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Determining the steady state of an open
quantum system is crucial for characterizing
quantum devices and studying various physical
phenomena. Often, computing a single steady
state is insufficient, and it is necessary to ex-
plore its dependence on multiple external pa-
rameters. In such cases, calculating the steady
state independently for each combination of
parameters quickly becomes intractable. Per-
turbation theory (PT) can mitigate this chal-
lenge by expanding steady states around refer-
ence parameters, minimizing redundant com-
putations across neighboring parameter val-
ues. However, PT has two significant limita-
tions: it relies on the pseudo-inverse—a nu-
merically costly operation—and has a limited
radius of convergence. In this work, we re-
move both of these roadblocks. First, we intro-
duce a variational perturbation theory (VPT)
and its multipoint generalization that signifi-
cantly extends the radius of convergence even
in the presence of non-analytic effects such as
dissipative phase transitions. Then, we de-
velop two numerical strategies that eliminate
the need to compute pseudo-inverses. The first
relies on a single LU decomposition to effi-
ciently construct the steady state within the
convergence region, while the second reformu-
lates VPT as a Krylov space recycling prob-
lem and uses preconditioned iterative meth-
ods. We benchmark these approaches across
various models, demonstrating their broad ap-
plicability and significant improvements over
standard PT.

1 Introduction

The interaction between a quantum system and its
environment gives rise to unique physical phenom-
ena not found in isolated systems [1, 2]. The Lind-
blad master equation is a powerful framework for cap-
turing these effects [3, 4] and accurately describes a
wide range of experimental platforms, including su-
perconducting circuits [5], polaritons [6], atoms [7],
molecules [8] and ions [9].
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When studying a Lindblad master equation, the
short- or long-time regimes are typically of interest.
During short-time dynamics, the environment intro-
duces small perturbations to the isolated behavior of
the system. Over longer timescales, the system even-
tually reaches equilibrium with its environment by
relaxing towards its steady state. Mathematically,
the steady state is described by a stationary den-
sity matrix pes that satisfies Lps = 0, where L is
the Liouvillian governing the dynamics [3]. In ex-
perimental settings, steady states are often easier to
prepare and measure than transient dynamics and
provide insight into diverse physical phenomena, in-
cluding chaos [10, 11], phase transitions [12-14], and
other properties such as sub-Poissonian photon statis-
tics [15]. Therefore, computing steady states is a cen-
tral task in the study of open quantum systems.

Although a few models are known to have ana-
lytical solutions [16-18], most steady states can only
be determined numerically. Open quantum systems,
however, are particularly challenging to simulate on
classical computers due to the exponential scaling of
the Hilbert space and the additional quadratic cost
of working with density matrices rather than wave
functions. To address these challenges, various nu-
merical methods have been developed to solve prob-
lems in large Hilbert spaces [19], including the quan-
tum trajectory formalism [20, 21], renormalization
techniques [22, 23], tensor [24, 25] and neural net-
work [26, 27] ansétze, phase space methods [28, 29],
cluster mean field theory [30], semidefinite relax-
ation [31] and variational approaches [32].

Less attention has been devoted to intermediate
system sizes, where off-the-shelf sparse linear algebra
routines (e.g., LU decomposition) are often sufficient
to compute the steady state at a single set of pa-
rameters but quickly become inefficient for exploring
parameter spaces or mapping phase diagrams. Ad-
ditionally, this approach fails to exploit the conti-
nuity of the problem, as small changes in parame-
ters typically result in small changes in the steady
state. An alternative strategy relies on perturba-
tion theory for open quantum systems, which extends
Rayleigh-Schrédinger perturbation theory to this non-
Hermitian case [33-35]. However, as we detail below,
perturbation theory requires a computationally expen-
sive operation known as the Moore—Penrose pseudo-
inverse and typically has a limited radius of conver-
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gence. Beyond perturbative methods, complementary
approaches have been proposed to address steady-
state computations over extended parameter regions.
In Ref. [36], steady states at new parameter values
are approximated by projecting onto a reduced basis
of solutions computed at selected points in parameter
space. Ref. [37] derived an exact expression for the
steady state as a function of a single control parame-
ter, yielding a closed-form solution obtained from the
unperturbed steady state through an explicit operator
inversion. More broadly, perturbative and hybrid ex-
pansion strategies have appeared in other contexts, in-
cluding structural reanalysis of parametric linear sys-
tems [38] and perturbational-variational treatments
of Schrédinger eigenvalue problems [39, 40]. How-
ever, these approaches are formulated for static or
Hermitian problems and rely on Taylor expansions
or energy-based variational principles, and do not di-
rectly extend to Liouvillian steady-state problems in
open quantum systems. From a practical perspec-
tive, the lack of efficient methods for exploring large
parameter regions also impacts experimental efforts.
Indeed, when calibrating quantum hardware, steady
state measurements obtained while changing multiple
controllable parameters are frequently fitted with nu-
merical simulations [41-43], a task that becomes im-
practical without scalable computational techniques.

In this work, we introduce wvariational perturbation
theory (VPT) for open quantum systems. We relax
the constraints of standard perturbation theory (PT)
and recast the perturbative approximation as a low-
dimensional variational problem, allowing more effi-
cient computation of steady states across parameter
regions and a wider convergence radius. We propose
two model-independent methods based on VPT that
avoid computing the pseudo-inverse of the Liouvillian,
both also enabling the differentiation of the steady
state. First, exploiting the properties of the Liou-
villian, we compute the steady state and arbitrarily
high orders of the perturbative expansion through a
single LU decomposition. Second, having in mind
problems where finding exact matrix factorizations is
challenging due to the Hilbert space size, we adapt
this approach to construct a variational Krylov space
through iterative methods. We demonstrate VPT’s
efficiency by applying it to the driven-dissipative Kerr
resonator, a two-mode dissipative cat setup, and the
dissipative XY Z (Heisenberg) model. Compared to
direct calculations on these models, our approach re-
duces the computational cost by up to a factor of a
hundred. From a fundamental perspective, we show
that efficient generalizations of standard perturbation
theory are both possible and practical.

The paper is structured as follows. We begin in
Sec. 2 with a brief review of how to determine steady
states with matrix factorization techniques, followed
by an overview of perturbation theory for open quan-
tum systems. In Sec. 3, we present an efficient method

for computing the perturbative recurrence relation
without relying on a pseudo-inverse. We then in-
troduce VPT in Sec. 4 and use it to analyze the
driven-dissipative Kerr resonator model in both one-
and two-dimensional parameter spaces. In Sec. 5, we
demonstrate how to use VPT for efficient parame-
ter estimation and apply it to a dissipative cat qubit
model. Finally, in Sec. 6, we extend VPT to an iter-
ative Krylov-based approach and apply it to an XYZ

model on a 3 x 3 lattice.

2 Open system steady states and how
to compute them

We consider a generic open quantum system described
by a time-independent Lindblad master equation of
the form (i =1)

dupt) = Lip(t) = —ilH,p(O)] + 3 v, DLL]A0), (1)

where H is the Hamiltonian that describes the coher-
ent evolution of the system and D[J,] are dissipator
superoperators acting at a rate s, via the jump op-

erators J,, as

DLIA) = Jup )] — 5 (duie) + P01,
(2)
Here, £ is the Liouvillian superoperator, generating
the Lindblad dynamics. Upon representing L as a
matrix, density matrices are mapped to column vec-
tors that we denote with |p(¢)). We will slightly abuse
notation by denoting both the superoperator and its
matrix representation as £: Lp(t) refers to the super-
operator form and £|p(t)) to the matrix form.

2.1 Computing the steady state

Any open quantum system has at least one steady
state pss, which satisfies O;ps = 0 and pgs = p(t —
00) [3]. Equivalently,

Cﬁss =0, (3)

i.e., the steady states span the kernel of £. A common
approach to compute pgs is to directly solve Eq. (3).
To avoid converging to the trivial solution |pss) =
|0,0,...0), the equation for the steady state can be
modified as

L |ﬁss> = (‘C + bT) |ﬁss> = |b> ) (4)

where
TlﬁSS> = ‘Tr(ﬁss)707~-~70>7 (5)

and [b) = |b,0,...,0) with b an arbitrary complex
number (see Appendix A).

Equation (4) is solvable through standard matrix
factorization techniques [44]. Although our results
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are agnostic to the choice of factorization, we choose
LU decomposition due to its numerical efficiency ?
We get, 5

Lpss)
where L (U) is a lower (upper) triangular matrix.
This equation can be solved in two steps (i) solve
Lin) = |b) to obtain |n) (forward substitution); (ii)
solve U |pss) = |n) to obtain |pss) (backward substi-
tution). Since both L and U are triangular matrices,
solving these systems requires only O(N?) operations
for a matrix of size N x N. More advanced LU de-
compositions that preserve the sparsity structure also
add steps of initial preconditioning on the £ matrix,
such as partial pivoting, further lowering the numeri-
cal cost of forward and backward substitutions.

In this work, we are interested in finding the steady
state over a wide range of parameters, parameterized
by the Liouvillian £(0) [cf. Fig. 1(a)]. We will bench-
mark the methods developed below against LU de-
composition, whose number of operations to obtain
the steady state of a Liouvillian of size N x N scales
as O(P N3), where P is the number of parameter com-
binations.

= LU |pss) = |b), (6)

2.2 Perturbation theory

Rather than solving the problem for each parameter
combination, one can use perturbation theory (PT) to
approximate the steady state over contiguous regions
in parameter space. Closely following Refs. [33-35],
let us call Lo = L£(0) for a specific choice § = §. We
introduce the Liouvillian in a neighborhood ¢ = 6 — 6
as

L(e) = Lo+ Ly, (7)

where both Ly and £; are Liouvillians. PT assumes
that the density matrix pss can be expanded as

pET(e) j{js”ﬁ;”, (8)

where A is a normalization coefficient ensuring
Tr[pLT(e)] = 1. As discussed in the Appendix A
and sketched in Fig. 1(b), each term can be obtained
through the recurrence relation,

Lopld =0, Lopl + L2007V =0. (9)
Since £ has a nullspace spanned by pss, Eq. (9) has an
infinite number of solutions. The expansion in Eq. (8)
corresponds to the choice

P =Ly Lpl Y, (10)

is the (Moore-Penrose) pseudo-

inverse. Note that this choice of ﬁgg) gives the solution

where here L1

! Another common choice is the QR decomposition. We use
LU since its complexity scales as O(2N3/3) for a system of size
N whereas QR scales as O(4N3/3).

with minimum norm and
(PQ]p) =0, (11)

i.e., the pseudo-inverse removes the nullspace compo-
nent from ﬁg?) Within the radius of convergence of
the series in Eq. (8), we can approximate the steady
state by truncating the expansion to a desired order
M.

Tt is straightforward to generalize Eq. (8) to multi-
parameter Liouvillians £(61,0s,...). For instance,

L(e1,82) = Lo+ e1L1 + e2La, (12)

with [:0 = £(§1,9_2) and 1,2 = 9172 — 5172, leads to
a two-dimensional perturbative corrections grid [see
Fig. 1(c)] defined by

Lop? =0,

(13)
Lopl™ + LapE™h™) + Lopl™ ™Y = 0.

A crucial limitation of this approach is that con-
structing the pseudo-inverse is a numerically expen-
sive operation, as it requires diagonalizing £y or com-
puting its singular value decomposition. We solve this
issue in Sec. 3 and in Sec. 6. Furthermore, as we show
in Secs. 4.1.1 and 4.1.2 and depict in Fig. 1(d), the
convergence radius of the perturbation series is fairly
limited especially in the proximity of critical phenom-
ena such as phase transitions. In Sec. 4, we introduce
a Variational Perturbation Theory (VPT) that cir-
cumvents these limitations.

3 Efficiently computing the recursive
relation

Suppose the LU decomposition at a point # has been
computed to obtain pi(f). We show how to reuse
this factorization to solve the perturbative recurrence
relation in Eq. (9). First, we introduce the modified
recurrence relation

ENO’P(O> b), 50’ (n>+£1

o 1>> 0. (14)

Crucially, we can reuse L and U in Eq. (6) to solve
this equation at a marginal numerical cost of O(N?).
Since time-evolution is trace-preserving, any Liouvil-
lian admits the identity as a left eigenvector (1| with
zero eigenvalue: (1| £ = 0. Applying (1] to Eq. (14)
and using (1| Lo,1 = 0 [see also Eq. (48)], we obtain

b<1’7’& >:o. (15)

Since b # 0, this implies Tr[ (")] = 0 and therefore
T|6(™) = 0. Substituting back into Eq. (14) elimi-
nates the b7 contribution to L, leaving

P 1)> =0.

Lo

&m>+£
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Figure 1: Depiction of the working principle of standard perturbation theory (PT), variational PT (VPT), and of the perturbative
recursion relation. We are interested in finding steady states of a parameterized Liouvillian L(g) = Lo + €£1 for many values
of & [or, more generally, L£(e1,€2,...en) = Lo+ Y &;L;]. (a) Sketch of the parameter space. At the point € = 0, the steady
state pss(e = 0) of L(e = 0) = Lo is computed. To compute the steady state in neighboring points in the parameter space,
we resort to PT and find the set of matrices 5\ defined in Eq. (9). We develop methods that do that efficiently for (b)
1D parameter spaces, (c) 2D parameter spaces and, more generally, for arbitrarily high dimensional parameter space. These
methods are based on either re-applying the LU decomposition used to compute pss(¢ = 0), or using approximate methods
to build the basis of matrices defining the steady state. (d) Having obtained the series of perturbation matrices ﬁé:), one can
construct the state pss(€) by weighting each matrix according to the power series in Eq. (8) within the radius of convergence.
(e) Allowing for a more expressive ansatz in the form of Eq. (18), one can use ﬁg:) to describe the solution on a much wider
range of parameters. This makes VPT more efficient than PT, as the “heavy” operation of computing the steady state at one

point via exact numerical methods becomes less frequent.

We conclude that, up to a nullspace component,
ﬁ£2)> and |6(")) are identical. Using Eq. (11) we

finally obtain
ﬁ<n>> - 6<n>> _ <ﬁ<o>‘6<n>> ﬁ<o>>,
In summary, although the initial LU factorization
of Ly is an expensive operation, it enables us to com-

pute the steady state ﬁég)
rections ﬁg?) at minimal additional cost without com-
puting the pseudo-inverse of Ly. Using this approach,
the cost to compute the steady state across a phase
space of a Liouvillian of size N x IN scales as

o Ri (N3 +MdN2)] ~0 (RPN3> .

PT PT

(16)

and all perturbative cor-

where Rpr is the typical convergence volume of the
PT series, P is the number of points to compute, and
M is the perturbation order. The right-hand side fol-
lows in the limit of M? < N and highlights the im-
portance of maximizing the radius of convergence.

4 Multipoint variational perturbation
theory for open quantum systems

PT has a fairly limited radius of convergence due
to the overly stringent condition on coefficients that
leads to Eq. (8) [see also the discussion in Appendix B]
and not because of a lack of expressivity of the vectors
ﬁﬁ? ), Indeed, they are the Krylov basis of L5 1Ly, and
thus form a basis for any finite-dimensional density
matrix except in pathological cases. We thus gener-
alize the series in Eq. (8) to

X IS (n

PETE) = 1 D @)l (18)
n=0

with A the normalization term. Within the region

where perturbation theory is valid, Egs. (8) and (18)

must give the same result. Therefore, a natural choice

(n)

is to fix pss’ to be identical in both expressions. In

turn, this implies that ﬁg?) can be efficiently deter-

mined using Eq. (9) and exploiting the strategy de-
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veloped in Sec. 3. This leaves the task of determining
the coefficients ¢, (¢). While within the radius of con-
vergence of PT we expect ¢, () & &™ to recover the
results of PT, the general form of the coeflicients could
be determined by assuming ¢, to be smooth functions
of €, and then solving

FEDINE

n=0

) - |b>H 0. (19)

order-by-order. This is, however, a cumbersome pro-
cedure. Instead, we adopt a variational approach and
approximate ¢, (g) solving up to order M the least-
squares problem

12@& n(e)

n=0

Y-l e

min

Cn

That is, we determine the optimal low-dimensional
approximation of the steady state within the span
of {psg), ﬁgi),. ﬁgM)}. The variational nature
of Eq. (20) ensures that this variational PT (VPT)
provides a better approximation than standard PT
for any finite order M and hence has a larger conver-
gence radius, as we illustrate in Figs. 1(a) and (e).
As the number of basis elements M increases,

ﬁﬁi‘”)> defined in eq.

(10) converges to the top
eigenvector of the update operator; this is the
power method. Numerically, it is thus convenient
to work in a basis obtained by orthonormalizing
{ ﬁ28)> ﬁgi)> . ﬁgi\/[)>} Denoting the matrix of
orthonormal operators as Q, we rewrite the problem
as

min [£()Q7~ |8} | (21)

where ¢ = (qo7 qQ1, qM)T and g, are the coef-
ficients in the orthonormal basis.

Minimizing Eq. (21) is faster than finding the LU
decomposition to solve L£(0)pss(6) = 0, but can still
be numerically costly since the matrix lj(E)Q has size
N x (M +1) for a Liouvillian of size N x N. To further
reduce computational costs we observe that

1£()Q7 — [b) I = (Z — @Q@")(L(e)Q 7 — [b)II?

+1QN(L()Qq— )],
(22)

where 7 is the identity superoperator. Equa-
tion Eq. (22) is an equality because Z — QQ' and
QQ' are orthogonal projectors onto complementary
subspaces, and we used ||QQTv|| = ||QTv||, which fol-
lows from the orthonormality of the columns of Q.
Rather than minimizing the full residual, we choose to
null only the second term ||QT(£()Q ¢ — |b))]|, which
vanishes exactly when

Lot (€)Gost = bt (23)

where Log(e) = QFL()Q has dimension (M+1) x
(M+1) and bz = QF|b). Substituting Geg
into Eq. (22), the residual reduces to its component

orthogonal to range(Q):

1£(e)Q @t — 16) |I°

- ~ ) (24)
= I~ QQN)(L()Q dert — b))]>-

In the limit in which Q is a good basis to represent the
steady state, this residual is small, and g.g provides a
good approximation to the solution of Eq. (21). No-
tably, since M is typically much smaller than the
Hilbert space dimension, solving this reduced equa-
tion introduces a significant speedup at the price of
finding a slightly suboptimal solution. In practice,
having solved the reduced system for geg, we lift the
solution back to the full space as [pE"(¢)) = Qferr /N,
where N is the normalization coefficient ensuring
Tr[pL T (e)] = 1, and directly evaluate the residual of
the original problem with a single matrix-vector prod-
uct against the full Liouvillian:

1L(e) [pET(e)) || < tol. (25)

This is a common type of criterion, also used in other
variational approaches [19, 32]. The tolerance should
be carefully chosen, especially in the presence of crit-
ical phenomena (see Appendix C), as lower tolerance
implies smaller convergence regions, but greater pre-
cision.

Using VPT the cost of computing a phase diagram
in a d-dimensional parameter space with P points for
a N x N Liouvillian scales as

0 [ P
Rypr

P
~ 0 N3> ,
(RVPT

where Rypr is the typical size of the region where
VPT up to order M is valid, and the latter follows
under the assumption M¢ <« N. Since Rypr > Rpr,
using VPT leads to an increase in performance.

(N?+ MIN?) + PM3d}
(26)

4.1 Variational vs standard perturbation the-
ory in the driven Kerr resonator

We consider a driven-dissipative Kerr resonator,
sketched in Fig. 2(a), whose Hamiltonian, in the frame
rotating at the pump frequency, reads

H=-Adata—K/2atataa+ F (a+ab). (27

Here, @ (a') is the bosonic annihilation (creation) op-
erator. A is the pump-to-cavity detuning, K is the
Kerr nonlinearity, and F' is the pump amplitude. The
system is subject to single-photon loss events occur-
ring at a rate k, with a Liouvillian reading

p(t)] + rDla] p(t). (28)
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Figure 2: Comparison of standard PT and VPT in the study of the driven-dissipative Kerr resonator described by Eq. (28)
and sketched in (a). (b) Average photon number <d“d> as a function of the detuning A determined using an exact solution
(black line), standard PT (yellow line), and VPT (blue line). Both PTs have been performed starting from A = 0, as indicated
by the dashed vertical line. The solid background denotes the region where the perturbative expansion has converged up to
1£(e)pET ()|| < 1072, In the yellow region, both standard PT and VPT are convergent. In the blue region, only VPT reached
convergence. (c) Error ||£(e)p5T (¢)|| as a function of the maximal order of perturbation M for standard PT. (d) Same as (b),
but for VPT. (e-h) Coefficients obtained by standard [c.f. Eq. (8)] and variational [c.f. Eq. (18)] PTs. Parameters: K/x = 10

and F'/k = 10. Fock space truncation: 30 photons.

4.1.1 1D example: varying detuning VPT coincides with standard PT close to A = 0.
This example highlights the advantages of varia-
First, we vary A and fix all other parameters. We tional perturbation theory, which will become even

choose A = 0 as the initial point for PT and VPT. more pronounced for larger Hilbert spaces. Indeed,
In Fig. 2(b) we compare the photon number in the the effective Liouvillian Leg(A) in Fig. 2(b) has size
steady state (a'a) = Tr[a'apss] obtained from the ex- 21 x 21. Achieving the same accuracy with a standard
act solution to the problem [18], standard PT, and  truncation of the Hilbert space in the Fock basis re-
VPT. The shaded backgrounds indicates the region quires keeping states up to |n = 8), i.e., a Liouvillian
where ||£pLT|| < tol for each PT approach. We see of size 81 x 81.
that VPT recovers the exact solution in a broader

region than standard PT, from the vacuum at large 412 2D example:
detuning, to the coherent-like state at A ~ 0, passing
through the multiphoton resonances at intermediate
detuning. Notice also that VPT is capable of finding We now apply VPT to compute steady states in a re-

simultaneously varying detuning
and drive amplitude

the solutions in disconnected regions of the parame- gion where A and F' change. Compared to the previ-
ter space. In Figs. 2(c-d) we investigate the effect of ous case, we consider a larger value of k/K, showcas-
increasing the order M of PT. While for standard ing the efficiency of VPT in a more dissipative con-
PT larger M result in a modest gain in precision and figuration. We plot the average photon number in
in the region of validity [c.f. Fig. 2(c)], for VPT the the steady state in Fig. 3(a). At large positive detun-
region of validity significantly broadens with M, as ing, the steady state is approximately the vacuum.

shown in Fig. 2(d). Finally, in Figs. 2(e-h) we show Upon decreasing A, the system smoothly transitions
the first coefficients of the PT series. As expected, out of the vacuum phase and gets populated. At
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Figure 3: Comparison of the performance of perturbation
theory methods to compute the steady state of the driven-
dissipative Kerr resonator defined in Eq. (28) in a two-
dimensional parameter space. In (a) we plot the average
photon number (a'a) in the steady state as a function of
detuning A and drive strength F' along with the boundaries
of the convergence regions of multipoint VPT. In (b) we
plot the points where we exactly computed the steady state
through LU decomposition. At each point we computed a
grid of perturbative corrections up to M = (10, 10), totaling
121 perturbation vectors per point, and set the error tol-
erance to ||L(e)pht ()] < 1077. !

Parameters: K/k = 3.
Fock space truncation: 70 photons.

large negative detuning, the system abruptly transi-
tions from a high-photon phase to a vacuum-like one.
As the drive amplitude increases, this transition be-
comes more pronounced, signaling the emergence of a
dissipative phase transition [14, 45, 46]. Compared to
the previous example, accurately capturing the phase
transition will require a significantly smaller tolerance
(see the discussion in Appendix C).

To cover the parameter space, we first select a ran-
dom point (A, F) and compute the steady state and
its perturbative corrections up to order M, introduc-
ing the perturbation parameters e; = A — A and
g9 = F — F. Next, we use (V)PT to construct ap-
proximate steady states in the neighborhood of the
point, ensuring the error remains below the specified
tolerance for ||£pET (e1,€2)||. Once we have found the
convergence region of (V)PT, we randomly select a
new point and repeat the process until the parameter
space is completely covered.

In Fig. 3(b) we compare the performance of PT and
VPT. Specifically, we plot all the points where we re-
compute the exact steady state and its perturbative
corrections. We observe that standard PT requires a
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Figure 4: Performance of perturbation theory methods with
increasing perturbation order M. We study the same system
as in Fig. 3 and apply (V)PT at 40 randomly selected points
in parameter space. For each resulting convergence region,
we compute the optimal low-rank basis (see Appendix D). In
both panels, blue violins correspond to VPT and yellow violins
to PT, with scatter points indicating individual samples. (a)
Violin plot of the convergence region area as a function of the
VPT basis size (M 4 1)2. (b) Violin plot of (M +1)*/Msvp
as a function of (M +1)?, where (M + 1) is the number of
perturbation vectors used in (V)PT, and Mgyp is the size of
the optimal low-rank basis. A higher ratio indicates a more
efficient representation relative to the optimal basis. Violin
plots illustrate data distributions, with the width representing
the density of data points at each value, estimated using a
Gaussian kernel.

high density of points near the phase transition re-
gion. This is a consequence of the non-analytic be-
havior of the system near the critical points where
the Liouvillian gap closes. Strikingly, VPT signifi-
cantly outperforms PT and requires seven times fewer
points to map the whole phase space [cf. also the inset
in Fig. 3(a)]. To provide a more quantitative analy-
sis of the performance of VPT and PT, we randomly
select 40 points in parameter space where we apply
(V)PT and compute the size of the convergence region
with increasing perturbation order M. The resulting
size distributions, histogrammed in Fig. 4(a), indi-
cate that VPT consistently yields significantly larger
regions of convergence than PT. In Fig. 4(b) we es-
timate how efficiently (V)PT compresses the steady
states by comparing (M + 1)? (the number of pertur-
bation vectors used in (V)PT), to Msyp—the mini-
mal number of vectors required to span the same con-
vergence region with the same precision as VPT (see
details in Appendix D). Our results indicate that VPT
achieves a compression efficiency close to the theoret-
ical limit. As the perturbation order M increases,
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both PT and VPT become less efficient in terms of
compression. However, a higher M also extends the
coverage of the parameter space, allowing the method
to reach a broader range of solutions. This reveals an
inherent trade-off: increasing the perturbation order
enhances parameter space coverage but reduces the
optimality of the low-rank representation.

4.2 Multipoint variational perturbation theory

The performance of VPT deteriorates in the vicinity
of critical points. To gain intuition into why it breaks
down near critical points, we consider a system with
a Liouvillian parameterized by a single parameter 6
that transitions at § = 0. Suppose we computed the
steady state and the perturbative series at two points:
0_ < 0 and 05 > 0 on the opposite sides of the critical
point. Using standard PT, we have

ps};T * ZE:I:pSS 9:& (29)

where e+ = (6 — 61). None of the states pL.7>* will
individually describe points near the phase transition,
because, roughly speaking, the steady state switches

between pgs(0 < 0) and pgs(6 > 0). The ansatz
Pss(0) ~ Ale =)+ Bles) p F(e4), (30)

instead, can do it, with A(e_) and B(e,) the coeffi-
cients of the left and right steady states, respectively.

Leveraging this intuition, we propose a multipoint
variational perturbation theory (m-VPT) based on
the perturbative vectors computed at several points:

PETO) =D 0 —0,)p0(0:).  (31)

n=0 1

) (e

We repeat the steady state calculations in Fig. 3 where
for each point we consider a basis Q@ that contains the
local PT correction vectors but also those of the two
nearest points. Compared to VPT, we find that this
approach achieves a further three-fold reduction in
the number of points where jgs is calculated through
LU, as shown in the inset of Fig. 3(a). In the same
panel, we also plot the edges of the convergence re-
gions for this m-VPT, showing they cross the bound-
ary between the high- and low-photon-number phases.

5 Parameter estimation through effi-
cient gradient computation

A common task in operating quantum devices is fit-
ting numerical simulations to experimental results to
estimate system parameters. Here we show how to
efficiently use VPT for this task.

Mathematically, we can frame the problem using a
Liouvillian £(¢,#), where ¢ represents an unknown
parameter and 6 is the controllable parameter of the

experiment (the following equations can be easily gen-
eralized to an arbitrary number of fixed and con-
trollable parameters). We assume that we have ac-
cess to a set of noisy measurements {oexp(0)} asso-
ciated with the operator 6, whose expectation value
(6(¢9,0)) = Tr[pss(¢, 0)0] we can compute numerically.
The objective of a fit routine is then to find ¢fi* that
minimizes the difference between the experimental
and numerical data:

At = mi Ab(¢,0
min > [(80(¢

where (A6(¢,0)) = (6(4,0)) — 0exp(0) and C(¢) is the
cost function. Omne can use gradient-based methods
to iteratively find ¢fi*: at each step n of the method,
a guess ¢, is updated based on 04 C(¢). Introducing
6 = ¢ — ¢p, such that

2= minC(¢),  (32)

L(0,¢) = L(0,¢n) + Ly + L2, (33)
we get
ac(¢) aC(9)
0¢ oo 19 50
_ o | PPss(dn +0,0) |
-3 it oy | el 50 ]
5=0
(34)
We thus need to determine 95 pss(€, 9)|s=o0-
A first way to do this is to assume
APT _ 1 A(n,0 A(n,1)

That is, we use the VPT ansatz to describe the de-
pendence in § and assume that the coefficients ¢y, (¢)
are independent of 6. We get

Opss(Pn + 0,0)
96

NS enle)pih) (36)

(OsN) |5 (6,9))
N2 ’

where

OsN = Tr

§ Cn

A better estimate of the gradient is obtained by
allowing all coefficients to simultaneously depend on
¢ and e, namely

()P 1’] (37)

|pLT (e,6))

B % <Z cn.o(e, 6)ﬁs< O+ 1(8,0)Pss 2 U)

(38)
Finding the gradient then amounts to solving the fol-
lowing reduced equation, obtained by implicitly dif-
ferentiating the linear constraint £ |pss) = |b) through
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the VPT ansatz (see Appendix E for a derivation,
and [47] for background on implicit differentiation in
numerical analysis):

(5 + s PO g 0,2
3|pPT (9,¢)) _ o, 04%:¢)
o) 5o 19l 5_0’

where Qs is the basis obtained by orthonormalizing
(A4, p VY and £5F = QlL;05.

Estimating the parameters of a Schrodinger
cat by fitting buffer spectroscopy measurements

We apply VPT and the gradient estimate in Eq. (39)
on numerically generated data to estimate parameters
in a superconducting device that hosts Schrodinger
cat states [43]. The system, which we sketch in
Fig. 5(a), consists of a memory mode @ and a buffer
mode b that are parametrically coupled through a
term go that converts a photon in the buffer into two
photons in the memory. The Hamiltonian reads

A

H=—Aqata— ApbTh+ go(a%b! +hc.) +
— KqataTaa — K,bTb'bb + ya'ab's,

(Fb+h.c.)

(40)

where A, (Ay) is the detuning between the drive and
memory (buffer), K, (Kj) is the Kerr nonlinearity,
and F' is the drive amplitude acting on b. Both modes
dissipate photons at rates k, and kyp, and the Lindblad
master equation reads

Lp(t) =

In an ideal configuration to generate cats, A, = Ay =
0, and 1/kp is the shortest timescale. Schrodinger cat
states persist over times determined by the loss of
parity at a rate r, (a'a) [18, 49].

Several parameters in Eq. (40) can be directly mea-
sured in experiments [43]. The detuning A, and A,
are controlled by the relative frequencies of the driv-
ing mechanisms. K; and xp can be inferred by prob-
ing the b mode that has a dedicated measurement
and feedline. Since it is possible to prepare the states
|0) or |1) in the memory through the combined ac-
tion of drives and dissipation, y can be inferred by
comparing spectroscopy measurements on the b mode
with the memory in states |0) or |1). Similarly, k,
can be extracted from the decay rate of a Fock state
[1). The remaining parameters are not straightfor-
ward to measure and require more advanced fitting
procedures. Although all these parameters affect the
spectroscopic response of the buffer mode, there are
no closed or analytical expressions that one can use to
fit the system’s response. This motivates us to pursue

—i[H, p(t)] + kaDld] + kpD[b]. (41)

a simulation-based approach to fit the response of the
system and indirectly extract these parameters.

In experiments, a common measurement is the
spectroscopic response of the buffer given by S1; =
1 —iky(b)/F [43]. First, we pick a set of ground-truth
values for go, F, and K, and numerically generate
a dataset of Sy1; as a function of A, and A,. To
mimic experimental imperfections, we add Gaussian
noise to the data, as shown in Fig. 5(b). Then, start-
ing from an initial random guess of go, F, and K,
and assuming the remaining parameters are known,
we try to recover the parameters used in the initial
simulation using the scipy implementation [50] of the
L-BFGS optimizer [51]. At each step, we minimize
the cost function in Eq. (32) using the VPT gradi-
ent estimate provided in Eq. (39). We show the map
of S1; computed at various steps of the optimization
in Figs. 5(c-e). As shown in Figs. 5(f-1), we recover
the parameters with high accuracy within 15 itera-
tions, although noise introduces small deviations and
prevents the loss function from reaching zero.

6 Variational perturbation theory as a
preconditioned Krylov method

Computing exact matrix factorizations of the Liouvil-
lian becomes infeasible for large Hilbert spaces. An
alternative approach is to use iterative procedures
that rely solely on matrix-vector products, such as
Krylov-subspace-based methods. Starting from an
initial guess |go), these methods iteratively build the
Krylov basis of the Liouvillian {|qx)} = {£* |qo)} for
k=0,1,... M and search for an approximate solution
of Eq. (4) in the form

M
Pss) = > cn law) - (42)
k=0

As arule of thumb, the closer |gg) to the actual steady
state, the smaller M needs to be. Common iterative
solvers include GMRES [52] and BiCGSTAB [53], and
Conjugate Gradient descent when the linear operator
is Hermitian [54].

The convergence rate of these iterative methods de-
pends on the ratio between the largest and smallest
singular value of £, a quantity known as the condition
number. For ill-conditioned problems, one can apply
a preconditioner C and solve

CL |pss) =C|b). (43)

A good preconditioner improves the condition num-
ber while being inexpensive to compute and evaluate.
Commonly used preconditioners include band-limited
matrices and sparse approximate inverses (see [55] for
a general review and [56] for an in-depth discussion
on open quantum systems). Since the Liouvillian Lo
is often sparse, a natural choice is to use incomplete
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Figure 5: Parameter estimation using VPT and gradient-based optimization for a memory-buffer system sketched in (a) and
described by the Liouvillian in Eq. (41). (b) Synthetic data of the steady state reflection coefficient S11 as a function of A,
and Ap. To mimic experimental imperfections, we add Gaussian noise with average p = 0 and standard deviation o = 0.02.
(c-e) Reflection coefficient at various stages of the optimization. The algorithm starts from a random guess of g2, F, and K,
and uses the L-BFGS algorithm to optimize them, assuming the remaining parameters are known. In (f) we plot the loss as
a function of the iteration number, while (g-i) show how the parameters evolve along the optimization process. The dashed
lines indicate the true parameters used to generate the data. Parameters (in MHz): g» = 2, F = 2, K, = 0.1, K, = 0.3,
ke = 0.1, kKp = 10. We fix the Fock space truncation at 10 photons for mode & and 6 for b.

LU (iLU), that performs an approximate LU decom-
position restricting the outcome to a sparsity pattern
closely matching that of Lo (i.e., some matrix ele-
ments are set to zero).

6.1 Method and connection with Variational
Perturbation Theory

Our second approach for solving Eq. (4) is to use
L5 (e = 0) as a preconditioner and the correspond-
ing steady state pss(e = 0) as |go). For a given M,
we construct the Krylov basis and use it to compute
the steady states for the neighboring parameters. We
repeat this procedure on all points where convergence
within a fixed tolerance is reached. Then, we recom-
pute both the steady state and the preconditioner
L& =0).

To understand why £5 ' and |pss(e = 0)) are good
candidates for preconditioning and Krylov subspaces
construction, we note that

Span { [ﬁ(‘)_l(fo + Eﬁl)]k |pss(e = 0)}}
= Span { (Z+ sﬁglﬁl)k |pss(e = O))} (44)

= Span { (ﬁé_lﬁﬂk |pss (e = 0)>} :

Therefore, this preconditioned Krylov method and
VPT in Eq. (10) give the same result. This connects
VPT with the larger body of work on recycled Krylov
methods, widely used for finite element analysis [57—
59]. They differ in that VPT recycles the whole sub-
space, while those methods recycle it portion by por-
tion.

In practice, one rarely has access to E(T Le = 0),
and computing it through LU decomposition would
defy the purpose of using iterative methods. We in-
stead compute the iLU decomposition of the Liou-
villian that, despite being a worse preconditioner, is
significantly cheaper to compute.

Finally, to further speed up the convergence of
the Krylov space, one can warm start the algorithm
by updating |go) using the nearest computed steady
state solution. However, this comes at the cost of re-
computing the Krylov subspace. Despite not being as
costly as computing L ! this still poses a trade-off
between the convergence rate and the advantage of
reusing a previous Krylov subspace.
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Figure 6: Study of the dissipative XYZ model using precon-
ditioned Krylov methods. (a) Pictographic representation of
the XYZ model described by Eq. (46). Two-level systems
interact with their nearest neighbours, with an anisotropic
coupling along the three main axes of the Bloch sphere. Dis-
sipative events can flip any spin and push it to point in the
negative z direction. (b) steady state phase diagram of the
magnetization m. = (6.) for a 3 x 3 lattice.

6.2 Phase diagram of the dissipative XYZ
model

The XYZ model describes a set of two-level systems
arranged in a square lattice and interacting according
to the anisotropic Heisenberg Hamiltonian. In dimen-
sion D = 2, it reads

H= (J.056% + J,656Y% + J.626%), (45)

(7,1m)

where each spin is indexed with a vector 77 = (nz, ny),
68 (o = x,y, z) are the Pauli matrices acting on the
7-th site, and the summation includes only nearest
neighbor spin pairs (7, 7). The coefficients J, de-
note the spin-spin interaction strengths. Dissipation
manifests as incoherent spin flips at a rate « that force
spins towards the negative z-axis direction, with

P — —i[1.40)] +2 X Dlorlo) . a0

where 6% = (6% +46%)/2 are the operators raising
and lowering the n-th spin in the z direction.

The Lindblad master equation (46) remains un-
changed under a 7 rotation of all spins about the
z-axis (transforming 6% — —6% and 6% — —0%).
This is a Zs symmetry, meaning that [P,L] = 0,
with Pp = PpP and P = [1; 6% the parity super-
operator and operator, respectively. In the thermody-
namic limit of an infinite lattice and dimension D > 2,
the model spontaneously breaks this symmetry and a
ferromagnetic order emerges [23, 30, 60-62]. In this
study, we concentrate on a specific parameter range
where mean-field theory predicts this transition to oc-
cur.

We consider a 3 x 3 system with periodic bound-
ary conditions along = and y lattice directions so that
the system is translationally invariant. The Lindblad
master equation is then invariant with respect to the
transformations 6&1’%) — &Exnwﬂ,ny) and &Exnw’ny) —
fr?nm’ny+1). Defining 7, and 7, as superoperators as-
sociated with the translational symmetry along the
two directions we have [T, L] = [T,, L] = [P, L] =0
and [Tz, Ty] = [T2,P] = [T,,P] = 0. Let /; be a
simultaneous eigenbasis of these operators, such that

Toiy = & iy, Tyiy = €y, Py = €77 i,

(47)
with /{;j ), /{l(,j )7 and z) representing quantum num-
bers conserved along the dynamics. For the 3 x 3 sys-
tem considered below, ), € {0,27/3,4r/3} while
20) € {0,1}. The Liouvillian written in this ba-
sis is block diagonal. Furthermore, one has that
Tepss = TyPss = Ppss = pPss. Therefore, the steady
state belongs to the symmetry sector with eigenval-
ues Ky = Ky = 0 and z = 0.

We can thus apply the preconditioned Krylov
method to the Liouvillian block containing the steady
state. The full Liouvillian has dimension 2'® =
2.6 x 10°, a size at which repeated LU factorizations
across a phase diagram become prohibitively expen-
sive. Restricting to the symmetry sector containing
the steady state reduces this to ~ 1.5 x 10%, where
LU remains tractable but costly, making it a natural
target for the iterative approach. We plot the phase
diagram of the magnetization m, in Fig. 6(b). We
correctly capture all the expected features, including
the transition from the paramagnetic to the ferromag-
netic regime. Similarly to VPT, we observe that the
largest concentration of points where the precondi-
tioner is re-computed is in the proximity of the phase
transition.

7 Conclusions

In this work, we introduced variational perturbation
theory (VPT), a generalization of standard perturba-
tion theory for open quantum systems. We demon-
strated its advantages and resilience to detrimental

Accepted in {Yuantum 2026-10-16, click title to verify. Published under CC-BY 4.0. 11



non-analytic behavior across several examples. To
make it numerically viable, we introduced two strate-
gies, one based on exact LU decomposition of the
Liouvillian superoperator, and one exploiting incom-
plete LU to investigate larger system sizes. Our meth-
ods allow rapid exploration of phase diagrams, as well
as rapid estimation of steady state gradients, making
them ideal tools for parameter fitting routines.

Our method is agnostic to the underlying details
of the model under consideration, as we demon-
strated. As such, it can be combined with other tech-
niques such as cluster expansions [30, 63] and renor-
malization method [22, 23] to efficiently investigate
more complex problems. We also plan to further
extend VPT to time-domain simulations in systems
with time-scale separation where a quasi-steady state
regime is present. Beyond cat states already discussed
in this work, typical examples of models with this fea-
ture include generic error-corrected quantum systems,
metastable configurations, or systems where degrees
of freedom can be adiabatically eliminated.
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A Modified Liouvillian

Numerically solving the system of linear equations
L]pss) = 0 outputs the trivial solution |pss) =
[0,0,...0). To avoid this issue, one can construct a
modified Liouvillian by adding a rank-1 matrix to L,
i.e. L= L+|b){(c|, with b and ¢ two vectors. This op-
erator is full-rank provided that ¢ has non-zero overlap

with the kernel of £. A natural choice for ¢ is then
the identity eigenvector (1|, since (1| £ = 0. Indeed,
any Liouvillian admits identity as a zero left eigen-
vector because the Lindblad master equation is trace-
preserving. The vector |b) can be arbitrary; for conve-
nience, in the main text we set it to |b) = [b,0,...,0)
with b an arbitrary complex number. The equation
(4) follows from this choice, and

T|ﬁSS> = |1> <1\ﬁss> = |T1“(ﬁss), 0,..., 0> . (48)

B Derivation of PT

To derive PT in open quantum systems, we expand
both the eigenvalues ), and eigenoperators of £ =
Lo+¢elq as

M= NP =D 00, (49)
j=0 j=0
where )\Lj) and ﬁ,(f) are the j-th-order terms for eigen-

values and eigenvectors, respectively. The recursive
relations for /\ff) and ﬁff) can be obtained by expand-

ing

L(e)pule) = (Lo+e L1)> emp

n=0

= i en (.coﬁfj” + Llﬁﬁ”*”) (50)

n=0
)

m=0

n=0

Assuming an order-by-order resolution of this equa-
tion we get

J
(£ =) A = =237+ SN0 (51)
k=1

Since we are interested in the steady state pgs, )\LO) =
0. Furthermore, the identity 1 is the left eigenop-
erator with zero eigenvalue for every Liouvillian and
<1| EQ, 1= 0. Thus,

zj:AEP (1

k=1

s =0, (52)

for all orders j. We conclude that )\,(f) = 0, from
which we obtain the recursion relation in Eq. (9).
C Tolerance criterion

Tolerance should be fixed with respect to the smallest
nonzero Liouvillian eigenvalue. Indeed, introducing
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the spectrum of the Liouvillian through the eigenop-
erators p; and eigenvalues A; defined by L£p; = A;p;,
we get

ﬁiT chpj
— I1£() [P () H2*HZCM | s

~ Z|Cj/\j| ;
i

We conclude that a safe criterion to find the appropri-
ate steady state is A; > tol where A\; = minj>g ||
is the Liouvillian gap, representing the slowest rate
in the dynamics of an open quantum system, whose
closure indicates the onset of critical phenomena.

D Building an optimal low-rank basis
using singular value decomposition

To evaluate the optimality of (V)PT’s representation,
in the main text, we compare it to the best possible
low-dimensional approximation of the steady states
within the region of validity of the perturbative ap-
proximation. First, we compute the steady states
for all parameter combinations. We then stack these
state vectors as columns to form a matrix and perform
a singular value decomposition (SVD). The left singu-
lar vectors corresponding to the Mgy p largest singular
values form the optimal rank-Mgyp basis for repre-
senting the steady states. The optimal rank Mgyp is
then chosen to match the accuracy of (V)PT.

E Efficient computation of the gradi-
ent

To determine 95 (e, §)|s=0, we first notice that, dif-
ferentiating Eq. (4), we get
95[L(6,0) 1pss(0: 0] |5 = 5 1) |5 = 0. (54)

Expanding the derivative, we conclude that the gra-
dient can be computed by solving

| pss(dn +6,0))

(EO + 5[11) 95 =L |ﬁss(¢na 9)> .
6=0

(55)

But since pLT(,¢) and O ’pPT (6,€)) are approxi-

mately spanned by {p(n 0 p 1)| n € [0, M|}, Eq. (55)

can be solved with the same techniques as those used
to compute ¢. Namely, we build the orthonormal ba-

sis Qs by orthonormalizing the basis of {ﬁé? , pSS )}

Defining E;H = Q}Ej Qs, we get the reduced equation
oq(0, .
(i + s PT0D| _p (0, )
0=0 (56)
N pET(6e))| 0 948, ¢)
B T8
§=0 5=0

Let us also briefly comment on the complexity of com-
puting the gradient for d controllable parameters and
f to differentiate. Since we can compute each partial
derivative independently along the f parameters, the
additional cost of computing the gradient having the
phase diagram is

Pf

o (MIN?) + Pf(2M)>*] . (57)
Rypr
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