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This paper presents a counterexample
to the optimality conjecture for the trace
distance based optimal state transforma-
tion problem proposed by Coutts et al.
[Quantum 5, 448 (2021)]. The conjecture
posits that for the trace distance based op-
timal state transformation problem, apply-
ing the sign function to the error matrix
uniquely determines a dual certificate for
every optimal solution. By constructing
a counterexample in 2-dimensional Hilbert
spaces, we disprove this conjecture.

1 Introduction

The optimization problems over quantum chan-
nels and measurements are fundamental to
quantum information theory. Previous stud-
ies have established optimality conditions for
various quantum information optimization prob-
lems, ranging from the optimal quantum mea-
surement problem [1, 2] to semidefinite program-
ming formulations for quantum state discrimina-
tion [3]. Mathematically, many of these optimiza-
tion problems can be formulated as convex opti-
mization problems, especially those defined over
the semidefinite cone that involve minimizing the
nuclear norm (trace norm) of an affine function of
the Choi matrix. While numerical methods such
as semidefinite programming (SDP) are available
to solve these problems, verifying the optimality
of the solutions remains a significant theoretical
and computational challenge.

The certification of optimality is an important
component in the field of optimization. For gen-
eral convex optimization problems, the Karush-
Kuhn-Tucker (KKT) conditions offer a general
method to verify optimality, typically requiring
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the computation of dual problems. However, in
some special cases, including group synchroniza-
tion [4, 5], semidefinite programming [6], and
quantum channel optimization [7], the certifica-
tion of optimality without solving dual problems
has become an effective approach. These meth-
ods use properties of primal solutions, avoiding
computational costs for dual problems.

This paper considers the optimality conditions
for the trace distance based optimal state trans-
formation problem. Coutts et al. conjectured
that a dual certificate could be uniquely deter-
mined through the spectral calculus of the error
matrix of an optimal channel [7, Conjecture 11].
They provided optimality conditions based on the
subdifferential of the trace norm, proving that
when the error matrix of an optimal channel is
full-rank, the dual certificate is uniquely deter-
mined via the spectral calculus of the error ma-
trix. However, the general case where the error
matrix is a singular (rank-deficient) matrix still
remains unsolved. In this case, the subdifferen-
tial is no longer a singleton. Based on numerical
experiments, the authors conjectured that a spe-
cific operator by setting the sign of zero eigenval-
ues to zero would provide a necessary and suffi-
cient condition for optimality. If this conjecture
is true, this would imply that the optimality of a
quantum channel could always be certified by a
spectral calculus efficiently. By introducing addi-
tional symmetry to the trace distance optimiza-
tion problem, we reduce the nuclear norm mini-
mization problem over the 4×4 positive semidef-
inite cone to an equivalent 2-dimensional linear
programming (LP) problem. This reduction al-
lows us to construct a counterexample, where the
conjectured spectral condition fails to provide a
dual certificate.

A key theoretical approach in this work is
the adoption of symmetry to simplify the opti-
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mization problems, which is an important ap-
proach for solving large-scale optimization prob-
lems. When an optimization problem admits
symmetric structures, it can be reduced to a sim-
pler one via group theory and operator algebra
theory. In the fields of polynomial optimiza-
tion and matrix optimization, symmetry reduc-
tion methods have been extensively studied [8, 9].

1.1 Contributions
This work provides a negative answer to the con-
jecture by Coutts et al. Our contributions are
summarized as follows:

Symmetry Reduction: We propose a sym-
metry reduction approach that transforms the
optimization problem from the high-dimensional
convex set of quantum channels (i.e., completely
positive and trace-preserving linear maps) to a
low-dimensional linear programming (LP) prob-
lem. This dimensional reduction substantially
narrows the search space of counterexamples.

Counterexample to the Conjecture: An
explicit counterexample is constructed to the con-
jecture proposed by Coutts et al. [7]. This con-
struction shows that the conjectured spectral cal-
culus of the error matrix is insufficient to certify
optimality.

2 Notations and Preliminaries
Let H and K be finite-dimensional complex
Hilbert spaces, H⊗K their tensor product, L(H)
the set of bounded linear operators acting on H,
D(H) ⊆ L(H) the set of density operators on
H, CP(H, K) the set of completely positive lin-
ear maps from L(H) to L(K), and C(H, K) ⊆
CP(H, K) the set of completely positive and
trace-preserving linear maps (quantum channels)
from L(H) to L(K), and 1H ∈ L(H) is the iden-
tity operator. Moreover, IdL(H) : L(H) → L(H)
denotes the identity map on L(H). Let TrH :
L(H ⊗ K) → L(K) be the partial trace over H,
i.e., for any operator X = ∑

i Ai ⊗Bi ∈ L(H⊗K)
with Ai ∈ L(H) and Bi ∈ L(K)

TrH(X) =
∑

i

Tr(Ai)Bi,

where Tr(·) denotes the standard trace. For a
quantum channel Φ ∈ C(H, K), define its Choi

representation J(Φ) ∈ L(K ⊗ H) as

J(Φ) :=
d−1∑

i,k=0
Φ (|i⟩H ⟨k|) ⊗ |i⟩H ⟨k| , (1)

where {|i⟩H}d−1
i=0 is a given orthonormal basis of

H, and {|i⟩H ⟨k|}d−1
i,k=0 is the canonical basis of the

space of linear operators acting on H.
In [7], the authors have the following conjecture

regarding the optimality condition of a quantum
channel:

Conjecture 2.1 ([7, Conjecture 11]). Let X ,
Y, and Z be finite-dimensional complex Hilbert
spaces, for given density operators ρ ∈ D(X ⊗ Z)
and σ ∈ D(Y ⊗ Z). Let Φ ∈ C(X , Y) be a quan-
tum channel, define Y by the following spectral
calculation:

Y = sign
(
σ − (Φ ⊗ IdL(Z))(ρ)

)
,

then Φ is an optimal solution to the nuclear norm
minimization problem

min
Φ

∥σ − (Φ ⊗ IdL(Z))(ρ)∥∗

s.t. Φ ∈ C(X , Y),
(2)

if and only if the operator

H =
(
IdL(Y) ⊗Ψ∗

ρ

)
(Y ) (3)

satisfies TrY(HJ(Φ)) ∈ Herm(X ) and

H ⪰ 1Y ⊗ TrY(HJ(Φ)), (4)

where Ψρ ∈ CP(X , Z) is the completely pos-
itive map satisfying the condition that for all
Φ ∈ C(X , Y),

(Φ ⊗ IdL(Z))(ρ) = (IdL(Y) ⊗Ψρ)(J(Φ)), (5)

and Ψ∗
ρ is its adjoint operator.

Moreover, in [7, Corollary 10], the authors
proved that when σ−(Φ⊗IdL(Z))(ρ) is a full-rank
matrix, the conjecture holds true. Therefore, this
conjecture is a natural extension of their result to
the general case.

3 Reduction via Symmetry Structure
Problem (2) is defined over the convex set of
quantum channels, making it challenging to di-
rectly construct a counterexample. In this sec-
tion, we introduce several specific symmetry
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structures to the Problem (2), which allow us
to reduce the original optimization problem from
a high-dimensional positive semidefinite cone to
a lower-dimensional linear programming (LP)
problem.

Let X , Y , and Z be 2-dimensional complex
Hilbert spaces. To differentiate between their
bases, these bases are explicitly distinguished by
denoting the basis of X as {|0⟩X , |1⟩X }, and sim-
ilarly for Y and Z.

3.1 Reduction via the Symmetry of the Density
Operator
Define the density operator corresponding to the
Bell state ρ0 ∈ D(X ⊗ Z) with

ρ0 := 1
2

1∑
i=0

1∑
j=0

|i⟩X ⟨j| ⊗ |i⟩Z ⟨j| . (6)

Then we have the following result for such ρ0.

Proposition 3.1. Let ρ0 be defined as in (6) and
Ψρ0 be the associated completely positive map.
Then for any Φ ∈ C(X , Y),

(IdL(Y) ⊗Ψρ0)(J(Φ)) = 1
2J(Φ) (7)

under the linear space isomorphism IX →Z : X →
Z defined by |i⟩X 7→ |i⟩Z .

Proof. For any Φ ∈ C(X , Y), by (1), we have

J(Φ) =
1∑

i=0

1∑
j=0

Φ(|i⟩X ⟨j|) ⊗ |i⟩X ⟨j| (8)

and by (5) we also have

(Φ ⊗ IdL(Z))(ρ0) = (IdL(Y) ⊗Ψρ0)(J(Φ))

=
1∑

i,j=0
Φ(|i⟩X ⟨j|) ⊗ 1

2 |i⟩Z ⟨j| .

(9)
By comparing (8) and (9), one can obtain

(IdL(Y) ⊗Ψρ0)(J(Φ)) = 1
2J(Φ)

under the linear space isomorphism IX →Z .

Clearly, for ρ0 defined in (6) and any σ ∈ D(Y⊗
Z), the nuclear norm optimization problem (2)
can be reformulated as follows.

min
X̃

∥σ − (IdL(Y) ⊗Ψρ0)(X̃)∥∗

s.t. X̃ ∈ J(C(X , Y)).

By Proposition 3.1, the map (IdL(Y) ⊗Ψρ0) is
a scalar multiplication under the isomorphism.
Formally, let 1Y ⊗ IX →Z be the linear isomor-
phism mapping Y⊗X to Y⊗Z, with |i⟩Y⊗|j⟩X →
|i⟩Y ⊗ |j⟩Z .

Since

J(C(X , Y)) =
{

X̃ ∈ L(Y ⊗ X ); X̃ ⪰ 0,

TrY(X̃) = 1X
}

,

the optimization problem (2) is equivalent to:

min
X̃∈L(Y⊗X )

∥∥∥∥σ − 1
2UX̃U†

∥∥∥∥
∗

s.t. X̃ ⪰ 0,

TrY(X̃) = 1X ,

(10)

where U = 1Y ⊗ IX →Z .
For simplicity, one may equivalently define the

variable

X = (1Y ⊗ IX →Z) X̃ (1Y ⊗ IX →Z)† ∈ L(Y ⊗Z).

Then the problem (10) simplifies to

min
X∈L(Y⊗Z)

∥∥∥∥σ − 1
2X

∥∥∥∥
∗

s.t. X ⪰ 0
TrY(X) = 1Z .

(11)

In the remainder of this work, we no longer dis-
tinguish between X and X̃.

3.2 Reduction via Group Invariance
Group invariance is commonly utilized to simplify
optimization problems. In this subsection, we use
this property to further simplify Problem (11).
When σ is a diagonal matrix, we have the follow-
ing result.

Proposition 3.2. If σ is a diagonal matrix, then
problem (11) admits a diagonal optimal solution.

Proof. This result follows from group invariance.
Let G be the subgroup of diagonal unitary ma-
trices defined as

G =


1∑

i,j=0
ui,j |j⟩Y ⟨j| ⊗ |i⟩Z ⟨i| ∈ L(Y) ⊗ L(Z);

uij ∈ {−1, 1}, u00u10 = u01u11} .
(12)

Define the group action of an element U ∈ G on
L(Y ⊗Z) as U(X) = UXU †. One can verify that
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• If X ⪰ 0, then U(X) ⪰ 0.

• If TrY(X) = 1Z , then TrY(U(X)) = 1Z .

• U(σ) = σ and thus∥∥∥∥σ − 1
2U(X)

∥∥∥∥
∗

=
∥∥∥∥σ − 1

2X

∥∥∥∥
∗
.

That is, if X is a feasible solution to problem
(11), then U(X) is also a feasible solution, and
the values of the objective function are equal.
Thus, if X is an optimal solution to the prob-
lem (11), then the matrix

XG := 1
|G|

∑
U∈G

U(X)

is also an optimal solution, and it is invariant
under group action, that is, U(XG) = XG for all
U ∈ G.

For i, j, k, l ∈ {0, 1} with |i⟩Y |j⟩Z ̸= |k⟩Y |l⟩Z
there exists an element U ∈ G such that

U |i⟩Y |j⟩Z = |i⟩Y |j⟩Z

and
U |k⟩Y |l⟩Z = − |k⟩Y |l⟩Z ,

then

Tr(XG |k⟩Y ⟨i| ⊗ |l⟩Z ⟨j|)
= Tr(UXGU † |k⟩Y ⟨i| ⊗ |l⟩Z ⟨j|)
= Tr(XGU † |k⟩Y ⟨i| ⊗ |l⟩Z ⟨j|U)
= − Tr(XG |k⟩Y ⟨i| ⊗ |l⟩Z ⟨j|),

which implies that XG is a diagonal matrix.

This result shows that when σ is a diagonal
matrix, constraining the feasible set to diagonal
matrices reduces the original nuclear norm min-
imization problem (11) to an equivalent ℓ1-norm
minimization problem on vectors.

Remark 3.3. The existence of a diagonal opti-
mal solution proved in Proposition 3.2 can be ex-
tended to any convex, G-invariant objective func-
tion f : L(Y ⊗ Z) → R i.e., f(UXU †) = f(X)
for any X and U ∈ G.

Note that, for any diagonal matrix X, the
spectral calculus reduces to applying the func-
tion directly to the diagonal entries. Specifically,
if X = diag(x11, x22, . . . , xnn), then sign(X) =
diag(sign(x11), sign(x22), . . . , sign(xnn)).

4 Counterexample
Using the symmetry reduction established in Sec-
tion 3, we significantly narrow the search space
for a counterexample. In this section, we will
construct a pair of diagonal matrices σ and X to
disprove Conjecture 2.1. The main result is as
follows:

Theorem 4.1. There exists a 2-dimensional op-
timal state transformation problem where an op-
timal solution Φ violates the conjectured optimal-
ity conditions in Conjecture 2.1. Moreover, it
satisfies that

1Y ⊗ TrY(HJ(Φ)) ̸⪰ H,

and
H ̸⪰ 1Y ⊗ TrY(HJ(Φ)).

Now we are ready to construct the counterex-
ample, the counterexample is constructed via nu-
merical methods1, but the verification of optimal-
ity is analytic.

Lemma 4.2. Let ρ0 be defined as in (6), define
σ by

σ := 11
20 |0⟩Y ⟨0| ⊗ |0⟩Z ⟨0| + 1

5 |0⟩Y ⟨0| ⊗ |1⟩Z ⟨1| +
3
20 |1⟩Y ⟨1| ⊗ |0⟩Z ⟨0| + 1

10 |1⟩Y ⟨1| ⊗ |1⟩Z ⟨1| ,

and X∗ by

X∗ := 1 |0⟩Y ⟨0| ⊗ |0⟩Z ⟨0| + 2
5 |0⟩Y ⟨0| ⊗ |1⟩Z ⟨1| +

3
5 |1⟩Y ⟨1| ⊗ |1⟩Z ⟨1| .

Then X∗ is an optimal solution to the prob-
lem (11). Consequently, the corresponding quan-
tum channel Φ is also an optimal solution to the
original problem (2). However, Φ does not satisfy
the optimality conditions in (4).

Proof. Since TrY(X∗) = 1Z , X∗ is a feasible so-
lution. By Proposition 3.2, Problem (11) admits
a diagonal optimal solution, so it suffices to ver-
ify the optimality of X∗ over the set of diagonal
feasible solutions. One can directly verify the

1The source code for constructing and verifying the
counterexample is available at https://github.com/
jty-AMSS/Quantum-Channel-Optimality-Conjecture.
AI tools were used to assist in the development and
refinement of these scripts.
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optimality of X∗, by parameterizing the feasible
set of (11) with two real parameters α, β ∈ [0, 1].
Specifically, the diagonal entries of any feasible
diagonal matrix can be written as

X =
1∑

i=0

1∑
j=0

xij |i⟩Y ⟨i| ⊗ |j⟩Z ⟨j| ,

with x00 = α, x10 = 1 − α and x01 = β, x11 =
1 − β.

Consequently, the objective function reduces
to a scalar function f(α, β) on [0, 1] × [0, 1]:

f(α, β) =
∥∥∥∥σ − 1

2X

∥∥∥∥
∗

=
(∣∣∣∣11

20 − α

2

∣∣∣∣ +
∣∣∣∣α

2 − 7
20

∣∣∣∣) +(∣∣∣∣1
5 − β

2

∣∣∣∣ +
∣∣∣∣β

2 − 2
5

∣∣∣∣)
≥

∣∣∣∣11
20 − 7

20

∣∣∣∣ +
∣∣∣∣1
5 − 2

5

∣∣∣∣ = 2
5 .

(13)

The inequality is directly from the triangle in-
equality. Since the constructed X∗ (with α = 1
and β = 2

5) attains this lower bound exactly, it
is optimal.

Define

∆ := σ − 1
2X∗ = 1

20 |0⟩Y ⟨0| ⊗ |0⟩Z ⟨0| +
3
20 |1⟩Y ⟨1| ⊗ |0⟩Z ⟨0| +(

−1
5

)
|1⟩Y ⟨1| ⊗ |1⟩Z ⟨1| .

Since ∆ is a diagonal matrix, its spectral calcu-
lation is as follows:

Y := sign(∆)
= |0⟩Y ⟨0| ⊗ |0⟩Z ⟨0| + |1⟩Y ⟨1| ⊗ |0⟩Z ⟨0| +

(−1) |1⟩Y ⟨1| ⊗ |1⟩Z ⟨1| .

Since (IdL(Y) ⊗Ψρ0)(X) = 1
2X, its adjoint op-

erator is (IdL(Y) ⊗Ψ∗
ρ0)(Y ) = 1

2Y . As proposed
in (3), let

H := (IdL(Y) ⊗Ψ∗
ρ0)(Y ),

by the preceding discussion, H = 1
2Y , therefore

H =1
2 |0⟩Y ⟨0| ⊗ |0⟩Z ⟨0| + 1

2 |1⟩Y ⟨1| ⊗ |0⟩Z ⟨0| +(
−1

2

)
|1⟩Y ⟨1| ⊗ |1⟩Z ⟨1| ,

(14)

and

HX∗ =1
2 |0⟩Y ⟨0| ⊗ |0⟩Z ⟨0| +(

− 3
10

)
|1⟩Y ⟨1| ⊗ |1⟩Z ⟨1| ,

then

TrY(HX∗) = 1
2 |0⟩Z ⟨0| − 3

10 |1⟩Z ⟨1| ,

and thus

1Y ⊗ TrY(HX∗) =1
2 |0⟩Y ⟨0| ⊗ |0⟩Z ⟨0| +(

− 3
10

)
|0⟩Y ⟨0| ⊗ |1⟩Z ⟨1| +

1
2 |1⟩Y ⟨1| ⊗ |0⟩Z ⟨0| +(

− 3
10

)
|1⟩Y ⟨1| ⊗ |1⟩Z ⟨1| .

(15)
By comparing the coefficients of terms |1⟩Y ⟨1| ⊗
|1⟩Z ⟨1| and |0⟩Y ⟨0| ⊗ |1⟩Z ⟨1| in (14) and (15),
we obtain that

1Y⊗TrY(HX∗) ̸⪰ H and H ̸⪰ 1Y⊗TrY(HX∗).

5 Conclusion

In this paper, we study the optimality conditions
for the trace distance based optimal state trans-
formation problem. While the prior research con-
firmed dual certificate is uniquely determined via
spectral calculus when the error matrix is full-
rank, the efficiently verifiable optimality condi-
tions for the rank-deficient (singular) error ma-
trices have remained an open question.

By exploiting the problem’s symmetry struc-
tures, we reduce the space of quantum channels
to a diagonal subspace and construct a counterex-
ample disproving the conjecture in [7]. Our coun-
terexample shows that the conjectured spectral
condition is insufficient to certify the optimality
in the general case.

It is worth noting that in [7], the authors re-
ported that dual certificates computed via the
spectral sign function are valid in their numerical
experiments. Our results provide a counterpoint
by presenting an explicit case where this specific
spectral calculus fails. Consequently, when the
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error matrix is rank-deficient, the information ob-
tained from spectral calculus alone is insufficient
to certify optimality, as a dual certificate may ex-
ist elsewhere within the subdifferential set.
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