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Gaussian boson sampling (GBS) is a promising protocol for demonstrating quantum
computational advantage. One of the key steps in the argument for classical hardness of
GBS is the so-called “hiding conjecture”, which asserts that one can “hide” a complex
Gaussian matrix as a submatrix of the symmetric product of Haar unitary submatrices
in total variation distance. In this paper, we prove the hiding conjecture for input
states with all input modes squeezed, which is a setup that has recently been realized
experimentally [Madsen et al., Nature 606, 75 (2022)]. In this setting, the hiding
conjecture states that a o(v/M) x o(v/M) submatrix of an M x M circular orthogonal
ensemble (COE) random matrix can be well-approximated by a complex symmetric
Gaussian matrix in total variation distance as M — oo. This is the first rigorous
proof of the hiding property for GBS in the experimentally relevant regime, and puts
the argument for hardness of classically simulating GBS with the maximum number of
squeezed input modes on a comparable level to that of the conventional boson sampling
of [Aaronson and Arkhipov, Theory Comput. 9, 143 (2013)].

1 Introduction and main results

The promise of quantum advantage is a key motivation behind quantum computing. However,
practically demonstrating quantum advantage with physical quantum computers remains a tech-
nological challenge. In this regard, Gaussian boson sampling (GBS), based on the boson sam-
pling protocol of [1], has emerged as a promising method for experimentally realizing this advan-
tage [2-12]. Both boson sampling and Gaussian boson sampling involve preparing photons in an
initial state—a Fock state of N photons for conventional, or Fock, boson sampling, and a Gaus-
sian state for GBS—then allowing them to interfere in an optical network of beamsplitters and
phaseshifters described by a unitary matrix U, and then measuring the output distribution of the
photons (Fig. 1).

Compared to other proposals for demonstrating quantum advantage, GBS has already been
realized in large-scale experiments as demonstrated in [8-12]. The proposed advantage from GBS
is rooted in the classical difficulty of calculating the hafnian of a large matrix, which is defined for
a symmetric 2n X 2n matrix A as

Haf(A)= > [ Ay,

we€P2(2n) {i,j}eT

where P2(2n) denotes all pairings of {1,...,2n}, i.e. all possible partitions of {1,...,2n} into
subsets of size two. As an example, when A is the adjacency matrix of a graph, the hafnian of A
gives the number of perfect matchings of the graph. The hafnian generalizes the permanent of a
matrix, and is related to the Pfaffian of a matrix in the same way that the permanent is related to
the determinant. However, unlike the determinant and Pfaffian, which can be calculated efficiently,
calculating permanents and hafnians is known to be #P-hard [13,14].

In Gaussian boson sampling, the hafnian appears naturally in the probabilities for the output
distribution of the photons. The initial state for GBS is a Gaussian state with 1 < K < M single-
mode squeezed states [2-5] and M — K vacuum states. After allowing the photons to interfere in the
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Figure 1: A schematic of the Gaussian boson sampling (GBS) setup. An initial Gaussian state with K single-
mode squeezed photon states is prepared. It then propagates through a linear-optical network described by an
M x M unitary matrix U. The output modes are then measured in the photon number basis. We restrict to
collision-free outputs (i.e., there is either 0 or 1 photon detected in each output channel). The Gaussian state
does not have a definite photon number, hence the output has a variable number N = Z?il n; of outgoing
photons, with the probability of a particular output distribution n given by (1.1). This paper proves the hiding
conjecture for Gaussian boson sampling with all input modes squeezed, i.e. K = M. This is a key part of the
GBS hardness argument for this setting under other standard assumptions (which are analogous to assumptions
used in the hardness argument for boson sampling).

M-mode interferometer described by a unitary matrix U, one can measure the output distribution
in the photon number basis and obtain a sample n € {0,1,...}* describing the photon counts
for each of the M output modes. For investigating classical hardness of simulating GBS, one
often considers K single-mode squeezed states all with the same squeezing parameter r, and only
collision-free outputs, meaning outputs n € {0, 1} which can be obtained by taking r sufficiently
small [4-6]. Recent work [15,16] has also addressed the saturated regime in boson sampling with
many collisions, which is particularly relevant for experimental realizations.

In the collision-free case with an initial state of K squeezed modes followed by M — K vacuum
modes, the probability of observing a GBS output photon distribution n € {0, 1}* is given by [4-6]

_ tanh(r

Pln] = ))Z Haf [(ULcUT),, ] i (1.1)

9

cosh(r

where U is the M x M unitary matrix describing the optical network, N = Ejle n;, Iy =

1x ® 0y is a diagonal matrix, and (UIxU7T),  denotes the submatrix of UIxUT formed by
taking all the rows and columns j where n; = 1. Since the squeezed states always have an even
number N of photons, (Ulk UT)mn has even dimensions which is compatible with the definition of
the hafnian. The submatrix (UIxU7T ), n can also be written as the symmetric product Uy UL .,
where Uy g is the N x K submatrix of U formed by taking all the rows where n; = 1 and the first
K columns (Figure 1).

A Gaussian boson sampler thus generates random samples n according to the distribution (1.1),
which involves probabilities proportional to the (modulus squared of the) hafnian of submatrices
of UIxUT. To argue that sampling from this distribution should be classically hard, one relates
the sampling problem to hardness of approximating the output probabilities, using Stockmeyer’s
algorithm [1,6,7,17]. It is known that approximating the hafnian to within a certain additive or
multiplicative error is #P-hard in the worst case [1,6,7], and it is conjectured that this hardness
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also holds for ensembles of complex matrices in the average case [4-7]. This average-case hardness
is needed in the usual arguments to consider hardness of sampling from approzimate GBS, which
allows for some error in the sampling distribution due to e.g. noise, photon loss, etc. We note that
assuming an average-case hardness conjecture like the above is typical—other random sampling
schemes proposed to show quantum advantage [7], including the boson sampling protocol of [1],
also require these types of complexity theoretic conjectures, which remain major open problems in
the area [7].

However, in addition to the typical complexity theory hardness conjecture, GBS has another
conjecture, called the hiding conjecture [6,7], which plays a key role in the above-mentioned argu-
ment for classical hardness. Roughly speaking, if we want to approximate the hafnian of a random
matrix Z—which is conjectured to be a classically hard problem—using a Gaussian boson sam-
pler or oracle, we first need to embed, or “hide”, Z inside a matrix of the form UIxU7T, so that
| Haf(Z)|? will appear as a probability in the output distribution of GBS. Due to the error allowed
in approximate GBS, we need to be able to hide Z in a strong sense so that an approximate sam-
pler could not identify where we hid Z and adversarially corrupt the probabilities corresponding
to that particular submatrix. The hiding conjecture asserts that this is possible, in a strong sense,
for complex Gaussian-type Z and a larger matrix UIxU” for U a Haar-random unitary matrix.
This is a key step in the usual argument for quantum advantage of Gaussian boson sampling. For
further details, see [1,5-7].

As we explain in Section 1.1, the hiding conjecture for GBS in the experimentally relevant
regime, where K o« M [8-11], does not follow from the hiding property for Fock boson sampling
from [1]. Due to this, the hardness argument for GBS experiments has so far lagged behind that
of Fock boson sampling [6]. We also note that, partially due to the issue of the hiding conjecture
for GBS, several alternate GBS schemes have been proposed, such as in [5, §VII] and the Bipartite
Gaussian Boson Sampling of [15], which involve tuning the GBS device parameters in a specific
way to avoid invoking the hiding conjecture.

To state the hiding conjecture more formally, let CA(0,02) denote the complex Gaussian dis-
tribution with independent real and imaginary parts, each with mean zero and variance o2 /2. For
the matrix Z whose hafnian we want to approximate, we consider two related distributions:

e GY™: The ensemble of N x N symmetric random matrices G with CA(0,2) diagonal en-
tries and CN(0,1) off-diagonal entries, with all entries independent modulo the symmetry
requirement.

e GGL i The ensemble of N x N matrices GGT where G is an N x K matrix of i.i.d.
CN(0,1/v/K) entries. The normalization of G is chosen so that the entries of GGT have
a nondegenerate limiting distribution as K — oc.

Note that GG% . is not a complex Wishart ensemble, as GT denotes the transpose, not the conjugate
transpose. Both ensembles G and GG, consist of symmetric complex matrices, and in certain
regimes behave similarly (Corollary 1.1). We will reserve the notation G for a matrix drawn from
g™, and will use GGT to denote a matrix drawn from GG .

Recall we are interested in submatrices (UIKUT)H,rl = n,KUE,Kv where Uy i is the N x K
submatrix of U formed by taking all the rows where n; = 1 and the first K columns of a Haar
unitary matrix U. Because the Haar measure is invariant under permutations of rows or columns,
we may consider, without loss of generality, the distribution of the top left N x K submatrix of
U, which we will denote by Ung. A precise form of the hiding conjecture for GBS, adapted from
Conjecture 6.2 of [6], can then be stated as follows. While this formulation differs slightly from
that of [6], we discuss afterwards how the changes are equivalent or sufficient.

Conjecture 1 (hiding in GBS). Let Ung be the top left N x K submatriz of an M x M Haar
random unitary matriz, and let Z = Zn i be a matriz with distribution given by either G™ or
GGl . Then for N < K < M and one of the distributions of Z, there exist polynomials p,r such

that for any § > 0 and M > p(N)/r(d),
dov (MK~ YV2UNk UL, Z) = 0(6), (1.2)

where drv (-, ) denotes the total variation distance as defined below in (1.4).
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In this paper, we prove
Theorem 1.1. Conjecture 1 holds for K = M, with Z drawn from Gy™.

The case where all input modes K = M are squeezed has been recently experimentally realized
in [10]. Theorem 1.1 gives the first rigorous proof of the hiding property for GBS in the experimen-
tally relevant regime K oc M, where in particular the hiding property cannot follow from hiding
in Fock boson sampling. We obtain Theorem 1.1 for the conjectured maximal size of N = o(m ).

Remark 1.1. (i) We prove Conjecture 1 with Z distributed as G ~ G, rather than with
GGT ~ GGL - which is how the conjecture is typically stated such as in [6, Conjecture 6.2].
We argue this is actually an improvement: the matrix G has independent Gaussian entries
(modulo symmetry), making it in general much easier to work with than the K-dependent and
correlated matrix GGT. The resulting classical hardness argument then relies on conjectured
hardness of approximating Haf(G), rather than of Haf(GG”). Due to independent entries
of G, we expect it should be much easier to study Haf(G) than Haf(GGT).

(i) Even if one preferred GGT, we expect Haf(G) and Haf(GGT) to probably be a similar
hardness to approximate, since we have:

Corollary 1.1. Let N = Ng = o(vVK/logK). Then there are joint distributions of
(G,GGT) such that G ~ GY™, GGT ~ GG% )¢, and

T T
IG — GGT || =  dmax |Gi; — (GGT) 5] — 0, (1.3)
in probability as K — oco.

The convergence in Corollary 1.1 implies the entries of G and GGT are very similar in
the regime N = o(v/K/log K). Since the hafnian is a direct polynomial function of the
matrix entries, this entrywise closeness suggests that the problems of estimating Haf(G) and
estimating Haf(GG') should be essentially the same in this regime. We note however that
this corollary does not rigorously imply any hardness result.

We expect that for sufficiently small N compared to K, that G and GG are close in total
variation distance! as N, K — oo as well. This occurs for example for real Wishart matrices
and the Gaussian orthogonal ensemble (GOE) [19].

(iii) The other change in Conjecture 1 from [6] is the allowance of a polynomial 7(d) instead of
just . But as noted in [1], it only matters that we can take M to be a polynomial in N and
1/9, so there is no loss in allowing for example 7(d) = 62 instead.

1.1 Comparison with hiding in Fock boson sampling

In this section, we explain why the hiding property [1, Theorem 5.1] for Fock boson sampling is
not sufficient for Conjecture 1 or Theorem 1.1. The hiding theorem for Fock boson sampling [1],
which we restate precisely in Theorem 1.4, states that a o(M'®) x o(M'/%) submatrix of an
M x M Haar unitary matrix U is close, in total variation distance, to a matrix of i.i.d. standard
complex Gaussian random variables. This can be extended up to the conjectured maximal size
o(v/M) xo(v/M) submatrix as we discuss in Section 1.3 and Appendix A. This Fock boson sampling
hiding property then does imply Conjecture 1 in a certain sparse regime [6], N = K = o(m ).
Yet this is not the regime of interest for large-scale experimental realizations of GBS, which have
K =cM [8-11]. (If K is taken too small, then it is hard to obtain a large enough photon number
N. Moreover, large K > N? is favorable for the anticoncentration results of [18,20], which also
provide evidence for hardness of approximation.) By taking K = cM, the hiding property for GBS
now involves a large rectangular N x K submatrix Uy g, which becomes too large to approximate

INote however that even total variation convergence does not imply convergence of moments of the hafnian. Since
this may have implications for anticoncentration, we note that one can check E|Haf(G)|? and E|Haf(GGT)|?, for
N = o(v/K), still have the same asymptotic behavior (N — 1)!! ~ v/2NN/2e=N/2 a5 N — oo, using the evaluation
in [18] for the latter moment.
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by Gaussians in total variation distance (cf. Fig. 2 and Section 1.3). The experimental realizations
of GBS [8-11], with K = ¢M, therefore fall outside of the “sparse regime.” In fact, for K = M,
the submatrix Uy g itself is maximally far from Gaussian in total variation distance due to the
row normalization requirement: for any N > 1 one has dTV(\/MUNM7 G)=1,for Gan N x M
matrix of i.i.d. standard complex Gaussians. Therefore we see the hiding property for UnxUZ 5
proved in Theorem 1.1 cannot follow from a hiding property for Uy .

5 5 , ,
o( M) x o(M*Y/®) o(VM) x M
e ——
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Figure 2: Comparison of the submatrix sizes considered for Fock boson sampling (gray) and Gaussian boson
sampling in Theorem 1.1 (cross-hatched, purple). Hiding for Fock boson sampling involves submatrices of size
o(M*Y?) x o(M*/®) (or up to o(v/M) x o(~/M)), which look Gaussian by [1, Theorem 5.1] (and Theorem 1.6).
However, hiding for Gaussian boson sampling in Theorem 1.1 involves the symmetric product of a much larger
N x K = o(~/M)x M rectangular submatrix Un -, which itself cannot be close to Gaussian in TV distance—due
to the row normalization requirement, when K = M, then dTV(\/MUNK, G) =1forany N > 1. Theorem 1.1
says that even though Unx itself is far from Gaussian, the symmetric product Unx U ;¢ nevertheless looks like

a Gaussian matrix G ~ G/™.

1.2 Precise formulation of main result

We now give a more precise form of our main result Theorem 1.1. First recall the total variation
(TV) distance between two probability measures p and v on a measure space (E, ) is defined as

drv(p,v) = sup lu(A) = v(A)]. (1.4)

When i and v have densities f and g respectively with respect to a measure d\ on E, then

drv(v) = /E (@) - g()| dAx). (1.5)

For random variables Z and W, we will write drv(Z, W) to mean the total variation distance
between their distributions.

For Gaussian boson sampling, when K = M, the matrix Uy KU}\F, x s distributed as a submatrix
of a circular orthogonal ensemble [21] (COE) random matrix. The COE ensemble consists of
symmetric unitary matrices, with a COE matrix being distributed as UU” where U is a standard
Haar-random unitary matrix. The matrix Uy U, is the upper left N x N submatrix of UUT,
and thus Uy MU% u 1s distributed as a submatrix of a COE random matrix. Therefore the hiding
conjecture when K = M reduces to proving that a submatrix of a COE matrix is close to a Gaussian
matrix in total variation distance. We thus restate Theorem 1.1 more precisely as follows:

Theorem 1.2 (hiding in GBS with K = M). Let A be the upper left N x N submatriz of an
M x M COE matriz U, and let G ~ Gy™. Then for N = O(VM), as M — oo,

drv(VMA,G) < O(N/VM), (1.6)
which is o(1) for N = o(v/M).
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The main difficulty is that the convergence is in the total variation distance. Closeness of
VM A to complex Gaussian in weaker senses, such as in distribution, has been long known [22-24].
In fact [22] already noted the closeness of the density of A to that of a Gaussian distribution
for sufficiently large M. However, these weaker forms of convergence are not sufficient for the
hiding property and subsequent hardness argument [1,7]. Moreover, as shown in [25], closeness of
a submatrix in total variation distance can be very different than in other senses of convergence.
In particular, for a square submatrix of a Haar orthogonal matrix, one can approximate only up to
a size 0o(v/ M) x o(v/M) submatrix in total variation distance, but one can approximate an entire
M x O(IOZM) submatrix in the weak or maximum entrywise distance [26, Table 1].

The proof of Theorem 1.2 follows that of [26, Theorem 1], which involves bounding the Kullback—
Leibler (KL) divergence of the two distributions. One notable difference is that we do not determine
the normalizing constant in the formula for the density of v/MA in Theorem 2.1. The normalizing
constant appears complicated to calculate, and by skipping it we also skip some detailed asymp-
totic analysis, at the cost of adding Proposition 3.2 to handle the unknown normalizing constant.
For this, we combine the method of [1], which also did not determine the normalizing constant, but
as a byproduct had to assume a smaller size submatrix, with KL divergence-like estimates to prove
the TV distance convergence up to the expected maximal size o(M'/?) of the square submatrix
A. Being able to skip calculating the normalizing constant without losing out on the submatrix
size, may be useful for proving convergence for other submatrix distributions as well.

Remark 1.2. After uploading the original version of this manuscript, we found the integral for
the normalizing constant for the density in Theorem 2.1 is calculated in the 1963 book by Hua [27,
Theorem 2.3.1], as

, (M= 2N+1)(M—2N+3)-(M—1) T(M—N+1)I(M—N+2)---T(M—1)
M.N N T N(N+1)/2 T(M — 2N + 2)T(M — 2N +4) - -T(M — 2)°
(1.7)

Therefore, Proposition 3.2 could be replaced with an asymptotic expansion of C'M N similar to [26,
Lemma 2.7]. However, we keep the proposition and proof with the undetermined normalizing
constant since it may be useful for other random matrix ensembles, as it appears typical (and
easier) to derive submatrix densities without the precise normalizing constant, as done in [22,28-31].
Additionally, we avoid some computational work involving the normalizing constant, in exchange
for the different types of estimates in Proposition 3.2.

Returning to the argument for classical hardness, we also need a multiplicative estimate on the
density functions to apply the instance generating method of [1]:

Theorem 1.3 (hiding v2). Let A and G be as in Theorem 1.2, and let f be the density of v M A
and g the density of G. Then for N = o(M'/3) and any N x N symmetric matriz Z,

f(Z) < (1+O(N°/M))g(Z). (1.8)

Conveniently, this follows from the proof of Theorem 1.2 in the same way that the boson
sampling analogue follows from the boson sampling hiding property [1, Theorems 5.1, 5.2]. This
type of theorem is used to generate a random unitary given a particular Gaussian matrix that must
be hidden as a submatrix [1]. For Gaussian boson sampling with the hiding property involving
G ~ GY™, one can use Theorem 1.3 and the argument in [1, §5.2] to generate a random COE
matrix B containing G (properly rescaled) as a randomly placed submatrix. Given a COE matrix
B, singular value decomposition or Takagi factorization can produce a unitary matrix U such that
B=UU"T.

1.3 Other numbers of squeezed states

In this section we discuss the hiding conjecture for K < M. Previously, the only case where
Conjecture 1 was rigorously known to hold was in the sparse case N = K = o(M Y %), where the
hiding property for GBS follows from the hiding property for conventional boson sampling proved
in [1, Theorem 5.1]:
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Theorem 1.4 ( [1, Theorem 5.1]). Let Unn be the top left N x N submatriz of an M x M Haar
unitary matriz U, and let Gy be an N x N matrix of i.i.d. standard complex Gaussians. Let
M > NTslog2 % for any 6 > 0. Then drv(VMUny,Gn) = O(9).

Note the hiding property for conventional boson sampling involves the square submatrix Uy y
of a Haar unitary U, while the hiding property for GBS involves the symmetric product Uy g U
for a rectangular N x K submatrix Uxx. In the sparse regime for GBS, when N = K = o(M'/%),
the hiding property for GBS follows from Theorem 1.4, since Uy itself looks like a Gaussian G
in total variation distance, and so Un gUZk  will also be close to GGT in total variation distance.
Actually, applying [26,32], the hiding property in the sparse regime can be extended to its maximum
extent, K = O(M'~¢), for any 0 < € < 1, albeit with requiring N = o(M¢). We write the details
in Appendix A, which just consists of applying the proof method of [26, Theorem 1(i)] to the
unitary submatrix density in [32, Prop. 2.1]. As a by-product the method of [26,32] also improves
Theorem 1.4 to the expected maximal size N = o(v/M) for hiding in conventional boson sampling,
with a quantitative rate of convergence, as conjectured in [1] (Theorem 1.6/A.1).

Theorem 1.5 (hiding in GBS for NK = o(M)). Let 1 < N < K < M and NK = o(M). Then
for Gng an N x K matrix of i.i.d. standard complex Gaussians,

INK
drv(MUNg Uk e, GNgGh i) <O ( M) ) (1.9)

In particular, if K = O(M'~) and N = O(M¢®/?) for some ¢ > 0, then the TVD bound is
O(M~—=/%).

Theorem 1.6 (hiding in Fock boson sampling for N = o(v/M)). Total variation distance hiding
in Fock boson sampling holds for submatrices of size N = o(vM): for Gy an N x N matriz of
i.i.d. standard complex Gaussians and N = o(~/ M),

N
dry(VMUyn, Gyn) < O (\/M) : (1.10)

However, as soon as we consider K = c¢M, even if N is as small as N = 1, then the N x K
submatrix Uy g should be too large to be close to a Gaussian G in TV distance—this is the case
for submatrices of Haar orthogonal matrices [26], and the same proof method should carry over to
unitary submatrices as well. Assuming this, there is a transition for whether an N x K submatrix
Unk looks Gaussian in TV distance as M — oo: for NK = o(M) the TV distance goes to zero
and Uyg looks Gaussian, but for NK = Q(M), the submatrix Uy does not look Gaussian, i.e.
the TV distance is bounded away from zero as M — oo [26]. As previously noted, we can see that
when K = M, in which case the rows of Uyg are normalized, then dTv(\/MUNK, G) = 1, which
is the maximum possible value for TV distance.

So for the experimental regime of K = c¢M, the hiding property for GBS involves Uy xU%; - for
Unk an N x K submatrix which does not look Gaussian in T'V distance. Nevertheless, Conjecture 1
asserts the end product Uy g UZ ;- may still look either like a symmetric Gaussian G, or like GGT
for G i.i.d. Gaussian. Our main result Theorem 1.1 or 1.2 proves this for K = M. Intuitively, the
hiding property should be least likely to hold when K = M, because then the individual Uy and
G are most different, and Uy g has strong relations between entries due to the normalization and
orthogonality requirements on its rows. Since the hiding property holds for K = M, then it seems
intuitively plausible it should also hold for smaller K = ¢M, K < M, where the entries of Uyg
look more independent since they do not see the full normalization and orthogonality requirements.
Our proof for hiding in GBS for K = M however makes use of the explicit form of the density for
UnkUk i (just like other related total variation distance proofs), and so it unfortunately does not
imply hiding for K = ¢M, K < M, despite the intuition that the setting with K < M should be
in some sense “easier”.

Finally, we note that in [4, 6], the case K = M is also discussed in relation to [24], but the
convergence in [24] is in terms of the weak or maximum entrywise distance. The proof using Gram—
Schmidt orthonormalization in [24] also applies to UnxU% , with K < M, so MK~ Y2Un Ul
also looks like GGT ~ GG¥ ;- in the weaker maximum entrywise distance for N = o(v/M/log M).
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But as previously discussed, this weaker distance can behave very differently from the total varia-
tion distance, and is not sufficient for the hiding conjecture or subsequent hardness application.

1.4 OQutline and notation

The rest of the paper is organized as follows. The main Theorem 1.2 is proved through Sections 2
and 3, with some lemmas and their proofs deferred to Section 4. Section 5 gives the proofs of
Corollary 1.1 and Theorem 1.3, and Appendix A gives the proof of Theorem 1.5.

For notation, generic constants denoted by C or ¢ may change from line to line. For random

variables X, Y we write X 2 ¥ to mean X and Y have the same distribution, and for p a probability
distribution we write X ~ p to mean X has distribution given by pu.

2 COE preliminaries

We need a few properties of submatrices of COE matrices. The behavior of these submatrices has
been of interest in quantum conductance and transport problems [29,30]. The key property we
need is the explicit formula for the density of a submatrix of a COE matrix derived in [22]. This
is what makes proving convergence in total variation distance possible.

Theorem 2.1 (submatrix density, [22]). Let A be the upper left N x N submatriz of an M x M
COE matriz U. Then for N < M/2, A has a probability density function f on the space of
symmetric complex matrices given by

M—-2N-1

f(Z)=cyndet(In —ZT2)" 2 Iy(Amax(Z272) < 1), (2.1)

for a normalization constant ¢y v, and where Io(-) denotes an indicator function and Amax(Z12Z)
the maximum eigenvalue of Z1Z.

This gives the distribution of A as f(Z)][;<; dZ;; on CNWN+1)/2 Note that the density (2.1)
is essentially the same form as the density for the submatrix of a Haar-distributed real orthogonal
matrix [33-35], although the integration space (and dimension) are different. From (2.1), we can
see the standard intuitive reason behind closeness of A to Gaussian. Considering v/ MA, the
density function is rescaled to be

M—-2N—-1

f(Z) o det (IN—Z]\;Z> i

N T M—22N—1 N
_ H (1 _ >‘j(Z Z)) ~ H ef)\j(ZTZ)/Q — e Tr(Z72)/2

Jj=1 Jj=1

(2.2)

provided the eigenvalues \;(Z t7) of Z1Z are sufficiently small for the exponential approximation.
We will of course need much more precise estimates to show the TV distance (1.5) is small, which
are slightly complicated by not knowing the normalization constant on the density. We note that,
despite the intuitive closeness of the density functions such as in (2.2), studying the TV distance in
the related case of submatrices of Haar-distributed real orthogonal matrices still took many years
to finally be fully resolved [25,26,33,36,37]. Moreover, there are several different notions, besides
total variation distance, in which the matrices can be close, and the behavior with respect to these
other distances can greatly differ [35], [26, Table 1]. Therefore we will need much more careful
analysis than (2.2) to prove Theorem 1.2.

We also need the following eigenvalue estimates, which are the analogue of [26, Lemmas 2.5,
2.6] but for COE submatrices.

Lemma 2.2 (singular values). Let A be the upper left N x N submatriz of an M x M COE matriz
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U, and let My, ..., \n be the eigenvalues of ATA. Then for N = O(v/M), as M — oo,
N? + N N2
EZA +0( 5 ) (2.3)
2N N?
2 _
EZAjMQ+0<M2>, (2.4)
j=1
N
N4
3_
EY M =0 <Mg) . (2.5)
j=1

Since E Zjvzl A =E Tr((ATA)™), we can calculate all the above quantities using Weingarten

calculus [38, 39], writing a COE matrix as U L WWT for W a Haar-distributed unitary, and
identifying leading order terms. We postpone the proof of Lemma 2.2 to Section 4.2.

3 Proof of Theorem 1.2

There is a long history of proofs showing closeness of a Haar orthogonal or unitary submatrix to
i.i.d. Gaussians in total variation distance, including [1, 25,26, 32,33, 36,37], and concluding with
the result for maximal sizes of rectangular submatrices of Haar orthogonal matrices [26,37]. For
the COE case here, we adapt the proof method of [26], which is for Haar orthogonal matrices,
and gives in that case the maximal submatrix size and a quantitative error bound. Additionally,
the proof method is relatively short and provides a bound on the Kullback-Leibler divergence (or
relative entropy). By Pinsker’s inequality [40], the total variation distance can be bounded as

i (VNTA.G) <[ D (VITA | G), )

where Dxp,(VMA || G) is the Kullback-Leibler (KL) divergence (relative entropy) of the distri-
butions of VMA and G,

Da(VITA || G) = [ f(2)05 T 7 az (3.2)

where f and g are the density functions for v M A and G respectively. The density f of VM A is
given by a rescaling of Theorem 2.1 as

ZTZ M — 2N 1
£(Z) = ear.y det (I - W) To(AmaxZ1Z < M), (3.3)

for a normalization constant cys,n, while the density g is

N
Z;i1%/2 Zij|? _ —Te(z'2)/2
H e ~12;51*/ H Z e~ 1% 2N7rN(N+1)/26 )2 (3.4)
j=1 z<j

The KL divergence (3.2) is well-defined since the distribution of v/M A is absolutely continuous
with respect to that of G. Due to (3.1) it then suffices to bound the KL divergence.

As explained in the Introduction, we skip the exact calculation of the normalizing constant
cm,nv- In fact [1] does not evaluate their normalizing constant either, although in both of these
cases it turns out the normalizing constants can be found in the matrix integrals in the book by
Hua [27]. Instead, we have the additional estimates of Proposition 3.2. The intuitive reason for
why we do not need the constant is that if two density functions f and g are “close” without
certain normalizing constants, then those normalizing constants must also be close since f,g are
both density functions normalized to have integral one.

To avoid cpr,n, we first define a more convenient function f with an explicit constant, and
apply the argument involving the Kullback—Leibler divergence from [26] to bound the expression
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in (3.1) but with f replacing f. To this end, let ¢ = ¢y, be defined as in (3.6) below, and define
f:=C(f. From (3.2), we can write

Liz
Dk (VMA || G) = /f<Z> log (‘g{(@)) iz2=E %

We will first show the expectation term is small, and then handle the normalizing constant term
log(1/¢) in Proposition 3.2.

+10g;1
c

log (3.5)

Proposition 3.1. Let A be the upper left N x N submatriz of an M x M COE matriz, which has
density f = fu,n given in (3.3). Let g = gn be the density function of G ~ GY™, and let f :=(f
for

exp (557
¢ =CmN = 2N AN(NTD 20y (3.6)

Then for N = O(VM), as M — oo, there is a constant C so that

F(WMA)
g(VMA)

Proof. Note since the expectation we evaluate is no longer a KL divergence, it can be negative,
but we only need an upper bound. We follow the proof method of [26, Theorem 1(i)] with some
simplifications since we consider square submatrices and have pre-chosen the constant ¢ in (3.6)
to be particularly convenient; in particular no asymptotic expansion of the normalization constant
is needed. The density for G is g(Z) = 2~ Ng = NIN+1)/2¢— Tr(Z'2)/2 In terms of the eigenvalues
A1, ..., Ay of the matrix ZTZ, we have for Ayax(Z12) < M,

E |log < CN?/M. (3.7)

jlz) _ ziz\ :
log \2) 7y _zz Te(212)/2
08 7y = “anr Tlos |det (In = 7 oxp ((Z12)/2)
N3 M- 2N (Ztz 1
=T § lo (177))432 \(Z212). (3.8)
Jj=1

We can take the expectation value w1th respect to vV MA, for which Apax(MATA) < M. Using

the inequality log(1 + z) < z — 72 Z for any x > —1, and applying Lemma 2.2 (recall we have
rescaled A\; — M);), yields

3 N ) )\2 A3 2 2
Blog [MTA) N0 (M -3N 1) B3 |-% - sk - o N +N+O(N>
g(WMA) ~— 2M = 3M 2 M
N3 (M—-2N-1)[ N?24+N 2N3 N* N2+ N N?
< - — _ - -
STt 2 { M 2M2 O<M3)]+ 2 +O<M>
N2
_O<M)’ (3.9)
for N = O(VM). O

Next we handle the undetermined normalizing constant ¢y y by showing that the term log1/¢
n (3.5) is small.

Proposition 3.2. Let ( = (v be defined as in (3.6). Then there is co > 0 so that for N < cov/ M,
as M — oo,

|1 —¢| = O(N?/M), and consequently |log¢| = O(N?/M). (3.10)
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Proof. Recall that f = (f, where f is the density function of v/ MA, and that g denotes the
density function of G ~ GY™. Because we want to compare to a KL divergence-like term, we use
a different method than what was used in [1]. We start by observing the function zlogx — x + 1
is nonnegative for all x > 0. Therefore

og/ (flogf—f—i-l)gdZ:CE
vz \g g g

which with Proposition 3.1 implies

f(VMA)

% (VITA)

—¢+1, (3.11)

¢ <1+ O(N?/M). (3.12)

To show a lower bound on ¢, let S := {Z complex symmetric N x N matrix : Amax (Z1Z) < M /23,
which is a (proper) subset of where f > 0. Then we have

T1og? 9 1) Faz = 9@
O§/3<flogf f+1>de E{ls(G)logf(G)] E[15(G)] + CE[1s(VMA)]. (3.13)

We will show that the event S occurs with high probability for both G and v/ MA, so the right-
most two expectations are both close to one. The remaining expectation will be similar to the one
computed in Proposition 3.1, but using the restriction 15(G), so that A;(GTG) < M/2, to have a
lower bound on log(1 — A;/M). To show the above, we use some lemmas concerning the singular
values of G and A, which we state and prove in Section 4.1. In particular, by Lemma 4.2, letting
M) ..., Ny denote the eigenvalues of GTG,

E[15(G) =1 —Plmax(N,,...,Ny) > M/2] > 1— ¢ M, (3.14)

for sufficiently small ¢y in N < ¢gvV M. Similarly, by Lemma 4.3, for A1, ..., Ay the eigenvalues of
MATA,

E [15(VMA)| = 1= Plmax(\r,...,Ax) > M/2] > 1 O(N*/M). (3.15)

9(G)
F(G)
as in the proof of Proposition 3.1. Instead of (3.8), we have the negation with an indicator function,

Finally, using Lemma 4.1 in place of Lemma 2.2, we can upper bound E {15((}) log } similarly

N N
9(2) N3 M-2N-1 N(ZEZ)y 1
1s(Z)log=—+=15(24) | — — — 1 (1—7)—7 \(Z'2)]. .1
512108 87— 1) 57 - =5 Soroe (1-22) -3 Soni') @10
Due to the negative sign on the log(1 — A;/M) terms, we need a lower bound on log(1 — z), for
which we will use

2

log(l —z) > —x—%—x3, for 0 <z <1/2, (3.17)

(gt
which can be verified by differentiation. Because the set S is defined so 0 < W < 1/2, we can
use the above inequality to get the lower bound

/\/ (GTG) N N ()\/)2 ()\/‘)3
EZlog( = )1S(G)2E P ey S B SV 172 IR GR L)
j=1
Using
N
E | A\ Lnaxxsaya | = O(e MO m = 1,23, (3.19)
j=1
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which follows from Hoélder’s inequality and Lemmas 4.1 and 4.2, we can also apply Lemma 4.1 to
(3.18) to obtain

N l
Aj N?24 N  2N3+O(N?) N*
EN 1 1—22)1 > _ _ _ A —cM(1-o(1))y 9
§=1 og( ) s(G) > WE O( 3> O(e ). (3.20)

Inserting this back in (3.16) with the expectation, and applying (3.19) to the trace term as well,
gives the upper bound

9(G)] _ N ey M=2N -1/ N4+ N 2N°+O(N?)
E [IS(G) log f(G)} <oy T O(e™ ™) 5 % e
N2+ N N2 N4
- vo(3r) vo (i)
NZ

=0 <M) (3.21)

Combining this with (3.14) and (3.15) in (3.13) implies
¢>1—-0O(N?*/M). (3.22)
Thus |1 — (| = O(N?/M), which also implies |log (| = O(N?/M). O

Proof of Theorem 1.2. Combining Propositions 3.1 and 3.2, and noting it is sufficient to consider
N < ¢pv' M since TVD is bounded above by 1, we obtain from Pinsker’s inequality (3.1), and (3.5)
that

iy (VITA,G) <\ LD (VATA || @) = O(N/VA) (3.23)

as desired. ]

4  Proof of lemmas

4.1 Singular value bounds

In this section we prove the lemmas used in the proof of Proposition 3.2.

Lemma 4.1. Let G ~ GY™, and let \i,..., Ny be the eigenvalues of GTG. Then

EZA; =N?+N, Ei(/\;)Q =2N? + O(N?), (4.1)
B "y
ED (X)) =0(NY), EZ (N))* = O(poly(N)). (4.2)
j=1
Proof. We calculate these directly. For example,
EZ)\’ ETr(G'G) = Z E|Gi,|> =2N + (N? = N) = N> + N. (4.3)

21,12 1

Using Isserlis’s or Wick’s formula for complex Gaussians (see e.g. [41, Ch.2]), and recalling that G
has a different variance on the diagonal,

N N
EY (X)’=ET(G'GG'G)= Y  E[G;;G;GrGif
j=1 i,9,k,0=1
N

Z (40i=j=k=t + 20j=k=t i + 20i=j=t.2k + Oj=tij k)

¥ 7

- [ —1)+ N(N —1)?)] =2N? +4N*+2N. (4.4)
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Similarly, applying Isserlis’s or Wick’s formula yields (4.2). Note we only need the leading order up
to constants for the third moment, and for the fourth moment the O(N®) from Hélder’s inequality?
is sufficient. O

The next lemma is a more precise (though far from optimal) estimate for the corresponding
quantity geaq of [1, Lemma 5.3]. For the case of [1], note the Gaussian matrix there is not symmetric,
and there g,; concerns the largest eigenvalue of a complex Wishart distribution.

Lemma 4.2. Let \;,..., Ny be the eigenvalues of G'G, where G ~ GY™. Then for t > 2N2,

Plmax(),,..., Ny) > t] < e-<(Vi-vaN)* (4.5)

Proof. Recall that the operator norm ||G|| is equal to the largest singular value, which is \/max(\], ...

Using subgaussian concentration of the operator norm |G/ since the norm is v/2-Lipschitz for sym-
metric matrices (compare to Frobenius norm), we obtain

P[|G|| > E|G| +s] <e ", s>0; (4.6)

see for example [42, Theorem 2.26], noting that we can view a function of n i.i.d. standard complex
Gausian random variables as a function of 2n i.i.d. real Gaussian random variables. Since

1/2

N
E|G| < (B|G|*)? = (BXu) 2 < |ED N | =W+ N)V2<V2N,  (47)

where we used Lemma 4.1 for the bound on the expected trace, then letting ¢t = (E||G|| + 5)?,

P [max(\},...,Ny) >t] =P [IIGII > \/g} < e—o(Vi-VaN)®

O
Lemma 4.3. Let \1,...\y be the eigenvalues of ATA. Then for N = O(v/M),
Pmax(\,..., \n) > 1/2] < O(N?/M). (4.8)
Proof. By Markov’s inequality and Lemma 2.2, we have
1 al 1 al N?
P |max(\,...,Ax) > 2] <P ij >5| <2E ZAj :O(M) :
j=1 j=1
O

4.2 Proof of Lemma 2.2

In this section we prove Lemma 2.2 on the moments of the singular values of A. Recall A is the
upper left N x N submatrix of an M x M COE matrix U 4 VVT, where V is a Haar random
unitary matrix. We are interested in EZ;Vzl At for m =1,2,3.

For m = 1, we can apply Weingarten calculus [38,39] or the fourth moment calculation given
in e.g. [43, Lemma 4.7], giving

N M
EZ)‘ _ETT ATA Z E‘A1112|2 Z Z E‘/vlljl‘/vj1z2v;1]2vvj:,2jzz]

j=1 i1,i2=1 i1,i2=1 j1,j2=1
1
= MOV 4N | T~ TR
N2 4+ N
ShTEay (49)
2E Z;V:l()‘;' ETr[(GTG)4] < Z ,,,,, ig=1 E[|Gi1i2|8}1/8 . "EHGigil ‘8]1/8 S CNS.
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which is 2 NN+ 0O N2

For m = 2,3, we only need the leading order term, which will simplify calculations. In order
to compute expectation values, we use the Weingarten calculus [38,39] with only the leading order
asymptotics for the Weingarten function:

Theorem 4.4 ( [39, Corollaries 2.4, 2.7]). Let U(d) be the space of d x d unitary matrices equipped
with Haar measure, and let S, be the permutation group on n elements. Let n be a positive integer

and i = (i1,...,0n), ¥ = (&,...,i,), 5 = (J1,---+dn)s J° = (G1,--., ) be n-tuples of positive
integers. Then

Uy jr dU = -1
/u(d) Uiji -+ Ui Ui gy - Uir i dU = Z 51-11-/”(1) .. '6%/1"5(”)5]'1]';(1) .. '5j"ji<n) We(ro™1),

o, TESy

(4.10)

where Wg denotes the Weingarten function defined in [39, Fq. (9)]. The Weingarten function
satisfies the asymptotics, for fired n as d — oo,

Wa(Id) = dln (1 +0 < ! )) . Wa(o) =0 (dnia) , (4.11)

where |o| denotes the minimum number of factors needed to write o as a product of transpositions,
or equivalently, |o| = n — (# of disjoint cycles).

To apply the above theorem, write

N
Z E[A1211A1213 A147«3 Aizﬂl]

E Z A2 =ETr(ATAATA) =

N M

[‘/;1]1 ‘/;232 ‘/;3]2 V14]1 Vlljl V J1 Vvi?,jé Vviulé]’

I
(]
M

i1,ria=1 1 a4 g =1

where we use indices ji,j5 to match the notation in Theorem 4.4. To match more exactly,
we could instead write the sum over all ji, jo, js, ja, 71, 52, J5, j4 by adding the Kronecker deltas

0415107235057 05: 41 - Applying Theorem 4.4, the above expression becomes

N N M
2 _ AT . . o o . o .
EE A = § E E : Weg(ro )511%(1)512%(2)513%(3)61410(4)5J1J',<1)6]2]4(2)%2];(3)5]1];(4)7
= i1 yeemria=1 1 ja.j jh=10,7E S

where for the indices j;(k), we identify the skipped indices jb, jj via j5 = j1 and jj = j4, due to
the repeated primed indices in the terms Vzk il

Evaluating the sums over 4, ...,44 yields
N M
2 1 -1
EY N= )Y N*¥COWg(rol) Y 8y g, Oty 0t - (4.12)
j=1 o,TESy J1.92,31:35=1
We can evaluate
i 5 5 5 5 ) M2, 7 maps {1,4} to {1,2} or {3,4} (write, 7 € T)
9137 1y 3257 (2) 99237 5y O 4y T M otherwise )
j17j21j11jé:1 ’

(4.13)

according to Figure 3: if 7 maps {1,4} to {1,2} or {3,4}, which we will denote as 7 € T', then the
graph in Figure 3 has two cycles, but otherwise has only one cycle. Each cycle represents indices
that all must take the same value, so we obtain a factor of M for each distinct cycle after summing
over the indices.
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——

J1 j2 Js Ja

Ji Ja Js Ja

| — | —
Figure 3: Indices jx and j, that must take identical values are shown connected with a bracket. In particular,
j1 = ja and j2 = j3, and ji = j5 and j5 = j4. The permutation 7 combined with the Kronecker & functions

connects the two rows of (jx)'s and (j;)'s. This forms a graph with the indices (ji), (ji,) as the vertices, and
where indices in the same cycle must take the same value.

Now we start to consider leading order terms. Using (4.11), the Weingarten function Wg(ro 1)
obtains the largest order 1/M* only for 7o~! = Id, and is O(1/M?) otherwise. Using (4.13), the
largest order terms with 7o~ = Id, or o = 7, occur when

re{(24),(13)} C T, (4.14)

which each lead to a term of order N3/M?. To see that other choices of o = 7 will produce a lower
order term, first consider 7 € T. If 7 has a cycle shape that is not [2,1,1] or [1,1,1,1], then the
power N#eyeles(9) will be a lower order, N2 or smaller. The only cycles in T with shape [2,1, 1] are
the two in (4.14), and the only cycle with shape [1,1,1,1] is the identity which is not in 7. Next,
if 7 ¢ T, then (4.13) implies the highest order we could obtain is N*/M?3, which is O(N?/M?)
for N = O(v/M). Finally, if o # 7, then Wg(ro~!) = O(1/M?), giving largest possible order
N*/M3 = O(N?/M?). This proves (2.4).
In the case m = 3, we similarly have

EZAB ETr(ATAATAATA)

E E th VisjaVigjs Vieja Visja Viej thl Vlzjl ‘/;3.73‘/ j;’;Vis)j’ Visjé]

5
—te=1 117]2 ,J4,

J1:05:05=1
M
cycles(o —1
= > N¥VICOWg(roh) N (G, 8ast i Oast iy Oiadtay Ordt o, 051300y V0433 05238544
o, 7€Se J1,J2,J4,
J1,35:35=1
3
L e gty {0 L2, 7({45)) € some 4,
reSe M= or M, otherwise

(4.15)
where 4; = {1,2}, As = {3,4}, and A3 = {5, 6}, using Figure 4 to obtain the last line. Reasoning

T

J1 J2 Js Ja Js Je

-

Ji o J2 Ja Ji Js Js

| — | — | —
Figure 4: Analogue of Fig. 3 for m = 3. Indices of j and j’ that must take identical values are connected with
a bracket. The permutation 7 connected the two rows of (jx)'s and (j;)'s, so that indices in the same cycle of
the resulting graph must take the same value. There is only one independent index for each cycle, leading to
one factor of M for each cycle after the summation.

as in the m = 2 case, for the leading order we first consider ¢ = 7 with 7 contributing a factor M3
n (4.15). There are no such 7 with cycle shape [1,1,1,1,1,1] or [2,1,1,1,1], and the shapes with
the next most cycles are [2,2,1,1] and [3, 1, 1, 1], which will give a term N*/M?3. For example,

7€ {(13)(46),(26)(35),(15)(24),(153),(246)}, (4.16)

produce this term. Any other shapes of 7 or o will give at most order N®/M* or N3/M?3, which
are also O(N*/M?) for N = O(vM). O
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5 Proof of Corollary 1.1 and Theorem 1.3

5.1 Proof of Corollary 1.1

Let Z be a K x K matrix of i.i.d. CA(0,1/vK) random variables. A Haar-distributed random
unitary matrix can be formed [44] from Z by performing Gram-Schmidt orthonormalization to the
rows of Z, creating a K x K unitary matrix V. The matrix W := VV7 is then distributed as a
K x K COE matrix. Theorem 1 of [24] shows that for this construction,

P |: max ‘\/?WZ] — (ZZT)Z]
1<i,5<N

> t} < CK2e~tVEIN, (5.1)

for any N2 < K/12 and 0 < t < 4y/K/N. This means that in terms of the maximum entrywise
distance, the N x N top left submatrix of the COE matrix W after rescaling looks very close to the
N x N top left submatrix of the corresponding symmetric product ZZ7 for the Gaussian matrix
Z.

Let G be the top N x K submatrix of Z, so that the top left N x N submatrix of ZZ7 is
GGT ~ GGL ., and let Wy denote the top left N x N submatrix of W. Due to (5.1), it will
suffice to show that there is G ~ GY'™ with entries close to v/ KWy . We apply Theorem 1.2 with
M = K, which implies that for N = o(v/K),

drv(VEWnNN, G) < O(N/VE). (5.2)

The total variation distance between two distributions p and v on a Polish space is related to
couplings of p and v, which are defined as jointly distributed random variables (X,Y") such that
X ~ pand Y ~ v. In particular, it is known that there always exists an optimal coupling (X,Y)
such that

P[X # Y] = drv(,v); (5.3)

see for example [45, Ch.1 Theorem 5.2]. Applying this with (5.2), there is a joint distribution p of
random variables (X, G) such that X L VEWyy, G ~ gy™, and

P[X # G] < O(N/VK). (5.4)

Now construct GGT, \/FVVNN7 and G as follows. Given G an N x K matrix of i.i.d.
CN(0,1/4/K) random variables, construct v KWy y via the Gram-Schmidt orthonormalization
applied to the rows of G. Given X = vV KWy, sample G according to the conditional distribu-
tion pg|x (see e.g. [46, §IV.2]). The pair (VKW n, G) then has joint distribution p, so G ~ gy,
and for this construction of GGT, VKWnxn, and G, we have

P | max |Gy — (GGT);| > 5} <P { max ‘Gij — (VEWnn)ij
1<i,j<N 1<i,j<N

>5/2] +

PR T ..
+P |:1§Hil,?)§<N ’(\/?WNN)” (GG")4j

> 6/2}

< O(N/VEK) + CK?e=VE/N, (5.5)
which is 0(1) as K — oo for N = o(vK /log K). O
5.2 Proof of Theorem 1.3

The proof is the same as that of [1, Theorem 5.2], using Proposition 3.2 to ensure ( is close to one.
For completeness, we write the proof here for this case. Letting f be the density of vV MA and g
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the density of G, we want to bound ||f/g||ec. Recalling that f = ¢f for ¢ given in (3.6), we have

1t
- == sup EA e

Il € xecnivnsz g(X)

1 N3 1 N ).

=—exp| —— su ex — M—-2N —-1)lo 1_3>+/\,] 1 _
¢ P < QM) Al,...,xrl)vzo P 2 ; [( ) log < M J Amax <M

(5.7)

Since the function A — (M — 2N —1)log (1 — %) + A achieves its maximum at A = 2NV + 1, which
is less than M, we obtain

N(M—-2N-1)/2
] = o () (- 22y
Illee €

2M M
O/ 1+ O(N3/M
= Tromean L TOWT/M). (5:8)
O

6 Discussion

In this paper, we prove Theorem 1.1/1.2, which proves the hiding conjecture for Gaussian boson
sampling in the setting where all input modes are squeezed (K = M). The relevant Gaussian
matrix in the theorem is G ~ GY™ (symmetric complex Gaussian with independent entries modulo
symmetry) rather than the symmetric product of Gaussians GGT ~ GGL ., which as we explain
in Remark 1.1 appears a more favorable ensemble to work with due to its simpler structure and
independent entries (modulo symmetry). Secondarily, we prove Theorems 1.5 and A.1 on hiding
for NK = o(M), which covers the sparse squeezer regime. This also confirms the extension for
hiding in Fock boson sampling to the maximal submatrix size o(v/M) x o(v/M) as expected in [1].
We note this paper leaves completely open the hiding conjecture for K = c¢M with K < M. This
has since been resolved in follow-up work [47].

Finally, we note that as is typical in many theoretical arguments for Fock or Gaussian boson
sampling, including in the original boson sampling proposal of [1], we work in the dilute or collision-
free regime, where the number of photons is much smaller than the number of modes, and one
makes use of a hiding property or conjecture. Current large-scale experimental realizations of
GBS [8-12] generally work with larger photon numbers which can be linear in the number of
modes, in which case the output distribution no longer falls in the dilute or collision-free regime. A
general area of interest in both Fock and Gaussian boson sampling is thus to investigate properties
and statistics in the non-dilute regime, as studied for example in [15,16].

A Sparse case and hiding in Fock boson sampling

In this section, we give the proof of Theorem 1.5, which extends the sparse case of hiding in GBS
from K = o(M'/?) to its maximal extent K = o(M), in particular allowing for K = O(M*~¢), any
€ > 0. In regards to the hiding property for Fock boson sampling [1], we remark that it appears
not that well-known in the physics literature that [32] obtains the maximal o(v/M) x o(v/M) size
for a square submatrix of a Haar unitary to be close to Gaussian in TV distance (though without a
quantitative rate of convergence), or that the later method in [26] can be used to give a quantitative
rate of convergence. In particular, as we describe below, the method of [26] leads to the maximal
o(v/M) x o(v/M) submatrix size, with required error bound, conjectured in [1] for hiding in Fock
boson sampling. For the above reasons, we include most of the details here, noting that only the
few lemmas written below are needed for the proof. The proof simply follows along the steps
in [26], which proves the maximal rectangular submatrix sizes for Haar-distributed real orthogonal
matrices. We consolidate Theorems 1.5 and 1.6 into the following theorem.

Accepted in {Yuantum 2026-05-29, click title to verify. Published under CC-BY 4.0. 17



Theorem A.1. Let Ung be the upper N x K submatriz of an M x M Haar unitary matriz, and
let Gng be an N x K matriz of i.i.d. standard complex Gaussians. Then for NK = o(M),

drv(VMUng,Gng) = O (1/]\;\;) : (A1)

As a consequence, the following hiding property for Gaussian boson sampling holds for any NK =

o(M) with N < K:
INK
drv(MUNk Uk e, GNgGhg) = O ( M) . (A.2)

In what follows, we will switch to considering a p X ¢ submatrix with p > ¢, in order to follow
along better with [26]. Since a Haar unitary and its transpose have the same distribution, one can
simply consider taking a transpose and setting p = K and ¢ = N.

The form of the density (without normalization constant) for the submatrix of a Haar unitary
matrix has been derived by various methods, such as in [30,31,34,48]. The normalizing constant
can be calculated using various methods, such as the matrix integrals of [27, Theorem 2.2.1] or via
the Selberg integral [49].

Proposition A.2 (see [32, Prop. 2.1]). Let Uy, be the upper left p x q submatriz of an M x M
Haar random unitary matriz. Then for p > q and p+ q < M, the density of Upq is

— ﬂ-*pq H — ] = det( ZTZ)MiqipIO(AmaX(ZTZ) < 1)7 (AS)

where Io(-) denotes an indicator function and Amax(ZTZ) the mazimum eigenvalue of Z1Z.

Remark A.1. For the square case p = ¢, after rescaling to consider the density of vV MU,, as writ-
q (M—j)!

X j=1 (M—j—q)!
to the approximation used in [1]. There they define ¢ := 7=9 /car 4, and prove that |{ — 1| is small,
without knowing the exact form of cys 4. Using the expansion (A.4) below, we see that

C = exXp (O(qg/M)) 3

which is close to 1 if ¢ = o(M'/3), which is more restrictive than the size in Theorem A.1. One
would need to use a better approximation or guess for ¢, based on matching cancellations in the
proof method, to allow for larger size submatrices without knowing cps,q.

. . . . 2. 2
tenin (A.6), we can compare the resulting normalization constant cpsq = 7% M4

For the proof of Theorem A.1, we only need two additional lemmas. First we need the asymp-
totics of the normalizing constant. Following the same steps of Lemma 2.7 of [26] and keeping
track of the size of the o(1) error term gives (for p = pa; — o0; the case p = O(1) follows by Taylor
expansion):

Lemma A.3. Let 1 <q<p< M. Forlimsup {7 <1 and pq = O(M),

f[ _]_‘ PQ*Q(M p)log<1M)+O(];\24q;), (A.4)

as M — oo.
We also need singular value moment estimates.

Lemma A.4. Let Uyq be the upper left p x g submatriz, p > q, of an M x M Haar random unitary
matriz. Letting A1, ..., \g be the nonzero eigenvalues of U «Upq, then for pq = o(M),

q

q
By, = EZAQ Pl a) | o (20, EzlA;:ﬁ;gw(fj;qj). (A5)
e

Jj=1
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Proof. This follows using Weingarten calculus (or [43, Lemma 4.7] for E>_ j A?), with simpler
calculations than for the COE case of Lemma 2.2. O

Proof of Theorem A.1. The density for G is g(Z) = n Ple” Te(212), By Proposition A.2, the
density of vV MUy, is

M—q—p
f(Z2) =M~ mﬂ—MH Y- d t( Z]\;Z) To(Amax(Z72) < M), (A.6)

recalling that there are pg complex variables of integration, or 2pq real variables, for the rescaling.
Following exactly the proof of [26, Theorem 1(i)] using the KL divergence, we apply Lemma A.3
to obtain for Apnax(Z12) < M,

logggg)):—pq—q(M p—)log(l—]\]})—i-O(];WqQ)-i-

+ Z(M —q—p)log (1 - W) +Y XN (Z212). (A7)

j=1

Taking the expectation with respect to v MU,, and applying the first equality of Lemma A.4
(recall we rescaled \j — MM\;) yields

(\/7qu) ——ﬁo _ b o : o 1_% @
st | =~ (i ag) £ 0 p)E;lg<1—;}>+O<M2>'
(A.8)

E |log

The logarithm term inside the sum can be written as log (1 + Ij)w_f;) ) Then using the inequality

log(l1 +x) <z —x2/2+ 23/3 for any x > —1, we see

/ 2
E |log FVMUp,) gqlog<1+ P )
9(VMUyq) 2 M —p
q 2 3 2.2
o p=A  (p—A)) (p—A)) P’q
+ M- p)E;[M—p 20— pp? T 3O =pp O\ )
(A.9)
Finally, applying Lemma A.4 we obtain
2 2 9,2
E |log fVMUy) | a" P +(M_q_p){_pq 2pq+pq(p+2q)+0(pq)Jr
Q(V qu) 2M—p 2(M — p)
—3p*(pg) +3p°q(p + q) —p’q + 0(p2q2)} 40 <p2q2>
3(M — p)3 M2 ) (A.10)
rq’ -pq°

EEDM {2(M—p)+O(M>+?M] +O<pq >

oMt
=0 (M) ’
which gives (A.1) by Pinsker’s inequality (3.1).
The bound (A.2) follows since for C™-valued random variables X,Y and any measurable h :
Cc" — C¢,
dry (h(X), h(Y)) = sup [P(h(X) € 4) = P(h(Y) € 4)|

= sup [P(X € 1™ (4)) = P(Y € b (4))] < drv(X. ).
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