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Gaussian boson sampling (GBS) is a promising protocol for demonstrating quantum
computational advantage. One of the key steps in the argument for classical hardness of
GBS is the so-called “hiding conjecture”, which asserts that one can “hide” a complex
Gaussian matrix as a submatrix of the symmetric product of Haar unitary submatrices
in total variation distance. In this paper, we prove the hiding conjecture for input
states with all input modes squeezed, which is a setup that has recently been realized
experimentally [Madsen et al., Nature 606, 75 (2022)]. In this setting, the hiding
conjecture states that a o(

√
M) × o(

√
M) submatrix of an M × M circular orthogonal

ensemble (COE) random matrix can be well-approximated by a complex symmetric
Gaussian matrix in total variation distance as M → ∞. This is the first rigorous
proof of the hiding property for GBS in the experimentally relevant regime, and puts
the argument for hardness of classically simulating GBS with the maximum number of
squeezed input modes on a comparable level to that of the conventional boson sampling
of [Aaronson and Arkhipov, Theory Comput. 9, 143 (2013)].

1 Introduction and main results
The promise of quantum advantage is a key motivation behind quantum computing. However,
practically demonstrating quantum advantage with physical quantum computers remains a tech-
nological challenge. In this regard, Gaussian boson sampling (GBS), based on the boson sam-
pling protocol of [1], has emerged as a promising method for experimentally realizing this advan-
tage [2–12]. Both boson sampling and Gaussian boson sampling involve preparing photons in an
initial state—a Fock state of N photons for conventional, or Fock, boson sampling, and a Gaus-
sian state for GBS—then allowing them to interfere in an optical network of beamsplitters and
phaseshifters described by a unitary matrix U , and then measuring the output distribution of the
photons (Fig. 1).

Compared to other proposals for demonstrating quantum advantage, GBS has already been
realized in large-scale experiments as demonstrated in [8–12]. The proposed advantage from GBS
is rooted in the classical difficulty of calculating the hafnian of a large matrix, which is defined for
a symmetric 2n × 2n matrix A as

Haf(A) =
∑

π∈P2(2n)

∏
{i,j}∈π

Aij ,

where P2(2n) denotes all pairings of {1, . . . , 2n}, i.e. all possible partitions of {1, . . . , 2n} into
subsets of size two. As an example, when A is the adjacency matrix of a graph, the hafnian of A
gives the number of perfect matchings of the graph. The hafnian generalizes the permanent of a
matrix, and is related to the Pfaffian of a matrix in the same way that the permanent is related to
the determinant. However, unlike the determinant and Pfaffian, which can be calculated efficiently,
calculating permanents and hafnians is known to be #P-hard [13,14].

In Gaussian boson sampling, the hafnian appears naturally in the probabilities for the output
distribution of the photons. The initial state for GBS is a Gaussian state with 1 ≤ K ≤ M single-
mode squeezed states [2–5] and M −K vacuum states. After allowing the photons to interfere in the
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Figure 1: A schematic of the Gaussian boson sampling (GBS) setup. An initial Gaussian state with K single-
mode squeezed photon states is prepared. It then propagates through a linear-optical network described by an
M × M unitary matrix U . The output modes are then measured in the photon number basis. We restrict to
collision-free outputs (i.e., there is either 0 or 1 photon detected in each output channel). The Gaussian state
does not have a definite photon number, hence the output has a variable number N =

∑M

j=1 nj of outgoing
photons, with the probability of a particular output distribution n given by (1.1). This paper proves the hiding
conjecture for Gaussian boson sampling with all input modes squeezed, i.e. K = M . This is a key part of the
GBS hardness argument for this setting under other standard assumptions (which are analogous to assumptions
used in the hardness argument for boson sampling).

M -mode interferometer described by a unitary matrix U , one can measure the output distribution
in the photon number basis and obtain a sample n ∈ {0, 1, . . .}M describing the photon counts
for each of the M output modes. For investigating classical hardness of simulating GBS, one
often considers K single-mode squeezed states all with the same squeezing parameter r, and only
collision-free outputs, meaning outputs n ∈ {0, 1}M , which can be obtained by taking r sufficiently
small [4–6]. Recent work [15, 16] has also addressed the saturated regime in boson sampling with
many collisions, which is particularly relevant for experimental realizations.

In the collision-free case with an initial state of K squeezed modes followed by M − K vacuum
modes, the probability of observing a GBS output photon distribution n ∈ {0, 1}M is given by [4–6]

P[n] = tanh(r)N

cosh(r)K

∣∣∣Haf
[(

UIKUT
)

n,n

]∣∣∣2 , (1.1)

where U is the M × M unitary matrix describing the optical network, N =
∑M

j=1 nj , IK =
1K ⊕ 0M−K is a diagonal matrix, and (UIKUT )n,n denotes the submatrix of UIKUT formed by
taking all the rows and columns j where nj = 1. Since the squeezed states always have an even
number N of photons, (UIKUT )n,n has even dimensions which is compatible with the definition of
the hafnian. The submatrix (UIKUT )n,n can also be written as the symmetric product Un,KUT

n,K ,
where Un,K is the N × K submatrix of U formed by taking all the rows where nj = 1 and the first
K columns (Figure 1).

A Gaussian boson sampler thus generates random samples n according to the distribution (1.1),
which involves probabilities proportional to the (modulus squared of the) hafnian of submatrices
of UIKUT . To argue that sampling from this distribution should be classically hard, one relates
the sampling problem to hardness of approximating the output probabilities, using Stockmeyer’s
algorithm [1, 6, 7, 17]. It is known that approximating the hafnian to within a certain additive or
multiplicative error is #P-hard in the worst case [1, 6, 7], and it is conjectured that this hardness
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also holds for ensembles of complex matrices in the average case [4–7]. This average-case hardness
is needed in the usual arguments to consider hardness of sampling from approximate GBS, which
allows for some error in the sampling distribution due to e.g. noise, photon loss, etc. We note that
assuming an average-case hardness conjecture like the above is typical—other random sampling
schemes proposed to show quantum advantage [7], including the boson sampling protocol of [1],
also require these types of complexity theoretic conjectures, which remain major open problems in
the area [7].

However, in addition to the typical complexity theory hardness conjecture, GBS has another
conjecture, called the hiding conjecture [6,7], which plays a key role in the above-mentioned argu-
ment for classical hardness. Roughly speaking, if we want to approximate the hafnian of a random
matrix Z—which is conjectured to be a classically hard problem—using a Gaussian boson sam-
pler or oracle, we first need to embed, or “hide”, Z inside a matrix of the form UIKUT , so that
| Haf(Z)|2 will appear as a probability in the output distribution of GBS. Due to the error allowed
in approximate GBS, we need to be able to hide Z in a strong sense so that an approximate sam-
pler could not identify where we hid Z and adversarially corrupt the probabilities corresponding
to that particular submatrix. The hiding conjecture asserts that this is possible, in a strong sense,
for complex Gaussian-type Z and a larger matrix UIKUT for U a Haar-random unitary matrix.
This is a key step in the usual argument for quantum advantage of Gaussian boson sampling. For
further details, see [1, 5–7].

As we explain in Section 1.1, the hiding conjecture for GBS in the experimentally relevant
regime, where K ∝ M [8–11], does not follow from the hiding property for Fock boson sampling
from [1]. Due to this, the hardness argument for GBS experiments has so far lagged behind that
of Fock boson sampling [6]. We also note that, partially due to the issue of the hiding conjecture
for GBS, several alternate GBS schemes have been proposed, such as in [5, §VII] and the Bipartite
Gaussian Boson Sampling of [15], which involve tuning the GBS device parameters in a specific
way to avoid invoking the hiding conjecture.

To state the hiding conjecture more formally, let CN (0, σ2) denote the complex Gaussian dis-
tribution with independent real and imaginary parts, each with mean zero and variance σ2/2. For
the matrix Z whose hafnian we want to approximate, we consider two related distributions:

• Gsym
N : The ensemble of N × N symmetric random matrices G with CN (0, 2) diagonal en-

tries and CN (0, 1) off-diagonal entries, with all entries independent modulo the symmetry
requirement.

• GGT
NK : The ensemble of N × N matrices GGT where G is an N × K matrix of i.i.d.

CN (0, 1/
√

K) entries. The normalization of G is chosen so that the entries of GGT have
a nondegenerate limiting distribution as K → ∞.

Note that GGT
NK is not a complex Wishart ensemble, as GT denotes the transpose, not the conjugate

transpose. Both ensembles Gsym
N and GGT

NK consist of symmetric complex matrices, and in certain
regimes behave similarly (Corollary 1.1). We will reserve the notation G for a matrix drawn from
Gsym

N , and will use GGT to denote a matrix drawn from GGT
NK .

Recall we are interested in submatrices (UIKUT )n,n = Un,KUT
n,K , where Un,K is the N × K

submatrix of U formed by taking all the rows where nj = 1 and the first K columns of a Haar
unitary matrix U . Because the Haar measure is invariant under permutations of rows or columns,
we may consider, without loss of generality, the distribution of the top left N × K submatrix of
U , which we will denote by UNK . A precise form of the hiding conjecture for GBS, adapted from
Conjecture 6.2 of [6], can then be stated as follows. While this formulation differs slightly from
that of [6], we discuss afterwards how the changes are equivalent or sufficient.

Conjecture 1 (hiding in GBS). Let UNK be the top left N × K submatrix of an M × M Haar
random unitary matrix, and let Z = ZN,K be a matrix with distribution given by either Gsym

N or
GGT

NK . Then for N ≤ K ≤ M and one of the distributions of Z, there exist polynomials p, r such
that for any δ > 0 and M ≥ p(N)/r(δ),

dTV(MK−1/2UNKUT
NK , Z) = O(δ), (1.2)

where dTV(·, ·) denotes the total variation distance as defined below in (1.4).
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In this paper, we prove

Theorem 1.1. Conjecture 1 holds for K = M , with Z drawn from Gsym
N .

The case where all input modes K = M are squeezed has been recently experimentally realized
in [10]. Theorem 1.1 gives the first rigorous proof of the hiding property for GBS in the experimen-
tally relevant regime K ∝ M , where in particular the hiding property cannot follow from hiding
in Fock boson sampling. We obtain Theorem 1.1 for the conjectured maximal size of N = o(

√
M).

Remark 1.1. (i) We prove Conjecture 1 with Z distributed as G ∼ Gsym
N , rather than with

GGT ∼ GGT
NK which is how the conjecture is typically stated such as in [6, Conjecture 6.2].

We argue this is actually an improvement: the matrix G has independent Gaussian entries
(modulo symmetry), making it in general much easier to work with than the K-dependent and
correlated matrix GGT . The resulting classical hardness argument then relies on conjectured
hardness of approximating Haf(G), rather than of Haf(GGT ). Due to independent entries
of G, we expect it should be much easier to study Haf(G) than Haf(GGT ).

(ii) Even if one preferred GGT , we expect Haf(G) and Haf(GGT ) to probably be a similar
hardness to approximate, since we have:

Corollary 1.1. Let N = NK = o(
√

K/ log K). Then there are joint distributions of
(G, GGT ) such that G ∼ Gsym

N , GGT ∼ GGT
NK , and

∥G − GGT ∥∞ ≡ max
1≤i,j≤N

∣∣Gij − (GGT )ij

∣∣ → 0, (1.3)

in probability as K → ∞.

The convergence in Corollary 1.1 implies the entries of G and GGT are very similar in
the regime N = o(

√
K/ log K). Since the hafnian is a direct polynomial function of the

matrix entries, this entrywise closeness suggests that the problems of estimating Haf(G) and
estimating Haf(GGT ) should be essentially the same in this regime. We note however that
this corollary does not rigorously imply any hardness result.
We expect that for sufficiently small N compared to K, that G and GGT are close in total
variation distance1 as N, K → ∞ as well. This occurs for example for real Wishart matrices
and the Gaussian orthogonal ensemble (GOE) [19].

(iii) The other change in Conjecture 1 from [6] is the allowance of a polynomial r(δ) instead of
just δ. But as noted in [1], it only matters that we can take M to be a polynomial in N and
1/δ, so there is no loss in allowing for example r(δ) = δ2 instead.

1.1 Comparison with hiding in Fock boson sampling
In this section, we explain why the hiding property [1, Theorem 5.1] for Fock boson sampling is
not sufficient for Conjecture 1 or Theorem 1.1. The hiding theorem for Fock boson sampling [1],
which we restate precisely in Theorem 1.4, states that a o(M1/5) × o(M1/5) submatrix of an
M × M Haar unitary matrix U is close, in total variation distance, to a matrix of i.i.d. standard
complex Gaussian random variables. This can be extended up to the conjectured maximal size
o(

√
M)×o(

√
M) submatrix as we discuss in Section 1.3 and Appendix A. This Fock boson sampling

hiding property then does imply Conjecture 1 in a certain sparse regime [6], N = K = o(
√

M).
Yet this is not the regime of interest for large-scale experimental realizations of GBS, which have
K = cM [8–11]. (If K is taken too small, then it is hard to obtain a large enough photon number
N . Moreover, large K ≫ N2 is favorable for the anticoncentration results of [18, 20], which also
provide evidence for hardness of approximation.) By taking K = cM , the hiding property for GBS
now involves a large rectangular N × K submatrix UNK , which becomes too large to approximate

1Note however that even total variation convergence does not imply convergence of moments of the hafnian. Since
this may have implications for anticoncentration, we note that one can check E| Haf(G)|2 and E| Haf(GGT )|2, for
N = o(

√
K), still have the same asymptotic behavior (N − 1)!! ∼

√
2NN/2e−N/2 as N → ∞, using the evaluation

in [18] for the latter moment.
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by Gaussians in total variation distance (cf. Fig. 2 and Section 1.3). The experimental realizations
of GBS [8–11], with K = cM , therefore fall outside of the “sparse regime.” In fact, for K = M ,
the submatrix UNK itself is maximally far from Gaussian in total variation distance due to the
row normalization requirement: for any N ≥ 1 one has dTV(

√
MUNM , G) = 1, for G an N × M

matrix of i.i.d. standard complex Gaussians. Therefore we see the hiding property for UNKUT
NK

proved in Theorem 1.1 cannot follow from a hiding property for UNK .

U
M ×M unitary

o(M1/5)× o(M1/5) o
(√

M
)
×M

o(
√
M)× o(

√
M)

UNK

N

K = M

M

M

Figure 2: Comparison of the submatrix sizes considered for Fock boson sampling (gray) and Gaussian boson
sampling in Theorem 1.1 (cross-hatched, purple). Hiding for Fock boson sampling involves submatrices of size
o(M1/5) × o(M1/5) (or up to o(

√
M) × o(

√
M)), which look Gaussian by [1, Theorem 5.1] (and Theorem 1.6).

However, hiding for Gaussian boson sampling in Theorem 1.1 involves the symmetric product of a much larger
N ×K = o(

√
M)×M rectangular submatrix UNK , which itself cannot be close to Gaussian in TV distance—due

to the row normalization requirement, when K = M , then dTV(
√

MUNK , G) = 1 for any N ≥ 1. Theorem 1.1
says that even though UNK itself is far from Gaussian, the symmetric product UNKUT

NK nevertheless looks like
a Gaussian matrix G ∼ Gsym

N .

1.2 Precise formulation of main result
We now give a more precise form of our main result Theorem 1.1. First recall the total variation
(TV) distance between two probability measures µ and ν on a measure space (E, E) is defined as

dTV(µ, ν) ≡ sup
A∈E

|µ(A) − ν(A)|. (1.4)

When µ and ν have densities f and g respectively with respect to a measure dλ on E, then

dTV(µ, ν) = 1
2

∫
E

|f(x) − g(x)| dλ(x). (1.5)

For random variables Z and W , we will write dTV(Z, W ) to mean the total variation distance
between their distributions.

For Gaussian boson sampling, when K = M , the matrix UNKUT
NK is distributed as a submatrix

of a circular orthogonal ensemble [21] (COE) random matrix. The COE ensemble consists of
symmetric unitary matrices, with a COE matrix being distributed as UUT where U is a standard
Haar-random unitary matrix. The matrix UNM UT

NM is the upper left N × N submatrix of UUT ,
and thus UNM UT

NM is distributed as a submatrix of a COE random matrix. Therefore the hiding
conjecture when K = M reduces to proving that a submatrix of a COE matrix is close to a Gaussian
matrix in total variation distance. We thus restate Theorem 1.1 more precisely as follows:

Theorem 1.2 (hiding in GBS with K = M). Let A be the upper left N × N submatrix of an
M × M COE matrix U , and let G ∼ Gsym

N . Then for N = O(
√

M), as M → ∞,

dTV(
√

MA, G) ≤ O(N/
√

M), (1.6)

which is o(1) for N = o(
√

M).
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The main difficulty is that the convergence is in the total variation distance. Closeness of√
MA to complex Gaussian in weaker senses, such as in distribution, has been long known [22–24].

In fact [22] already noted the closeness of the density of A to that of a Gaussian distribution
for sufficiently large M . However, these weaker forms of convergence are not sufficient for the
hiding property and subsequent hardness argument [1,7]. Moreover, as shown in [25], closeness of
a submatrix in total variation distance can be very different than in other senses of convergence.
In particular, for a square submatrix of a Haar orthogonal matrix, one can approximate only up to
a size o(

√
M) × o(

√
M) submatrix in total variation distance, but one can approximate an entire

M × o( M
log M ) submatrix in the weak or maximum entrywise distance [26, Table 1].

The proof of Theorem 1.2 follows that of [26, Theorem 1], which involves bounding the Kullback–
Leibler (KL) divergence of the two distributions. One notable difference is that we do not determine
the normalizing constant in the formula for the density of

√
MA in Theorem 2.1. The normalizing

constant appears complicated to calculate, and by skipping it we also skip some detailed asymp-
totic analysis, at the cost of adding Proposition 3.2 to handle the unknown normalizing constant.
For this, we combine the method of [1], which also did not determine the normalizing constant, but
as a byproduct had to assume a smaller size submatrix, with KL divergence-like estimates to prove
the TV distance convergence up to the expected maximal size o(M1/2) of the square submatrix
A. Being able to skip calculating the normalizing constant without losing out on the submatrix
size, may be useful for proving convergence for other submatrix distributions as well.

Remark 1.2. After uploading the original version of this manuscript, we found the integral for
the normalizing constant for the density in Theorem 2.1 is calculated in the 1963 book by Hua [27,
Theorem 2.3.1], as

c′
M,N = (M − 2N + 1)(M − 2N + 3) · · · (M − 1)

2N πN(N+1)/2
Γ(M − N + 1)Γ(M − N + 2) · · · Γ(M − 1)

Γ(M − 2N + 2)Γ(M − 2N + 4) · · · Γ(M − 2) .

(1.7)

Therefore, Proposition 3.2 could be replaced with an asymptotic expansion of c′
M,N similar to [26,

Lemma 2.7]. However, we keep the proposition and proof with the undetermined normalizing
constant since it may be useful for other random matrix ensembles, as it appears typical (and
easier) to derive submatrix densities without the precise normalizing constant, as done in [22,28–31].
Additionally, we avoid some computational work involving the normalizing constant, in exchange
for the different types of estimates in Proposition 3.2.

Returning to the argument for classical hardness, we also need a multiplicative estimate on the
density functions to apply the instance generating method of [1]:

Theorem 1.3 (hiding v2). Let A and G be as in Theorem 1.2, and let f be the density of
√

MA
and g the density of G. Then for N = o(M1/3) and any N × N symmetric matrix Z,

f(Z) ≤ (1 + O(N3/M))g(Z). (1.8)

Conveniently, this follows from the proof of Theorem 1.2 in the same way that the boson
sampling analogue follows from the boson sampling hiding property [1, Theorems 5.1, 5.2]. This
type of theorem is used to generate a random unitary given a particular Gaussian matrix that must
be hidden as a submatrix [1]. For Gaussian boson sampling with the hiding property involving
G ∼ Gsym

N , one can use Theorem 1.3 and the argument in [1, §5.2] to generate a random COE
matrix B containing G (properly rescaled) as a randomly placed submatrix. Given a COE matrix
B, singular value decomposition or Takagi factorization can produce a unitary matrix U such that
B = UUT .

1.3 Other numbers of squeezed states
In this section we discuss the hiding conjecture for K < M . Previously, the only case where
Conjecture 1 was rigorously known to hold was in the sparse case N = K = o(M1/5), where the
hiding property for GBS follows from the hiding property for conventional boson sampling proved
in [1, Theorem 5.1]:
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Theorem 1.4 ( [1, Theorem 5.1]). Let UNN be the top left N × N submatrix of an M × M Haar
unitary matrix U , and let GN be an N × N matrix of i.i.d. standard complex Gaussians. Let
M ≥ N5

δ log2 N
δ for any δ > 0. Then dTV(

√
MUNN , GN ) = O(δ).

Note the hiding property for conventional boson sampling involves the square submatrix UNN

of a Haar unitary U , while the hiding property for GBS involves the symmetric product UNKUT
NK

for a rectangular N × K submatrix UNK . In the sparse regime for GBS, when N = K = o(M1/5),
the hiding property for GBS follows from Theorem 1.4, since UNK itself looks like a Gaussian G
in total variation distance, and so UNKUT

NK will also be close to GGT in total variation distance.
Actually, applying [26,32], the hiding property in the sparse regime can be extended to its maximum
extent, K = O(M1−ε), for any 0 < ε < 1, albeit with requiring N = o(Mε). We write the details
in Appendix A, which just consists of applying the proof method of [26, Theorem 1(i)] to the
unitary submatrix density in [32, Prop. 2.1]. As a by-product the method of [26,32] also improves
Theorem 1.4 to the expected maximal size N = o(

√
M) for hiding in conventional boson sampling,

with a quantitative rate of convergence, as conjectured in [1] (Theorem 1.6/A.1).

Theorem 1.5 (hiding in GBS for NK = o(M)). Let 1 ≤ N ≤ K < M and NK = o(M). Then
for GNK an N × K matrix of i.i.d. standard complex Gaussians,

dTV(MUNKUT
NK , GNKGT

NK) ≤ O

(√
NK

M

)
. (1.9)

In particular, if K = O(M1−ε) and N = O(Mε/2) for some ε > 0, then the TVD bound is
O(M−ε/4).

Theorem 1.6 (hiding in Fock boson sampling for N = o(
√

M)). Total variation distance hiding
in Fock boson sampling holds for submatrices of size N = o(

√
M): for GN an N × N matrix of

i.i.d. standard complex Gaussians and N = o(
√

M),

dTV(
√

MUNN , GNN ) ≤ O

(
N√
M

)
. (1.10)

However, as soon as we consider K = cM , even if N is as small as N = 1, then the N × K
submatrix UNK should be too large to be close to a Gaussian G in TV distance—this is the case
for submatrices of Haar orthogonal matrices [26], and the same proof method should carry over to
unitary submatrices as well. Assuming this, there is a transition for whether an N × K submatrix
UNK looks Gaussian in TV distance as M → ∞: for NK = o(M) the TV distance goes to zero
and UNK looks Gaussian, but for NK = Ω(M), the submatrix UNK does not look Gaussian, i.e.
the TV distance is bounded away from zero as M → ∞ [26]. As previously noted, we can see that
when K = M , in which case the rows of UNK are normalized, then dTV(

√
MUNK , G) = 1, which

is the maximum possible value for TV distance.
So for the experimental regime of K = cM , the hiding property for GBS involves UNKUT

NK for
UNK an N×K submatrix which does not look Gaussian in TV distance. Nevertheless, Conjecture 1
asserts the end product UNKUT

NK may still look either like a symmetric Gaussian G, or like GGT

for G i.i.d. Gaussian. Our main result Theorem 1.1 or 1.2 proves this for K = M . Intuitively, the
hiding property should be least likely to hold when K = M , because then the individual UNK and
G are most different, and UNK has strong relations between entries due to the normalization and
orthogonality requirements on its rows. Since the hiding property holds for K = M , then it seems
intuitively plausible it should also hold for smaller K = cM , K < M , where the entries of UNK

look more independent since they do not see the full normalization and orthogonality requirements.
Our proof for hiding in GBS for K = M however makes use of the explicit form of the density for
UNKUT

NK (just like other related total variation distance proofs), and so it unfortunately does not
imply hiding for K = cM , K < M , despite the intuition that the setting with K < M should be
in some sense “easier”.

Finally, we note that in [4, 6], the case K = M is also discussed in relation to [24], but the
convergence in [24] is in terms of the weak or maximum entrywise distance. The proof using Gram–
Schmidt orthonormalization in [24] also applies to UNKUT

NK with K < M , so MK−1/2UNKUT
NK

also looks like GGT ∼ GGT
NK in the weaker maximum entrywise distance for N = o(

√
M/ log M).
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But as previously discussed, this weaker distance can behave very differently from the total varia-
tion distance, and is not sufficient for the hiding conjecture or subsequent hardness application.

1.4 Outline and notation
The rest of the paper is organized as follows. The main Theorem 1.2 is proved through Sections 2
and 3, with some lemmas and their proofs deferred to Section 4. Section 5 gives the proofs of
Corollary 1.1 and Theorem 1.3, and Appendix A gives the proof of Theorem 1.5.

For notation, generic constants denoted by C or c may change from line to line. For random

variables X, Y we write X
d= Y to mean X and Y have the same distribution, and for µ a probability

distribution we write X ∼ µ to mean X has distribution given by µ.

2 COE preliminaries
We need a few properties of submatrices of COE matrices. The behavior of these submatrices has
been of interest in quantum conductance and transport problems [29, 30]. The key property we
need is the explicit formula for the density of a submatrix of a COE matrix derived in [22]. This
is what makes proving convergence in total variation distance possible.

Theorem 2.1 (submatrix density, [22]). Let A be the upper left N × N submatrix of an M × M
COE matrix U . Then for N ≤ M/2, A has a probability density function f on the space of
symmetric complex matrices given by

f(Z) = c′
M,N det(IN − Z†Z)

M−2N−1
2 I0(λmax(Z†Z) < 1), (2.1)

for a normalization constant c′
M,N , and where I0(·) denotes an indicator function and λmax(Z†Z)

the maximum eigenvalue of Z†Z.

This gives the distribution of A as f(Z)
∏

i≤j dZij on CN(N+1)/2. Note that the density (2.1)
is essentially the same form as the density for the submatrix of a Haar-distributed real orthogonal
matrix [33–35], although the integration space (and dimension) are different. From (2.1), we can
see the standard intuitive reason behind closeness of A to Gaussian. Considering

√
MA, the

density function is rescaled to be

f(Z) ∝ det
(

IN − Z†Z

M

)M−2N−1
2

=
N∏

j=1

(
1 − λj(Z†Z)

M

)M−2N−1
2

≈
N∏

j=1
e−λj(Z†Z)/2 = e− Tr(Z†Z)/2,

(2.2)

provided the eigenvalues λj(Z†Z) of Z†Z are sufficiently small for the exponential approximation.
We will of course need much more precise estimates to show the TV distance (1.5) is small, which
are slightly complicated by not knowing the normalization constant on the density. We note that,
despite the intuitive closeness of the density functions such as in (2.2), studying the TV distance in
the related case of submatrices of Haar-distributed real orthogonal matrices still took many years
to finally be fully resolved [25,26, 33, 36, 37]. Moreover, there are several different notions, besides
total variation distance, in which the matrices can be close, and the behavior with respect to these
other distances can greatly differ [35], [26, Table 1]. Therefore we will need much more careful
analysis than (2.2) to prove Theorem 1.2.

We also need the following eigenvalue estimates, which are the analogue of [26, Lemmas 2.5,
2.6] but for COE submatrices.

Lemma 2.2 (singular values). Let A be the upper left N ×N submatrix of an M ×M COE matrix
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U , and let λ1, . . . , λN be the eigenvalues of A†A. Then for N = O(
√

M), as M → ∞,

E
N∑

j=1
λj = N2 + N

M
+ O

(
N2

M2

)
, (2.3)

E
N∑

j=1
λ2

j = 2N3

M2 + O

(
N2

M2

)
, (2.4)

E
N∑

j=1
λ3

j = O

(
N4

M3

)
. (2.5)

Since E
∑N

j=1 λm
j = E Tr((A†A)m), we can calculate all the above quantities using Weingarten

calculus [38, 39], writing a COE matrix as U
d= WW T for W a Haar-distributed unitary, and

identifying leading order terms. We postpone the proof of Lemma 2.2 to Section 4.2.

3 Proof of Theorem 1.2
There is a long history of proofs showing closeness of a Haar orthogonal or unitary submatrix to
i.i.d. Gaussians in total variation distance, including [1, 25, 26, 32, 33, 36, 37], and concluding with
the result for maximal sizes of rectangular submatrices of Haar orthogonal matrices [26, 37]. For
the COE case here, we adapt the proof method of [26], which is for Haar orthogonal matrices,
and gives in that case the maximal submatrix size and a quantitative error bound. Additionally,
the proof method is relatively short and provides a bound on the Kullback–Leibler divergence (or
relative entropy). By Pinsker’s inequality [40], the total variation distance can be bounded as

dTV(
√

MA, G) ≤
√

1
2DKL(

√
MA || G), (3.1)

where DKL(
√

MA || G) is the Kullback–Leibler (KL) divergence (relative entropy) of the distri-
butions of

√
MA and G,

DKL(
√

MA || G) ≡
∫

f(Z) log f(Z)
g(Z) dZ, (3.2)

where f and g are the density functions for
√

MA and G respectively. The density f of
√

MA is
given by a rescaling of Theorem 2.1 as

f(Z) = cM,N det
(

IN − Z†Z

M

)M−2N−1
2 I0(λmaxZ†Z < M), (3.3)

for a normalization constant cM,N , while the density g is

g(Z) =
N∏

j=1

1
2π

e−|Zjj |2/2
∏
i<j

1
π

e−|Zij |2
= 1

2N πN(N+1)/2 e− Tr(Z†Z)/2. (3.4)

The KL divergence (3.2) is well-defined since the distribution of
√

MA is absolutely continuous
with respect to that of G. Due to (3.1) it then suffices to bound the KL divergence.

As explained in the Introduction, we skip the exact calculation of the normalizing constant
cM,N . In fact [1] does not evaluate their normalizing constant either, although in both of these
cases it turns out the normalizing constants can be found in the matrix integrals in the book by
Hua [27]. Instead, we have the additional estimates of Proposition 3.2. The intuitive reason for
why we do not need the constant is that if two density functions f and g are “close” without
certain normalizing constants, then those normalizing constants must also be close since f, g are
both density functions normalized to have integral one.

To avoid cM,N , we first define a more convenient function f̃ with an explicit constant, and
apply the argument involving the Kullback–Leibler divergence from [26] to bound the expression
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in (3.1) but with f̃ replacing f . To this end, let ζ = ζM,N be defined as in (3.6) below, and define
f̃ := ζf . From (3.2), we can write

DKL(
√

MA || G) =
∫

f(Z) log
( 1

ζ f̃(Z)
g(Z)

)
dZ = E

[
log f̃(

√
MA)

g(
√

MA)

]
+ log 1

ζ
. (3.5)

We will first show the expectation term is small, and then handle the normalizing constant term
log(1/ζ) in Proposition 3.2.

Proposition 3.1. Let A be the upper left N × N submatrix of an M × M COE matrix, which has
density f = fM,N given in (3.3). Let g = gN be the density function of G ∼ Gsym

N , and let f̃ := ζf
for

ζ = ζM,N :=
exp

(
− N3

2M

)
2N πN(N+1)/2cM,N

. (3.6)

Then for N = O(
√

M), as M → ∞, there is a constant C so that

E
[

log f̃(
√

MA)
g(

√
MA)

]
≤ CN2/M. (3.7)

Proof. Note since the expectation we evaluate is no longer a KL divergence, it can be negative,
but we only need an upper bound. We follow the proof method of [26, Theorem 1(i)] with some
simplifications since we consider square submatrices and have pre-chosen the constant ζ in (3.6)
to be particularly convenient; in particular no asymptotic expansion of the normalization constant
is needed. The density for G is g(Z) = 2−N π−N(N+1)/2e− Tr(Z†Z)/2. In terms of the eigenvalues
λ1, . . . , λN of the matrix Z†Z, we have for λmax(Z†Z) < M ,

log f̃(Z)
g(Z) = − N3

2M
+ log

det
(

IN − Z†Z

M

)M−2N−1
2

exp
(
Tr(Z†Z)/2

)
= − N3

2M
+ M − 2N − 1

2

N∑
j=1

log
(

1 − λj(Z†Z)
M

)
+ 1

2

N∑
j=1

λj(Z†Z). (3.8)

We can take the expectation value with respect to
√

MA, for which λmax(MA†A) ≤ M . Using
the inequality log(1 + x) ≤ x − x2

2 + x3

3 for any x > −1, and applying Lemma 2.2 (recall we have
rescaled λj 7→ Mλj), yields

E log f̃(
√

MA)
g(

√
MA)

≤ − N3

2M
+ (M − 2N − 1)

2 E
N∑

j=1

[
− λj

M
−

λ2
j

2M2 −
λ3

j

3M3

]
+ N2 + N

2 + O

(
N2

M

)

≤ − N3

2M
+ (M − 2N − 1)

2

[
−N2 + N

M
− 2N3

2M2 − O
(N4

M3

)]
+ N2 + N

2 + O

(
N2

M

)
= O

(
N2

M

)
, (3.9)

for N = O(
√

M).

Next we handle the undetermined normalizing constant cM,N by showing that the term log 1/ζ
in (3.5) is small.

Proposition 3.2. Let ζ = ζM,N be defined as in (3.6). Then there is c0 > 0 so that for N ≤ c0
√

M ,
as M → ∞,

|1 − ζ| = O(N2/M), and consequently | log ζ| = O(N2/M). (3.10)
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Proof. Recall that f̃ ≡ ζf , where f is the density function of
√

MA, and that g denotes the
density function of G ∼ Gsym

N . Because we want to compare to a KL divergence-like term, we use
a different method than what was used in [1]. We start by observing the function x log x − x + 1
is nonnegative for all x ≥ 0. Therefore

0 ≤
∫
CN(N+1)/2

(
f̃

g
log f̃

g
− f̃

g
+ 1
)

g dZ = ζE
[

log f̃(
√

MA)
g(

√
MA)

]
− ζ + 1, (3.11)

which with Proposition 3.1 implies

ζ ≤ 1 + O(N2/M). (3.12)

To show a lower bound on ζ, let S := {Z complex symmetric N × N matrix : λmax(Z†Z) ≤ M/2},
which is a (proper) subset of where f̃ > 0. Then we have

0 ≤
∫

S

(
g

f̃
log g

f̃
− g

f̃
+ 1
)

f̃ dZ = E
[
1S(G) log g(G)

f̃(G)

]
− E [1S(G)] + ζE[1S(

√
MA)]. (3.13)

We will show that the event S occurs with high probability for both G and
√

MA, so the right-
most two expectations are both close to one. The remaining expectation will be similar to the one
computed in Proposition 3.1, but using the restriction 1S(G), so that λj(G†G) < M/2, to have a
lower bound on log(1 − λj/M). To show the above, we use some lemmas concerning the singular
values of G and A, which we state and prove in Section 4.1. In particular, by Lemma 4.2, letting
λ′

1 . . . , λ′
N denote the eigenvalues of G†G,

E [1S(G)] = 1 − P[max(λ′
1, . . . , λ′

N ) > M/2] ≥ 1 − e−c′M , (3.14)

for sufficiently small c0 in N ≤ c0
√

M . Similarly, by Lemma 4.3, for λ1, . . . , λN the eigenvalues of
MA†A,

E
[
1S(

√
MA)

]
= 1 − P[max(λ1, . . . , λN ) > M/2] ≥ 1 − O(N2/M). (3.15)

Finally, using Lemma 4.1 in place of Lemma 2.2, we can upper bound E
[
1S(G) log g(G)

f̃(G)

]
similarly

as in the proof of Proposition 3.1. Instead of (3.8), we have the negation with an indicator function,

1S(Z) log g(Z)
f̃(Z)

= 1S(Z)
[

N3

2M
− M − 2N − 1

2

N∑
j=1

log
(

1 − λj(Z†Z)
M

)
− 1

2

N∑
j=1

λj(Z†Z)
]
. (3.16)

Due to the negative sign on the log(1 − λj/M) terms, we need a lower bound on log(1 − x), for
which we will use

log(1 − x) ≥ −x − x2

2 − x3, for 0 ≤ x ≤ 1/2, (3.17)

which can be verified by differentiation. Because the set S is defined so 0 ≤ λj(Z†Z)
M ≤ 1/2, we can

use the above inequality to get the lower bound

E
N∑

j=1
log
(

1 −
λ′

j(G†G)
M

)
1S(G) ≥ E

 N∑
j=1

(
−

λ′
j

M
−

(λ′
j)2

2M2 −
(λ′

j)3

M3

)
1λ′

max≤M/2

 . (3.18)

Using

E

 N∑
j=1

(λ′
j)m1max λ′

j
>M/2

 = O(e−cM(1−o(1))), m = 1, 2, 3, (3.19)
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which follows from Hölder’s inequality and Lemmas 4.1 and 4.2, we can also apply Lemma 4.1 to
(3.18) to obtain

E
N∑

j=1
log
(

1 −
λ′

j

M

)
1S(G) ≥ −N2 + N

M
− 2N3 + O(N2)

2M2 − O

(
N4

M3

)
− O(e−cM(1−o(1))). (3.20)

Inserting this back in (3.16) with the expectation, and applying (3.19) to the trace term as well,
gives the upper bound

E
[
1S(G) log g(G)

f̃(G)

]
≤ N3

2M
+ O(e−cM ) − M − 2N − 1

2

(
−N2 + N

M
− 2N3 + O(N2)

2M2

)
− N2 + N

2 + O

(
N2

M

)
+ O

(
N4

M2

)
= O

(
N2

M

)
. (3.21)

Combining this with (3.14) and (3.15) in (3.13) implies

ζ ≥ 1 − O(N2/M). (3.22)

Thus |1 − ζ| = O(N2/M), which also implies | log ζ| = O(N2/M).

Proof of Theorem 1.2. Combining Propositions 3.1 and 3.2, and noting it is sufficient to consider
N ≤ c0

√
M since TVD is bounded above by 1, we obtain from Pinsker’s inequality (3.1), and (3.5)

that

dTV(
√

MA, G) ≤
√

1
2DKL(

√
MA || G) = O(N/

√
M), (3.23)

as desired.

4 Proof of lemmas
4.1 Singular value bounds
In this section we prove the lemmas used in the proof of Proposition 3.2.

Lemma 4.1. Let G ∼ Gsym
N , and let λ′

1, . . . , λ′
N be the eigenvalues of G†G. Then

E
N∑

j=1
λ′

j = N2 + N, E
N∑

j=1
(λ′

j)2 = 2N3 + O(N2), (4.1)

E
N∑

j=1
(λ′

j)3 = O(N4), E
N∑

j=1
(λ′

j)4 = O(poly(N)). (4.2)

Proof. We calculate these directly. For example,

E
N∑

j=1
λ′

j = E Tr(G†G) =
N∑

i1,i2=1
E|Gi1i2 |2 = 2N + (N2 − N) = N2 + N. (4.3)

Using Isserlis’s or Wick’s formula for complex Gaussians (see e.g. [41, Ch.2]), and recalling that G
has a different variance on the diagonal,

E
N∑

j=1
(λ′

j)2 = E Tr(G†GG†G) =
N∑

i,j,k,ℓ=1
E[GijḠkjGkℓḠiℓ]

= 2
N∑

i,j,k,ℓ=1
(4δi=j=k=ℓ + 2δj=k=ℓ,̸=i + 2δi=j=ℓ,̸=k + δj=ℓ,i̸=j,k ̸=j)

= 2
[
4N + 4N(N − 1) + N(N − 1)2] = 2N3 + 4N2 + 2N. (4.4)
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Similarly, applying Isserlis’s or Wick’s formula yields (4.2). Note we only need the leading order up
to constants for the third moment, and for the fourth moment the O(N8) from Hölder’s inequality2

is sufficient.

The next lemma is a more precise (though far from optimal) estimate for the corresponding
quantity gtail of [1, Lemma 5.3]. For the case of [1], note the Gaussian matrix there is not symmetric,
and there gtail concerns the largest eigenvalue of a complex Wishart distribution.

Lemma 4.2. Let λ′
1, . . . , λ′

N be the eigenvalues of G†G, where G ∼ Gsym
N . Then for t > 2N2,

P[max(λ′
1, . . . , λ′

N ) > t] ≤ e−c(√
t−

√
2N)2

. (4.5)

Proof. Recall that the operator norm ∥G∥ is equal to the largest singular value, which is
√

max(λ′
1, . . . , λ′

N ).
Using subgaussian concentration of the operator norm ∥G∥ since the norm is

√
2-Lipschitz for sym-

metric matrices (compare to Frobenius norm), we obtain

P[∥G∥ > E∥G∥ + s] ≤ e−cs2
, s > 0; (4.6)

see for example [42, Theorem 2.26], noting that we can view a function of n i.i.d. standard complex
Gausian random variables as a function of 2n i.i.d. real Gaussian random variables. Since

E∥G∥ ≤ (E∥G∥2)1/2 = (Eλ′
max)1/2 ≤

E
N∑

j=1
λ′

j

1/2

= (N2 + N)1/2 ≤
√

2N, (4.7)

where we used Lemma 4.1 for the bound on the expected trace, then letting t = (E∥G∥ + s)2,

P [max(λ′
1, . . . , λ′

N ) > t] = P
[
∥G∥ >

√
t
]

≤ e−c(√
t−

√
2N)2

.

Lemma 4.3. Let λ1, . . . λN be the eigenvalues of A†A. Then for N = O(
√

M),

P[max(λ1, . . . , λN ) > 1/2] ≤ O(N2/M). (4.8)

Proof. By Markov’s inequality and Lemma 2.2, we have

P
[
max(λ1, . . . , λN ) >

1
2

]
≤ P

 N∑
j=1

λj >
1
2

 ≤ 2E

 N∑
j=1

λj

 = O

(
N2

M

)
.

4.2 Proof of Lemma 2.2
In this section we prove Lemma 2.2 on the moments of the singular values of A. Recall A is the

upper left N × N submatrix of an M × M COE matrix U
d= V V T , where V is a Haar random

unitary matrix. We are interested in E
∑N

j=1 λm
j for m = 1, 2, 3.

For m = 1, we can apply Weingarten calculus [38, 39] or the fourth moment calculation given
in e.g. [43, Lemma 4.7], giving

E
N∑

j=1
λj = E Tr(A†A) =

N∑
i1,i2=1

E|Ai1i2 |2 =
N∑

i1,i2=1

M∑
j1,j2=1

E[Vi1j1V T
j1i2

V̄i1j2 V̄ T
j2i2

]

= M(N2 + N)
[

1
(M − 1)(M + 1) − 1

(M − 1)M(M + 1)

]
= N2 + N

M + 1 , (4.9)

2E
∑N

j=1(λ′
j)4 = E Tr[(G†G)4] ≤

∑N

i1,...,i8=1 E[|Gi1i2 |8]1/8 · · · E[|Gi8i1 |8]1/8 ≤ CN8.
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which is N2+N
M + O

(
N2

M2

)
.

For m = 2, 3, we only need the leading order term, which will simplify calculations. In order
to compute expectation values, we use the Weingarten calculus [38,39] with only the leading order
asymptotics for the Weingarten function:

Theorem 4.4 ( [39, Corollaries 2.4, 2.7]). Let U(d) be the space of d×d unitary matrices equipped
with Haar measure, and let Sn be the permutation group on n elements. Let n be a positive integer
and i = (i1, . . . , in), i′ = (i′

1, . . . , i′
n), j = (j1, . . . , jn), j′ = (j′

1, . . . , j′
n) be n-tuples of positive

integers. Then∫
U(d)

Ui1j1 · · · Uinjn
Ui′

1j′
1

· · · Ui′
nj′

n
dU =

∑
σ,τ∈Sn

δi1i′
σ(1)

· · · δini′
σ(n)

δj1j′
τ(1)

· · · δjnj′
τ(n)

Wg(τσ−1),

(4.10)

where Wg denotes the Weingarten function defined in [39, Eq. (9)]. The Weingarten function
satisfies the asymptotics, for fixed n as d → ∞,

Wg(Id) = 1
dn

(
1 + O

(
1
d2

))
, Wg(σ) = O

(
1

dn+|σ|

)
, (4.11)

where |σ| denotes the minimum number of factors needed to write σ as a product of transpositions,
or equivalently, |σ| = n − (# of disjoint cycles).

To apply the above theorem, write

E
N∑

j=1
λ2

j = E Tr(A†AA†A) =
N∑

i1,...,i4=1
E[Āi2i1Ai2i3Āi4i3Ai4i1 ]

=
N∑

i1,...,i4=1

M∑
j1,j2,j′

1,j′
3=1

E[Vi1j1Vi2j2Vi3j2Vi4j1 V̄i1j′
1
V̄i2j′

1
V̄i3j′

3
V̄i4j′

3
],

where we use indices j′
1, j′

3 to match the notation in Theorem 4.4. To match more exactly,
we could instead write the sum over all j1, j2, j3, j4, j′

1, j′
2, j′

3, j′
4 by adding the Kronecker deltas

δj1j4δj2j3δj′
1j′

2
δj′

3j′
4
. Applying Theorem 4.4, the above expression becomes

E
N∑

j=1
λ2

i =
N∑

i1,...,i4=1

M∑
j1,j2,j′

1,j′
3=1

∑
σ,τ∈S4

Wg(τσ−1)δi1iσ(1)δi2iσ(2)δi3iσ(3)δi4iσ(4)δj1j′
τ(1)

δj2j′
τ(2)

δj2j′
τ(3)

δj1j′
τ(4)

,

where for the indices j′
τ(k), we identify the skipped indices j′

2, j′
4 via j′

2 ≡ j′
1 and j′

4 ≡ j′
3, due to

the repeated primed indices in the terms V̄ikj′
ℓ
.

Evaluating the sums over i1, . . . , i4 yields

E
N∑

j=1
λ2

i =
∑

σ,τ∈S4

N#cycles(σ) Wg(τσ−1)
M∑

j1,j2,j′
1,j′

3=1

δj1j′
τ(1)

δj2j′
τ(2)

δj2j′
τ(3)

δj1j′
τ(4)

. (4.12)

We can evaluate

M∑
j1,j2,j′

1,j′
3=1

δj1j′
τ(1)

δj2j′
τ(2)

δj2j′
τ(3)

δj1j′
τ(4)

=
{

M2, τ maps {1, 4} to {1, 2} or {3, 4} (write, τ ∈ T )

M, otherwise
,

(4.13)

according to Figure 3: if τ maps {1, 4} to {1, 2} or {3, 4}, which we will denote as τ ∈ T , then the
graph in Figure 3 has two cycles, but otherwise has only one cycle. Each cycle represents indices
that all must take the same value, so we obtain a factor of M for each distinct cycle after summing
over the indices.
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j1

j′1

j2

j′2

j3

j′3

j4

j′4
τ

Figure 3: Indices jk and j′
ℓ that must take identical values are shown connected with a bracket. In particular,

j1 = j4 and j2 = j3, and j′
1 = j′

2 and j′
3 = j′

4. The permutation τ combined with the Kronecker δ functions
connects the two rows of (jk)’s and (j′

k)’s. This forms a graph with the indices (jk), (j′
k) as the vertices, and

where indices in the same cycle must take the same value.

Now we start to consider leading order terms. Using (4.11), the Weingarten function Wg(τσ−1)
obtains the largest order 1/M4 only for τσ−1 = Id, and is O(1/M5) otherwise. Using (4.13), the
largest order terms with τσ−1 = Id, or σ = τ , occur when

τ ∈ {(2 4), (1 3)} ⊂ T, (4.14)

which each lead to a term of order N3/M2. To see that other choices of σ = τ will produce a lower
order term, first consider τ ∈ T . If τ has a cycle shape that is not [2, 1, 1] or [1, 1, 1, 1], then the
power N#cycles(σ) will be a lower order, N2 or smaller. The only cycles in T with shape [2, 1, 1] are
the two in (4.14), and the only cycle with shape [1, 1, 1, 1] is the identity which is not in T . Next,
if τ ̸∈ T , then (4.13) implies the highest order we could obtain is N4/M3, which is O(N2/M2)
for N = O(

√
M). Finally, if σ ̸= τ , then Wg(τσ−1) = O(1/M5), giving largest possible order

N4/M3 = O(N2/M2). This proves (2.4).
In the case m = 3, we similarly have

E
N∑

j=1
λ3

j = E Tr(A†AA†AA†A)

=
N∑

i1,...,i6=1

M∑
j1,j2,j4,

j′
1,j′

3,j′
5=1

E[Vi1j1Vi2j2Vi3j2Vi4j4Vi5j4Vi6j1 V̄i1j′
1
V̄i2j′

1
V̄i3j′

3
V̄i4j′

3
V̄i5j′

5
V̄i6j′

5
]

=
∑

σ,τ∈S6

N#cycles(σ) Wg(τσ−1)
M∑

j1,j2,j4,
j′

1,j′
3,j′

5=1

(δj1j′
τ(1)

δj2j′
τ(2)

δj2j′
τ(3)

δj4j′
τ(4)

δj4j′
τ(5)

δj1j′
τ(6)

)δj′
1j′

2
δj′

3j′
4
δj′

5j′
6

=
∑

σ,τ∈S6

N#cycles(σ) Wg(τσ−1)
{

M3, τ({1, 6}), τ({2, 3}), τ({4, 5}) ∈ some Ai

M2 or M, otherwise
,

(4.15)

where A1 = {1, 2}, A2 = {3, 4}, and A3 = {5, 6}, using Figure 4 to obtain the last line. Reasoning

j1

j′1

j2

j′2

j3

j′3

j4

j′4

j5

j′5

j6

j′6
τ

Figure 4: Analogue of Fig. 3 for m = 3. Indices of j and j′ that must take identical values are connected with
a bracket. The permutation τ connected the two rows of (jk)’s and (j′

k)’s, so that indices in the same cycle of
the resulting graph must take the same value. There is only one independent index for each cycle, leading to
one factor of M for each cycle after the summation.

as in the m = 2 case, for the leading order we first consider σ = τ with τ contributing a factor M3

in (4.15). There are no such τ with cycle shape [1, 1, 1, 1, 1, 1] or [2, 1, 1, 1, 1], and the shapes with
the next most cycles are [2, 2, 1, 1] and [3, 1, 1, 1], which will give a term N4/M3. For example,

τ ∈ {(1 3)(4 6), (2 6)(3 5), (1 5)(2 4), (1 5 3), (2 4 6)}, (4.16)

produce this term. Any other shapes of τ or σ will give at most order N6/M4 or N3/M3, which
are also O(N4/M3) for N = O(

√
M).
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5 Proof of Corollary 1.1 and Theorem 1.3
5.1 Proof of Corollary 1.1
Let Z be a K × K matrix of i.i.d. CN (0, 1/

√
K) random variables. A Haar-distributed random

unitary matrix can be formed [44] from Z by performing Gram–Schmidt orthonormalization to the
rows of Z, creating a K × K unitary matrix V . The matrix W := V V T is then distributed as a
K × K COE matrix. Theorem 1 of [24] shows that for this construction,

P
[

max
1≤i,j≤N

∣∣∣√KWij − (ZZT )ij

∣∣∣ > t

]
≤ CK2e−ct

√
K/N , (5.1)

for any N2 ≤ K/12 and 0 < t ≤ 4
√

K/N . This means that in terms of the maximum entrywise
distance, the N ×N top left submatrix of the COE matrix W after rescaling looks very close to the
N × N top left submatrix of the corresponding symmetric product ZZT for the Gaussian matrix
Z.

Let G be the top N × K submatrix of Z, so that the top left N × N submatrix of ZZT is
GGT ∼ GGT

NK , and let WNN denote the top left N × N submatrix of W . Due to (5.1), it will

suffice to show that there is G ∼ Gsym
N with entries close to

√
KWNN . We apply Theorem 1.2 with

M = K, which implies that for N = o(
√

K),

dTV(
√

KWNN , G) ≤ O(N/
√

K). (5.2)

The total variation distance between two distributions µ and ν on a Polish space is related to
couplings of µ and ν, which are defined as jointly distributed random variables (X, Y ) such that
X ∼ µ and Y ∼ ν. In particular, it is known that there always exists an optimal coupling (X, Y )
such that

P[X ̸= Y ] = dTV(µ, ν); (5.3)

see for example [45, Ch.1 Theorem 5.2]. Applying this with (5.2), there is a joint distribution ρ of

random variables (X, G) such that X
d=

√
KWNN , G ∼ Gsym

N , and

P[X ̸= G] ≤ O(N/
√

K). (5.4)

Now construct GGT ,
√

KWNN , and G as follows. Given G an N × K matrix of i.i.d.
CN (0, 1/

√
K) random variables, construct

√
KWNN via the Gram–Schmidt orthonormalization

applied to the rows of G. Given X =
√

KWNN , sample G according to the conditional distribu-
tion ρG|X (see e.g. [46, §IV.2]). The pair (

√
KWNN , G) then has joint distribution ρ, so G ∼ Gsym

N ,

and for this construction of GGT ,
√

KWNN , and G, we have

P
[

max
1≤i,j≤N

∣∣Gij − (GGT )ij

∣∣ > ε

]
≤ P

[
max

1≤i,j≤N

∣∣∣Gij − (
√

KWNN )ij

∣∣∣ > ε/2
]

+

+ P
[

max
1≤i,j≤N

∣∣∣(√KWNN )ij − (GGT )ij

∣∣∣ > ε/2
]

≤ O(N/
√

K) + CK2e−cε
√

K/N , (5.5)

which is o(1) as K → ∞ for N = o(
√

K/ log K).

5.2 Proof of Theorem 1.3
The proof is the same as that of [1, Theorem 5.2], using Proposition 3.2 to ensure ζ is close to one.
For completeness, we write the proof here for this case. Letting f be the density of

√
MA and g
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the density of G, we want to bound ∥f/g∥∞. Recalling that f̃ = ζf for ζ given in (3.6), we have∥∥∥∥f

g

∥∥∥∥
∞

= 1
ζ

sup
X∈CN(N+1)/2

f̃(X)
g(X)

= 1
ζ

exp
(

− N3

2M

)
sup

λ1,...,λN ≥0
exp

1
2

N∑
j=1

[
(M − 2N − 1) log

(
1 − λj

M

)
+ λj

]1λmax≤M .

(5.7)

Since the function λ 7→ (M − 2N − 1) log
(
1 − λ

M

)
+ λ achieves its maximum at λ = 2N + 1, which

is less than M , we obtain∥∥∥∥f

g

∥∥∥∥
∞

= 1
ζ

exp
(

− N3

2M

)(
1 − 2N + 1

M

)N(M−2N−1)/2
eN2+ 1

2 N

= eO(N3/M)

1 + O(N2/M) = 1 + O(N3/M). (5.8)

6 Discussion
In this paper, we prove Theorem 1.1/1.2, which proves the hiding conjecture for Gaussian boson
sampling in the setting where all input modes are squeezed (K = M). The relevant Gaussian
matrix in the theorem is G ∼ Gsym

N (symmetric complex Gaussian with independent entries modulo
symmetry) rather than the symmetric product of Gaussians GGT ∼ GGT

NK , which as we explain
in Remark 1.1 appears a more favorable ensemble to work with due to its simpler structure and
independent entries (modulo symmetry). Secondarily, we prove Theorems 1.5 and A.1 on hiding
for NK = o(M), which covers the sparse squeezer regime. This also confirms the extension for
hiding in Fock boson sampling to the maximal submatrix size o(

√
M) × o(

√
M) as expected in [1].

We note this paper leaves completely open the hiding conjecture for K = cM with K < M . This
has since been resolved in follow-up work [47].

Finally, we note that as is typical in many theoretical arguments for Fock or Gaussian boson
sampling, including in the original boson sampling proposal of [1], we work in the dilute or collision-
free regime, where the number of photons is much smaller than the number of modes, and one
makes use of a hiding property or conjecture. Current large-scale experimental realizations of
GBS [8–12] generally work with larger photon numbers which can be linear in the number of
modes, in which case the output distribution no longer falls in the dilute or collision-free regime. A
general area of interest in both Fock and Gaussian boson sampling is thus to investigate properties
and statistics in the non-dilute regime, as studied for example in [15,16].

A Sparse case and hiding in Fock boson sampling
In this section, we give the proof of Theorem 1.5, which extends the sparse case of hiding in GBS
from K = o(M1/5) to its maximal extent K = o(M), in particular allowing for K = O(M1−ε), any
ε > 0. In regards to the hiding property for Fock boson sampling [1], we remark that it appears
not that well-known in the physics literature that [32] obtains the maximal o(

√
M) × o(

√
M) size

for a square submatrix of a Haar unitary to be close to Gaussian in TV distance (though without a
quantitative rate of convergence), or that the later method in [26] can be used to give a quantitative
rate of convergence. In particular, as we describe below, the method of [26] leads to the maximal
o(

√
M) × o(

√
M) submatrix size, with required error bound, conjectured in [1] for hiding in Fock

boson sampling. For the above reasons, we include most of the details here, noting that only the
few lemmas written below are needed for the proof. The proof simply follows along the steps
in [26], which proves the maximal rectangular submatrix sizes for Haar-distributed real orthogonal
matrices. We consolidate Theorems 1.5 and 1.6 into the following theorem.
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Theorem A.1. Let UNK be the upper N × K submatrix of an M × M Haar unitary matrix, and
let GNK be an N × K matrix of i.i.d. standard complex Gaussians. Then for NK = o(M),

dTV(
√

MUNK , GNK) = O

(√
NK

M

)
. (A.1)

As a consequence, the following hiding property for Gaussian boson sampling holds for any NK =
o(M) with N ≤ K:

dTV(MUNKUT
NK , GNKGT

NK) = O

(√
NK

M

)
. (A.2)

In what follows, we will switch to considering a p × q submatrix with p ≥ q, in order to follow
along better with [26]. Since a Haar unitary and its transpose have the same distribution, one can
simply consider taking a transpose and setting p = K and q = N .

The form of the density (without normalization constant) for the submatrix of a Haar unitary
matrix has been derived by various methods, such as in [30, 31, 34, 48]. The normalizing constant
can be calculated using various methods, such as the matrix integrals of [27, Theorem 2.2.1] or via
the Selberg integral [49].

Proposition A.2 (see [32, Prop. 2.1]). Let Upq be the upper left p × q submatrix of an M × M
Haar random unitary matrix. Then for p ≥ q and p + q ≤ M , the density of Upq is

f(Z) = π−pq

q∏
j=1

(M − j)!
(M − j − p)! det(Iq − Z†Z)M−q−pI0(λmax(Z†Z) < 1), (A.3)

where I0(·) denotes an indicator function and λmax(Z†Z) the maximum eigenvalue of Z†Z.

Remark A.1. For the square case p = q, after rescaling to consider the density of
√

MUpq as writ-
ten in (A.6), we can compare the resulting normalization constant cM,q = π−q2

M−q2 ∏q
j=1

(M−j)!
(M−j−q)!

to the approximation used in [1]. There they define ζ := π−q2
/cM,q, and prove that |ζ −1| is small,

without knowing the exact form of cM,q. Using the expansion (A.4) below, we see that

ζ = exp
(
O(q3/M)

)
,

which is close to 1 if q = o(M1/3), which is more restrictive than the size in Theorem A.1. One
would need to use a better approximation or guess for ζ, based on matching cancellations in the
proof method, to allow for larger size submatrices without knowing cM,q.

For the proof of Theorem A.1, we only need two additional lemmas. First we need the asymp-
totics of the normalizing constant. Following the same steps of Lemma 2.7 of [26] and keeping
track of the size of the o(1) error term gives (for p = pM → ∞; the case p = O(1) follows by Taylor
expansion):

Lemma A.3. Let 1 ≤ q ≤ p < M . For lim sup p
M < 1 and pq = O(M),

log

 1
Mpq

q∏
j=1

(M − j)!
(M − j − p)!

 = −pq − q
(

M − p − q

2

)
log
(

1 − p

M

)
+ O

(
p2q2

M2

)
, (A.4)

as M → ∞.

We also need singular value moment estimates.

Lemma A.4. Let Upq be the upper left p×q submatrix, p ≥ q, of an M ×M Haar random unitary
matrix. Letting λ1, . . . , λq be the nonzero eigenvalues of U†

pqUpq, then for pq = o(M),

E
q∑

j=1
λj = pq

M
, E

q∑
j=1

λ2
j = pq(p + q)

M2 + O
( pq

M2

)
, E

q∑
j=1

λ3
j = p3q

M3 + O

(
p2q2

M3

)
. (A.5)
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Proof. This follows using Weingarten calculus (or [43, Lemma 4.7] for E
∑

j λ2
j ), with simpler

calculations than for the COE case of Lemma 2.2.

Proof of Theorem A.1. The density for G is g(Z) = π−pqe− Tr(Z†Z). By Proposition A.2, the
density of

√
MUpq is

f(Z) = M−pqπ−pq

q∏
j=1

(M − j)!
(M − j − p)! det

(
Iq − Z†Z

M

)M−q−p

I0(λmax(Z†Z) < M), (A.6)

recalling that there are pq complex variables of integration, or 2pq real variables, for the rescaling.
Following exactly the proof of [26, Theorem 1(i)] using the KL divergence, we apply Lemma A.3
to obtain for λmax(Z†Z) < M ,

log f(Z)
g(Z) = −pq − q

(
M − p − q

2

)
log
(

1 − p

M

)
+ O

(
p2q2

M2

)
+

+
q∑

j=1
(M − q − p) log

(
1 − λj(Z†Z)

M

)
+

q∑
j=1

λj(Z†Z). (A.7)

Taking the expectation with respect to
√

MUpq and applying the first equality of Lemma A.4
(recall we rescaled λj 7→ Mλj) yields

E
[

log f(
√

MUpq)
g(

√
MUpq)

]
= − q2

2 log
(

1 − p

M

)
+ (M − q − p)E

q∑
j=1

log
(

1 − λj

M

1 − p
M

)
+ O

(
p2q2

M2

)
.

(A.8)

The logarithm term inside the sum can be written as log
(

1 + p−λj

M−p

)
. Then using the inequality

log(1 + x) ≤ x − x2/2 + x3/3 for any x > −1, we see

E
[

log f(
√

MUpq)
g(

√
MUpq)

]
≤ q2

2 log
(

1 + p

M − p

)
+ (M − q − p)E

q∑
j=1

[
p − λj

M − p
− (p − λj)2

2(M − p)2 + (p − λj)3

3(M − p)3

]
+ O

(
p2q2

M2

)
.

(A.9)

Finally, applying Lemma A.4 we obtain

E
[

log f(
√

MUpq)
g(

√
MUpq)

]
≤ q2

2
p

M − p
+ (M − q − p)

[
− p2q − 2p2q + pq(p + q) + O(pq)

2(M − p)2 +

p3q − 3p2(pq) + 3p2q(p + q) − p3q + O(p2q2)
3(M − p)3

]
+ O

(
p2q2

M2

)
= pq2

2(M − p) +
[

−pq2

2(M − p) + O
( pq

M

)
+ O(p2q2)

3(M − p)2

]
+ O

(
p2q2

M2

)
= O

( pq

M

)
,

(A.10)

which gives (A.1) by Pinsker’s inequality (3.1).
The bound (A.2) follows since for Cn-valued random variables X, Y and any measurable h :

Cn → Cℓ,

dTV(h(X), h(Y )) = sup
A

|P(h(X) ∈ A) − P(h(Y ) ∈ A)|

= sup
A

∣∣P(X ∈ h−1(A)) − P(Y ∈ h−1(A))
∣∣ ≤ dTV(X, Y ).
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[38] Benôıt Collins. “Moments and cumulants of polynomial random variables on unitary groups,
the Itzykson-Zuber integral, and free probability”. Int. Math. Res. Not. 2003, 953–982 (2003).
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