 0.2 GB) of RAM was necessary in the pro-
cess used to compute even the most complicated
examples considered (including significant delay
times, non-Markovian dynamics, multi-time cor-
relation functions, and nonlinear effects). Thus,

all of the simulations and examples shown below
can easily be run even on a modest laptop com-
puter. Although they can also be run on HPC
resources, at this time, GPU acceleration is not
supported.

4.1 Vacuum population dynamics in the linear
(one quantum) regime

We begin by calculating a very simple case, which
has a well-known analytical solution, to show how
the package works and check the (known) solu-
tion. This example corresponds to the decay of a
single TLS in an infinite waveguide (Fig. 8). As
we saw in the previous section, we need to set
up the initial parameters, including the type of
coupling and the initial state, as shown below:

"mw Initial state and coupling"""
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Figure 8: Decay of a single excited TLS in an infinite
waveguide, with (a) right chiral coupling, and (b) sym-
metrical coupling to the waveguide. The TLS population
dynamics is calculated with MPS (black) and bench-
marked with the analytical solution (dashed grey); we
also show the integrated photon flux for right (orange)
and left (dashed brown) channels, and a quanta conser-
vation check (green).

gamma_l,gamma_r=

qmps . coupling (’symmetrical’,gamma=1)
input_params=qmps . InputParams (
delta_t=0.05, #time step

tmax=8, #max time
d_sys_total=np.array([2]), #TLS bin size
d_t_total=np.array([2,2]),#time bin size
gamma_l=gamma_1, #left coupling
gamma_r=gamma_r , #right coupling
bond_max=4 #max bond dimension

)

i_sO=qmps.tls_excited ()
i_nO=qmps.vacuum(tmax, input_params)

Here, we have chosen an initially excited TLS
(is0), with the waveguide initially in vacuum, and
symmetrical coupling. As mentioned in the previ-
ous section, since we have symmetrical coupling,
each time bin accounts for both the left and right
channels, in this case, limiting them to up to 1
photon per time step in each channel. The max-
imum bond dimension remains low since we only
have one excitation. We also need to choose the
Hamiltonian:

"ll”Hamiltonian nmwn
Hm=qmps.hamiltonian_1tls (input_params)

which in this case corresponds to the 1-TLS
Hamiltonian.

Once we have the initial parameters defined,
the system is evolved in time to calculate the

TLS bins, field bins, and the Schmidt coefficients,
which can be seen as explicit constituents of the
Bins class:
"""Time evolution of the system"""
bins=qgmps.t_evol_mar
(Hm,i_s0,i_n0,input_params)
sys_states=bins.system_states
field_states=bins.output_field_states

We can then define the relevant operators that
we will use to take expectation values:

"""Define UOperators of interest"""
tls_pop_op=qmps.tls_pop ()
flux_op_l=qmps.b_pop_l(input_params)
flux_op_r=qmps.b_pop_r (input_params)
flux_ops=[flux_op_1,flux_op_r]

and using the bins and these operators we can
calculate different observables, such as the popu-
lation dynamics:

"""Calculate population dynamics"""
tls_pops=qmps.single_time_expectation
(sys_states ,qmps.tls_pop())

fluxes=qmps.single_time_expectation
(field_states, flux_ops)

In Fig. 8, we show some of these observables
both for chiral [Fig. 8 (a)] and symmetrical (TLS)
coupling [Fig. 8 (b)]. First, with the black line, we
show the TLS population (nji$) which is bench-
marked with the known analytical result of the
decay: nfigq = exp(—~t), represented with the
grey dashed line. We also show the (time) inte-
grated photon flux:

t

N (o) = [ ear (14)

out corresponds to the flux of photons go-

ing towards the right or left in the waveguide
(with a scaling of 4 in our normalized units). It
can be observed that in the symmetrical coupling,
both channels behave similarly, where the right
integrated flux N3" is shown in orange, and the
left one N9" is shown in dashed brown. However,
in the chiral solution, where the TLS is only cou-
pled to the right channel, the left integrated flux
remains zero at all times, as expected.

where n

Finally, we have also checked that the total sys-
tem quanta are conserved, with the following con-
servation rule:

Niotal(t) = nris(t) + Ng™ + NP, (15)
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which in this case should correspond to one quan-
tum at all times (Nioa1(t) = 1), since we have
only one excitation in the system. This is shown
and confirmed on the graph with the solid green

curve.
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Figure 9: Decay of a single excited symmetrical TLS in
a semi-infinite waveguide for a delay time of y7 = 1,
with (a) a destructive feedback phase (¢ = 0), and (b)
a constructive feedback phase (¢ = 7). TLS popula-
tion dynamics (black), integrated photon flux going out
of the loop [orange, Eq. (14)], mean photon number
within the loop [dotted blue, Eq. (16)], and quanta con-
servation check (green). Grey shaded area represents
the time until feedback, from t =0 to t = 7.

After this simplest Markovian case is tested
and understood, we can now introduce more com-
plicated feedback effects. In practical systems,
this can be done, for example, by adding a mir-
ror to one side of the waveguide. In this case, we
will have a single TLS in a semi-infinite waveguide
(Fig. 9). The initial parameters are set up in a
very similar manner, but we now have to consider
the finite delay time 7 = 2d/v,, which relates to
the distance between the TLS and the mirror,
d, and the group velocity v, (of the waveguide
mode), and the mirror phase ¢. We start with a
similar initial state, but now with the correspond-
ing Hamiltonian:

"nnChoose the Hamiltonian'"""

Hm=qmps.hamiltonian_1tls_feedback
(input_params)

In this case, the photons decay from the TLS
in both directions (unless we had a chiral sys-
tem), and the left-moving photons will travel, hit
the mirror, reflect back to the right, and inter-

act again with the TLS. We enter here the non-
Markovian regime, and the corresponding time
evolution of the system is:

""" Time evolution of the system"""
bins=qmps.t_evol_nmar (Hm,i_sO,i_nO,
input_params)

Due to the symmetry of this feedback loop, in
this case, we have only one channel for the field,
and we can calculate not only the transmitted
photons to the right with the integrated photon
flux, but also the mean number of photons within
the loop, which can be calculated as:

t
N () = [ aereyar,  (16)
t—1

where n'°P is the photon flux inside the loop.
We stress that this is a significant difference from
Markov simulations, which would not allow any
photons in the loop.

Similarly to before, we can obtain the popula-
tion dynamics, now in the loop as well, by acting
on the appropriate states and using the single-
channel operators:

""" Calculate population dynamics"""

flux_op=qmps.b_pop(input_params)

loop_states=bins.loop_field_states

loop_flux=qmps.single_time_expectation
(loop_states ,flux_op)

loop_p=qmps.loop_integrated_statistics
(loop_flux,input_params)

Here we have calculated the flux into the
loop, and have used its result with the helper
function loop_integrated_statistics to ob-
tain the mean number of photons within the loop.

In this time-delayed feedback example, we
show population dynamics for a delay time of
7 = 1, and for a destructive and a constructive
phase, in Figs. 9(a) and 9(b), respectively. First,
in Fig. 9(a), we choose a phase ¢ = 0, which
will lead to a destructive interaction between the
feedback photons and the TLS. This is observed
in the TLS population dynamics (black), where
there is a decay similar to the one observed in
Fig. 8, until the feedback time ¢t = 7 (y¢ = 1), and
then there is an increased decay, and an increase
of the integrated flux (orange). In addition, we
also show the mean number of photons within
the loop (dotted blue), which in this case grows
as the TLS decays, and then decreases again after
the feedback time.
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In Fig. 9(b), we choose a constructive phase of
¢ = m. The dynamics before the feedback time
remain the same, but after v¢ = 1, we observe
completely different dynamics. Now the photons
get trapped in the feedback loop, and there is a
long-lasting steady state. This is shown with fi-
nite constant values of the calculated observables.
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Figure 10: Two TLSs symmetrically coupled to an in-
finite waveguide. The first TLS is initially excited, the
second one starts in the ground state, and the phase be-
tween atoms is ¢ = 7. (a) Markovian regime (y7 = 0),
and (b) non-Markovian regime (y7 = 0.5). Emitter pop-
ulations (black for TLS 1 and cyan for TLS 2), which
are benchmarked with a separate ODE solver (dashed
grey and dark blue, respectively). Excellent agreement
is shown. Integrated right flux (orange) and left one
(dashed brown), and total quanta check (green).

The final example shown here of vacuum dy-
namics in the linear regime corresponds to the
addition of a second TLS (Fig. 10). In this case,
the initial state will be coded in the TLSs part as
an outer product of the tensor spaces:

""" Initial state and coupling"""
i_sOl=qmps.tls_excited ()

i_s02= gmps.tls_ground ()
i_sO=np.kron(i_s01,i_s02)

gamma_1l1 ,gamma_rl=qmps.coupling
(’symmetrical’,gamma=1)

gamma_12,gamma_r2=qmps.coupling
(’symmetrical’,gamma=1)

where we have chosen the first (left) TLS in
an initial excited state and the second one in

the ground state, and symmetrical coupling for
both TLSs. It is important to note here that,
although we have chosen this particular initial
state, we could easily start with an initially en-
tangled state:

i_sOl1=qmps.tls_excited ()
i_s02=qmps.tls_ground ()

i_s0=1/np.sqrt(2)*(np.kron(i_s01,i_s02)
+np.kron(i_s02,i_s01))

or any other combination.

We can again study the Markovian and the
non-Markovian regimes. In the first case, the
Hamiltonian is

Hm=qmps.hamiltonian_2tls_mar
(input_params)

and the time evolution function is general for any
number of quantum emitters in the Markovian
regime. Hence, the time bins are calculated in
the same manner as in the previous case. The
population observables can be calculated in the
same way as before, except that individual system
operators must be extended to act on the entire
system state space:
tlsl_pop_op=np.kron(tls_pop_op,d_sys2)

tls2_pop_op=np.kron(d_sysl,tls_pop_op)
tls_ops=[tlsl_pop_op,tls2_pop_op]

tls_pops=qmps.single_time_expectation
(sys_states ,tls_ops)

which is calculated identically in the Markovian
and non-Markovian cases, though when we intro-
duce feedback, we need to use the non-Markovian
version of the Hamiltonian:

Hm=qmps.hamiltonian_2tls_nmar
(input_params)

Again, the time evolution function in the non-
Markovian regime is general for any number of
quantum emitters, with a single non-Markovian
loop for now, and the bins have been calculated
as before.

Figure 10 shows example population dynam-
ics in the Markovian regime in (a) and the non-
Markovian regime in (b), with a feedback time
of y7 = 0.5. Both cases are calculated with a
phase of ¢ = 7 between the TLSs, and with the
left TLS initially excited. The TLS population
of the left TLS (black) and the right one (cyan)
have been benchmarked with an ordinary differ-
ential equations (ODE) solver for the following
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Figure 11: Two TLSs in an infinite waveguide. Both TLSs start excited, and the phase between atoms is ¢ = 0. (a,b)
Markovian regime (y7 = 0), and (c,d) non-Markovian regime (y7 = 0.5), where the shaded area represents time
until 7. (a,c) Left and right TLS population dynamics are shown in black and dashed cyan, respectively. Integrated
output flux, N]‘?}tL in orange and photons moving in the waveguide between TLSs, N;;/OE in dotted blue. (b,d)
Entanglement entropy between the TLSs and the waveguide field, Sgystem in red, entropy between the TLSs plus the
section between them, and the rest of the waveguide field in dashed maroon.

equations,

or (o
W = —3 (o o )

| (17)
+ {0 (t =)oy (t— 7)) €0(t — 7)),

where ¢ = 1,2 and j = 1,2 with j # ¢ for each
TLS, v/2 = yr = 71 for symmetrical coupling,
7 is the delay time, ¢ is the phase between the
TLSs, and 6(t — 7) is the Heaviside step func-
tion [70].

To solve Eq. (17), we utilize the SciPy-based
Delay Differential Equation solver ddeint, which
is designed to efficiently solve time-delayed cou-
pled ODEs in Python. The ODE solutions are
shown in dashed grey and dark blue for the first
and second TLS, respectively, and perfect agree-
ment is achieved between both approaches. It
is important to note here that even though this
Python package is highly optimized, run times
are comparable, on the order of a second, and we
stress that Eq. (17) is limited to the single exci-
tation case (linear regime, which is a severe re-
striction, as the uniquely quantum dynamics are
beyond weak excitation).

The differences between the Markovian limit in
(a) and the feedback effects in (b) are significant
in all observables. In the case of the TLSs dynam-
ics, we can see how the right TLS starts getting

populated from v¢ = 0 in (a), but it will remain
zero in (b) until ¢ = 7. In addition, the symmetry
of the integrated flux is broken when considering
feedback, with a lower Ng" and a higher NpU*
in the non-Markovian results. Finally, both cases
show a quanta conservation check (green) which
must remain at one since we have only one exci-
tation (linear regime).

In Table 2, we show average run times when
calculating the population dynamics of the previ-
ous examples. In all cases, the calculations take
less than a second, showing the power and high
efficiency of the MPS method. The run times for
one and two emitters are the same to within the
scatter between repeated runs.

4.2 Vacuum population dynamics and entan-
glement entropy in the (two quanta) nonlinear
regime

So far, we have explored only linear dynamics,
which is common in waveguide-QED studies as it
is easier to model and understand (otherwise, a
Markov approximation is usually invoked, which
is not suitable for modeling strong correlations
and entanglement between photons and matter).
However, the real power of MPS is that it is not
limited to single excitations, and can easily go to
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Table 2: Run times, using a single computer worksta-
tion (specific hardware specs are given in the main text),
for population dynamics of the examples presented in
Sec. 4.1 (vacuum dynamics) in the Markovian (‘M") and
non-Markovian (‘NM’) regimes. Parameters: time step
~At = 0.05, final time Yt = 8, and maximum bond
dimension Xmax = 4.

System Delay time (y7) | Run time
1 TLS M 0 0.08 s
1 TLS NM 1 0.68 s
2 TLS M 0 0.06 s
2 TLS NM 0.5 0.67 s

two, three, four, and more.

In this next example, we study the same 2-TLS
system as the one shown in Sec. 4.1, but now
we start the system with both TLSs excited (two
quanta, which is intrinsically nonlinear). The ini-
tial state is:

i_sOl=qmps.tls_excited ()
i_s02=qmps.tls_excited ()

i_sO=np.kron(i_s01,i_s02)

i_nO=qgmps.vacuum
(tmax ,input_params)

The Hamiltonian, time evolution and popula-
tion functions used are the same as in Sec. 4.1.
Additionally, in this example, we introduce a new
observable: entanglement entropy. First, the en-
tanglement entropy is defined between two parts
of a system. In this case, we show the entangle-
ment entropy between the TLSs and the waveg-
uide [28, 71]:

— >  Alsys|3logy(Afsys]3),  (18)
5

S, system =

where Afsys|s are the Schmidt coefficients corre-
sponding to the TLSs system bins and [ repre-
sents the position of these coefficients.

In the non-Markovian regime, we also show
the entanglement entropy between the ‘circuit’
formed by the 2 TLSs plus the waveguide section
that connects them, and the rest of the waveguide
(in the Markovian limit, both are the same since
the space between the TLSs is not considered).
This follows an equation similar to Eq. (18) but
with the Schmidt coefficients of the feedback bins

Alr]g [72]:
ZA 3 loga (A[7]3). (19)

c1rcu1t -

This is implemented with the following functions:

#entanglement entropy

ent_s=qmps.entanglement (bins.schmidt)

ent_tau=qmps.entanglement
(bins.schmidt_tau)

In Fig. 11, both Markovian (a,b) and non-
Markovian dynamics (c,d) for a delay time of
~7 = 0.5 are shown. In this case, the phase be-
tween the TLSs is ¢ = 0. Here, the left column
plots (a,c) again show population dynamics with
the decay of TLS 1 (black) and TLS 2 (dashed
cyan), and the corresponding integrated fluxes
N]%?J“L (orange). In addition, the mean number

of photons between the TLSs is calculated, NE)/OE
(dotted blue). We recognize how, in the non-
Markovian regime, there is a small trapping of
the population in the TLSs as well as in the sec-
tion of the waveguide between them.

The right column panels, i.e., Figs. 11(b) and
11(d), show the entanglement entropy. In the
Markovian regime Ssystem = Scircuit as there is
no waveguide section considered between TLSs,
but as feedback effects appear, Sgystem (red) and
Scircuit (dashed maroon) deviate from each other.
In addition, in this second case, both entropies
reach the maximum of one, which is not the case
in the Markov limit (b). This example study
shows very interesting nonlinear dynamics that
are challenging to calculate using other theoreti-
cal and modeling approaches.

Table 3 shows the run times for the popula-
tions, and the entanglement entropy of the ex-
ample shown here, both in the Markovian limit,
and in the non-Markovian regime with a delay
time of v7 = 0.5. Even though we are in the
nonlinear regime, all the results were calculated
in less than a second, which again demonstrates
the strength and efficiency of this MPS approach.
In this case, we chose a maximum bond dimen-
sion of 8 to resolve the dynamics, since we now
have two excitations involved and non-Markovian
dynamics.

4.3 Two-level system driven by a classical
pump field with and without time-delayed feed-
back, in the nonlinear regime: correlations and
feedback-modified Mollow spectra

In the next examples, we study the behavior of
a single TLS when it is driven by a continuous-
wave (CW) laser, and then by a time-dependent
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Table 3: Run times (single computer) for the observables
calculated in Sec. 4.2 (nonlinear vacuum dynamics) in
the Markovian and non-Markovian regimes. Parameters:
time step YAt = 0.05, final time Yytmax = 5, and maxi-
mum bond dimension ypax = 8.

Observable | Delay time (y7) | Run time

Population 0 0.06 s
Entropy 0 0.01 s

Population 0.5 0.70 s
Entropy 0.5 0.02 s

(classical pulse) pump.

4.3.1 Continuous-wave classical pump field

We start by pumping the TLS vertically with a
classical CW pump field (Fig. 12), hence, the
external field does not propagate through the
waveguide [28, 73|. This is a challenging calcula-
tion since, as the loop length increases, a higher
number of photons in the loop needs to be ac-
counted for in order to get the correct results, and
theories limited to a low number of photons start
failing. Note that one could also excite the TLS
via the waveguide with a coherent pump, which
in the single TLS case can be performed with an
input-output relationship, not adding difficulty to
the problem.

In this case, we choose the TLS initially in the
ground state, and the waveguide in vacuum. We
also choose the strength of the pump; in this
example, we have chosen a Rabi frequency of
Q) = 27, and then it is added to the total Hamil-
tonian as follows:

cw_pump=2*np.pi

Hm=qmps.hamiltonian_1tls
(input_params , cw_pump)

It is important to note that the code is in units of
~. Note also that this is a solution for a resonant
drive, but if we want to pump the system off-
resonance, we can add the detuning delta as an
additional parameter (which is zero by default):

cw_pump=2*np.pi
delta= np.pi

Hm=qmps.hamiltonian_1tls
(input_params,cw_pump,delta)

Then, we can calculate the time evolution us-
ing the same functions as in the previous section,

and calculate population dynamics in a similar
manner.

Here, we also introduce the two-time quantum
correlation functions,

GO (4t + 1) = (b ()b (t + 1)) (20)

aa’

and

G (t,t+1) =

ax

(BE()bL, ( + 1)ba (t + 1)ba(t)) 2

where we use the variable ¢/, rather than the more
usual 7, since we have used 7 earlier for the defi-
nition of time delay in the feedback systems.

In the case of working with a right and left
waveguide channel (most of the cases of inter-
est), we can calculate the correlation of photons
traveling to the right (Grg), traveling to the left
(GLL), or correlations between right and left pho-
tons and vice versa (Grr and GrR).

As it is already known in the literature, the
dynamics of a CW driven TLS reach a steady
state, allowing one to calculate two-time correla-
tion functions once the system has reached this
state, with

G (s, tos + 1) = (B, (bas)bar (55 + 1)) (22)

aao’

and

G((fo)/(ts& tss + t/) =

(23)
<b21 (tss)bl’ (tss + t,)ba’ (tss + t/)ba (tss)> )
and their normalized versions,
G(l)/ tss> tss + t
g((xlo)/ (tssitss +1) = Oéfrx ( )a (24)
(bor(tss)ba(tss))
and
G(Q)/ tssa tss 4
02 (bt 1 1) = Sl 2] o)

(B (os)batss))”

We have implemented an efficient function
to calculate faster two-time correlations in this
regime. The interface will be familiar to users of
QuTiP [60], and in the two-operator case takes
the form

corr_bins = bins.correlation_bins
correls, t_primes, t_ss=
qmps .correlation_ss_2op
(corr_bins ,field_states,
a_ops,b_ops,input_params)
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Figure 12: Single TLS under a classical CW pump field in the Markovian limit (labeled with M), in an infinite
waveguide, and with non-Markovian effects, in a semi-infinite waveguide (labeled with NM) with a delay time
~7 = 1, where (a,b,c,d) have a phase ¢ = 0 and (e f,g,h) a phase ¢ = w. The pump strength is Q = 27y in all
cases. (a,e) Population dynamics, (b,f) steady-state normalized first-order correlation functions, (c,g) steady-state
normalized second-order correlation functions, and (d,h) long-time limit spectra, S normalized to its maximum value.

which gives us correlations of the output field
for a desired list of operators of the form
(A(tss)B(tss +t')). This function also yields a
corresponding list of ¢’ times, as well as the time
(in units of y~1) at which the steady state is
reached.

An analogous function can be called to calcu-
late four-operator steady state correlations of the
form (A(tss)B(tss +t')C(tss +t')D(tss)), and if
fluxes have already been calculated the normal-
ized correlation functions can also be easily cal-
culated via
index=int (round (t_ss/delta_t))

gl=correlation_G1/flux[index]
g2=correlation_G2/flux[index] **2

Support also exists for generalized two-time
steady-state correlations of the output field.

Furthermore, with the solution of the steady
state first-order correlation function, we can di-
rectly calculate the long-time limit spectrum, us-
ing:

S(w)

00 ) , 26
Re { / (bf (ts)ba(tss + 1)) WL g/ ,( )
0

where wy, is the center frequency of the drive
(laser, in the case of optical waveguide systems),

and « corresponds to the output direction, which
can be right or left (R/L). This is implemented
as a function; for example, to calculate a right
output spectrum,

spect ,w_list=qmps.spectrum_w
(delta_t ,correlation_Gilr)

Figure 12 shows a summary of these new ob-
servables calculated for a single TLS in an infi-
nite waveguide (Markovian regime) and in a semi-
infinite waveguide (non-Markovian case) with a
delay time v = 1 and mirror phases of ¢ = 0
and ¢ = .

In Fig. 12(a), the population dynamics of the
Markovian solution and the non-Markovian with
a phase ¢ = 0 are shown. Both cases present
the characteristic Rabi oscillations of a strongly
pumped system, with a partial suppression of
these oscillations in the non-Markovian solution
(in grey) due to the destructive feedback phase.
In (b), the two-time first-order correlation func-
tion in the steady-state regime is shown. Here,
we again see how, although at the beginning the
oscillations seem larger in the non-Markovian so-
lution, they die out faster than in the infinite
waveguide case. This is again seen in (c) in the
second-order correlation function, where we see
oscillations until it reaches an expected value of
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one at long times.

Finally, Fig. 12(d) shows the long-time limit
spectra of both cases, where we can see the Mol-
low triplet in both solutions, with an enhance-
ment of the peaks in the non-Markovian solution,
due to the delayed feedback effects.

Similar results are shown in panels (e,f,g,h) of
Fig. 12, but now comparing the Markovian regime
with the non-Markovian regime using a construc-
tive phase ¢ = w. In this case, we can observe
population dynamics presenting Rabi oscillations
for a longer period of time, showing bunching in
the correlations, and blocking the central spec-
tral peak. In addition, we can see new resonances
appearing in the non-Markovian spectrum, con-
sistent with the results in [74]; we also highlight
that similar features have recently been experi-
mentally measured using a superconducting QED
system [35].

Run times are shown in Table 4, which show
impressive run times, seconds or less, in all sim-
ulation examples. Here, we also highlight that
we are dealing with a highly nonlinear quantum
system, which requires a higher maximum bond
dimension (Xmax = 18). The system is now run
for longer times ytnmax = 40, in order to get to the
steady state and run long enough for the steady
state correlations (vtgs ~ 30) and the long-time
limit spectra. However, calculations remain re-
markably fast, with the non-Markovian popula-
tion dynamics being the only case to go above a
single second (13.2 seconds). Note that if, in any
case, the maximum bond dimension chosen is not
large enough, the code will raise a warning for it
to be increased.

Table 4: Run times (single computer) for the observables
calculated in Sec. 4.3.1 where a classical pump is intro-
duced. Parameters: time step yAt = 0.05, final time
Ytmax = 40, and maximum bond dimension Xpax = 18.
The correlation time from reaching steady state (SS) is
Ytss == 30.

Observable | Delay time (y7) | Run time

Population 0 0.41s
SS correl.+S 0 0.70 s

Population 1 13.20 s
SS correl.+S 1 0.62 s

4.3.2 Time-dependent classical pulsed pump field

The time-discretized nature of MPS allows one to
easily extend the previous case to time-dependent
pump fields, e.g., the addition of classical pulsed
light, where we can choose the temporal shape
and the strength of the pulse that we want to
use.

This is implemented in the QwaveMPS package
in a similar manner to the CW pump. We only
need to choose the envelope shape with its corre-
sponding parameters, and then it can be added to
the Hamiltonian as in the CW case. For example,
for a Gaussian 7 pulse (pulse area units, where
we expect one perfect Rabi flop in the absence of
dephasing):

"""Pulse parameters"""
pulse_time=tmax
gaussian_center=1.5
gaussian_width=0.5
strength=np.pi

"""Pulse envelope"""
pulsed_pump=strength*qmps.
gaussian_envelope
(pulse_time, input_params,
gaussian_width ,gaussian_center)

"""Choose the Hamiltonian"""
Hm=qmps .hamiltonian_1tls (input_params,
pulsed_pump)

Again, here we can add detuning by adding an
extra parameter at the end of the Hamiltonian
(zero by default):

"""Choose the Hamiltonian"""
Hm=qmps.hamiltonian_1tls (input_params,
pulsed_pump ,delta=np.pi)

Then, the time evolution and observables are
calculated in the same way as before. In this
example, we have chosen again to start without
excitations in the TLS or waveguide, but this is
not a method requirement.

In this case, full two-time correlation functions
are required [Egs. (20) and (21)]. These can be
calculated using functions with a similar struc-
ture to the steady-state case:

"wn - First order correlation"""
gl_correls ,ts=qmps.correlation_2o0p_2t
(corr_bins ,a_ops,b_ops, input_params)
""" Second order correlation"""
g2_correls ,ts=qmps.correlation_4op_2t
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Figure 13: Single TLS driven by a classical m-pulse, with a width of yo = 0.5 and centered at vt. = 1.5. (a,b)
Markovian solution with an infinite waveguide. (c,d) Non-Markovian regime with a semi-infinite waveguide, with
a delay time of y7 = 1 and a constructive phase ¢ = w. Population dynamics are shown in (a,c), with (a)
TLS population dynamics (black), integrated right (orange) and left (dashed brown) output flux, Ng'* and Np“t
respectively [Eq. (14)], and (c) TLS population dynamics (black), output flux (orange) N°"* [Eq. (14)] and photons
in the feedback loop (dotted blue) N'°°P [Eq. (16)]. (b,d) show the second-order correlation functions, with right-
right photon scattering ng)z in (b) [see Eq. (21)], and the single-channel second-order correlation G(2) in (d), where

there is only one output.

(corr_bins,a_ops,b_ops,
c_ops,d_ops, input_params)

and calculate a list of full two-time correlation
functions, as well as returning a corresponding
list of time points. Again, this function can
be used to calculate arbitrary correlation func-
tions of the form (A(t)B(t+t")C(t+t')D(t)),
where each of these operators may be a prod-
uct of bosonic operators to calculate sections of
higher-order correlation functions within the two-
dimensional time space. Further support also ex-
ists for completely general two-time correlation
functions of the output field.

In Fig. 13, a single TLS in an infinite (a,b) and
a semi-infinite waveguide (c,d) is driven with a
Gaussian 7 pulse. In the non-Markovian regime,
v7 = 1 and ¢ = 7. In both cases, the pulse has
a width of vo = 0.5, is centred at yt, = 1.5,
and has a strength of m so that it is a 7 pulse. In
panels (a) and (c) of Fig. 13, population dynamics
are calculated, and we can observe the population
trapping in the TLS and the feedback loop in

the non-Markovian regime, while in the infinite
waveguide, the TLS gets populated and then goes
back to the ground.

Panels (b) and (d) of Fig. 13 show the two-
time second-order correlation functions, where
we can see the complete two-time dynamics.
In Fig. 13(b), the correlation of right photons
Ggl)%(t, t+t') is shown, where we can see no trans-
mission in the center diagonal, where ¢ is equal to
t+t'. In Fig. 13(d), there is only a single channel
with all the photons going out of the loop to the
right, so we only have G®)(t,t + ), with a very
different transmission pattern.

Although not explicitly shown here, time-
dependent spectra and spectral intensities can
be calculated as well using the following equa-
tions [75, 76]:

S(w,t) =

t t—t" o,
Re l / dt” / dt' (b (E)b(t" + ¢))edeet | |
0 0
(27)
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and

I(w,t) = Re Uooodt’ (bT ()bt + 1)) emwct'} ,

(28)
where A, = w—we, with w, the central frequency
in the rotating frame. More information about
these observables in waveguide-QED MPS can be
found in [76].

4.4  Fock-state excitation pulses

In our final example, we introduce fully quantum
pulses in the Fock state basis, with few-photon
pulses now within the waveguide in some chosen
direction |77]. Thus, we can consider an n-photon
excitation pulse directly as the initial state, in-
stead of modeling it as a classical pulse in the
Hamiltonian.

Time-bin TN descriptions of photonic states
were formulated in Ref. [78] with the descrip-
tion of product state pulse trains, and time-
domain MPS has been used for pulsed non-
linear optics [79] and for propagation through
atomic ensembles [58]. In addition, time-bin and
collisional constructions of Fock-state wavepack-
ets [47, 80|, and multiphoton pulses beyond
the two-excitation limit have been treated in
Refs. [29, 77|; the underlying continuous matrix
product description of field states goes back to
Ref. [81]. The analytic factorization of an N-
photon wavepacket into time-bin tensors given
below follows automaton-style MPS construc-
tions [82], and is derived for general N in
Ref. [83]; MPS simulations of few-photon Fock-
state pulses in waveguide-QED were also reported
in Ref. [76].

QwaveMPS contributes here to the automation
of the Fock state pulse: qmps.fock_pulse builds
the corresponding MPS directly from a photon
number, an envelope function, and a propagation
direction, and sets the bin dimensions that it re-
quires, so that the tensors below need not be as-
sembled by the user. We give them explicitly for
transparency and reproducibility.

Here, we will show the cases of a 1-photon and
a 2-photon Fock pulse, but the package can be
used to calculate higher numbers of photon pulses
as well. In the MPS scheme, the 1-photon Fock
state is written as,

60), = > fAB]/VAL[0,..,0),  (29)
k=1

where f, corresponds to the pulse envelope at
each bin, k, and satisfies the normalization con-
dition 3, |fx|> = 1. This is translated to the
following MPS terms (A,(;k)):

o if k=1:
AP = (1 0). AV =(0 ). 6o

o ifl <k <m:

10 1 0 fk
A — , AN = ., (31

40 — (2) A — (f;) L3

In the case of having a two-photon initial pulse,

1 i 2

[P0)m = 75 AB}
ohn = Rrya (2 VrAB))
o (33)
+23° Y KABLAAB) 0, ...,0),

k=1l=k+1

and the tensors are now:

o if k=1:
AP =(1 0 0),4"=(0 n o),
2
AP = (0 0 L1,
(34)
o ifl <k <m:
10 0 0 fr O
A’((M,O)— 01 0 ;A](:): 0 0 fk )
0 0 1 0O 0 O
1 r2
2) 00k
A=10 0 o0 |,
0 0 0
(35)
o if k=m:
0 0
Agg):\/i 0 vA%)_\/i Jm |
’ (36)
36
1 2
72fm
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Figure 14: Single chiral TLS driven by a Fock pulse with a Gaussian envelope, with a width of vo = 0.5 and centred
at vt. = 1.5. (a,b) Single-photon quantum pulse. (c,d) Two-photon quantum pulse. Population dynamics are shown

in (a,c) in black, and the integrated right flux in orange. The first-order correlation function ngzl})% for the 1-photon

pulse solution is shown in (b), and the second-order correlation function G(RZI)% for the two-photon one is shown in

(d).

Due to the increasing size of the tensors, it is
important to carefully choose the proper bin di-
mensions in each case. For instance, for a single-
photon pulse, each channel can have a bin di-
mension of two, but for the two-photon pulse, we
require at least a dimension of three.

This is implemented in a very similar man-
ner as before, but now, instead of choosing the
strength of the pulse (such as the Rabi fre-
quency), we need to choose the number of pho-
tons that we want in our pulse. For example, for a
single-photon Gaussian pulse propagating in the
right direction:

pulse_time tmax

gaussian_center 1.5

gaussian_width 0.5

pulse_env=qgmps.gaussian_envelope
(pulse_time , input_params,
gaussian_width , gaussian_center)

photon_num = 1

i_nO=qmps.fock_pulse
(pulse_env ,pulse_time,photon_num,
input_params ,direction=’R’)

The rest of the implementation and calculation of
observables follows the same functions as in the
previous sections.

Figure 14 presents population dynamics and

correlation functions of a right chiral TLS in an
infinite waveguide interacting with a Gaussian
pulse that propagates to the right and contains
one (a,b) and two (c,d) photons. In the pop-
ulation dynamics in (a,c), we can see how, in
the 1-photon case, the transmitted output flux
goes to one after the interaction, since everything
is transmitted in the chiral system. However,
in (c), the propagating pulse contains two pho-
tons, and thus, the integrated flux will go to two
at long times. In (b), we present the transmit-
ted first-order correlation function at two times,
G%])%(t, t +t"), where the interaction between the
pulse and the TLS is observed. In this case,
Gg;z(t, t+t') =0 at all times, since there is only
one photon present. In (d), we show the second-
order transmitted correlation Gg])%(t, t+t'), which
shows the characteristic bird-shape found in the
literature [42| (in this case, using quantum dot
waveguide systems).

Note that more interesting nonlinear correla-
tions can also be explored by varying the time
separation between the two temporal wave pack-
ets making up the two-photon pairs, which need
not overlap temporally [84].

One of the greatest advantages of using MPS is
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that we can easily extend this to having a higher
number of photons, add additional TLSs, or start
with (pre-pulsed) excited TLS, as well as more
drives. Such options are rarely possible when us-
ing other approaches due to the rapidly increasing
Hilbert space or the need for boundary conditions
in other discretized methods, like the method of
quantum trajectories.

Table 5 presents the run times of population
dynamics with Fock state pulses and double time
correlation functions. As in all the previous
cases, population dynamics are calculated very
efficiently, with times of around a tenth of a sec-
ond in both cases. Two-time correlation functions
are a bit slower due to the number of points be-
ing calculated, but remain efficient, with precise
results calculated in under half a minute.

Table 5: Run times (single computer) for the observ-
ables calculated in Sec. 4.4 with Fock state pulses. Pa-
rameters: time step YAt = 0.05, final time Yt = 8,
and maximum bond dimension Xmax = 4 for the single-
photon pulse and xmax = 8 for the 2-photon one.

Observable Run time
Populations 1-photon pulse 0.12 s
Populations 2-photon pulse 0.19 s

GO(t, t+ 1) 6.80 s
GO (t,t+1) 28.29 s

4.5 Scaling and computational requirements

To characterize the computational demands of a
genuinely non-Markovian, nonlinear problem, in
this section we use QwaveMPS to benchmark the
coherently driven TLS in front of a mirror in-
troduced in Sec. 4.3.1. This is a stringent test
case for two reasons: the excitation number is
not conserved, and a continuously driven emitter
feeds photons into the waveguide indefinitely, so
no fixed truncation in the total number of quanta
applies; and increasing the delay lengthens the
chain of bins that must be swapped and entan-
gled at every time step, increasing the MPS en-
tanglement and required maximum bond dimen-
sion. Theories restricted to one or two quanta
cannot treat this regime at all; indeed, even for
rather weak fields we find that higher-order corre-
lations are generally important and informative,
such as the four-photon correlations arising with
few-photon squeezing [85].

Table 6: Scaling benchmark for the coherently driven
TLS in a semi-infinite waveguide of Sec. 4.3.1, as a func-
tion of the drive strength € and the delay time 7, at a
fixed mirror phase of ¢ = m. Here N!°°P is the mean
photon number in the feedback loop in the steady state,
given by Eq. (16); Xmax is the converged maximum bond
dimension (tested at 8 and multiples of 16). Parameters:
time step YAt = 0.02 and final time vt,.x = 20, run on
the single computer workstation described at the start
of Sec. 4.

Q/v | YT | Xmax NSISOP Run Peak
time | memory

s | [MB]

m 1 16 0.240 | 41.04 17.39
27 1 16 0.249 | 41.09 17.39
47 1 32 0.250 | 101.03 66.42
8w 1 48 0.248 | 198.81 | 148.14
2 | 0.5 8 0.124 | 11.03 5.04
2 1 16 0.249 | 41.09 17.39
2T 2 32 0.495 | 204.71 69.54
27 4 48 0.989 | 840.47 | 169.15

Table 6 reports, across various pump strengths
and delay distances to the mirror, the converged
maximum bond dimension, Xmax, the steady-
state mean number of photons in the feedback
loop (calculated by Eq. (16) at steady-state time)
NP the simulation run time, and the mem-
ory used by the simulation. The values of Ymax
quoted here are obtained by increasing the bond-
dimension cutoff until the emitter population
changes by less than 10™3 over the full time win-
dow, so that they are converged rather than as-
sumed.

The behavior is as expected on physical
grounds, but the numbers make the statement
quantitative. Increasing the drive strength has
minimal impact on the mean number of quanta
in the loop; that quantity instead scales linearly
with the length of the delay line, since it reflects
the photons emitted over the preceding interval 7.
Increasing the delay lengthens the swapped chain
and raises the entanglement across the feedback
cut, with xmax growing from 8 at y7 = 0.5 to 48
at v = 4 for the appropriate convergence. In all
cases, the peak memory remains below 200 MB;
hence, these calculations are still easily accessible
on a laptop.

We also mention that the long-time output flux
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itself shows no simple dependence on 2 and 7,
with a particularly rich behavior at short delays;
a systematic map of this parameter space would
be an interesting application of the package in its
own right.

Table 7: Scaling with photon number for N-photon
Fock-state Gaussian pulses incident on a chiral TLS, as
in Sec. 4.4. Gaussian envelopes with vo = 0.5 cen-
tered at vt. = 3; time step YAt = 0.05 and final time
Ytmax = 10. The memory listed in this table includes
only the memory involved in the simulation, and not the
Python interpreter/process. As with all simulations in
this paper, these were run on the single computer work-
station described at the start of Sec. 4.

N | Xmax | Run time [s] | Peak memory [MB]
1 2 0.06 0.13
2 4 0.07 0.72
3 6 0.10 2.06
4 8 0.11 4.47
5 10 0.13 8.24
6 12 0.18 13.67

Additionally, Table 7 gives the converged bond
dimension, run time, and simulation memory us-
age for N-photon Fock-state pulses incident on
a chiral TLS, as in Sec. 4.4, where the photon
number is fixed by the input state rather than
generated by the drive. In this case, the time bin
dimension is fixed by N + 1 for exact represen-
tation of the quantum pulse, and the cost (both
time and memory) grows with the photon content
of the pulse, both due to the growth of the time
bin space and the bond dimension. Population
dynamics for pulses containing up to eight pho-
tons, obtained with this version of the code, are
reported in Ref. [83].

Finally, we emphasize that the required bond
dimension depends on the entanglement gener-
ated in a given problem; the tables above are in-
tended as an empirical guide for users choosing
bond_max, and the code raises a warning when
the chosen value is too small.

4.6 Future Features

In our paper, we have shown selected exam-
ples of the capability of using QwaveMPS to solve
complex waveguide-QED problems, from Markov
to non-Markov regimes, from linear to nonlinear
regimes, including how to compute populations

and multi-time quantum correlation functions, all
with run times that are seconds or less.

Yet, there are many other examples and sce-
narios that could be studied in future works, with
small extensions and future editions of our code.
In this section, we highlight a few features that
we are planning to investigate in the very near
future.

Firstly, the problems studied in the previous
sections were ideal cases that excluded loss pro-
cesses (recall MPS does not have any lost pho-
tons; everything is treated at the system level).
This is common for exact methods that solve
waveguide-QED problems. Hence, a natural ex-
tension would be to include off-chip decay and
pure dephasing, to get closer to many exper-
imental results [86-88|, since practically every
waveguide-QED system has additional sources
of loss, including qubit pure dephasing pro-
cesses [88, 89| (for atoms, transmons, flux qubits
and quantum dots). We have already imple-
mented this in Ref. [90] using our current version
of QwaveMPS, and it will be added as a package-
compatible feature in a future version of the pack-
age.

Note that although we calculate field correla-
tion functions here, MPS also allows one to cal-
culate atom-atom correlations, and even atom-
field correlations, as demonstrated recently in the
case of nonlinear superradiance with finite time
delays |72]. Time-delayed collective effects such
as superradiance and subradiance have attracted
considerable recent interest [52, 54, 91, 92|, and
these correlation features can easily be imple-
mented in future versions of the package.

Another case that can be easily added is go-
ing beyond two coupled TLSs. In fact, we
have already studied such cases in other works
using MPS, by modeling three coupled emit-
ters, and also well into the deep non-Markovian
regime (72, 93, 94].

We also stress that our method is not restricted
to two-level systems. One can also model three-
and four-level quantum dots by increasing the
Hilbert subspace of the system part and updating
the Hamiltonian accordingly [95, 96]. Further-
more, we can study different emitter systems such
as Harmonic Oscillators (HOs), transmons (su-
perconducting systems, which behave as anhar-
monic oscillators) [37, 97, 98], or systems that go
beyond the linear dispersion medium (suitable for
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studying the ultra-strong regime in waveguide-
QED [45, 99]). In addition, other initial condi-
tions can be considered. This includes, for exam-
ple, adding initial coherent or squeezed states, or
even simulations of n-photon bundles and cluster
states |12, 100].

5 Conclusions

We have introduced our new software package
QwaveMPS, an efficient open-source Python code
for modeling complex waveguide-QED systems,
containing waveguide photons and atoms (such
as TLSs). The waveguide-QED software pack-
age builds on MPS, a numerically exact approach
based on tensor-network theories that allows one
to discretize the electromagnetic field into time
bins. The waveguide-QED MPS approach allows
one to treat waveguide photons exactly and fully
account for finite-time delays on the waveguide
architecture, and it avoids an exponential growth
of the Hilbert space. Not only is it far more pow-
erful than master equation approaches, includ-
ing non-Markovian ones, but it is also extremely
efficient at solving complex many-body interac-
tions for waveguide-QED systems. A central con-
tribution of the package is the automation of
the waveguide-QED-specific tensor-network oper-
ations.

We first gave an overview of MPS for
waveguide-QED  problems as well as the
QwaveMPS package, and then presented a
series of examples, ranging from simple vacuum
decay, with and without time-delayed feedback,
to complex nonlinear dynamics from multi-
quanta excitation, classical field excitation, and
excitation by n-photon Fock state pulses.

We then showed how to calculate different ob-
servables, starting with time-dependent popula-
tion dynamics, where we then introduced the en-
tanglement entropy with an example in the non-
linear vacuum dynamics case. Steady state so-
lutions of correlations and spectra were studied
with a classical CW drive, and the full two-times
correlation functions were introduced with pulsed
light both in the classical field regime, and later
with fully quantum Fock state pulses. Our results
were also fully compared and benchmarked with
other techniques, where known, showing excellent
agreement in all cases.

Finally, we discussed some ideas for future fea-

tures, demonstrating how QwaveMPS has the po-
tential to become an important open-source pack-
age for the quantum optics community.
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