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We provide the first systematic technique
for deriving witnesses of contextuality in

prepare-transform-measure scenarios.
More specifically, we show  how
linear quantifier elimination can

be used to compute a polytope of
correlations consistent with generalized

noncontextuality in such scenarios.

This polytope is specified as a set of
noncontextuality inequalities that are
necessary and sufficient conditions for
observed data in the scenario to admit
of a classical explanation relative to
any linear operational identities, if one
ignores some constraints from diagram
preservation. While including these latter
constraints generally leads to tighter
inequalities, it seems that mnonlinear
quantifier elimination would be required
to systematically include them. We also
provide a linear program which can certify
the nonclassicality of a set of numerical data
arising in a prepare-transform-measure
experiment. We apply our results to get
a robust noncontextuality inequality for
transformations that can be violated within
the stabilizer subtheory. Finally, we give
a simple algorithm for computing all the
linear operational identities holding among
a given set of states, of transformations, or
of measurements.
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1 Introduction

A  well-motivated and universally applicable
method for demonstrating that a theory
or data set cannot be explained -classically
is to prove that it cannot be reproduced
in any generalized-noncontextual ontological
model [1]. This notion of classicality is
motivated by a form of Leibniz’s principle
of the identity of indiscernibles [2]. It
also coincides with the natural notion of
classical explainability used in quantum optics,
namely positivity of some quasiprobability
representation [3-5], and also coincides with
the natural notion of classical explainability
in the framework of generalized probabilistic
theories [4-6], namely linear embeddability into
a simplicial theory. In the latter framework,
the simplicity and naturalness of this notion
of classical explainability is made especially
manifest: Given a circuit of gates on any set of
systems, such a classical explanation associates
to each system a random variable and (linearly)
associates to each gate a stochastic map over
the random wvariables associated with the gate’s
inputs, such that the composition of the stochastic

maps reproduces the predictions of the circuit [5].

A major advantage of this notion of
nonclassicality over other standard notions
is that it has wuniversal applicability. Given
any experiment or theory, one can always ask
whether or not there exists any noncontextual
model for it.
Bell inequalities [7] (or more general causal
compatibility inequalities [8]), which apply only
to specific causal structures. Nor is it true of
Kochen-Specker noncontextuality [9], which
refers only to the structure of measurements,
not transformations or states (much less full
theories). Macroscopic realism as traditionally
defined [10] also applies only in particular
scenarios (e.g., those with sequences of
measurements). However, it has been shown
that a simpler yet more sophisticated definition
of macroscopic realism can be given in the
framework of generalized probabilistic theories,
and this notion can be applied universally in
the same way that generalized noncontextuality
can [11]. Still, macroscopic realism is (obviously)
not well motivated for systems that are not
macroscopic, so in practice it is very rarely
relevant in actual quantum experiments (and

This is not true of violations of

even when it is, generalized noncontextuality
is equally relevant and very closely linked to
it [11]).

The universal applicability of this notion
of nonclassicality allows for the unified study,
comparison, and classification of arbitrary
phenomena within quantum theory—or indeed
any operational theory—in terms of which
are classical and which are nonclassical.
Such studies have been carried out for
phenomena relating to computation [12, 13],
state discrimination [14-17], interference [18-20],
compatibility [21-23], uncertainty relations [24],
metrology [25], thermodynamics [25, 26], weak
values [27, 28], coherence [29, 30|, quantum
Darwinism  [31], information  processing
and communication [32-38], cloning [39],
broadcasting  [40], and (as mentioned
above) Bell [41-43] and Kochen-Specker
scenarios [44-50].

Among proofs that the operational statistics
of some experimental set-up fail to admit of a
noncontextual’ ontological model, an important
distinction is whether they are noise-robust or
not.

Proofs that have the form of a no-go theorem
generally only demonstrate that certain idealized
operational statistics predicted by quantum
theory cannot be realized in a noncontextual
ontological model. But such proofs generally
do not apply to noisy experimental data
because such data may deviate significantly
from the idealized predictions. A common
route to noise-robust tests of the existence

of a noncontextual ontological model are
noncontextuality inequalities [32, 45, 51, 52].
These are constraints on the operational
statistics that are satisfied if and only if
a noncontextual ontological model of the
statistics exists. (Another route is via

searching for simplex-embeddings [4,53].) Such
tests also provide a means of defining the
classical-nonclassical boundary for the statistics
in an arbitrary operational theory, including
alternatives to quantum theory [54,55].

A second important distinction among proofs
concerns the nature of the experimental set-up:
Most existing proofs posit a set-up wherein
a system is subjected to one of a set of

"Here and henceforth, we use the shorthand term
noncontextual to mean generalized noncontextual.




preparation procedures followed by one of a
set of measurement procedures, a form that is
termed a prepare-measure scenario. There are
some proofs that consider a preparation stage
followed by a sequence of measurements, where
at each step of the sequence, one of a set
of measurements is implemented) [26-28, 56-58].
There are also some proofs wherein one of a
set of transformation procedures is implemented
between the preparation and the measurement
stages of the experiment, a form that is termed
a prepare-transform-measure scenario and which
is depicted in Fig. 1(a) [1,3,12,30,39,59].”

This work is concerned with
deriving noise-robust noncontextuality
inequalities for this last type, namely,
prepare-transform-measure  scenarios. We

follow an approach like that of Ref. [60],
which gave an algorithm for determining the
full set of noncontextuality inequalities for a
prepare-measure scenario relative to a fixed set of
linear operational identities among the states and
a fixed set of linear operational identities among
the effects. The present manuscript aims to
extend these ideas to prepare-transform-measure
scenarios, by providing an algorithm for deriving
noncontextuality inequalities in any such
scenario, relative to any fixed set of linear
operational identities. These inequalities are
necessary but not sufficient for the existence
of a noncontextual model relative to these
operational identities, since our algorithm does
not take into account all possible constraints
arising from compositionality (such as from
sequences of transformations or consideration
of multiple copies of a system), as we discuss
in Section 2.4 and immediately after the linear
program (Formulation F1).

In addition, we give a linear program
that directly certifies whether any
given set of experimental data from a
prepare-transform-measure  scenario  admits
of a noncontextual ontological model. If it
does admit of one, the program provides a
candidate classical model for the scenario;
otherwise, it provides a mnoncontextuality
inequality that is maximally violated in the
scenario. This circumvents the need to derive
an entire polytope (set of inequalities) for the

®There is even some recent work on proofs in
experimental set-ups with a generic circuit structure [5,12].

given scenario, and so is more computationally
efficient.

We then give an illustrative example of the
application of these tools. Specifically, we find
the first noise-robust noncontextuality inequality
for transformations that can be violated within
the stabilizer theory [61,62] for a single qubit.

Another contribution of this work is to provide
systematic techniques for deriving all possible
operational identities that have a linear form.
This is an important supplement to the algorithm
in this work and also to prior works (most notably
Ref. [60]). In Appendix A, we show how one
can identify a finite set of linear operational
identities among states which imply all linear
operational identities among the states—that is,
a generating set of such identities. We then
show how to identify a generating set of linear
operational identities for the effects and for the
transformations as well.

Combining these arguments with the
algorithm in this paper—or with that in
Ref. [60]—implies that one need not specify
any specific operational identities among states
or among effects or among transformations.
Rather, one can now merely stipulate the set
of states, effects, and transformations in one’s
scenario, and then use the technique described
in Appendix A to find a generating set of
linear operational identities that hold among
the elements of each set, and use these as the
input to the program. This gives stronger
noncontextuality inequalities than one would
obtain by using a strict subset of the operational
equivalences.

A final conceptual contribution of this work
is in Section 2.4, where we discuss how not all
operational identities are of a linear form. This
is most obviously true for transformations, where
one has operational identities that arise from
sequential composition. However, it is also true
for states and effects, although this fact has
largely been overlooked in past works (with the
exception of Ref. [63]). We give some discussion
and examples to illustrate this fact. Neither this
work nor prior work provide methods for dealing
with operational identities that are not of a linear
form. While it would be desirable to also include
all possible constraints of this sort, any technique
that does so will likely be computationally very
demanding.




In total, this work constitutes the first
systematic technique for testing nonclassicality
in a outside  of
prepare-measure scenarios, and so constitutes
a first step towards the long-term goal of
understanding nonclassicality as a resource for
quantum computation.

noise-robust  manner

2 Generalized probabilistic theories and
ontological models thereof

We first briefly review some background concepts,
following the presentation in Ref. [4].

2.1 Generalized probabilistic theories

The framework of generalized probabilistic
theories (GPTs) provides a means of describing
the landscape of possible theories of the world,
as characterized (solely) by the operational
statistics they predict [54, 55]. Quantum
and classical theories are included as special
cases, but the framework also accommodates
alternatives to these. Although the framework
allows for arbitrary sequential and parallel
composition of processes, we will focus on
the fragment of a GPT representing the
composition of a single state, transformation, and
measurement, as in Figure 1(a). We refer to this

as a PT M scenario.
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Figure 1: (a) The scenario of interest in this paper. (b)
An ontological model for the scenario in (a).

A given GPT associates to a system a convex
set of states, denoted P. One can think of
this set as being a generalization of the Bloch
ball in quantum theory, where the states in
the set are the normalised (potentially mixed)

states of the theory. We make the standard
assumptions that P is finite dimensional and
compact. While P naturally lives inside an
affine space, AffSpan[P], for convenience we will
represent it as living inside a real vector space
V' of one dimension higher, where we embed
AffSpan[P] as a hyperplane in V' which does not
intersect with the origin 0. This is analogous to
embedding the Bloch-Ball within the real vector
space of Hermitian matrices.

Note that we will mnot restrict attention
to  GPTs satisfying the no-restriction
hypothesis [64], which stipulates that all
the states and effects that are logically possible
must also be physically possible.

A GPT also associates to every system a set of
GPT effects, &, which live in the dual vector
space V*. In the framework of GPTs, the
probability of obtaining an effect e € £ given
a state w € P is given by:

ple,w) :=eow = e(w). (1)

We require that & must satisfy the following
constraints. If one defines the dual of P, denoted
P*, as the set of vectors in V* whose evaluation
on all state vectors in €2 is between 0 and 1, i.e.,

Pri={x eV rxowec[0,1] Vwe P}, (2)

then £ is a compact convex set contained in
P*, £ C P*, which contains the origin 0 and the
“unit effect” w, which in turn satisfy, respectively,
Oow = 0and wow =1 for all w € P,
and, that for every e € & there exists el €
£ such that e + e* = wu. Due to how we
embedded AffSpan[P] within V, w necessarily
exists and is unique [64]. A measurement in a
GPT is a set of effects that sums to the unit
effect. Note that, due to the demanded existence
of el, every effect necessarily belongs to some
measurement, namely {e,e’}. We will follow
the common practice of treating measurements
as sets of effects (rather than as channels from a
GPT system to a classical outcome system).
The state and effect spaces of any valid GPT
must satisfy the principle of tomography, which
states that the GPT states and GPT effects can
be uniquely identified by the probabilities that
they produce. Formally, for the GPT states, we
have that eos; = eo sy for all e € £ if and only
if s;1 = sg, and for the GPT effects, we have that
ejos =egos for all s € P if and only if €1 = es.




A GPT transformation is a linear map’
which takes GPT states to GPT states and

(by precomposition) GPT effects to GPT effects.

The probability of obtaining an effect e € £ given
a state w € P and transformation T' € T is given
by

ple, T,w) :=eoTow. (3)

Similarly to states and effects, these satisfy the
principle of tomography?, that is, they can be
uniquely identified by the probabilities that they
produce: eoTjow = eoTaow for all w € P and
e € £ if and only if Ty = To. Within 7 we can
define discard-preserving transformations, IN as
those that satisfy w o N = w and it must be the
case that for every transformation T € T there
exists a transformation T+ € 7 such that T+T+
is discard-preserving.

2.2 Ontological models of GPTs

An ontological model of a GPT is an attempt to
provide a causal explanation of the operational
statistics in terms of a space A of ontic
states for the system. Very simply, such an
explanation takes the form of a linear and
diagram-preserving [5] map that associates to
each GPT system a classical random variable
(A), and then represents each GPT process (e.g.,
a state, transformation, or measurement) as a
substochastic map from the random wvariables
associated with its inputs to those associated
with its outputs. Such a mapping is shown for
a PT M scenario in Figure 1.

The precise definition of an ontological model
for a fully compositional GPT was first given
in Ref. [5]. Here, we will give a simplified
definition for the special case of P7T M scenarios:
an ontological model of a GPT associates to each
GPT state w € P a probability distribution
(often called an epistemic state) over A, denoted
lw, to each GPT effect e € & a response

Strictly speaking, this definition assumes tomographic
locality (without which a single transformation would
be defined as a family of linear maps). We make this
assumption for simplicity, but our results do not rely on it
(although the particular operational identities among one’s
transformations will depend on it).

4Again, strictly speaking what we are defining here
is local tomography for simplicity of presentation, to
formally define things without this assumption would
require introducing all of the formalism of composite
systems for GPTs.

function on A, denoted &, and to each GPT
transformation T a stochastic map T'p(N|A).
Moreover, these representations must jointly
reproduce the probability rule of the GPT by
satisfying

eoTow = /A L NE (N W (Y)- (4)

Finally, an ontological model must represent the
identity transformation by the ontic identity dy »,
and the unit effect by the all-ones vector (the unit
effect in any ontological theory).

2.3 The connection to noncontextuality

Throughout this paper, we assume one
has a GPT representation of the states,
transformations, and effects in one’s scenario.
This is in contrast to many earlier works on
generalized noncontextuality, which instead
take unquotiented operational theories (with
laboratory preparation procedures, measurement
procedures, and so on) as their starting point.
Either starting point is equally meaningful, but
quotiented theories have a host of technical
advantages in practice. Most notably, processes
in a quotiented theory naturally live in a
vector space, while laboratory procedures do
not. Moreover, beginning with the quotiented
theory means we do not need to consider sets of
processes that are tomographically complete, as
would otherwise be required [63,65]. (Although,
of course, exactly this same assumption of
tomographic completeness is required to
give a GPT representation of a given set of
processes [5,64], so this is a practical advantage,
not a conceptual one.)

As discussed in detail in Ref. [5], an ontological
model of a GPT cannot be said to be contextual
or noncontextual. However, it is also shown
there that an ontological model of a GPT
exists if and only if a noncontextual ontological
model exists for the unquotiented operational
theory from which the GPT arose. It is
through this connection that we are able to
focus entirely on ontological models of GPTs,
while nonetheless drawing conclusions about
noncontextuality. = This bridge will be used
(usually implicitly) throughout the work.

Note that one can always
an ontological model of an unquotiented
operational theory by allowing this model to

construct




be generalized-contextual (using the analogue
of the construction of Ref. [66]). But it is
not the case that one can always construct
an ontological model of a GPT, because
such models do not have the benefit of the
representational flexibility afforded by nontrivial
context-dependences. Indeed, it is this lack of
flexibility that implies the necessity of negativity
in quasiprobability representations of some
GPTs [3,67].

2.4 Operational identities and constraints from
linearity

The fact that an ontological model of a GPT
is a linear map implies that it must preserve
all linear equalities that hold among GPT
processes. The fact that it is diagram-preserving
implies that it must preserve all compositional
equalities among GPT processes. These linear
and compositional equalities encode the convex
geometry and compositional structure of the
GPT, which in turn encodes all of its empirical
Thus, the constraints from linearity
are central to the question of whether or not an
ontological model exists for a given GPT.

We refer to every equality in a given GPT as
an operational identity of that GPT. (This term
mirrors the term operational equivalence that
appears in the literature on noncontextuality—a
term which applies to unquotiented operational
theories.)

content.

Let us focus first on operational identities
which are linear equalities among states. As a
simple example when the GPT in question is
quantum, the geometry of the Bloch ball implies
that

1 1

S 100 + S 1011 = S 14X+ + 5 X1 ()
In any ontological model of a qubit, then, the
epistemic states associated with these four states
must satisfy

1 1 1 1
SHIoxol + S HI] = SHKH T+ 5k (6)

Fach linear equality among GPT processes
provides a constraint which must be satisfied by
any ontological model.

Given a set of GPT states, the set of all linear
equalities among them can be indexed by a and

written as

{ Z aff)w = O} , (7)

weP a

where for each a one has some set of real
numbers {oec(f )}w. These coefficients can be
found explicitly via simple linear algebra, as we
show in Appendix A. (In general, there are an
infinite number of these equalities, but one can
nonetheless characterize all of these in an efficient
way. In particular, there will always be a finite
set of linearly independent operational identities,
as we show in Appendix A.) By linearity, any
ontological model of the GPT (should one exist)
must satisfy

Yaa: Y alP (V) =o0. (8)
wP

Similarly, one can write the set of all linear
equalities holding among effects as

{Z agb)e = O} , (9)
ec& b

and the constraints on the ontological model from
linearity are

VA b: Za €e(N) = 0. (10)

ecé

Note that for effects (unlike for states)
there are certain operational identities that are
unavoidable; for instance, given any effect e in
a scenario, one necessarily also has the effect
el in the scenario, such that the two satisfy
the operational identity e + e = w. More
broadly, every measurement M constitutes a set
of effects that sums to the unit effect, giving the
operational identity,

Z e=u; (11)

by linearity and the representation of the unit
effect as the all-ones vector, then, it follows that

DN =1 (12)
ecM

for all A and for every measurement M.
For transformations, one has linear equalities
of the form

{ZQC)T—O} , (13)




and the constraints on the ontological model from
linearity are

VAN e 3 alfdTo(VN) =0, (14)
TeT

Just as with states, one can efficiently find and
enumerate all of these identities for effects and
for transformations, as we show in Appendix A.

However, consideration of compositionality
leads to new kinds of operational identities.
This is most obvious for transformations, where
operational identities of the form

ToT =T (15)

arise. Even for states and effects, however,
consideration of subsystem structure or
composition with other processes leads to novel
sorts of operational identities that are not of the
linear forms above. These may involve sequential
composition, parallel composition, partial traces
of subsystems, combinations of several of these,
and more. As one example, the fact that a state
wg, s, factorizes as wg, g, = wg, ® wg, can be
written as a nonlinear operational identity

WSS, = [(151 ® u52) © w512]®[(u51 ® 151) ° wSlZ] .

(16)
Another example is given in Eq. 12 of Ref. [63],
and a third example will be important later on
in the manuscript (in Eq. (36)). Even writing
down a general form for an operational identity
on a given type of process—much less giving
an algorithm for finding a characterization of (a
generating set of) all the operational identities
for a set of such processes—is a difficult question
that we leave open.

In this work, we will focus on those operational
identities of the linear forms above. The
primary reason for this is because (as we will
see) the constraints implied by such expressions
for an ontological model are necessarily linear
in the unknown quantifiers, and this leads to
a tractable problem (specifically, to a linear
program). In contrast, more general operational
identities imply constraints on products of
stochastic maps in the ontological representation,
and consequently will
on the unknowns—nonlinearities that we do
not yet have techniques for addressing. A
secondary reason is that it is only for operational
identities of this form that we already have

involve nonlinearities

a general technique for characterizing all of
the operational identities (the technique we
introduce in Appendix A.)

Because we restrict attention to these ‘linear
operational identities’, we will be deriving
necessary but not sufficient conditions for the
existence of an ontological model. Equivalently,
we find witnesses that are sufficient to certify
nonclassicality, but not necessary. = However,
the inequalities from our program are sufficient
as well as necessary for the existence of an
ontological model that is linear on processes in
the PT M scenario—it is just that the model
need not satisfy all of the constraints from
compositionality.”

3 A naive extension of prior techniques

In Ref. [60], a general algorithm was presented for
deriving all of the noncontextuality inequalities
for arbitrary prepare-measure experiments with
respect to any fixed sets of operational
equivalences among the preparations and among
the measurements. We now revisit the central
idea of that paper, which allows one to find
these inequalities by solving the computational
tasks of vertex enumeration and linear quantifier
elimination.  Our presentation will moreover
recast the results of Ref. [60] into the current
language of ontological models for GPTs, as
opposed to noncontextual ontological models
for (unquotiented) operational theories, in
accordance with the discussion in Section 2.3.

We imagine a scenario consisting of a finite set
of N GPT states and a finite set of K GPT effects,
although everything we prove would also apply
to arbitrary sets of states and effects that had
finitely many extremal vectors.

Consider a generic ontological model for the
scenario with ontic state space A (of potentially
infinite cardinality), with epistemic states { i, }w,
and with response functions {£e}e, reproducing

*Indeed, some constraints from compositionality can
even arise in a PTM scenario: one might have that
T(w) = w' for some T,w,w’ in the scenario. Our
program does not generically require that these operational
identities be respected in the ontological model. (One can
easily prove that they will be respected in any model of
minimal ontic state space cardinality, but our program also
does not require that the models be minimal dimensional.)




the operational data in the scenario via

eow:/j\&e()\),uw()\)d)\. (17)

Each ontic state A in any given ontological
model assigns a probability to each of the n
effects, and so is associated with a vector ®) €
R¢ defined component-wise by taking the e—th
component to be [®yle := &e(N). If the effects
in one’s scenario are denoted eq, ..., ex, then this
vector is

Py = (fel (>‘)7£e2(>‘)7 "'7561(()‘)) : (18)

We term such vectors measurement assignments.

For a vector ®, to be a possible measurement
assignment, it must satisfy normalisation,
positivity and linearity, namely

[Pr]u=1 (19)
Ve: [®yle>0 (20)
Wi S ad[@]e =0, (21)
ecf

(b)

where the ae’ are defined based on the linear
constraints holding among effects in the scenario
(and can be computed explicitly using the
technique in Appendix A).

The set of logically possible measurement
assignments are the vectors in R¢ which satisfy
these constraints. This forms a polytope within
R¢. To see this, first note that for any set
of effects that sums to the unit effect, linearity
implies that the representations of those effects
satisfy D ecprée(A) = 1 for every A. But
every effect appears in at least one resolution
of the unit effect (namely e + et = u), so
the fact that &(A) > 0 holds for all A implies
that &(A) < 1 holds for all A\. Thus each
measurement assignment lies inside the unit
hypercube. Moreover, any operational identity
among the effects implies a linear constraint on
the components of ¢y, and the vectors satisfying
the linear constraint lie in a hyperplane. There
are a finite number of these hyperplanes, as
shown in Appendix A. The intersection of these
finitely many hyperplanes with the unit cube
gives a polytope.

This polytope captures the space of
possible measurement assignments that could
be made in any ontological model of the
effects.  One can find the vertices of this

polytope—the convexly-extremal measurement
assignments—by solving the computational task
of vertex enumeration, as detailed in Ref. [60].
We denote the vertices of the polytope by
k' = 1,2,3,... and denote the measurement
assignment made by vertex s’ by ®,,. We have
added the tilde here simply to denote that, once
these quantities are found by vertex enumeration,
they are numerically known quantities (while
the prime is added for convenience of notation
in later sections). Therefore, the measurement
assignment made by any given A\ can always
be encoded in some vector ®, lying inside
this measurement assignment polytope, and this
vector can always be written as a convex mixture

By = wy () (22)
H/
of the extremal measurement assignments,
for some convex weights {w)(k')}. satisfying
S wa(K) = 1.

Writing just the e—th component of Eq. (22),
we obtain

Ve,)\: [‘bke—ge Z’U))\ n’ e- (23)

Consequently, we can write the empirical
probabilities in the given ontological model as a
finite sum, via

cow= [ &N (NaA (24)
— / Bplewn (W) ) io (VX (25)

=Z[¢>K/]e / m(»e’)uw(A)dA) (26)
—Z elw (K (27)

where  we  have defined  v,(K) =
Jy A () (N dA.

Since the numerical values for the components
of the vectors {®,,}, can be computed explicitly,
the operational probabilities in Eq. (27) are linear
in the unknown quantities, namely {vy,(K')}..
The problem of a GPT admitting an ontological
model is then recast as a system of linear
equations: those that arise by demanding the
ontological model to reproduce the operational
probabilities and those that arise by linear
operational identities on states, together with

normalization and positivity. By eliminating the




unobserved quantities {v, (k') }x/ from the system
of equations using quantifier elimination, one can
obtain a system of linear inequalities over the
observed data alone, which form necessary and
sufficient operational conditions for admission of
an ontological model.

Let us now attempt to directly apply these
methods to a PTM scenario. Once again,
one can explicitly compute the extremal
measurement assignments, and then can
decompose generic measurement assignments
into extremal ones, just as
Substituting this into the expression for the
observable probabilities in the present scenario,
one obtains

coTow = / EeOT (VA s (A) AN
AN

= [ (Sleleny () PN trax

Hl

= Y Bule [ Tl Nps(A)ax (28)

(k') =
Unfortunately, this expression still contains
two sets of unknowns {7rp(x’|\)}r and
{pw(N) }w, both of which are functions of a
potentially continuous parameter \; moreover,
the expression is nonlinear in these unknowns.

A natural resolution to these issues would
present itself if we could decompose the epistemic
states into convexly-extremal assignments in a
manner analogous to what was done above for
response functions.

In direct analogy with the above, one might
define a vector (fw, (N), fws (A); <oy flwy (X)) of the
weights assigned to a given A by each GPT state
and then seek to characterize the set of possible
such vectors. However, it is not clear how to
make this most direct approach work, because
it is not clear how to explicitly compute the
extremal vectors of this sort, nor even that there
are finitely many extremal vectors.

Similar to what we had for measurement
assignments, all such vectors live in the unit
hypercube in R® and are subject to linear
constraints due to the operational identities
among states, which constitute hyperplanes
slicing through the hypercube; valid vectors must
live in the intersection of all of these. But

where

in Egs. (23).

fA/ w )y (H,)FT()\/|)\)d)\/

while the set of measurement assignments was
exactly the resulting polytope formed by the
intersection of these equations, the epistemic
states must satisfy additional constraints from
normalization of epistemic states, and it is not
clear how to incorporate these. In particular,
the constraint that >y pu,(A) = 1 for every w
is not a constraint on the components of such a
vector, but rather is a constraint among many
such vectors. Consequently, it does not simply
define a constraint on the set of such vectors,
and so it is not clear how (or if) it is possible
to proceed in this direction.

Consequently, we do not see how to directly
generalize the approaches from earlier work.
Rather, we will make progress by additionally
drawing on the notion of flag-convexification [21,
22] and by making an appropriate Bayesian
inversion.

Our approach initially followed a source’-based
approach like that in Ref. [68], but ultimately we
take a flag-convexification approach that is more
general and more elegant. Indeed, when applied
to the special case of prepare-measure scenarios,
our approach is essentially the natural extension
of the arguments in Ref. [68] to completely
general scenarios (rather than to the specific sorts
of sources studied therein).

4 A linear program for computing
PT M inequalities

Say we have a set of states {ws}s, a set of
transformations {T;};, and a set of effects {ey}«,
and we consider all possible combinations of a
single state with a single transformation and a
single effect, as in Figure 2(a). Consider also
the closely related flag-convezified [22] scenario
shown in Figure 2(b). In a flag-convexified
scenario, one does not directly choose the setting
variable s, but rather allows the setting’s value
to be selected probabilistically according to some
fixed, full-support distribution over its possible
one then copies the particular value
obtained and treats it as an outcome variable
(called a ‘flag’) rather than an input setting. The
specific flag-convexified scenario of interest to us
takes the fixed distribution to be uniform over

values;

5The term source refers to a preparation device that
has a classical outcome as well as a GPT output.




1

the N possible setting values, so p(s) and

N

p(ss) = %(533. We denote the flag variable by s.

In the flag-convexified scenario, one has a single
source (the object in the grey box in Figure 2(b))
instead of a set of preparations.

@ [eg b) [eg
1457 1457
T, :> T;
t4 NS e 4t S
0 convexify ws
S
st 5| s
1/Nds s

Figure 2: (a) The scenario. (b) The flag-convexification
of the scenario in (a).

In fact, one mneed mnot consider the
flag-convexification procedure to be
physical—i.e., something that one actually
realizes by some probabilistic  physical
mechanism; rather, one can view this classical
processing of the scenario as an inferential one,
done in the mind of an agent. As the two
scenarios differ only by an inferential processing
of a classical variable,
inversion, the empirical correlations, operational
identites, noncontextuality inequalities, and
ontological representation of processes in the two
scenarios are related very simply. For example,
the empirical correlations p(k|st) in the original
scenario and the correlations p(kS|t) in the
flag-convexified scenario are related by

p(kslt) =Y p(k|st)p(s5)

namely by Bayesian

1
= gp(k|st)ﬁés§

1

= NP(MS = 5,1) (29)

Clearly, then,
> Veaap(kslt) + 90 > 0 (30)

k,t,5
is a noncontextuality inequality for the

flag-convexified scenario if and only if

> Vksap(klst) + Nyo > 0 (31)

kit,s

is a noncontextuality inequality for the original
scenario.

Finally, if the representation of state wy in the
model is us(A), then the representation of the
source is

1 1

N(Sséﬂs ()\) = NHSZE()\)‘

p(s,2) (32)

2.

s

(Here and henceforth, we will often simply use the
subscript s instead of the more explicit subscript
ws, and similarly will use k instead of ex, and
t instead of T;.) Equivalently, one has p(s =
$,A) = %15(A), and so it follows that

1
VA a: Zaga)p(é =5\ = N Zaga)us()\) =0,

(33)
where we have used the constraints following
from noncontextuality applied to operational
identities among the states, namely (recalling
Eq. (8))

Zaga),u,s()\) =0.

S

(34)

In other words, mapping the set of states to
a source as we have done (using the uniform
distribution) amounts to just a constant rescaling
of all of the states, which does not affect the linear
relationships among them—i.e., the operational
identities among them (both at the GPT level,
and in the ontological model).

While all this may look trivial—we have merely
been multiplying and dividing various objects
by a constant factor, after all—we will see
that deriving inequalities for the flag-convexified
scenario is in fact easier than for the original
scenario.

The above equations are all that we will
need in order to derive inequalities for the
flag-convexified scenario, and then to translate
these back into inequalities for our original
scenario. However, it is (tangentially) interesting
to consider the source as a GPT object in its
own right, and to think about what operational
identities look like for this source.” Naively,
one might have expected that there are no
operational identities that hold for the single

"Elsewhere in this paper, we treat the classical systems
as abstract objects about which one makes inferences,
rather than as physical systems in their own right. In
these paragraphs, we are essentially showing how this
inferential view is consistent with viewing them as physical
GPT systems.
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source in our flag-convexified scenario, as there
are no other sources with which to consider
equivalences. But in fact, it is perfectly possible
to have nontrivial operational identities relating
to a single process, provided that that process has
some substructure. This point has been made in
Ref. [21] and in Section IIT of Ref. [63]; here, we
see another example.

Since the GPT representation of state s in the
original scenario is ws, the GPT representation
of the source in the flag-convexified scenario is

1
T ‘8)§®w87
P

where |s)s denotes the state of the classical GPT
system s (here being viewed as an extremal state
of a simplicial GPT) taking value s. (We abuse
notation slightly here by using 5§ to denote a
system, while at other times using it to denote
a particular value of this classical system.) The
source satisfies the operational identities

%:ai?) ((3/|§ ® 15) ° (;7 zs: s)s ® ws> =0,
(36)
one for each a as in Eq. (7). Here, (s'|5 is the
effect on the simplicial system § that satisfies
(s'|s o|s)s = 5. Within any ontological model,
the representation of Eq. (36) is

0=>al¥ (;7 > ((5/|A§ ° ’S)Ag) ® Ms()\)>
) (37)
(38)

(35)

= Z O‘ga)ﬂso‘)'

Here, we have introduced the ontic state space
As which has one ontic state for each of the
possible GPT states |s)s, and we have introduced
(3’ | As, the response function representing effect
(s'|s—mamely, the function on Az which is zero
on all ontic states except the one associated with
|$")A.. This reproduces Eq. (34).

We now proceed to derive the inequalities for
the flag-convexified scenario.

Within an ontological model, the operational
probabilities in the flag-convexified scenario must
be equal to the composition of the stochastic
maps representing the source, transformation,
and effect, as

plksle) = [ NG OT (V) s, (39

where we have defined pz(\) fs=z(N).
(Eq. (39) is consistent with Egs. (29) and (32),
naturally.) Noting that the marginal distribution
over A induced by the source is p(A) = Y p(5, \)
and that ps(A) is simply another notation for a
conditional probability distribution of the form
p(A|5), we can Bayesian invert the latter to define

psMp(s) _ ps(N)
p(A)  Np(A)

As &5()\) is a conditional probability distribution
over § given A, it satisfies

&s(A) == p(5]A) = (40)

(41)

We will refer to &£5(\) as the source response
function for state 5. It describes a retrodictive
inference: the probability one would assign to
outcome 5 of the source having occurred, given
that one knew that the ontic state output from
the source was A.

Substituting this into Eq. (39), we have

plslt) = [ dANENTNNENPO). (42

It is here that one can understand our reasons
for introducing the flag-convexified scenario. If
we had not done this, then the distribution
over p(A) in this expression would not be
defined, as the distribution over A would depend
on the preparation. Ref. [68] addresses this
problem by restricting attention to particular
scenarios with special collections of sources
which all generate the same distribution over
A when their outcomes are marginalized over;
here, we need no such restriction, as the
procedure of flag-convexification always leads to
a single source, for which there is trivially a
unique distribution p(\) when its outcome is
marginalized over. (A secondary advantage of
our approach is that it involves considerably less
bookkeeping.)

We follow Ref. convexly
decomposing the source function
¢5(A) in a manner similar to what was done for
measurement response functions.

Each ontic state A in the ontological model
assigns a (retrodictive) probability to each of the
N possible outcomes of the source, and so is
associated with a vector

Ui i= (€s=1(A), Es=2(A); -+, Es=n ()

now in

[68]

response

(43)
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indexed by the states, which we term a source
assignment. Since each element of this vector
is defined as &(\) = ]’\‘,;((/E\)), Eq. (33) places
constraints on this vector, namely, for all A:

(a ,Ufs ) o 0
Za 0 Z p(A)  Np(})

= 0.

(44)
(Note that p(A) # 0 for all A, since the support
of p(\) is the union of the supports of all the
epistemic states, and any nontrivial A is in the
support of at least one epistemic state.)

Much in analogy to Egs. (19)-(21) for effects, a
vector W) is a possible source assignment if and
only if it satisfies

Z[qu]g =1; (45)
Vs: [Pa]s >0; (46)
Ya Z 04(;) [Wals =0, (47)

(a)

where the o’ are defined based on the linear
constraints holding among effects in the scenario
(and can be computed explicitly using the
technique in Appendix A).

The set of all such assignments forms a
polytope, whose vertices we label by x, with

corresponding extremal source assignments W,.

Consequently, we can decompose any given
assignment into extremal source assignments as

Uy = Zm(ﬁ)\f/,{

(48)

for some convex
Component-wise, one has

weights

Vg,A : [\I/)\

SN

(49)

§7

And as in Eq. (23), we also decompose the
measurement response functions into extremal
measurement assignments:

Ve, A [@alk = &k(A

= 2w

For both the source and for the effects, the
extremal assignments can be found explicitly
by vertex enumeration, after which they are
numerically known quantities (a fact which we

emphasize throughout by denoting them with a
tilde).

(50)

m’ k-

{oa(k) }s-

Substituting Eq. (49) and Eq. (50) into
Eq. (42), we obtain
p(k3[t) (51)

WL A oA (9) [P sp(A).-

= / d)\d)\’ZwX

Reordering the summations, we obtain

p(kslt)
= Z[(’Iv)m’}k[‘llﬁ]s
Next, we define

= [ drdXNw (RN N o)),

(53)
a conditional probability distribution which (as
one can check directly) satisfies

(52)
[ DN TN e ().

p(K'Klt) :

p(k|t) = Zp K'klt) = p(k), (54)
or equivalently,
vt > (p('lt) — p(r'k[t") = 0. (55)

K;/
In other words,
information about k.

learning ¢ does not provide
(Intuitively, this is a
consequence of the fact that x is prepared by the
source temporally prior to the transformation T}
in the experiment.)

Definition 53 allows us to write Eq. (52) as

p(k3[t) = Y [@ k[ Plsp(K'Klt).  (56)
K,k
The linear operational identities among

transformations (Eq. (13)) imply that in the
ontological model, one has

Ve Zatc (N\) = 0. (57)
By Eq. (53), p(k'k|t) similarly satisfies
Ve Z agc)p(ﬁ’ﬁﬁ) =0 (58)
t
which is proven by noting that
Z ;" p(K'Kt) (59)

)T(NIA, t)oa(r)p(A)

= Z al® / dAdNwy (K
= / dAdXwy () (3 aff

t

T(N[A 1) )or(k)p(A)

=0.
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At this point, we have reduced the problem to
one with a finite set of unknowns, {p(k’k[t) }w x4t
which appear linearly in the expression (Eq. (56))
for the empirical operational data for the
flag-convexified scenario.®

In summary, we have shown that a necessary
condition for the flag-convexified PT M scenario
to admit of an ontological model is that

Hp(K'Klt) }ir st such that

VK K, p(k'k[t) >0, (60)

Vit Zp(/@/m]t) =1, (61)

Vi, t,t > (p('klt) = p(r'[t)) =0, (62)

VK ke > agc)p(m'/qt) =0, (63)
¢

Yk, 5t Y [ ]i[Ulsp(rk[t) = p(kst), (64)

K,k

where {®,},s is the set of vertices of the
measurement-assignment polytope (defined by
Eqgs. (19)-(21)), {¥.}. is the set of vertices
of the source-assignment polytope (defined by
Eqgs. (45)-(47)), and where t,t' range over the
finite set of transformations in the scenario, s the
finite set of source outcomes, and k the finite set
of effects in the scenario.

To obtain constraints that refer only to
operational probabilities, one must eliminate the
unobserved {p(x'k|t)}y s from the system of
equations (60)-(64), obtaining a system of linear
inequalities over the {p(k5|t)} s+ alone.

The standard method for solving this
problem of linear quantifier elimination
is the Chernikov-refined Fourier-Motzkin

algorithm [69-73], which is implemented in a
variety of software packages (some of which can
be found listed in Ref [60]).

$Although we consider it extremely likely, we have not
actually proven that more general operational identities
involving compositions of transformations (like those in
Eq. (15), as just one example) lead to nonlinearities
in the unknown quantities once transformations are
represented by probability distributions p(x'x|t) rather
than conditionals like T'(\|\). Answering this question
would require finding an appropriate notion of composition
for two probability distributions p(x'k[t) and p(s"x’|t'),
which is an open question.

By performing quantifier elimination,
obtains a list of linear inequalities over the
observed data, which we denote by H
{h',h?,..}; we denote the coefficients of a

specific facet inequality h by %ghg)“

one

and denote

the constant term in that inequality by fy(()h).

In other words, a necessary condition for the
flag-convexified PT M scenario to admit of an
ontological model is that

Z’ykstpksﬁ —i—’y()>0
k,5,t

VheH : (65)

where H is the set of n inequalities.

Recalling the relationships between the two
scenarios (for example, Equation (29), which
tells us that p(k|s = s,t) = Np(ks|t)), we can
now link these inequalities for the flag-convexified
scenario back to the inequalities for the original
scenario.

In particular, it follows that a necessary
condition for a PT M scenario to admit of an
ontological model is that

vheH S A, plklst) + Ny >0, (66)

k,s,t

where N is the number of GPT states in the
set P, and where H is the set of inequalities
resulting from eliminating all free parameters
{p(K'K|t)}1 k¢ in the system of equations in
Eqgs. (60)-(64)

Finally, we write down a linear program
that directly solves for the inequalities of
interest, namely those in Eq. (66), by making
a small modification to the linear program
above—namely by changing a factor of N in
Eq. (64). The proof that this is the correct
modification is given in Appendix B.
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Formulation F1 of necessary conditions
for existence of an ontological model A
necessary condition for the PT M scenario defined
by sets of GPT processes P, T, and M to admit
of an ontological model is that

Hp(K'Klt) b r such that

VK Kt p(k'&lt) = 0,
(Fla)

Vit > p(r'lt) =1,
(F1b)

Vi bt (p(KK) — p(R'R[E)) = 0,
(Flc)

Vi K, Z agc)p(n//ﬂt) =0,

¢

(F1d)

Vk,s,t: N [@u]i[]sp(r'slt) = p(k|s = 5t),

(Fle)
where {®.} is the set of wvertices of the
measurement-assignment polytope (defined by
Eqs. (19)-(21)) and {U,},. is the set of vertices
of the source-assignment polytope (defined by
Eqgs. (45)-(47)).

This is our first main result: a linear program
that gives noncontextuality inequalities for a
PTM scenario to admit of an ontological
model. These inequalities take into account the
constraints from all linear operational identities.

However, they do not take into account
constraints arising from operational identities
involving general compositionality (such as
sequences of transformations or subsystem
structure), nor the constraint that the identity
GPT transformation should be represented as
the identity on the ontic state space, nor
the constraint (from diagram-preservation) that
isomorphic GPT systems should be associated
with isomorphic ontic state spaces. Thus, tighter
inequalities will generally be possible.

Note that the linear program does not require
as input any explicit specification of the GPT
processes, but it does require one to specify
the exact (linear) operational identities that
these processes satisfy. Of course, determining
these operational identities in the first place
is most easily done if one begins with their

explicit specification as GPT processes, in which
case one can find them using the technique
in Appendix A. And accurately determining
their GPT representation requires assumptions
of tomographic completeness, as expounded in
Refs. [74-76]. However, our program itself does
not require that the sets of states, effects, and
transformations be tomographic relative to one
another.

Moreover, one can include an arbitrary subset
of valid operational identities as input to the
program, and for any subset one will still obtain
valid noncontextuality inequalities; however, the
more one includes, the tighter these inequalities
will become.

One way to visualize the linear program F1 is
to recast it in matrix form:

Ja such that,
M-x =b,
andx > 0,

where @ contains the unknowns {p(x’, &|t) }x/ st
and the rows of matrix IM carry the coefficients
in the summations on the left-hand side of
Egs. (F1b)-(F1le); the entries of vector b contain
the probabilities {p(k|s,t)}r s+ as well as some
zeros and ones—the zeros coming from Eqgs. (Flc)
and (F1d) and the ones coming from the
normalization conditions in Egs. (F1b). That
is, the PTM scenario of interest fixes the
matrix IM (through the extremal measurement
assignments and extremal source assignments
that one computes explicitly and through the
operational identities on transformations); the
noncontextuality inequalities are the necessary
and sufficient conditions on the entries of the
vector b for the system of equations to have a
solution (i.e., to guarantee the existence of such
a vector x).

Thus far, we have discussed applying linear
quantifier elimination to the system of equations
comprising this linear program in order to get a
complete set of inequalities. In the next section,
we discuss how if one has a specific data table
{p*(k|st)}k s+, one can simply evaluate the linear
program directly to test if that data admits of a
noncontextual model.
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4.1 Efficiently solving the decision problem:
‘Does my data table admit of a noncontextual
model?’

For the purposes of witnessing genuine
nonclassicality in a specific given experiment,
one need not derive all the noncontextuality
inequalities for a generic scenario with the
relevant operational identities. = Much as in
Ref. [60], we now give a linear program to
directly test whether a set of numerical data

admits of a noncontextual explanation or not.

If the data does not admit of a noncontextual
model, then the linear program returns the
inequality which is maximally violated by the
data, which serves as a witness of the failure of
noncontextuality. If it does admit of one, the
program returns such a model. Furthermore,
this test is more computationally efficient than
deriving all the inequalities for a generic scenario
and then testing if these are satisfied.

Let us see explicitly how this can be derived as
an instance of our linear program F1. Consider
the matrix form of Eq. (67), but now we treat b
not as a variable, but as a known quantity (which
we denote as b*):

da such that,
M-z = b*,
andx > 0.

(68)

This program is feasible if and only if a
noncontextual model for the numerical data table
exists. One can thus check for existence of such
an & by optimizing a constant objective function,
so the program will return any vector « satisfying
the constraints. If this is infeasible, then one gets
a proof of contextuality.

Furthermore, one can have a certificate of
infeasibility through the program dual to that
in Eq. (68), called the Farkas dual. This is a
consequence of the fact that the optimisation
problem

miny - b*, such that
y

1>y M >0, (69)

has a solution y - b* > 0 if and only if the primal
program in Eq. (67) is feasible. Therefore, if the
program in Eq. (69) returns y - b* < 0, one has a
certificate that the primal program is infeasible
and, therefore, that the data cannot be explained
classically.

In this way, the Farkas dual returns a
certificate of nonclassicality in the form of the
vector y, which via the dot product with b*,
corresponds to a noncontextuality inequality that
is violated by the data table {p*(k|s,t)}rs+: the
coefficients of the inequality being those elements
of y that multiply the entries of b* containing the
empirical probabilities, and the noncontextual
bound being the sum of all elements of y that
multiply the normalization terms. Therefore,
our linear program in Eqs. (Fla)-(Fle) gives
us a direct witness of nonclassicality for one’s
empirical data.

Moreover, in Eq. (69)
guarantees that there are no other inequalities
defined by a vector y satisfying 1 > y-IM > 0
that lead to a higher violation by the data. In this
sense, the program returns the inequality that is
maximally violated by one’s data.

the minimization

4.2 Constructing a candidate ontological model
from the program’s output

Provided an ontological model exists for one’s
scenario, the linear program will output
the quantities {p(k'k|t)}r .  From vertex
enumeration, one has the vectors {U,}, and
{&)K/}K/. From these, one can construct a
candidate explicit ontological model for the
scenario, as follows.
First, one takes the ontic state space for system
S to be the set of all x for which >, p(k, k") > 0.
(This condition picks out only those x’s that are
in the support of at least one epistemic state, as
one can see from Eq. (72).) We take the ontic
state space of S’ to be the set of all k. The
representation £ (k') of effect ey in the model is
simply N
&) = (Bl

The representation of transformation T; is taken
to be

(70)

p(x'klt)

p(k)
where p(k) = Y, p(k'k|t) is independent of ¢, as
in Eq. (54). Finally, the representation of state
wy is taken to be

Ty(K|K) = , (71)

/Js(ﬁ) = [\ilm]gzs—i = N[@N]Ezsp(’%)' (72)

Intuitively, this model is simply what one gets
when undoing the Bayesian inversion used from
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Eq. (40) onwards. One can also check explicitly
that this is a valid ontological model. The
representations have the appropriate form; e.g.,
ps(k) is indeed a probability distribution, since
it is positive and since

2 () =3 N[Welsp(r) = 1.

The last equality follows from Eq. (Fle) and
Eq. (19). In particular, by summing both sides
of Eq. (Fle) over all effects e in any single
measurement M, we get

> [Nz

(73)

Hsp K, n\t)]

e,eEM KK
= > p(k|st) = (74)
eLeM
Recalling Eq. (12), we then have
1= NZ Z [\il |sp(k, &'[t)
K\ k|exeM
= NZ w)sp(k, K [t)
= NZ \IJR s ZP(K‘/? K:|t)
=N [Wlp(r) (75)
which proves Eq. (73). The model also
reproduces the empirical data, since
Zﬁk (K|, t)ps () (76)
p(k m]t)
= Z ) SN[ U ap () (77)
- Nz Topl'lt) = plklst).  (79)
where the last equality is from Eq. (Fle). By

construction, the representation of effects in
the model respects all the operational identities
among effects. Those holding for states are also
satisfied, since for every a,

Z ag“),us(/{) = Z aga)N[\iJH]sp(/{)

Np(r) > al®[¥,]s =0,

s

(79)

where the last equality follows from Eq. (47).

The model also respects the linear operational

identities for transformations, since for every c,

Z a§C)Ft(n’ K) = Z Oégc) pt](glz;)ﬁ) (80)
1
_ (7 ; 0
(81)

where the last equality follows from Eq. (58).
This construction does not necessarily satisfy
all possible constraints to be a valid ontological
model of the GPT in question, since our linear
program does not enforce all possible constraints
from diagram-preservation. For example, it may
not represent the identity transformation by the
identity. However, one can check explicitly if all
relevant constraints are indeed satisfied, in which
case one has an ontological model for the scenario.
(It is usually not important to construct explicit
ontological models; the main reason one might
wish to do so is simply as an explicit check that
one’s scenario is in fact classically explainable.)

5 Example: the single-qubit stabilizer

We now give an example of how our linear
program can be used to derive noncontextuality
inequalities for transformations, by applying it
to a fragment of the stabilizer subtheory [61,
62]. The stabilizer subtheory has an important
role in quantum computation, as it can be
implemented in a fault-tolerant manner, (though
it can be made universal only through the
use of non-stabilizer ‘magic’ states).  This
theory is known to be mnonclassical in all
even dimensions, and classical in all odd
dimensions [12].  The single-qubit stabilizer
fragment in particular has the interesting feature
that it admits of a noncontextual model for
the prepare-measure scenario, but not for the
prepare-transform-measure scenario [59].
Consider the fragment of the stabilizer
subtheory containing all single-qubit stabilizer

states and effects, together with the set of
stabilizer transformations 7 = {I,Z,S,S7'},
where I is the identity, Z is the Z-gate

transformation, and S is the phase gate. Recall
that the set of stabilizer states on a single qubit
includes all and only eigenstates of the Pauli
observables X,Y, and Z, and the set of stabilizer
effects includes all and only the projectors onto
these states.
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The transformations in 7T satisfy the
operational identity
LUO+Z0) =2 (SO+570). (2)
2 2 ’

Using the technique of Appendix A, one can
show that this is in fact the only operational
identity for the scenario (or more precisely, the
only generating operational identity). The only
operational identities among the effects are

1

2
|

= §‘+z>(+2] + §|—Z><—Z‘7 (83)

S+ SJ0N0] = S+ + =K

and the only operational identities among the
states are of exactly the same form. That these
are the unique (generating) identities can again
be checked using the techniques of Appendix A.

Given these, one can characterize the
source-assignment and measurement-assignment
polytopes. For the measurement assignment
polytope, vertex enumeration yields the eight
deterministic assignments to the three binary
outcomes. (This is consistent with the result of
Ref. [60] that whenever there are no operational
identities other than normalization, the extremal
assignments are all and only the deterministic
ones.) For the source-assignment polytope,
vertex enumeration yields the same eight
deterministic assignments, but where each is
multiplied by % Because each of x and «/
range over 8 possibilities and ¢ ranges over
4 possibilities, p(k,x'|t) is a vector with 256
entries. Furthermore, one can check that IM is
a 260 x 256 matrix capturing the restrictions’
in Egs. (F1b)-(Fle). Using the dual linear
program in Eq. (69), one can determine
whether or not one can reproduce the quantum
predictions ey o T} o ws (which of course are
given by the Hilbert-Schmidt inner product
TrlepTi(ws)]) for this fragment of quantum

theory in some noncontextual ontological model.

“Note that the number of rows in M (in this case 260),
is the sum of the number of restrictions implied by each
of Egs. (F1b)-(Fle). The number of restrictions implied
by Eq. (Flc) is |T|(|T'| — 1)/2 (where |T| is the number
of transformations in the scenario), since one counts only
pairs of transformations 7" and T” that are distinct, and
the order is irrelevant. The number of restrictions implied
by the other equations is the product of the cardinalities
of the sets of variables involved.

As it turns out, this is not feasible, and a
certificate of infeasibility can be obtained via
the dual program.  Defining the shorthand
Pstk er o Ty o w,, the program gives a
noncontextuality inequality,

B

(84)

3 [p121 —P212+ D644+ D234+ P335 — Paas — D146 +P326+Date]
+ 2 [—p311 + P322 — P333 + P344 — P115 — P125 — P235)

+ P431 + D521 — Pe22 + P413 + D513 + Pe4as — Ps24
— D634 + P245 + D635 — P516 — P526 + D546
+ 5 [paaz — p324] > —6,

where states and effects are numbered
according to the ordered set
LN =M= [yl +yls [ =y) =yl 10XO], (1)1}
and transformations are numbered according to
the ordered set {I,Z,S,S~'}. This inequality
is violated by the stabilizer fragment above, for
which g = —12.

This  provides the first
noncontextuality inequality for transformations
that can be violated within in the single-qubit
stabilizer theory.

Since quantum theory does not play any
role in the derivation of this inequality, this
constitutes a noise-robust nonclassicality witness
for an arbitrary GPT fragment involving
six GPT states, six GPT effects, and four
GPT transformations satisfying the operational
identities in Eq. (82).

noise-robust

6 Applying our arguments beyond
PT M scenarios

Although our program is formulated for PT M
scenarios, it is fairly easy to apply it to get some
nonclassicality witnesses in more general circuits.
This is possible by lumping procedures in the
circuit together to recover a PT M scenario. For
instance, imagine one is interested in a PT1ToM
scenario (where a preparation and measurement
are implemented with two transformations in
between, with the first drawn from a set 71 and
the second from a set 72). One can then think of
this as a PT'M where T are transformations of
the form T} o T5 where T} € 71 and Ty € T, as
shown in Diagram (3). Having recovered a PT M
scenario, one can then implement the linear
programs described herein to find transformation
noncontextuality inequalities.
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(a) (b)

Figure 3: (a) A PT172M scenario. (b) Obtaining a
PT M scenario by lumping the two transformations T
and T2 to define T12 = T1 ] Tg.

For instance, consider a P7T17>2M fragment
in the single qubit stabilizer theory, with the
same states and measurements as in Section 5,
but with the smaller set of transformations
given by 71 = {[,Z} and T2 = {I,S}. In
a PTM scenario where T = {I,Z,S}, there
are no nontrivial linear operational identities, so
one might expect that our results cannot be
nontrivially applied. However, using the lumping
procedure just mentioned, we can define the
set 7" = {I,Z2,5,Z 0 S}. Since Zo S
S~1 we have T/ = {I, Z,5,57'}. These four
transformations satisfy a nontrivial operational
identity (Eq. (82)) and this identity allows for the
derivation of a noncontextuality inequality that

can be quantumly violated, as described in Sec 5.

This shows that the lumping procedure allows
our program to find necessary conditions for
noncontextuality, even for a PT172M fragment.

Note that this procedure does not leverage a
nonlinear operational identity that is satisfied in
this scenario, namely, Z o § = S~ That is,
our program does not demand that the stochastic
representation of S~! be equal to the stochastic
representation of Z composed with that of S.

In general, there are many different ways
in which processes in a scenario can be
lumped to obtain a PTM fragment. Even
in a PT172M fragment, there are different
meaningful lumping procedures that one could
perform, arriving at (possibly) different PT M
or PM fragments, depending on whether one
lumps the transformations together with each

other, with preparations, or with effects. In
principle, each of the fragments arriving from
these lumping procedures could lead to different

necessary conditions, some stronger than others.

Lumping processes together generically loses
information, and consequently makes it easier
to find an ontological model (and so harder to
find proofs of nonclassicality). For instance, the
stabilizer subtheory for a single qubit (including
single-qubit transformations) does not admit
of any ontological model.
lumps all of the transformations together with
either the states or the effects, one obtains
the prepare-measure scenario with all and only
the stabilizer states and stabilizer effects on a
qubit, which is noncontextual. So if one finds
inequalities for a scenario by lumping together
some of the processes, one should expect these
inequalities to be weaker constraints on the
existence of a noncontextual ontological model,
and correspondingly less likely to be violated
by one’s theory or data. Therefore, if the
data violates any noncontextuality inequality
in the lumped scenario, then the original
scenario necessarily also exhibits a violation of
noncontextuality.

But when one

Another way in which one can generalize
beyond the PTM scenario considered here is
to consider a PTM scenario for a multipartite
system.  As shown in Ref. [77] (see the
final paragraph of Sec. IIC and the discussion
in Sec. V), of nonclassicality
are always made relative to a given circuit
structure (representing the causal structure),
which includes a specification of subsystem
For instance,
quantum system can be modelled as a pair
of qubits or as a single monolithic 4-level
system, and assessments of nonclassicality can
depend on which view one takes. Taking
into account subsystem structure introduces
additional operational identities and therefore
additional constraints on the ontological model
under the assumption of noncontextuality.
Nonetheless, treating a multi-partite system as
a single monolithic system can still lead to
nontrivial noncontextuality inequalities and their
satisfaction still constitutes a necessary condition
for classicality. Thus, any violation of these
inequalities still certifies nonclassicality of the
multipartite PTM scenario.

assessments

structure. a 4-dimensional
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The point being made about lumping
subsystems together into one system is
analogous to the point made above about
lumping sequences of processes together into one
process. Lumping systems together generically
loses information, and consequently makes
it easier to find an ontological model (and
so harder to find proofs of nonclassicality),
but if the data violates any noncontextuality
inequality in the lumped scenario, then the
original scenario necessarily also exhibits a
violation of noncontextuality.

7 Conclusions

We have presented the first systematic method
for witnessing nonclassicality in scenarios with
transformations: a linear program that gives
necessary conditions (inequalities) for the
existence of a noncontextual model. Violations

of these inequalities witness nonclassicality,

regardless of the correctness of quantum theory.

We have also derived the first noncontextuality
inequality involving transformations that can
be violated within the single-qubit stabilizer
subtheory.

There are a number of natural extensions
of our work. Most obviously, one would like
some general tools for studying scenarios with

sequences of transformations or subsystem
structure, and where general operational
identities beyond the linear ones we have
considered. Most likely, either of these

generalizations makes the problem significantly
more complicated, and it will no longer be a
linear program (or indeed anything particularly
tractable). In particular, incorporating the full
set of operational identities, including those
arising from compositional structure, leads
to nonlinear constraints on the ontological
model. Consequently, the set of correlations
admitting of a noncontextual explanation is not
expected to form a polytope, and therefore is
unlikely to admit a characterization in terms
of a finite set of linear inequalities, in contrast
to the situation in Bell scenarios [78,79]. Still,
the question of finding or approximating the
noncontextual set of correlations in an arbitrary
scenario in a systematic (and tractable) manner
is crucially important. Only with such tools
can we fully realize the potential of tests of

generalized noncontextuality as a universal
method for understanding nonclassicality in all
its forms, and in particular, its role in quantum
computation.

It would be interesting to investigate
whether the inequalities derived here admit
of an operational interpretation in terms
of communication or information-processing
tasks, analogous to the connection between
noncontextuality inequalities and random access
codes identified in Ref. [59]. Establishing such
a connection in the present setting is nontrivial,
due to our currently limited understanding
of the of contextuality
transformations, and we leave this as an
important direction for future work.

It is worth mentioning that a simple extension
of our work that we do expect to be tractable
(and still a linear program) is to cases where the
transformations have outcomes, i.e., scenarios
with a single instrument between the preparation
and measurement stages of the experiment. We
leave this generalization for future work.

Another interesting direction would be to
characterize the maximum values that quantum
theory can achieve for the linear functional
defining a given P7TM inequality, generalizing
known techniques for the prepare-measure
case [80,81].
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A Characterizing all the linear

operational identities among any

set of states, effects, or transformations

We now present a systematic method for
deriving a complete characterization of all the
linear operational identities that hold among
any given set of states, set of effects, or
set of transformations. (As discussed in
Section 2.4, consideration of compositionality,
such as subsystem structure, leads to new
possibilities for operational identities beyond
linear constraints, but such possibilities are not
considered here.) As in the main text, we assume
that one already has a GPT characterization
of one’s processes. See, e.g., Ref. [82] for a
discussion of how to represent quantum states in
this manner, or Refs. [75, 76] for details on how
such a characterization can be derived directly for
experimental procedures in a theory-independent
way.

We begin with the case of states. Imagine one

is given a finite set {s;}; of GPT state vectors.

An operational identity among GPT states is a
constraint of the form

Z ;8§ = 0,
%

(85)

for some set of real numbers {a;};. In
general, there will be an infinite number of such
constraints, but we can nonetheless characterize
them by stipulating a finite set.

To do so, we first construct a matrix .S whose
i-th column is taken to be the vector s;. If
there are N GPT states in the given set, each of
dimension d, then S has dimensions d x N. The
rank of this matrix—the dimension of the vector
space spanned by its rows (or equivalently, by its
columns) is some number k such that £ < N and
k <d. If k = N, then there are no operational

identities, as all the columns of the matrix must
be linearly independent. But if & < N, then there
must be linear dependences among the rows, and
these linear relations define operational identities
on the preparations. Recall that the kernel of a
matrix is the linear subspace of vectors mapped
to the zero vector by the matrix. So, for any
vector a in the kernel of S, the equation

Sa=0 (86)
defines an operational identity, since
o
| | as
S1 S22 . SN .
NI
|
= | a181 + o982 + ...+ anNSN
|
(87)

:ZO&Z'SZ‘ =0
%

Any linear combination of vectors in the kernel
is also in the kernel, so there are generally
an infinite number of operational identities.
However, one can restrict attention to any basis
of linearly independent vectors {a(®}, which
span ker(S), where a € {1,2,...,k}.

We refer to the set of operational identities
corresponding to a basis of the kernel as a
generating set. This is an apt name because every
such set satisfies the following crucial property:
Preparation noncontextuality is satisfied with
respect to the full set of operational identities
among states if and only if it is satisfied
with respect to a generating set of operational
identities among the states. We now prove this.

Proof. If preparation noncontextuality fails with
respect to any operational identity in the
generating set, then it trivially fails with
respect to the full set of operational identities.
Thus, we need only show that if preparation
noncontextuality is satisfied with respect to the
generating operational identities, then it must be
satisfied with respect to all operational identities.

Imagine one has a basis {a(®}, for ker(S), so
that the generating set of operational identities is

(Sl 0}

(2

(83)

a
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where [v]; denotes the i-th component of vector
v. Assume that the ontological model respects
the operational identities in the generating set, so
that one has

S0 ips, (M) =

i

(89)

for all A and a. Now, for any v € ker(S) one
can write v =", v,a'® for some real coefficients
{va}a, and it follows that

Z[ ]zﬂsl = Z [Zvaa ] Hs; /\) (90)

7

= Z Vg Z s, (A (91)
= Z (I (92)
—0. (93)

This means that if the model obeys the
implications of preparation noncontextuality for
the generating set of operational identities, then it
necessarily obeys the implications of preparation
noncontextuality for all operational identities in
ker(S).
noncontextuality relative to any operational
identity exhibited by the data implies a failure
of preparation noncontextuality for at least one
of the operational identities in the generating
set. O

Equivalently, the failure of preparation

In summary, the satisfaction of preparation
noncontextuality relative to a generating set
of operational identities is both necessary
and sufficient for satisfaction of preparation
noncontextuality relative to all operational
identities.

One can find all the operational identities
among a set {e;}; of effects (on a single system

with no subsystem structure) in the same manner.

One first constructs the matrix E whose i-th
column is the GPT vector e;. Any vector v in
the kernel of E defines an operational identity
through the equation Ev 0. Any basis of
linearly independent vectors which spans ker(E)
corresponds to a generating set of operational
identities, in the sense that satisfaction of MNC
relative to such a generating set is both necessary
and sufficient for satisfaction of MNC relative to
all operational identities.

The procedure for finding the set of all linear
operational identities for transformations is also

analogous. First, one finds a representation of
the GPT transformations as vectors. (There are
many ways to vectorize a matrix; most obviously,
one can simply stack the columns of the matrix
on top of one another.) Then, one constructs a
matrix with these vectors as its columns and finds
a basis for the kernel of that matrix; this basis
corresponds to a generating set of operational
identities.

B Proof of Formulation F1

In the main text, we derived two linear
programs, differing only by a factor of N. The
first of these finds noncontextuality inequalities
for the flag-convexified scenario, and we have
claimed that the second finds noncontextuality
inequalities for the original P7T M scenario. We
now prove this by considering some simple and
general properties of linear programs.

Consider a linear program testing for the
existence of > 0 such that

Mz = b. (94)
Such a solution exists if and only if the vector b
satisfies all of the inequalities

y™.b>0, VheH, (95)
where - represents the usual dot product. The set
of inequalities, represented by the set of vectors
{yM}},, can be obtained by applying linear
quantifier elimination to Eq. (94) to eliminate «.

Now, consider some invertible matrix D with
the proper dimensions so that DIM is defined.

Then,

[Fx > 0 s.t. DMx = Db]

T

[Fx > 0 s.t. Mx = b], (96)

since these two systems of linear equations are

equivalent (due to the invertibility of D). This
means that
[Fx > 0 s.t. DMx = Db]
T
[y™-b>0, ¥hewn|. (97)

In other words, since the existence problem
involving IM and b is equivalent to the existence
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problem involving DM and Db, the set of
inequalities in Expression (95) provide necessary
and sufficient conditions on b for DMx = Db
to admit of a solution. Note, however, that the
set of vectors output by implementing quantifier
elimination on DM« = Db would in general yield
a different (though equivalent) set of inequalities.
This set can be obtained just by rewriting the
inequalities (95), to get the equivalent ones:

[y<h>.bzo, VheH}

)

[(y<h>D—1) .Db>0, Vhe %} . (98)
which proves that the problem
DMz = b, (99)

with & = Db, has a solution if and only if the
following inequalities are satisfied:

(y(h)D’l) ¥ >0 VYheH,  (100)
where the set of vectors {y®} is the one obtained
from linear quantifier elimination applied to the
existence problem IMx = b.

Now we are in place to show that, if
Egs. (60)-(64) define a linear program for the
flag-convexified scenario, then Egs. (Fla)-(Fle)

define a linear program for the original scenario.

Moreover, we obtain that the noncontextual
bounds are just related by a factor of V.

Consider the program Mz b defined
by Egs. (60)-(64): vector b contains terms
that depend on the flag-convexified probabilities
p(ks|t) and some constant terms. Defining vector
b’ to be the one obtained from b by replacing the
flag-convexified probabilities with the original
ones, p(k|st), we get

b’ = Db, (101)
where D is a diagonal matrix such that D;; = N |
for indexes 7 such that b; is some flag-convexified
probability, and d; = 1 for all other i. Note
that this matrix is invertible. Therefore, given
that Max = b defines a linear program using the

flag-convexified probabilities, DIM = b’ defines

a linear program using the original probabilities.

This maps Eqs. (60)-(64) to Egs. (Fla)-(Fle)
(given the form of D, the only difference in those

linear programs is between Eqs. (64) and (Fle)).

Finally, Eq. B specifies how the inequalities of
the flag-convexified and original scenarios relate
to each other given the form of matrix D:

[Zy b—i—Zy )b, >O]

i€l i€lo

()
(h)y i Ry ~
[Zyz bl—i_Nzy bz—o ’ (102)

icly il

where we define Iy to be the set of indices
for which b; is independent of the probabilities
(note that, given that D is diagonal, Iy is the
same in the flag-convexified or original scenarios).
This notational convention implies that one can
rewrite inequalities ¥ - b > 0 to get inequalities
in the usual form

'Y )+ Z 'Vkstp (ks|t) = (103)

k,s,t
where *y,ihs) . equals y; for ¢ ¢ Iy and ’yéh) is the sum
of all terms y;b; with i € Iy. Applying the same
rewriting to the original scenario inequalities we
have

o kastp k|st) >
kst

h)
— N’y( +Z'ykstp klst) >0
k,s,t

(104)

We therefore see that the coefficients Véhg , for the
original scenario are the same as the coefficients
%(Chg , for the flag-convexified scenario, but the
noncontextual bound gets multiplied by a factor

of N.
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