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Mean-field Hartree theory is a central tool for reducing many-body dynamics to
an effective one-particle evolution. This approximation has been employed when
the Hamiltonian governing the many-body dynamics is not Hermitian. Indeed, non-
Hermitian Hamiltonians model particle gain/loss or the evolution of open quan-
tum systems between consecutive quantum jumps. Furthermore, the validity of the
Hartree approximation for generic non-Hermitian Hamiltonians lies at the basis of a
quantum algorithm for nonlinear differential equations. In this work, we show that
this approximation can fail.

First, we consider the most general bosonic mean-field Hamiltonian with two-
body interactions and we prove that, for non-Hermitian Hamiltonian, the Hartree
equation does not capture the correct second time derivative of the one-particle
marginal state at ¢ = 0 in the thermodynamic limit. Then, we analytically solve
a model of N bosonic qubits with a purely anti-Hermitian Hamiltonian, compute
the limit for N — oo of the one-particle marginal state and show that it does not
agree with the solution of the non-Hermitian Hartree equation. We further show
that there exists an initial condition such that the exact one-particle marginal state
undergoes a finite-time transition to a mixed state, a phenomenon that is completely
absent in the case of Hermitian Hamiltonians. Finally, we simulate a non-Hermitian
Hamiltonian with real spectrum and show that, also in this case, there are initial
conditions for which the Hartree equation does not reproduce the correct one-particle
marginal state in the limit N — oo.

Our findings challenge the validity of the mean-field Hartree approximation for
non-Hermitian Hamiltonians, and call for additional conditions for the validity of
the mean-field regime to model the dynamics of particle gain and loss and the open-
system dynamics in bosonic many-body systems.

1 Introduction

Mean-field theory provides an effective description of bosonic many-body systems with a large
number of particles by replacing the full many-body dynamics with a single nonlinear evolution
equation for the wavefunction of a one-particle. In this approximation, each particle interacts
with an average field generated by the collective state of the other particles. The heuristic of this
description is based on the assumption that the entanglement of each individual particle with
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the rest of the system is suppressed when the number of particles is very large, and therefore
the one-particle marginal states remain approximately pure.

In the standard setting of Hermitian Hamiltonians, such a mean-field limit is by now well
understood and leads to the Hartree or Gross—Pitaevskii equations |1, 2]. Early rigorous results
go back to Hepp [3]. Spohn’s analysis via the BBGKY hierarchy [4] provided a general frame-
work for bounded interactions, later extended to Coulomb potentials in [5]. Subsequent works
established quantitative rates of convergence [6, 7]. A natural question is whether similarly
general results hold for non-Hermitian Hamiltonians. Such models arise effectively in atomic,
optical, condensed-matter, and photonic platforms [8, 9, 10, 11, 12, 13], where they describe
mechanisms of particle gain and loss. Particle losses in many-body systems are often mod-
eled by Markovian master equations of Gorini-Kossakowski-Lindblad-Sudarshan form [14, 15].
Conditioning such dynamics on the absence of quantum jumps leads to an effective non-unitary
evolution generated by a non-Hermitian Hamiltonian; this quantum-trajectory viewpoint under-
lies standard methods in quantum optics and atomic, molecular and optical many-body physics
[16, 17, 18, 19]. Furthermore, in cold-atom settings, controlled dissipation and losses are not
merely imperfections but resources, enabling the preparation of correlated states [20, 21]. Mean-
field approximations for non-Hermitian systems are used in the physics literature |22, 23, 24|,
but no rigorous justification is known yet. Related progress exists for open quantum systems
governed by Lindblad dynamics in the thermodynamic limit with clustering states [25, 26]. How-
ever, these results do not directly address the validity of mean-field approximations for general
non-Hermitian Hamiltonians, for which no systematic theoretical understanding is available.

These developments motivate a basic question: Does the Hartree approximation for the
one-particle marginal state remain valid for generic bosonic non-Hermitian many-body Hamil-
tonians?

The physics literature, starting from the non-unitary N-body Schrédinger evolution with
a non-Hermitian mean-field Hamiltonian, considers the normalized k-particle marginals p*) =
pk) / Trp®), whose dynamics is already nonlinear because of the normalization. Closing the
resulting (normalized) BBGKY hierarchy by the usual factorization ansatz for which the few-
body marginal states are factorized, i.e., pi) ~ (,6(1))®k yields a trace-preserving nonlinear
evolution equation for ). As it is the case for Hermitian Hamiltonians, such an equation
preserves the set of pure states, and can therefore be turned into a nonlinear evolution equation
for the one-particle wavefunction [22, 27, 28, 23, 29].

This extension of the Hartree equation to non-Hermitian Hamiltonians has also recently
entered the field of quantum computing through a proposal that exploits mean-field embeddings
to emulate nonlinear dynamics. In particular, Lloyd et al. [30] propose a quantum algorithm
for nonlinear differential equations that solves a target nonlinear evolution by simulating a
linear evolution on many copies of a system, chosen so that the Hartree reduction of the linear
many-copy dynamics reproduces the desired nonlinearity. A key step in that approach is the
assumption that the Hartree approximation for the one-particle marginal state is valid for generic
non-Hermitian many-body Hamiltonians.

The main message of the present work is that, even for extremely simple two-body non-
Hermitian interactions, the non-Hermitian Hartree equation can fail to capture the one-particle
dynamics.

First, we consider the most general non-Hermitian bosonic mean-field Hamiltonian with
two-body interactions, and we compare at ¢ = 0 the first and the second time derivatives of the
solution of the Hartree equation and of the one-particle marginal state in the limit N — oo.
We find that, while the Hartree equation is always able to correctly capture the first time
derivative, it fails to predict the second time derivative if the Hamiltonian is not Hermitian and
the interaction terms are nonzero.



The breakdown of the mean-field Hartree approximation is due to the fact that the evolution
equation of the one-particle marginal state is affected by the anti-Hermitian terms of the Hamil-
tonian that do not act on the considered particle. Indeed, while the Hermitian terms act on the
many-body density operator through a commutator, which is canceled out when the particles on
which they act are traced out, the anti-Hermitian terms act through an anti-commutator, which
does not vanish after taking the partial trace. Such anti-Hermitian terms collectively generate a
contribution that has a prefactor that scales as O(NN) and can therefore amplify the deviations
of the few-particle marginal states from a product state.

Then, we provide an explicit, exactly solvable counterexample: a bosonic system of N qubits
with two-particle interactions generated by a purely anti-Hermitian Hamiltonian. For any fac-
torized initial wavefunction in the completely symmetric subspace, we compute the exact nor-
malized one-particle marginal state ﬁg\lf) (t) and compare its limit for N — oo with the solution of
the non-Hermitian Hartree equation. Our analytical large-N analysis and supporting numerics
show:

e Persistent failure of the Hartree approximation: For almost any initial condition, the limit
for N — oo of the one-particle marginal state is pure but different from the solution of the
non-Hermitian Hartree equation. Indeed, such a limit is governed by an effective evolution
equation that depends explicitly on time and agrees with the Hartree equation only at
t=0.

e Finite-time mixedness transition: There exists an initial condition for which the limit of
N — oo of the one-particle marginal state undergoes a sharp transition from a pure state
to a mixed state at a finite critical time, a phenomenon which is completely absent for
Hermitian Hamiltonians and is indicative of correlations that survive the mean-field limit.

We further consider an example of non-Hermitian mean-field bosonic Hamiltonian with two-
body interactions and real spectrum, and we numerically find that also in this case there are
initial product states for which the one-particle marginal state of the time-evolved many-body
state does not converge to the solution of the non-Hermitian Hartree equation in the limit
N — o0.

These findings have two immediate implications.

First, they place concrete limits on the scope of mean-field embeddings for quantum compu-
tation. In the setting of [30], the correctness of the nonlinear solver hinges on whether the many-
copy linear dynamics admits the claimed Hartree approximation for the one-particle marginal
state. Our counterexample shows that for non-Hermitian Hamiltonians this approximation may
not hold: even for two-body exactly solvable interactions, the normalized one-particle marginal
state may have a different limit for N — oo than the non-Hermitian Hartree evolution. Conse-
quently, additional structural assumptions or a case-by-case validation of the Hartree approxi-
mation appear necessary before such embeddings can be used as generic algorithmic primitives.

Second, the results are relevant to many-body modeling with losses. Non-Hermitian Hamil-
tonians are routinely employed as effective descriptions of particle loss and monitoring, either as
stand-alone models in non-Hermitian many-body physics [13, 12| or as conditional no-jump gen-
erators within the quantum-trajectory formulation of Lindblad dynamics [16, 18, 19, 31]. Mean-
field approximations are then often invoked to arrive at complex Hartree or Gross—Pitaevskii-
type equations. Our counterexample highlights that non-unitarity can amplify correlations in
a way that prevents the usual mean-field closure. This suggests that modeling particle-loss dy-
namics in bosonic many-body systems by a non-Hermitian Hartree equation may require extra
justification, rather than being taken as a generic consequence of large N.

The structure of this article is the following. In section 2, we introduce the notation and
the framework for analyzing the mean-field limit in the non-Hermitian setting, and how the



Hartree equation is derived using heuristic methods. We discuss new terms that appear in
the evolution equation of the one-particle reduced density matrix that are not captured by
the Hartree evolution, and in subsection 2.1 we show how these terms modify the second time
derivative.

In section 3, we construct an analytically solvable counterexample, showing that the heuristic
extension of the Hermitian theory fails. The subsection 3.1 is dedicated to analytical results in
the limit of large N and subsection 3.3 presents numerical simulations supporting and extending
the analytical results. Lastly, in section 4 we construct another example, where the Hamiltonian
is not Hermitian but it has real spectrum. Numerical simulations show that also in this case the
heuristic extension of the Hermitian theory fails. We conclude in section 5.

2 The Hartree equation for non-Hermitian Hamiltonians

Let b be the Hilbert space of a single particle, which we assume to have finite dimension, and
let Sym™h be its N-fold symmetrized tensor product. Mean-field Hamiltonians are constructed
by a one-particle operator A acting on h and a two-particle operator A acting on h®? and

invariant with respect to the swap of the two particles. The N-particle mean-field Hamiltonian
AN g

AV a0 L s 0

where sub-indexes indicate on which particles the one-particle and the two-particle operators
act. We stress that A®Y) is invariant with respect to arbitrary permutations of the particles,
and therefore leaves invariant the completely symmetric subspace Sym”§.

Let us consider the non-Hermitian Schrédinger equation

{Z&I‘IJ(N)> = AN | w(V)y

B (0)) = ) @

for the N-particle wavefunction ]\I/(N )> € h®N where the initial condition is a factorized wave-
function where each particle has wavefunction |p) € h. Without loss of generality, we assume
that (p|e) = 1. Equation (2) can also be written in terms of the unnormalized N-particle state

pN) = (N (BN

i0,p ) = AN H(N) _ () g(N)T

pPM(0) = [0) (| M.
For any k=1, ..., N — 1, the unnormalized k-particle marginal state is defined by
®) = Trg g vp™. (4)
This definition implies the normalization

Trp®) = Trp™ = (v g™y v =1,... N-1, (5)

(3)

P

where the norm of [U(™) can change in time because the evolution is not unitary. The evolution
equation for the unnormalized one-particle marginal state is computed by taking the partial trace
of equation (3):

19,00 =AM 0 _ pM 40T 4y, ( A® )@ _ 4@ A(2>T>

+ (N —1) Try ((]I@ (A(l) - AW)) p(2)> + N; 2Tr23 ((H@ (A(Q) - AW)) p(3)> .

(6)




Forany k=1, ..., N, let

(k)
sk — P

be the normalized k-particle marginal state, which will simply be called k-particle marginal
state. The evolution equation for the one-particle marginal state is

19,00 =AM 51 _ 50 40T _y (( A A(l)T) [;(n) 50
- Tr ( A@ 5@ _ 5@ A<2>T> Ty (( 4@ _ A(z)*) f,<2>) 50
+(N—1)Tr ((11@ <A(1) - Am*)) (5@ — ;’5(1)®2))

N -2
+ =Tz <<]I® <A<2> - A(2>T>) (59 - 50 ®ﬁ<2))) ,

The first two lines contain the usual terms in the Hartree equation, plus terms that control the
norm in the non-Hermitian case. The main novelty in the non-Hermitian case is in the last
two lines, where the terms are multiplied by a factor N and vanish in the Hermitian case. To
obtain a closed evolution equation for ,6(1) from equation (8), the heuristic approach that works
in the Hermitian case is to postulate that the two-particle marginal state p(2) approximately
remains a product state: p® ~ p(N®2 In the non-Hermitian case, the time derivative of p)
depends also on the three-particle marginal state p®. Therefore, we will obtain the nonlinear
Schrédinger equation by postulating that also the three-particle state remains a product state:
pB3) ~ p(D®3 - Assuming that all these postulates hold true and replacing p® by v®* in equation
(8) for k =1, 2, 3 gives the following non-Hermitian Hartree equation:

0y = A0y — 7AD"~ T (AW~ 40T) 5 ) 4

+ Try (A<2> I® 7)) v — ~Try ((I[ ®7) A(Z)T> —Tr <<A<2> - A<2>T> 7®2) ~,

9)

with initial condition vy(0) = |¢)(¢|. We claim that v will be pure and normalized at any time.
Indeed, v = |¢)(¢| satisfies (9) if the Hartree wavefunction |¢) € b satisfies the non-Hermitian
nonlinear Schrédinger equation

A _ 4

i01]¢) = (A“) — (¢l

(2) — A1
9) + (61A®]5) - <¢®21‘42A|¢®2>> @ (0)

with initial condition |¢(0)) = |¢). Furthermore, the solution of (10) has unit norm at any time.
We will analyze two quantities related to the Hartree approximation. The linear entropy is

defined as
Spi=1—TrpM?, (11)

and quantifies the closedness of p(l) to a pure state. If S;, &~ 0, the one-particle marginal state is
approximately pure, which implies that the k-particle marginal states can be approximated by
a product state for any finite k: p*) ~ p(I®k for large N. Then, we define the infidelity with
respect to the solution of the Hartree equation as

=1 (¢|pW]g), (12)

which measures if such solution correctly describes the one-particle marginal state of the solution
of the corresponding many-body dynamics.



The case where A®) = 0 and the initial condition is a product state is a trivial example
where S, = 0 and I = 0 at any time. For Hermitian Hamiltonians, it is known [1] that the
infidelity with respect to the solution of the Hartree equation scales as N1 for a broad family
of two-body Hamiltonians. However, we can already observe from equation (8) that the last two
terms depending on the anti-Hermitian part of the Hamiltonian have a prefactor O(N). Then,
even in the case where p(?) = p()®2 L O (N~1), the non-Hermitian terms in the Hamiltonian
will generate corrections to the Hartree equation that remain finite in the limit N — co. So, in
the limit N — oo, the evolution of p(V) will depend on p® and 5(®), and this is not captured
by the Hartree equation. In the next subsection we will show how this amplification due to the
anti-Hermitian terms works at short times.

2.1 Short-time behavior of the reduced one-particle state

In this subsection, we compare the first and second time derivatives at ¢t = 0 of the solution of
the Hartree equation (9) and of the exact one-particle reduced density matrix (8). We will show
that, even when the initial state is a product state, the Hartree approximation captures the
correct first time derivative but it fails to describe the second time derivative. This deviation is
only present for Hamiltonians that are not Hermitian and contain interaction terms.

The first derivatives of v and of p() are given by the Hartree equation (9) and by the hierarchy
(8), respectively. Observe that at t = 0, since p(1(0) = (0) = |¢){¢|, and furthermore since

P (0) = ~v(0)®*, both expressions match:

10y ]1=0 = 10,p™ |10 (13)

This is true by construction, because the last two terms in (8), scaling with N, cancel exactly.

Let us now consider the first time derivative of the k-particle reduced density matrices. By
taking the partial trace of the evolution equation (3) over the last N —k particles, we can compute
the evolution equation of the k-particle reduced density matrix. One can then normalize it and,
proceeding as in the derivation of (8), we get the following evolution equation:

2 i(Al Tr (AW 500)) 50 — e

i=1
ZTrkH (( —Tr (A(2)ﬁ(2)>)i7k+1 ﬁ(kﬂ)) ~he
+ (N — k)Trgq (Gl(6+)1 (ﬁ(k+1) _ ﬁ(k) ® 15(1))) (14)
+ ﬁ <N2_ k) TI‘k+1,k+2 (ngl,kJrQ (ﬁ(k‘—i-Z) _ ﬁ(k) ® ﬁ(ﬂ))
1 A A~
+ N1 1<;j<k (A(2) Ty (A(Z)p(2)))ij 2% _he..

In order to simplify notation, we define G = A® — AOT for § = 1,2, we use sub indexes to
indicate the particle where an operator acts and we write h.c. for Hermitian conjugate. At time
t = 0, using that p*)(0) = v(0)®*, the time derivative simplifies to



YL (AE” T (401(0)) ) 1(0)*F ~ he.

i=1
Z Try1 (( + Tr (A(z) (0)® ))i,kH 'y(O)@kH) — h.c. (15)
1

+r > (AP =T (A5 (0)%2)) A(0)%F — hee..

N-1 1<i<j<k K

On the other hand, using the Hartree equation, one gets the time derivative

k k
iy =3 (A0 = Tx (A7) %43 Ty ((A@) +Tr (4AP2)) 7®k“> —he
i=1 i=1 ’
(16)
Comparing (15) and (16), one can see that
k
10,50 |1—o = 07 ]1—o + O (N) . (17)

Then, for any fixed k, in the limit of large number of particles the Hartree equation describes
correctly the first time derivative of p¥). However, it is important to observe that the approxi-
mation error is O(N 1), because the next step is to compute the second derivative, and we will
show that these small corrections are amplified in the non-Hermitian case and lead to a finite
difference between the second derivative of the exact one-particle reduced density matrix and of
the Hartree solution. Taking the time derivative of (9) one gets the second time derivative of
the Hartree solution:

—0y = (A(l) —Tr (A(l)’y>) 10y — Tr (A(l)z@ﬂ) v — h.c. a8)
+ Tro ((A(Q) —Tr (A(Q)'y@’?)) i@t'y@Q) —Tr (A(Z)iat'y@Q) v — h.c..
We compute the second time derivative of the one-particle reduced density matrix by taking
the time derivative of (8):
fafﬁ(l) - (A(l) —Tr (A(l)ﬁ(l))) iat[)(l) —Tr (A(l)iatf)(l)) [3(1) + h.c.
+ Try ((A<2> ~Tr (A<2> ﬁ@))) z’&tﬁ(z)) ~Tr (A(Q)z'atﬁ@)) PV + hee
+ (N = 1) Ty (G (100p® = i0ppV @ p) — pM) @iy p 1))
-2

(19)

c N =24, (Gg? (z’@t,ﬁ(?’) —i0pM @ p? — p @ z'atﬁ@))) .

Using the previous results (13) and (17), it follows that the first two lines in (19) are repro-
duced by (18) at the initial time up to small corrections O(N~1!). Now we will compute the
last two lines and show that they contribute with extra terms which modify the second time
derivative.

Let us use (15) with k£ = 1,2, to compute

5
(10:p® —i0pV @ pV) + pM) @ iy p™M ) ’t

:—zm(( =T (AP(0)2)) (0% - he (20)

n ﬁ (A® — 1 (A®(0)%)) 7(0)2 ~ hc..

7



Similarly, we can use (15) with k£ = 1,2, 3 to compute

LS (A2 - (405 0)) 2(0%) - he
=2

Lt ; (A<2> Ty (A(2)7(0)®2))1ﬂ(0>®3 — hc..

Plugging expressions (20) and (21) into (19), subtracting the second derivative of the Hartree
equation at time t = 0 and using the properties of the partial trace, we get

—%m@—vmmzbb(@ﬂtxn«wmeLA@wma
=T (G5 (A®) = Tr (4A24(0)%?) ) 1(0)°?) 17(0) + hee.

+ | Trag ((G® = Tr (GP(0)%2)) | AD(0)27(0)5) (22)

23

—Tr (G5 (A®) = Tr (42)4(0)?)) . 79%) ]7(0) + hee.

+o(5)

The conclusion of this computation is that the Hartree equation is constructed in such a way
that at ¢ = 0, when the system is exactly in a product state, the first time derivative of the
Hartree solution and of the exact one-particle reduced density matrix are the same, and this is
shown in (13). The same construction shows that for any fixed k, the difference between the
time derivative of k copies of the Hartree solution and the k-particle reduced density matrix
vanishes for large N with an error of order O (N~1) as shown in (17). Even if the first time
derivative matches, the difference between the second derivative of the one-particle reduced
density matrix and of the Hartree solution has contributions that do not vanish for large IV,
and this is shown in (22). This contributions are present only on the non-Hermitian case, since
they depend on the anti-hermitian Hamiltonian terms G, i = 1,2 and furthermore they also
vanish if there is no interaction, i.e., if A®® = 0. This shows how the non-Hermitian terms of
the Hamiltonian amplify the approximation error of the mean-field approximation in such a way
that even at small times, the difference between the Hartree solution and the exact one-particle
reduced density matrix does not vanish.

3  First counterexample: purely anti-Hermitian Hamiltonian

We present a nontrivial example in which the solution of the non-Hermitian nonlinear Schrédinger
equation (9) and the limit for N — oo of the one-particle normalized marginal state (2) can
both be analytically computed and do not agree.



Let each particle be a qubit with Hilbert space h = C2 = Span{|0),|1)}. We write the
initial one-particle wavefunction ¢ € b in the computational basis: |p) = ¢0|0) + ¢1]1). Let us
choose AV =0 and A® =iZ ® Z, where Z = |0)(0| — |1)(1| is the third Pauli matrix. Similar
anti-Hermitian interactions can be engineered in qubit systems [32]. We choose the following
orthonormal basis of Sym” C?, indexed by n =0, ..., N:

INn) = — <N> > P9 @ 1= (23)

=
NI n PeSy

where the sum runs over all the N! permutations of N qubits. This basis diagonalizes the
evolution operator:

(N—-2n)>-N

AN N _ AN n =
Q ‘ 7n> >‘N,| ,7’L>, /\N, Q(N—l)

(24)

In this basis, the initial N-particle wavefunction has the form

N N
WM (0)) = (¢ol0) + 1 |1)®N = ppel ™ <n>!N, n), (25)
n=0

and the solution of the evolution equation (3) becomes

™) N N
] N\ n N-—-n AN,nt N ) 9
| ) nE 0: Yo P1 ( >€ [N, n) (26)

To compute the unnormalized one-particle marginal state, we can compute the partial trace
using the basis {|N — 1,s)}Y ! of Sym™~1C2:

N—-1
PV = SN =1, s ¥y @M|N — 1), (27)
s=0
We have
(N —1,s|N,n)

" o Nuvan ()75 e tors o o) p (oo o)

PeSN QesN-1

= 2 N (ﬂf) (NS 1) (101 @ PN P (j0)=n @ 1)2)

PeSN

- ]\1I'\J (Z) (NS_ 1>n!(N - n)!<5n7511> + 5n,s+1|0>)

(N—l)
_ £ (On,s|1) 4 0p,s41|0)) -

(n)




Plugging equation (26) in (27) and using (28) we obtain the matrix elements of p(1):

1) = N
poo = leol® D |901|25|<po|2(N‘1‘5)< ) )e”wt,
s=0

=

)6(>\N,s+1+>\N,s)t
M
s=0
N-—1
(1) _

pio = w105 Y lwol**|e1
s=0

-1
1) N—-1 -1
Po1 = SDO(:OT Z ’900’28‘901‘2(]\[15)( s
‘Q(N—l—s) (N - 1) e(AN,s+1+)\N,s)t ,
S

(1) 2N_1 2 2(N—1 N —1Y\
pir = le1l? D [0l |r PN ‘5)< . )e Nt
s=0

To analyze the evolution equation of the Hartree wavefunction (10), we write the wavefunction
in the computational basis |¢) = ¢g|0) + ¢1|1) with initial condition |¢(0)) = |¢) and get the
equations

{8t|¢> = ((¢1219)Z — (¢|Z|6)*) |6)

Do = grm? —|¢11? = (ol? — r¢1\2)2; o
16(0)) = |¢)

= 201 = (161> — |ool> = (J@ol* — [612)*) o1 (30)
#0(0) = @0, ¢1(0) = ¢1

The solution to these equations is

- 1 ke2t - 1 ke?t
— 0o (1 — 61 Z 1= 1
(R PN R ) R

’ 2

where )
[pol” — len

T V= (ol = 1)
Equation (30) has stable and unstable fixed points. Wavefunctions with |pg|? = |¢1

are unstable fixed points, while the stable fixed points are given by |p) = |0) and |¢) = |1).
We will show that the system can have the following three asymptotic behaviors for N — oo:

0; = arg(p;) - (32)

2 =1
2

e Stable fixed points: if |¢) = |0) or |¢) = |1), the solution of the Hartree equation is
constant in time and agrees with the one-particle marginal state for any V.

e Unstable fixed points after the critical time: if |pg|? = [p1]* = 3, the solution of the
Hartree equation is constant in time and agrees up to t = % with the limit for N — oo of
the one-particle marginal state. For ¢ > %, such a limit becomes mixed, while the solution

of the Hartree equation stays constant.

e Any other case: if |pg| # |p1], the limit for N — oo of the one-particle marginal state is
pure but is different from the solution of the Hartree equation.

3.1 Large-N limit

In this section, we will compute the limit of the one-particle marginal state ,6(1) for N — oo.
Let us first consider the initial conditions that are stable fixed points of the Hartree equation.
We will consider only the case |¢) = |0), since the case |p) = |1) is completely analogous.

The solution to the N-body evolution equation (26) is |[¥y) = e%\0>®N and the one-particle
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marginal state is constant in time: p(!) = |0)(0|. The linear entropy and the infidelity with
respect to the Hartree solution are Sy, = 0, I = 0 and the Hartree approximation is exact at any
time for any N.

In the remainder of this section, we will consider the initial conditions satisfying |¢o|?, |¢1]? €
(0,1). We will use the Stirling’s approximation of the factorial

1
I M!=MInM = M+ 3 In(2rM) + oM. (33)

Then we can approximate the binomial distribution as

n(M p(M —n) qM 1 M >
n_ M-n

~ In——+ M1 “In—— . 4
ba (n) exp(nn qn + nM—n+2n27Tn(M—n) (34)

We will use the substitution s = Nx such that we can approximate the sum over s by an integral
over x. We can also approximate the eigenvalues as

N
AN e = 5 (1= 22)" = 22(1 = 2) + O(N ). (35)
We rewrite pét) as
N
s _agN—=s(N
pbo = leal I NI == ()A (36)
s=0

=

Applying the Stirling’s approximation (34), replacing s = Nz, using (35) and approximating
the sum by an integral, we get the following expression:

1 ﬁ /1 -z N fi(z)—4tx(1—2x)
Poo =\ 5 0 dz r ) (37)

where ) )
1—
folz) = zln |901||(p0(|2 . %) 4 l“’_dx + (11— 22)2, (38)
and its derivatives are
/ |‘P1‘2 -z
1 () :ln‘(po‘2 +1In . — 4t(1 — 22), (39)
) =8t - —— (40)
z(1—x)

The integral (37) can be further approximated using the Laplace’s method [33, 34]. In
the limit of large N, the major contributions to the integral come from the values of x near
the global maximizers of f;. In the neighborhood of these points, we can approximate the
integrand by a Gaussian function using a Taylor expansion for f;. Since the tails of these
integrands decay exponentially, we can extend the integral to the whole real line. In this way
we can integrate analytically the Gaussian function. Let {z;} be the global maximizers of
fr- Recall that |po|?, |p1]? € (0,1). The derivative (39) satisfies lim,_,o+ f{(z) = +oo and
lim, ;- f/(z) = —oo. Then, all the global maximizers of f; lie in (0,1) and satisfy f/(x;) =0,

' (z;) < 0. The Laplace’s method applied to equation (37) gives

1 N 11— o) —dtzi (1) [ N 10 ) ()2
o ~Y o /xieth( D) —dtzi(1-;) /_Ooderf (i) (a—:)? (41)

11



Using the Gaussian integral [0 e Vidy = /7, the result is

1 1 1 —ua z;)—4tz; (1—z;
Péo)”Z\/—f"mM S .
(3

T

We will show that for any initial condition with |¢g|? # |¢1|?, f; has a single global maximizer.
In Figure 1a we plot the function f; for a generic initial condition. f; may have one or two local
maximizers, but only one of them is a global maximizer. Only for the exceptional initial condition

ol2 = |e1]? = L and ¢t > 1 there are two global maximizers (see Figure 1b).
2 2
fi(x) lpol? = 0.5 t=04<t, =05
2 _
fi) lpol? = 0.6 t=04 lp1]*> =05
lp1l*> =04
o] 0.2 Oi4 0.6 0.8 1‘
0 0.2 0f4 0.6 0.8 i>

(b) For the initial conditions satisfying |po|? = |¢1]|* = %

(a) For initial conditions satisfying |¢o|® # |¢1|°, the func-  the function f; has a single local maximizer z = 3 for
tion f¢ can have one or two local maximizers, but it always ¢ < % and it has two symmetric global maximizers for

has a single global maximizer. t > %

2 | i
|

Figure 1: Purely anti-Hermitian Hamiltonian: Plot of f; as a function of z, as defined in (38), for
different instances of initial condition and time.

To prove the uniqueness of the global maximizer, we start by analyzing the function f/'(x)
given by equation (40). At times ¢ < 3, the second derivative is always negative: f/'(z) <
0V x € (0,1). Hence f is strictly decreasing and f; has a single local maximizer, which is then
the unique global maximizer. At times ¢t > %, since equation (40) is symmetric with respect to

L f!' has two symmetric roots

bR
ri:;<1i,/1—21>, (43)

which split the interval (0,1) into three sub-intervals. f/’ is positive in the central sub-interval

and negative in the other two. When f; has two local maximizers, one of them is larger than r
and the other one is smaller than r_. To determine which one is a global maximizer, we observe
that if 7 is a global maximizer then

xr=

2
fula) = fi— ) = fulad) + (1 — 2) I (22 (44)
ol

and
| 2

(1—2z7)In 2 5
|0l
If [po|? > |¢1/?, the unique global maximizer satisfies x} < r_. If [pg|> < |¢1/?, the unique
global maximizer satisfies 2} > ry. If [po|? = |¢1]? = %, the equation (45) is trivially satisfied
and there are two global maximizers wich are symmetric with respect to %

<0. (45)

12



One can compute the evolution equation of the global maximizer implicitly using f/(z}) = 0:
4(1 — 2z
Dyt = 8()&) (46)
t— x; (1—x})
At time t < % the denominator is strictly negative. At time ¢ > % the denominator vanishes if
the equation (40) vanishes. If a point satisfies f/(x) = 0 and f/'(x) = 0, then it is a saddle point
and it is not the global maximizer, unless f;”(z) = 0, which only happens at = = % € (r_,ry).
Then, the denominator of (46) never vanishes, and the trajectory of the global maximizer is
continuous.
At the critical time t. = %, the trajectory can be discontinuous only if the maximizer is

= 1 and this happens only in the exceptional case |¢o|> = |¢1|?. In this case, 2} = % at

and at later times there are two global maximizers.

3.1.1 Single global maximizer
For the initial conditions such that |¢o|* # |¢1]% or |¢o|? = |¢1|* and ¢ < L, we showed that
there is a unique global maximizer x;. Equation (42) becomes

p&)) ~ 1/ exp (th xy) — dtay (1 — a:t)> . (47)
¢ (xF)

A similar computation allows us to compute the remaining matrix elements:

1) 1 | @ . . .
P11 =~ = T\ 1— a7 €xp (th(mt) — At (1 - fCt)) ’ (48)
1) * 1 Ty * * * *
Pgo) = P((n) (@) \/ 1 _tx* CeXp (th(xt) — 4txp (1 — xf) +2t(1 — 23315)) . (49)
t \ Ty t

When normalizing the state, all the N dependence cancels and we get the limit of the one-particle
marginal state for the case where f; has a single global maximizer:

ok 0 * (1 _ %
lim p( ) _ i 1 : T ; € VTt (*1 ) ’ (50)
N—o0 e (1 — ) x;
where e~ = iﬁ—il%. Observe that the limit state (50) is pure and can be characterized by
1
a one-particle wavefunction: limy_,o ) =: [v)(v|, where |v) = 15|0) + v1]1) defined up to a

global phase by

vy = €%\ /1 — a7, 1/1:\/37»2‘. (51)

In order to compare it with the Hartree evolution, we derive the evolution equation for |v) using
the implicit time evolution equation (46) for the global maximizer and we write it in terms of
its components using equation (51). The evolution equation for the one-particle wavefunction
|v) is

vol” = — (1l ~ )"
1-— 8t|1/0|2‘V1|2

12 = vl = (ol = |11 ?)?
1= 8ol v

and matches the Hartree equation (30) only at ¢ = 0 or at the fixed points. This is a counterex-

ample to the generalization of the mean-field theory to non-Hermitian Hamiltonians.

8tu0 =
(52)

O =

13



3.1.2 Double global maximizer

For initial conditions such that |pg|?> = [¢1]|2 = &, for t > 1 f; has two symmetric global

maximizers 2; € (0,1) and 1 — z} € (3,1). Evaluating the approximation (42) we obtain

1 1 1—aF o " " %
oo~ s W o w 1_t$;>exp (Nﬁ(ast)—mt(l—xt)). (53)

By symmetry we know that ,0511) = p&]). Using the same methods we can compute the non

diagonal terms

1) _ (1 2¢" A ) )
Po1 = Pig ™ W ek N fi(ay) — Atwy (1 — a) | (54)
t t

Normalizing by the trace we get the limit of the one-particle marginal state in the case of two
global maximizers:

1 10 * *
Al — , 2 e’y (1l —ay)
]\}g%op <e_20\/m§(1 — ) % ’ (55)

The linear entropy of this matrix is
1
St ( lim ﬁ<1>> =5 —27}(1 - 2{) >0, (56)

hence the limiting state is mixed and cannot be described by the solution of the Hartree equation.
Furthermore, in the limit ¢ — oo we have 0 < x} < r_ — 0, and the limiting one-particle state
tends to the maximally mixed state for ¢ — co. We also notice that the limit for N — oo of
the one-particle marginal state (55) can be written as the mixture of two pure states that come
from the contribution of the two maximizers of f;.

3.2 Analysis of the second time derivative

In this subsection we use the equation (22) for the second time derivative of the difference
between the one-particle reduced density matrix and the Hartree solution and we will show that
this equation can tell us the initial conditions for which the approximation works.

In the present example, equation (22) can be written in the form

dim (5 —)limo = 2(¢12l0) (1 - (2|Z1¢)?) (Z = (@120 [ (gl + e, . (57)

There are only two types of initial conditions for which this equation vanishes. One can see that
the term (¢|Z|¢) vanishes for the exceptional points |po| = |¢1] and the term (1 — (0] Z|¢)?)
vanishes for the eigenvectors of the Z operator: |¢g| = 0,|¢1] =1 and |pg| = 1, |¢1| = 0. Also,
the vector equation (Z — (p|Z|p)) |¢) = 0 vanishes only in the eigenvector of the Z operator.

The condition 82(p(1) — 4)|s=o = O(N~1) is a necessary condition for the success of the
Hartree approximation. However, in this example, it gives us the only initial conditions for
which the approximation works. In the case of the eigenvalues of the Z operators, the initial
state is a stable fixed point of the Hartree equation and the many body state is an eigenvalue of
the many body Hamiltonian, then the evolution is trivial in both cases and the approximation
is exact. In the case of the exceptional points, the initial state is an instable fixed point of
the Hartree equation and despite the non trivial evolution of the many body equation, the one-
particle reduced density matrix is time independent up to the critical time, in this time interval
the approximation works.
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3.3 Numerical Analysis

In the previous section, we have analytically computed the one-particle marginal state in the
limit of infinitely many particles. We have found that for almost every initial condition, such
limit is pure but does not satisfy the non-Hermitian Hartree equation. For the exceptional initial
conditions |¢g|? = |¢1]|? = %, there is a critical time after which the limiting state becomes mixed.
In this section, we will compare the solution of the non-Hermitian Hartree equation (31) with
the one-particle marginal state for finite NV (29).

3.3.1 Linear entropy of the one-particle marginal state
In Figure 2, we plot the linear entropy (11) of the one-particle marginal state (29):
e In Figure 2a, we show that for initial conditions such that |pg|? # |@1|?, the linear entropy
tends to zero for N — oo.

e In Figure 2b, we show that for initial conditions such that |¢o|? = [p1]> = 3, for N — oo

the linear entropy tends to zero up to t = %, but has a nonzero limit for ¢ > %

e In Figure 2c¢, we show that the linear entropy scales as O(N~!) for N — oo for initial
conditions such that |¢o|? # |¢1]%.

e In Figure 2d, we show that the linear entropy still scales as O(N~!) for N — oo for initial
conditions such that || = |p1]> = 5 for ¢ < 1.

3.3.2 Infidelity with respect to the solution of the Hartree equation

In Figure 3, we analyze the infidelity (12) of the one-particle marginal state with respect to the
solution of the Hartree equation:

e In Figure 3a, we show that for initial conditions such that |pg|? # |¢1|?, the infidelity has
a nonzero limit for N — oo, and therefore the Hartree equation does not describe the time
evolution of the one-particle marginal state.

e In Figure 3b, we show that for initial conditions such that |¢o|? = |¢1]? = 1, the infidelity
tends to zero for N — oo up to t = %, but has a nonzero limit for ¢ > % Therefore, the
Hartree equation correctly describes the time evolution of the one-particle marginal state
only up to t = %

3.3.3 Convergence speed towards the limit for N — oo

The last numerical analysis concerns the speed of the convergence of the one-particle marginal
state towards its limit for N — oco. We define the infidelity of the one-particle marginal state

A

p1) with respect to its limit for N — oo as
e=1-F <p<1>, lim ﬁ(l)) , (58)
N—o0
where the fidelity between the quantum states p and o is
2
F(p.o) = (1) V5o vp) (59)
and the value of x} is found by numerically minimizing fi(x).
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(a) Initial conditions with |po|® # |¢1]>. Time is plotted (b) Initial conditions with |¢o|*> = |¢1]> = 1. Time is

in the horizontal axis. At any time, the linear entropy plotted in the horizontal axis. For ¢ > % the linear entropy
tends to zero for N — oo. has a nonzero limit for N — oo.

|@o|*=0.4, |@,|* =0.6 |@ol*> = 0.5, |¢,|* =0.5

— t=0.4, 5, «N2O1 ~ —— t=0.4, 5 N0
10-14 ~3 t=0.8, 5, « N-1011

10—2 4

Sp

10—3 4

10—4 4

10* 10? 10* 10! 10?
N N

(c) N is plotted in the horizontal axis. The linear entropy (d) N in plotted in the horizontal axis. The linear entropy
scales as O(N 1) at every time. scales as O(N 1) for t < 1.

Figure 2. Purely anti-Hermitian Hamiltonian: Linear entropy of the one-particle reduced marginal
state of the solution of the N-particle equation (29). Solid lines show the numerical computation of the linear
entropy. We fit the tails of the curves (last 20%) with the function aN?. The fit is plotted in dashed lines
and the values of the exponents b are written in the legends.

In Figure 4a, we show that the infidelity always tends to zero for N — oo (as it should). In
Figure 4b, we show that the infidelity scales as O(N~!) for N — oo both for initial conditions
such that || # |¢1]? and for initial conditions such that [pg|* = [p1|> = § and ¢ < 3, matching
the scaling in the Hermitian case. Instead, for initial conditions such that o[> = |p1]* = 5 and

t > 1, the infidelity scales as O(N~2).

4 Second counterexample: Hamiltonian with real spectrum

As a counterexample to the mean-field approximation, we considered in section 3 a purely anti-
Hermitian Hamiltonian. Since its eigenvalues are purely imaginary, the dynamics of the normal-
ized wavefunction converges exponentially fast to the eigenvectors with maximum eigenvalues.
The same effect would take place for a generic purely anti-Hermitian Hamiltonian: the wave-
function would converge exponentially fast to the eigenvector associated to the eigenvalue with
largest imaginary part. In order to avoid this effect, we construct an example of a non-Hermitian
Hamiltonian with real spectrum.
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(a) For initial conditions such that |@o|? # |p1]?, the in-
fidelity has a nonzero limit for N — oo, and the Hartree
equation does not describe the time evolution of the one-
particle marginal state.
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(b) For initial conditions such that |po|® = |¢1]* = 3, the

infidelity tends to zero for N — oo for t < % but has a
nonzero limit for ¢t > % Therefore, the Hartree equation
describes the time evolution of the one-particle marginal

state only up to ¢ = 1.

Figure 3: Purely anti-Hermitian Hamiltonian: Numerical computation of the infidelity of the one-
particle marginal state (29) with respect to the solution of the Hartree equation (31). Dashed lines corresponds
to the limit of the infidelity for N — co using the results of subsubsection 3.1.1.
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1077 4 2 —2.023
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(a) Linear-scale plot of the infidelity with respect to the (b) We realized a fit to the tails (last 20%) of the curves
limit N — oo as a function of N, at different instances of with a function aN°. The results are plotted with dashed
the initial condition and time. lines. The obtained exponents b are written in the legend.

Figure 4. Purely anti-Hermitian Hamiltonian: Numerical computation of the infidelity of the one-
particle marginal state (29) with respect to its limit (50) for N — oo. The infidelity scales as O(N 1)
for N — oo for almost all initial conditions, and scales as O(IN~2) for the initial conditions such that
lpo|? = |p1]? = % and ¢t > %

As in the previous example, we take h = C2, the qubit Hilbert space, choose a non-orthogonal
basis of b given by normalized vectors {|vg), |v1)}, and define the change of basis given by the

operator
C = |vo){0] + |v1)(1]. (60)

Let us consider the interaction between two particles given by A®?) = CZC~' ® CZC~'. The
corresponding mean-field Hamiltonian for NV particles is given by

1
AN = —— 3 (CzCTh(CczCTh);.

T T 1<i<j<N

(61)
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In order to diagonalize it, we rewrite it as

2
AN = CN o ( Nl_ ) ((ﬁ; Zz-) —N) (0—1)®N. (62)

Similarly to (24), the eigenvalues and eigenvectors of AW are given by

(N —2n)> - N
2(N —-1)

Observe that the spectrum is real. We quantify the non-Hermiticity induced by the change of

basis C' with the overlap oo = (vg|v1). Then we can compute

CTC =T+ alvo) (v1] + a*|vr) (vo). (64)

AMNICEN|IN n) = Ay W CEV N, n), Anag =

(63)

Even if the spectrum is real, since the Hamiltonian is not Hermitian, the eigenvectors of AW)
are not orthogonal, instead they satisfy

N
TON ®NN n—a,*m—a
(N, n|CTEE O ( ) Za (a,n—a,m—a,N—m—n—Fa)' (65)

Before solving the Schrédinger equation (2) with initial state [¥(V)(0)) = [p)®N | we need to
write the initial state in the eigenbasis. Let us define 1) = 10|0) +n1|1) := C~!|p), which is not

normalized if C' is not unitary. So the initial state is given by [W(V)(0)) = (C|n))®N. Then the
decomposition of the initial state in the eigenbasis of the non-Hermitian Hamiltonian is given

by
N
n —n N
= > «<n>C®N!N,n>, (66)
n=0

N\ .
|\II(N Z "7077 ( )e_”\N’”tC’@N\N, ny, (67)

the time evolution is given by

and the one-particle reduced density matrix is given by

N\ (N ;
Z mom e < >< )el(’\Nv"ANﬁm)t Tro..n (C®N|N,n><N7m’CT®N)

m,n=0 n m
(68)
Using the non-orthogonality (65), we can write the exact evolution of the reduced density
matrix in the chosen basis:

N -1
1 2 2
PAV= 3 ImPm <nonfa*>"2<n3ma>"3( )
no,n1,n2,n3>0 ng, N1, N2, N3
an:N—l (69)
1
x | 7 e itOmmatna oMo o 15 o) (g o |
1,7=0
We are going to compare the exact normalized single particle evolution with the non-
Hermitian Hartree equation (10). In this example, it takes the form

i0h8) = (9|CZC|)CZC|¢) —i Tm ((6|CZC|6)?) |9). (70)
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4.1 Hermitian case

We start by analyzing the Hermitian case in order to understand how the reduced density matrix
actually converges to the solution of the Hartree equation. Set o« = 0 in (69) to compute the
reduced density matrix. Using that o' = 4,0, and the binomial theorem, the reduced density
matrix simplifies to:

2t 2t \N-1
o) =m0l vo){vo| + noni (ImolPe™ %=1 + m P’ ) " Juo)u |
* 9 -2t 9 —i- 2t \N-1 2 (7)
+rim (Inol2€ T + [ 2e™ 51 ) for) (vl + I Ploa) (-

A straightforward calculation of the linear entropy, defined in (11), gives

(1) 20, 12 20, 12 4t (N=1)
S = 2Pl (1= [t 2Pl (cos (7 ) = 1)] ). @)

1

We argued that the mean-field approximation requires that limpy_,o, S L(p(l)) = 0 at any fixed
time and indeed, it is true for (72). If we expand it for large N we obtain

Sp(pM) = (8|n0|2]’\?1‘2t)2 +O (]32) . (73)

But we make the observation that for any fixed number of particles, the linear entropy is a
periodic function of time with period (N — 1)/87 and it has the maximum value

N-1
e Si o) = 2 Pl (1= (1= AP ?) ). (74)
This value increases with N and tends to 2|no|?|n1|? for N — co. So the maximum possible value
of the linear entropy over time increases with the number of particles, but the time required to
achieve this value increases linearly in the number of particles, in such a way that when time is
fixed we have the convergence towards a pure state following (73).
Since the one-particle reduced density matrix converges to a pure state, we can compare it
with the solution of the Hartree equation (70). Since a@ = 0, then C~! = CT, then the Hartree
equation takes the form

i0i¢) = (¢,CZCTp)CZCT|g), (75)

with initial value |¢(0)) = C|n). Given that zp = (¢, CZCT¢) is a constant of motion, the
solution to (75) is |¢) = Ce~#0%t|n). We can then compute the infidelity (12) between the exact
one-particle reduced density matrix and the Hartree approximation and we get

21,12 9 17204 9 —iitzoy N1
I =2nol*ml|” {1 —Re | (|no] e 1"+ |n|7e " ~=1 : (76)

Similarly to the linear entropy (72), the infidelity is also a periodic function of time, with period
that grows linearly with the number of particles and at fixed time it converges to zero for

N — oo: L6l 442 .
_ 16[no[*|m |

I N+0<N2>. (77)

This shows, as it is known for all Hermitian Hamiltonians, that the Hartree equation correctly
reproduces the one-particle reduced density matrix for any fixed time in the limit N — oo.
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4.2 Numerical analysis of the non-Hermitian case

When « # 0, the Hartree equation (70) is not solvable analytically, and the sum in (69) cannot
be simplified using the binomial theorem. So we proceed with the numerical computation of
these quantities.

The Hartree equation can easily be integrated numerically with standard methods, in par-
ticular we use the explicit Runge-Kutta method of order 5 implemented in the library Scipy
in Python. The numerical computation of (69) is not stable since there might be very large
numbers coming from the multinational coefficient (no, 711\17 _nlzng) = O(4"), with different phases,
coming from (nonja™)™ (ngma)™. Computing such differences between large numbers requires
a float precision that scales linearly with N. This approach is very expensive computationally
and it does not allow to reach large values of N. In order to avoid this large cancellations
problem, we restrict the initial data such that Re(anini) > 0. We observed numerically that in
these cases the numerical instabilities were not a problem so we can compute p(!) using 64-bit
floats.

a=0.42+i0.16,n=(1.00,1.00) a=0.90,n=(1.00,1.00)

100 = 100~
[, —e-- t=0.22
o] 101 t = 0.44
’ —-e— t=0.89
10724 . 10-2{ ¢ -—e-- t=1.11
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3 T H 3 e
=107 e t=022 e Teesn — 10-
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10! 102
N
(a) The infidelity converges to a non-zero value. (b) The infidelity vanishes at large N.
100 a=0.90,n=(1.34,0.32)
10-1 8::---»»::: ___________ —
““““ - Bl e S S S S SR
1072 PUNNINNRREEE S -
3] ST .
=107 e t=022
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107%] --e-- t=0.89
- t=1.11
1073 --e-- t=1.56 """
o-- t=2.00 o e Y
107
10° 10! 102
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(c) The infidelity converges very quickly to a non-zero
value.

Figure 5: Non-Hermitian Hamiltonian with real spectrum: We numerically compute the infidelity
(12) between the reduced density matrix (69) and the solution of the Hartree equation (70). We plot I as
a function of the number of particles IV in log-log scale for fixed times, and for three different choices of «
and 7. Observe that Figure 5a and Figure 5b have the same 7, and Figure 5b and Figure 5c have the same
a. The infidelity converges to zero only in Figure 5b.

By computing several instances satisfying Re(angni) > 0, we observe that the infidelity does
not always vanish for large N, showing that even if the eigenvalues of the Hamiltonian are real,
non-Hermiticity can break the mean-field approximation. To depict the possible behaviors of
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the system as a function of the number of particles, we plot in Figure 5 the infidelity defined in
(12) for three different instances.

In Figure 5b, where v > 0 and ng = 11, the infidelity vanishes, showing that the approxima-
tion holds for this particular case. However, if we change either a (Figure 5a) or n (Figure 5¢),
the approximation breaks and the infidelity converges to some nonzero value.

4.3 Second time derivative

We are going to use the equation (22) to analyze the set of initial conditions 1 and non-
Hermiticity o such that the Hartree equation describes correctly the second time derivative.
In order to simplify the notation we define Z = CZC~!. In this example, equation (22) reads

07 (P = )li=0 =
[—(w\ZM +(PIZTZ]¢) + (0| Z]9)® - <¢IZT|<P>2<90IZISO>] (Z = (elZ]9)) le){e| + h.c. (78)
+O(N™.
A necessary condition for the Hartree approximation to describe the system is that this equation
must vanish at the first order. This happens if one of the two terms in parenthesis vanishes, lets

analyze each case separately.
The first case is given by the condition

(Z = {plZ]p)) lp) = 0. (79)

This equation implies that the initial condition ¢ is an eigenvector of the operator Z. In this
case, the evolution of the Hartree solution and of the many-body equation is trivial and then
the Hartree approximation is exact.

The second case is given by the condition

—(@lZ]e) + (2|2 Zl0) + (0| Z]0)® — (0| ZT])? (0| Z]0) = 0. (80)

This equation can be interpreted by observing the Hartree evolution (70). Using this equation
one can compute the time derivative of the expectation value of the operator Z:

i01(0| Z|0) = (8| Z|0) — (9|21 Z|9) — (6| Z]6)° + (6| 2T]6)* (0| 2] ). (81)

Then, the condition (80) implies that 9;(¢|Z|®)|=o = 0.
We can write explicitly this condition in terms of the variables |) = C~!|p) and a:

* * * *\2 . * * 2
2 (Imol? = Im|?) (Re (a*non}) + Im (a*non})? ) +ilm (a*non;) <\nol2 +m[2 =2 (jnol* = Im?)") = 0.
(s2)
One can observe in the numerical examples that the instance simulated in Figure 5b satisfies
this condition and indeed the Hartree approximation works, while for the instances simulated
in Figure 5¢ and Figure 5a this condition is not satisfied and the approximation fails.

5 Conclusions and perspectives

In this paper, we have proved that the Hartree equation does not always provide a good approx-
imation to the evolution of the one-particle marginal state under a non-Hermitian many-body
dynamics. First, we have proved that the Hartree equation is not able to capture the right
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second time derivative of the one-particle marginal state at ¢ = 0 in the limit N — oco. This
failure can be ascribed to the anti-hermitian terms of the Hamiltonian that do not act on the
considered particle but provide a contribution to the time derivative of the one-particle state
that amplifies the deviations from the Hartree equation and does not vanish when taking the
partial trace over the other particles nor when taking the limit N — oo.

Then, we have considered a system of N bosonic qubits evolving with the purely anti-
Hermitian Hamiltonian ﬁ > <j Zi Zj starting from a pure product state, and we have com-
puted an analytic expression for the limit for N — oo of the one-particle marginal state. We
have found that, for almost every initial condition, such a limit is pure, but does not satisfy the
non-Hermitian generalization of the Hartree equation. Therefore, the Hartree approximation
fails even if the limit of the one-particle marginal state is pure. Furthermore, we have derived
the correct effective evolution equation for the limiting one-particle wavefunction. This evolution
differs from the Hartree equation by an explicit time dependence, and it matches the Hartree
equation only at ¢ = 0. Moreover, we have shown that there exists an initial condition such that
the one-particle dynamics exhibits a finite critical time t, = % The limit for N — oo of the
one-particle marginal state is pure and satisfies the Hartree equation up to t = %, but for t > %
the limiting one-particle marginal state becomes mixed and the Hartree approximation breaks
down.

Furthermore, we have numerically studied a bosonic non-Hermitian mean-field Hamiltonian
with real spectrum and we have showed that also in this case, there are initial product states
such that the time-evolved one-particle state does not converge to the solution of the Hartree
equation in the limit N — oo.

Our findings impose strong restrictions on the validity of mean-field theory for many-body
bosonic non-Hermitian Hamiltonians.

A direct motivation for understanding non-Hermitian mean-field limits comes from the quan-
tum algorithm for nonlinear differential equations of [30], which proposes to solve a nonlin-
ear evolution by embedding it into a linear evolution on many copies and then invoking a
Hartree /mean-field reduction on the copies. Our counterexample shows that the validity of this
reduction cannot be assumed generically: even in an exactly solvable model with two-body in-
teractions, the limit for N — oo of the one-particle marginal states may not satisfy the Hartree
equation. Consequently, the nonlinear dynamics obtained from a many-copy linear embedding
can differ from the intended target equation unless additional conditions are imposed. From
the algorithmic perspective, this suggests that one must either restrict to classes of nonlinear
differential equations for which the validity of the Hartree approximation can be proved or in-
corporate a certification /verification step that confirms that the reduced dynamics follows the
desired effective nonlinearity for the specific instance at hand.

Non-Hermitian Hamiltonians are routinely used in many-body physics to model particle
gain and loss, both as phenomenological effective theories and as conditional no-jump gener-
ators in quantum-trajectory descriptions of Lindblad dynamics. Our results show that non-
unitarity can qualitatively alter the mean-field mechanism: even when the limit of the one-body
marginal state is pure, the correct effective dynamics may acquire additional (in general, ex-
plicitly time-dependent) structure not captured by the Hartree approximation, and multiple
competing macroscopic contributions can produce mixed limiting marginals after a finite time.
This indicates that care is needed when using non-Hermitian Hartree equations to predict one-
body observables in lossy many-body settings.

Our counterexamples motivate two complementary research directions. The first one is to
characterize the set of non-Hermitian Hamiltonians for which the Hartree approximation is
valid. We already know that such set includes non-interacting systems and arbitrary bosonic
systems with Hermitian Hamiltonians. A hint for such a set can be given by the non-Hermitian
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Hamiltonians such that at ¢ = 0, the second time derivative of the one-particle marginal state
matches the second time derivative of the solution of the Hartree equation.

The second possible direction is more challenging and consists in deriving a correct effective
evolution equation for the one-particle marginal state. In this paper, we have derived such
an equation for the considered Hamiltonian (52). Since this equation includes an explicit time
dependence despite the many-body Hamiltonian is time-independent, our findings suggest that a
general framework to describe non-Hermitian dynamics of bosonic mean-field systems may need
to include additional information not captured by the naive product-state ansatz. Establishing
such a framework and clarifying its relationship to mean-field limits would significantly improve
the reliability of mean-field models in both many-body quantum physics and quantum algorithm
design.
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