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The notion of a macroscopic quantum state must be pinned down in or-
der to assess how well experiments probe the large-scale limits of quantum
mechanics. However, the issue of quantifying so-called quantum macroscop-
icity is fraught with multiple approaches having varying interpretations and
levels of computability and measurability. Here, we introduce two measures
that capture independent macroscopic properties: i) extensive size, measur-
ing the degree of coherence in position or momentum observables relative to
atomic-scale units, and ii) entangled size, quantifying the number of entangled
subsystems. These measures unify many desirable features of past propos-
als while having rigorously justified interpretations from quantum information
theory in terms of coherence and multipartite entanglement. We demonstrate
how to estimate them and obtain lower-bounds using experimental data from
micro-mechanical oscillators and diffracting molecules. Notably, we find ev-
idence for genuine multipartite entanglement of 105 to 107 atoms in recent
mechanical superposition states.

1 Introduction
Can quantum behaviour extend to the macroscopic scale? Schrödinger’s cat was born in
a thought experiment highlighting the paradoxical consequences of macroscopic quantum
coherence [1]. While there is nothing in the theory of quantum mechanics itself that pre-
vents this in principle, it is never seen in practice. One good explanation is that unwanted
interactions with an environment inevitably cause decoherence, whereby quantum proper-
ties of a system are diluted over time – and this typically occurs faster for larger systems
[2]. It is also often argued that the precision resources for detecting quantum behaviour
are highly demanding for macroscopic systems [3, 4, 5, 6, 7]. Taking such a viewpoint, one
would expect macroscopic quantum states to be attainable once the practical limitations
are overcome. However, new and currently untested physical phenomena, such as effects
from quantum gravity, could be responsible for unavoidable collapse of the wavefunction.
It is the role of experiments to help settle this question by probing ever-larger quantum
regimes. A notable class of systems making headway in this direction in recent years is
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those involving mechanical degrees of freedom, including micro-mechanical oscillators and
diffracting molecules.

However, the question of what counts as a macroscopic quantum state – or how to quan-
tify the degree of macroscopic quantumness – poses conceptual and technical challenges.
From the outset, one has to define what is meant by both macroscopic and quantum.
Neither of these terms has a unique meaning: “macroscopic” could reasonably refer to
quantities at the human scale (around the metre, second, or kilogram scale) or to a collec-
tion of many particles around the Avogadro number; further, “quantumness” is these days
understood to manifest in a large variety of phenomena, the best known being superposi-
tion and entanglement. One hopes to have a computable and experimentally obtainable
measure that indicates in some way the extent to which quantum behaviour is present at a
large scale, with higher numbers indicating an approach towards a truly macroscopic quan-
tum state. An array of quantum macroscopicity measures have been devised in a range of
approaches [8]. Some examples include using the size of quantum fluctuations [9, 10], the
scale of quantum superpositions [11, 12], distillation of multipartite entanglement [13, 14],
single-particle operations or measurements [15, 16], and sensitivity to decoherence from
minimal modifications of the Schrödinger equation [17, 18, 19]. Although all aim in some
way to capture the degree of resemblance to an ideal “cat state”, they are often hard to
compare and have varying scopes of applicability to different types of systems or specific
families of states.

Here, our goal is to bring some clarity at least to the domain of mechanical systems.
We introduce two measures that capture two primary ways of being macroscopically quan-
tum. One can ask of a quantum state: i) over what physical length or momentum scales
does quantum coherence extend, and ii) are the observable properties only explainable
by quantum mechanics operating simultaneously on many particles? Our measures cor-
respond to Leggett’s key concepts of extensive difference and disconnectivity [20], and
are justified by a solid foundation on modern quantum information theory to make their
interpretation transparent and to carefully characterise their properties. The construction
follows the approach to macroscopicity based on quantum Fisher information [21, 22, 12]
but employs two different normalisations to form the measures. Further, they have the
advantages of being well-defined for all quantum states, easily computable, and possible
to estimate directly from experimental data.

In Sec. 2, we explain the motivation for our approach, define the measures, and estab-
lish their properties. Next, in Sec. 3, we illustrate the measures in a thought experiment by
Leggett involving a quantum superposition at the boundary of the macroscopic scale. We
then perform estimates for several experiments with mechanical oscillators and diffracting
molecules in Secs. 4 and 5 respectively. Finally, in Sec. 6, we summarise the findings and
provide an outlook on extensions to a wider range of systems.

2 Measures
2.1 Rationale
As argued by Leggett [23], there is unlikely to be a single measure that fully captures the
macroscopicity of a quantum state. However, there are two main properties that clearly
must be “large” for a quantum state to be macroscopic. These can be illustrated by
considering an ideal Schrödinger cat state. Firstly, the cat is in a superposition |ψ0⟩+ |ψ1⟩
of two branches that differ appreciably in some macroscopic observable. For example,
one could distinguish the branches by a measurement of the cat’s centre of mass XCM:
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in |ψ0⟩, the cat is lying down, and in |ψ1⟩ it is standing up, so the value of XCM differs
on a macroscopic (i.e., “human”) scale, say ∆XCM = 0.1 m. In this example, Leggett’s
extensive difference is found by forming the extensive1 quantity Q = MXCM, where M is
the total mass, and expressing it in some atomic-scale units Q0. We take Q0 = mua0 (the
unified atomic mass unit times the Bohr radius), giving ∆Q/Q0 = M∆XCM/Q0 ∼ 1036

for the superposition.
Secondly, the cat is composed of a number of atoms of order 1026, so in the superposi-

tion state, roughly this many particles are entangled. A tentative measure of the number
of entangled particles was proposed by Leggett in Ref. [20], termed the disconnectivity,
however he states “from the point of view of modern quantum information theory. . . [it]
could almost certainly be substantially improved” [23]. Such a quantity is needed to dis-
tinguish a Schrödinger-cat situation from something like a single neutron passing through
an interferometer whose branches are 0.1 m apart, having a still large extensive difference
∆Q/Q0 ∼ 109.

Here, we propose two measures that capture these properties, termed the extensive
size and entangled size. They have the advantages of being well-defined for all quantum
states – beyond only pure-state superpositions of two branches – and of being possible to
estimate directly from experimental data.

2.2 Quantum Fisher information
The two proposed measures are based on quantum Fisher information (QFI). This quantity
is central to quantum metrology, where it determines the minimal uncertainty with which
one can estimate a parameter encoded into a probe state. For our purposes, we consider
a given state ρ and observable A, with the parameter θ encoded via unitary evolution
generated by A as

ρθ := e−iθAρeiθA. (1)

The quantum Cramér-Rao bound states that, with measurements on n copies of ρθ, the
minimum possible uncertainty in an estimate of θ is lower-bounded by [24]

δθ ≥ 1√
nF(ρ,A)

. (2)

This bound can be achieved in the limit of many copies. Here, F(ρ,A) is the QFI of ρ

with respect to A; one definition is given by the fidelity F (ρ, ρθ) = tr
√√

ρρθ
√
ρ between

ρ and ρθ for small θ:

F (ρ, ρθ) = 1 − 1
8F(ρ,A)θ2 + O(θ3). (3)

The QFI therefore quantifies the (squared) speed with which ρ changes under the unitary
evolution. Alternatively, it is the maximal classical Fisher information that can be ex-
tracted from the probe state under any generalised measurement (i.e., any POVM {Ei}
with Ei ≥ 0 and

∑
iEi = 1). A given measurement on ρθ results in a parameter-dependent

probability distribution piθ = tr[ρθEi], for which the classical Fisher information is

Fcl({piθ}) =
∑
i

1
piθ

(
∂piθ
∂θ

)2

. (4)

1An extensive quantity is one that is additive with respect to subsystems.
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In general, one has Fcl({piθ}) ≤ F(ρ,A), and there is always a choice of measurement
that makes them equal. It is worth noting that the QFI reduces to (four times) the vari-
ance of A when the state is pure: 1

4F(|ψ⟩⟨ψ| , A) = Var(|ψ⟩⟨ψ| , A) := ⟨ψ|A2|ψ⟩− ⟨ψ|A|ψ⟩2.

It is not self-evident that the utility of a probe quantum state for metrology should
be connected with macroscopicity. This insight was developed over a series of works
including Refs. [25, 9, 21, 26, 22] by considering the information-theoretical properties of
the QFI and its behaviour on certain families of states and observables. In general, A
is taken to be some extensive observable: for N constituent parts, typically of the form
A = ∑N

i=1Ai, where Ai acts only on part i. This is sometimes also called a collective
observable, and one is typically allowed to maximize the QFI over all observables within
this class, in order to pick out the most relevant degree of freedom. In Ref. [21] it was
noted that the QFI of an N -qubit state with A = ∑

i σ
α
i (where σα is a Pauli matrix)

acts as a witness of genuine many-particle entanglement. Moreover, the QFI is largest,
with the value 4N2, for a “cat state” of the form |0⟩⊗N + |1⟩⊗N (up to a change of
local basis). The “Heisenberg scaling” limit of quantum metrology, where F ∝ N2, is
taken as indicative of a family of macroscopic quantum states, compared with F ∝ N
for unentangled states. In other systems, different classes of observables are chosen to
pick out the desired macroscopic quantum states: for example, other collective operators
in higher-dimensional discrete systems, or position and momentum in phase space for
continuous-variable systems [26, 22].

However, it has been unclear so far how to correctly normalise the QFI to obtain a
quantity that has a meaningful interpretation and can be used to compare different sys-
tems. Below, we motivate two normalisations to define measures that pick out important
macroscopic quantum properties.

2.3 Extensive size
The first measure quantifies the amount of coherence in the state with respect to the eigen-
basis of the macroscopic observable. A good rigorously motivated measure of coherence
is the QFI, as shown in Ref. [12] from a resource-theoretical perspective. In brief, this is
justified by it satisfying some important properties. Firstly, F(ρ,A) = 0 if and only if ρ is
incoherent, i.e., has vanishing off-diagonal elements in the eigenbasis of A. More precisely,
if A = ∑

a,g a |a, g⟩⟨a, g|, where a label distinct eigenvalues and g labels degeneracies, then
F(ρ,A) = 0 when ⟨a, g|ρ|a′, g′⟩ = 0 for any a ̸= a′. Secondly, F(ρ,A) cannot be increased
by any process that does not inject additional coherence into the system. Such processes
are defined formally as covariant channels – those that commute with the unitary evo-
lution generated by A. Any covariant channel E can be realised as a physical process
where the system interacts with an environment that is incoherent with respect to some
observable A′, under a global unitary evolution that conserves the total quantity A+ A′.
In terms of coherence, covariant channels have the crucial property that a matrix element
|a, g⟩⟨a′, g′| evolves onto other matrix elements that have the same difference a− a′. This
ensures that the physical scale of a superposition between branches with values a and
a′ is retained, but it may decohere. If A is a macroscopic observable, then we have the
following interpretation: since macroscopicity is associated with coherence corresponding
to macroscopic values of a − a′, this property ensures that covariant channels can only
degrade the macroscopicity of a state relative to A.

The QFI actually has a unique meaning as the coherence cost of preparing a state.
This was proven in Ref. [27] for the case of qubits. Consider starting from a number n
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of coherence “units” |ϕ⟩ = (|0⟩ + |1⟩)/
√

2, with the aim of preparing as many copies as
possible of the target state ρ via a covariant channel. Here, we take A = ∑

i σ
z
i , and the

observable is added over multiple copies. One can obtain m copies of ρ with vanishing er-
ror in the limit of large n, at a rate m/n = F(|ϕ⟩⟨ϕ| , A)/F(ρ,A). Thus, the coherence cost
of ρ is F(ρ,A)/F(|ϕ⟩⟨ϕ| , A), given ϕ as a unit. While a rigorous mathematical statement
has only been proven for qubits, we extend the same interpretation to generic systems (for
which a weaker version of the statement is at least known with pure states [12, 28]).

We then define the extensive size of ρ relative to A as

Next(ρ,A) := F(ρ,A)
4A2

0
, (5)

where A0 is some chosen atomic-scale unit. Here, we are concerned with mechanical sys-
tems and therefore focus on A being one of position or momentum as preferred observables.
For a collection of N particles with masses mi, positions xi and momenta pi, we typically
use the position of the centre-of-mass multiplied by the total mass, and momentum:

Q :=
N∑
i=1

qi =
N∑
i=1

mixi = MXCM, (6)

P :=
N∑
i=1

pi, (7)

where M = ∑
imi. (In Sec. 4.1, we extend this approach to higher overtone modes of

an oscillator.) To set atomic-scale units, we take |ϕ⟩ to represent a particle of mass mu

(atomic mass unit) with a minimal-uncertainty Gaussian wavefunction localised over a
distance a0 (the Bohr radius). The corresponding normalisation units are then

Q0 = mua0, (8)

P0 = ℏmu

2Q0
= ℏ

2a0
. (9)

To see the connection with Leggett’s extensive difference, consider the model of Schrödinger’s
cat discussed in Sec. 2.1, with an equal superposition of two branches each having negli-
gible position uncertainty and a centre-of-mass difference ∆XCM, corresponding to ∆Q =
M∆XCM. Since ρ is considered to be pure, we have Next(ρ,Q) = Var(ρ,Q)/Q2

0 =
(∆Q/2Q0)2 – the square of the extensive difference. This square relationship is crucial to
ensure that Next is an extensive quantity in the sense of being additive for independent
systems, since F(ρ1 ⊗ ρ2, A1 + A2) = F(ρ1, A1) + F(ρ2, A2). In more familiar terms, the
variance of a distribution – rather than the standard deviation – is additive for indepen-
dent systems.

We note that there is some relation with the macroscopicity measure µ of Ref. [17],
which is defined in terms of the ability of an experiment (rather than a single state) to rule
out a range of parameters in a minimal modification to quantum mechanics. In the case
of a compact particle in a diffraction experiment, in a spatial superposition state ρ whose
coherence is maintained for a time τ , we find that µ ∼ log10[Next(ρ,Q)] + log10[τ/1 s],
see Appendix A. This relation derives from the QFI implying a sensitivity to the models
considered in Ref. [29]; it shows that the measure µ corresponds closely in a range of cases
to the extensive size, but includes a contribution from the coherence time achieved in the
experiment.
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2.4 Entangled size
The second measure aims instead to capture multipartite correlations between parts of a
system. This is therefore defined not only relative to a chosen observable A, but also to
a chosen partition Π = {Π1,Π2, . . . ,Πn} of the system into n subsystems. The partition
Π must be such that A = ∑n

i=1AΠi is an additive observable with no overlapping terms
between different subsystems Πi. The entangled size is then defined as

Nent(ρ,A,Π) := F(ρ,A)
4∑n

i=1 Var(ρ,AΠi)
, (10)

where the denominator is the sum over all variances of the local observables AΠi acting
on each subsystem in the partition. Note that the choice of the partition Π is arbitrary,
and different choices can have a great impact on the value of Nent, as demonstrated below
in Sec. 3.

The ability of Nent to act as an entanglement witness was proven in Refs. [28, 30];
here, we give a different proof via the following characteristic properties in Appendix B:

1. Maximum size: For any partition with n elements,

Nent(ρ,A,Π) ≤ n. (11)

Moreover, the upper limit of n is achieved if and only if ρ has the form of a generalised
GHZ state – see Appendix C for details. For example, in a simple case where the
subsystems are qubits, this form reduces to

√
1 − q |0⟩⊗n + √

q |1⟩⊗n, where |0⟩ , |1⟩
are the eigenvectors of the local observables AΠi .

2. Independent systems: For a product state ρα ⊗ ρβ, where α and β represent two
disjoint parts of the whole system,

Nent(ρα ⊗ ρβ, Aα +Aβ, α ∪ β) ≤ max{Nent(ρα, Aα, α), Nent(ρβ, Aβ, β)}. (12)

3. Classical mixtures: For any pair of states ρ, σ of the same system, and mixing
probability p ∈ [0, 1],

Nent(pρ+ [1 − p]σ,A,Π) ≤ max{Nent(ρ,A,Π), Nent(σ,A,Π)}. (13)

4. Multipartite entanglement witness: Suppose ρ has no (k + 1)-partite entanglement
between subsystems Πi. Formally, ρ is k-producible [31], meaning that it can be
written as a classical mixture of products of the form |ψ1⟩ |ψ2⟩ . . . in which each
block |ψj⟩ entangles no more than k subsystems. (The blocks need not be consistent
between different terms in the mixture.) Then we have

Nent(ρ,A,Π) ≤ k. (14)

Informally, Nent can therefore be interpreted as a quantifier of multipartite entangle-
ment – although it is strictly only a witness, in that a value greater than k implies that
the state contains genuine (k + 1)-partite entanglement, but not the converse. Property
(1) shows how Nent picks out the degree of resemblance to an entangled Schrödinger cat
state. It captures a particular kind of correlation, characteristic of a cat-type state, which
is largest when subsystems are positively correlated (if all AΠi are alike). Properties (2)
and (3) are important in showing that Nent is never increased under either classical mixing,
or (unlike Next) under combining independent systems.
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3 Illustrative example
In order to present the intuition for our measures, we consider a state introduced in
a thought experiment by Leggett in Ref. [32], supposed to be just at the boundary of
what one would naturally call macroscopic. He considers a piece of solid matter – for
concreteness, a cube of the crystal LiF of size 5 µm, about the smallest size resolvable by
the human eye. This is in a superposition |ψ0⟩ + |ψ1⟩ where each branch is a “classical”
state with negligible position and momentum uncertainty, moving relative to each other
at a speed of v = 5 µm s−1. Initially, with full spatial overlap, this should be regarded as a
momentum superposition; after time t = 1 s, the branches are non-overlapping in position
and so it also becomes a spatial superposition. We focus first on the t = 0 state.

For simplicity, we model the crystal as being composed of a number N = 1.6 × 1013 of
a single species of atom of mass m = 12.5mu. We ignore electrons in the calculations, as
the greater mass of the nuclei means that they provide the dominant contribution. With
the momentum difference between branches as ∆P = Mv ≈ 1.7 × 10−18 kg m s−1, the
extensive size for momentum is Next(ρ, P ) = (∆P/2P0)2 ≈ 6.9 × 1011.

1 2 3 4 5

0.2

0.4

0.6

0.8

1.0

1 2 3 4 5

0.2

0.4

0.6

0.8

1.0

Figure 1: Illustration of Leggett’s crystal example: a superposition of a 5 µm-cubed LiF crystal in two
total momentum states. a) Initially, the position of the centre-of-mass is the same in the two branches.
The entangled size (as in Eq. (15)) of the momentum superposition is a small fraction of the atom
number, due to the small ratio rp = ∆p/2δp of each atom’s momentum shift ∆p between branches to
its momentum uncertainty δp in each branch. b) After t = 1 s, the branches are separated by 5 µm and
the corresponding ratio rq is very large, implying high distinguishability of the branches and a position
entangled size approaching the atom number.

For the entangled size, first consider the partition Π into single atoms. In the comoving
frame of each classical branch, we take the crystal to be thermalised at room temperature
with negligible uncertainty in its centre-of-mass momentum. Then every atom is confined
in the crystal to a region of approximate size δx ∼ 10−11 m (see Ref. [33] for typical values
in solids at room temperature – we discuss this in more detail in Sec. 4.1), with a corre-
sponding single-atom momentum standard deviation δp ∼ ℏ/2δx ∼ 5.3 × 10−24 kg m s−1.
In the superposition state, we include the uncertainty from the difference in single-atom
momentum between the branches to get Var(ρ, Pi) ≈ δp2+(∆p/2)2, where ∆p := ∆P/N ≈
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1.0 × 10−31 kg m s−1. Then we obtain the useful expression

Nent(ρ, P,Π) ≈ (∆P/2)2

N [δp2 + (∆p/2)2] = N

(
r2
p

1 + r2
p

)
,

where rp = ∆p
2δp. (15)

This identifies rp as an important parameter – it is the ratio of the single-atom momen-
tum difference between branches to the single-atom momentum uncertainty per branch2.
This quantifies the local distinguishability of the branches, as determined by a momen-
tum measurement. For small rp, we have Nent ≈ Nr2

p, with Nent approaching the max-
imum value N with increasing rp. In the present example, we have rp ≈ 10−8, giv-
ing Nent(ρ, P,Π) ≈ Nr2

p ∼ 10−3. Thus, it is not possible to witness any entanglement
in this state. However, using the state ρ1 s after t = 1 s of free evolution (or even
less, say 50 µs), the analogous calculation for position gives rq = ∆q

2δq = ∆X
2δx ∼ 105 so

that Nent(ρ1 s, Q,Π) ≈ N ∼ 1013 – confirming our expectation that this state resem-
bles a true macroscopic spatial superposition. Moreover, this state has the huge value
Next(ρ1 s, Q) ≈ 8.9 × 1037.

To see the importance of the partition choice, we compare the partition into atoms
with that into individual nucleons. The momentum uncertainty for single nucleons is much
larger: as a rough estimate, since each nucleon is confined to a scale of δx ∼ 10−15 m, we
have δp ∼ ℏ/(2δx) ∼ 5×10−20 kg m s−1, thus rp is a factor of about 105 smaller (including
the smaller momentum shift per nucleon), and Nent(ρ, P,Πnucl) is about 109 times smaller.
Hence, atoms, rather than nucleons, are the right subsystems to choose in order to max-
imise the momentum entangled size. If we were to scale up the crystal size, we would find
entanglement between atoms far sooner than between nucleons. (Leggett makes the same
point in Ref. [32] to draw an analogy with Cooper pairs in superconducting qubits.) On
the other hand, taking nucleons would actually increase the position entangled size of ρ1 s
by a factor of about 12.5, since the nucleon position uncertainty δx is still dominated by
each atom’s centre-of-mass motion. From now on, we choose to stop partitioning at the
atomic scale, motivated by wanting the subsystems to be locally addressable, at least in
principle.

4 Oscillators
4.1 Mode expansions and effective sizes
Here, we apply the two measures to mechanical oscillators. In particular, we demonstrate
how to extend the scope of the measures to include arbitrary modes of oscillation. We
model such systems as collections of coupled oscillating particles labelled by their equilib-
rium positions r ∈ R3, with x(r) being the position observable (i.e., displacement from
equilibrium) of the particle corresponding to r. Here, we outline the results for position,
with analogous momentum calculations in Appendix D. The modes of oscillation are in-
dexed by wavenumbers k, with corresponding quadratures Xk. These observables are

2Note that the form of Nent in Eq. (15) is similar to other macroscopicity calculations in past literature
for models of cat states with branches that are not fully macroscopically distinct [13, 34, 15].
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related by a set of mode functions wk(r) via

x(r) =
∑

k

wk(r)Xk, (16)

whose normalisations are the mode volumes Vk:∫
d3rwk(r)wk′(r) = δk,k′Vk. (17)

An extensive quantity can be formed by multiplying by the density (assumed constant
ϱ = M/V ):

q(r) := ϱx(r) =
∑

k

wk(r)
Vk

Qk,

Qk := MkXk, (18)

where Mk = ϱVk is the mode effective mass. Note that there is a freedom of choice in the
normalisation of the mode functions: rescaling wk → cwk has the effect Vk → c2Vk and
correspondingly Qk → cQk. We choose the normalisation maxr |wk(r)| = 1, such that
the magnitude of Xk is the maximum oscillation amplitude of the mode. This choice has
the consequence Vk ≤ V and Mk ≤ M and it is natural to interpret these as the effective
volume and mass occupied by the mode k. For instance, the centre-of-mass mode has
wCM = 1, so VCM = V , MCM = M .

In experiments with quantum oscillators, there is typically a preferred mode of interest
k, so we will calculate macroscopicity measures with respect to the observable A = Qk,
where from now on we focus on oscillation along a single direction ẑ, so Qk := ẑ · Qk. For
the extensive size, we have

Next(ρ,Qk) = M2
kF(ρ,Xk)

4Q2
0

. (19)

For the entangled size, we need to decompose this observable into its local terms
A =

∫
d3rA(r), so use the orthogonality condition (17) to obtain

A(r) = wk(r)q(r). (20)

We partition our system into disjoint spatial regions Ri of equal volume V/N . The local
components of A in each region are then

Ai :=
∫
Ri

d3rA(r) =
∫
Ri

d3rwk(r)q(r). (21)

A thermal state of the system at temperature T takes the form of a product over
modes

⊗
l γl, where γl ∝

∑
n e

−nℏωl/kBT |n⟩⟨n|l is the bosonic thermal state of mode l

having frequency ωl and mean excitation number n̄l =
[
eℏωl/kBT − 1

]−1
. In experiments

that address a single mode k and prepare it in a particular state ρk, we assume the whole
system to be in the state3

ρ = ρk ⊗
(⊗

l ̸=k

γl

)
. (22)

3The assumption of thermality in all modes requires that there be no significant non-thermal sources
of vibration from the environment, especially around the lower-lying frequencies which have the largest
contributions to the single-particle vibrations.
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Given a state of the form (22), we use Eq. (21) to compute the sum of variances required
for Nent as

∑
i

Var(ρ,Ai) = ϱ2
[∑

i

ζ(i,k,k)2
]

Var(ρ,Xk) + ϱ2∑
l ̸=k

[∑
i

ζ(i,k, l)2
]
νl(1 + 2n̄l), (23)

where ζ(i,k, l) :=
∫
Ri

d3rwk(r)wl(r), (24)

and νl = ℏ/2Mlωl is the ground-state position quadrature variance for mode l. The
coefficient ζ(i,k, l) measures the overlap between modes k and l within the region Ri.

We can ask how to choose the partition so as to maximise Nent. Suppose we fine-
grain each subsystem Πi into a sub-partition Πi,j , with corresponding observables Ai =∑
j Bi,j . Since the variance can be expanded in terms of covariances as Var(ρ,Ai) =∑
j Var(ρ,Bi,j)+∑k ̸=j Cov(ρ,Bi,j , Bi,k), it is clear that fine-graining attains a smaller sum

of variances, i.e.,
∑
i,j Var(ρ,Bi,j) <

∑
i Var(ρ,Ai), when all the covariances are positive.

We expect that nearby particles within a small volume comprising Πi should oscillate in
phase – and thus have positively correlated motions – for any reasonable temperature
in which the highest modes are not significantly excited, such that the size of this small
volume is less than the wavelength of the lowest modes. (This claim is verified in several
works analysing vibrational correlations in different crystal structures [35, 36, 37].) This
fact suggests fine-graining as far as possible, to individual atoms. In the continuum limit
of regions Ri whose sizes are much smaller than the scales over which both wk(r) and
Var(ρ, q(r)) vary, we can approximate

Ai ≈ Uwk(ri)q(ri), (25)

where Ri has volume U = V/N and is centred at position ri. Then we have∑
i

Var(ρ,Ai) ≈ U

∫
d3rwk(r)2 Var(ρ, q(r)). (26)

For a thermal system, we approximate the position variance Var(ρ, x(ri)) of a single
atom in the bulk of a three-dimensional object by a (temperature-dependent) constant
∆u2. This quantity can in principle be calculated from Eq. (23) using knowledge of
the modes [38], but is also measurable via the Debye-Waller factor in diffraction experi-
ments [36]. In typical systems, as seen in the following sections, one has Var(ρ,Xk) ≪ ∆u2,
since the zero-point position fluctuations are of the order 10−15 m while ∆u ∼ 10−11 m.
However, since Var(ρ, q(r)) has contributions from many modes, cooling down a single
mode close to the ground state will not significantly affect it; in general, ∆u2 will if any-
thing be a slight overestimate, giving a lower bound to the entangled size. (If k is the
CM mode, then Var(ρ,Xk) is not included in ∆u2, so contributes separately to the single-
particle variance – among the examples treated below, this applies only to the levitated
nanoparticle of Ref. [39].)

The sum of variances when partitioned into single atoms thus simplifies to∑
i

Var(ρ,Ai) ≈ U

∫
d3rwk(r)2 ϱ2∆u2

= V Vkϱ
2∆u2

N

= VM2
k∆u2

NVk
. (27)
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The entangled size then becomes

Nent(ρ,Qk,Π) ≈ N · Vk

V
· F(ρk, Xk)

4∆u2

= Nk · F(ρk, Xk)
4∆u2 . (28)

We see from Eq. (28) that Nent is then the effective mode particle number Nk = NVk/V ,
multiplied by the squared ratio of the mode’s spatial quantum fluctuations to the single-
atom position uncertainty.

4.2 Estimates for thermal states
In this section, we consider oscillators in which the mode of interest is in a thermal state
at temperature T with corresponding mean phonon number n̄, which is often cooled to
a lower temperature than the rest of the system. We treat the chosen mode of interest
as having effective mass Mk and frequency ωk, and its QFI values are found to be (see
Appendix D)

1
4F(ρ,Qk) = ℏMk

2ωk(2n̄+ 1) = (Mk∆Xzp
k )2

2n̄+ 1 ,

1
4F(ρ, Pk) = ℏMkωk

2(2n̄+ 1) = (ℏ/2∆Xzp
k )2

2n̄+ 1 , (29)

where ∆Xzp
k =

√
ℏ/2Mkωk are the zero-point position fluctuations of mode k. Thus, the

extensive sizes are

Next(ρ,Qk) = ℏMk

2ωk(2n̄+ 1)Q2
0

= 1
2n̄+ 1

(
Mk∆Xzp

k

mua0

)2

,

Next(ρ, Pk) = ℏMkωk

2(2n̄+ 1)P 2
0

= 1
2n̄+ 1

(
a0

∆Xzp
k

)2

. (30)

From the expression in Eq. (28), the entangled size for the single-atom partition is

Nent(ρ,Qk,Π) ≈ Nk · 1
2n̄+ 1 ·

(
∆Xzp

k

∆u

)2

. (31)

(The momentum entangled size is not shown here as it turns out to be negligible.) Hence
we see the crucial dependence on temperature, going inversely with n̄, and on the ratio of
zero-point fluctuations of the mode to the atomic fluctuations.

In Table 1, we show the results for a collection of mechanical oscillator experiments and
proposals. Refs. [40, 41] demonstrate cooling of the fundamental mode close to its ground
state, while Ref. [42] uses a higher mass at room temperature. In Ref. [43], six massive
oscillators are cooled close to the ground state of a collective vibrational mode, which,
relative to a single oscillator, enhances Next by a factor of 6, while Nent is unchanged.
Ref. [39] is a levitated nanoparticle prepared in a squeezed state, which differs from the
other oscillators in that the addressed mode is the CM, and the single-particle position
variance is dominated by the CM variance; so we replace ∆u by ∆XCM in Eq. (31).
The proposal of Ref. [44] is suggested to test quantum gravity models which predict
modifications to the canonical commutation relations. Ref. [45] proposes signatures of
gravitons via energy exchange with fundamental modes of very massive oscillators, which
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Reference Mk (kg) ω/2π (Hz) ∆Xzp
k

(m) n̄ Nk Next(Qk) Nent(Qk)
Kienzler (2016) [46] 6.6 × 10−26 2.1 × 106 7.8 × 10−9 n/a 1 1.5 × 109 1
Teufel (2011) [40] 1.3 × 10−14 1.1 × 107 7.8 × 10−15 0.34 2.9 × 1011 7.9 × 1017 3.7 × 104

Verhagen (2012) [41] 3.2 × 10−12 7.8 × 107 1.8 × 10−16 1.7 9.8 × 1013 1.0 × 1019 1.2 × 103

Ringbauer (2018) [42] 1.1 × 10−10 1.1 × 105 8.3 × 10−16 6.0 × 107 3.5 × 1015 9.8 × 1015 5.0 × 10−2

Chegnizadeh (2024) [43] 1.3 × 10−11 2.0 × 106 5.6 × 10−16 0.4 3.0 × 1014 4.1 × 1021 1.8 × 105

Bild (2023) [47] 4.0 × 10−9 5.0 × 109 6.5 × 10−19 n/a 1.2 × 1017 3.0 × 1021 4.1 × 103

Rossi (2024) [39] 1.2 × 10−18 5.7 × 104 1.1 × 10−11 n/a 3.6 × 107 9.9 × 1017 1.3 × 107

Pikovski (2012) [44] 1.0 × 10−11 1.0 × 105 2.9 × 10−15 30 3.0 × 1014 1.8 × 1021 4.1 × 105

Tobar (2024) [45] (a) 7.5 1.0 × 102 1.1 × 10−19 ≈ 0 5.0 × 1026 8.2 × 1037 5.6 × 1010

Tobar (2024) [45] (b) 2.6 × 104 1.1 × 103 5.5 × 10−22 ≈ 0 1.7 × 1029 2.6 × 1040 5.1 × 108

Table 1: Experimental parameters and estimated extensive and entangled sizes for mechanical oscillator
experiments (upper set of rows) and proposals (lower set of rows). For the Bild et al. experiment [47],
we take the non-Gaussian state displayed in Fig. 2(c). The effective mass for Ref. [47] differs from the
value quoted in that reference due to our normalisation maxr |wk(r)| = 1.

need to be cooled close to their ground state; we take two cases (the first and fifth columns
of Table 1 of that paper) with different resonant frequencies. For the proposals, we take
∆u = 1 × 10−11 m, typical of solids at room temperature. Further details are given in
Appendix D.

4.3 Estimates from Wigner function
Here, we apply our measures to cases in which the QFI is more directly known – this en-
ables an extension beyond thermal states. Experiments with massive oscillators allow for
estimating the QFI in different ways. For example, in optomechanical and electromechan-
ical setups we are able to use the (optical or microwave) electromagnetic field interacting
with the oscillating mass to measure its phase space quadratures. From this, a lower bound
to the QFI is given by a measurement of the oscillator’s quantum noise level compared to
the ground state noise (i.e., squeezing).

Alternatively, platforms where an oscillator is coupled to a two-level system, such as
in trapped ions where the external motional state is coupled to the internal state, or in
mechanical resonators coupled to superconducting qubits, have shown the capability of
performing full state tomography of the oscillator’s state. This is commonly achieved
by taking displaced parity measurements of the phonon number, which correspond to
direct measurement of the Wigner function value at a point in phase space. By scanning
through many points it is possible to take 1-dimensional slices, or even full 2-dimensional
information, of the Wigner function, which directly allows for computing the QFI [48, 49].

Here, we use Wigner function data from Refs. [47, 49]. The system is a high-order
overtone mode (around the 500th harmonic) of a sapphire (Al2O3) crystal, density ϱ =
3.98 × 103 kgm−3, with length 435 µm and a Gaussian profile of waist 27 µm. The precise
values of ∆u are known from experimental data at room temperature [50, Table 1] – these
are almost the same for both types of atom, at 6.5 × 10−12 m. In Fig. 2, we show Wigner
function data for four states: a) the ground state, b) a squeezed state, c) a more complex
non-Gaussian state, and d) a cat state. The QFI is computed with respect to the dimen-
sionless quadratures X̂k = Xk/(

√
2∆Xzp

k ), P̂k = Pk/(
√

2∆P zp
k ), with ∆P zp

k = ℏ/2∆Xzp
k ,

normalised as in Ref. [49] such that the ground state gives F = 2, and is maximised over
phase-space rotations. The resulting extensive and entangled sizes are shown in Table 1;
the largest values are found when the QFI-maximising direction is the position quadrature.

One-dimensional slices of the Wigner function are used in Ref. [48] to estimate the QFI
in an experiment [46] with a 40Ca+ ion in a harmonic trap of frequency ω = 2π×2.08 MHz.
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Figure 2: Wigner functions of quantum states prepared in a solid-state mechanical oscillator: a) Ground
state, b) squeezed state, c) non-Gaussian state, and d) cat state. The corresponding QFI values for
displacements are F(ρ, Â) = 2.0, 4.2, 7.0, 3.9, respectively, where Â is the dimensionless phase-space
quadrature maximising the QFI (normalised such that coherent states give F = 2). Experimental data
from [47, 49].

This is placed in a cat state (superposition of coherent states) |α⟩ + |−α⟩ with α = 5.9,
corresponding to a relative displacement of around 180 nm [46]. Using the QFI estimated
in Ref. [48], we obtain Next(ρ,Q) ≈ 1.5 × 109 (an ideal pure cat state with the same α
would give ≈ 4.9 × 109). There is of course only a single ion, so the entangled size is
irrelevant. (Even partitioning into nucleus plus electrons [so n = 1 + 19] leads to only
Nent(ρ,Q,Π) ≈ 0.16, as a result of the negligible contribution of the electrons due to their
small mass.)

Note that Ref. [48] defines an effective size measure based on the QFI with a different
normalisation, instead requiring us to identify a set C of “classical” states. The denomi-
nator in Eq. (10) is correspondingly replaced by maxψcl∈C F(ψcl, A). If the classical states
are product states with respect to the partition Π, then a sum of variances is recovered –
however, not necessarily involving the state ρ under consideration. While a set of classical
states may be reasonably chosen in simple cases like sets of qubits or single bosonic modes,
there is ambiguity more generally. For example, there is no intrinsic classical length or
momentum scale for a free particle coherent state. For the experiment of Ref. [46], coher-
ent states of the oscillator are chosen as the classical reference, giving an effective size of
roughly 43.

5 Diffraction
Experiments on the diffraction of large molecules operate by collimating a molecular beam,
selecting a range of velocities, passing them through a grating, and finally detecting them
at some plane further down their flight path [51, 29]. Over time, detection events build up
an interference pattern. Such a pattern is an indication that the molecule was coherently
delocalised over a significant length of the grating, its wavepacket spanning multiple slits.
Therefore we are interested in the extensive and entangled sizes of the state at the grating,
using the transverse position variable Q.

We show here that the relevant QFI can be lower-bounded from the detection statistics.
This works in principle for any grating–detector distance – we assume only that the parti-
cles evolve freely after the grating. We need to estimate F(ρ0, Q) from statistics collected
after a time of flight t, from measurements on the state ρt. Let p(x) be the probability
density that a particle is detected at transverse position x (assuming a perfectly efficient
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detector). Then we have the inequality

F(ρ0, Q) ≥ (ℏt)2Fcl[p(x)] = (ℏt)2
∫

dx p
′(x)2

p(x) , (32)

where the quantity on the right-hand side is the classical FI of the distribution p(x) under
displacements.

To prove Eq. (32), let Ut denote the free time-evolution unitary. The transverse position

X and momentum P evolve in the Heisenberg picture as U †
tXUt = X+ t

MP , U †
t PUt = P .

For the QFI of the state at time t under the generator X − t
MP , we have

F
(
ρt, X − t

M
P

)
= F

(
U †
t ρtUt, U

†
t

[
X − t

M
P

]
Ut

)
= F(ρ0, X). (33)

The effect of the generator X− t
MP at the detector is to shift the position-space wavefunc-

tion in the transverse direction and add a position-dependent phase. Since the measure-
ment only depends on the probability density p(x) = ⟨x|ρt|x⟩, this phase is not observed.
The generator of spatial translations is P/ℏ; since the classical FI never exceeds the QFI,
we have

F(ρ0, X) ≥
( ℏt
M

)2
Fcl[p(x)]. (34)

Rearranging gives Eq. (32).

In Appendix E, we show how this bound can be applied to the Talbot-Lau interferom-
eter setup from Ref. [52]. This experiment uses a range of molecules of N ∼ 2000 atoms,
with most common mass M = 26 777mu. They diffract at a central grating laser of period
266 nm and are detected after a further distance of 1 m. The final distribution p(x) is not
directly measured – rather, the number of molecules passing through a final grating that
is scanned transversely – but we show that the classical FI is still possible to lower-bound
from the observed statistics. We obtain an extensive size Next(ρ0, Q) ≳ 1.4 × 1014. The
entangled size requires an additional estimate of the centre-of-mass position uncertainty,
and results in a witness of entanglement between Nent(ρ0, Q,Π) ∼ 5 atoms.

We also apply this bound to the recent Talbot-Lau experiment with sodium nanopar-
ticles of Ref. [53], with mean mass M = 1.72 × 105mu (N ≈ 7.5 × 103 atoms). We obtain
Next(ρ0, Q) ≳ 2×1013 and Nent(ρ0, Q,Π) ∼ 80 (see Appendix E). Note that the bound (32)
is independent of the particle mass; here, it is limited by the lower fringe visibility and
grating transmission compared with Ref. [52].

6 Conclusions and outlook
In summary, we have introduced two measures of quantum macroscopicity that capture
different ways a system can display large-scale quantum behaviour: an extensive size
measuring the amount of quantum coherence in atomic-scale units, and an entangled size
quantifying the number of entangled particles. Both require a choice of relevant observable
– here, we use centre-of-mass position scaled by total mass, or momentum – and the latter
requires a sensible partition into particles, here typically single atoms.

Fig. 3 plots the size values for all cases we have considered, comprising the experimen-
tal estimates, as well as Leggett’s thought experiment and proposals. Although the two
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Figure 3: Extensive and entangled sizes for all systems considered in this work. Each value is calculated
with respect to the position degree of freedom (except for the point labelled Leggett 2016, t = 0),
and the entangled size is for a partition into single atoms. Experiments: mechanical oscillators (filled
triangles), levitated nanoparticle (filled diamond), trapped ion (filled square), diffracting molecules and
nanoparticles (filled circle). Hypothetical systems: proposed experiments (unfilled triangles), Leggett’s
crystal (unfilled squares).

size measures are in principle independent, we see that they are quite well correlated in
realistic cases. The more recent experiments in optomechanics and levitated nanoparticles
are leading in both measures. Note however that our estimates are somewhat more strin-
gent for Bild et al. [47] and for the diffracted molecules in Fein et al. [52], relying on lower
bounds to the QFI directly from measurement data, which may not be tight. Further-
more, the nanoparticle centre-of-mass coherence length reported in Ref. [39] is obtained
from retrodiction using continuous-time measurement data and so depends on additional
assumptions about the system’s dynamics. It is also interesting that entanglement depth
comparable to the largest numbers found here has been demonstrated in collective spins
of atomic ensembles [54]. There is a notable separation between current experiments and
the graviton-detection proposals of Ref. [45] of up to roughly 20 orders of magnitude in
Next and 5 in Nent, while the proposal of Ref. [44] is comparable to current experiments
in both measures. For completeness, we also include the proposal of Ref. [55] to test the
quantumness of gravity via its potential to entangle two separated massive objects (using
a mass M ≈ 10−14 kg and separation ∆XCM ≈ 250 µm). It is also noteworthy that these
quantum gravity proposals are of very similar magnitude in both measures, despite their
aim to test different aspects of quantisation. What this implies about their feasibility is
of course open to debate.

We now comment on possible extensions. Instead of taking only Q and P , one could
use linear combinations R(t) = Q + tP , varying over all phase-space directions, with
the associated atomic-scale unit R0(t)2 := Q2

0 + t2P 2
0 . This way, Next(ρ,R(t)) can be

maximised over all t and includes Next(ρ,Q) and Next(ρ, P ) as special cases in the limits
t → 0 and t → ∞, respectively. Angular momentum is another possible mechanical
observable to consider; the atomic-scale unit is simply J0 = Q0

mu
·P0 = ℏ

2 . It is interesting to
note that R(t) appears in the time-space component of the relativistic angular momentum
tensor constructed from the position and momentum four-vectors, hinting at a potential

Accepted in Quantum 2026-01-16, click title to verify. Published under CC-BY 4.0. 15



relativistic generalisation.
Beyond mechanical systems, in particular the macroscopicity of superconducting qubits

[56] has been long debated [20, 34, 32, 57]. The earliest strong experimental evidence for
superpositions of different current states in flux qubits was obtained by spectroscopic
methods [58, 59]. Such states may also be considered as mechanical superpositions by
converting a current I to a total momentum integrated along the circuit, P = melI/e,
where me and e are the mass and charge of the electron and l is the length of the
circuit. Assuming a pure state, the extensive size in momentum may be estimated as
Next(ρ, P ) = (mel∆I/2eP0)2, where ∆I is the difference in current between the branches.
From Ref. [59], ∆I ≈ 2 µA, l = 560 µm, thus Next(ρ, P ) ≈ 1×107 – not yet approaching the
value of 7 × 1011 in Leggett’s original crystal example. For the entangled size, the relevant
partition according to Leggett [32] is into Cooper pairs, as opposed to individual electrons
as performed in other analyses [57, 60]. The zero-current state (the Bardeen-Cooper-
Schrieffer ground state) can be regarded approximately as a condensate of Npairs pairs
in a zero-momentum eigenstate [61]. The momentum shift between branches per pair is
∆p = ∆P/Npairs ≈ 6 × 10−30 kgms−1, corresponding to a length scale ℏ/∆p ∼ 20 µm. The
coherence length of the Cooper pair centre of mass must be at least the size of the circuit,
thus δp ≪ ∆p, and we are in the “full cat” regime where Nent(ρ, P,Πpairs) ∼ Npairs ∼ 109.
This agrees with Leggett’s conclusion. It should, however, be noted that the evidence for
coherence in these early experiments is also consistent with significantly lower QFI than
naively estimated here [62].

Other systems we leave for future work are Bose-Einstein condensates and quantum
optics. For the latter, the observable Q must be redefined since photons do not have mass
– one possibility is

∫
d3r xE(r)/c2, where E is the energy density of the electromagnetic

field. The ability to extend to optical systems may be an advantage over approaches
relying on massive particles, such as those based on minimal modifications to quantum
dynamics. For systems of identical particles generally, one has to be careful in interpreting
entanglement, but this can be put on a secure footing [63]. We hope that our work can
thus lead to a unifying formalism for evaluating the quantum macroscopicity of a wide
range of experimental systems in a transparent and comparable way.
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[19] Björn Schrinski, Yu Yang, Uwe von Lüpke, Marius Bild, Yiwen Chu, Klaus Horn-
berger, Stefan Nimmrichter, and Matteo Fadel. “Macroscopic quantum test with
bulk acoustic wave resonators”. Physical Review Letters 130, 133604 (2023).

[20] Anthony J. Leggett. “Macroscopic quantum systems and the quantum theory of
measurement”. Progress of Theoretical Physics Supplement 69, 80–100 (1980).
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A Relating extensive size to measure by Nimmrichter and Hornberger
Here, we show a connection between the extensive size and the macroscopicity measure
from Ref. [17]. Recall that their measure is defined in terms of the ability of an experi-
ment to rule out parameter ranges in a decoherence model minimally modifying quantum
mechanics. This model causes decoherence via random position and momentum shifts in
phase space. In many cases, including with mechanical oscillators (e.g., Ref. [19]), the
relevant part of the model is the random momentum kick, because the superpositions are
primarily in position space. Neglecting position shifts, their master equation then reduces
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to the form

dρ
dt = 1

τe

∫
d3q g(q)D[L(q)]ρ,

g(q) =
(

1
2πσ2

q

) 3
2

e
− |q|2

2σ2
q ,

L(q) =
N∑
i=1

mi

me
eiq·xi/ℏ. (35)

Here, D[L(q)]ρ = L(q)ρL(q)† − 1
2 [L(q)†L(q)ρ + ρL(q)†L(q)] is the dissipator term cor-

responding to a shift in momentum by q, me is the electron mass, mi and xi are the
mass and position of particle i, σq determines a critical length scale for the decay of
position superpositions, and τe is a time-scale parameter setting the overall strength of
decoherence. To stay in the nonrelativistic domain, the critical length scale is restricted
to lq = ℏ/σq ≳ 10 fm. The macroscopicity measure is then the logarithm of the greatest
value of τe ruled out by the experiment: µ = log10(τe/1 s).

Suppose we constrain ourselves to a compact object of extent much less than the
critical length scale lq, whose wavefunction is also spread over distances much less than
lq. This recovers the so-called diffusive limit [29, page 193] – we can approximate

L(q) ≈
∑
i

mi

me
(1 + iq · xi/ℏ)

= 1
me

(M1 + iq · Q/ℏ) . (36)

The master equation then becomes

dρ
dt ≈ − 1

2τem2
eℏ2

∫
d3q g(q)

∑
α=x,y,z

q2
α[Qα, [Qα, ρ]]

= −
σ2
q

2τem2
eℏ2

∑
α=x,y,z

[Qα, [Qα, ρ]]. (37)

Let us further assume that there is one dominant direction, and denote the projection of
Q along this direction as Q, so

dρ
dt ≈ −

σ2
q

2τem2
eℏ2 [Q, [Q, ρ]]. (38)

We now claim that a typical decoherence rate Γ under this master equation can be
related to the extensive size:

Γ =
2σ2

qm
2
ua

2
0

τem2
eℏ2 Next(ρ,Q). (39)

This is justified via a quantity F2(ρ,A) := −2 tr
(
[ρ,A]2

)
that is similar to the QFI and

gives a lower bound F2(ρ,A) ≤ F(ρ,A) [64]. One possible measure of decoherence speed
is the rate of loss of purity, which for the master equation (38) evaluates to [10, 12]

− d
dt tr

(
ρ2
)

=
σ2
q

2τem2
eℏ2 F2(ρ,Q). (40)

Accepted in Quantum 2026-01-16, click title to verify. Published under CC-BY 4.0. 21



The rate Γ then comes from the approximation F2(ρ,Q) ∼ F(ρ,Q).
Suppose the experiment maintains coherence for a time τ ; then it has ruled out values

of Γ larger than τ−1, and thus also τe less than

τe ∼
2τσ2

qm
2
ua

2
0

m2
eℏ2 Next(ρ,Q) (41)

for a given σq. Then we have

µ ∼ log10Next(ρ,Q) + log10

(
τ

1 s

)
+ 2 log10

(
σqa0
ℏ

)
+ 2 log10

(
mu

me

)
+ log10 2

∼ log10Next(ρ,Q) + log10

(
τ

1 s

)
+ 2 log10

(
a0
lq

)
+ 6.8. (42)

To obtain a macroscopicity independent of the parameter lq, one maximises over all choices
of lq. In Eq. (42), increasing lq always increases µ; however, eventually the diffusive ap-
proximation is no longer valid. For diffraction experiments, the decoherence rate saturates
at a maximum when lq is similar to the interference path separation [17]. For the experi-
ments discussed in Sec. 5, this is typically lq ∼ 100 nm. This coincidentally roughly cancels
the final mass term, so

µ ∼ log10Next(ρ,Q) + log10

(
τ

1 s

)
. (43)

For smaller lq, outside of the diffusive limit, the decoherence rate is insensitive to the path
separation in the superposition, so there is no connection between µ and Next.

B Properties of entangled size
Here, we prove the characteristic properties of the entangled size, in part following the
methods in Ref. [28].

1. Maximum size: By the variance upper bound to the QFI, we have

Nent(ρ,A,Π) ≤ Var(ρ,A)∑n
i=1 Var(ρ,AΠi)

. (44)

It is simple to show that

Var(ρ,A) =
∑
i,j

Cov(ρ,AΠi , AΠj ), (45)
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where Cov(ρ,A,B) := 1
2 tr[ρ(AB +BA)] − tr[ρA] tr[ρB] is the covariance, which satisfies

Cov(ρ,A,B) ≤
√

Var(ρ,A)Var(ρ,B). Therefore,

Var(ρ,A) ≤
∑
i,j

√
Var(ρ,AΠi)Var(ρ,AΠj )

=
(∑

i

√
Var(ρ,AΠi)

)2

= n2
(∑

i

1
n

√
Var(ρ,AΠi)

)2

≤ n2∑
i

1
n

Var(ρ,AΠi)

= n
∑
i

Var(ρ,AΠi), (46)

where we have used convexity of the square function in the penultimate line. The result
then follows by inserting this bound into Eq. (44).

The statement about which states saturate the upper bound has a more technical proof
which can be found in Appendix C.

2. Independent systems: The variance and QFI are both additive in the sense that

F(ρ1 ⊗ ρ2, A1 +B2) = F(ρ1, A1) + F(ρ2, B2),
Var(ρ1 ⊗ ρ2, A1 +B2) = Var(ρ1, A1) + Var(ρ2, B2) (47)

when A1 and B2 act on different subsystems 1, 2. Then the entangled size can be written
as

Nent(ρα ⊗ ρβ, Aα +Aβ, α ∪ β) = F(ρα, Aα) + F(ρβ, Aβ)
4∑nα

i=1 Var(ρα, Aαi) + 4∑nβ

j=1 Var(ρβ, Aβj
)

=
[∑nα

i=1 Var(ρα, Aαi)]Nent(ρα, Aα, α) +
[∑nβ

j=1 Var(ρβ, Aβj
)
]
Nent(ρβ, Aβ, β)∑nα

i=1 Var(ρα, Aαi) +∑nβ

j=1 Var(ρβ, Aβj
)

≤ max {Nent(ρα, Aα, α), Nent(ρβ, Aβ, β)} . (48)

3. Classical mixtures: The QFI and variance are respectively convex and concave:

F(pρ+ [1 − p]σ,A) ≤ pF(ρ,A) + (1 − p)F(σ,A),
Var(pρ+ [1 − p]σ,A) ≥ pVar(ρ,A) + (1 − p)Var(σ,A), (49)

which implies

Nent(pρ+ [1 − p]σ,A,Π) ≤ pF(ρ,A) + (1 − p)F(σ,A)
4p∑i Var(ρ,AΠi) + 4(1 − p)∑i Var(σ,AΠi)

= p [∑i Var(ρ,AΠi)]Nent(ρ,A,Π) + (1 − p) [∑i Var(σ,AΠi)]Nent(σ,A,Π)
p
∑
i Var(ρ,AΠi) + (1 − p)∑i Var(σ,AΠi)

≤ max {Nent(ρ,A,Π), Nent(σ,A,Π)} . (50)
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4. Multipartite entanglement witness: First take a pure state |ψ⟩ = |ψ1⟩ |ψ2⟩ . . .
such that the |ψj⟩ exist on coarse-grained disjoint blocks Π′

j each containing no more than
k of the subsystems Πi. By properties (1) and (2) above, we have

Nent(ψ,A,Π) ≤ max
j
Nent(ψj , AΠ′

j
,Π′

j)

≤ k. (51)

A mixed k-producible state takes the form ρ = ∑
r prψ

(r) of a classical mixture of such
pure states. Property (3) therefore implies Nent(ρ,A,Π) ≤ k.

C States with maximum entangled size
Here, we characterise the states which saturate the maximum possible entangled size
Nent = N , for a fixed observable and a partition into N subsystems (i.e., n = N in
Property 1), with local observables Ai ≡ AΠi .

Firstly, Eq. (44) is saturated if and only if πAπ ∝ π, where π is the projector onto
the support of ρ [65, Lemma 1]. We use the spectral decomposition ρ = ∑r

k=1 pk |ψk⟩⟨ψk|,
where r = rank(ρ), so that all pk are non-zero. Then πAπ ∝ π is equivalent to the
statement that the restriction of A to the subspace spanned by {|ψk⟩}rk=1 is b1r. It is
easily seen that b = ⟨ψk|A|ψk⟩ ∀ k = 1, . . . , r. Hence, the |ψk⟩ all have the same mean
value ⟨A⟩ = tr[Aρ]. Ref. [66] gives necessary and sufficient conditions for the existence of
a basis in which the r-dimensional hermitian matrix B appears as a principal submatrix of
the larger D-dimensional hermitian matrix A. These are stated in terms of their respective
sets of eigenvalues ordered decreasingly: α1 ≥ . . . αD, β1 ≥ · · · ≥ βr. The necessary and
sufficient conditions are

βk ≤ αk and βr−k+1 ≥ αD−k+1 ∀ k = 1, . . . , r. (52)

Here, we take βk = ⟨A⟩ ∀ k, and the conditions (52) reduce to

αk+D−r ≤ ⟨A⟩ ≤ αk ∀ k = 1, . . . , r. (53)

In other words, the largest r eigenvalues are at least ⟨A⟩, and the lowest r are at most
⟨A⟩. Two cases are possible, depending on the rank r:

• If r ≤ D+1
2 , then D − r + 1 ≥ r, so we must have αD−r+1 ≤ αr by the chosen

ordering. So all we can say from (53) is αD−r+1 ≤ ⟨A⟩ ≤ αr, and any value of ⟨A⟩
is in principle achievable with some ρ.

• If r > D+1
2 , then D − r + 1 < r and, since αD−r+1 ≤ ⟨A⟩ ≤ αr, we must have

⟨A⟩ = αD−r+1 = αD−r+2 = · · · = αr. So this eigenvalue has multiplicity of at least
(2r −D).

Overall, these conditions relating ⟨A⟩ to the eigenvalues of A are necessary for πAπ ∝ π.

Next, the step Cov(ρ,Ai, Aj) ≤
√

Var(ρ,Ai)Var(ρ,Aj) used in Eq. (46) is due to the

Cauchy-Schwarz inequality: letting Ãi = Ai − ⟨Ai⟩, and noting that Ai and Aj commute,
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we have

Cov(ρ,Ai, Aj) = 1
2 tr

[
ρ{Ãi, Ãj}

]
= tr

[
ρÃiÃj

]
= tr

[√
ρÃiÃj

√
ρ
]

≤
√

tr
[
ρÃ2

i

]
tr
[
ρÃ2

j

]
=
√

Var(ρ,Ai)Var(ρ,Aj). (54)

Equality holds only if Ãi
√
ρ ∝ Ãj

√
ρ, which is equivalent to Ãiπ ∝ Ãjπ – and this is

required to hold for every pair of i, j. Therefore, there are constants ci ∈ C and an
operator C such that Ãiπ = ciC. We first assume that the ci are not all zero – if they
are, then Ãi |ψk⟩ = 0 ∀ i, k, implying that ρ is a mixture of products of Ai eigenstates, and
thus the QFI vanishes. So let c1 ̸= 0 without loss of generality. We decompose each

Ai =
∑
n,µ

αin

∣∣∣αin, µ〉〈αin, µ∣∣∣ (55)

in terms of its eigenvalues αin with degeneracy labels µ. Then, from Ãi |ψk⟩ = ciC |ψk⟩,
we obtain

(αini
− ⟨Ai⟩) ⟨αn,µ|ψk⟩ = ci ⟨αn,µ|C|ψk⟩ , (56)

where |αn,µ⟩ =
∣∣α1
n1 , µ1

〉
. . .
∣∣∣αNnN

, µN
〉

. By considering Eq. (56) with i = 1 and for

arbitrary other i, we find(
c1[αini

− ⟨Ai⟩] − ci[α1
n1 − ⟨A1⟩]

)
⟨αn,µ|ψk⟩ = (c1ci − cic1) ⟨αn,µ|C|ψk⟩ = 0. (57)

This implies that either ⟨αn,µ|ψk⟩ = 0 or

αini
− ⟨Ai⟩ = ci

c1

(
α1
n1 − ⟨A1⟩

)
. (58)

Therefore, ni is determined by n1 (independently of k) for all eigenstates of ρ with a non-
zero component of |αn,µ⟩. Moreover, this index must be such that αini

= Kiα
1
n1 + Li for

some constants Ki, Li. Overall, we hence find that the eigenstates of ρ can be written in
the GHZ-like form

|ψk⟩ =
∑
n,µ

ψkn,µ

∣∣∣α1
n, µ1

〉 ∣∣∣K2α
1
n + L2, µ2

〉
. . .
∣∣∣KNα

1
n + LN , µN

〉
. (59)

Note that there is only a single n index.

Finally, the last inequality of Eq. (46) uses the convexity of the square function. Ex-
plicitly, given a probability distribution fi > 0 and xi > 0,(∑

i

fi
√
xi

)2

=
∑
i,j

fifj
√
xixj

≤
∑
i,j

fifj

(
xi + xj

2

)
=
∑
i

fixi, (60)
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having used the arithmetic-geometric mean inequality. This is saturated exactly when
all xi are the same. So all the single-particle variances Var(ρ,Ai) must be the same –
implying that the scale factors K2, . . . ,KN in Eq. (59) are all of unit magnitude. The fact
that Ki = +1 is then seen from requiring all covariances to be positive in order to saturate
(54). Hence, we have the final form

|ψk⟩ =
∑
n,µ

ψkn,µ

∣∣∣α1
n, µ1

〉 ∣∣∣α1
n + L2, µ2

〉
. . .
∣∣∣α1
n + LN , µN

〉
. (61)

These states must satisfy the conditions∑
n,µ

(ψkn,µ)∗ψln,µ = δk,l , (62a)

∑
n,µ

(ψkn,µ)∗ψln,µ

(
Nα1

n +∑N
i=2 Li

)
= δk,l tr[ρA]. (62b)

Summarising, we have the following:

Maximum size theorem: Nent(ρ,A,Π) = N if and only if ρ has a set of orthogonal
eigenstates of the generalised GHZ form (61), such that the observable A is constant on
the support of ρ. These conditions are expressed by Eqs. (62).

Qubits: Take N qubits and Ai = Zi (which is without loss of generality, assuming none
of them vanish). Then Eq. (61) implies that the eigenvectors of ρ are

|ψk⟩ =
√

1 − qk |0⟩⊗N + √
qke

iϕk |1⟩⊗N . (63)

Recall from above that ⟨ψk|A|ψk⟩ = ⟨A⟩ ∀k – so the qk ≡ q are all equal. Also note
from the property πAπ = ⟨A⟩π that ⟨ψk|A|ψl⟩ = 0 for k ̸= l. Thus, for some pair of
eigenvectors |ψ0⟩ , |ψ1⟩, we have

0 =
(√

1 − q ⟨0|⊗N + √
qe−iϕ0 ⟨1|⊗N

)
A
(√

1 − q |0⟩⊗N + √
qeiϕ1 |1⟩⊗N

)
= N

(
1 − q − qei(ϕ1−ϕ0)

)
. (64)

This cannot work together with orthogonality 0 = ⟨ψ0|ψ1⟩ = 1 − q + qei(ϕ1−ϕ0), which
demands q = 1

2 and ei(ϕ1−ϕ0) = −1. Therefore, the only maximum-size states are the pure

GHZ-like states
√

1 − q |0⟩⊗N + √
qeiϕ |1⟩⊗N .

For qutrits and higher, mixed maximum-size states exist. For example, taking qutrits
with Ai = |+⟩⟨+| + 0 |0⟩⟨0| − |−⟩⟨−|, the maximum-size states are any classical mixtures of
a pair of the form

|ψ0⟩ =
√
u

2
(
|+⟩⊗N + eiϕ |−⟩⊗N

)
+

√
1 − ueiχ |0⟩⊗N

|ψ1⟩ =
√

1 − u

2
(
|+⟩⊗N + eiϕ |−⟩⊗N

)
−

√
ueiχ |0⟩⊗N . (65)

Note that each of these has ⟨ψk|A|ψk⟩ = 0, while Var(ψ0, A) = uN2 and Var(ψ1, A) =
(1 − u)N2. A mixture ρ = p |ψ0⟩⟨ψ0| + (1 − p) |ψ1⟩⟨ψ1| has Var(ρ,A) = F(ρ,A)/4 =
[pu+ (1 − p)(1 − u)]N2.
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D Oscillator details
We first list some useful facts about the mode quadrature operators. The mode functions
have the orthogonality relations∫

d3rwk(r)wl(r) = δk,l Vk,∑
k

wk(r)wk(r′)
Vk

= δ3(r − r′). (66)

The expansions of local position and momentum operators into normal modes are

x(r) =
∑

k

wk(r)Xk,

p(r) =
∑

k

wk(r)
Vk

Pk, (67)

and in the other direction,

Xk =
∫

d3r
wk(r)
Vk

x(r),

Pk =
∫

d3rwk(r)p(r). (68)

Note that, while x(r) is the displacement at position r, p(r) is the momentum density.
Converting from the position observable x(r) to its extensive version q(r) = ϱx(r) (for
simplicity, assuming constant density), we define Qk := MkXk with the mode mass Mk :=
ϱVk. This leads to

q(r) =
∑

k

wk(r)
Vk

Qk,

Qk =
∫

d3rwk(r)q(r). (69)

By normalising the mode functions such that maxr |wk(r)| = 1, we have for all modes
that Vk ≤ V and Mk ≤ M .

Next, we derive Eq. (23). Using the mode expansion (18) in the expression Eq. (21),
we have

Ai =
∫
Ri

d3rwk(r)q(r)

=
∑

l

∫
Ri

d3rwk(r)wl(r)Ql

Vl

= ϱ
∑

l

ζ(i,k, l)Xl. (70)

Since the normal modes are uncorrelated in the state of Eq. (22), we find

Var(ρ,Ai) = ϱ2∑
l

ζ(i,k, l)2Var(ρ,Xl)

= ϱ2

ζ(i,k,k)2Var(ρk, Xk) +
∑
l ̸=k

ζ(i,k, l)2Var(γl, Xl)

 , (71)
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and Var(γl, Xl) = νl(1 + 2n̄l); summing over i results in Eq. (23).

For the estimates in Sec. 4.2, we first calculate the QFI in a single thermal mode using
the general expression [67]

F(ρ,A) = 2
∑
i,j

(λi − λj)2

λi + λj
| ⟨ψi|A|ψj⟩|2, (72)

where ρ = ∑
i λi |ψi⟩⟨ψi| is the spectral decomposition of ρ, and the sum is over all terms

such that λi + λj ̸= 0. A thermal mode can be expanded in the number basis as ρ =∑∞
n=0(1 − p)pn |n⟩⟨n|, where p = e−βℏω, so

F(ρ, x) = 4(1 − p)
∞∑
n=0

n−1∑
m=0

(pn − pm)2

pn + pm
| ⟨m|x|n⟩|2. (73)

From the matrix element ⟨m|x|n⟩ =
√
νnδn,m+1 with ν = ⟨0|x2|0⟩, we obtain

F(ρ, x) = 4ν(1 − p)3

1 + p

∞∑
n=0

(n+ 1)pn

= 4ν
(1 − p

1 + p

)
= 4ν

2n̄+ 1 . (74)

Similarly, the variance can be calculated using ⟨n|x|n⟩ = 0, ⟨n|x2|n⟩ = ν(1 + 2n), so

Var(ρ, x) = ν(2n̄+ 1). (75)

An analogous calculation can be done for momentum, giving F(ρ, p) = ℏ2/[ν(2n̄+ 1)].
For the entangled size with respect to momentum, one has to find the single-particle

variance. Partitioning into atoms, this quantity is not known as directly but can be roughly
estimated under the same conditions leading to Eq. (27) as Var(ρ, Up(ri)) ∼ (ℏ/2∆u)2,
where U is the effective volume occupied by a single atom. Expanding the observable
A = Pk into local parts as Ai ≈ Uwk(ri)p(ri), we then find

∑
i

Var(ρ,Ai) ∼
∫ d3r

U
wk(r)2

( ℏ
2∆u

)2

= Vk

U

( ℏ
2∆u

)2

= Nk

( ℏ
2∆u

)2
. (76)

Together with Eq. (30), this gives

Nent(ρ, Pk,Π) ∼ 1
2n̄+ 1 · 1

Nk

(
∆u

∆Xzp
k

)2

. (77)

This value turns out to be negligible in the examples studied.

Here, we give details relating to the experimental estimates listed in Table 1.
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• Teufel et al. (2011) [40]: A circular drum of 27Al, radius R = 7.5 µm and thickness
t = 100 nm, density ϱ = 2.71 × 103 kgm−3. Ref. [33] gives ∆u = 1.7 × 10−11 m at
room temperature. The fundamental mode is addressed, taking the shape w0(r, θ) =
J0(α01r/R) in cylindrical coordinates, with J0 being the zeroth-order Bessel function
and α01 its smallest zero (note that this is already correctly normalised, as J0(0) = 1).
The mode volume evaluates to V0 = πR2tJ1(α01)2 ≈ 0.27V .

• Verhagen et al. (2012) [41]: A silica (SiO2) torus of minor radius R− = 2 µm and
major radius R+ = 15.5 µm, density ϱ = 2.65 × 103 kgm−3. We average the atomic
masses to m̄ = 20mu and take the room-temperature value ∆u = 2.5 × 10−11 m [68].
Due to inhomogeneities in the structure, the exact vibrational mode is rather com-
plex, but it is close to a straightforward breathing mode in the outer-radius direc-
tions, so we take a constant mode function.

• Ringbauer et al. (2018) [42]: A square drum of Si3N4 with side length L = 1.7 mm
and thickness t = 50 nm, density ϱ = 3.17 × 103 kgm−3. We average the atomic
masses to m̄ = 20mu; without access to atomic vibrational data, we set ∆u ≈
2×10−11 m. The addressed fundamental mode has the shape w0(x, y) = sin(πx/L)×
sin(πy/L), so V0 = V/4.

• Chegnizadeh et al. (2024) [43]: Nosc = 6 circular drums of 27Al, each of radius
R = 70 µm and thickness t = 200 nm. The relevant mode wk(r) (relative to its
centre cj) in each oscillator j is the fundamental, as above for Ref. [40], while the
collective mode is the sum wcol(r) = ∑Nosc

j=1 wk(r −cj). The collective mode then has

mass NoscMk and zero-point fluctuations ∆Xzp
k /

√
Nosc, where Mk and ∆Xzp

k refer
to a single oscillator. From Eqs. (30) and (31), relative to a single oscillator, Next is
thus scaled by a factor Nosc, while Nent is unchanged, as would also be the case for
Nosc independent oscillators with the same n̄.

• Rossi et al. (2024) [39]: A levitated silica nanoparticle of mass M = 1.2 fg, prepared
in a squeezed state. The relevant motional mode is the CM motion in a harmonic trap
(along the z-axis of their coordinate system). They achieve a “coherence length” χ =
7.3×10−11 m, to which we associate F(ρ,XCM) = 4χ2. The total position variance is
larger, estimated at ∆XCM = 1.2×10−10 m – which exceeds the molecular vibrations
∆u. We then have Nent(ρ,QCM,Π) ≈ Nχ2/(∆X2

CM + ∆u2) ≈ N(χ/∆XCM)2.

E Diffraction details
In the experiment of Ref. [52], the distribution p(x) is not measured directly. Instead, just
before the detector is another grating whose displacement s in the transverse direction is
varied, with the total number passing the grating n(s) being counted. We show here that,
from these counts, one can estimate the probability R(s) of a diffracted particle passing
through the final grating. This probability is related to p(x) by the convolution

R(s) =
∫

dx p(x)g(x− s), (78)
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where g(x) ∈ [0, 1] is the grating transmission function. We look at the FI of the binary
trial {R(s), 1 −R(s)}, with respect to the parameter s. Note that

R′(s) = d
ds

∫
dx p(x+ s)g(x)

=
∫

dx p′(x+ s)g(x)

=
∫

dx p′(x)g(x− s), (79)

so a shift in the parameter s is equivalent to a translation of the distribution p(x). From
the FI data processing inequality, it follows that Fcl[{R(s), 1 − R(s)}] ≤ Fcl[p(x)]. The
binary trial FI is directly evaluated as

Fcl[{R(s), 1 −R(s)}] = R′(s)2

R(s)[1 −R(s)] . (80)

In principle, this can be estimated by looking at neighbouring measurement points R(s),
R(s+δs) and finding the value of s which gives the largest value from a fidelity bound [48].
However, the probability R(s) is not reported in Ref. [52], rather a normalised count
n(s) = NR(s), where the constant N is also not given. We assume that N is such that the
normalised count averaged over s is unity, ⟨n⟩ = 1. Thus, 1 = N ⟨R⟩ = N

∫
dx p(x) ⟨g⟩ =

N ⟨g⟩, so we have N = 1/ ⟨g⟩. Also note that ⟨g⟩ corresponds to the “open fraction” of
the final grating.

Without directly using the data points in Fig. 2 of Ref. [52], we instead use a sinusoidal
fit to n(s) with mean value 1, visibility v, and wavenumber k: n(s) = 1 + v sin(ks), or

R(s) = ⟨g⟩ (1 + v sin[ks]). (81)

Then we have

Fcl[{R(s), 1 −R(s)}] = ⟨g⟩ v2k2 cos2(ks)
(1 + v sin[ks])(1 − ⟨g⟩ [1 + v sin{ks}]) . (82)

A convenient bound (which does not quite maximise the right-hand side) is to take ks/π
to be an integer, which when inserted into Eq. (32) gives

F(ρ0, Q) ≥ ⟨g⟩
1 − ⟨g⟩

(vℏkt)2. (83)

The parameters from Ref. [52] are ⟨g⟩ = 0.43, v = 0.25, k = 2π/266 nm. This visibility
is attained at an optical grating power of 1.2 W, where a classical model is found to have
negligible visibility. The distance between the diffraction and final gratings is 1 m, with
an average velocity of about 260 ms−1, resulting in F(ρ0, Q) ≳ 4.3 × 10−60 kg2m2. The
extensive size is then Next(ρ0, Q) ≳ 1.4×1014. An effective coherence length can be defined
as

χ :=
√

F(ρ0, Q)
2M ≥

√
⟨g⟩

1 − ⟨g⟩
· vℏkt2M . (84)

The most abundant molecule in the experiment has M = 26 777mu, giving χ ≳ 20 nm –
around 10% of the grating period of 266 nm.

For the entangled size, we need to estimate the single-particle position uncertainty.
The uncertainty in the centre-of-mass frame will include contributions from thermal fluc-
tuations of the shape of the molecule, as well as rotations [69]. This cannot be more than
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the size of the molecule – a few nm – and so is dominated by the centre of mass spread
∆XCM.

To estimate ∆XCM, consider the set-up of the experiment in Ref. [52], also detailed in
the thesis Ref. [70]. A low-coherence beam is incident on the first grating G1 whose purpose
is to localise the transverse wavefunction such that the particles arrive with significant
transverse position coherence at the second grating G2 (see Ref. [29], Chapter 3). Due to
the low incident coherence at G1, we treat the motion from the source to G2 as ballistic.
The geometry shown in Fig. 4 then implies the following relation between the CM position
uncertainties ∆Xi at the first two gratings:

∆X2 = ∆X1

(
1 + L

L0

)
, (85)

where L0 is the distance from the source to G1 and L is the distance from G1 to G2.
Considering a single molecule, its transverse distribution just before G1 should be much
larger than its slit width w, so passage through a single slit results in an approximately
uniform distribution just afterwards. This has standard deviation w/

√
12 (to be conser-

vative, we take twice this value, ∆X1 = w/
√

3); for a grating period λ = 266 nm and open
fraction ⟨g⟩ = 0.43, we have w = ⟨g⟩λ = 114 nm. The distance L = 1 m, and although
we do not know L0 precisely, we see from Fig. 37 of Ref. [70] that L0 > 0.2 m (and it
is unlikely to be more than around 1 m). Inserting parameters into Eq. (85), we obtain
∆XCM = ∆X2 < 396 nm.

Writing the entangled size (with respect to a partition into atoms) as

Nent(ρ0, Q,Π) = N ·
(

χ

∆XCM

)2
, (86)

we finally have Nent ≳ 2000 · (20/396)2 ≈ 5. If we instead take L0 = 1 m, this value can
be improved to around 45.

The same procedure can be applied to the experiment of Ref. [53], in which all three
gratings are optical photodepletion gratings of period d = 133 nm separated by L =
0.983 m, with mean velocity 160 ms−1 (so t ≈ 6.1 ms) and maximal visibility v = 0.10 for
clusters of mean mass 1.72 × 105mu. A photodepletion grating has transmission function
g(x) = exp

[
−n0 cos2(πx/d)

]
, where n0 is the mean number of absorbed photons in an

antinode, so that ⟨g⟩ = e−n0/2I0(n0/2). Using the reported grating powers, beam waist
and ionization cross-section [53], we estimate n0 ≈ 75 and 83 for G1 and G3, respectively,
hence ⟨g⟩ ≈ 0.06 for G3. This results in F(ρ0, Q) ≳ 6.2 × 10−61 kg2m2, i.e., Next(ρ0, Q) ≳
2×1013 and χ ≳ 1.4 nm. Near its nodes, G1 transmits an approximately Gaussian window
of standard deviation d/(π

√
2n0) ≈ 3.5 nm; conservatively taking twice this value and

L0 = 1 m in Eq. (85), we obtain ∆XCM ≈ 14 nm and thus Nent ≈ 7.5×103 ·(1.4/14)2 ∼ 80.
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Figure 4: Illustration of the geometry used in estimating the centre-of-mass position variance at the
second grating G2. A single slit in the first grating G1 is depicted; given that a molecule passes through
this slit, we take a uniform distribution of angles across the width w.
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