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Semidefinite relaxations of polynomial
optimization have become a central tool
for addressing the non-convex optimiza-
tion problems over non-commutative oper-
ators that are ubiquitous in quantum infor-
mation theory and, more in general, quan-
tum physics. Yet, as these global relax-
ation methods are solved numerically, the
bounds issued by the semidefinite solver
can - and often do - exceed the global
optimum, undermining their certifiabil-
ity. To counter this issue, we introduce
a framework for extracting rigorous cer-
tified bounds on non-commutative opti-
mization problems from inexact numerical
data, and apply it to several paradigmatic
problems in quantum information theory.
An extension to sparsity and symmetry-
adapted semidefinite relaxations is also
provided and compared to the general
dense scheme. Our results establish ratio-
nal post-processing as a practical route to
reliable certification, pushing semidefinite
optimization toward a certifiable standard
for quantum information science.

1 Introduction

Non-commutative polynomial optimization
(NPO) investigates the task of bounding the
spectrum of a polynomial in non-commuting
operator-valued variables, where said underlying
operators are subject to polynomial inequality
and equality constraints. As this matches the
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natural setting of optimization problems in quan-
tum theory, many applications of NPO have been
studied therein. Such problem classes comprise,
not exclusively, the computation of the maximal
quantum violation of a given Bell expression
[1], the ground-state problem of many-body
quantum systems [2], as well as fundamental
problems in causality [3], and contextuality [4].
Generically, polynomial optimization problems
(in commuting or non-commuting variables)
are hard to solve exactly, which is why often
relaxations of these problems are the only tools
available. By virtue of relaxations, optimization
is performed over a bigger, often convex feasible
set. Note that relaxation to a convex problem is
often crucial for its computational tractability,
since for these problems a manifold of efficient
numerical methods exist. Moreover, they are free
from local optima, yielding rigorous lower and
upper bounds to minimization and maximization
problems, respectively.

The Navascués-Pironio-Acín (NPA) hierarchy
[5, 6] constitutes a very general relaxation frame-
work based on available convex computational
methods that allows one to obtain a monotone
series of outer bounds {λd}∞

d=dmin
(upper bounds

to maximization problems) for a given NPO. The
bounds are obtained numerically by solving a se-
ries of Semidefinite Programs (SDP) of increas-
ing sizes, where under mild conditions this series
converges to the global optimum of the problem,
λ∞ = λmax.

This hierarchy has been extensively studied
and applied to several emblematic problems in
quantum theory. In recent years, several ef-
forts have been made to extend the efficiency,
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scalability, and applicability of non-commutative
semidefinite relaxations. As in the commuting
case, the exploitation of the problem’s sparsity
structure has been shown to significantly improve
the scalability of the hierarchy [7, 8]. To comple-
ment sparsity exploitation, one can further reduce
the size of the underlying optimization problem
by exploiting the physical symmetries of the un-
derlying problems [9]. To obtain tighter bounds
at a given relaxation order, the use of first-order
optimality conditions [10, 11] has been explored.
Various extensions of the hierarchy, increasing its
applicability, include the trace optimization of
non-commutative polynomials [12], as well as op-
timization over polynomials in state expectation
values [13]. Recently, the framework was also ex-
tended to deal with NPO’s subject to differential
constraints [14].

While the computational efficiency of semidef-
inite relaxations is one of their principal advan-
tages, it also entails a significant limitation. In
practice, the underlying semidefinite programs
are solved using floating-point arithmetic, and
the resulting feasible points satisfy the positiv-
ity and equality constraints of the problem only
approximately. Consequently, the outer bounds
obtained from hierarchies such as NPA, which are
often described in the literature as certifying that
a given objective value cannot exceed the numer-
ical bound λd, do not constitute formal certifi-
cates. As will be illustrated in later sections, the
unavoidable rounding errors inherent to numeri-
cal solvers can invalidate the positivity or feasibil-
ity of the solution. This absence of numerical ex-
actness constitutes an unresolved bottleneck for
using semidefinite relaxations as proof systems in
quantum theory.

Although obtaining exact, rather than approx-
imate, bounds is an evident step toward mathe-
matical rigor, there are additional, more practical
arguments for their necessity: Many optimization
protocols, —such as branch-and-bound [15], or
constraint-generation schemes [16] — rely on iter-
ative schemes, reusing previously computed SDP
bounds as input for subsequent computations.
These methods typically rely on the exactness of
the input bounds; however, if the input bounds
are only approximate, the inference chains of-
ten lose validity, undermining their claimed guar-
anties. Similarly, in witness-based scenarios, such
as randomness certification or entanglement de-

tection, a numerical upper bound that is even
slightly too low can lead to wrong physical conclu-
sions. Establishing exact, algebraically verifiable
SDP bounds is therefore a prerequisite for turn-
ing semidefinite relaxations into rigorous tools
for certification in quantum information science,
bridging the gap between efficient numerical com-
putation and mathematical proof.

To address this issue, we present a three-
step post-processing procedure that turns nu-
merical SDP outputs into rigorous, exact cer-
tificates for non-commutative polynomial opti-
mization. The method applies to constrained
and unconstrained problems, and is extended
to sparsity- and symmetry-adapted scenarios.
Starting from a numerical Gram-matrix certifi-
cate, we (1) round the floating-point solution to
nearby rational data, (2) project it (Frobenius-
optimally) onto the affine subspace enforcing the
certificate equalities, and (3) lift the resulting
matrix back into the positive-semidefinite (PSD)
cone to restore feasibility. After the rounding
step, the subsequent algebraic operations are per-
formed using exact rational arithmetic, thereby
avoiding any further round-off error. Addition-
ally, when the projected matrix lies strictly inside
the PSD cone, our method can be used to further
tighten the numerical bound.

The manuscript is organized as follows: Sec-
tion 2 introduces the theory of semidefinite relax-
ations for non-commutative polynomial optimiza-
tion problems. In Section 3 we present our algo-
rithmic contribution, that is a rigorous method of
how to obtain certifiable bounds from numerically
inaccurate certificates. Section 4 extends the cer-
tification scheme to the sparsity- and symmetry-
adapted version of the hierarchy. Sections 5 and
6 are dedicated to our numerical tests. In Sec-
tion 5, we apply our method to the maximal vi-
olation of a family of bipartite Bell inequalities,
as well as a variant of the tilted CHSH inequal-
ity, and investigate its performance. Section 6
deals with the application of our scheme to cer-
tify bounds on quantum many-body ground-state
observables. In Section 7 we conclude our work
and outline directions for further research.
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2 Semidefinite relaxations for non-
commutative optimization problems
We start by presenting the polynomial optimiza-
tion problems analyzed in this work. Given a
separable Hilbert space H, let B(H) be the set of
bounded operators acting on H. We consider the
problem of finding the maximal eigenvalue λmax
of a polynomial f(X) with rational coefficients
in tuples of bounded, self-adjoint operator-valued
variables X = {X1, ..., Xn} over a feasible set K
given by

{X ⊂ B(H) |hi(X) = 0, gi(X) ⪰ 0; hi ∈ H, gi ∈ G},
(1)

which is characterized by a set of polyno-
mial inequality and equality constraints G =
{gi(X)}i=1,..,mG and H = {hi(X)}i=1,..,mH , re-
spectively. The dimension of the variables X is
unrestricted, allowing for feasible solutions acting
on a Hilbert space H of arbitrary dimension — a
key feature of this framework, enabling the treat-
ment of device-independent scenarios in quantum
information science.

Without loss of generality, only maximization
problems are considered in this section. The
generic optimization problem then reads as

sup
|ψ⟩,H,X⊂B(H)

⟨ψ| f(X) |ψ⟩ (2)

s.t. hi(X) = 0, i = 1, ...,mH ,

gi(X) ⪰ 0, i = 1, ...,mG.

The optimization can be interpreted as follows:
We maximize over all possible (finite and infi-
nite dimensional) Hilbert spaces H, the normal-
ized states therein, |ψ⟩ ∈ H, as well as the tuples
of bounded operators X ⊂ B(H) acting upon it.
This is equivalent to optimizing for the maximal
eigenvalue of the polynomial f(X) s.t. X ∈ K.
Generically, this problem is non-convex and com-
putationally intractable [17], which is why study-
ing a relaxed form of the problem is often neces-
sary.

2.1 Relaxations of polynomial optimization
One starts by recasting the optimization as a
problem of non-negativity

inf
λ∈R

λ (3)

s.t. λ1 − f(X) ⪰ 0 ∀X ∈ K

which is equivalent to (2) so far: one rephrases
the maximization problem (2) as a minimization
problem over valid upper bounds, where the op-
tima of the two problems coincide. Above, we de-
noted the identity operator by 1. In what follows,
by a slight abuse of notation, the same symbol
will also be used to denote the constant polyno-
mial 1 and the identity matrix. Now, as the task
of characterizing the set of non-negative polyno-
mials PK⟨X⟩ on a basic closed semialgebraic set
K is again a computationally intractable task, a
version of a central result by Helton and McCul-
lough [18] is used. To do so, we rephrase Problem
(3) in the framework of operator theory.

Let K ∈ {R,C} denote the underlying field of
real or complex numbers, respectively. We then
consider all polynomial objects as members of
the ∗-algebra K⟨X⟩ spanned by X, and equipped
with the involution ∗, acting on K⟨X⟩ by revers-
ing the word order of monomials and conjugating
their coefficients. Given r ∈ K⟨X⟩, the polyno-
mial r∗r is called a Hermitian square. Sums of
the form

∑
i r

∗
i ri are called Sums-of-Hermitian-

Squares (SOHS), and Sums-of-Squares (SOS)
when K = R.

In addition, we define the quadratic module K
associated to the feasible set K as

K = {p ∈ K⟨X⟩ | p =
∑
i

r∗
i ri +

∑
i,j

u∗
ijgiuij+∑

i,j

v∗
ijhiwij ; ri, uij , vij , wij ∈ K⟨X⟩}. (4)

A quadratic module is said to fulfill the
Archimedean property if and only if there exists
some C > 0 s.t. C−

∑n
i=1X

2
i ∈ K. This property

guarantees boundedness of the feasible operator
tuples, a crucial aspect for the asymptotic con-
vergence of the hierarchy.

Theorem 1 (Helton–McCullough Positivstellen-
satz [18]). Let K be a basic closed semialgebraic
set with associated Archimedean quadratic mod-
ule K. If p ∈ K⟨X⟩ is positive definite on K,
then p ∈ K.

Using this result, we rephrase the non-
negativity condition as

inf
λ∈R

λ (5)

s.t. λ1 − f ∈ K,
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where we passed from explicit operator evalua-
tions f(X) over explicit Hilbert spaces and op-
erator tuples to abstract polynomials f in an al-
gebra, which is why the optimization variables
H and X are omitted. The next step consists
of relaxing this problem by not considering all
polynomials in K, but only those up to a certain
degree. To do so, we restrict the summands of
p ∈ K to have maximal degree 2d, which defines
K2d, the truncated quadratic module of degree
2d. This allows one to define the d-th level of the
non-commutative SOHS hierarchy, which is dual
to the NPA hierarchy:

λd = inf
λ∈R

λ (6)

s.t. λ1 − f ∈ K2d,

where the minimal level for which the relaxation
can be run is given by

dmin = ⌈max{deg(f), deg(hi), deg(gi)}/2⌉. (7)

Now, obviously, K2d ⊆ K2d+2 ⊆ ... ⊆ PK⟨X⟩,
which implies λdmin ≥ λdmin+1 ≥ · · · ≥ λmax,
yielding a series of monotonically decreasing up-
per bounds λd to the original problem.

Most conveniently, each membership certificate
of K2d can be written as a matrix positivity con-
dition. Such optimization problems take the form
of an SDP, enabling the use of a well developed
toolbox for convex optimization. We note here
that, in contrast, checking membership of K is
computationally intractable, as no efficient nu-
merical methods are known for this task.

It has been shown in [5], see also [6, 19], that
under the Archimedean condition this series of
upper bounds {λd}∞

dmin
converges asymptotically,

i.e., λ∞ = λmax. However, there are instances
where the relaxations converge at a finite or-
der, i.e., ∃d ∈ N : λd = λmax, where the oc-
currence is tied to a so-called flatness or rank
loop condition on the moment matrix. For a
more detailed discussion of the theory of non-
commutative semidefinite relaxations, the reader
is directed to [20].

Now, many problems naturally occurring in
quantum theory exhibit polynomial equality con-
straints. One can make use of this fact to
significantly reduce the size of the underly-
ing SDP by working over the associated quo-
tient space, e.g. comparing equivalence classes
up to the constraining equality relations: Let

I = {
∑
i vihiwi | vi, wi ∈ K⟨X⟩;hi ∈ H} denote

the polynomial two-sided ideal generated by H.
Given a monomial order, any polynomial can be
reduced to its unique equivalence class modulo
the generators of the ideal. The resulting polyno-
mial is called the normal form N (·) of the original
one, where the set of normal forms of monomials
in K⟨X⟩ forms a canonical basis of the quotient
space K⟨X⟩/I. It is then sufficient to optimize
only over said equivalence classes in the degree-d
truncation of the quotient algebra, K⟨X⟩d/I:

λd = inf
λ∈R,fi,ui∈K⟨X⟩/I

λ (8)

s.t. λ1 − f =
∑
i

f∗
i fi +

∑
i,j

u∗
ijgiuij mod I,

deg(fi) ≤ d, deg(uij) ≤
⌊
d− deg(gi)

2

⌋
:= di.

As many problems native to quantum theory ex-
clusively feature equality constraints, we are go-
ing to restrict the following illustration to the case
of no inequalities, G = ∅, for now.

To make the SDP underlying (8) more appar-
ent, define a monomial basis vd of K⟨X⟩d/I, with
cardinality denoted by sI

n,d. The problem can
then be phrased as an optimization over PSD
Gram matrices G0 ∈ KsI

n,d×sI
n,d :

λd = inf
λ∈R,G0∈K

sI
n,d

×sI
n,d

λ (9)

s.t. λ1 − f = v∗
dG0vd mod I,

G0 ⪰ 0,

where the unconstrained case is recovered by
working over the trivial ideal I = ∅. The op-
timization can be interpreted as follows: Some of
the monomial coefficients of f predetermine en-
tries of G0, while others are undetermined. When
running the numerical SDP solver, it attempts to
find the best pair (λ,G0) in the intersection of
the PSD cone with the affine subspace spanned
by the coefficients of λ− f(X).

The size of PSD matrices in the hierarchy grows
exponentially in d, where in the unconstrained
case it reads as

sn,d = dim (K⟨X⟩d) = nd+1−1

n− 1 , (10)

which in general leads to only lower relaxation
levels being numerically addressable. For con-
strained problems, working in the quotient alge-
bra of dimension dim (K⟨X⟩d/ I) = sI

n,d < sn,d
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often reduces the matrix sizes drastically. As
mentioned earlier, improving the scalability of the
NPA hierarchy, and SDPs in general is an active
field of research, where the interested reader is
directed to [21] for a survey on scalability im-
provements by sparsity exploitation.

It is also possible to study this problem on
its dual side, optimizing over the set of quan-
tum moments rather than non-negative polyno-
mials [5, 6]. In that setting, the moment ma-
trix replaces the Gram matrix as the central PSD
variable. Although the dual viewpoint is often
used in the literature, we restrict our discussion
to the primal side, as it is the more natural set-
ting for algebraic certification. Note also that the
works [5, 6] follow the opposite convention when
defining the primal and dual problem.

While the above framework can be used to
address generic non-commutative optimization
problems of the form (2), polynomial optimiza-
tion does not constitute the exclusive use of SDPs
in quantum theory. SDPs naturally occur, not ex-
haustively, in applications such as entanglement
detection through the Doherty-Parrilo-Spedalieri
hierarchy [22], the quantum marginal problem
[23], tomography problems [24], or quantum net-
work correlations [25]. In many cases, the SDP
structure of the problem arises from the PSD na-
ture of the underlying quantum states or mea-
surements.

3 Extracting certified bounds

As anticipated in Section 1, SDP solvers aiming
to certify non-negativity of λ−f via the numerical
tuple (λ,G0) might issue inaccurate solutions due
to several reasons, such as inexact termination,
failure of strict feasibility, or poor conditioning of
the problem. Although in theory SDPs are ex-
actly solvable by quantifier elimination [26], this
method has doubly exponential complexity in the
number of variables [27]. In contrast, if only ap-
proximate solutions are required, SDPs can be
solved in polynomial time using convex optimiza-
tion methods such as the ellipsoid or interior-
point algorithms [28]. Since scalability is crucial
for many problems in quantum theory, this work
focuses on post-processing of the numerical data
rather than aiming for exact solutions of the un-
derlying SDPs.

Various works discuss the appropriate handling

of obtaining exact Sum-of-Squares (SOS) decom-
positions from inexact data. For univariate poly-
nomials with real or complex coefficients, there
are dedicated algorithms approximating complex
roots of perturbed positive polynomials [29, 30],
or solving norm equations together with using
Euler’s identity [31]. In the multivariate case,
one can either rely on the so-called rounding and
projection [32] (see also [33]) or perturbation-
compensation algorithms [34], implemented in
the RealCertify package [35]. For constrained
compact problems, one can apply rigorous inter-
val arithmetic techniques to obtain a certified up-
per bound [36]. Similarly to that setting, tai-
lored methods to obtain certified bounds to SDP
relaxations to the optimal power-flow problems
have been presented in [37]. Related computer-
assisted proof techniques have also been used in
quantum information to certify finite-dimensional
SDP bounds for specific problem instances, for
example in channel-discrimination problems, by
projecting numerical SDP solutions onto affine
matrix constraints and restoring positivity [38].
In contrast, our method aims to extract certified
solutions to a wider range of problems, encom-
passing any problem following the general NPO
formulation (2). Other algorithms have been de-
signed for specific problems with finitely many
minimizers [39, 40]. Such methods provide ex-
act, rational SOS decompositions, together with
a certified rational upper bound of the problem
solution. If one is interested in certifying global
optimality, one can rely on the recently developed
high-precision solver [41] that provides exact SOS
decompositions, possibly with non-rational coef-
ficients. On the other hand, if one primarily
seeks highly accurate numerical bounds rather
than exact certificates, one may use arbitrary-
precision SDP solvers (e.g., SDPA-GMP [42])
at the expense of a larger computational cost.
However, the output remains a numerical ap-
proximation and does not constitute a proof un-
less further validated by an adequate certifica-
tion method. The rounding and projection algo-
rithm also has been extended to unconstrained
non-commutative problems in [43] to obtain ex-
act rational SOHS decompositions. Our main al-
gorithmic contribution is based on this rounding
and projection scheme, in order to handle con-
straints for maximal eigenvalue problems, as well
as sparse/symmetric input data.
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Our method offers a complementary guarantee
in situations where rigorous bounds to a given
problem are of primary interest, independently
of the convergence of the original problem.

We now present our constructive procedure
that converts an approximate numerical SDP so-
lution of Problem (9) into a formally exact ratio-
nal certificate. Starting with the case of an un-
constrained NPO (G = H = I = ∅) let (λd, G0)
be the numerical tuple of upper bound λd ∈ R
and Gram matrix G0 ∈ Ksn,d×sn,d , as issued by
the SDP solver of one’s choice. The left hand side
(LHS) Ld of the numerical certificate at order d,
suggesting λd > λmax then reads

Ld := λd1 − f ≈ v∗
dG0vd. (11)

The method to obtain an exact certificate from
(11) consists of three algebraic steps: (1) round-
ing of the floating point data to rationally rep-
resented data in Q with controlled denomina-
tor, (2) projection, and (3) lifting, each preserv-
ing or restoring feasibility within the truncated
quadratic module K2d. After the rounding step,
the algebraic operations are performed using ex-
act rational arithmetic, so that no additional
round-off error is introduced. A geometric picture
of the procedure is displayed in Figure 1. After
the first two steps, rounding and projection, the
solver’s tuple (λd, G0) has been mapped onto the
affine subspace L consistent with the coefficients
of λd1 − f , thereby enforcing exact equality in
Eq. (11). We call the obtained tuple (P(G̃0), λ̃d)
a pre-certificate. In the case that P(G̃0) ⪰ 0,
we established a proper SOHS certificate, prov-
ing λ̃d as an exact upper bound. If the result-
ing matrix P(G̃0) is not PSD, in step (3) we lift
it back into the PSD cone by adding a rational
correction justified by the constraint structure.
This lifted matrix P+(G̃0) then certifies a weaker
bound λrat

d > λ̃d, which holds exactly. That is,
step (3) is only necessary if P(G̃0) is not PSD.
However, in some situations, one can still apply
step (3) when P(G̃0) ⪰ 0 to further tighten the
bound λ̃d, as it is shown later.

In the rest of the section, we provide a rigorous
formulation of the three steps in the process, both
for problems with and without equalities.

3.1 Round and Project
To obtain a nearby rational tuple (P(G̃0), λ̃d)
from their floating-point counterparts in the un-

Figure 1: The geometric picture of our procedure. (1)
G0 in floating-point representation is rounded to a ratio-
nal G̃0. (2) G̃0 is projected onto L in exact arithmetic,
possibly leaving the PSD cone. (3) P(G̃0) is lifted back
into the PSD cone, certifying λrat

d as an upper bound.

constrained case, one can make use of the Round
and Project procedure from [43]: Fix a given
rounding precision η and start by rounding the
floating-point data (λd, G0) entry-wise to rational
representations (λ̃d, G̃0), where established meth-
ods such as continued fractions can be used. This
rounding step should be understood as a recon-
struction of adequate rational representations of
the floating-point numbers: every floating-point
number already represents an exact rational num-
ber, and one could in principle use this exact rep-
resentation directly in all subsequent exact com-
putations. We instead reconstruct a nearby ratio-
nal number of controlled precision in order to sup-
press insignificant numerical noise and to avoid
unnecessarily large numerators and denominators
in the subsequent exact rational arithmetic oper-
ations.

Once the reconstructed data (λ̃d, G̃0) have been
chosen, the subsequent algebraic projection and
lifting operations are performed exactly over the
rational coefficient field to not introduce any ad-
ditional round-off error. Using exact arithmetic
instead of floating-point arithmetic is hence cru-
cial for the algebraic manipulation to preserve
the exactness of the certificate in intermediate
manipulation steps. In the rest of the work, Ã
represents the entrywise rationalized form of the
object A, where rationalization on polynomials is
understood as acting on their coefficient vector in
the monomial basis. We denote by Q the rational
subfield of K and by Q⟨X⟩ the associated rational
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polynomial algebra (real or complex).
Now, as mentioned earlier, since f is assumed

to have rational coefficients, it constrains the en-
tries of G0 corresponding to its support. To re-
cover this relationship after rounding, one has to
project the entries of G̃0 back into the affine space
L defined through the coefficients of L̃d := λ̃d1−f
via [43]:

P(G̃0)α,β = (G̃0)α,β − 1
n(α, β)

∑
γ∗δ∼α∗β

(G̃0)γ,δ − (L̃d)α∗β ,

(12)

which can be expressed compactly with a ratio-
nal correction matrix ∆ as P(G̃0) = G̃0 +∆. The
tuple (α, β) refers to the indexing with respect
to monomials α, β ∈ K⟨X⟩d, and pα∗β refers to
the monomial coefficient of α∗β in p. Intuitively,
this projection enforces exact algebraic consis-
tency between the rounded Gram matrix and the
target polynomial by averaging over equivalent
monomial pairs. Here, n(α, β) accounts for the
number of such pairs:

n(α, β) = {(γ, δ) | γ∗δ = α∗β}. (13)

When considering problems with equalilty con-
straints, this projection can be adapted by work-
ing over the quotient algebra K⟨X⟩/I by enforc-
ing coefficient equality of normal forms N (α∗β)
of monomials α∗β, i.e., their equivalence classes
in the quotient algebra. The goal is again to find a
correction matrix ∆ such that the corrected cer-
tificate holds exactly up to normal form reduc-
tions

N (L̃d) = N
(
v∗
d(G̃0 + ∆)vd

)
. (14)

As several entries (α, β) map to the same normal
form, there are in general infinitely many ways
of constructing ∆. The most natural choice is
the correction with the least Frobenius deviation
from the original rationalized Gram matrix: As
the numerical Gram matrices are PSD up to the
solver precision, deviating the least possible from
them will minimize the distance to the PSD cone
after projection. The next Lemma provides the
formal construction of this projection.

Lemma 2 (Frobenius optimal Gram projection).
For a given optimization problem (9), let α∗β
be the monomials corresponding to the basis el-
ements (α, β) of the Gram matrix G0. By con-
struction, they form a basis of K⟨X⟩2d. Let t in-
dex the basis of equivalence classes in K⟨X⟩2d/I.

The associated normal form operation can then
be expressed as

N : K⟨X⟩2d → K⟨X⟩2d/I (15)
α∗β 7→

∑
t

ntα,βt

where ntα,β is the coefficient with which the word
α∗β reduces to t under N . Define the rational
numerical certificate residual coefficients rt per
reduced word t as

rt = N (L̃d)t − N

∑
α,β

v∗
d,α(G̃0)α,βvd,β


t

= N (L̃d)t −
∑
α,β

ntα,β(G̃0)α,β. (16)

Let Ξ be the matrix with entries

(Ξ)t,s :=
∑
α,β

ntα,βn
s
α,β. (17)

If Ξ is non-singular, the following projection
P(G̃) yields exact equality between the left hand
side (LHS) and right hand side (RHS) of the
SOHS certificate:

P(G̃0)α,β = (G̃0)α,β + ∆α,β

= (G̃0)α,β +
∑
t

(Ξ−1r)tntα,β. (18)

Furthermore, it is the optimal projection P in
terms of Frobenius deviation

∥P(G̃0) − G̃0∥2
F =

∑
α,β

|
(
P(G̃0) − G̃0

)
α,β

|2 (19)

from the rounded numerical Gram matrix G̃0.

Proof of Lemma 2. Let the assumptions in
Lemma 2 hold. We phrase the problem of find-
ing the correction ∆ with least Frobenius norm
as a convex quadratic optimization problem:

inf
∆∈Q

sI
n,d

×sI
n,d

1
2∥∆∥2

F (20)

s.t. rt =
∑
α,β

ntα,β∆α,β, ∀t,

which can be solved using Lagrangian multipliers
λt. Stationarity of the Lagrangian yields

∆α,β =
∑
t

λtn
t
α,β. (21)
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Plugging back into the constraints yields

rt = Ξλt. (22)

If Ξ is non-singular, using (21) and (22) one finds
the global optimizer

∆α,β =
∑
t

(Ξ−1r)tntα,β. (23)

Now, in many settings, such as Bell inequali-
ties or ground states of quantum many body sys-
tems, the equality constraints defining the prob-
lem relate two monomials to each other. Hence,
the associated normal forms map monomials onto
monomials instead of polynomials. We call such
normal forms and the associated ideals binomial.
In such cases, one finds a diagonal Ξ ≻ 0 and the
Frobenius optimal solution always exists:

Corollary 3. If N is binomial, the Frobenius
ideal projection reduces to

P(G̃)α,β = G̃α,β +
rN (α∗β)
nI(α, β) (24)

with

nI(α, β) = #{(γ, δ) : N (α∗β) = N (γ∗δ)}. (25)

Proof of Corollary 3. Binomial normal forms
can be expressed as

N : α∗β 7→ δN (α∗β),tt (26)

which allows us to rewrite the residuals rt as

rt = N (L̃d)t −
∑

α,β:N (α∗β)=t
G̃α,β. (27)

Applying the method of Lagrangian multipliers
yields

∆α,β = λtδN (α∗β),t. (28)

Plugging this into the constraints yields

rt =
∑

α,β:N (α∗β)=t
λt ⇒ λt = rt

nI(α, β) , (29)

which, when used with 28, implies the claim.

As (12) is implied by (24), in what follows we
are going to restrict our considerations to the quo-
tient case without loss of generality.

The projection formula is also readily adapted
to problems featuring inequality constraints. Re-
call that in that case, the numerical certificate
reads

λ1 − f =
∑

f∗
i fi +

∑
i,j

u∗
ijgiuij mod I, (30)

which, when expressed through Gram matri-
ces, features one matrix G0 corresponding to
the SOHS

∑
i f

∗
i fi, and mG matrices {Gi}mG

i=1 of
sizes sI

n,di
corresponding to the so-called localiz-

ing terms
∑
i,j u

∗
ijgiuij . To deal with such con-

straints, one adapts the LHS from Equation (11)
to feature the inequality terms, and projects the
rounded principal Gram matrix G̃0 onto the ra-
tionalized LHS as before to match coefficients.

To do so, start by constructing the rational
LHS L̃d featuring the inequality terms:

L̃d := λ̃d1 − f −
∑
i

∑
j

ũ∗
ijgiũi,j . (31)

To obtain the rational polynomials ũij in the de-
composition, one starts by rounding the floating-
point localizing Gram matrices {Gi}mG

i=1 to ratio-
nals {G̃i}mG

i=1. Afterwards, to obtain a nearby ra-
tional PSD Gram matrix, we numerically project
G̃i onto the PSD cone via an eigendecomposition
and rationally reconstruct the resulting factors:

P(G̃i) = ŨiŨ
T
i ; Ũi = Ṽidiag

(
max( ˜√

λij , 0)
)

(32)

with Ṽ being the matrix of rationalized eigenvec-
tors of G̃i and {λij}j=1,..,sn,di

the corresponding
numerical eigenvalues. From these, the polyno-
mials ũij are obtained as

ũij = (ŨTi vdi)j , (33)

where vdi denotes the monomial basis appropri-
ate for the localizing matrix of gi. Using Lemma
2 to project G̃0 onto L̃d from Equation (31)
yields a pre-certificate L̃d = v∗

dP(G̃0)vd, and with
P(G̃0) ⪰ 0 it would certify membership of λ̃d1−f
in K2d and hence λ̃d as an upper bound to f . This
procedure also applies to moment inequality con-
straints of the form ⟨mi⟩ ≥ 0, where the associ-
ated multiplier polynomials ũij are scalar valued
(degree 0).

Performing the Round and Project procedure,
in the unconstrained or constrained case, results
in an exact pre-certificate

L̃d = v∗
dP(G̃0)vd mod I, (34)
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where this expression constitutes an exact alge-
braic identity, ensuring that any remaining in-
feasibility stems solely from the non-positivity of
P(G̃0).

As anticipated, in the best case, the resulting
projected Gram matrix P(G̃0) is already PSD.
This can only be the case if the rounded bound
λ̃d is a valid upper bound to the global optimum,
λ̃d ≥ λmax, and hence leaves us with the certified
bound λ̃d.

3.2 Lifting positivity
The remaining question is how to repair a pre-
certificate (34) whose Gram matrix was projected
out of the PSD cone, rendering it vacuous. This
particularly happens if λ̃d ≱ λmax. The next The-
orem provides, under reasonably mild assump-
tions, an explicit, constraint-dependent lifting
that guarantees a valid upper bound.

Theorem 4 (Certified bounds to NPOs). Let
P(G̃0) be the rounded and projected Gram ma-
trix obtained from Lemma 2 with µmin ∈ Q a
lower bound to its spectrum, and let sI

n,d denote
the number of monomials in n variables up to de-
gree d after normal form reduction. Assume that
the underlying variables X are subject to one of
the following polynomial constraints:

• Ball constraints: 1 ⪰
∑
iX

2
i ,

• Box constraints: 1 −X2
i ⪰ 0 ∀i,

• Unipotency: 1 −X2
i = 0 ∀i,

• Projection constraints: X2
i = Xi ∀i,

then, the rational bound λrat
d ∈ Q with

λrat
d := λ̃d+δd; δd := − min{µmin, 0}·sI

n,d (35)

constitutes a certified upper bound to the opti-
mization problem, i.e., λrat

d ≥ λmax.

Importantly, the condition on the existence of
constraints is rather weak: In the non-locality
scenario, Bell type expressions can be defined in
terms of projectors, while in the quantum many-
body setting, the underlying local spin operators
naturally fulfill unipotency.

The geometric intuition behind the proof of
Theorem 4 is that the non-PSD Gram matrix
P(G̃0) is lifted by adding a multiple of the iden-
tity to the certificate, leading to a weaker bound

λrat. The allowed correction magnitude is guar-
anteed to be feasible within the quadratic module
due to the following Lemma.

Lemma 5 (Constant SOHS decomposition). Let
ε > 0. If the variables X are subject to con-
straints as in Theorem 4, one can find the fol-
lowing exact, constant SOHS decomposition

εsI
n,d1 = εv∗

dvd +
∑
k

r∗
krk +

∑
i

q∗
kiciqki mod I

(36)
for some rk, qki ∈ Q⟨X⟩d and vd the monomial
basis of K⟨X⟩d/I.

Lemma 5 can be proven by induction, as shown
in Appendix A. Using this, we can prove Theorem
4:

Proof of Theorem 4. Let the assumptions in
Theorem 4 hold. We are going to show that for
λrat there exists some PSD gram matrix P+(G̃0)
and polynomials pij such that

λrat1 − f = v∗
d

(
P+(G̃0)

)
vd +

∑
i,j

p∗
ijgipij mod I

⇔ λrat1 − f ∈ K2d, (37)

which implies the claim.
Consider the exact pre-certificate (34). If

µmin < 0 then adding (36) with ε = −µmin to
both sides of the certificate lifts P(G̃0) back into
the PSD cone as follows:

λ̃d1 − µmins
I
n,d1 − f −

∑
i,j

ũ∗
ijgiũij (38)

= v∗
d

(
P(G̃0) − µmin1

)
vd +

∑
k

r∗
krk +

∑
i,k

q∗
kiciqki.

Intuitively, this addition corresponds to lifting
the spectrum of P(G̃0) by −µmin > 0 while
staying within the quadratic module, thereby
restoring positivity without changing the alge-
braic identity of the certificate.

Expressing the rk contributions with a PSD
matrix R0 of the same size, and joining terms
corresponding to constraints ci yields

λ̃d1 − µmins
I
n,d1 − f = v∗

d

(
P(G̃0) − µmin1 +R0

)
vd

+
∑
i,j

p∗
ijgipij , (39)

which implies the claim with

P+(G̃0) =
(
P(G̃0) − µmin1 +R0

)
(40)

depending on the constraints involved.
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It should be noted that a numerical bound may
have been correct even if the corresponding Gram
matrix G0 is projected outside the PSD cone.
Consequently, our method allows one to (a) re-
cover valid bounds from possibly incorrect ones,
and (b) validate correct bounds, but it does not
provide a necessary certificate of invalidity for nu-
merical bounds.

The above argument only holds if µmin actu-
ally constitutes a rigorous lower bound to the
spectrum of P(G̃0). Unfortunately, the Abel-
Ruffini theorem implies no closed form solution
for the eigenvalues of generic square matrices
of dimension larger than four, as they are de-
fined as the roots of the associated characteris-
tic polynomial. A rigorous lower bound on the
smallest eigenvalue can instead be obtained us-
ing certified interval arithmetic. In our imple-
mentation, Arblib.jl [44] performs arbitrary-
precision floating-point ball arithmetic, yielding
an interval guaranteed to contain a given eigen-
value. The certified lower endpoint of this en-
closure constitutes a certified lower bound to the
eigenspectrum. Since this endpoint is a finite bi-
nary floating-point number, we use its exact ra-
tional representation in the subsequent algebraic
computations. As the floating-point bound is al-
ready certified and holds exactly, its exact ratio-
nal representation can be used while maintain-
ing validity throughout. We emphasize that the
working precision of Arblib controls the tight-
ness of the eigenvalue enclosure, but not the valid-
ity of the certification. Throughout this work, all
eigenvalue bounds entering the certification pro-
cedure are understood in this rigorous sense.

Theorem 4 establishes that any numerical non-
negativity certificate returned by an SDP solver
can be transformed into an exact rational bound
by a finite algebraic correction depending on the
minimal eigenvalue defect and the problem size.
An important observation is that the bound cor-
rection term δd = − min{µmin, 0} · sI

n,d is affected
by two factors, (i) the distance from the projected
P(G̃0) to the PSD cone, and (ii) the size of the
problem in terms of variables and relaxation or-
der. While working with high precision solvers
and rounding arithmetic can lead to smaller dis-
tances to the PSD cone, the term sI

n,d ultimately
dominates the bound correction, as it will be il-
lustrated in later sections.

3.3 Bound tightening of interior pre-
certificates
Now, in the case of the projected Gram matrix
being positive-definite (PD), e.g. P(G̃0) ≻ 0, it is
not necessary to perform the lifting step to restore
feasibility. However, it is possible to leverage the
positive eigenspectrum to obtain a tighter bound
λrat
d < λ̃d by shifting the PSD matrix closer to

the boundary of its cone. This can be done in
two ways, (1) in the presence of unipotency con-
straints X2

i = 1, one can use a modification of
Lemma 5 with ε < 0, while in the other cases
one can make use of a rank-1 PSD downgrade, as
explained in the next Lemma.

Theorem 6 (Certified tightening for interior
pre-certificates). Assume that the Frobenius op-
timal projection 2 leads to P(G̃0) ≻ 0 lying in
the interior of the PSD cone. Let µmin > 0 be a
certified lower bound to the spectrum, and let

τ = 1
e∗

0P(G̃0)−1e0
(41)

where e0 ∈ KsI
n,d denotes the coordinate vector

selecting the constant monomial s.t. e∗
0vd = 1.

Then, a tighter bound λrat
d < λ̃d can be obtained

depending on the constraints involved:

(i) If the variables are subject to unipotency con-
straints, {1−X2

i } ⊆ H, then λrat
d = λ̃d−µmin·sI

n,d

constitutes a rigorous upper bound to the opti-
mization problem

(ii) Independently of the constraints, λrat
d = λ̃d −

τ constitutes a rigorous upper bound to the op-
timization problem, where τ ∈ [µmin, µmax] with
µmax an upper bound to the spectrum of P(G̃0).

The proof for this Theorem can be found in
Appendix B. Applying this Theorem in the case
of P(G̃0) ≻ 0 lets one further tighten the numer-
ical rounded bounds while certifying them. Note
that as the numerical optima of the SDP lie on
the boundary of the PSD cone, in the generic
case the eigenspectrum of P(G̃0) is not positive as
the Frobenius distance between P(G̃0) and G̃0 is
minimized. However, in numerically delicate in-
stances where PSD solvers terminate in the inte-
rior of the cone, the above scenario does occur, as
it is observed and interpreted in Section 6. Also
note that in the case of unipotency constraints
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one can apply either of the two tightening strate-
gies, while procedure (i) carries an extra factor
sI
n,d which, for large problems, will typically re-

sult in a tighter bound than procedure (ii).
Concludingly, we established a rigorous

method to obtain mathematical non-negativity
proof from the solver’s data and presented an
adapted method for interior solutions where the
algorithm provides certified bounds tighter than
their numerical counterpart.

The same above reasoning of rounding, pro-
jecting, and lifting, can be extended to structured
relaxations such as sparsity or symmetry-adapted
hierarchies, as presented in the next section.

4 Exact certificates under sparsity and
symmetry

There exist problem for which it is necessary to
go to higher orders of the hierarchy to get tight
bounds to the solution of the optimization prob-
lem. In those cases, the exponential growth of
the PSD matrices with the relaxation order often
makes higher intractable in practice, especially if
a large number of variables is involved. This bot-
tleneck of semidefinite relaxations is of particular
importance, for instance, in quantum many-body
physics, as one is often interested in the behavior
of systems of large sizes. One way to be able to
address such problems, is to employ a sparse ver-
sion of the hierarchy, which relies on a sparse ana-
logue of Theorem 1. Applying the sparse instead
of the standard, dense hierarchy has led to im-
provements in scalability by orders of magnitude,
if the problem admits certain structure [2, 8]. In
other cases, the symmetry of the problem can be
exploited to achieve a block-diagonal form of the
Gram matrix and thus reducing computational
complexity. In this section, we adapt the proce-
dure described above to get rigorous bounds for
systems that are sparse or symmetric. First, we
will focus on the sparse case.

4.1 Hierarchies for sparse systems

We start by giving a brief introduction to cor-
relative sparsity and the associated SOHS hier-
archy. The idea is that one can exploit a sparse
correlation pattern of the variables, to then con-
struct several, smaller Gram (or moment) matri-
ces, indexed by cliques of variables that correlate

among each other. This is in stark contrast to the
dense hierarchy, where a single PSD block is in-
dexed by monomials between all variables in the
problem. Employing the sparse hierarchy leads
to more PSD conditions of smaller sizes instead
of one larger one. As the dominant computa-
tional cost for SDP solvers arises from the largest
block in the PSD conditions, employing methods
to reduce its dimension is crucial to improve the
efficiency of SDP hierarchies.

To start, build the correlation graph C =
{V,E} with vertices V = X given by the opera-
tors in the problem, and edges E between them
whenever they occur together multiplicatively in
the support of the objective f , or additively in
the constraints in G, and H.

The next step to obtain the hierarchy con-
sists in preprocessing the correlation graph C: A
chordal graph is a graph in which every cycle of
length k ≥ 4 contains a chord, i.e., an edge join-
ing two non-adjacent vertices of the cycle. An
important fact is that every non-chordal graph
can be extended to be chordal by adding edges
to E, which is called a chordal extension. Note
that there is often more than one way to render
a given correlation graph chordal.

X4 X2

X1

X3

X5

X4 X2

X1

X3

X5

X4 X2

X1

X3

X5

(a) (b) (c)
Figure 2: (a) The correlation graph C for f(X) =
X1X5 +X1X2 +X2X3 +X3X4 +X4X1. (b) A minimal
chordal extension of C. (c) Another chordal extension
of C.

After performing the chordal extension, one
identifies the so-called maximal cliques in the
graph: A clique is a subset Ck ⊂ V such that
every pair Xi, Xj ∈ Ck satisfies (i, j) ∈ E, which
is called maximal if no other clique C ′

k with
Ck ⊊ C ′

k exists. As an example, in Figure 2 (b),
the maximal cliques can be identified as C1 =
{X1, X2, X3}, C2 = {X1, X3, X4}, and C3 =
{X1, X5}. When opting for the chordal exten-
sion (c) instead, one can identify the two cliques
C1 = {X1, X2, X3, X4} and C2 = {X1, X5}. We
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note here that, by construction of the correlation
graph, each constraint features variables from a
single clique. Hence, we define Jk ⊆ [mG] as the
set of indices i of inequality constraints contained
in Ck. Furthermore, let NC denote the number
of maximal cliques, nk = |Ck| the cardinality of
the clique, and K⟨Ck⟩ the ∗-algebra spanned by
Ck.

Having constructed the chordal extension and
identified the maximal cliques, one can define the
d-th relaxation level of the sparse SOHS hierar-
chy:

λsp
d = inf

λ∈R, fk,ℓ, u
(k)
ij ∈K⟨Ck⟩/I

λ (42)

s.t. λ1 − f =
Nc∑
k=1

∑
ℓ

f∗
k,ℓfk,ℓ +

∑
i∈Jk

∑
j

(u(k)
ij )∗ gi u

(k)
ij

 mod I

deg(fk,ℓ) ≤ d, deg
(
u

(k)
ij

)
≤
⌊
d− deg(gi)

2

⌋
.

Similarly to the dense hierarchy 8, the first condi-
tion characterizes membership in the associated
sparse truncated quadratic module, which accord-
ing to the sparse version [7] of Theorem 1 certifies
positivity on K. The main difference to the dense
case is that the SOHS splits over contributions
per clique, i.e., summands fk,l and u(k)

i,j stemming
from the clique-wise algebras K⟨Ck⟩/I. Hence,
when expressing the SOHS in terms of PSD Gram
matrices, one is left with NC principal Gram ma-
trices G(k)

0 indexed by the variables in Ck, as well
as mG localizing-type Gram matrices associated
to the u(k)

ij , equivalently indexed by variables from
Ck. This manifests the anticipated reduction in
the maximal PSD block size by employing the
sparse hierarchy.

As mentioned, for a given correlations graph,
there are different ways of constructing chordal
extensions, which eventually introduces a trade-
off between computational complexity (smaller
cliques) and tightness of the relaxation (larger
cliques). Depending on the chosen chordal exten-
sion of the correlation graph, one obtains PSD
constraints on larger or smaller blocks, where the
dense hierarchy 8 is recovered in the case of a
single clique C1 = X. This introduces a second
dimension to the hierarchy, i.e., the degree of the
chordal extension, where more complete graphs
are associated to larger computational complex-
ity while providing tighter bounds. Intuitively,

allowing for SOHS summands from a bigger space
might let one find more elaborate expressions to
certify a tighter bound. It has been shown in [7]
that in the case of a chordal extension, one re-
covers the dense asymptotic convergence results,
λsp

∞ = λmax. However, at each finite relaxation
order, the dense bounds lower bound the sparse
bounds, λd ≤ λsp

d .

4.2 Exact certificates for sparse systems
Now that we have introduced the numerical
sparse SOHS certificates, we are going to estab-
lish a rigorous way on how to extract a certified
upper bound from the corresponding numerical
data. The rounding–projection–lifting strategy
developed for the dense hierarchy extends natu-
rally to such relaxations which exploit correlative
sparsity. Let the sparse numerical certificate be
denoted by the tuple (λsp

d , {G
(k)
0 }NC

k=1, {G
(k)
i }mG

i=1).
The numerical certificate (possibly over a quo-

tient space) then reads as

Ld ≈
∑
k

(
v

(k)
d

)∗
G

(k)
0 v

(k)
d mod I, (43)

where v(k)
d denotes the monomial basis vector of

K⟨Ck⟩d/I, and the LHS Ld includes the inequal-
ity localizing contributions G(k)

i exactly as in the
dense case. The normal form N can then be ex-
pressed on the monomial basis of each clique

N : (α, β)k 7→
∑
t

ntαβkt, (44)

where reductions occur in the global quotient
K⟨X⟩/I, so reduced words t can receive contribu-
tions from multiple cliques. We search again for
rational correction matrices ∆(k) such that the
certificate holds exactly for all reduced word co-
efficients t:

N (Ld)t = N

(∑
k

(
v

(k)
d

)∗
(G(k)

0 + ∆(k))v(k)
d

)
t

(45)

For that, one again defines the residuals per re-
duced words, now involving Gram matrices asso-
ciated to all cliques:

rt = N (Ld)t −
∑
α,β,k

ntαβk

(
G

(k)
0

)
α,β

, (46)

where (α, β, k) runs over monomial pairs (α, β)
belonging to clique k. Following exactly the same
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argument as in Theorem 2 but summing over tu-
ples involving the clique index (α, β, k) let us
derive the Frobenius optimal projection in the
sparse case.

Lemma 7 (Frobenius optimal sparse Gram pro-
jection). Let (α∗β)k ∈ K⟨X⟩2d be the word corre-
sponding to indices (α, β) of Gram matrix G(k)

0 .
Let

(Ξ)t,s =
∑
α,β,k

ntαβkn
s
αβk. (47)

If Ξ is invertible, the Frobenius optimal correc-
tion reads

∆(k)
α,β =

∑
t

(Ξ−1r)tntαβk, (48)

where for binomial N the Frobenius optimal cor-
rection reads

∆(k)
α,β =

rN (α∗β)
nI(α, β, k) (49)

with

nI(α, β, k) = #{(γ, δ, l) : N ((α∗β)k) = N ((γ∗δ)l)}.
(50)

The proof follows exactly the same argument as
the proof of Lemma 2 and is hence not presented
here.

Intuitively, this result tells us how to update
the entries of Gram matrices associated to differ-
ent cliques, such that the projected Gram matri-
ces deviate the least from their numerical coun-
terpart. Again, this is a natural choice because
we expect the least deviation of the eigenvalues of
the numerical Gram matrices, hence minimizing
the bound loss associated to our scheme.

In the case of the projected Gram matrices
leaving the PSD cone, we perform a similar lifting
of λ as in the dense case, where we again denote
the rounded, projected, and lifted matrices with
P+(G̃(k)

0 ).

Theorem 8 (Sparse certified bounds). As-
sume an inaccurate numerical certificate
(λsp
d , {G

(k)
0 }NC

k=1, {G
(k)
i }mG

i=1) with the Gram ma-
trices {P(G(k)

0 )} admitting lower spectral bounds
µkmin after rounding and projecting. Further-
more, assume that all of the variables are subject
to one of the constraint sets {ci} from Theorem
4. Then,

λsp,rat
d = λ̃sp

d + δsp
d := λ̃sp

d −
∑

k

min{µk
min, 0} · sI

nk,d

(51)

where sI
nk,d

= dim(K⟨Ck⟩d/I), constitutes an ex-
act upper bound to the maximization problem,
i.e., λsp,rat ≥ λmax.

Proof of Theorem 8. Let {Ck}NC
k=1 be the maxi-

mal cliques of a chordal extension of C. For each
k, let v(k)

d be the monomial basis of K⟨Ck⟩d/I
and Jk the indices of constraints supported on
Ck.

Assume an exact pre-certificate

Ld =
∑
k

(
v

(k)
d

)∗
P(G̃(k)

0 )v(k)
d mod I. (52)

For blocks P(G̃(k)
0 ) ⪰̸ 0, Lemma 5 with ε =

−µkmin on variables of Ck gives

−µkmins
I
nk,d

1 = −µkmin(v(k)
d )∗v

(k)
d +

∑
i

r
(k)∗
i r

(k)
i +

(53)∑
i,j

q
(k)∗
ij ci q

(k)
ij mod I.

Fixing k and adding one of those expressions to
52 yields a PSD update as in the dense case

P+(G̃(k)
0 ) = P(G̃(k)

0 ) − µkmin1 +R
(k)
0 ⪰ 0, (54)

and raises λ̃d on the LHS by −µkmins
I
nk,d

.
Aggregating over all k with µkmin < 0 gives

λsp,rat
d − f =

NC∑
k=1

(v(k)
d )∗P+(G̃(k)

0 )v(k)
d + (55)

∑
k

∑
i∈Jk

∑
j

(p(k)
ij )∗gip

(k)
ij ∈ Ksp

2d,

which implies the claim.

We note that if ∃k : P(G̃(k)
0 ) ≻ 0, the bounds

can also be tightened clique-wise as in Theorem
6, which can partly compensate negative eigen-
values from other cliques.

4.3 Exact certificates for symmetric systems
The structure of the numerical certificate (43)
is not exclusive to sparse relaxations, but also
occurs in the case of block diagonal Gram ma-
trices G0. As block-diagonalizable Gram matri-
ces correspond to associated symmetries, one can
adapt Theorem 8 to also be able to obtain cer-
tified bounds on symmetry-reduced problems of
the corresponding form.
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Lemma 9 (Frobenius optimal Gram projection
over polynomial bases). Assume that due to the
symmetry of a problem, the underlying Gram ma-
trix G0 can be block-diagonalized by a transfor-
mation U into K blocks G(k)

0 of maximal size N .
Depending on U , each block will be indexed by a
non-monomial basis, e.g., polynomials {b(k)

i }Ni=1,
which can be expressed in the monomial basis of
the full space {vα}KNα=1as

b
(k)
i =

∑
α

b
(k)
i,αvα, (56)

where b
(k)
i,α are the matrix elements of U . As-

suming an ideal I generating a normal form ex-
pressed on the monomial basis as in (8), the cor-
responding symmetry-adapted non-negativity cer-
tificate reads as

N (f − λ1) = N

∑
i,j,k

(b(k)
i )∗G

(k)
ij b

(k)
j

 (57)

=
∑

i,j,k,α,β

(b(k)
i,α)∗G

(k)
ij b

(k)
j,β N (v∗

αvβ),

N (f − λ1)t =
∑

i,j,k,α,β

(b(k)
i,α)∗G

(k)
ij b

(k)
j,β n

t
αβk :=

∑
i,j,k

ñtijkG
(k)
ij ,

which has the same form as in Theorem 8. Defin-
ing the matrix Ξ accordingly, the Frobenius op-
timal projection for the Gram blocks indexed by
polynomial bases is given by

∆(k)
i,j =

∑
t

(Ξ−1r)tñtijk. (58)

The proof follows the same arguments as the
proof of Lemmas 2 and 7.

Note that to establish a certified bound in the
case of P(G̃(k)

0 ) ⪰̸ 0 , one cannot simply ap-
ply Lemma 5 and lift the Gram blocks indepen-
dently as in the sparse case, as they are not
indexed by the monomial basis in which con-
straints {ci} are expressed. Instead, one has to
lift the full block-diagonal ambient Gram ma-
trix P(G̃0) := diag

(
P(G̃(1)

0 ), ..,P(G̃(K)
0 )

)
, where

eigenvalue computations can still be performed
block-wise due to the unitary invariance of the
matrices’ spectra.

Theorem 10 (Certified bounds in symme-
try-adapted bases). Assume an inaccurate nu-
merical certificate (λd, {G

(k)
0 }Kk=1, {G

(k)
i }mG

i=1) to
an NPO where G

(k)
0 are blocks indexed by

polynomials {b(k)
i }Ni=1 that stem from block-

diagonalization of a Gram matrix in the mono-
mial basis, and assume variables are subject to
one of the constraint sets {ci} from Theorem 4.
Let

P(G̃(k)
0 ) = G̃

(k)
0 + ∆(k) k ∈ [K] (59)

be the set of blocks after rounding and projecting
according to Lemma 9 with certified bounds to
minimal eigenvalues µkmin. Then,

λrat
d = λ̃d + δd = λ̃d − min

k
({µkmin, 0}) · sI

n,d (60)

constitutes a certified upper bound to the maxi-
mization problem, i.e., λrat

d ≥ λmax.

The proof follows from the invariance of
the eigenspectrum under unitary transformations
and applying Lemma 5 to P(G̃0) in the monomial
basis. Again, if all blocks fulfill P(G̃(k)

0 ) ≻ 0,
the same argument as in Theorem 6 holds, which
lets one further tighten the numerical symmetry-
adapted bound.

One has to note here that even though the pro-
jection scheme in the sparse and symmetric case
exhibit a similar structure, they also strongly dif-
fer in terms of computational complexity. In the
sparse (and trivially, dense) case, one can show
that the rationalization scheme carries less com-
putational complexity with respect to the ma-
trix sizes than solving the underlying SDP. How-
ever, in the symmetry-adapted case, computing
the Frobenius optimal projection may exceed the
cost of SDP solving, depending on the block par-
titioning of the initial Gram matrix G0. A dis-
cussion of the complexity in both sparsity and
symmetry-adapted cases is given in Appendix C.

As a second remark we note that in the case of
sparse cliques with sufficiently small overlap, one
finds

sI
n,d >

∑
k

sI
nCk

,d (61)

in which case the loss in bounds through ratio-
nalization in the dense case, δd, often exceeds the
sparse loss, δsp

d . This fact can lead to the coun-
terintuitive phenomenon that rationalized sparse
bounds become tighter than the corresponding
rationalized dense bounds, λsp,rat

d < λrat
d , as it

is illustrated in the next section.
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5 Maximal quantum violation of Bell
inequalities
As a first benchmark for our certification method,
as well to demonstrate its necessity, we apply
it to the problem of determining the maximal
quantum violation of Bell inequalities. All of the
numerical experiments in this work were mod-
eled in Julia using the libraries NCTSSOS [8]
and QMBCertify [2], and the resulting SDPs
were solved with the commercial solver MOSEK
[45], using 10−8 tolerances for primal feasibil-
ity, dual feasibility, and the relative duality gap.
The solver choice is critical for numerical relia-
bility, where MOSEK was selected for its state-
of-the-art interior-point implementation and its
widespread adoption in semidefinite optimiza-
tion. Certified bounds on minimal eigenvalues
µmin of the rounded and projected Gram matrices
(as explained in Section 3.2) have been computed
using Arblib.jl [44], where exact rational rep-
resentations of the certified enclosures returned
by Arblib are used for subsequent exact arith-
metic operations necessary for the algebraic lift-
ing. The code to obtain certified bounds and
reproduce our results is integrated in the Julia
libraries NCTSSOS1 and QMBCertify2 packages
for Bell and many-body benchmarks respectively.

As an illustrative example, consider the famous
Clauser-Horne-Shimony-Holt (CHSH) inequal-
ity [46] ⟨A0B0⟩+ ⟨A0B1⟩+ ⟨A1B0⟩−⟨A1B1⟩ ≤ 2.
Here, ⟨AiBj⟩ denote expectation values of prod-
ucts of dichotomic observables Ai and Bj . In-
tuitively one can think of a game involving two
parties, Alice and Bob, that perform either of the
two measurements randomly, trying to maximize
the correlations constituting the inequality. Such
inequalities characterize the boundaries between
local behaviors, admitting a description in terms
of local hidden variables, and quantum behaviors,
e.g., correlations achievable by measurements on
a joint bipartite quantum system. If a given strat-
egy exceeds the local bound, equal to 2 in the case
of the CHSH inequality, one can conclude that
no local hidden-variable model can reproduce the
corresponding correlations, and hence that non-
local (quantum or supraquantum) resources were

1https://github.com/wangjie212/NCTSSOS/tree/
master/examples

2https://github.com/wangjie212/QMBCertify/
tree/main/examples

used. A central question along these lines is
how different the emergent correlations can be
for quantum states with respect to local strate-
gies, which is captured in the maximal quantum
violation of a given Bell expression, known to be
equal to 2

√
2 in the CHSH case.

Finding maximal violations of Bell expressions
to bound the set of quantum correlations consti-
tutes the first family of problems for which non-
commutative SDP relaxations were exploited [1].
Such scenarios can be extended to feature an ar-
bitrary number of parties, measurements per par-
ties, and outcomes per measurement, depending
on the setting of interest. In this section we fo-
cus on two-party Bell expressions featuring mA

and mB dichotomic measurements on Alice’s and
Bob’s side, respectively. In general, an optimiza-
tion problem of this class reads

λmax = sup
H,|ψ⟩∈H,Ai,Bj∈B(H)

mA∑
i=1

mB∑
j=1

cij⟨AiBj⟩

+
mA∑
i=1

ai⟨Ai⟩ +
mB∑
j=1

bj⟨Bj⟩ (62)

s.t. A2
i = 1, i = 1, ...,mA,

B2
j = 1, j = 1, ...,mB,

[Ai, Bj ] = 0,

where the coefficients {cij , ai, bj} encrypt the
type of Bell inequality, and commutation of Ai
and Bj is enforced to model the bipartite Hilbert
space structure. This problem exhibits the same
structure as (2), allowing us to make use of the
NPA hierarchy and our certification scheme.

The need for certification already becomes
clear in the simplest case of the CHSH inequality:
Running hierarchy level d = 2 for CHSH yields
the following (wrong) upper bound:

λ2 ≈ 2.828427122879 ≱ 2
√

2 = λmax, (63)

smaller than the known maximal quantum viola-
tion. However, the certified bound fulfills λrat

2 >
λmax, as illustrated by the following truncated
decimal expansion of the exact rational represen-
tation:

λrat
2 ≈ 2.828427125402 > 2

√
2 = λmax. (64)

We emphasize here that while the numerical
bound λ2 does hold when truncated at the 8th
digit, corresponding to the SDP tolerance of the
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solver, the main conceptual point of this work
is to actually certify the soundness of a given
bound via an exact algebraic certificate, as it can-
not be guaranteed by merely truncating numeri-
cal bounds at the expected numerical precision.

5.1 Certified bounds to maximum quantum vi-
olations of Bell inequalities A2 − A89

To further investigate this behavior, we ran our
certification methods on a catalog of 88 in-
equivalent two-party, dichotomic Bell inequali-
ties, called A2 − A89, first introduced in [47],
for relaxation orders d ∈ {1, 2, 3}. These prob-
lems constitute adequate benchmark problems for
our method as accurate numerical reference val-
ues have been established for 79/88 inequalities
in the benchmarking set [48], allowing us to judge
the quality of both the numerical bounds as well
as their certified counterparts. Besides this, the
catalog carries a manifold of different scenarios
and hence Gram matrix sizes, allowing us to test
our method on a wide spread of settings. We
start with the analysis of the dense certification
scheme.

As a first question it is interesting to see how
the certification loss

δd := λrat
d − λd = − min{µmin, 0} · sI

n,d (65)

is correlated with the quality of the initial numer-
ical certificate: we expect the loss in tightness to
be worse if the initial numerical certificate had a
large numerical error. To do so, as a measure of
inaccuracy of the numerical certificate at relax-
ation order d, we introduce the 1-norm Dd of the
difference between the numerical left hand side
Ld

Ld = λd1 − f, (66)

and the numerical right hand side Rd of the cer-
tificate

Rd = v∗
dG0vd, (67)

in terms of reduced basis words indexed by t:

Dd :=
∑
t

|Ld −Rd|t, (68)

which lets one investigate how the certification
loss δd depends on the inaccuracy of the numeri-
cal certificate.

Figure 3a shows the behavior of the bound loss
δd depending on the numerical certificate error

Dd. One can see empirically that large certificate
errors Dd lead to higher bound losses, which is
what we intuitively expect: as established in Sec-
tion 3, the bound loss depends on two variables,
the Gram matrix size sI

n,d, and the minimal eigen-
value of the projected matrix µmin , which are
both correlated with the certificate error Dd. We
expect both µmin and sI

n,d to independently affect
the bound loss δd, which is further examined in
the following figures.

Figure 3b shows the trend that larger numer-
ical certificate errors produce larger distances of
projected matrices P(G̃0) to the PSD cone. This
is expected, as large certificate errors lead to large
Frobenius distances between P(G̃0) and G0, pos-
sibly projecting the matrices further out of the
PSD cone to achieve coefficient equalities. Hence,
we expect the minimal, negative, projected eigen-
value bound µmin to grow in magnitude as the
numerical certificate error Dd worsens, yielding
larger certification losses δd.

Figure 3c shows the behavior of the bound loss
δd with respect to the Gram matrix size sI

n,d. As
the two are multiplicatively correlated, we see
that larger sI

n,d can result in larger δd. How-
ever, one can also see that at a fixed size sI

n,d,
the bound loss has a high variance, which is re-
flected by the variance in certificate errors Dd and
hence minimal eigenvalues µmin. This indicates
that the quality of the numerical certificate is at
least as important as the combinatorial growth
for the tightness of the certified bounds.

To summarize, our first benchmarks indicate
that a large numerical certificate error Dd of-
ten leads to a large bound loss δd, firstly due
to the correlation of Dd and δd with the size
sI
n,d of the Gram matrix, and secondly through

the larger Frobenius distance ∥P(G̃0) − G̃0∥F in-
duced through projection, enabling larger nega-
tive eigenvalues µmin.

In [48], the authors established that relaxations
for the majority of Bell inequalities A2 − A89
match constructive lower bounds up to the nu-
merical accuracy of 10−8 at latest at order d = 3,
where the obtained reference maximal violations
λref are computed in [49, 50]. Splitting the in-
equalities into three sets, Bi, i ∈ {1, 2, 3} accord-
ing to the hierarchy level at which the lower and
upper bounds numerically coincide (sorting the
remaining inequalities to B3), allows us to in-
vestigate the behavior of the obtained numerical
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(a) Numerical certificate error Dd vs. bound loss δd. The
worse the accuracy of the initial numerical certificate mea-
sured by its 1-norm error, the worse the resulting bound loss
δd.

(b) Numerical certificate error Dd vs. minimal eigenvalue
after projection µmin. A large certificate error Dd leads to
large Frobenius distances ∥G̃0 − P(G̃0)∥F trying to enforce
coefficient equality in the certificate, leading to possibly large
distances to the PSD cone after projection.

(c) Gram-matrix size sI
n,d vs. bound loss δd. The larger the

size of the Gram matrix sI
n,d, the larger the possible bound

loss δd. However, at fixed matrix size, δd is determined by
the minimal eigenvalue µmin

Figure 3: Numerical results for the certification scheme
on Bell inequalities A2-A89

bounds, as well as the certified bounds, with re-
spect to these reference maximal violations. As
|B1| = 2, we restrict the analysis to the cases of
B2 and B3.

(a)

(b)

Figure 4: Numerical bounds λd and rationalized bounds
λrat

d relative to reference violations λref for B2 (a) and
B3 (b).

Figure 4 shows how the numerical and rational
bounds relate to the numerical reference maxi-
mal violations3. Note that a point in the posi-
tive halfspace denotes a bound which is consis-
tent with the reference values, while points in the
negative halfspace are necessarily invalid. We see
that while a significant fraction of the numerical
bounds λd at both relaxation orders are invalid,
all produced rational bounds are proper upper
bounds to λref . In fact, we find that 6/20 nu-
merical bounds in B2 are incorrect, while 26/66
bounds in B3 are incorrect. This demonstration

3Bell inequalities with indices i ∈
{7, 9, 10, 15, 28, 42, 44, 48, 66} are not displayed be-
cause their numerical bounds hold by a significant
margin.
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highlights the necessity of certified bounds as reli-
able alternatives to their numerical counterparts.

5.2 Comparison between the dense and sparse
scheme
While the minimal projected eigenvalue µmin in-
herently depends on the certificate error Dd, and
hence on the numerical precision of the solver,
one can mitigate the dependence on the Gram
matrix size by making use of the sparse hierarchy
and associated certification scheme. To do so, we
applied the sparse scheme to the same set of Bell
inequalities and compared the sparse certification
bound loss δsp

d to the dense one.
Figure 5 shows the difference between the dense

and the sparse bound loss, δd − δsp
d for different

relaxation orders d ∈ {1, 2, 3}. Points in the pos-
itive half space hence correspond to experiments
where δd > δsp

d , i.e., where the sparse certification
scheme lead to a smaller bound correction after
projection.

As one can see, often times the dense loss δd ex-
ceeds the sparse loss δsp

d , which, when neglecting
the distribution of minimal eigenvalues, can be
explained by the often smaller total problem size
in the sparse case with respect to the dense case.
As discussed in Section 4, by exploiting sparsity,
some monomials, i.e., those involving variables
from different cliques, do not appear in any of the
sparse gram matrices, while they do in the dense
description. On the other hand, a large variable
overlap of cliques could cause the sum of sparse
block sizes (

∑
k s

I
nk,d

) to become larger than the
dense block size (sI

n,d). However, if the overlap is
small enough, the total size will be smaller than
in the dense case, which is reflected in the figures.

This behavior can lead to the counterintuitive
phenomenon that the certified sparse bounds be-
come tighter than their rational dense counter-
parts, in stark contrast to results from the numer-
ical relaxations. This happens exactly when the
excess in δd compensates for the numerical differ-
ence λd < λsp

d . In our experiments we find that at
d = 1, 70/89 rational sparse bounds were tighter
than the dense counterparts. At d = 3 we find
that 6/88 sparse bounds were tighter, while at
d = 2 all dense bounds were tighter. This depen-
dency on the relaxation order can be explained
by two competing mechanisms, assuming cliques
with sufficiently small overlap: On the one hand,
the numerical bound difference λd − λsp

d is ex-

(a)

(b)

(c)

Figure 5: Difference in bound losses δd − δsp
d between

dense and sparse certification schemes for Bell inequal-
ities A2–A89 at relaxation orders d = 1 (a), d = 2 (b),
and d = 3 (c).

pected to increase with increasing d, as the sparse
hierarchy fails to capture the increasing amount
of clique overlap monomials. On the other hand,
the dense Gram matrix size grows more rapidly
with d, leading to a larger multiplicative factor
when computing the certified bounds λrat

d .
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5.3 Tilted CHSH inequality

As a last benchmark in the non-locality scenario
we investigated the performance of our scheme
to estimate the maximal quantum violation of
a variant of the so called tilted CHSH inequal-
ity [51], introduced in [52]:

Bt(θA, θB) =
∑
x,y

(−1)xy⟨AxBy⟩ + θA⟨A0⟩ + θB⟨B0⟩

≤ 2 + θA + θB. (69)

The study of said inequality poses a compu-
tationally relevant problem for our framework:
On the one hand, this tilted CHSH inequality is
self-testing, and the authors provide an analyt-
ical solution for its maximal quantum violation.
On the other hand, the authors show that this
tilted CHSH inequality is intractable using the
NPA hierarchy as θA + θB → 2, as increasingly
high relaxation levels are needed for convergence.
In fact, the authors showed, using the arbitrary-
precision solver SDPA-GMP [42], that for param-
eters θA = θB = 0.999, even NPA level d = 10
does not achieve the analytical optimal violation.
This provides an interesting application for the
certification scheme, as it allows us (a) to inves-
tigate its performance at high relaxation orders
without finite convergence and (b) compare com-
puted bounds to the exact maximum quantum
violations.

Figure 6: Numerical bounds λd and certified bounds λrat
d

with respect to the analytical maximal violation λmax of
the tilted CHSH inequality with parameters θA = θB =
0.999

As one can see in Figure 6, even though high-
precision calculations showed that the hierarchy
does not converge at the displayed relaxation or-
ders, the numerical upper bounds λd computed

with MOSEK are below the analytical maximum
for relaxation orders d > 4, resulting in wrong
bounds, which furthermore do not monotonically
decrease. On the other hand, our certification
scheme produces valid bounds at all relaxation
orders, with the tightest bound achieved at or-
der d = 7. In this scenario where numerical
bounds are stagnating, the certified bounds start
to worsen due to the rapid growth of sI

n,d with
respect to d.

6 Ground-state observables in quan-
tum many-body systems
A primary objective of quantum many-body
physics is to understand the properties of the
state of minimal energy, or ground state of a
physical system. A conceptually simple method
to do so is exact diagonalization, where one rep-
resents the Hamiltonian describing a system as
a matrix in a chosen basis and computes its
full eigenspectrum numerically [53]. While this
method provides numerically exact solutions, the
Hilbert space dimension typically grows exponen-
tially with the particle number N (for instance,
dim H = 2N for N spin-1/2 particles), render-
ing exact diagonalization infeasible rapidly. To
mitigate this, one often restricts the variational
ground-state search to physically motivated man-
ifolds [54]. Notably, tensor network methods [55],
e.g. Matrix-Product States or Projected Entan-
gled Pair States, have been shown to significantly
scale up the feasible problem sizes. However, a
variational Ansatz, in general, does not provide
any guarantee for how well the Ansatz space cap-
tures the actual ground state of the problem, and
can just provide upper bounds to the true ground-
state energy

Evar0 ≥ E0. (70)

For any other observable, variational methods
just offer an estimation, with no guarantee of how
close it is to the true value or whether it bounds it
from above or below. The NPA hierarchy consti-
tutes a counterpart to these variational Ansätze
by virtue of relaxation, hence allowing one to (nu-
merically) certify an interval for E0:

Evar0 ≥ E0 ≥ ESDP
0 . (71)

Now, in [2] the authors make use of such in-
equality constraints on the ground-state energy
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to obtain bounds on ground-state observables be-
yond the energy (e.g. magnetization and local
correlators). This constitutes a particularly in-
teresting application for our method, as it con-
stitutes one of the aforementioned iterative al-
gorithms, reusing SDP bounds of former runs in
consecutive programs. If wrong numerical lower
bounds are issued, ESDP

0 ≰ E0, imposing such
a wrong inequality in the computation of other
ground state observables might cause an accu-
mulation of errors. Our certification method pre-
cisely eliminates this failure mode by turning the
SDP output into a rigorously valid lower bound.

We start by applying our certification scheme
to the computation of ground state energies of the
translationally invariant J1 −J2 Heisenberg chain
with nearest- and second-nearest neighbor inter-
actions and periodic boundary conditions with
Hamiltonian

H = 1
4

N∑
i=1

∑
a∈{x,y,z}

(
σai σ

a
i+1 + J2 σ

a
i σ

a
i+2
)
, (72)

where σai denotes the Pauli operator of type a
acting on site i. We adapt the convention J1 = 1
from the underlying work.

In [2, 56], the authors exploit sparsity and var-
ious symmetries to significantly improve the scal-
ability of the hierarchy, allowing them to study
large system sizes. Exploiting the sign sym-
metry of the model lets one block-diagonalize
the dense Gram matrix into four smaller blocks
G(j), j ∈ {1, 2, 3, 4}. Due to the model’s sym-
metry under permutation of the Pauli operators
{σxi , σ

y
i , σ

z
i } , one can identify three of the blocks

with each other, leaving one with two indepen-
dent PSD blocks G(j), j ∈ {1, 2} which can be
further block diagonalized to blocks G

(j)
i , i ∈

{1, . . . , N/2+1} due to the translational symme-
try of the model. The associated transformation
is the discrete Fourier transform P ∈ CN×N :

Pi,j = 1√
N

e−2πi(i−1)(j−1)/N , i, j = 1, . . . , N.

(73)
For details on these symmetry exploitations the
reader is directed to [56].

After exploiting the symmetries, the numeri-
cal SOHS certificate for lower bounds λd to said

ground state problems can be obtained as

H

N
− λd ≃

[
1, (1s1 ⊗ P1) b⃗1

]∗
G

(1)
1

[
1, (1s1 ⊗ P1) b⃗1

]
+

N
2 +1∑
i=2

(
(1s1 ⊗ Pi) b⃗1

)∗
G

(1)
i

(
(1s1 ⊗ Pi⃗b1

)
(74)

+
N
2 +1∑
i=1

(
(1s2 ⊗ Pi) b⃗2

)∗
G

(2)
i

(
(1s2 ⊗ Pi) b⃗2

)
,

where b⃗j with |b⃗j | = Nsj are monomial bases of
the two sign symmetry sectors, 1sj denotes the
identity matrix of size sj , and Pi the i-th row
of P . Note that one can interpret the discrete
Fourier transformation as acting on the bases or
on the Gram matrix blocks. Hence, one can ei-
ther perform the projection on the polynomially
indexed blocks G(j)

i according to Lemma 9, or
inflate them back to the monomial basis and per-
form the projection according to Lemma 7. As
certification in the monomial basis becomes sig-
nificantly more expensive for large N (see Ap-
pendix C), all computations have been performed
in the symmetry-adapted basis. In this scenario,
the larger blocks G(j) are indexed by independent
monomial bases b⃗j , while their subblocks G

(j)
i

have monomial overlap in their indexing poly-
nomials (1sj ⊗ Pi)⃗bj . This hence represents an
instance featuring both sparsity and symmetry,
where an intermediate lifting between Theorems
8 and 10 can be applied:

λrat
d = λ̃d + min

i
{µi1min} ·Ns1 + min

i
{µi2min} ·Ns2,

(75)
where {µijmin} denotes the minimal eigenvalue of
block G(j)

i . We denote the arithmetic mean of the
minima involved by µmin =

∑
j mini{µijmin}/2.

Figure 7 shows the results for applying our cer-
tification scheme to a J1 −J2 Heisenberg chain up
to length N = 50. One can see from Figure 7a
that the certified bounds are consistent with the
upper bounds computed by DMRG, recovering
the results from [2]. Figure 7b shows the bound
shift by going from numerical to rational bounds
depending on N . What is remarkable here is that
in this scenario the bound shift decreases with an
increasing problem size. This can be explained
by the negative minimal µmin of the projected
blocks P(G̃(j)

i ) decreasing in magnitude with in-
creasing N (see Figure 7c), which indicates that
the numerical certificates carry a smaller error.
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This is most likely due to the fact that at larger
N more matrix elements (G(j)

i )α,β are assigned
to the same equivalence class under constraints
and symmetries, possibly leading to a more ef-
fective cancellation of errors. The second factor
preventing a rapid increase in δd is the total size
of all Gram matrices sI

n,d = N(s1 + s2), growing
linearly with N (Figure 7d) due to the transla-
tional invariance of the model. In conclusion, this
first experiment suggests that the numerical re-
sults of the certification method seem to improve
when symmetries are exploited. However, they
also come with an increased computational cost,
as it is shown in Appendix C.

One can extend the rationalization scheme to
observables beyond the ground state energy. The
numerical SOHS certificate then involves scalar
Gram multipliers κ1, κ2 > 0 that correspond to
the inequalities in E0. The corresponding numer-
ical certificate for lower (or upper) bounding an
observable O under previously established energy
constraints reads

±O
N

∓λd ≃
[
1, (1s1 ⊗ P1) b⃗1

]∗
G

(1)
1

[
1, (1s1 ⊗ P1) b⃗1

]
+

N
2 +1∑
i=2

(
(1s1 ⊗ Pi) b⃗1

)∗
G

(1)
i

(
(1s1 ⊗ Pi⃗b1

)

+
N
2 +1∑
i=1

(
(1s2 ⊗ Pi) b⃗2

)∗
G

(2)
i

(
(1s2 ⊗ P (i)) b⃗2

)
+ κ1(H − ESDP

0 ) + κ2(Evar0 −H). (76)

To obtain a rational certificate from the numer-
ical one, one first has to establish rational, certi-
fied bounds on E0 for the multiplier terms. For
the SDP bound we use the previously established
certified lower bounds on H. As establishing cer-
tified variational bounds is not the scope of this
work, we use Evar,rat0 = ˜(Evar0 + δE0) as a ratio-
nal upper bound, where δE0 is chosen larger than
the DMRG precision, and the rounding precision
η of lower magnitude than δE0 to ensure a valid
bound. Next, one proceeds to construct a rational
LHS featuring the rational inequality terms and
associated rationalized multipliers as described in
Section 3. As the aforementioned symmetry con-
siderations also hold in this scenario, one can then
proceed to perform the projection according to
Lemma 9 and obtain certified bounds as in (75).

We start by investigating nearest-neighbor cor-
relations ⟨σai σai+1⟩ in the J1 −J2 Heisenberg chain

(a) Certified lower bounds λrat
d and DMRG upper bounds to

E0

(b) Rationalization bound shift δd = λd − λrat
d

(c) Mean minimal eigenvalue µmin of the projected Gram
blocks P(G̃(j)

i )

(d) Total size of Gram matrices P(G̃(j)
i )

Figure 7: Numerical results for obtaining certified
bounds to the J1 − J2 Heisenberg chain ground state
energy depending on the problem size N . Computations
were performed at an intermediate relaxation order be-
tween d = 2 and d = 3.
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Figure 8: Certified bounds to nearest-neighbor correla-
tors ⟨σa

i σ
a
i+1⟩ in a J1 − J2 Heisenberg chain of length

N = 12. Computations were performed at an interme-
diate relaxation order between d = 3 and d = 4.

Figure 9: Bound shift δd for certified bounds on
⟨σa

i σ
a
i+1⟩ from Figure 8

of length N = 12 dependent on the second-
nearest neighbor couplings J2. The results are
shown in Figure 8, where we are able to certify
antiferromagnetic correlations ⟨σai σai+1⟩ < 0 for
all J2, recovering the results from [2]. Figure 9
shows the corresponding bound shifts δd, where
we find no obvious correlations between the shifts
δd and the coupling J2. As the problem size sI

n,d

is fixed for all J2, the differences in δd stem solely
from differences in minimal eigenvalues µijmin of
the projected Gram blocks. This indicates that
the numerical problem is equally well conditioned
for all J2, in stark contrast to the following ap-
plication.

Figure 10 shows certified bounds to second
neighbor spin correlations ⟨σai σai+2⟩ in the J1 −J2
Heisenberg chain of length N = 12. We are able
to certify ferromagnetic correlations ⟨σai σai+2⟩ > 0
for couplings J2 ≤ J+

2 < 0.5, and antiferromag-
netic correlations ⟨σai σai+2⟩ < 0 for J2 ≥ J−

2 >
0.5. Note that in the analysis of [2], the tran-
sition point was exactly at J2 = 0.5. At this
value, the so called Majumdar-Ghosh point, two
exactly degenerate ground states |ψ1⟩ and |ψ2⟩
emerge [57], leading to a distinct behavior in the

Figure 10: Certified bounds to second neighbor spin cor-
relations ⟨σa

i σ
a
i+2⟩ in the J1 − J2 Heisenberg chain of

length N = 12 for different values of J2. An intermedi-
ate relaxation order between d = 3 and d = 4 was used
for computations.

Figure 11: Bound shifts δd for certified bounds on
⟨σa

i σ
a
i+2⟩ from Figure 10.

observed bound shift, as displayed in Figure 11:
Remarkably, while for J2 ̸= 0.5 projected Gram
matrices P(G̃(j)

i ) with negative minimal eigenval-
ues µijmin < 0 emerge, for J2 = 0.5 the numerical,
as well as the projected Gram blocks, lie on the
interior of the PSD cone, carrying positive mini-
mal eigenvalues µijmin > 0 of relatively large mag-
nitude. This is in accordance with the observa-
tion of the SDP solver not being able to provide
an optimal solution at J2 = 0.5, but issuing a
feasible point: As the objective function is lin-
ear and the feasible set is the intersection of an
affine space L and the PSD cone, optimal numer-
ical solutions have to lie on the boundary of the
PSD cone and approximately fulfill µijmin ≈ 0. In
the case of µijmin > 0, we are able to tighten the
bounds to our problem by applying Theorem 6
(i) to shift the projected blocks from the interior
of the PSD cone to its boundary.

This apparent ill-conditioning can be explained
by the two-fold degeneracy of the ground state
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at J2 = 0.5: As |ψ1⟩ and |ψ2⟩ share exactly the
same ground state energy E0, any convex combi-
nation will do so too, leading to an increase in di-
mensionality of the optimal subspace. Hence, the
energy constraints employed to compute bounds
on ⟨σai σai+2⟩ do not restrict the search space
in the same manner as for problems with non-
degenerate ground states, as it is the case for the
other investigated values of J2 for a finite chain.

This phenomenon suggests that, while in gen-
eral our certification procedure produces weak-
ened bounds, it is possible to construct tighter
rational bounds λrat

d with respect to their numer-
ical counterpart λd if SDP solutions are issued
in the interior of the PSD cone. Conclusively,
this suggests a second possible application of our
method to obtain certified and tighter bounds to
problems which are intractable to SDP solvers.

7 Conclusion and Outlook

In this work we presented a constructive
method to obtain certified outer bounds to non-
commutative optimization problems by postpro-
cessing numerical data obtained from the NPA
hierarchy. We do so by extracting an exact
SOHS certificate from an SDP solver’s Gram
data, which consists of (1) rounding the data to
rationals (2) performing a Frobenius optimal pro-
jection back onto the affine constraint subspace,
and (3) a constraint dependent lifting of the pro-
jected Gram matrices into the PSD cone. We
further extended this procedure to sparsity and
symmetry-adapted scenarios, and analyzed the
method’s complexity relative to the underlying
SDP. We also provided a tightening procedure
which for PD projected Gram matrices leads to
tighter, certified bounds.

We then applied our method to obtain certified
bounds on (a) the maximal violation of a catalog
of bipartite Bell inequalities, and (b) quantum
many-body ground-state observables, where we
found moderate losses in tightness that reflect a
justified cost for obtaining rigorous guarantees.
In the sparse case we observed that sparse ratio-
nal bounds can become tighter than their dense
counterparts, while in the symmetry-adapted sce-
nario we identified a computational bottleneck
that we suspect to be common to any SDP-based
computer-assisted proof in arbitrary symmetry-
adapted bases. In addition, we also find that

in regimes of inexact SDP termination, the ra-
tional bounds can become tighter than their nu-
merical, uncertified counterparts, which is of in-
dependent interest when dealing with numerical
instabilities. In summary, we provided analytical
constructions and numerical evidence that pro-
mote numerical semidefinite relaxations toward
computer-assisted proofs in quantum theory.

Our method is readily extendable to modified
non-commutative hierarchies such as trace- or
state-optimization, as they differ from the pre-
sented hierarchy solely up to moment equality
constraints. Following the same argument, it is
also possible to extend this method to differen-
tially constrained non-commutative polynomial
optimization problems, allowing one to certify
non-polynomial quantities in quantum theory.
We also emphasize that if our post-processing
framework proves applicable to non-commutative
optimization problems arising in other applica-
tion domains, this would further enhance its sig-
nificance.

There are two main venues for further investi-
gation, namely (i) optimality of the bound-lifting
step in the dense case, and (ii) scalability in
the symmetry-adapted setting: Since our bound-
lifting strategy scales with the size of the Gram
blocks, which grows rapidly in the dense hierar-
chy, we observe increasing bound losses at higher
relaxation orders. A refined bound-lifting pro-
cedure featuring a more involved spectral analy-
sis of the Gram matrices, or a proof of optimal-
ity of the presented method hence deserve fur-
ther investigation. Secondly, as we showed in
Appendix C, when Gram blocks are indexed by
polynomial bases, even establishing the numerical
non-negativity certificate might exceed the cost of
solving the associated SDP. Understanding how
structure exploitation of the unitary basis change
might reduce the certificate complexity is hence
another open question. In addition, it would be
interesting to systematically quantify the depen-
dence of the certification loss on solver accuracy:
Using higher-precision solvers should yield more
accurate numerical certificates and hence smaller
bound differences δd, at the expense of compu-
tational efficiency. Regarding the last point, it
would be also interesting to obtain lower bounds
on the relaxed maxima, providing the counter-
part to our certified bounds and yielding certified
enclosures for the initial numerical upper bound,
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allowing one to further judge its quality, e.g., as
demonstrated in [38]. To do so, one has to apply
the projection on the dual (pseudo-moment) side
of the certificate, where the exact projection onto
the pseudo-moment cone poses the main techni-
cal challenge.

Beyond these directions, it would also be
worthwhile to further study the certification
scheme for numerically delicate instances in
which the solver returns solutions strictly inside
the PSD cone, and to systematically leverage such
cases to obtain tighter bounds.
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A Proof of Lemma 5
Proof of Lemma 5. We deal with the four differ-
ent constraint families separately.

Box and unipotency constraints. Assume
{ci}i=1,..,n = {1 − X2

i }i=1,..,n ⊆ G, e.g. Box con-
straints. We show that for ε > 0 there exists the
following rational decomposition

εsn,d = εv∗
dvd +

∑
i,k

q∗
ki(1 −X2

i )qki. (77)

with polynomials qki ∈ Qd−1⟨X⟩. To do so, we
first show that

1 = w∗w +
∑
i,k

q∗
ki(1 −X2

i )qki. (78)

for all monomials w with |w| ≤ d. Proceed by
induction on d. The variables Xj yield the base
case for words of length |w| = 1:

1 = X2
j + (1 −X2

j ). (79)

Assume the induction hypothesis (78) holds for
w with |w| ≤ d−1. Multiplying by Xj from both
sides gives

X2
j = u∗u+

∑
i,k

Xjq
∗
ki(1 −X2

i )qkiXj . (80)

with u = Xjw. Plugging this expression into (79)
yields

1 = u∗u+
∑
i,k

Xjq
∗
ki(1 −X2

i )qkiXj + (1 −X2
j )

which is of the desired form. Summing over all u
with |u| ≤ d and multiplying by ε proves the
claim (77). The full argument also holds for
unipotency constraints.

Ball constraints. Assume c1 = (1−
∑
iX

2
i ) ∈

G. We want to show the existence of

εsn,d1 = εv∗
dvd +

∑
k

r∗
krk +

∑
k

q∗
k

(
1 −

∑
i

X2
i

)
qk.

(81)
for ε > 0, rk ∈ Qd⟨X⟩ and qk ∈ Qd−1⟨X⟩. We
again proceed by induction on |w|, where we want
to show that for all w with |w| ≤ d

1 = w∗w +
∑
k

r∗
krk +

∑
k

q∗
k

(
1 −

∑
i

X2
i

)
qk.

(82)
The base case is again given by the variables Xj :

1 = X2
j +

∑
i̸=j

X2
i +

(
1 −

∑
i

X2
i

)
. (83)
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Assuming (82) holds for |w| ≤ d− 1, multiplying
the expression from both sides by Xj gives

X2
j = u∗u +

∑
k

Xjr
∗
krkXj+

∑
k

Xjq
∗
k

(
1−
∑

i

X2
i

)
qkXj .

(84)
Substitute into (83)

1 = u∗u+
∑
i̸=j

X2
i +

∑
k

Xjr
∗
krkXj (85)

+
∑
k

Xjq
∗
k

(
1 −

∑
i

X2
i

)
qkXj +

(
1 −

∑
i

X2
i

)
,

which again proves the claim (81) by summing
over all |u| ≤ d and scaling by ε.

Projection constraints. Assume {ci}ni=1 =
{Xi −X2

i }ni=1 ⊆ H. We want to show

εsn,d1 = εv∗
dvd +

∑
k

r∗
krk +

∑
i,k

q∗
ki(Xi −X2

i )qki.

(86)
Which, as in the other cases, is ensured if the
following holds for all w with |w| ≤ d:

1 = w∗w +
∑
k

r∗
krk +

∑
i,k

q∗
ki(Xi −X2

i )qki, (87)

which again is proven by induction. The follow-
ing holds for all j

1 = X2
j + (Xj − 1)2 + 2(Xj −X2

j ). (88)

Assuming (87) holds for |w| = d− 1, multiplying
it by X2

j gives

X2
j = u∗u +

∑
k

Xjr
∗
krkXj+

∑
i,k

Xjq
∗
ki(Xi−X2

i )qkiXj .

(89)
Plugging into (88) yields

1 = u∗u+
∑
k

Xjr
∗
krkXj +

∑
i,k

Xjq
∗
ki(Xi −X2

i )qkiXj

+ (Xj − 1)2 + 2(Xj −X2
j ) (90)

which is of the target SOHS form, yielding (86)
by summing over all words and multiplying by ε.
We note that the same argument also holds for
{ci}ni=1 ⊆ G.

In all three cases, we obtain the desired SOHS
decomposition for fsn,d. The summing argument
holds when working over a quotient algebra by
replacing sn,d → sI

n,d, as well as when restricted
to specific variable subsets in the sparse case, as
in Theorem 8.

B Proof of Theorem 6

Proof of Theorem 6. We start by proving the
tightening scheme (i) from the Theorem.

Let
(
λ̃d,P(G̃0)

)
be an exact pre-certificate ob-

tained after rounding and projection

λ̃d1 − f = v∗
dP(G̃0) vd mod I, (91)

and let P(G̃0) ≻ 0 admit a positive lower bound
µmin > 0 to its eigenspectrum. Recall the follow-
ing constant SOHS decomposition from Equation
77 in Appendix A:

sn,d1 = v∗
dvd +

∑
i,k

q∗
ki(1 −X2

i )qki (92)

Multiplying by any ε ∈ R and working modulo
the underlying ideal then yields the following re-
lation

εsI
n,d1 = εv∗

dvd mod I (93)

where this holds particularly for ε < 0 and hence
for ε = −µmin < 0. This relation follows from
the vector space property of the ideal. Adding
Equations 91 and 93 then yields the following
certificate in the quotient space(

λ̃d1 − µmins
I
n,d

)
− f = (94)

v∗
d

(
P(G̃0) − µmin1

)
vd mod I,

which certifies λrat
d =

(
λ̃d − µmins

I
n,d

)
< λ̃d as an

upper bound to the optimization problem.
We will now prove the second tightening

scheme (ii) of the Theorem. Again, assume an ex-
act precertificate as in Equation 91, where no fur-
ther assumptions on the constraints of the prob-
lem are taken. Our goal is to find the maximum
τ > 0 such that the following rank-1 downdate is
still PSD:

P(G̃0) − τe0e
∗
0 ⪰ 0 (95)

considering such downgraded matrix then leads
to the following SOHS decomposition(
λ̃d − τ

)
1 − f = v∗

d

(
P(G̃0) − τe0e

∗
0
)
vd mod I, .

(96)
Start by considering the following block hermi-
tian matrix

S :=
(

P(G̃0) e0
e∗

0 τ−1

)
(97)
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Now, the Schur complement of τ−1 lets one char-
acterize the PSD condition 95:(

P(G̃0) − τe0e
∗
0

)
⪰ 0 ⇔ S ⪰ 0 (98)

On the other hand, the Schur complement of
P(G̃0) yields

τ−1 − e∗
0P(G̃0)−1e0 ≥ 0 ⇔ S ⪰ 0. (99)

Putting both arguments together yields(
P(G̃0) − τe0e

∗
0

)
⪰ 0 ⇔ τ ≤ 1

e∗
0P(G̃0)−1e0

(100)
Hence, for τ = 1

e∗
0P(G̃0)−1e0

, Equation 96 is a valid
SOHS certificate, certifying λrat

d = λ̃d − τ as a
valid upper bound to the optimization problem.
One finds τ ∈ [µmin, µmax] due to the relation of
the eigenspectra of P(G̃0) and its inverse. We
also note that as P(G̃0) ∈ QsI

n,d×sI
n,d we have

τ ∈ Q, which is why no further rationalization
is needed if the exact inverse of P(G̃0) is com-
puted.

C Complexity considerations
In this section we address the computational com-
plexity of the projection schemes in Lemmas 7
and 9 (dense, sparse, and symmetry-adapted), as
well as the complexity to compute the associated
bound shift δd.

First we show that the projection scheme (7),
dense or sparse, over a binomial ideal is computa-
tionally less complex than solving the underlying
SDP. We give the argument in the sparse case
as it trivially includes the dense case. We adopt
the standard interior-point complexity model, in
which an SDP with S blocks of maximal size N
requires O(SN3) arithmetic operations per iter-
ation, and O(

√
SN) iterations [58]. As the scal-

ing with respect to the number of constraints in-
volved is not made explicit, this constitutes an
agnostic lower bound on the overall complexity.

According to Theorem 8, the Frobenius opti-
mal projection over a quotient space generated
by a binomial ideal is given by

∆(k)
α,β =

rN (α∗β)
nI(α, β, k) (101)

Now, for S cliques and associated Gram blocks
with largest blocksize N , this update has asymp-
totic complexity O(SN2). To compute the maps

nI(α, β, k), one has to iterate over all blocks
S of maximal size N2, also yielding complexity
O(SN2). Now, once the maps nI(α, β, k) are
computed, the residuals rN (α∗β) are also obtained
in O(SN2) according to Equation (46), leading
to a total complexity of O(SN2), which is domi-
nated by the SDP cost per iteration of O(SN3).

We are now going to show that in the case of
Gram matrices indexed by non-monomial bases,
as it is the case when a Gram matrix is block di-
agonalized due to symmetry, the computational
complexity of the rationalization scheme can be-
come dominant depending on the problem param-
eters.

Assume a given Gram matrix can be block di-
agonalized due to symmetries of the problem, as
it is the case in [2]. Assume that after block-
diagonalization we are again left with S blocks of
maximal size N . Each Gram block k is indexed
by a polynomial basis

b
(k)
i =

∑
α∈SN

b
(k)
α,ivα (102)

where (vα)SNα=1 indexes the Gram matrix G0,
e.g., constitutes the monomial indexing basis be-
fore block diagonalization. The naive projec-
tion would be to transform the large block di-
agonal matrix back to the monomial basis, losing
the block diagonal structure and ending up with
complexity O(S2N2) according to the previous
dense argument. In that case, the algorithm is
quadratic in S while the SDP solving cost is lin-
ear in S. Thus, in the case of many small blocks,
performing the projection in the monomial basis
might become more costly than solving the SDP.

Secondly, one can perform the projection di-
rectly in the polynomial basis as in Lemma 9.
Defining all variables accordingly, the numerical
certificate reads

N (f − λ1)t ≈
∑
i,j,k

ñtijkG
(k)
ij (103)

Now, in case of the underlying ideal I being bi-
nomial, the map ntijk reads

ñtijk =
SN∑
α,β

(b(k)
i,α)∗b

(k)
j,βδN (α∗β),t (104)

In the most general case, each indexing polyno-
mial b(k)

i can have the whole monomial basis of
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size SN as its support. This leads to a com-
plexity of building ñtijk in a polynomial basis of
O(S2N2), which for large S dominates the linear
cost in S per SDP iteration.

The complexity argument above also holds
for the establishment of numerical SOHS certifi-
cates involving symmetries from SDP data and is
hence independent of our rationalization scheme.
This implies that any SOHS-based proof for non-
negativity in symmetry-adapted bases might be-
come computationally more complex than solv-
ing the underlying SDP, which constitutes a gen-
eral bottleneck for SDP assisted proofs for non-
negativity in symmetry-adapted scenarios.

Note that besides the asymptotic argument,
there is an associated cost per arithmetic oper-
ation performed in rational numbers. Depend-
ing on the rounding accuracy, the rationalized
Gram matrix entries will have numerators and
denominators of large bit size. Depending on the
size of the rational numbers, rational arithmetic
can become orders of magnitude more expen-
sive than the associated operations using float-
ing point numbers. This introduces a degree of
freedom, where one can trade rounding accuracy
and hence quality of the result for computational
complexity.

In addition to performing the projection, to ob-
tain a certified bound λrat

d , one needs to compute
the minimal eigenvalues of the projected Gram
matrices, where in the sparse case this results
in complexity O(SN3), which is dominated by
the overall SDP complexity. In the symmetry-
adapted scenario, while the projection complexity
is independent of the choice of basis, the eigen-
value computation complexity does heavily de-
pend on the choice: Performing the eigenvalue
computation in the inflated monomial basis re-
sults in a complexity of O(S3N3) while com-
puting the eigenvalues in the block-diagonal ba-
sis has complexity O(SN3). Hence, for large
S the eigenvalue computation in the monomial
basis might become more costly than solving
the underlying SDP, while the computation in
the symmetry-adapted basis is always cheaper.
Hence, from a computational point of view, it
is preferable to perform the certification scheme
in the symmetry-adapted basis than translating
back to the monomial basis.

These asymptotic considerations are consistent
with our numerical observations: In the Bell ex-

ample, projection and eigenvalue costs remain
negligible relative to the SDP solving, while in
the many-body scenario the combination of high
rounding precision and a large number of small
blocks lead to the projection eventually becom-
ing the bottleneck of the computation.
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