arXiv:2502.20257v2 [quant-ph] 13 Oct 2026

Symmetry defects and gauging for quantum states

with

matrix product unitary symmetries

Adrian Franco Rubio®?3, Arkadiusz Bochniak!?, and J. Ignacio Cirac!?

"Max-Planck-Institut fiir Quantenoptik,Hans-Kopfermann-Str. 1, Garching, 85748, Germany

2Munich Center for Quantum Science and Technology, SchellingstraBe 4, Miinchen, 80799, Germany

3University of Vienna, Faculty of Physics, Boltzmanngasse 5, 1090 Wien, Austria

February 28th, 2025

In this work, we examine the conse-
quences of the existence of a finite group
of matrix product unitary (MPU) symme-
tries for matrix product states (MPS). We
generalize the well-understood picture of
onsite unitary symmetries, which give rise
to virtual symmetry defects given by inser-
tions of operators in the bonds of the MPS.
In the MPU case, we can define analogous
defect tensors, this time sitting on lat-
tice sites, that can be created, moved, and
fused by local unitary operators. We lever-
age this formalism to study the gauging of
MPU symmetries. We introduce a con-
dition, block independence, under which
we can gauge the symmetries by promot-
ing the symmetry defects to gauge degrees
of freedom, yielding an MPS of the same
bond dimension that supports a local ver-
sion of the symmetry given by commuting
gauge constraints. Whenever block inde-
pendence does not hold (which happens, in
particular, whenever the symmetry repre-
sentation is anomalous), a modification of
our method which we call state-level gaug-
ing still gives rise to a locally symmetric
MPS by promotion of the symmetry de-
fects, at the expense of producing gauge
constraints that do not commute on dif-
ferent sites.

1 Introduction

The concept of symmetry has provided crucial
guidance for many developments in theoretical
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physics, particularly for the study of quantum
many-body systems. The symmetry properties
of a quantum many-body Hamiltonian can have
an impact on the structure of its ground states, as
manifested by the Lieb-Schultz-Mattis-type theo-
rems [1, 2, 3,4, 5, 6, 7]. Symmetries and symme-
try breaking are also at the center of Landau’s
paradigm of phase transitions [8], a formalism
that had to be generalized to include more ex-
otic symmetries, like non-invertible [9, 10, 11] or
higher-form symmetries [12, 13], to account for
newly discovered phases such as topological or-
ders [14].

In lattice quantum systems, symmetry can be
implemented in different ways at the microscopic
level. While some symmetries act independently
on each site (onsite symmetries), more general
implementations are possible, where the symme-
try action is distributed across several sites in
a correlated way. Importantly, such symmetries
still behave as ordinary global internal symme-
tries at long distances, but their microscopic re-
alization can be significantly more structured.
These appear, for instance, as the symmetries of
the boundary theory of nontrivial SPT phases
[15, 16].

In recent decades, tensor networks have
emerged as a very relevant toolbox for quantum
many-body physics, not only as a means of re-
ducing computational costs but also as a powerful
language to represent the entanglement structure
of many-body ground and excited states [17, 18].
Global symmetries of a tensor network state give
rise to symmetry actions on the entanglement de-
grees of freedom (the contracted legs of the ten-
sor network) represented locally on a single ten-
sor. This fact led, for example, to the classifica-
tion of one-dimensional (1d) SPT phases, which
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are, informally, labeled by such virtual symme-
try representations [19, 20, 21]. An insertion of
such a virtual group element can also be inter-
preted as a symmetry defect or twist, which will
be very useful in what follows. From a physical
perspective, these virtual symmetry actions and
defects provide a unified way of describing both
conventional onsite symmetries and more general
non-onsite realizations, which may arise, for ex-
ample, in duality transformations or in effective
descriptions of lattice gauge theories.

A key theoretical mechanism associated with
symmetries is that of gauging, or the promotion
of global to local symmetries, where they stop
being considered physical symmetries and are
rather seen as redundancies in the description of
the system [22]. This procedure has found appli-
cation in the standard model of particle physics
[23, 24, 25, 26], which is a gauge theory, as well
as in many effective models of condensed mat-
ter systems [27, 28, 29]. Lattice gauge theo-
ries arise when this procedure is applied to a
globally symmetric many-body Hamiltonian [30];
however, one can also gauge quantum states di-
rectly. This was pioneered for onsite symmetries
by Haegeman et al. in [31], where a gauging map
is defined by tensoring the system with additional
(gauge) degrees of freedom and projecting onto a
gauge-invariant subspace. It can be seen that this
projector has a natural tensor network structure.
In 1d, it is a matrix product operator (MPO),
and thus when applied on a matrix product state
(MPS) it produces another MPS, with a poten-
tially higher bond dimension.

Moving on to non-onsite symmetries, Garre
and Kull [32] proposed a way to gauge
nonanomalous group MPO algebras, and certain
(trivial) gauging for anomalous ones, which al-
ways gives rise to a product state. This procedure
does not trivially extend to MPU groups whose
tensors satisfy weaker constraints than the MPO
algebras, as we will elucidate below.

As opposed to this projection gauging pic-
ture, where the gauging is effected in a “top-
down” manner by applying a family of projec-
tors onto the gauge invariant subspace, there ex-
ists a “bottom-up approach” where the gauging
is accomplished by the promotion of the symme-
try defects associated to the global symmetry to
gauge degrees of freedom, in such a way that the
resulting state has local symmetry, i.e. is gauge

invariant [33]. The tensor network states arising
from such a construction for an onsite symmetry
were classified in [34] for 1d systems and in [35]
for general graphs. This defect promotion picture
is equivalent to the projection picture as long as
the resulting gauge-invariant subspaces are the
same. Recently, in [36], a systematic procedure
was proposed to gauge non-onsite symmetries at
the Hamiltonian level, based on promoting sym-
metry defects to gauge degrees of freedom. As
we shall see in the following, this approach is re-
markably natural at the level of tensor networks,
where these defects can be easily represented.

In this work, we first establish a symmetry de-
fect formalism for translation-invariant 1d ma-
trix product states (MPS) with periodic bound-
ary conditions (PBC) that are invariant under a
matrix product unitary (MPU) representation of
a finite symmetry group. Then, inspired by [36],
we provide a gauging construction that promotes
these defects to gauge degrees of freedom, result-
ing in an MPS of the same bond dimension. This
construction works whenever the initial MPU-
MPS system satisfies a condition called block in-
dependence, which is group-cohomological and
gives rise to a gauge-invariant subspace defined
by commuting Gauss law projectors. Whenever
block independence is not satisfied, a related con-
struction, which we call state-level gauging, still
generates an MPS with the same bond dimension
that is locally invariant, however, the associated
Gauss law projectors need no longer commute;
hence, this construction departs from the tradi-
tional notion of gauging.

2 Setup and summary of results

2.1 MPSs and MPUs

We will work with matrix product states
(MPS) with periodic boundary conditions. A
translation-invariant MPS is defined by a collec-
tion of matrices A = {A!,..., A%} C Mp(C),
where d is the dimension of the local Hilbert
space (also called the physical dimension) and D
is the bond dimension, the dimension of the auxil-
iary Hilbert space, and a parameter that controls
how much entanglement content an MPS can dis-

play:

Al = > (A AN )i ix). (1)

U1, IN
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The set of MPS with bond dimension D = 1 is ex-
actly that of the product states. Tensor networks
have a powerful diagrammatic language that we
will use constantly in this work. The state from
Eq. (1) is represented as

wap- - dddddd . @

where the wavefunction arises from the contrac-
tion of three-legged tensors. We can allow the
tensor to be distinct at different sites, giving rise
to translationally noninvariant states. For a re-
view of the basic tensor network language, we
refer the reader to [17].

A crucial property an MPS tensor can have is
injectivity, which is defined as the map

XY (x47) [3) (3)

being injective. This amounts to the existence of
an inverse tensor,

T-1C @

which is a useful property in many proofs. An
MPS tensor is normal if it becomes injective af-
ter blocking together a finite number of copies,
effectively enlarging the unit cell,

=4l (5)

It is known [37] that any MPS tensor can, poten-
tially after blocking, be written in block-injective
form. In such a form, the MPS tensor has a block
structure,

A" = B A, (6)
f=1

with pp € C and A, € Mp, (C) injective MPS
tensors . If only one block is present (r = 1),
the tensor is called injective. Otherwise, it is non-
injective.

Similarly to MPS, we can define operators
with a tensor network structure. In one dimen-
sion, these are called matrix product operators

TAn MPS tensor that has the form (6) with Ay nor-
mal tensors is said to be in canonical form. Any MPS
tensor can, potentially after blocking, be put in canoni-
cal form. Further blocking, if necessary, will then yield a
block-injective tensor. Beware of the terminology coinci-
dence of the blocking operation, putting tensors together,
and the blocks that make up the matrices of a tensor in
canonical or in block-injective form.

(MPO):

OM]=Y" tr (MP9 . MY
i1 (7)

X |11ZN><]177JN’

and are represented graphically by

O

If the tensor M is such that O[M] is unitary for
any system size N, the operator is called a matrix
product unitary (MPU). An MPU of bond di-
mension D = 1 corresponds to the tensor product
of onsite unitary operators, whereas generally, for
D > 1 the action of an MPU is non-onsite. How-
ever, it is known that the set of MPUs is exactly
that of quantum cellular automata in one dimen-
sion, i.e., the set of unitary actions that preserve
locality [38], and thus constitutes a physically
motivated generalization of onsite unitary sym-
metries.

2.2 Defects and gauging: motivating example
and summary of results

Matrix product states provide a particularly use-
ful formalism for working with symmetry defects
and gauging for onsite symmetries. We review
this in the simplest case, which we intend to
generalize to non-onsite symmetries. Consider
a symmetry group G (for simplicity |G| < o)
represented unitarily onsite,

Uy = ®u§, g € G, (9)

J

and assume we are given an invariant injective
MPS. Because of the fundamental theorem of
MPS (see, e.g., [17] and references therein), this

implies the existence of a wvirtual unitary repre-
sentation of G, Sy, such that

T s ] s, (10)

Note that S, is potentially a projective rep-
resentation, that is, there exists a 2-cocycle ) :
G x G — U(1) such that S4S), = Q(g,h)Sgn. We
can identify the presence of a symmetry defect
on a particular bond with the insertion of a ma-
trix S, in the virtual indices (we use the scalar
freedom in Sy to ensure that Sg1 = S;l = S;;).
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Therefore, the action of u, on a single site creates
a pair of defects (¢g71, g) on the adjacent bonds.
More generally, the action of the symmetry re-
stricted to an interval will generate defects at the
boundaries of the said interval:

(1)

Note that the action of a single symmetry oper-
ator can move the defects:

ety e

u
SQ
J j+1 ji+1l

Also, two defects can be fused by the action of
a symmetry operator, potentially resulting in a
phase due to the projectiveness of the represen-
tation:

J
u T
Sg J Sh Sgh,
& , = Q(g,h)
J = J

Jj—13

- (13)

Thus, the action of the symmetry can now be
reinterpreted as the result of the following se-
quence of unitary operations: create a pair of
defects (with a creation operator), move one of
them around the chain (with movement opera-
tors), and fuse them back together to the identity
defect (with a fusion operator). We refer to this
structure as a defect system on the MPS. The
nomenclature of movement and fusion operators
is inspired by that of [36], where defects are de-
fined as localized modifications of a Hamiltonian.

A gauging procedure can now be stated as pro-
moting the gauge defects to quantum degrees of
freedom. Consider a new MPS tensor defined by

8 5 (14)
I _ s

and contract it alternatively with the original
tensor, giving rise to a two-site unit cell MPS,
with matter degrees of freedom on sites and
gauge degrees of freedom on bonds:

bl b bd (15)

Define the corresponding local Hilbert spaces for
matter H; = C%, and gauge degrees of freedom

’Hg i) = CG. We can then define a local uni-
tary representation of the gauge group,

j . G G
g»—>R?®u9®Lf]), (16)
where we have used the left and right regular
representations of G on CG, twisted by the co-

cycle € that labels the MPS symmetry-protected
topological (SPT) class:

1= 3 g aglonkih
0 1 B (17)
Rg = %:G WVW )Xh|.

It can be seen that the newly defined MPS ten-
sors for the gauge degrees of freedom transform
nicely under the action of Lf}, Rgz,

Ly - S; Ry — S,
(18)

and thus combining all transformation proper-
ties of the tensors involved we have the local in-
variance of the gauged MPS (15) under the local
symmetries G’(g) from (16). It can be checked
that the local symmetry operators at different
sites commute (a consequence of the commuta-
tivity of the left- and right-group actions), which
means that so do the projection operators onto
the gauge-invariant subspace.

1 .
P = J
=161 2,9

geG

[Py, Py] =0,  Vj,j,

(19)
thus, we get a global projector on the gauge-
invariant subspace of the form

P=]1]P (20)
j

The simple formalism we just reviewed con-
tains most of the features of our general frame-
work. In this work, we will show how a similar
defect system structure arises for matrix product
states invariant under general MPU group repre-
sentations. Whenever we act with the symmetry
on a subsystem of invariant MPS (using a spe-
cific spatial truncation that is very natural for
MPUs), defect tensors appear at the boundary
of the region, mimicking (11). The main differ-
ence is that, this time, the defect tensors sit on
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lattice sites, instead of between them. Addition-
ally, we will give a method that allows for gauging
those symmetries by promoting their associated
defects to physical degrees of freedom, as in the
onsite case we just reviewed, without increasing
the bond dimension. As usual, the gauged MPS
reduces to the original globally invariant MPS
upon projection of the gauge degrees of freedom.
This gauging method works whenever the rele-
vant MPU and MPS satisfy a condition that we
dub block independence: this condition automat-
ically holds if the MPS is injective and automati-
cally does not hold if the MPU group representa-
tion is anomalous, while for a noninjective MPS
invariant under a nonanomalous MPU symmetry,
both situations are possible, even when restrict-
ing to onsite symmetries.

Whenever block independence does not hold,
there is still a systematic way to find a local
representation of the symmetry that leaves the
gauged MPS invariant, possibly after blocking so
that we approach a renormalization group fixed
point. However, the resulting modified gauge
constraints do not necessarily give rise to com-
muting projectors, even for nonanomalous sym-
metries. It may be the case that the dimension of
the associated gauge-invariant Hilbert space, typ-
ically thought of as the space of physical states,
is smaller or even bounded, in the limit of large
system sizes. Thus, to distinguish this proce-
dure from general bona fide gaugings that pro-
duce commuting projectors, we call it “state-
level” gauging. Figure 1 summarizes the expo-
sition and the cases just mentioned.

Our promotion gauging is not completely un-
related to the projection gauging introduced in
[31].  One can see our construction as a sys-
tematic way to generate the commuting projec-
tors necessary for this construction. We prove
that these projectors commute whenever there
is no anomaly, even when block independence
does not hold. Thus, in the nonanomalous but
block-dependent case, we can generate Gauss law
projectors to perform projective gauging, paying
the price of an increased bond dimension, even if
the bond dimension-preserving promotion gaug-
ing does not work.

The remainder of the paper is structured as fol-
lows. In Section 3 we have gathered the results
about matrix product unitaries and their action
as symmetries of MPS, both known and novel,

MPS

NA

BI

& J

Figure 1: The Venn diagram representing possible sce-
narios. The outermost box represents the class of
all MPU-symmetric MPSs. NA labels the instances
for which the MPU group representation is nonanoma-
lous (see Section 3.2). It can be seen that block-
independence (BI), introduced in Section 5.2, is a
stronger condition than NA and that it always holds
for injective MPS. The NA cases correspond to the sit-
uations in which the projective gauging is applicable,
whereas the Bl sector is the range of applicability of
the gauging based on defect promotion. In the block-
dependent sector (the complement of Bl), we can use
a more limited procedure we call “state-level” gauging
(Section 6).

which we will use later in this work. Then in
Section 4 we show how we can define defect sys-
tems on MPU-invariant MPS, in a similar fash-
ion to those in [36]. Section 5 presents a gauging
procedure based on promoting these defects, pro-
vided that block independence is satisfied, and
Section 6 describes the state-level gauging mech-
anism to produce a locally invariant gauged MPS
whenever block independence is not satisfied. Fi-
nally, Section 7 reflects on the connections of
our methods with projection-based gauging and
gauging implemented at the Hamiltonian level.
We conclude with a discussion in Section 8.

3 Review of technical background

In this section, we collect important results on
MPUs and their action as symmetries of MPSs.
These are mostly known from the literature, but
we also present some of their extensions that will
be crucial in the remaining parts of the paper.
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3.1 Structure of MPUs

Most of the results in this section can be found
in the seminal paper [38]. It is known that any
tensor U generating MPU is normal and can be
put in canonical form II (CFII), meaning that
we have used the gauge freedom to set the left
and right fixed points of the transfer matrix to
the identity, and a positive diagonal matrix p,

respectively:
ut ut
SR
u u
Note that if ¢/ is in CFII, so is UT. We will from
now on always assume that our MPU tensors are
in CFIL.

A tensor generating MPU is called simple if it
satisfies the following properties:

uty qut ut 24
i =l -
ul Ty u u

ut

_| (22D)

u

for some tensors a,b, which can be identified as
the fixed points of the transfer matrix. Any ten-
sor that generates MPU becomes simple after
blocking a finite number of times, therefore we
can always assume that we are dealing with a
simple MPU.

The main structural result for MPU tensors
can now be summarized in the following.

Theorem 1. [38, Section 3] For any simple
MPU in CFII, there exist left-invertible tensors
X1, Xo and right-invertible ones Y1, Ys such that

(a) the MPU tensor can be decomposed as

X1 X 2
o e

(b) the following combinations are unitary:

(c) the following holds

-1 p=3- (25)

For further purposes, we denote by d; the di-
mension of space corresponding to the thick leg,
by d, the dimension of the curly one, and by d the
physical dimension of the MPU. For any simple
MPU, d;d, = d>.

As an immediate consequence of the above
Theorem, we have the following

Corollary 1. Suppose an MPU satisfying the as-
sumptions of Theorem 1 is given. Then

(a) the following combinations of X;,Y; (i =
1,2) operators are unitary:

bt B

(b) the following identities are fulfilled:

Proof. To prove part (a), first notice that

HHHE -

wr,@wg = (Ideveid)(ueu)(ideu’ ®id). (29)

so that

This demonstrates that wy ® wg is a unitary
operator. Therefore, there exists § > 0 such that
wEwL = ¢ and wEwR = %. It remains to show
that 6 = 1. This follows since

is unitary, implying that % =1.
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For part(b), from the simplicity of the MPU
tensor, we know that

o (31)

is the identity tensor. On the other hand, from
the decomposition involving the X5 tensors, we
see that the above combination can be rewritten
as

I (32)

which after using Eq. (25), leads to the first of the
claimed equalities. The second one follows from
analogous computation but this time with using
the decomposition of the MPU involving the X3
tensors. [

Furthermore, we can also characterize different
decompositions of a given MPU tensor. We have

Lemma 1. Let X;,Y; and X;,Y;, withi = 1,2,
be two decompositions of the MPU tensor into
correspondingly left- and right- invertible three-
legged tensors, which satisfy conditions (a) and
(b) in Theorem 1. Then there exist 0; € C and
unitaries W;, 1 = 1,2, such that

= ~ 1

X, =6XiWi, Y= EWJY;. (33)

Furthermore, 6160 = 1.

Proof. For i = 1,2, we define X; as the left in-
verse of X; and Yj as the right inverse of Y; (and
similarly for X; and Y;). For the two decomposi-
tions of the MPU tensor, we define
Ki=X,X;i=YY;, i=1,2, (34)
so that X; = X;K; and Y; = K;Y;, i = 1,2.
The operator @, defined as in (24) but for the
operators 172-, is unitary, and hence K1 ® K> is so.
Therefore, there exists a positive scalar d such
that the operators Wi = 1K and Wy = § K> are
unitary. This, together with the definition of the
K; operators, completes the proof. O

For completeness, we provide another set of
conditions in the next proposition, analogous to
those of Theorem 1 and Corollary 1.

Proposition 1. Let U be an MPU tensor satis-
fying the assumptions from Theorem 1 and such
that UT is also simple. Then

Y1 4 Y2 4
T: 4. e’ ; p = o | (35&)
Y Y,
X1 4 X2 4
p="del, =4l (35b)
i t
X Xy

Proof. We consider the following composition of
tensors:

: (36)
P

Using the simplicity of U, this diagram can be

reduced to
4%” B (37)

while using the simplicity of 4! we end up with

ROV

Thus, the tensor labeled s commutes with the
MPU tensor U. Because U is normal, this implies
that there exists § € C such that

e = (39)

Indeed, assume that U was injective so that it
had an inverse. Then,

Fab -t — b

(40)
from applying the inverse of the middle tensor.
In case U is not injective, we just need to re-
place the middle tensor with enough copies so
that their blocking is injective, which we can do

due to normality. Now, in terms of the X, Y ten-
sors, we have

Y1
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Using the (one-sided) invertibility of X1, Y7, and
Theorem 1, we end up with the conclusion that

Y1
R (42)
)l

1

Taking the trace of both sides of this equation
and using Corollary 1, we infer that § = %. The
remaining equalities follow from analogous con-

siderations. O

The decomposition in terms of three-legged
tensors allows us to represent any simple MPU
as a two-layer quantum circuit made of v and
v gates, or as a “staircase circuit” of w gates
[39, 40]. Also, a topological index log(d,/d;) can
be defined for an MPU in terms of the quotient
of dimensions of the virtual legs in these decom-
positions, measuring the disparity of the “infor-
mation flow” from left to right and from right to
left. Finally, this decomposition will be the key
to our construction, as it gives a natural way to
“truncate” the MPU to a finite region, preserv-
ing its unitarity. This will give rise to defects
in the boundary that can be moved by unitary
movement operators and re-fused by unitary fu-
sion operators, thus effectuating the action of the
symmetry.

3.2 MPU group representations

We now consider a group G and a (linear) repre-
sentation U, of G made of simple injective matrix
product unitaries, each given by a four-legged
tensor U,. Thanks to the results from [41], from
the group property U,U;, = Uy, and the in-
jectivity follows the existence of fusion tensors

Fg<h7 Fg> ,» such that

m n+1 m m n+1 m
h h
gh
> <
Fg,h Fg,h
(43)

and
~ ~
g
h
Fgfh F;h

for all n > 0,m > ¢, for some /¢ called the nilpo-
tency length. Incidentally, the fact that the latter

can be nonzero is one of the reasons why the pro-
cedure outlined in [32] does not straightforwardly
work for MPUs, since ¢ # 0 violates an important
assumption in their derivation®. However, ¢ can
always be reduced to 1 by blocking the MPUs
a finite number of times, which we will assume
from now on that we did.

The fusion tensors are defined up to a scalar

Bg,n Which constitutes their gauge freedom I,

F2y = BynFo  FS o ;th. (45)
g,h

There is an additional important piece of in-
formation that characterizes an MPU representa-
tion of a group, and it is cohomological in nature.
Given an MPU group and its fusion tensors, we
can define a scalar function w : G*3 — C*, such

that the following holds [15, 41],

(46)
From the equivalence of the different ways of re-
lating two fusion trees, it can be seen that w must
be a 3-cocycle, that is

w(gh, k, Dw(g, h, kl)

=w(g, h, k)w(g, hk,)w(h, k,1), (47)

for any g, h,k,l € G. Adjusting the scalar free-
dom of the fusion tensors (45) amounts to modi-
fying the 3-cocycle by a 3-coboundary,

(g, b, k) — DTRRPRE by (4g)
Bg,nBgh.k
thus the physical information is contained in
the cohomology class [w] € H3(G,C*). An
MPU symmetry group with nontrivial w cannot
have an invariant injective MPS and is called an
anomalous representation. This anomaly is usu-
ally regarded as an obstruction to gauging, in the
sense that it leads to non-commuting Gauss law
projectors [32, 36].
As a remark, note that for an MPU to be part
of a unitary representation of a finite group, it

*We thank José Garre-Rubio for clarifying this point.

9The reader should be cautioned that the word gauge
is going to appear in multiple senses in this work since we
are dealing with the procedure of gauging a physical sym-
metry as well as with the redundancies in the definition of
the tensors that arise naturally in tensor networks.
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must have a finite order, and thus its topological
index (which is real-valued, additive upon taking
products, and equals zero for the identity MPU)
must vanish, leading to d, = d; = d. We will,
however, keep the notation of the thick and squig-
gly lines of the three-legged tensors from (23) as
an aid to help identify their orientation.

3.2.1 Compatibility between Hermitian and group
structures

In any MPU group representation, there exists
a relation between the dagger operation and the
group structure, in particular the group inverse.
We assume that we have blocked enough so that
all tensors U, are simple, injective, and in canon-
ical form. Consider a group element g € G and
the associated tensor Uy, which generates the
unitary U,. The daggered tensor Z/{;L generates
Ugq = Ung7 thus, because of the injectivity, L[g
and Uy1 are related by a gauge transformation

Uy =T U T,, (49)

where the unitarity of T, comes from relating two
tensors in canonical form. Taking the complex
conjugate of (49) and using the injectivity of the
tensors, it can be shown that

T,Th = o1, (50)

where T denotes the complex conjugation of T},
and o, € U(1) satisfy 040,1 = 1. As we shall see
below, whenever g # g, we can simply absorb
the gauge transformation into the definition of
the tensor Uy 1 so that Ty = 1 and o4 = 1. How-
ever, if 7! = g, then by definition U = Uy,
and Eq. (49) reads

Ul =T U,T,. (51)

This time, there may not be a gauge choice such
that T, = 1. Eq. (50) reads T, T, = 0,41, with
o4y = %1, and o4 acts as a topological index
for the time reversal SPT phase of U, [17, Sec-
tion III.A.1]. Whenever o, = 1, there is a gauge
transformation that makes the MPU tensor equal
to its Hermitian conjugate, and we can assume
that we have made that gauge choice, and thus
T, = 1. Whenever o, = —1, this is not possi-
ble, T, will be non-trivial and should be carried
out in computations. We show in Appendix A
that o4, = —1 happens exactly whenever the Zs
representation generated by U, is anomalous.

This compatibility of the MPU Hermitian con-
jugation with the group structure gives rise to a
relation between the fusion operators, according
to the following.

Proposition 2. There exist scalars (5p € C*
such that

Tt
T :Igl g
(gh)! h
-o— =Cg,h ) (52&)
T
Th'l
Ty ot B
(gh)' gh
- = ’

(52b)
Tt
where ,
gh_z = (75, , )" (53a)
g,
i gh (F>_1’g_1>t (53b)

and the dagger operation here requires complex
conjugating every entry and swapping the legs on
the same side (as if reflecting the tensor along a
horizontal axis). These scalars satisfy

_ 999

Conlp1 g1 = 54
g,hSh 1,9 1 O_gh ( )

and

(k™ g (g, h, k) = SR (55
Cg,hCghk

Proof. The result is a consequence of Theorem
1 in [42], which compiles the results of [41] for
the case of nilpotency length 1. From taking the
dagger of Egs. (43)—(44), and using Eq. (49) it

follows that (F h<_’1>79_1)T, up to multiplication by
the corresponding T, is a valid fusion tensor for
Uy, Up, hence it is related by a scalar to our orig-
inal choice F g<7]’1>. Eq. (54) follows by applying
this duality twice, together with Eq. (50). Fi-
nally, Eq. (55) follows from taking the Hermitian
conjugate of the following equation

P!
ey i
w(k;717 hilhgil)

(56)
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(57)
where we have omitted some labels for compact-
ness, and the scalar factor can be computed in
two ways that must yield the same result:

CghkChk 1
Qg thh k w(g, h k)

wk™H AT g

(58)
O

¢g,h,

3.3 MPU action on MPSs

We consider the case where we have injective
MPS tensors labeled by elements z of a set X
on which G acts transitively (Vz,y € X g €
G : y = gx) by permutation. The assumption
of transitivity comes from the fact that otherwise
the set X breaks into disjoint orbits, and we can
reduce our study to one of those orbits 4. Acting
by permutation allows us to build an invariant
block-injective MPS by superposing all MPSs in
X. In the injective case (cf. Section 4.2), the set
X will have only one element, and therefore we
will omit the corresponding label.

From the injectivity of the MPSs, once again
using the results from [41], there exists a collec-

tion of action tensors Ag - Ag »» defined by
/—’\ /'A\ /—/\ /—’\ /-/‘\ /'/\

(59)

n
AN
g g n
_ (60)
Yy T T Y gz’
AL, Al .

where n > 0 and m > £ for some nilpotency
length £. We will once again assume that we
have blocked until all nilpotency lengths ¢ are 1.
Note that, as in the case of the fusion tensors,

and

4See also [43] and references therein for yet another mo-
tivation, based on the analysis of perturbations of parent
Hamiltonian, to consider only transitive actions.

the action tensors enjoy gauge freedom given by
a scalar vy,

Al = VgaAy e A, — AF (61)
Yo,z
The compatibility of MPU fusion and their action
on MPS gives rise to another family of scalars,
the L-symbols L7 ,, which are defined by [43]

(62)
These L-symbols are subject to the scalar gauge
freedom deriving from both the fusion and action
tensors, 8
T Yoh,zPg,h ;2

Lg,h Yg,hxVh,x Lg,hv (63)
with By as in (45) and v, as in (61). Given a
choice of gauge for the fusion and action tensors,
the corresponding anomaly 3-cocycle and the L-
symbols are related by

L%k Li g = w(g, h, k)LES LY, . (64)

In particular, whenever |X| =1 (i.e. we have an
injective invariant MPS), (64) reduces to the 3-
coboundary condition for w, and there is a choice
of gauge such that w(g,h,k) = Lyp = 1.

The L-symbols were introduced in [43] as a tool
to classify the SPT phases with matrix product
operator symmetry, with one such phase exist-
ing for any equivalence class of solutions of (64),
modulo the gauge freedom v, , derived from that
of the action tensors. Whenever the matrix prod-
uct operator symmetry represents a finite group
G, these solutions are labeled by pairs (H, )
where H < G is a subgroup that trivializes the
anomaly (i.e., [w|g] = 1), and ¢ € H*(H,C*) is
a 2-cocycle representing a 2-cohomology class of
H. H is the unbroken symmetry group, so that
the ground state degeneracy of a Hamiltonian in
the corresponding phase, i.e. the minimal num-
ber of injective blocks of an invariant MPS, is

X| = ’fl‘ (65)

For example, a group G represented on-site has
a trivial anomaly, so we can choose H = G. The
resulting phases with fully unbroken symmetry
are then labeled by the second cohomology group
H?(G,C*) or, equivalently, by H?(G,U(1)) °

%Since U(1) is an abelian topological group (equipped
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3.4 Assumptions for the rest of the paper

In the rest of this work, we will make certain
choices for the gauges of the MPU tensors U,
fusion tensors Fg ;L and action tensors AF T that
will simplify the formalism. For the convenience
of the reader, we present them all here.

To begin with, we will always assume that the
tensor representing the neutral element e of the
group is the identity U, = 1, with bond dimen-
sion 1, and any fusion or action tensor involving e
should be trivial. As a consequence thereof, the
3-cocycle w(g, h,k) and the L-symbols Ly, are
normalized, that is

w(g,h,e) =w(g,h,e) =w(g,h,e) =1, Vg, h,
(66)

Lt =L¢, =1, Vg.
(67)

Moving on to the compatibility between the
dagger and the inverse (cf. Section 3.2.1), when-
ever we have g # ¢~!, we will assume that we
have made a gauge choice for the tensor such that
T, =1, 1ie. Z/lgT = Ug1. Moreover, we will choose
the X and Y tensors in such a way that

-1 -1
x{ =), v =@ (6s)

This, for example, implies that the (ug1,vg1)
gates that give the characterization of the two-
layer circuit of U1 are given by (vT uT)
Ifg1soforder2 ie. 7! = g,and o, = 1, there
is a gauge transformation that makes the MPU
tensor equal to its Hermitian conjugate, so we
will once again assume that we have made that
gauge choice and thus Ty, = 1. Whenever o, =

—1, this is not possible, T;; will be nontrivial and

has to be carried along in computations. Note
that with our definitions,
Ty =Ty = 04T, . (69)

In Appendix A we show that we can then pick

the X, Y tensors so that
— 2-+T(X3)T ,
(70

1 T 1
Xfi %— = (Y29)T+T—.(L, A%Ylgi

with the standard topology) that is homotopically equiv-
alent to C* (also understood as an abelian topological
group), there is an induced isomorphism in sheaf coho-
mology, H?(X,C*) = H?*(X,U(1)) for X being a CW-
complex, cf. [44]

which generalizes (68) to include g~! = g, while

keeping all the pleasant properties of the X and
Y tensors listed in Section 3.1.
Once we have T as above, we will make the

choice
-1 TT 1 T
g g g g g g
= = ) = = X

thus fixing the fusion tensors ng’;
9,
quence, we have,

1. As a conse-

w(g, g~ 79 =0, Vg, (72)

which is proven in Appendix A. The choices we
have made so far for the fusion tensors also result
n

Ce,g = Cgre = 1, Cggt = Tg- (73)

Later in this paper, we will make subsequent
gauge choices to ensure convenient properties
such as the well-definedness of the defect tensors
and the unitarity of the defect fusion operators.
For these conditions to be compatible with the
ones made in this section, we will from now on
always restrict to gauge transformations satisfy-
ing

Bge = Beg = Bgg1 =1, Vg, (74)
Yew =1, V.  (75)

4 Defect systems

In this Section, we will explain how a defect sys-
tem, i.e. a collection of defect tensors together
with unitary operators that move them and fuse
them, arises from an MPU-invariant MPS. To
ease the presentation, we will first study the in-
jective MPS case and later move on to the nonin-
jective case, where defects can be interpreted as
domain walls separating different ground states
of the parent Hamiltonian.

4.1 Injective MPS

As in the motivating example of the onsite sym-
metry in Section 2.2, we introduce symmetry de-
fects as the modifications caused at the bound-
ary of a region by the action of the symmetry
restricted to that region. Thus we need spatially
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truncated versions of our MPUs. We achieve this

by defining;:
76
vt = ' . % (76)

It can be checked that UgL is a unitary, and it
satisfies the conditions for it to be a truncated
version of the symmetry (stated in [36] as the
fact that it acts on local operators inside the re-
gion and far from the boundaries as the global
symmetry would do). Note the growth of these
operators happens via the movement operators:

"UL 'wR

(77)

Thanks to our choice (68) we can also ensure that
UyUg = U, (78)

where Ug° denotes the MPU group representa-
tion on the whole chain with periodic boundary
conditions and U;_?_L denotes the truncated sym-
metry supported in the complement of UgL . This
will be a useful property later.

Let us now show that these spatially truncated
symmetries give rise to well-defined defect ten-
sors, this time sitting on sites instead of bonds.

Proposition 3. There exists a (non-unique)
choice of gauge for the action tensors such that
the defect tensors defined by

_gIﬁ_ (19)
_gij_ (30)

and, for any length L > 0,

satisfy

L
——~

(81)

To prove the above proposition, we will need
the following.

Lemma 2. Let {A;}}
sors, and let

. be injective MPS ten-

A1 By Az Ba

A Bn
(82)
Ay B, A, B, A, B,
Then there exist scalars B;, ©+ = 1,...,n,

* 1 Bi =1, such that B; = 5, B..

Proof. Since the A; are injective, they have in-
verse tensors such that

A7t
T
4

Applying them to both sides of (82) we have
QB = QB (84)
i=1 i=1

and the conclusion follows. OJ

We now proceed with the proof of the propo-
sition.

Proof of Proposition 3. Consider first Eq. (60),
and decompose the tensors at the boundaries:

Al

Thanks to (68), we can identify the tensors on
top as the inverse of the truncated symmetry of

—1.
Uy ) =44 94 (86)
resulting in
gﬁﬁ _ ﬁ f:l @)

where we have exchanged g and ¢!, for any L >

2. For L > 3, we also have, using (59), and the
fact that the X; tensors have (left) inverses,

Bedbeta I na

Accepted in {Yuantum 2026-10-07, click title to verify. Published under CC-BY 4.0. 12



Now it is time to use Lemma 2 to conclude there
are scalars oy, g € G, with ay = a1, such that

ljg . f:l , (89)

and we can absorb this scalar into the gauge of
the action tensors, for instance by doing A;I —
\/ngA;I and Ag — Ag /\/@g- This allows us to de-
fine the defect tensors and it finishes the proof.
We can recognize ag = L, -1, and our partial
gauge choice for the action tensors amounts to
setting L, ;-1 = 1, together with the rest of as-
sumptions made in Section 3.4. We explain this
in more detail in the proof of Prop. 5. O

Equation (77) suggests that these defects
should move by the operators wg,wy defined

from the MPU tensors
H—
R S
g g g
(90)

More generally, there exist fusion operators as in
the following

Proposition 4. Consider defect tensors defined
as in Proposition 3. Then there exists a choice of
the scalar freedom of the fusion and action ten-
sors such that the operators

(91a)
(91b)
[
ur
(92a)
9 h gh
[
AR,
l l (92b)
9 h - gh'

In particular, )\5,:3 = )‘E,g =1, )\ég = wy, and
)\ge = w%. This choice of gauge also satisfies
w(g,h,k) = Lgp = 1, and is compatible with the
one made in Proposition 3 and all our assump-

tions (Section 3.4).

The proof of this proposition is included in Ap-
pendix B, together with that of Proposition 6,
which tackles the more general noninjective case.
We note that the choice of fusion and action ten-
sors in Proposition 4 is uniquely specified up to
a rather constrained choice of phases.

Corollary 2. For any a,b,c,d € G such that

ab = cd, there exists a unitary /\Z’i such that
-
b
dd -l "
a b ¢ d
and we have )\ )\;’%h, )\L )\ghe. Fur-

thermore, for any a,b,c, d e f 6 G that satisfies
ab=cd = fg, we have )‘ab —)\f’g)\Cd

Proof. /\Z”i = (AE)TAE, are a family of unitaries
that meet the required conditions. ]

Thus, we have mimicked the defect formalism
from the previous section in the case where the
symmetries are no longer onsite, at the cost of
having defects lie on sites, instead of being purely
virtual.

4.2 Noninjective MPS

We now turn our attention to the case where the
invariant state is not injective but is made up
of several injective blocks labeled z € X, with
IX| > 1, in the notation of Section 3.3. Now,
defects can be domain walls that intertwine dif-
ferent ground states of a symmetry-broken state
[45]. Our construction of defects in what follows,
in particular, gives a constructive instance of the
formalism of [42].

The definition of spatially truncated symme-
tries proceeds as in the previous section. We
will see that defect tensors arise similarly at the
boundaries when acting with a truncated symme-
try. However, in the particular case where there
is a Zy anomaly, o4, = —1, (which could not have
appeared in the previous section, as an anoma-
lous symmetry cannot have an injective invariant
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MPS), additional minus signs appear in the defi-
nition and properties of the defect tensors, which
cannot be gauged away.

Proposition 5. There exists a (non-unique)
choice of gauge for the action tensors such that
the defect tensors defined by

L

gl

satisfy, for oy =1,

glz]

and for any L > 0,

AR AL

g tgz] 9=
while for oy = —1,
g
—4@ %] (97)
glz]

and for any L > 0,

L
—

Bessa Ty

g7tlgz] 9% gla]
(98)
{£1} is an arbitrary function
)=—1.

where §g + X —
satisfying §g(x)g1 (g

Proof. The proof proceeds very much in the same
way as that of Proposition 3, but this time keep-
ing track of MPS labels x € X, and potential Zo
anomalies. Firstly,

(99)
We can identify the tensors on top as the inverse
of the truncated symmetry of ¢g—!, up to a sign

o4 that is only negative for an anomalous Zs gen-
erator (see Appendix A):

S S

Therefore, we have

At g,

for any L > 2. For L > 3, we also have, usmg
(59), and the fact that the X; tensors have (left)
inverses,

bodno e PN R

Now, using Lemma 2 we conclude existence of

(100)

scalars ay ., g € G, with oy, = oga4-1 40, such
that
' = Qg4 h (103)
gx
We can in fact recognise oy, = Lg_1 e using

Xiq g O . 2
1l
2 - - 1
gz T

(104)

1

g:t '

(105)

If o, = 1, we can once again absorb this scalar
into the gauge of the action tensors, for instance
by doing Agjw — \/@Agw,AL — ALm/\/ocgﬁ,
which corresponds to setting L%, 1y = 1.

o4 = —1, however, this does not work and in
general, the best we can do is choose an arbitrary
function &y (x) as in the statement so that A, —

Eo(x)ag Al AL — AL [\ /¢,(x)ay ., which

leads to Eqs. (9 )( 8), and to Ly, € {+1}. O

Thus, our truncated symmetries still generate
pairs of defects (domain walls), but sometimes
there may be a minus sign involved. The fusion
tensors are the same since they only depend on
the MPU representation, but their action on the
defects now depends on L-symbols that may or
may not be trivializable.
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Proposition 6. The operators defined as in (91)
satisfy

AL 1
o= (106a)
Ly ,
97 ghla]
glhz] h[z]
[
Af]%,h T
‘ = Lg’h . (106Db)
ghlz]
glhz] hlz]
and
)\56 = )\fg =1, )\efjg = ng, )\ie = w?.
(107)

Moreover, there exists a choice of gauge for the
fusion tensors and action tensors, compatible
with the ones made in Section 3.4 and Propo-
sition 5, such that

(i) w(g,h.k), Ly, € U(1) and if the MPU rep-
resentation is nonanomalous, w(g, h, k) =1,

(ii) /\é,h’)‘f,h are unitary.

The proof of this proposition is given in Ap-
pendix B. From now on, unless explicitly men-
tioned, we will assume that we have chosen a
gauge from this proposition.

5 Gauging MPU symmetries

In this section, we show how to define a gauged
MPS tensor and a local representation of the
symmetry generalizing the gauging of the onsite
symmetry by promoting the defects reviewed in
Section 2.2. We begin with the injective case,
where we will see that this can always be done.
In the noninjective case, however, our procedure
relies on an assumption on the trivializability of
the L-symbols that we call block independence,
for which the absence of an anomaly is a neces-
sary but not sufficient condition.

5.1 Injective MPS
Define a gauged MPS tensor by

L = %@@

geG

(108)

Note that this tensor has two physical legs, one
corresponding to the matter degree of freedom
and the other one, which we depict with a dotted
line, to the gauge degree of freedom, taking values
in CG. We could split it via a singular value
decomposition to go back to the picture we had
in the onsite case, however, there is no reason
we should in that way recover the same bond
dimension or the same MPS tensor that we had
originally.

Let us now define our local unitary group rep-
resentation that will give rise to gauge constraints
(Gauss laws). Note that this is the same defini-
tion as in [36].

Proposition 7. The mapping G : G —
B(H®? ® CG®?) given by

Gy =Glg) = Y A& " @ lag™", gb(a,b],
a,beG
(109)
is a representation of G and leaves the contrac-
tion of two copies of the gauged tensor (108) in-
variant, i.e.

(110)

Proof. The first part follows from the direct com-
putation. For the remaining one, we have

O

The original MPS can be recovered by project-
ing all the gauge degrees of freedom of the gauged
MPS onto the neutral element |e). We can define
the projectors on the gauge invariant subspace in
the usual way

1 j,j+1
b= e 29

geG

(112)

where we have introduced a position index j
along the chain. We will soon see in Proposi-
tion 8 that the projectors Pj,PJf commute with
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each other in the absence of an anomaly, which
is always the case when the invariant MPS is in-
jective. The parent Hamiltonian of the gauged
MPS thus commutes with the gauge constraints
and therefore constitutes a gauging of the parent
Hamiltonian of the original MPS.

5.2 Noninjective MPS

For a noninjective invariant MPS, the gauged
MPS tensor is a generalization of Eq. (108). Sim-
ilarly to a globally invariant MPS (cf. [20]), it will
have a block structure, and the virtual Hilbert
space will be given by

H, = P CH,

where y, is the bond dimension of the MPS la-
beled by x. We will additionally denote by

(113)

I, : C®¥x= — H, (114)

the natural isometric embedding of the C®Xe
summand into H,, which we will use to access
specific blocks in the MPS. With that notation,
our gauged MPS is given by

L =2 el

9eG  g[x]

(115)

This time, the action of the G, operators on the
different MPS blocks gives to scalar factors:

=G, | > ® |h1, ha)
hiho hilhez]  halz]
hihox=y
= Z Thike ® |hig™", gha)
hits Lhig=1,ghy Mgt lohax] ghale]
hihgx=y
Ly
h1g,9~1h
hi,ho Lh17h2 hilhaz]  halz]
hihox=y
(116)
In the absence of x-dependence, the factor
L7
h1g,9~th
By = 28502 (117)
hi,ha

could be absorbed into a redefinition of G, and
we would get a locally invariant MPS. We can

thus define the condition of block independence
(BI) as the existence of a gauge where (117) is
independent of the block label z, i.e. ghl,hz,g =
€h1 haig? Vz,y. We prove in Appendix D that this
condition is equivalent to the existence of a gauge
where all L-symbols are equal to 1, and in Ap-
pendix B that such a gauge can be found while re-
specting all of the previous gauge choices we have
made (those encoded in Proposition 6). This
already implies that anomalous MPUs cannot
satisfy the BI condition (as in the correspond-
ing gauge the anomaly would be trivial due to
(64)). However, in the absence of an anomaly,
and even restricting to onsite symmetries, both
BI and non-BI cases exist (for onsite symmetries,
BI can be phrased as the extendability of the 2-
cocycle of the virtual representation of the un-
broken symmetry group; see the examples below
and Appendix D for details). Thus, for a nonin-
jective invariant MPS satisfying BI, we can pro-
mote the symmetry defects to quantum degrees
of freedom, resulting in a gauged MPS satisfying
local gauge constraints. Moreover, the resulting
projectors on the gauge-invariant subspace will
commute on different sites, due to the following

Proposition 8. Let P; be given by (112). Then
[Pj, Py] =0, for all j,5', if and only if the sym-
metry is nonanomalous.

Proof. The proof is analogous to the one in [36,
Section 3.2]. By locality, it is enough to consider
the commutators [Pj, Pj_1]. Then it is shown
that if there exists a scalar function F : G — C
relating the two fusion paths for three consecu-
tive defects,

R
)\9119293

= F(91,92,93)

then the commutativity condition [P;, Pj_i] =0
reads

F(h1, hahsgs',g3) _
F(glv g2, 93)

F(hi,ha, h3)
F(g1, 97 'hiha, hs)’
(119)
for all hy, ho, hs, g1, 92,93 € G (this relies on the
fact that the fusion operators A can be chosen
to be unitary). Picking hy = e, ha = ¢1 and
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hs = g2g3, we get

F(g1,e,9293)F (e, 9192, g3)
F(e, g1, 9293)

F(glv.92>g3) =

(120)
In Appendix C we prove that our fusion operators
indeed satisfy (118) with F(g,h,k) = w(g, h, k).
With our gauge choices, we also have w(e, g, h) =
w(g,e,h) = 1, for all gh € G. Therefore,
[Pj, Pj—1] = 0 if and only if w is trivial, i.e., if
the anomaly vanishes. O

5.3 Examples
5.3.1 Onsite symmetries

As a first example, we reproduce the formalism
for onsite symmetries from Section 2.2. Onsite
global symmetry groups constitute MPUs with
bond dimension 1, thus all fusion tensors are
scalars. We need to choose X;—Y; decomposition
for our MPUs, which we do as follows:

X{ =Yy = uy, Y/ =XJ=1. (121)
We also initially pick the fusion tensors to be triv-
ial and the action tensors to be given by the vir-
tual representations:

< _ > _ r_ T_
Fo,=F;, =1, Aj=5, Aj=S5}

(122)

This way our truncated symmetries read

L—1
—_—~
Ul =y ®...®uy®1, (123)
and the defect tensors are given by

‘.= wd (124)

The defect fusion operators in this gauge read
)‘f,h = uy ® 1, Ag,h = UIL ® 1. They are unitary
and satisfy

BT ) (125)
9 h gh 7

L —agn) (126)
9 h gh 7

since the L-symbols in this gauge are given by
the 2-cocycle Q(g, h). We can regauge the fusion

tensors so that the L-symbols become one, which
results in fusion operators

R ug @1 L
9" Qg h)’ 9" Q(g, h)’ (127)

and Gauss laws

-1
g =Y M(ug@@ﬂ) ® lag™", gb){a, bl

e Hasb)
ug @1 1
= = ® |lag™ ", gb)Xa,b
2 Wag g © 19 e

=uy®1®R}® LY, (128)

which act only on two gauge legs and one matter
leg, and leave the gauged MPS generated by

WEEED DRI W

geG

(129)

invariant. Since the left action commutes with
the right one, [P;, P] = 0 for all positions j, k.

5.3.2 Non-onsite Zys symmetry

Consider now a genuine MPU symmetry, albeit
the simplest example with the product of local
CZ gates
U =]]CZs-
J
Using the following
controlled-Z gate,

(130)

representation for the

~lel- (131)
where
k k
-=2H = G _11) , }‘j = j*{ = 0ijk
Z l (132)

the many-body unitary U can be written as an
MPU of bond dimension 2,

and since it squares to the identity, it yields a
representation of Zo = (g | ¢g> = e) which can
be checked to be nonanomalous. Now we make a
convenient choice of an MPS state that is invari-
ant under this symmetry:

(133)

100 0 1 -1
A=100 0|, At=| -1 0 o0
011 0 0 0
(134)
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This state appeared in [46], where it was pointed
out that, apart from the CZ symmetry, it also has
an onsite Zg symmetry J[; Z; and belongs to the
nontrivial SPT phase of the combined Zs X Zo
theory. Additionally, it has a split-index MPS
structure (see below).

First of all, we note that this is not an injective,
but rather a normal MPS: it becomes injective
after blocking sites. It turns out, however, that
we can carry out the formalism without blocking
in this case, since all the necessary objects exist
before blocking. In particular, the defect tensor

0 -1 -1 1 0
A=l 0 0 o0 |, Aj=[0 -1 1],
-1 0 0 0 0

satisfies

(FD)IAA = AAL (F)TALA = A,
(136)

or in diagrams

I

Ag Ag
(137)
that is, Ag, 4, = CZ as long as g1 # e or g2 # e.
To gauge the symmetry, we define the gauged
tensor

Cr =4 Cle=Al, CY=4) CY=A],
(138)
and the resulting MPS can be checked to be in-
variant under the gauge constraint G, = CZ ®
X ® X, where the first factor acts on the matter
indices and the others on the gauge indices; this
is an easy consequence of Eq. (136).

As mentioned above, the defect and gauged
tensors can be identified from the formalism in
[46], which shows a hidden structure in this ex-
ample. Indeed, the MPS generated by A’ can
also be expressed as a split-index MPS (SIMPS)
of bond dimension 2,

where the three-legged intersections of wires host
copy tensors d; j  as in Eq. (132) and the SIMPS
tensor satisfies

- g - ) o

(139)

The SIMPS tensor is then straightforward to de-
compose into two tensors L, R such that

Lodd

and we have

(142)

(141)

and : :
=GOt (W)
c R L
where the internal tensor with the gauge physical

leg is defined as in (14) for the virtual represen-
tation S, = 1, Sy = X.

6 State-level gauging

If we find ourselves in a block-dependent case,
it is not obvious that we can modify the group
representation G so that our candidate MPS is
invariant. For this to be the case, the modified
Gauss law should be able to account for differ-
ent scalar factors on distinct blocks. The most
straightforward way to do this is to manually re-
move the L-symbol factors by modifying the fu-
sion operators A%, effectively “enforcing” block
independence. This can be achieved if the in-
jective blocks of our MPS are locally orthogonal,
which can be achieved by blocking until we ap-
proach a fixed point of the renormalization group.

Lemma 3. Assume that all injective MPS ten-
sors are locally orthogonal, i.e.

y*
=0, x # vy, (144)
and let
v(g,h,x) = 145
(0.h) = (149

Then for all g, h € G there exists a unitary 5\g7h €
U (H®?) such that

)‘g,hv(ga h) I‘) = v(e, gha .T) (146)

where S\Q’h acts on the physical legs. That is, S\g,h
satisfies Eq. (106b) without the L-symbol factor.

Accepted in {Yuantum 2026-10-07, click title to verify. Published under CC-BY 4.0. 18



Proof. 1t is sufficient to prove that v(g, h,x) and
v(g,h,y) are orthogonal whenever = # y so
that we can absorb potentially different scalars
L%, Ly ), into a redefinition of the unitary g p.
We compute the inner product

g[hy,l h[y]*

glhz] hlz]

(147)
and conclude that it vanishes from the local or-
thogonality assumption. Note that, unless the
physical legs of {v(g, h,x)}zex span H?, ;\g,h is
not fully fixed by Eq. (146), which can have in-
finitely many solutions. O

In terms of these modified fusion operators, we
then define modified Gauss laws,

Gg= Y (AZ*l,gb)TAgb ® lag™", gb)a, bl
a,beG

(148)
It can be seen that these still form a represen-
tation of G, which now leaves the gauged MPS
(115) invariant % However, the proof in Ap-
pendix C does no longer apply if we modify
A — ), since the new fusion operators may not
associate up to a scalar. Hence, Proposition 8
does not necessarily hold for projectors derived
from the modified Gauss laws Qg, which may
Of course, there will be a
nonempty subspace where they do, inhabited at
least by the gauged MPS (115). In this sub-
space, we have gauged the symmetry as much
as we have obtained a locally invariant MPS by
defect promotion, keeping the same bond dimen-
sion, such that projection of the gauge degrees
of freedom onto |e) recovers the original invari-
ant state and the Gauss law projectors commute.
Since we have no guarantee that this subspace
contains any other states than our gauged MPS,
we call this procedure state-level gauging.

then not commute.

% Alternatively, we could have directly arrived at mod-
ified Gauss generators by precomposing G with a unitary
Qg that satisfies

L(E
Qyv(h, ha, ) = 2 —

x
h1g,971ha

v(h1,h2,m) (149)

which can be seen to exist in the locally orthogonal case
by a very similar argument to Lemma 3.

6.1 Examples
6.1.1 Z4XZQ

Let us extend the discussion about onsite sym-
metries from Subsection 5.3.1 into the noninjec-
tive case. We make the same choice (121) for
the X, Y tensors so that (123) remains true. As
in the injective case, the onsite symmetry action
with uy can be moved to the virtual level. Indi-
vidual blocks transform as

T St 9" Sg

(150)

with unitaries Sy, defined up to phases. These
now satisfy

Sg,h:cSh,w = L;hsgh,xv (151)

for scalars L j» which we have already identified
as the L-symbols, provided we make the choice
analogous to (122) for the action tensors,

Ay, =Sgar  Ay.=5l,, (152)
which results in analogous defect tensors,
]i—- (153)

T
Sg,

The fusion operators are again )\f’h =uy ® 1.

We can already find a minimal example of
block dependence within this class. It is known
that the SPT phases under this group symme-
try are classified by a pair (H,v), where H <
G is the unbroken symmetry group and ¢ €
H?(H,U(1)) is a 2-cocycle on H [20, 43]. We
prove in Appendix D that block independence is
equivalent to the extendability of ¢, that is, the
existence of a 2-cocycle on G, ¥ € H?(G,U(1))
such that U restricts to 1) on H.

We therefore take G = Z4 X Zo, with its sub-
group H = Zg x Zg and o € H*(H,U(1)) = Zs
being the non-trivial 2-cocycle. It can be seen
that v cannot be extended to a 2-cocycle on
the whole group G [47]. Thus, a set of L-
symbols labeled by (Zg X Z2, 1) cannot be block-
independent. We present one such example in
the following.

The (unnormalized) GHZ state [00...0) +
|11...1) can be written as a bond dimension two
MPS using the copy tensor from (132)

(154)
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The cluster state, which is the ground state of
the stabilizer Hamiltonian

Y ZiXj11 7519,
J

(155)

can also be written as a bond dimension two
MPS, in terms of the copy tensor and the
Hadamard gate H from (132):

After blocking the cluster state once (merging
two sites into one), the resulting state, symmetric
with respect to the Zs X Zgy representation gen-
erated by the X operators on each of the qubits
on a site, belongs to the non-trivial SPT phase
labeled by .

Let us take this blocked cluster state and ten-
sor the GHZ state with it,

Lol

The resulting state has bond dimension four and
physical dimension eight, where for each site we
denote the qubit of the GHZ state as 1, and those
of the cluster state by 2 and 3. The MPS tensor
is the direct sum of two injective blocks labeled

by the first qubit

0)

0) (0l ®i.lﬁ |1 1\ ®J—0—|-0— (158)
Note that these are locally orthogonal because
the first qubit supports are orthogonal. Although
it has more symmetries, we look at it as an invari-
ant MPS under the symmetry group G = Z4 X Zo
generated by Uy = (X1 ® X3) - CNOT
and Uqg1) = X3. The action of an element
(a,b) € Zy x Zy (a = 0,...,3, b =0,1) can be
expressed on the virtual level by the operators
A(a b given by

(156)

(157)

(a,b) [ (0,0) (2,0) (0,1) (2,1)
r=0 1 X A Y
r=1 1 X A Y
(a.d) | (1LO) (3,0) (L1) (3,1)
xr=0 X 1 Y A
r=1 1 X A Y

where we have used the scalar freedom follow-
ing the conventions of this paper, to get well-
defined defect tensors (see Proposition 5: be-
cause the symmetry is onsite, it is nonanoma-
lous and we do not need to worry about the oy

signs). When restricting to the unbroken sym-
metry subgroup (isomorphic to Zg X Zg and gen-
erated by U(270) = U(21,O) = X5 and U(O,l) = X3)
we recover the blocked cluster state, which rep-
resents the symmetry projectively on the virtual
space with nontrivial cocycle ¥. Thus, this ex-
ample is labeled by (H,v), and from the argu-
ment above it violates block independence. It
can be checked that, indeed, the local symme-
tries G, defined from )‘ﬁh = uy ® 1 do not leave
(157) invariant. Since the two injective blocks are
locally orthogonal, the state-level gauging can be
performed. We pick an easy modification of the
fusion operators, S‘Qﬁ = ug ® Qg,n Where Qg p, is
just added a phase based on the value of the first
qubit of the second site,

1
o 0
Qur=| " | |[o1e1  (159)
0 -
Ly

Because the L-symbols take values in {£1, +i},
the Q) operators are Z gates or phase gates, up to
global phases. Then it is straightforward to build
the local symmetry operators C;g and check that
they leave (157) invariant. We also constructed
the associated Gauss law projectors

],]-‘rl
b= |G| 2.9

geG

(160)

and found that neith(zr the )\ associate to a scalar
(Eq. (118)) nor the P; commute for neighboring
sites.

6.1.2 The CZX model

We consider here the anomalous Zg = (g | g° =
e) representation specified by the following MPU
tensor (blocked once to ensure injectivity)

crt

where the CZ gate is expressed as in (131). Its

adjoint reads
YTy

so that T, = Y and o, = —1 are nontrivial. We
pick decompositions satisfying (70),

$AT -

(161)

(162)
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L b o

This MPU group leaves the GHZ MPS invariant.
After blocking once, the two injective blocks are

given by
(L = |00y, l = |11),

and the only nontrivial fusion tensors are given

(164)

by (71),
=Y o rp,=4Y) (165)
and we choose action tensors,
Aby = i1, b =l (166)
Mg=-—sl) AL =TL e

Therefore, from the very definition, we see that

w(hh h27 h3) = (—1)5h1v96h2»95h3797

(168)

and the only nontrivial L-symbol is L27g =
—1 (because of the anomaly, we already know
that block independence does not hold, hence
no gauge transformation will make that last L-
symbol equal to 1). The truncated symmetry

operators
Z 7 X 7 Z 7 X X
td- LT
vk = =
XXX XX XXX XXY
(169)
satisfy UgLU;,>O = —U;O*L . Next, we concentrate
on the corresponding defects:
’—i (L i—‘ (170Db)
on which the movement operators,
X X
WR = ) wy, = w (171)
z" 7z
satisfy
- i#-wa
T i 7 _ (L —iL (172a)
170 0 1 1]0 o1 1 0 01

H _ (L (172b)
110 10 0

The fusion operators read /\R = )\R =1, )\R =
wpr and

X X X Z
AR = (173)
X
The last one satisfies
Ag'g Ag'g
i I i 174
B W S = i O SR G
ojtfo 0 0 oo 1 1
what shows that ley,g = —LS,g = 1. By a
straightforward computation, we see that
L1 R
AR, Yo
AR, L
Ag,g = — = — ) (]‘75)
= AR
1/0 0]1 1]0 1 11J0 @ O
1[0 0[1 1]0
L0 IO .
hence w(g,9,9) = 7176 = —1, demonstrating

LO
19 e,g9
the presence of the anomaly The local symmetry
representation is given by G, = 1 and
Gy =(0gig)" ©19.9) (e, el + wh @ g, €) (e, gl
+wr ® e, g) (g, el + A, @ e e)(g, g|.

(176)
We can give the gauged tensor explicitly, using
(115), |
_L_ _ l ... : ’ (177)
where

—1

(1) ) . am)

This MPS is not invariant under (176) due to
the nontrivial L-symbol. A simple modification
of the fusion operators that compensates for this
is

0 1
: : 0
D = ]1’ D == R

A = N =22 (179)
where 7 is the Pauli Z operator on the first

qubit, and AF_,AF AR do not change. The

e.e’ le,g) 'g.e
modified Gauss law gg arising from the rede-
fined fusion operators leaves (177) invariant, at
the cost once more of the resulting projectors not
commuting.

Accepted in (Yuantum 2026-10-07, click title to verify. Published under CC-BY 4.0. 21



7 Relation to projective gauging

The gauging method introduced above is based
on the promotion of symmetry defects to gauge
degrees of freedom and yields an MPS of the same
bond dimension as the original one. This departs
from the strategy presented in the seminal paper
[31], where a state is gauged by tensoring it with
a product state of the gauge degrees of freedom
and projecting it onto the gauge-invariant sub-
space. Since the Gauss law projectors commute,
this can be easily accomplished by applying each
of them successively. This strategy presents the
advantage that it only requires the knowledge of
the local gauge symmetry representation, specif-
ically of the Gauss law projectors, to be applied
to any state, regardless of whether it has an MPS
form. On the other hand, the original paper only
proposed these local representations for the case
of onsite symmetry, and [32] proposed a way to
generate such a representation for MPO group al-
gebras, in terms of MPO tensors and their associ-
ated fusion tensors. However, that construction
only works whenever the MPO algebras satisfy
stronger constraints than general MPU groups
(including, as we mentioned above, that Eq. (43)
holds for m = 0). For example, it can be checked
that the CZ MPU representation of Zy in Sec-
tion 5.3.2 does not produce a group representa-
tion under an analogous construction. Our pro-
posal yields a local symmetry representation for
any finite MPU group representation, although
acting on two physical and two gauge degrees
of freedom (as opposed to one physical and two
gauge degrees of freedom), given by (109). This
construction is independent of the globally sym-
metric state we are trying to gauge, and its as-
sociated Gauss law projectors commute in the
nonanomalous case; see Proposition 8. Thus, we
could see our construction as providing an input
for a generalization of the projective strategy of
[31] to nonanomalous MPU symmetries, regard-
less of whether the state is block independent or
even an MPS at all.

Therefore, when block independence holds, we
have two choices to gauge an MPU symmetric
MPS, which give potentially different outcomes.
Choosing to promote the symmetry defects to de-
grees of freedom, that is, using the formalism
introduced in this paper, the gauge configura-
tions that can appear in the resulting superpo-
sition need to satisfy gigs...gn - * = x for some

x € X. However, if we tensor the initial MPS with
the gauge configuration made of neutral elements
lee...e) and then apply the projectors built from
(112), we will be enforcing g1g2 ... gn = e, which
is a stronger constraint (unless g -z = x for some
x implies g = e, that is, we are in the maximally
symmetry broken case). This additional con-
straint on the global charge sector, which is non-
local in nature, explains the potential increase in
bond dimension.

To clarify this issue, we conclude this section
with a minimal example of this dichotomy, in-
volving an onsite symmetry. Consider the fixed-
point MPS with bond dimension D = 2 and phys-
ical dimension d = 4, given by the tensor”

I S

whose iterated contraction gives rise to a se-
quence of maximally entangled pairs. This state
displays an onsite Zy symmetry given by the op-
erator X X:

At e

If we do promotion gauging, the promoted defects
give rise to sum tensors, and the state remains
a product of unentangled copies. It is apparent
that this state has a nonzero amplitude for all
configurations of gauge variables 9j+d € {0,1}:

On the other had, we can do projection gauging,
by tensoring the state with Zo gauge variables in
the state |00...0) and applying the Gauss law
projectors

(180)

(181)

(182)

1+X, 1(XX),;X. 1
P=——2 0 (183)
2
resulting in the state
I I
N [ P ]
(184)

[ [
l l Pj ‘ .o
|0) $|o> *\0> |0)

“Sometimes known as a corner double line or CDL ten-
SOr.
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Since both the trivial gauge configuration
|00...0) and the Gauss-law projectors P; are left

invariant by [[; Z; 1, the parity operator associ-
2

ated with the emergent Zo symmetry, the new
gauged state has support only on gauge configu-
rations with even charge, i.e. +1-eigenstates of
I Z;, 1,88 opposed to what happened after pro-
motion gauging.

8 Discussion and outlook

In this work, we have studied MPS symmetric
under MPU representations of finite groups. We
have found that, given certain assumptions, we
can define defect tensors (symmetry twists) that
can be moved and fused by local unitaries. Us-
ing these defects, we have introduced a formalism
analogous to [36], which allows us to gauge the
symmetry, recovering a locally symmetric MPS
of the same bond dimension whenever the block
independence condition holds. If the latter does
not happen, we can still use our method to obtain
a local gauge group representation, giving rise to
Gauss law projectors that will commute in the
absence of an anomaly. From a physical perspec-
tive, this provides a direct tensor network mecha-
nism to implement gauging beyond the standard
onsite setting, while keeping full control over the
resulting local constraints. Additionally, our pro-
posal based on defects, when applicable, main-
tains the bond dimension of the MPS, in com-
parison with the approach based on projectors,
which generally increases it. This could lead to
the new method having a smaller computational
cost, at the expense of it keeping multiple total
charge sectors, as explained in Section 7.

It is interesting to consider the relationship be-
tween the gauging at the Hamiltonian and the
state levels. Suppose that the ground state of the
Hamiltonian for our model is unique and has an
MPS structure. Then, one can gauge the ground
state and find a parent Hamiltonian for the re-
sulting MPS. The question that arises naturally
is: How is the new Hamiltonian related to the
one obtained by gauging the original Hamilto-
nian? Conversely, one can start by gauging at
the Hamiltonian level and then compare the cor-
responding ground-state subspaces. We leave the
discussion of this problem for future work.

When block independence does not hold, we
can still find a local symmetry representation

that leaves the gauged MPS invariant by modi-
fying the defect fusion operators. We have called
this process state-level gauging. However, there
is no guarantee that the resulting projectors will
commute on the whole Hilbert space. They will
do so in their common +1-eigenspace, the gauge-
invariant subspace, which we know is nonempty,
since it contains at least the gauged MPS. We
leave for future work the study of the structure
of this subspace to see if it allows for nontriv-
ial physics, and in particular, whether its dimen-
sion is bounded or grows with system size. For
the examples in Section 6.1, preliminary numer-
ics for small system sizes leave the door open
for the latter to be true. This method reflects
the physical cost, or trade-off, between gener-
ality —since state-level gauging applies also to
anomalous symmetries— and the complexity of
the resulting gauge structure, resulting from the
non-commuting nature of the constraints.

Gauging procedures can also be seen as means
of mapping between different phases of matter
(see [48, 49, 47] for recent tensor network-based
examples). Our formalism should thus play a
similar role for phases characterized by MPU
symmetries. Yet another intriguing potential
extension is to consider MPSs invariant under
generic MPO symmetries, not necessarily those
possessing the MPU structure. The defect for-
malism from [36] has been generalized to non-
invertible symmetries in [50]. Since we have made
intensive use of the structural theorem for MPUs,
however, it is at first glance nontrivial how to
proceed in the case of MPO algebra symmetries,
where we expect the connection to weak Hopf
algebras [51] and fusion categories to play an es-
sential role.

Finally, we emphasize that the present frame-
work is not restricted to exotic or anomalous non-
onsite symmetries, but naturally encompasses
simpler and widely studied cases such as onsite
symmetries and non-onsite non-anomalous real-
izations. In this sense, it provides a unified tensor
network perspective on gauging across a broad
range of physically relevant settings. We hope
that this unified viewpoint could be useful for
practical applications, for instance in construct-
ing and analyzing ground states and dynami-
cal properties of lattice gauge theories and other
strongly correlated quantum systems.

Accepted in {Yuantum 2026-10-07, click title to verify. Published under CC-BY 4.0. 23



Author contributions

All authors contributed to the development of
the ideas presented in this work, discussed the
results, contributed to the preparation of the
manuscript, and approved the final version.

Acknowledgements

We thank David Blanik, José Garre-Rubio, Lau-
rens Lootens, Andrdas Molnar, Gerardo Ortiz,
Norbert Schuch, Nathan Seiberg, Sahand Seif-
nashri, Alex Turzillo and Frank Verstraete for
illuminating discussions. Part of this work was
conducted at the Institute for Advanced Study,
A.B. is supported by the Alexan-
der von Humboldt Foundation. The work was
partially funded by the Deutsche Forschungsge-
meinschaft (DFG, German Research Foundation)
under Germany’s Excellence Strategy - EXC-
2111 — 390814868 and the Osterreichischer Wis-
senschaftsfonds (FWF, Austrian Science Fund)
under Grant DOI 10.55776 /F71.

Princeton.

A Zs, anomalies

In this appendix, we will show the meaning of
having 0, = —1 (and thus 7, # 1) for a group
element ¢, which from our definitions (see Section
3.4) necessarily must be of order two, g = g~ 1.
First, we prove Eq. (72). Note that from the

definition of the anomaly cocycle,

while, using our choice of fusion operators, cf.
Eq. (71),

(186)
where the last equality appears in the proof of
Proposition 1. Thus we have w(g,g~%, g) = 0, as
intended. We also check

B LT, 1=, L7,
w(g,97"9) = st =t (187)
g,gt7eg 99!

which follows from Egs. (64) and (67).

Now consider an MPU representation of Zo =
{g | g> = e) (which could be part of a represen-
tation of a larger group). The MPU associated
with g squares to the identity, in other words, it is
time-reversal invariant, U, = Ug. Recall that this
implies the existence of a gauge transformation
between the MPU tensor and its adjoint (which
can be taken to be unitary since the tensors are
in canonical form)

Uy = TUIT], (188)
where it can be seen that, for consistency, TyTy =
o4l, 04 = £1. This sign labels two SPT phases
associated with time-reversal invariance.

Proposition A.1. An MPU representation of
Zs is anomalous (i.e. w is a nontrivial 3-cocycle)
if and only if the MPU belongs to the nontrivial
SPT class for time-reversal invariance 8,

Proof. Consider the 3-cocycle w that defines the
anomaly. As in Section 3.4, we can pick all fu-
sion tensors involving the identity to be trivial,
which automatically leads to w(hy,he,hs) = 1
On the other
hand, from the argument immediately above, we
have w(g,9,9) = o04. The two possible signs
thus correspond to the two cohomology classes
in H3(Zs,C*) = Zs, which are therefore labeled
by the index of the SPT phase. O

whenever h; = e for some 1.

In the anomalous Zy case, whenever U, # UgT,
it is not obvious that we can find a decomposi-
tion of the form (23) such that the compatibility
conditions (68) hold. Rather, we generalize these
conditions to read (70). We next prove that there
exists a decomposition that satisfies the general-
ized compatibility conditions (70), as well as all
the pleasant conditions that were shown for the
X,Y tensors in Section 3.1.

Proposition A.2. Consider an MPU that
squares to identity, with a time-reversal SPT in-
dex o, generated by a simple injective tensor U
whose adjoint is also simple. Then there ez-
ist decompositions U = X1Y1 = XoYs, satisfy-
ing (70), such that Eqgs. (23)-(25), (26)-(27) and
(35a)-(35b) (the “pleasant properties”) all hold.

8This anomaly index coincides with what is called the
Frobenius-Schur indicator in category theory. The authors
thank Sahand Seifnashri for informing us of this and thus
motivating this proposition.

Accepted in {Yuantum 2026-10-07, click title to verify. Published under CC-BY 4.0. 24



Furthermore, for the truncated symmetries intro-
duced in Section 4, Eq. (78) holds up to a factor
of o,

ULU> = gU>" L. (189)
Proof. From the simplicity of the tensor and its
adjoint, and from the results in Section 3.1, we
know that there exists a decomposition

b

such that all the pleasant properties hold (we have
added a tilde to X 1, Y1 to differentiate them from
the tensors we are about to define). By assump-
tion, the tensor can also be decomposed as

t, Tt
4+7—++i&—i2_1j*
ot ’
T 1%

thus we define our candidate decomposition as
X, = (1®TYY,), Y = X)(1 ©TT). Because of
the left (resp. right) invertibility of X;, X7 (resp.
Yy, }71) we know there exists an invertible matrix
K such that

(190)

(191)

Vi =KY;, X =XK\ (192)
Indeed, we only need to define
K=XIx = vy (193)

Now we can use

Vi=K1eoTHX!, Y,=Kl1eT)X]

(194)

to check
o - b <o
(195)

which proves that KT® K is unitary and hence so
is K, thanks to the unitarity of the u, v gates de-
fined from {X1, Y1, Xy, Y2}. Thus, the gates built
from X4, Y7 will be unitary, since they differ by
K from the ones defined from X;, Y7, and all the
other pleasant properties follow similarly. Finally,
Eq. (189) can be checked by writing the associ-
ated tensor network diagram, which we leave to
the reader as an exercise. O

B Proof of Proposition 6

In this appendix, we will give a proof of Proposi-
tion 6, which if restricted to the injective case
gives Proposition 4. First, we will show that
for any gauge of the fusion and action tensors,
Eqgs. (106a)-(106b) hold with the corresponding
L-symbols for said gauge, and the )\ operators are
unitary up to a scalar. Then, in the second part,
we will show that a gauge can be found where
this scalar is one, and all other properties listed
in the proposition, depending on the particular
situation, together with the general assumptions
of Section 3.4, hold.

Lemma 4. With our assumptions for the MPU
group representation permuting injective MPS,
the following identities hold

Proof. These are merely slightly stronger ver-
sions of the equations that define the L-symbols
(see (62)). To prove the first one, we first at-
tach an additional MPS tensor to the left, move
the leftmost action tensor through two MPS ten-
sors to the left, the second action tensor through
the corresponding three MPS tensors, and finally
apply the definition of the L-symbols. Finally,
we remove the tensor we added by applying its
inverse which exists because of injectivity. The
second equation follows analogously. O

(196a)

(196b)

Egs. (106a)-(106b) can then be seen to hold as
a corollary of this lemma, using the definition of
the fusion operators and Eq. (25), while Eq. (107)
is an easy consequence of the assumptions made
in Section (3.4). Next, we observe that, also in

any gauge,
(Mg @ NG UF 20l = UL (197)

where the relative location of the operators is
given as:

| [

o o (198)
KR
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This implies the unitarity of )\}LL_1 g1 ® )\ih for
all g, h, and thus that of /\f,hv /\ngh up to scalars.
To compute this scalar, we take the trace:

1 040n Wgh,hl,gt Wyh,(gh) " gh

d2 Ch'l,g‘l wg7h’h71
_ O0g0p 1 wgh,h-l’g-l
= >0,
Tgh Chtygt Wohh-t
(199)

where d is the physical dimension of the MPU
and MPS, and we have used

Xy
x{ \% g 9 9
g
Xyt 7! 7T 1, Ty

el
(200)
as well as Egs. (52b) and (72). The resulting
quantity is positive since it is the trace of a pos-
itive operator.

We now head towards the second part of the
proof, showing the existence of a gauge choice
that makes the A operators unitary (i.e. the
scalar in (199) equal to 1) while preserving all
other conventions. We will first set some no-
tation to ease the computations below, which
will involve elements with group indices, labeled
g,h,k,... € G and potentially a block label
x € X, such as

Xg>Vgs B> Lg s -+ - (201)

Consider a general such function fg . We
17“‘)gn
define
rr e rg1Gn T
915e-99n T fg;.bl...g"l1 (202)

which is an involution, f = f. We also define
the coboundary operator for an object with one
group index, f7,

hz rx
affy = 1200 (203)
gh
and two group indices, f,
Fanudik
(415 = Jg o (204)
g,h’/ gh,x

which in fact satisfies d(df) = 1. When applied
to objects with no block index, these operations
are defined similarly, ignoring all block indices
(as if |X| = 1 with a trivial action). With this
notation, we get the highly compact versions of
many expressions, for instance, Eqgs. (55), (63)
and (64),

p

Gw=dg,  L—Lo-,  w=dL (205)
g

We will also need the following result on the
triviality of positive (generalized) cocycles:

Lemma 5. Let Q”gf’h be such that dQ) =1 for G

being a finite group. Then QIC! is a coboundary,
that is, there exist x; such that

QI = ay. (206)

Proof. Consider the group algebra CG as a
Hilbert space and define the following operators
X7,9€G,
xX _II
Xg|h) = Q" |gh). (207)

Then it can be checked that d) = 1 implies

XXy = QF X%, Thus, by taking the deter-
minants:
¢ det X' det XT
QF =—29 "9, 208
( gvh) det X7, (208)
and QI = dy with X% := det X2. m
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Corollary 3. Let QF ), > 0 be such that d2 =1
for G being a finite group. Then there exists x4 >
0 such that Q) = dx. In particular, any positive 2-
cocycle of a finite group is cohomologically trivial.
Also, zfQQ =1, x4 can be chosen such that xX =
1.

Proof. From the previous lemma it follows that

1
Ql6l is a coboundary, and since z — z@ is a
bijection on Rs, we have () = dy with y positive.
If QQ =1,

(209)

where the square roots do not pose any prob-
lem, since we are working with positive numbers.
Thus, we can redefine x to \/x/x, which satisfies
xx = 1. ]

As a remark, note that for |G| < oo these re-
sults imply

H2(G7 C*) = HQ(Gv U(l)) = H2(Ga Z\G|)7
(210)
with the cyclic group in the last term represented
multiplicatively by the |G|-th roots of unity.
Yet another useful lemma is

Lemma 6. Let w be a normalized 3-cocycle, and
let
_ Yhtlgtgh

b
1g-l.9,h Wg1,g,h

Then & = wd=, with =2 =Zdo.

Proof. ® = wd= follows from combining
the 3-cocycle condition of w, Eq. (47), for
the tuples (K=Y, b=, g% g), (k=Y h 197t g,h)
and (k'h~1g=1, g, h, k), while Z = Edo follows
from combining the 3-cocycle conditions for
tuples (h=tg~ 1, g,h,h=tg™), ("1 A, b=t g7 1),
(h™' 97" 9,97") and (9,97 ",9,97"). In both
cases, we use the normalization of the cocycle,
that is, wy p 1 = 1 whenever either of g, h, k equals
the neutral element, which was one of the condi-

tions imposed in Section 3.4. 0
Note that having introduced =, Eq. (199)
reads
11 —_ 2
dUZZ>O:>C:d0:C:>O (212)
where we have made use of oy, = 0,1 = 1/0y.

Finally, we recall that in the main text we
introduced the condition of block independence
(BI), for a family of L-symbols, as the existence
of a gauge where the combinations £} ,  given
by (117) are independent of z. In Appendix D
we show that this condition is equivalent to the
stronger constraint of the existence of a gauge
where I = 1, i.e., all L-symbols are 1. This can
be seen as a constraint on the same footing as the
system being nonanomalous (NA), which corre-
sponds to the existence of a gauge where w = 1.
BI is strictly stronger than NA, as the example
in Section 6.1.1 shows.

For the final part of the proof, we will show
that we can find gauge transformations

> > T z A1
Fg,h — 697th,h7 14'9’.I — ’ygA

g (213)
such that, in the new gauge,
1. w= (=L =1, if Bl is satisfied,

2. w=(=1,|L| =1, if BI does not hold, but
NA does,

3. |w|=1[¢] =|L|] =1, if NA does not hold.

Thus, in all cases, the scalar in (199) equals 1.
These gauge transformations should also be con-
strained to satisfy

(214)
(215)

Bg,e = ﬁe,g = Bg,g—1 = 1’ v.ga
T =a =1, Vg,

so that our assumptions from Section 3.4 and
Proposition 5 are preserved. Note that the last
condition, in our compact notation, reads vy = 1.

Case 1 (BI): From block independence follows
the existence of gauge transformations /3, such
that L = 1 (and hence w = 1). This does not im-
mediately imply that they satisfy the constraints
(214)-(215). However, we know that they pre-
serve the L-symbols Lg . Ly ., ngﬁ’ 1, which were
already set to 1 (recall Section 3.4). Thus we
deduce

T
Bge _Beg Dot 0wy u (216)
ui i
Ve Ve 'Yg-l’Yg
that is,
gz x
’y —erg
ﬂg,e = ﬁe,g = ’ng = Be,ea Bg,g-l = ﬁg‘l,g = 967-
(217)
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We then define 0, i= (Be,ef3,-1)7, with an ad-
equate choice of square root so that 0. = Be.
and 030,1 = [, 10c,. It is then easy to check
that we can redefine §3,v as 3/df,~/0 giving rise
to the same L-symbols and satisfying conditions
(214)-(215). Applying this gauge transformation
leaves us in a gauge where, by (212), ¢ > 0, while
(54) and (55) read

(=1 d¢=1. (218)
Thus, by Corollary 3, there exists x > 0, xx =1
such that C = dX Then it can be checked that
B = (dx) =X Jisa gauge transformation that
preserves all the previous properties and makes
¢=1.

Case 2 (NA, not BI): Due to the absence of
an anomaly, there exists a gauge transformation
[ of the fusion tensors that trivializes w. This
means that it preserves wy e e, Wee,g, and wy o1 g,
which are all equal to 1 for our choices for the
fusion tensors. This implies that By, = B4 =
Bee and By 1 = Bg1 4. Defining 6 exactly as
above, we see that §/df is a gauge transformation
that preserves our choices and still leads to w = 1.
In this new gauge, we have

=1, (>0, =1, (219)

dL|=1, |L|>0, |L|Ll=1, (220)
which imply

¢ =dy, x>0, XX =1, (221)

|L| = dn, n >0, nn = 1. (222)

The gauge transformation § = (dx)%,'y = X%U
then satisfies all constraints and leads to the de-
sired outcome.

Case 8 (anomalous): From Proposition 2 and
Lemma 6 it follows that

rw|=d\§\2, (223)

thus it can be checked that the gauge transforma-

—_=

tion = * leaves lw| = |¢| = 1. Thus in this

new gauge, Eqgs. (220) hold and imply Eqgs. (222).
The gauge transformation « = 7 finishes the job
without altering what we previously achieved.

C Associativity of the fusion tensors

In this Appendix, we demonstrate that the ob-
struction to the associativity of the fusion oper-
ators )\gh defined in (91b), is given by a scalar
function F', i.e. they satisfy Eq. (118). We will
prove this, thanks to the unitarity of the fusion
tensors, by computing

(LA g7 1) AT @ 1) (LA ) (wh @ 1) (LA )] "

(224)
and showing that it is a scalar multiple of the
identity. We will use the following representation
of the fusion operators

)\ih =0gn X70Q (225)

where we have used Eqgs. (70) and (71). Note
that in this appendix we will unify the notation
of the squiggle legs of X1,Y; and the thick legs
of Xs,Y5 and show them all as squiggles since we
will be contracting them together using

R e

which follows from Eqs. (70) and (200). The fu-
sion tree (1 ® )\ghk)()\g’h ® 1) can then be ex-
pressed as

(226)

9"
(gh)!
TghOghk Y2’ (227)
and, using (226), simplified into
OghOghk (228)

Similarly, we write (1 ® )‘ihk)(w% (1 )‘ﬁ,k)
in the form
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(229)

Xk
OghkThk Y(hk)‘l

and again use (226) to express it as

OghkOhk % i .

We now compute the expression (224). After ev-
ery step, we will denote the successive scalar fac-
tors by .7:;7h7k,,z' =1,2.... Note that we need not
keep track of them at this point since they can be
easily computed a posteriori by acting with the
two unitaries in (118) on a suitable MPS and us-
ing (106b). Nevertheless, we will, just as a check.
We start by writing (224) as

(230)

(231)

with ‘F;h,k = OghOghkOhkOghk = OghOpk. Using
(200), the above expression can be rephrased as

(232)

with ]:;h’k = 040h0k0OghORE- Next, we use the
relations between the fusion tensors and their ad-
joints, cf. Proposition 2, as well as between the
MPO tensors and their adjoints. As a result, the
expression in (224) can be presented in the fol-
lowing form

3
]:g,h,k

with

O0gOhOkOghOhk

F3, =
ghk Gt 11 Gk, (k)1 S (k)1 mE S (k)1 g1 C(ghk) L ghk

OgO0h0kOghOhkO ghk
=4 £ 22, (234)

Cht b1 Gy g1

where we have used Eq. (73). Using the prop-
erties of the fusion operators, we can write the
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latter diagram as It can be equivalently written as

(238)
From the definition of the cocycle w, we then
get that the above expression takes the follow-
ing form

(235)
Using Eq. (186), the diagram in (235) can be re-
duced into

5
‘Fg,h,k

with

4
- Lo Whkt bt Wohk,(hk) g1
g7 b

Wk Whk,(hk)! Wg,hk,(hk)!
4
Fonk 1

Wy,hk Zhk g hk

1 OnokOhk OgORKOghE

Wa,hk Chk Enk Cghk Sg,hk
1
- (240)
Wg,h,k

where Z is defined as in (211), and in the last step
we have used that in our gauge the \ operators
are unitary, so that, cf. Eq. (199),

dg _y, (241)

¢=
Finally, using successively (226) and (200), we
find that the last tensor leg in (239) is just the
identity operator. Hence the associator of the
two fusion trees is indeed given by a function F',
whose value is given by the scalar factor we com-
puted,

where

OgOROkOghk

1
(237) F(g, h, k) = 75 = Wg,hk- (242)

4 —
Fg’h’k - C C : f5
k=1 h=15(hk)=1,g=1 g,hk
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D Characterizations of block indepen-
dence

In this Appendix, we prove two characterizations
of the block independence (BI) condition, defined
in Section 5.2 as the existence of a gauge for
which

oy = fi,b;g Vg,a,b € G,Vr,y € X, (243)
where
x Liy glb
Emb;g = L:; ) (244)
a,b

The next proposition shows that this is equiva-
lent to a much stronger condition:

Proposition 9. The following conditions are
equivalent:

1. There exists a choice of gauge such that
Ly, =1, forall g,h € G and x € X.

2. There exists a choice of gauge such that
Ly, = LY., for alla,b e G and z,y € X.

3. There exists a choice of gauge such that

€g7b;g =1, forall a,b,g € G and x € X.

4. The pair (MPS, MPU) satisfies the BI con-
dition.

Proof. 1t is enough to demonstrate that the last
condition implies the first one. The existence of a
gauge transformation of the form (63) that maps
every L-symbol to 1 requires them to be of the

form
g (245)

Lo = Boh Ty

9 9 ,y‘g,x,y!:}t
for some 3y 5,7y In the following, we prove that
this is the case. Assuming ¢ is independent of x,

we can factorize the (g, h) and = dependences

gg,h;h

L? 246
w(gh7 e? e) o ( )

Lgn = Lonnligne =
where we have used (64) in the particular case
h=Fk=e,

L.’E
Lr = —°_ 247
5~ Ulg.e.0) 240
Next we will show that =z — Lg, is a G-
homomorphism, that is, there exists a one-
dimensional representation p € G such that

LZ% = p(g)Le - (248)

For that we need another particular case of (64),
namely

Lg,g =w(e,e, g)Lgfe. (249)
Indeed, combining (247) and (249) yields (248)
with

legig

w(g, e, e)w(e, e, g)
Such a G-homomorphism can always be written
as a gauge transformation of the form (245), we
pick, for instance,

1 1
Bgn = Th)’ 7;: = (251)

plg) = (250)

which yields

(252)

for any g,h € G. By redefining 3, to include
the (g, h)-dependent prefactor in (246), we have
found a gauge transformation that trivializes the
L-symbols, and the result follows. O

Next, we will use the classification of SPT
phases under MPO group symmetries [43, Sec-
tion 4.1] to give a group cohomological charac-
terization of the BI condition. Consider a block-
injective MPS invariant under an MPU represen-
tation of a finite group G and, as above, denote X
the set of injective blocks, which are permuted by
the transitive action of G. Now, choose zg € X
and define H < G by H = Stab(zg) = {g €
G|gxo = xo}. Due to transitivity, we have then
an identification k : X < % as sets, and we can
choose a set of representatives, {k;}.ex C G,
such that k(z) = k,H and kyxy = x. For con-
venience, we choose k;, = e. We will need the
following

Lemma 7. In the above setting, if the MPU rep-
resentation is nonanomalous, there exists a gauge
of the fusion and action tensors such that w =1
and

Ly, g, = ¥(h1, ha), (253)
where v € H*(H,U(1)) and h1,hs € H are given
by

hi=ky e 01 kgiey ha =k goks. (254)

The pair (H,) then classifies the SPT phase
to which the MPS belongs [43]. We now prove
the following result that characterizes block in-
dependence in terms of 1):
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Proposition 10. The set of L-symbols arising
from an MPS invariant under a nonanomalous
MPU group representation is Bl if and only if
the cocycle i extends to G, that is, if there exists
U € H%(G,U(1)) such that its restriction to the
subgroup H 1is 1.

Proof. Suppose that there exists W €
H?*(G,U(1)) such that W |,y = . For
91,92 € G and = € X, take hy,hy as in (254).
Then, applying the cocycle condition for ¥ a few
times, we can prove that

x

~
Y(hi, ha) = W (hy, ha) = (g1, g2) —gar—,
g1 g2
(255)
where .

797 (e, e) Uk ki 1)

Thus, the L-symbols (253) are of the form (245)
and can be made trivial by regauging. Con-
versely, if BI holds, there exist 8, g, and vy such
that .

79192

92 g °
Yar Vgo

Y(h1, ho) =

Bar.92 (257)
Bg1 g2 has to be a 2-cocycle, since the gauge trans-
formation leaves w = 1 invariant. Then, defining

5 Vgl g2
91,92 _xo .0’
g1 192

U(g1,92) = (258)
we find that ¥ is a 2-cocycle that restricts to 1
on H (if we set © = w9, 91,90 € H = hy =
g1, ha = g2 since we picked k, = e) and thus
extends to G. O

References

[1] Elliott Lieb, Theodore Schultz, and Daniel
Mattis. “Two soluble models of an antifer-
romagnetic chain”. Annals of Physics 16,
407-466 (1961).

[2] Masaki Oshikawa,
and Tan Affleck.
in spin chains:
integer spins”.
1987 (1997).

[3] Hal Tasaki. “Physics and mathematics of
quantum many-body systems”. Springer
Cham. (2020).

[4] Yohei Fuji. “Effective field theory for one-
dimensional valence-bond-solid phases and

Masanori Yamanaka,
“Magnetization plateaus
“Haldane gap” for half-
Phys. Rev. Lett. 78, 1984

[11]

[12]

[13]

[16]

their symmetry protection”. Phys. Rev. B
93, 104425 (2016).

Hoi Chun Po, Haruki Watanabe, Chao-Ming
Jian, and Michael P. Zaletel. “Lattice homo-
topy constraints on phases of quantum mag-
nets”. Phys. Rev. Lett. 119, 127202 (2017).
Y. Ogata, Y. Tachikawa, and H. Tasaki.
“General Lieb—Schultz—Mattis type theo-
rems for quantum spin chains”. Commun.
Math. Phys. 385, 79-99 (2021).

Hal Tasaki. “The physics and mathemat-
ics of Elliott Lieb”. Volume 2, chapter The
Lieb—Schultz—Mattis theorem. A topological
point of view, pages 405-446. European
Mathematical Society Press. (2022).

Lev D. Landau. “On the theory of phase
transitions”. Zh. Eksp. Teor. Fiz. 7, 19—
2 (1937).
Lakshya Bhardwaj, Lea E. Bottini,
Daniel Pajer, and Sakura Schéfer-
Nameki. “Categorical Landau Paradigm
for Gapped Phases”. Phys. Rev. Lett. 133,
161601 (2024).

Lakshya Bhardwaj, Lea E. Bottini, Sakura
Schafer-Nameki, and Apoorv Tiwari. “II-
lustrating the categorical Landau paradigm
in lattice models”. Phys. Rev. B 111,
054432 (2025).

Lakshya Bhardwaj, Lea E. Bottini, Daniel
Pajer, and  Sakura  Schifer-Nameki.
“Gapped phases with non-invertible
symmetries: (141)d”. SciPost Phys. 18,
032 (2025).

Nabil Igbal and John McGreevy. “Mean
string field theory: Landau-Ginzburg theory
for 1-form symmetries”. SciPost Phys. 13,
114 (2022).

Ruizhi Liu, Ran Luo, and Yi-Nan Wang.
“Higher-matter and Landau-Ginzburg the-
ory of higher-group symmetries”. SciPost
Phys. 18, 052 (2025).

X. G. Wen. “Topological orders in rigid
states”. International Journal of Modern
Physics B 4, 239-271 (1990).

Xie Chen, Zheng-Xin Liu, and Xiao-
Gang Wen. “Two-dimensional symmetry-
protected topological orders and their pro-
tected gapless edge excitations”. Phys. Rev.
B 84, 235141 (2011).

Dominic V. Else and Chetan Nayak.
“Classifying symmetry-protected topologi-

Accepted in {Yuantum 2026-10-07, click title to verify. Published under CC-BY 4.0. 32


https://dx.doi.org/https://doi.org/10.1016/0003-4916(61)90115-4
https://dx.doi.org/https://doi.org/10.1016/0003-4916(61)90115-4
https://dx.doi.org/10.1103/PhysRevLett.78.1984
https://dx.doi.org/10.1103/PhysRevLett.78.1984
https://dx.doi.org/https://doi.org/10.1007/978-3-030-41265-4
https://dx.doi.org/https://doi.org/10.1007/978-3-030-41265-4
https://dx.doi.org/10.1103/PhysRevB.93.104425
https://dx.doi.org/10.1103/PhysRevB.93.104425
https://dx.doi.org/10.1103/PhysRevLett.119.127202
https://dx.doi.org/https://doi.org/10.1007/s00220-021-04116-9
https://dx.doi.org/https://doi.org/10.1007/s00220-021-04116-9
https://dx.doi.org/https://doi.org/10.4171/90-2/46
https://dx.doi.org/https://doi.org/10.4171/90-2/46
https://dx.doi.org/https://doi.org/10.4171/90-2/46
https://dx.doi.org/https://doi.org/10.1016/B978-0-08-010586-4.50034-1
https://dx.doi.org/https://doi.org/10.1016/B978-0-08-010586-4.50034-1
https://dx.doi.org/10.1103/PhysRevLett.133.161601
https://dx.doi.org/10.1103/PhysRevLett.133.161601
https://dx.doi.org/10.1103/PhysRevB.111.054432
https://dx.doi.org/10.1103/PhysRevB.111.054432
https://dx.doi.org/10.21468/SciPostPhys.18.1.032
https://dx.doi.org/10.21468/SciPostPhys.18.1.032
https://dx.doi.org/10.21468/SciPostPhys.13.5.114
https://dx.doi.org/10.21468/SciPostPhys.13.5.114
https://dx.doi.org/10.21468/SciPostPhys.18.2.052
https://dx.doi.org/10.21468/SciPostPhys.18.2.052
https://dx.doi.org/10.1142/S0217979290000139
https://dx.doi.org/10.1142/S0217979290000139
https://dx.doi.org/10.1103/PhysRevB.84.235141
https://dx.doi.org/10.1103/PhysRevB.84.235141

[17]

[20]

[21]

22]

23]

[24]

[27]

28]

[29]

cal phases through the anomalous action of
the symmetry on the edge”. Phys. Rev. B
90, 235137 (2014).

J. Ignacio Cirac, David Pérez-Garcia, Nor-
bert Schuch, and Frank Verstraete. “Matrix
product states and projected entangled pair
states: Concepts, symmetries, theorems”.
Rev. Mod. Phys. 93, 045003 (2021).

Shi-Ju Ran, Emanuele Tirrito, Cheng Peng,
Xi Chen, Luca Tagliacozzo, Gang Su,
and Maciej Lewenstein. “Tensor network
contractions, methods and applications to
quantum many-body systems”. Springer
Cham. (2020).

Xie Chen, Zheng-Cheng Gu, and Xiao-Gang
Wen. “Classification of gapped symmet-
ric phases in one-dimensional spin systems”.
Phys. Rev. B 83, 035107 (2011).

Norbert Schuch, David Pérez-Garcia, and
Ignacio Cirac. “Classifying quantum phases
using matrix product states and projected
entangled pair states”. Phys. Rev. B 84,
165139 (2011).

D. Pérez-Garcia, M. M. Wolf, M. Sanz,
F. Verstraete, and J. . Cirac. “String order
and symmetries in quantum spin lattices”.
Phys. Rev. Lett. 100, 167202 (2008).
Lochlainn  O’Raifeartaigh and Norbert
Straumann.  “Gauge theory: Historical
origins and some modern developments”.
Rev. Mod. Phys. 72, 1-23 (2000).

C. N. Yang and R. L. Mills. “Conservation of
isotopic spin and isotopic gauge invariance”.
Phys. Rev. 96, 191-195 (1954).

Tai Tsun Wu and Chen Ning Yang. “Con-
cept of nonintegrable phase factors and
global formulation of gauge fields”. Phys.
Rev. D 12, 3845-3857 (1975).

F. Englert and R. Brout. “Broken symmetry
and the mass of gauge vector mesons”. Phys.
Rev. Lett. 13, 321-323 (1964).

Peter W. Higgs.
the masses of gauge bosons”.
Lett. 13, 508-509 (1964).

P. W. Anderson. “Plasmons, gauge invari-
ance, and mass”. Phys. Rev. 130, 439-
442 (1963).

Hagen Kleinert. “Gauge fields in condensed
matter”. World Scientific. (1989).

Jirg Frohlich.

“Broken symmetries and
Phys. Rev.

“Gauge invariance and

33]

[34]

[38]

anomalies in condensed matter physics”. J.
Math. Phys. 64, 031903 (2023).

John Kogut and Leonard Susskind. “Hamil-
tonian formulation of Wilson’s lattice gauge
theories”. Phys. Rev. D 11, 395-408 (1975).
Jutho Haegeman, Karel Van Acoleyen, Nor-
bert Schuch, J. Ignacio Cirac, and Frank
Verstraete. “Gauging quantum states: From
global to local symmetries in many-body
systems”. Phys. Rev. X 5, 011024 (2015).
José Garre Rubio and Ilya Kull. “Gauging
quantum states with nonanomalous matrix
product operator symmetries”. Phys. Rev.
B 107, 075137 (2023).

Maissam Barkeshli, Parsa Bonderson, Meng
Cheng, and Zhenghan Wang. “Symme-
try fractionalization, defects, and gauging
of topological phases”. Phys. Rev. B 100,
115147 (2019).

Ilya Kull, Andras Molnér, Erez Zohar, and
J. Ignacio Cirac. “Classification of ma-
trix product states with a local (gauge)
symmetry”. Annals of Physics 386, 199
241 (2017).

David Blanik, José Garre-Rubio, Andras
Molnér, and Erez Zohar. “Internal structure
of gauge-invariant projected entangled pair
states”. Journal of Physics A: Mathematical
and Theoretical 58, 065301 (2025).

Sahand Seifnashri.  “Lieb-Schultz-Mattis
anomalies as obstructions to gauging (non-
on-site) symmetries”.  SciPost Phys. 16,
098 (2024).

J.I. Cirac, D. Pérez-Garcia, N. Schuch, and
F. Verstraete. “Matrix product density op-
erators: Renormalization fixed points and
boundary theories”. Annals of Physics 378,
100-149 (2017).

J. Ignacio Cirac, David Pérez-Garcia, Nor-
bert Schuch, and Frank Verstraete. “Ma-
trix product unitaries: structure, symme-
tries, and topological invariants”.
of Statistical Mechanics: Theory and Exper-
iment 2017, 083105 (2017).

C. Schon, E. Solano, F. Verstraete, J. 1.
Cirac, and M. M. Wolf. “Sequential genera-
tion of entangled multiqubit states”. Phys.
Rev. Lett. 95, 110503 (2005).

Xie Chen, Arpit Dua, Michael Her-
mele, David T. Stephen, Nathanan Tanti-
vasadakarn, Robijn Vanhove, and Jing-Yu

Journal

Accepted in {Yuantum 2026-10-07, click title to verify. Published under CC-BY 4.0. 33


https://dx.doi.org/10.1103/PhysRevB.90.235137
https://dx.doi.org/10.1103/PhysRevB.90.235137
https://dx.doi.org/10.1103/RevModPhys.93.045003
https://dx.doi.org/https://doi.org/10.1007/978-3-030-34489-4
https://dx.doi.org/https://doi.org/10.1007/978-3-030-34489-4
https://dx.doi.org/10.1103/PhysRevB.83.035107
https://dx.doi.org/10.1103/PhysRevB.84.165139
https://dx.doi.org/10.1103/PhysRevB.84.165139
https://dx.doi.org/10.1103/PhysRevLett.100.167202
https://dx.doi.org/10.1103/RevModPhys.72.1
https://dx.doi.org/10.1103/PhysRev.96.191
https://dx.doi.org/10.1103/PhysRevD.12.3845
https://dx.doi.org/10.1103/PhysRevD.12.3845
https://dx.doi.org/10.1103/PhysRevLett.13.321
https://dx.doi.org/10.1103/PhysRevLett.13.321
https://dx.doi.org/10.1103/PhysRevLett.13.508
https://dx.doi.org/10.1103/PhysRevLett.13.508
https://dx.doi.org/10.1103/PhysRev.130.439
https://dx.doi.org/10.1103/PhysRev.130.439
https://dx.doi.org/https://doi.org/10.1142/0356
https://dx.doi.org/https://doi.org/10.1063/5.0135142
https://dx.doi.org/https://doi.org/10.1063/5.0135142
https://dx.doi.org/10.1103/PhysRevD.11.395
https://dx.doi.org/10.1103/PhysRevX.5.011024
https://dx.doi.org/10.1103/PhysRevB.107.075137
https://dx.doi.org/10.1103/PhysRevB.107.075137
https://dx.doi.org/10.1103/PhysRevB.100.115147
https://dx.doi.org/10.1103/PhysRevB.100.115147
https://dx.doi.org/https://doi.org/10.1016/j.aop.2017.08.029
https://dx.doi.org/https://doi.org/10.1016/j.aop.2017.08.029
https://dx.doi.org/10.1088/1751-8121/adae83
https://dx.doi.org/10.1088/1751-8121/adae83
https://dx.doi.org/10.21468/SciPostPhys.16.4.098
https://dx.doi.org/10.21468/SciPostPhys.16.4.098
https://dx.doi.org/https://doi.org/10.1016/j.aop.2016.12.030
https://dx.doi.org/https://doi.org/10.1016/j.aop.2016.12.030
https://dx.doi.org/10.1088/1742-5468/aa7e55
https://dx.doi.org/10.1088/1742-5468/aa7e55
https://dx.doi.org/10.1088/1742-5468/aa7e55
https://dx.doi.org/10.1103/PhysRevLett.95.110503
https://dx.doi.org/10.1103/PhysRevLett.95.110503

[42]

[43]

[44]

[45]

[46]

[51]

Zhao. “Sequential quantum circuits as maps
between gapped phases”. Phys. Rev. B 109,
075116 (2024).

Andras Molnér, Yimin Ge, Norbert Schuch,
and J. Ignacio Cirac. “A generalization of
the injectivity condition for projected entan-
gled pair states”. Journal of Mathematical
Physics 59, 021902 (2018).

José Garre-Rubio and Norbert Schuch.
“Fractional domain wall statistics in spin
chains with anomalous symmetries”. SciPost
Phys. 18, 043 (2025).

José Garre-Rubio, Laurens Lootens, and
Andras Molnar. “Classifying phases pro-
tected by matrix product operator symme-
tries using matrix product states”. Quantum
7,927 (2023).

Kenneth S. Brown. “Abstract homotopy
theory and generalized sheaf cohomology”.
Transactions of the American Mathematical
Society 186, 419-458 (1973).

Jutho Haegeman, Bogdan Pirvu, David J.
Weir, J. Ignacio Cirac, Tobias J. Os-
borne, Henri Verschelde, and Frank Ver-
straete. “Variational matrix product ansatz
for dispersion relations”. Phys. Rev. B 85,
100408 (2012).

David T. Stephen. “Non-onsite symme-
tries and quantum teleportation in split-
index matrix product states”. Quantum 9,
1738 (2025).

David Blanik, José Garre-Rubio, and Nor-
bert Schuch. “Gauging quantum phases: A
matrix product state approach”. Phys. Rev.
B 112, 115110 (2025).

Laurens Lootens, Clément Delcamp, Ger-
ardo Ortiz, and Frank Verstraete. “Dualities
in one-dimensional quantum lattice models:
Symmetric Hamiltonians and matrix prod-
uct operator intertwiners”. PRX Quantum
4, 020357 (2023).

José Garre Rubio. “Emergent (24+1)D topo-
logical orders from iterative (14+1)D gaug-
ing”. Nature Commun. 15, 7986 (2024).
Nathan Seiberg, Sahand Seifnashri, and
Shu-Heng Shao. “Non-invertible symme-
tries and LSM-type constraints on a tensor
product Hilbert space”. SciPost Phys. 16,
154 (2024).

Andras Molnar, Alberto Ruiz de Alarcon,
José Garre-Rubio, Norbert Schuch, J. Igna-

cio Cirac, and David Pérez-Garcia. “Matrix
Product Operator Algebras I: Representa-
tions of Weak Hopf Algebras and Projected
Entangled Pair States”. Commun. Math.
Phys. 407, 203 (2026).

Accepted in {Yuantum 2026-10-07, click title to verify. Published under CC-BY 4.0. 34


https://dx.doi.org/10.1103/PhysRevB.109.075116
https://dx.doi.org/10.1103/PhysRevB.109.075116
https://dx.doi.org/10.1063/1.5007017
https://dx.doi.org/10.1063/1.5007017
https://dx.doi.org/10.21468/SciPostPhys.18.2.043
https://dx.doi.org/10.21468/SciPostPhys.18.2.043
https://dx.doi.org/10.22331/q-2023-02-21-927
https://dx.doi.org/10.22331/q-2023-02-21-927
https://dx.doi.org/https://doi.org/10.2307/1996573
https://dx.doi.org/https://doi.org/10.2307/1996573
https://dx.doi.org/10.1103/PhysRevB.85.100408
https://dx.doi.org/10.1103/PhysRevB.85.100408
https://dx.doi.org/10.22331/q-2025-05-12-1738
https://dx.doi.org/10.22331/q-2025-05-12-1738
https://dx.doi.org/10.1103/gkh9-lgrk
https://dx.doi.org/10.1103/gkh9-lgrk
https://dx.doi.org/10.1103/prxquantum.4.020357
https://dx.doi.org/10.1103/prxquantum.4.020357
https://dx.doi.org/10.1038/s41467-024-52320-7
https://dx.doi.org/10.21468/SciPostPhys.16.6.154
https://dx.doi.org/10.21468/SciPostPhys.16.6.154
https://dx.doi.org/10.1007/s00220-026-05670-w
https://dx.doi.org/10.1007/s00220-026-05670-w

	Introduction
	Setup and summary of results
	MPSs and MPUs
	Defects and gauging: motivating example and summary of results

	Review of technical background
	Structure of MPUs
	MPU group representations
	Compatibility between Hermitian and group structures

	MPU action on MPSs
	Assumptions for the rest of the paper

	Defect systems
	Injective MPS
	Noninjective MPS

	Gauging MPU symmetries
	Injective MPS
	Noninjective MPS
	Examples
	Onsite symmetries
	Non-onsite Z2 symmetry


	State-level gauging
	Examples
	Z4Z2
	The CZX model


	Relation to projective gauging
	Discussion and outlook
	Author contributions
	Acknowledgements

	Z2 anomalies
	Proof of Proposition 6
	Associativity of the fusion tensors
	Characterizations of block independence
	References

