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We consider the problem of testing and learning from data in the presence of
resource constraints, such as limited memory or weak data access, which place
limitations on the efficiency and feasibility of testing or learning. In particular,
we ask the following question: Could a resource-constrained learner/tester
use interaction with a resource-unconstrained but untrusted party to solve a
learning or testing problem more efficiently than they could without such an
interaction? In this work, we answer this question both abstractly and for
concrete problems, in two complementary ways:

1. For a wide variety of scenarios, we prove that a resource-constrained
learner cannot gain any advantage through classical interaction with an
untrusted prover. As a special case, we show that for the vast majority of
testing and learning problems in which quantum memory is a meaning-
ful resource, a memory-constrained quantum algorithm cannot overcome
its limitations via classical communication with a memory-unconstrained
quantum prover.

2. In contrast, when quantum communication is allowed, we construct a
variety of interactive proof protocols, for specific learning and testing
problems, which allow memory-constrained quantum verifiers to gain sig-
nificant advantages through delegation to untrusted provers.

These results highlight both the limitations and potential of delegating learning
and testing problems to resource-rich but untrusted third parties.
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1 Introduction

The success of modern machine learning (ML) models so far often relies on extraordinary
amounts of high-quality data and computation time. Indeed, current large language models
(LLMs) have hundreds of billions of parameters and are trained on tens or even hundreds
of terabytes of data [Hof+22]. The training process itself is executed on thousands of
GPUs over several weeks or even months, with a total cost of many millions of dollars.
Additionally, reinforcement learning from human feedback (RLHF) [Chr+17], employed
to further improve the quality of answers provided by an LLM as seen by users, requires
collecting a specific kind of data that comes at the cost of many human working hours.
Finally, developing competitive ML models also requires advanced programming expertise.
Thus, we see that one of the arguably most notable current-day ML applications requires
both amounts and kinds of resources that are unavailable to all but a select few entities.

Beyond this practical relevance, the impact of resource mismatches — either qualitative
or quantitative — between what is available to a learner and what is required to solve a
learning problem of interest has long been appreciated in learning theory. For instance, in
classical learning theory, the seminal work [Kea98] demonstrated that learning n-bit parity
functions requires exponentially-in-n many statistical queries (SQs) but only linearly-in-n
many random examples. More recently, Ref. [AHS23] showed an analogous separation be-
tween quantum SQs (QSQs) and quantum examples for learning quadratic functions, and
Refs. [AHS23; Nie23] proved a separation between learning stabilizer states from QSQs and
(incoherent) copies of the state. In a different vein, juxtaposing classical and quantum
learning theory, we know that Fourier-based learning of, e.g., disjunctive normal forms
(DNFs) from quantum examples, or even QSQs, improves upon learning from classical
examples in terms of sample complexity [BJ98; AGY20] and likely also in terms of compu-
tation time [GKZ19]. Finally, recent developments in quantum learning and testing have
highlighted and experimentally demonstrated exponential sample and query complexity
advantages of coherent multi-copy learners over incoherent single-copy procedures for a
variety of tasks [Che-+22b; Hua+ 22|, showing that quantum memory is a valuable resource
for many quantum testing and learning problems.

Thus, both from a practical and from a theoretical perspective, successful machine learning
can become an unattainable goal for resource-constrained learners that lack access to,
e.g., the required type of data or the required processing capabilities. This motivates
an approach in which the resource-constrained party delegates part of the learning to a
resource-unconstrained (or at least less resource-constrained) but potentially untrusted
service provider. Modeling this approach with an interactive proof framework, the recent
line of work [Gol+21; OCo21; MS23; Car+24; Gur+24] has explored the potential and
limitations of interactively verifying delegated learning for different scenarios with specific
resource mismatches. In this work, we take a broader perspective and ask:

When can a resource-constrained verifier profit from interacting with a
resource-unconstrained but untrusted prover in solving problems of learning from data?

Here, the verifier profiting from the interaction is understood as achieving improvements in
sample, query, and/or time complexity over what the verifier would require on their own.
To illustrate concrete instantiations of this abstract question, let us return to the resource
mismatches highlighted above. In the spirit of Ref. [Kea98|, we may ask: Can a verifier
with only SQ-access interact with a prover, who has random example access, to solve
problems related to parity learning with, say, polynomially-in-n many SQs? Similarly,
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in the context of Refs. [BJ98; AGY20]: Can a classical verifier with random example
access interact with a quantum prover, who has quantum example access, and thereby
efficiently learn DNFs? Finally, motivated by Refs. [Che+22b; Hua+22], an example
question becomes: Can a memory-constrained quantum verifier with access to copies of
an unknown state interact with a memory-unconstrained prover, who has access to copies
of the same state, and can make coherent measurements on multiple copies, to efficiently
estimate the purity of the state?

We answer these questions both in the abstract and for concrete examples. On the one
hand, we show that, for a wide variety of scenarios, resource-constrained learning or test-
ing algorithms cannot gain any query complexity advantages through interactions with a
resource-unconstrained but untrusted prover over what they could achieve on their own.
This no-go result in particular implies that for any of the myriad tasks in which quantum
memory is known to be a meaningful resource [Che+22b; Hua+22], limitations arising from
a constrained quantum memory cannot be overcome via delegation over classical commu-
nication channels to unconstrained but untrusted service providers. On the other hand,
we study memory-constrained quantum verifiers interacting with memory-unconstrained
quantum provers via a quantum communication channel. In this setting, we overcome the
above no-go result and construct a variety of concrete interactive proof protocols for learn-
ing and testing problems that do indeed allow the constrained parties to gain advantages
via interaction with unconstrained service providers. Our results are presented in more
detail in Section 1.3.

1.1 Framework

Throughout this work, we consider a wide variety of learning and testing problems. To
solve such problems, an algorithm should output a valid solution when given oracle access
to some unknown instance of the problem. We are particularly interested in problems for
which the query complexity of solving the problem depends on the details of either the
oracle, or the computational resources (such as memory) that the algorithm has access to.
When it comes to testing, we mainly focus on many-vs-one distinguishing problems. This
is well aligned with several recent works, notably Refs. [Che+22b; Hua+22; AHS23], that
exhibited exponential quantum advantages for such tasks.

Definition 1: (Many-vs-one distinguishing problem) A many-vs-one distinguishing prob-
lem is defined by a triple (z4, Xg, X), where X is some instance set, X C X is a reject
set, and 4 € X \ X'g is an accept instance. Valid solutions for the triple are defined as
follows:

(i) When given oracle access to x4, the valid solution is “accept".
(ii) When given oracles access to € X'g, the valid solution is “reject".

(iii) When given oracle access to z € X' \ (XYgp U {z4}), then both “accept" and “reject"
are valid solutions.

Note that we consider a many-vs-one distinguishing problem to be a testing problem, as
one can interpret the problem as requiring one to test whether an unknown instance x € X
is the accept instance x4 or a reject instance x € X'p, promised that either one of these is
the case. When it comes to learning we will consider a variety of different types of learning
problems. However, as explained in Section 2.1, all of the problems we consider can be
understood as special instances of an agnostic learning problem.
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Definition 2: (Agnostic learning problem) An agnostic learning problem is defined by a
quintuple (X, M, ¢, e, ). Here, X and M are sets; X is the instance set and M is referred
to as the model class. Additionally, £ : M x X — R is called the loss function, and
e € (0,1] and o > 0 are both accuracy parameters. When given oracle access to some
instance z € X, any model m € M satisfying

l(m,z) < och}leinM [E(m’,z)} +e (1)

is a valid solution.

At a high level, for any z € X', a model m € M is a valid solution if it is “close" to the
best model in M for z, with respect to the loss function ¢ and accuracy parameters o
and €. We note that one most often considers agnostic learning problems with o = 1.
However, constructing efficient algorithms that solve such agnostic learning problems is
often formidably difficult, and so in this work we also consider agnostic learning problems
with a > 1.

With these definitions in hand, we can now define what it means for an algorithm to solve
either of the above problems with respect to a specific oracle model. Intuitively, the oracle
— called O in the following definition — plays the role of abstracting a certain form of data
access of the algorithm.

Definition 3: (Solving a learning/testing problem) We say that an algorithm A solves a
learning/testing task from O-access, with probability > 1—4, if for all admissible instances
z € X, when A is given access to O(z), it outputs a valid solution with probability > 1—4.
Here, the probability is with respect to potential randomness in both the oracle and the
algorithm. (If A and O are deterministic, then 6§ = 0.)

In addition, we often in this work consider the complexity of algorithms which solve a ran-
domized many-vs-one distinguishing problem, whose definition we postpone to Section 2.1.

With these notions of testing and learning established, we now consider the following
situation: We imagine a verifier ¥ who wants to solve a testing or learning problem, given
access to the unknown object via some oracle Oy . Crucially, we imagine that this verifier is
resource-constrained in some way, which leads to a lower bound on the number of queries
or computational time required by V to solve the problem. This resource constraint
could come in different forms. We could, for example, consider a verifier that has limited
memory, access to a “weak oracle” (e.g., random examples as opposed to membership
queries), or, in the quantum case, the inability to make coherent measurements across
multiple copies of an unknown state. We then imagine that V has the ability to interact
with a resource-unconstrained but untrusted prover P, who has access to some oracle Op.
In particular, we consider scenarios in which, given that P is resource-unconstrained, it
could solve the problem with fewer queries or less time than required by V (given the
resource constraint). The question we ask in this work is whether there exists a well-
defined procedure via which V can meaningfully solve the problem through interaction
with P, while simultaneously surpassing the lower bound on complexity imposed by the
resource constraint. Following Refs. [Gol+21; OCo21; MS23; Car+24; Gur+24] we refer
to such a procedure as an interactive proof (IP) for testing or learning.
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Figure 1: lllustration of interactive testing/learning. The verifier V interacts with the prover P to
solve a testing or learning task. The verifier has access to the oracle Oy (z) and the prover has access
to the oracle Op(z). The verifier is resource-constrained, while the prover is resource-unconstrained.

Definition 4: (Interactive proofs for testing and learning) A pair (V, P) of — possibly
randomized or quantum — algorithms constitutes an interactive proof system for a test-
ing/learning task, with success probability 1 —4, from (Oy, Op)-access if the following are
satisfied:

« Completeness: For any £ € X', when V is given access to the oracle Oy (z) and
interacts with the honest prover P, who is given access to the oracle Op(z), then:
With probability > 1 — §, V does not abort the interaction and outputs a valid
solution to the testing/learning task.

e Soundness: For any z € X and for any (potentially adversarial) prover P’, when
V is given access to the oracle Oy (z) and interacts with P/, then: With probabil-
ity < 6, V does not abort the interaction and outputs an invalid solution to the
testing/learning task.

Additionally, if A is a class of resource-constrained algorithms, we say that a testing/learning
task admits an interactive proof system from (Oy, O p)-access with A-constrained verifier
if V can be chosen to lie in A.

Definition 4 is illustrated in Figure 1. As discussed before Definition 4, we are naturally
also interested in questions of efficiency. In particular we are primarily interested in
the query/time complexity of V, through the course of the interaction with P, and how
this compares to the query/time complexity required by V when solving the problem in
isolation. More concretely, how do the number of oracle queries and the overall amount of
(classical or quantum) computation that V executes during the interaction with P compare
to the number of oracle queries and the compute that V would use to solve the problem
on their own? Depending on the context, we may also care about the communication
complexity of the protocol — i.e., the number of (quantum) bits exchanged between V and
P — as well as the query/time complexity of the honest prover P.

The notions of completeness and soundness in Definition 4 become two-sided for the case
of a many-vs-one distinguishing task. For example, in our soundness requirement, no
matter whether z = z4 or 2 € X, no dishonest prover P’ should be able to convince
the verifier V to mistakenly reject or accept, respectively (except with small probability).
This two-sidedness arises naturally when trying to unify interactive proofs for testing
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and learning in a single definition. From a complexity-theoretic perspective, however,
one-sided notions of completeness and soundness — e.g., for soundness, we would only
require that no dishonest prover P’ can convince the verifier V to mistakenly accept an
z € Xp — may seem more natural. We recall that the classical complexity class IP is
commonly defined with one-sided completeness and soundness, but it in fact equals its
two-sided version because IP = PSPACE [Lun+92; Sha92] and PSPACE = coPSPACE, so
IP = colP = IPNcolP. However, this equality in general does not hold relative to an oracle
[FS88]. Hence, when defining interactive verification of testing, it is not immediately clear
whether one-sided completeness and soundness should be favored over their two-sided
versions. For our results, however, the distinction does not matter: The proof of our
no-go result (see Theorem 1) works even if only one-sided completeness and soundness
are assumed. And the interactive protocols for our positive results achieve the stronger
two-sided guarantees.

1.2 Motivating examples

Having established the framework, we provide here a variety of concrete motivating ex-
amples to help illustrate both the scope of problems we consider, as well as the different
types of resource constraints one could consider, and their effects on query complexity.
For a more comprehensive list of problems that we consider, we refer to Appendix. A, and
for a longer list of examples of resource constraints and their effects on complexity, we
refer to Appendix B.

Example 1: (Uniformity testing) As defined in Problem 1, uniformity testing is the
many-vs-one distinguishing task which asks one to decide whether an unknown distribution
is the uniform distribution or some distribution e-far from the uniform distribution with
respect to total variation distance. For this problem it is known that memory is a relevant
resource. More specifically, for distributions with support size k, without any memory
constraint ©(vk/=2) samples are necessary and sufficient [Pan08]. However, when only m
bits of memory are available, Q(k/(me?)) samples are necessary [Dia+19; BOS22; CY23].
As such, for this problem, we can ask whether there exists an interactive proof protocol
which allows a memory-constrained verifier, through interaction with an unconstrained
prover, to outperform the memory-imposed lower bound.

Example 2: (Purity testing) As defined in Problem 3, purity testing is the problem
which asks one to decide whether an unknown state is the maximally mixed state or a
pure state. For the randomized version of purity testing (see Definition 5), with x the Haar
measure over pure states, it is known that both quantum memory, and copy access to the
unknown state (i.e. access to copies of the unknown quantum state, as opposed to quan-
tum statistical queries for example), are relevant resources. With respect to memory, if
one has enough quantum memory to perform coherent measurements on two copies of the
unknown state, then O(1) copies are sufficient overall. However, with single-copy incoher-
ent measurements, $2(v/d) copies of the unknown state are required [Che+22b; CGY24].
We can therefore ask whether a memory-constrained single-copy verifier can outperform
the lower bound imposed by single-copy incoherent measurements via an interactive proof
with an unconstrained prover, who has the ability and sufficient quantum memory to make
multi-copy coherent measurements. With respect to copy access, when given only QSQ

2
access to the unknown state, then 28" d) QSQs of tolerance 7 are necessary [AHS23]. As
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such, one could also ask whether a verifier with QSQ access could meaningfully delegate
purity testing to an untrusted verifier with access to copies of the unknown quantum state.

Example 3: (Quantum state tomography) As defined in Problem 11, quantum state
tomography is the problem in which, when given access to an unknown quantum state,
one should produce a classically described density matrix which is e-close to the unknown
state with respect to the trace distance. Optimal sample complexities for this problem
are by now well understood. When restricted to single-copy measurements (but still
making use of arbitrary and not only Pauli measurements), @(d3 / 62) copies are necessary
and sufficient [KRT17; Che+23c]. For general multi-copy measurements, the optimal
sample complexity is ©(d?/e2) [Haa+16; OW16], an improvement over the dimension-
dependence of the single-copy case. (We note that this separation vanishes when the
unknown state is promised to be pure, compare, e.g., Ref. [Zha+24].) More recently, Ref.
[CLL24] demonstrated a smooth dependence of the sample complexity on the number
of copies that can be measured simultaneously. We see that quantum memory is again a
relevant resource, and we can ask about the existence of interactive proofs that allow single-
copy verifiers to delegate quantum state tomography to untrusted multi-copy provers.

Example 4: (Pauli shadow tomography) As defined in Problem 16, Pauli shadow to-
mography is the problem in which, when given access to an unknown quantum state, one
should simultaneously predict the expectation values of all 4™ Pauli observables. For this
problem, quantum memory, copy access, and noiseless quantum processing are all known
to be relevant resources.

e With respect to memory, if one has enough quantum memory to perform coherent
measurements on two copies of the unknown state, then O(n) copies suffice [HKP21;
Kin+25; CGY24]. However, with single-copy incoherent measurements, £2(2™) copies
are required [Che+22b; CGY24]. Thus, as in Example 2, we may ask whether
a memory-constrained quantum verifier can overcome the exponential single-copy
lower bound by interacting with an untrusted but memory-unconstrained quantum
prover.

e With respect to copy access, when given only QSQ access to the unknown state,
then Q(7222") QSQs of tolerance 7 are necessary [AHS23]. We may thus again ask
whether a QSQ verifier can improve upon this exponential query complexity lower
bound when delegating Pauli shadow tomography to a prover with quantum copy
access.

o Finally, with respect to noiseless quantum processing, the authors of Ref. [Che+23Db]
have shown that noisy intermediate-scale quantum (NISQ) algorithms, where the
noise is given by single-qubit depolarizing noise of noise strength A, require Q((1 —
A)™™) copies of an unknown state to predict even the absolute values of all Pauli
expectation values. As this simplified Pauli shadow tomography task can be solved
from two-copy measurements on O(n) copies and with efficient noiseless quantum
processing, this raises the question of whether a NISQ verifier can delegate Pauli
shadow tomography in an interactive proof system to achieve an advantage in the
number of copies.

As already mentioned, for a more comprehensive list of concrete problems and motivat-
ing examples, including quantum state certification [BOW19], stabilizer testing [GNW21],
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Pauli spike detection [CG25], agnostic parity learning and agnostic quantum state tomog-
raphy [Gre+26; Che+25], we refer the reader to Appendices A and B.

1.3 Overview of main results
1.3.1 Limitations of interactive proofs for verifying learning and testing

Our first result is a broadly applicable “no-go" theorem that puts limits on when and how
much a resource-constrained verifier can profit from interacting with an unconstrained but
untrusted prover. In particular, this theorem can be used to show that for a wide variety
of scenarios, resource-constrained learning or testing algorithms cannot gain any query
complexity advantages through interactions with a resource-unconstrained but untrusted
prover over what they could achieve when trying to solve the problem on their own.

Theorem 1: (Limitations of interactive proofs for many-vs-one distinguishing) Let A be
a class of resource-constrained algorithms such that any A € A requires m oracle queries
to solve the many-vs-one distinguishing task (z4, Xr, X) from Oy -access, with probability
>1—46. Let (V,P), with V € A, be an interactive proof system with success probability
1—6 for (z4,Xg,X) from (Oy,0p)-access. If, for all x € X, the actions of the honest
prover P with access to Op(z4), when interacting with V with access to Oy (z), can be
simulated by an algorithm in A, then V has to make at least m oracle queries.

We emphasize that here we do not assume that the honest prover P can fully be simulated
in A, which would trivially imply that an interactive proof with such a prover yields
no advantage. Rather, we assume only that the actions of P when it has oracle access

specifically to the accept instance of the many-vs-one distinguishing task can be simulated
in A.

In line with the earlier examples, we will consider different classes of resource-constrained
algorithms. For example, we can take A to be the class of algorithms that are memory-
constrained or the class of NISQ quantum algorithms.

As discussed in detail in Section 3, this no-go result can be applied to any scenario in which
the only constraint on the verifier is a weaker form of oracle access than what is available to
the prover, and to any quantum scenario in which a memory-constrained quantum verifier
is interacting with a memory-unconstrained quantum prover via a classical communication
channel. As a consequence, our results imply that for any of the myriad tasks in which
quantum memory is known to be a meaningful resource [Che+22b; Hua+22], any party
with a memory-constrained quantum device cannot overcome any of the known limitations
implied by the constrained quantum memory via delegation, over classical communication
channels, to unconstrained but untrusted service providers. That is, we obtain from
Theorem 1 the following corollaries:

Corollary 1: (No advantage delegating to memory-unconstrained server via classical
communication) Any memory-constrained quantum verifier, interacting with an untrusted
but memory-unconstrained quantum prover via o classical communication channel, cannot
gain any advantage in query complexity by delegating a many-vs-one distinguishing task
to the prover via an interactive proof. Specifically, this implies that quantum memory-
constrained verifiers cannot gain any query complexity advantage via delegation over what
they could achieve in isolation for any of the following many-vs-one distinguishing tasks:
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1. Purity testing [Che+22b].

2. State Pauli spike detection [Che+22b; CG'Y2/], state preparation channel Pauli spike
detection [Hua+22], and Choi state Pauli spike detection [Car2/].

3. State certification and mizedness testing [Che+22¢].
4. Unitarity testing [Che+22b; Che+23a].

Corollary 2: (No query complexity advantage delegating to server with stronger oracle)
Any verifier, interacting with an untrusted prover who has a stronger form of oracle access,
cannot gain any advantage in query complexity by delegating a many-vs-one distinguish-
ing task to the prover via an interactive proof. Specifically, this implies that for any of
the following many-vs-one distinguishing tasks, verifiers with the indicated weaker oracle
cannot gain any query complexity advantage via delegation to provers with the indicated
stronger oracle:

1. Parity testing when V has statistical query access to the unknown distribution and
P has sample access [Kea98].

2. Purity testing when V has quantum statistical query access to the unknown state and
P has access to copies of the unknown state [AHS23; Nie25].

3. Stabilizer testing when V has quantum statistical query access to the unknown state
and P has access to copies of the unknown state [AHS23; Nie23].

4. Quadratic function testing when V has quantum statistical query access to the un-
known state and P has access to copies of the unknown state [AHS23].

Note that Theorem 1 and the subsequent corollaries are stated only for many-vs-one
distinguishing problems, and provide query complexity lower bounds for their verifica-
tion. However, in Section 3 we provide extensions both to learning problems and to
computational complexity lower bounds. Using these extensions, one can also prove that
memory-constrained verifiers cannot gain any query complexity advantage through dele-
gation to untrusted but memory-unconstrained provers for any of the following learning
or estimation problems:

1. Purity estimation [Che+22b].

2. (Pauli) threshold decision/search and (Pauli) shadow tomography [Che+22b; CGY24].
3. Unitarity estimation [Che+22b; Che+23a).

4. Symmetry classification [ACQ22; Che-+22b].

5. Learning polynomial-time quantum processes [Hua+22].

6. Pauli transfer matrix learning [Car24].

Similarly, one can prove that memory-constrained verifiers cannot gain an advantage in
the number of measurements needed for Pauli channel eigenvalue estimation and channel
Pauli spike detection [Che+22a; Che+24; CG25] through untrusted classical delegation.
Moreover, relying on similar arguments, verifiers with restricted oracles cannot gain any
query complexity advantages via delegation to untrusted provers with stronger oracles for
the following learning problems:
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1. Learning Clifford circuits when V has quantum process statistical query access [WD25]
to the unknown circuit and P has query access.

2. Pauli shadow tomography when V has quantum statistical query access to the un-
known state and P has access to copies [AHS23].

3. Learning displacement amplitudes when P has access to copies of the unknown state
and its conjugate state, but V only has access to copies of the state [KWM24].

Finally, Theorem 1 also implies that a NISQ verifier cannot gain any query complexity
advantage for state Pauli spike detection by interacting with an untrusted BQP prover;
for Pauli shadow tomography, the possible advantage to be gained from delegation is
extremely limited, in particular the NISQ verifier still faces an exponential lower bound
even as part of an IP with an untrusted but powerful quantum prover.

The observations above highlight the mecessity of quantum communication for gaining
advantages via delegation for all of the learning and testing problems mentioned above.
We highlight that it is interesting to contrast this with the setting of delegated quantum
computation without data, where it is known via Mahadev’s breakthrough results [Mah22]
that (with a computational assumption) purely classical communication is sufficient for
the delegation of quantum computation [GKK18]. As such, the contrast between these
two settings highlights the important and distinctive role played by the presence of data.

1.3.2 Power of interactive proofs for verifying quantum learning and testing

In the previous section we have shown how Theorem 1 implies stringent limitations on
the ability of quantum memory-constrained parties to meaningfully delegate learning and
testing tasks to memory-unconstrained parties via classical communication channels. How-
ever, as explained in detail in Section 4, these limitations may no longer apply when the
communication is via a quantum channel. As such, we shift our focus to the development
of concrete interactive proof protocols in this setting, which allow memory-constrained
verifiers to reap some advantage via delegation.

A straightforward first method for developing interactive proofs for quantum testing and
learning in the presence of a resource mismatch is to employ verified blind quantum com-
puting (VBQC) protocols [GKK18; FK17]. VBQC protocols allow a client to securely
delegate quantum computations to a remote server, ensuring the server learns nothing
about the computations while the client can verify their correctness. Moreover, via quan-
tum communication, the client can provide the server with any input state of their choice
to apply the target computation on, including the unknown quantum data. In the present
context, a verifier V' can use VBQC to delegate to a prover P the execution of a multi-copy
measurement on multiple copies of the unknown quantum state by sending them one at a
time. Thus, V can ensure that the intended computation was performed on the provided
quantum data using VBQC. The following observation, which we derive in more detail in
Section C, summarizes this idea:

Observation 1: (Generic interactive proofs for quantum testing/learning — VBQC ver-
sion) If a quantum learning/testing problem can be solved with success probability > 1 —%
from m copies by a coherent multi-copy learner A, then there exists an interactive proof
system (V, P), which succeeds with probability > 1 — §, with quantum communication
between an incoherent single-copy V and a coherent multi-copy P, such that V uses at
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most m copies. The computational and communication complexities of this protocol are
efficient with respect to the gate complexity of A.

It is interesting to note that, while the VBQC protocols of [GKK18; FK17] and, for
the same reasons, of [Brol8], give rise to generic interactive proofs for quantum testing
and learning, it is not true in general that verified quantum computing implies verified
quantum testing and learning. Consider for instance verified quantum computing protocols
with a classical verifier and multiple entangled quantum provers [RUV13; Col+24] or the
breakthrough result of [Mah22] that allows a classical verifier to interactively verify the
polynomial-time quantum computations of a single prover under a cryptographic hardness
assumption. In these scenarios, the verifier is entirely classical, hence the communication
between verifier and prover(s) is necessarily classical as well. Therefore, Theorem 1 implies
that neither of the interactive verification protocols from [RUV13; Col+24; Mah22| enable
the verifier to achieve query complexity advantages for any of the learning and testing
problems discussed above. This demonstrates that, although certain forms of verified
quantum computing also facilitate quantum testing and learning, the presence of quantum
data — particularly untrusted data on the prover side — introduces a layer of complexity to
verified quantum testing and learning, extending beyond the established scope of verifying
quantum computations: The key issue becomes to verify that P performs the correct
processing on the correct data. Additionally, we note that VBQC may be too powerful
a tool in the sense that for our purposes, we only require verifiability but not blindness.
Whether lighter verification protocols than VBQC can be used to get an analogue of
Observation 1 is an interesting open question.

The VBQC approach to interactive proofs for quantum testing and learning has the ad-
vantage of being generic and working almost out-of-the box. However, it also comes with
two drawbacks.

1. First, to make use of VBQC protocols in our context, V' needs to know the circuit
(implementing the measurement) that they would run to solve the problem at hand
if they were capable of coherent multi-copy quantum processing.

2. Second, all the quantum data comes from the verifier’s oracle Oy ; the oracle Op
is not used at all. So, this way V can overcome single-copy lower bounds through
interaction with P, but it can never surpass multi-copy lower bounds.

In the following we will give two different approaches that partially alleviate these draw-
backs. Moreover, we will apply these approaches to derive concrete interactive proof
protocols for specific problems, which allow resource-constrained verifiers to gain query
complexity advantages over what they could achieve on their own, or over what even the
unconstrained prover could achieve on their own. We summarize the query complexities
obtained by our protocols in Table 1, along with other relevant lower bounds which allow
one to extract the advantages which can be achieved via the interactive proofs we provide.

In removing the first drawback, we aim to construct protocols in which the only information
that V needs is:

1. The description of the problem — e.g., the tuple (z4, Xg, X') for a many-vs-one dis-
tinguishing problem.

2. A promise that the honest prover can solve the problem given m copies of the
unknown quantum state.
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Interactive proof  Interactive proof Coherent Incoherent
(quantum comm.) (classical comm.) measurements measurements
. . o) Q(Vd) o) Q(Vd)
Purity testing (Theorem 2) (Corollary 1) [Che+22b] [Che+22b]
Quantum O(de~2) Q(d3/2:72) Q(d2c~2) Q(d372)
state tomography (Theorem 3) (Corollary 4) [OW17] [Haa+16]
Agnostic O(k2e~4) o Q(dk) o
rank-k tomography (Theorem 4) ’ [OW16] '
Agnostic O(e2?) Q(y/n) ©(n) 0(n?)
stabilizer learning (Theorem 5) (Corollary 3) (via [Aru+23])  (via [AS26])

Table 1: Highlights of quantum results for memory-constrained verifiers. The last two columns
contain known upper and lower bounds for solving some of the problems we consider in this work in the
non-delegated setting. We contrast these with lower bounds on the query complexity of verification with
classical communication (implied by Theorem 1), as well as upper bounds derived from the concrete
interactive-proof protocols we provide when quantum communication is allowed.

Said another way, we wish to construct interactive protocols in which the verifier V can
treat the prover P as a “problem solving black-box". This means we aim for protocols in
which V directly verifies that P correctly solved the task of interest, rather than verifying
that P performed a certain desired quantum computation known to V. As such, we
call an interactive protocol a black-boxr protocol whenever V is only required to know
the two pieces of information listed above, and not a description of the coherent multi-
copy quantum algorithm for solving the problem. Intuitively, we can think of a black-box
protocol as one in which the verifier also outsources the programming expertise required
to solve a learning/testing task of interest. We give a concrete example of such a protocol
below, for the problem of purity testing, defined in Problem 3 and discussed in Example 2.

Theorem 2: (Interactive proof for purity testing — black-box version) There ezists a
black-box interactive proof system (V, P) for purity testing, between an incoherent single-
copy V and a coherent multi-copy P, efficiently communicating via a quantum channel,
such that V and P both are computationally efficient and such that V uses at most O(1)
copies.

To remove the second drawback of VBQC-based interactive proof protocols, we could
instead imagine a proof system where V delegates the entire learning algorithm to P,
including the quantum data requirements, and simply asks P to send over the solution.
For such a proof system to be sound, V then only needs to use their data oracle to verify
the quality of the alleged solution sent by the prover — i.e., to decide whether it is a
valid solution. For our first example in which this is achieved, we consider quantum state
tomography as defined in Problem 11 and discussed in Example 3. More specifically, we
construct an interactive proof protocol in which the verifier first asks the prover to solve
the quantum state tomography problem using their own copies of the unknown quantum
state, before then interacting with the prover to verify that this is indeed a valid solution.
This way, as shown in Table 1, the verifier is able to use fewer quantum state copies than
even the coherent multi-copy prover would require to solve the problem in isolation.
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Theorem 3: (Interactive quantum state tomography — informal) There ezists an inter-
active proof system (V, P) for state tomography in trace distance with quantum communi-
cation between an incoherent single-copy V and a coherent multi-copy P such that V uses

-1
at most O<d1°§25 > copies of the unknown d-dimensional quantum state.

This result extends to interactive verification of tomography of rank-k£ quantum states —
i.e. the setting in which the unknown state is promised to be of rank-k. Here, V uses at

-1
most O (%) copies, irrespective of the dimension d.

Our second example of how to overcome the second drawback of VBQC-based protocols
revolves around the task of agnostic rank-k quantum state tomography. As defined in
Problem 12, here a learner is given copy access to an arbitrary unknown quantum state,
and should output a description of a rank-k quantum state which is a close-to-optimal
rank-k approximation to the unknown state. As for quantum state tomography, we show
that here the verifier can also achieve significant sample complexity improvements upon
even the coherent multi-copy lower bounds through an IP.

Theorem 4: (Agnostic rank-k state tomography — informal) There exists an interactive
proof system (V, P) for interactive agnostic rank-k state tomography in trace distance, with
quantum communication between an incoherent single-copy V and a coherent multi-copy

2 -1
P, such that V uses at most (’)(Lloﬁé—> copies of the unknown state.

Our final result is concerned with the task of agnostic stabilizer state learning, defined in
Problem 14. Again, we give an IP in which the verifier’s sample complexity outperforms
what even a coherent multi-copy quantum algorithm could achieve in isolation.

Theorem 5: (Agnostic stabilizer learning — informal) There exists an interactive proof
system (V, P) for 8-agnostic stabilizer state learning, between a single-copy verifier V and
a coherent multi-copy prover P, efficiently communicating via a quantum channel, such

-1
that V is computationally efficient and such that V uses at most O(%) copies of the

unknown pure n-qubit state.

1.4 Related work

As already mentioned, the framework we use here, described in Section 1.1, extends the
framework of interactive proofs for PAC verification recently introduced in Ref. [Gol+21].
This framework, motivated by the increasing relevance of delegating the solution of ma-
chine learning problems, allows one to reason about such delegation to untrusted servers
with more or better quality data, but who are still constrained to be efficient. Since then,
this framework has been extended in a variety of ways: To statistical query learning in
Ref. [MS23], to limited communication complexity in Ref. [OCo21], to classical verifica-
tion of quantum learning in [Car24], and to a broader class of concrete learning problems
in [Gur+24]. In this work, we contribute further to the understanding of this framework
by providing powerful and broad reaching no-go results, as well as a variety of interac-
tive proof protocols for the concrete and relevant setting of quantum memory-constrained
verifiers interacting, via quantum communication channels, with memory-unconstrained
quantum provers, with the goal of solving a wide range of quantum learning and testing
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problems. We note that in this sense, our work also extends to the quantum (learning and
testing) setting, the notion of a streaming interactive proof, in which a space-bounded ver-
ifier, that can only view a large input object as a stream, interacts with an unconstrained
prover to verify a computation that requires large space [Cha+14; CTY11].

Another body of related work is that of verified blind quantum computing (VBQC) pro-
tocols [GKK18; FK17], which aims to develop protocols via which quantum clients can
securely and verifiably delegate quantum computations to remote servers, in a way that
ensures that the server learns nothing about the computations. The primary differences
between the standard VBQC setting and the setting we consider here are that (a) we con-
sider problems for which the server is also in possession of a (potentially more powerful)
data oracle (i.e. the parties are trying to solve a learning or testing problem) and (b) our
verifier is limited by virtue of some resource constraint. Despite this, VBQC techniques
do indeed provide an interesting toolbox for the construction of interactive proofs in our
setting, which we discuss in Section 4.1.

With the above in mind, we stress that our work initiates the study of quantum learning
and testing problems in the delegated setting, and as such there is no prior work on either
concrete protocols, or inherent limitations with which to directly compare the upper and
lower bounds we obtain. Indeed, as discussed at length, given the inevitability of delega-
tion for the vast majority of future quantum computations, together with the increasing
importance of quantum algorithms for learning and testing, we strongly believe that the
setting we propose and study here will be of practical relevance in the future, and we
hope that our work stimulates and provides a foundation for further work on concrete
interactive proof protocols for the delegation of quantum learning and testing.

1.5 Directions for future work

Our work raises several further questions regarding interactive proofs for (classical and
quantum) testing and learning. Below, we highlight some directions of interest.

Further concrete limitations of interactive proofs for learning/testing: One may
aim to exhibit further scenarios, and testing or learning problems, in which Theorem 1
limits the advantage that a resource-constrained algorithm can gain by delegating to a
resource-unconstrained prover. For instance, in terms of oracle constraints, one could
consider the following scenarios:

1. A verifier with budget-constrained oracle access (as in Ref. [CSS11]) and a prover
with unconstrained oracle access.

2. A verifier with noisy example access (as in Ref. [AL88]) and a prover with noiseless
example access.

3. A quantum verifier for PAC learning which only has access to quantum example
states, interacting with a prover with access to both quantum example states and
the circuit that generates these states (as in Ref. [SSG24]).

All of these scenarios fit the setting of Corollary 2. However, it remains to identify suitable
many-vs-one distinguishing tasks for which these oracle constraints imply lower bounds.
Additionally on the quantum side, we conjecture that Theorem 1 can be used to show that
an incoherent quantum verifier cannot achieve Heisenberg-limited scaling in Hamiltonian
learning [Hua-+23; Li+24; DOS24] when interacting with an untrusted coherent prover
able to interleave the Hamiltonian time evolution with control operations.
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Generic black-box interactive proofs: In Theorem 2 we gave a black-boz interactive
proof protocol for delegating purity testing to memory-unconstrained provers. In Sec-
tion 4.2 we show how similar protocols can be constructed for unitarity testing, stabilizer
testing, and Clifford testing. It is interesting to ask whether one can construct a generic
black-box interactive-proof protocol that can be used for delegating arbitrary many-vs-
one distinguishing tasks while achieving a verifier query complexity that matches known
coherent multi-copy complexities (even if computationally inefficiently).

On the necessity of quantum communication for VBQC: Juxtaposing our results
from Sections 1.3.1 and 1.3.2 highlights that quantum communication is a crucial in-
gredient to the power of interactive proofs for delegating quantum learning and testing
— i.e. for delegating quantum algorithms for learning and testing from data. It is in-
teresting, and perhaps suprising, to contrast this with what is known about the power
of classical communication for delegation of quantum computations (i.e. without data).
Specifically, in the setting without data, it is known from Mahadev’s breakthrough result,
that classical communication 7s sufficient for delegating quantum computations, provided
one makes a computational assumption [GKK18]. Without any computational assump-
tions, it is currently a major open question whether or not classical communication is
sufficient for the delegation of quantum computation, or whether “a little bit of quan-
tumness” is needed [Aar07; AV13; GKK18]. In this sense, our impossibility results with
purely classical communication for the seemingly closely related problem of delegation of
learning and testing algorithms on data, highlights the potentially surprising fact that
data indeed plays a very important distinctive role. We hope that these insights may in-
spire new approaches or techniques for the long-standing open problem of understanding
whether or not quantum communication is truly necessary for the delegation of quantum
computation.

From sketching to interactive proofs for testing and learning: Sketching algo-
rithms are a well studied approach to computation with memory constraints, with a wide
variety of applications in streaming settings [Nel20]. As such, sketching algorithms are
promising candidates for calculating “certificates of validity" (see Section 2.2) that are
needed for interactive proof protocols in which a memory-constrained verifier can outper-
form even an unconstrained isolated prover. Can concrete instances of such a connection
be found, in either the classical case, where sketching algorithms are well developed, or in
the quantum case, where sketching is less developed?

1.6 Structure of this work

This work is structured as follows: We begin in Section 2 by providing an overview of
the required preliminary material. In particular, we give an overview of, and motivation
for, the different testing and learning frameworks considered here. Additionally, we also
give some insights into straightforward interactive proof protocols for a variety of settings,
which motivate the particular focus of our work, and serve as a starting point for some of
the interactive proofs that we provide.

With these preliminaries established, we then proceed in Section 3 to establish a variety
of results on the limitations of interactive proofs for verifying learning and testing. In
particular, after proving a widely applicable no-go theorem, we discuss the implications
for memory-constrained quantum verifiers with classical communication in Section 3.1,
the implications for verifiers with restricted oracles in Section 3.2, and the implications
for NISQ verifiers in Section 3.3.
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Finally, in Section 4 we construct a variety of concrete interactive proof protocols for
the setting in which a quantum memory-constrained verifier interacts with a memory-
unconstrained prover via a quantum communication channel — a setting for which our
no-go result is not applicable. Specifically, we start by observing a generic protocol via
universal verified blind quantum computing (VBQC) in Section 4.1. As mentioned pre-
viously, this generic protocol has a variety of shortcomings. In particular it requires the
verifier to know the algorithm it would like to delegate, and it does not allow the verifier
the possibility of using less queries than that required by an isolated prover. With this in
mind, we proceed in Section 4.2 to construct black-box interactive proof protocols, which
address the first shortcoming of VBQC-based protocols in that they do not require the
verifier to know the algorithm which should be run by the prover. We then address the sec-
ond shortcoming of VBQC-based protocols in Section 4.3, by providing interactive proof
protocols for quantum state tomography in Section 4.3.1, agnostic rank-k£ quantum state
tomography in Section 4.3.2, and agnostic stabilizer learning in Section 4.3.3, all of which
allow the verifier to outperform lower bounds that apply to even a memory-unconstrained
quantum learner in isolation.

2 Setting and preliminaries

2.1 Learning and testing frameworks

In Definition 3 we have given a definition for what it means for an algorithm, with a
given type of oracle access, to solve a learning or testing problem. In addition to this
notion of solving a learning or testing problem we will also sometimes consider the query
complexity of algorithms which solve a randomized many-vs-one distinguishing problem
(as mentioned in Example 2), which we define as follows:

Definition 5: (Solving a randomized many-vs-one distinguishing problem) We say that
an algorithm A solves a randomized many-vs-one distinguishing problem (z4, Xg, X'), with
respect to some distribution p over X, from O-access if, when A is given access to O(z),
where

1. z = z4 with probability 1/2,
2. z ~ p with probability 1/2,

then, with probability > 1— 4, A outputs a valid solution. Here, the probability of success
is with respect to the randomness in the choice of £ and any potential randomness in the
algorithm A and the oracle O.

Additionally, as hinted at in Section 1.1, agnostic learning provides a unifying framework
which encompasses a variety of different learning problems. We begin here by making the
connection to realizable learning more precise. For convenience, we restate the definition
of an agnostic learning problem:

Definition 2: (Agnostic learning problem) An agnostic learning problem is defined by a
quintuple (X, M, ¢,e,a). Here, X and M are sets; X is the instance set and M is referred
to as the model class. Additionally, £ : M x X — R is called the loss function, and
e € (0,1] and a > 0 are both accuracy parameters. When given oracle access to some
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instance £ € X, any model m € M satisfying

(m,z) < amgleinM [@(m’,z)} +e (1)

is a valid solution.

With this in hand we note that the special case in which X = M is often referred to as a
(proper) realizable learning problem. In particular, note that for this case one always has,
for any z € X, that
min ¢(m/,z) = 0. 2
m'eM ( ) ( )
As a result, for any realizable learning problem, the parameter a plays no role, and for
any z € X, any model m € M satisfying ¢/(m,z) < ¢ is a valid solution. Given that «
plays no role and that X = M, we can fully describe a realizable learning problem by the
tuple (M, ¢, ). With this connection clear, we summarize with the following definition:

Definition 6: (Realizable learning problem) A realizable learning problem is defined by
a tuple (M, ¢, ¢), where M is a set, £ : M x M — Rxg is a loss function, and ¢ € (0,1]
is an accuracy parameter. When given oracle access to any instance x € M, any instance
h € M satisfying ¢(h,z) < € is a valid solution.

We call an algorithm that solves a realizable learning problem (M, /,¢), for any &, €
(0,1], a proper probably approzimately correct (PAC) learner for M, which we often just
abbreviate to “a PAC learner". Additionally, we also note that any algorithm which solves
the agnostic learning problem (X, M, ¢, a, ¢) for some set X O M, immediately solves the
realizable learning problem (M, ¢,¢). However, the converse statement is in general not
true. As such, the realizable learning problem (M, ¢, ¢) is (usually) strictly easier than the
agnostic learning problem (X, M, ¢, a,¢), and lower bounds for realizable learning imply
lower bounds for agnostic learning.

2.2 Interactive proofs via certificates of solution validity

In this section we illustrate conditions under which learning problems admit straightfor-
ward interactive proofs, and give a variety of examples. These insights help motivate the
selection of learning problems we consider in this work, as well as the strategies we use for
developing concrete interactive proofs in Section 4.

We begin by giving an intuitive definition of what it means for an algorithm to be able to
decide valid solutions to an agnostic learning problem (which, as per the previous section,
includes the special case of realizable learning).

Definition 7: (Deciding valid solutions) We say that an algorithm A can decide valid
solutions for an agnostic learning problem (X, M, /¢, «,¢), with success probability 1 — §,
from O-access if, for all z € X', when V is given access to O(z) as well as some candidate
solution h € M, then V can, with probability > 1 — ¢, decide whether h is a valid solution
for the instance z.

In words, an algorithm can decide valid solutions from O-access if, when given oracle access
to an unknown instance z, and a candidate solution for that instance, it can decide whether
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or not this candidate solution is a valid solution. We will sometimes refer to a quantity
that an algorithm needs to compute to decide the validity of a solution as a certificate
of solution validity. We define the query complexity of an algorithm for deciding valid
solutions as the worst case number of queries it must make with respect to all possible
unknown instances z € X and candidate solutions h € M. With these notions in hand,
we now make the following observation: Whenever a verifier V can decide valid solutions
for an agnostic learning problem from Oy access, then there exists a trivial interactive
proof system (as in Definition 4) for this agnostic learning problem in which the query
complexity of the verifier is the same as the query complexity required for deciding valid
solutions.

Observation 2: (Trival IP when V can decide valid solutions) Assume V can decide valid
solutions for an agnostic learning problem (X', M, ¢, o, ¢) from Oy-access, and that there
exists an honest P that can solve the agnostic learning problem from Op access. Then,
the following provides a valid interactive proof for solving (X', M, ¢, a, ) from (Op, Oy )-
access:

1. V asks P to solve the problem on their own and to send a candidate hypothesis h.

2. V then uses Oy (z) access to the unknown instance z to decide whether h is a valid
solution, and accepts or rejects the interaction as appropriate.

Clearly, the query complexity of V is the query complexity required to decide whether or
not the candidate solutions are valid.

In light of the above observation, a natural first strategy for obtaining interactive proofs
for learning and testing would be to develop algorithms for deciding valid solutions. We
note that one is particularly interested in the case when there exists an algorithm for
deciding valid solutions from O-access which has a smaller query complexity than that
required to solve the problem from O-access. Specifically, when this is the case, the
trivial interactive proof from Observation 2 allows the verifier to immediately gain a query
complexity advantage via the interactive proof. We show in the examples below that there
exist classes of interesting learning problems which admit straightforward algorithms for
deciding valid solutions, and therefore straightforward interactive proofs.

Example 5: (Triviality of interactive proofs for realizable learning of Boolean functions)
As discussed in Ref. [Gol+21], consider the realizable learning problem (M, ¢, ¢) where M
is any set of Boolean functions on n bits, and

((h, ¢) := Prgplh(z) # c(z)] (3)

is the misclassification probability with respect to some distribution D over {0,1}". Ad-
ditionally, let Oy (c) be the random example oracle — i.e., when queried, oracle Oy (c)
responds with (z, ¢(z)) where z is drawn from D. In this case, when given access to
Oy (c) for some unknown instance ¢, as well as some candidate h, the verifier V' can easily
use O(1/2) queries to Oy (c) to estimate £(h, c) accurately enough to decide whether
U(h, c) < ¢, and therefore whether h is a valid solution. As such, for any realizable learn-
ing problem, whenever the verifier is constrained through a random example oracle (as
opposed to membership queries for example), there exists an efficient interactive proof
with n-independent query complexity O(1/£2).
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Example 6: (Triviality of interactive proofs for realizable quantum state learning w.r.t.
fidelity) Consider the realizable learning problem (M, ¢, <) where M is any set of pure
d-dimensional quantum states and /¢ is the fidelity. Additionally, let Oy be the standard
quantum copy oracle which when queried provides a copy of the unknown state. For a
concrete example, consider d = 2" and M = Stab,, the set of pure n-qubit stabilizer
states. Here, a single-copy memory-constrained verifier V' can estimate the fidelity be-
tween a given candidate stabilizer state and any unknown pure state from O(1) copies
(e.g., using the technique from [FL11]), and thus decide validity of solutions in the sense
of Definition 7. This reasoning extends to M being the class of states prepared by Clif-
ford gates and O(logn) many T gates. As another example, the even computationally
efficient learning algorithms of [Zha+24] for states prepared by O(logn)-size circuits and
of [Hua-+24] for states prepared by geometrically local shallow 2D circuits output descrip-
tions of the hypothesis state in terms of a circuit for preparing that state. The fidelity of
a proposed hypothesis can then be estimated by a single-copy V simply by applying the
inverse of the hypothesis circuit on the unknown state and estimating the overlap with the
all-zero state. For our final example, [HPS25] can be viewed as giving rise to a single-copy
procedure for deciding validity of proposed pure hypothesis states, assuming that those
states have good relaxation times and that the prover provides the hypothesis in a form

that allows to evaluate computational basis amplitudes (possibly up to a normalization)].

The above observation and examples motivate the restriction of our focus to learning
problems in which V is not able to trivially decide valid solutions. This is certainly the
case for some realizable PAC learning problems, such as realizable distribution learning
with respect to the total variation distance, or full quantum state tomography (realizable
learning the set of all quantum states), which we study in Section 4.3.1. However it is
more typical for agnostic learning problems, as defined in Definition 2. More specifically,
for an agnostic learning problem, even if V can evaluate ¢(m,z) when given access to
O(z), deciding whether or not m is a valid solution requires knowing min,,/c r([¢(m/, z)],
which is often a significant obstacle.

In addition to informing our choice of problems to study, the observations and examples
above also motivate some of the strategies we use to develop meaningful interactive proof
systems. In particular, the interactive proof protocols developed in Section 4.3 are based
around the construction of query efficient algorithms for deciding valid solutions, with
which we can then instantiate the interactive proof protocol from Observation 2.

2.3 Quantum memory as a resource

Throughout this work we study interactive proofs between quantum learning and test-
ing algorithms with and without the resource of quantum memory. Here, in line with
Refs. [Che+22b; Hua+22; CLL24], we clarify precisely what is meant by “the resource of
quantum memory". To start, as we are concerned with learning and testing algorithms,
we will always assume that the algorithm has access to some oracle which, when queried,
provides a copy m-qubit quantum state. This oracle could simply always provide a single
copy of some fixed quantum state p when queried, as is the case for quantum state tomog-

1[GHOZ()‘] recently gave an algorithm that achieves essentially the same certification guarantees as in
[HPS25] without assumptions on mixing times, certifying arbitrary single-qubit states with single-copy
measurements.
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raphy. However, the oracle could also be an oracle for an unknown quantum channel T,
which when queried with some state p, provides as output the state T'(p).

With this in hand, we say that an algorithm has a k-copy quantum memory if it can first
perform k sequential oracle queries, followed by computations and measurements on the
(nk)-qubit quantum state ®§=1 pi, Where p; represents the output of the i’th oracle query.
As algorithms with a k-copy memory can first entangle the output states from multiple
oracle queries before measurement, we also sometimes say that such algorithms have the
resource of entangled/coherent multi-copy measurements, or refer to such algorithms as
coherent multi-copy algorithms. In contrast, we call any algorithm that only has access to
a 1-copy quantum memory a single-copy quantum algorithm. As algorithms with only a
single-copy quantum memory cannot perform entangling measurements on multiple oracle
outputs, we sometimes refer to these algorithms as incoherent single-copy algorithms.

Given this, when we refer to a memory-constrained quantum algorithm, we always refer
to an algorithm which only has access to a single-copy quantum memory. And whenever
we refer to an algorithm without a memory constraint, we refer to an algorithm with a
k-copy memory for some k > 2.

3 Limitations of interactive proofs for verifying learning and testing

Our first main contribution is a broadly applicable no-go result that puts limits on when
and how much a resource-constrained verifier can profit from interacting with an un-
constrained but untrusted prover. We begin by abstractly stating our result for testing
problems. We then comment on its extensions to more general learning problems, before
demonstrating its implications for concrete many-vs-one distinguishing problems.

Theorem 1: (Limitations of interactive proofs for many-vs-one distinguishing) Let A be
a class of resource-constrained algorithms such that any A € A requires m oracle queries
to solve the many-vs-one distinguishing task (x4, Xr, X) from Oy -access, with probability
>1—96. Let (V,P), with V € A, be an interactive proof system with success probability
1—206 for (z4,Xg,X) from (Oy,0p)-access. If, for all z € X, the actions of the honest
prover P with access to Op(z4), when interacting with V with access to Oy (z), can be
simulated by an algorithm in A, then V has to make at least m oracle queries.

Before giving the proof, we stress that in Theorem 1 we do not require the class A to be
able to simulate the actions of P with access to any Op(z). Rather, A only needs the
ability to simulate the behavior of P in an interaction where V has oracle access to an
arbitrary z € X, but P specifically has access to the oracle Op(z4) — i.e., the oracle for
the accept instance. With this in mind, the proof of Theorem 1, which generalizes ideas
from Refs. [MS23; Car+24], and whose reasoning is illustrated in Figure 2, is given below.

Proof of Theorem 1: Assuming a pair (V, P) as in the statement of the theorem, we
construct a distinguishing algorithm D € A that solves the many-vs-one distinguishing
task as follows: Using their query access to Oy (z), D simulates the interaction between
V, given access to Oy(z), and P, given access to Op(z4). If the simulated V either
aborts the interaction or outputs “reject”, then D outputs “reject”. Otherwise, D outputs
“accept”. To see that D indeed successfully solves the task, consider the two possible cases.
On the one hand, if z = x4, then by the completeness guarantee of (V, P), the simulated
verifier V' does not abort and correctly outputs “accept” with probability > 1 — . On
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Figure 2: lllustration of the proof of Theorem 1: By simulating the interaction between the verifier
V and the prover P, where V is given oracle access to z via O,(z) and P is given oracle access to z4
via Op(z4), we construct a distinguisher for the original many-vs-one distinguishing task.

the other hand, if z € Xg, then by the soundness guarantee of (V,P), the simulated
verifier V' does not abort and incorrectly outputs “accept” with probability < . So, in
both cases, D outputs the correct answer to the many-vs-one distinguishing task with
probability > 1 — 4. O

Having established the above result on limitations of interactive proofs for many-vs-one
distinguishing tasks, we comment on two natural extensions of Theorem 1.

Extension to computational complexity: Firstly, whereas the focus in Theorem 1 is
on query complexity, we straightforwardly obtain a version for computational complexities
when taking the computational cost of simulating P into account. Informally, let us
assume that there exists an interactive proof protocol for solving a specific many-vs-one
distinguishing task in which the verifier V' € A in isolation needs Cy computational time,
and for which there exists some algorithm in A that can simulate all actions of the honest
prover, with access to the accept instance oracle Op(z4), using Cp computational time.
Analogously to the proof of Theorem 1, this implies a distinguisher D € A which can solve
the many-vs-one distinguishing task with Cy + Cp computational time. As such, if a
lower bound of Cp computational time exists for any algorithm in A, then one must have
Cy+ Cp > Cpso Cy > Cp— Cp.

Extension to learning problems: While Theorem 1 is phrased for many-vs-one dis-
tinguishing problems, it often also implies similar limitations on interactive proofs for
learning. Informally, this is the case if:

1. The learning problem admits an underlying “easier-than-learning” many-vs-one dis-
tinguishing task — i.e., a many-vs-one distinguishing task such that any valid solver
for the learning problem gives rise to a solver for the many-vs-one distinguishing
task. Such underlying distinguishing problems often exist, and are used to prove
lower bounds for the corresponding learning problem.

2. Theorem 1 applies to the underlying many-vs-one distinguishing task.

Intuitively, if an interactive proof system existed for the learning problem, then by point
1 above there would exist an interactive proof system for the distinguishing task, whose
query complexity is lower bounded via point 2. To be more quantitative, assume that
an interactive proof for solving the learning problem requires m; queries by the verifier,
solving the distinguishing problem when given a valid solution to the learning problem
requires m;_,4 queries by the verifier, and that solving the distinguishing problem in
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isolation requires m, verifier queries. Theorem 1 then implies that
my+m_,q = mg, (4)

and therefore that m; > mg—m;_, 4, which can be non-trivial whenever m;_, ; is sufficiently
small. We give concrete examples of such reductions in Corollaries 4 and 5.

With this in mind, in order to illustrate the scope of Theorem 1 and its extensions,
we start by noting that, as Theorem 1 constitutes a generalization of ideas from Refs.
[MS23; Car+24] to verifiably solving many-vs-one distinguishing problems with general
data access oracles, it can in particular be used to recover [MS23, Theorem 8] on sample
complexity lower bounds for classical PAC verification and [Car+24, Theorem 15] on
sample complexity lower bounds for classical verification of quantum PAC learning. To
demonstrate the further reach of Theorem 1 and its extensions, we now highlight its
implications for a wide variety of concrete problems and settings.

3.1 Implications for quantum memory-constrained verifiers
3.1.1 Many-vs-one distinguishing tasks

We first demonstrate that Theorem 1 can be applied to any setting in which a quan-
tum memory-constrained verifier wants to delegate a many-vs-one distinguishing task to
a memory-unconstrained but untrusted quantum prover via a classical communication
channel. We also give a variety of concrete examples of problems for which a memory-
constrained verifier faces query complexity limitations due to the memory constraint, and
might have hoped to gain some advantage via delegation to a memory-unconstrained
server.

Corollary 1: (No advantage delegating to memory-unconstrained server via classical
communication) Any memory-constrained quantum verifier, interacting with an untrusted
but memory-unconstrained quantum prover via a classical communication channel, cannot
gain any advantage in query complexity by delegating a many-vs-one distinguishing task
to the prover via an interactive proof. Specifically, this implies that quantum memory-
constrained verifiers cannot gain any query complexity advantage via delegation over what
they could achieve in isolation for any of the following many-vs-one distinguishing tasks:

1. Purity testing [Che+22b].

2. State Pauli spike detection [Che+22b; CG'Y 2], state preparation channel Pauli spike
detection [Hua+22], and Choi state Pauli spike detection [Car?2/].

3. State certification and mizedness testing [Che+22¢].
4. Unitarity testing [Che+22b; Che+23a).

Proof: To prove the above corollary via Theorem 1 we have to show that, for any many-vs-
one distinguishing task (z4, Xr, X'), a quantum memory-constrained algorithm A that can
only make incoherent single-copy measurements (but otherwise has no other computational
constraints) can always simulate the actions of an honest prover P, with access to Op(z4)
and the ability to make coherent multi-copy measurements, when interacting with V. We
do this by considering a variety of cases:
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1. A first trivial case is when the honest prover P never queries its oracle, and never
makes any coherent multi-copy measurements. In this case, the honest prover P’s
actions can clearly be simulated by even a randomized classical algorithm A (which
has no computational or classical memory constraints).

2. A second slightly less trivial case is when the honest prover P never queries its oracle,
but does at some points during the interaction with V make a coherent multi-copy
measurement. Given that ¥V and P communicate via classical communication, the
only way this can occur is if the honest prover P at some point prepares some
multi-register quantum state conditioned on the classical messages received from V,
and then later performs some coherent multi-copy measurement also conditioned on
classical messages received from V. In this case, again even a randomized classical
algorithm could simulate (albeit computationally inefficiently) the actions of the
known honest prover P, through a classical simulation of the state preparation and
measurement process.

3. Next we consider the case in which the honest prover P does query its oracle Op(z4).
First, we note that the most general possibility is that Op(z4) is a quantum channel
which can be queried with a quantum state, and returns a quantum state. Next, we
note that as the communication from V to P is purely classical, any time P queries
its oracle with a quantum state, it must have prepared this state itself conditioned on
classical messages from V. Similarly, because P can only send classical information
to V, the most general case is that it sends back classical results of coherent-multi
copy measurements on registers that contain states it either prepared, or received
from oracle queries to Op(z4). As in the previous case, A can classically simulate
any state preparations done by P (and obtain classical descriptions of the states).
Additionally, as z4 is a known fixed instance, A can also classically simulate the
action of z4 on the states prepared by P (and obtain classical descriptions of the
output states). Finally, A can also classically simulate the (coherent multi-copy)
measurements performed on the states that P stores in its registers (as .4 has classical
descriptions of all of these states). Hence, A can always simulate — albeit inefficiently
— the actions of the honest prover P, with access to Op(z4) and the ability to make
coherent multi-copy measurements, when interacting with V. As such, Theorem 1
applies.

0

The crucial aspect in the proof of Corollary 1 is that the communication from V to P is
classical. In fact, even if we allow P to send quantum states to V' (which have to fit into V’s
memory), a variant of the above reasoning still applies. Namely, a memory-constrained
quantum A can first classically (inefficiently) simulate P’s (possibly multi-copy) quantum
processing (via straighforward state-vector simulation with exponentially large vectors
and matrices) to obtain a classical description of the state that P would send, and then
(inefficiently) prepare a copy of that state to be sent to V. Hence, Theorem 1 applies and
we have justified the following observation.

Observation 3: (Quantum communication from prover to verifier does not help) The
conclusion of Corollary 1 remains valid even if the communication from prover to verifier
can be quantum, as long as the communication from verifier to prover remains classical.
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We briefly note here that the conclusions of Corollary 1 do mot hold in the setting when
the communication from V to P is also allowed to be via a quantum channel. In this
case, one could consider a situation in which V repeatedly queries its oracle Oy, each
time obtaining an unknown state and sending it to the prover. If the honest prover P
then has to collect all these states and perform a coherent multi-copy measurement, then
the honest P could not be simulated by a single-copy algorithm A, even without any
computational constraints. In particular, because the states it should act on are unknown
(they come from V’s oracle queries), a single-copy algorithm cannot prepare and compute
on classical representations of these states, and it cannot store them quantumly with its
limited memory. We discuss this setting in much greater depth in Section 4.

Before proceeding however, as mentioned earlier, we highlight again the fact that the above
results establish the necessity of quantum communication for the delegation of quantum
algorithms for learning and testing from data. This is in stark contrast to the standard
setting of delegated quantum computing, where Mahadev’s breakthrough results show
that (under a computational assumption) classical communication is sufficient for the
delegation of quantum computations [GKK18|. As such, the above results highlight the
important distinctive role played by the presence of data.

Finally, using the single-copy lower bound for stabilizer testing recently proved in [HH25],
we can establish a limitation on the potential advantage in delegating stabilizer testing:

Corollary 3: (Limited advantage in delegating stabilizer testing) Any memory-constrained
quantum verifier that interacts with an untrusted but memory-unconstrained quantum
prover via a classical communication channel to solve the stabilizer testing problem with
success probability > 2/3 has to use at least Q(y/n) copies of the unknown state.

In contrast to Corollary 1, we do not entirely rule out a potential advantage from delegation
in this task, but instead establish a limitation. The best known single-copy stabilizer
testing algorithm requires O(n) copies [HH25], leaving room for potential advantage when
compared to the Q(y/n) lower bound.

The proof of Corollary 3 is entirely analogous to that of Corollary 1 and is hence omitted.

3.1.2 Learning problems

Corollary 1 has focused on the limitations of interactive proofs for quantum many-vs-
one distinguishing problems in which quantum memory is a relevant resource. Next, to
illustrate the extension of Theorem 1 to learning problems as discussed above, we turn our
attention to quantum learning problems. Here, we give concrete examples of limitations of
interactive proofs for quantum learning problems in which quantum memory is a relevant
resource. While we formulate these results for verifiers and provers that communicate
classically, they remain valid even if the prover can send quantum messages to the verifier
(compare Observation 3).

We begin with the problem of full quantum state tomography, as defined in Problem 11
and discussed in Example 3. In contrast to its many-vs-one distinguishing counterpart,
quantum state certification, here our results do not completely eliminate the possibility of
an advantage from delegation. However, we still establish strong limitations on how much
of an advantage is possible. For comparison see Table 1.
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Corollary 4: (Limited advantage delegating quantum state tomography) Any memory-
constrained quantum verifier that interacts with an untrusted but memory-unconstrained
quantum prover via a classical communication channel to solve the qudit state tomography
problem to accuracy € (in trace distance) with success probability > 2/3 has to use at least
Q(d3/2/52) many copies of the unknown qudit state.

As the copy complexity of single-copy qudit state tomography is given by ©(d3/c2)
[KRT17; Che+23c], Corollary 4 demonstrates that a memory-constrained verifier can gain
at most a quadratic improvement in the d-dependence from classically interacting with a
memory-unconstrained prover. In particular, for n-qubit states, we have d = 2" and thus
the verifier requires an exponential number of copies even in the interactive proof setting
with classical communication.

Proof: Recall that solving the many-vs-one distinguishing task of qudit mixedness testing
with accuracy ¢ and success probability > 2/3 from incoherent single-copy access requires
Q(d3/ 2 /2) copies [Che+22c]. Thus, given Corollary 1 and using the language introduced
around Equation (4), to prove Corollary 4 we want to argue that any algorithm solving
qudit state tomography gives rise to an algorithm solving qudit mixedness testing, and to
characterize the query overhead m;_,4. This, however, is obvious even with m; ,; = 0.
Namely, to obtain the distinguishing algorithm, first run the state tomography algorithm
with accuracy ¢/3; if the output state is (¢/3)-close (in trace distance) to the maximally
mixed state, output “maximally mixed”; if the output state is (2¢/3)-far (in trace distance)
from the maximally mixed state, output “far from maximally mixed”. This finishes the
proof. O

Analogous arguments and reductions can be applied to show that, as a consequence of
Theorem 1 an incoherent single-copy quantum verifier V classically communicating with a
coherent multi-copy quantum prover cannot gain any quantum query/sample complexity
advantage over the best known lower bounds (see cited references) for what V could
achieve on their own for any of the following learning tasks:

o Purity estimation [Che+22b],

(Pauli) threshold decision/search and (Pauli) shadow tomography [Che+22b; CGY24],
Unitarity estimation [Che+22b; Che-+23al,

Symmetry classification [ACQ22; Che+22b],

Learning polynomial-time quantum processes [Hua-+22],

Pauli transfer matrix learning [Car24].

3.2 Implications for verifiers with restricted oracles
3.2.1 Many-vs-one distinguishing tasks

Section 3.1 has demonstrated the implications of Theorem 1 for limitations of interactive
proofs in which verifier and prover have the same kind of data access but the verifier
has less quantum memory than the prover. That is, the difference between verifier and
prover was one of data processing capabilities. Here, we now focus on settings in which
the verifier and the prover differ only in that the latter has access to a stronger data oracle
than the former. Our focus will again be on query complexity. As before, we first consider
interactive proofs for many-vs-one distinguishing tasks.
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Corollary 2: (No query complexity advantage delegating to server with stronger oracle)
Any verifier, interacting with an untrusted prover who has a stronger form of oracle access,
cannot gain any advantage in query complexity by delegating a many-vs-one distinguish-
ing task to the prover via an interactive proof. Specifically, this implies that for any of
the following many-vs-one distinguishing tasks, verifiers with the indicated weaker oracle
cannot gain any query complexity advantage via delegation to provers with the indicated
stronger oracle:

1. Parity testing when V has statistical query access to the unknown distribution and
P has sample access [Kea98].

2. Purity testing when V has quantum statistical query access to the unknown state and
P has access to copies of the unknown state [AHS23; Nie23].

3. Stabilizer testing when V has quantum statistical query access to the unknown state
and P has access to copies of the unknown state [AHS23; Nie23].

4. Quadratic function testing when V has quantum statistical query access to the un-
known state and P has access to copies of the unknown state [AHS23].

Proof: Lets first begin by assuming that V is computationally unbounded. Specifically,
we assume that V has no memory or computational constraints, and that the only re-
source constraint on V is a weaker form of oracle access than what is available to the
prover P (which results in V requiring more oracle queries than P to solve the many-vs-
one distinguishing task at hand). As z4 is a known fixed instance, any computationally
unbounded algorithm can simulate any query to Op(z4), and therefore also the actions
of a known honest prover with access to Op(z4). As such, Theorem 1 applies to such
a computationally unbounded verifier. Now we note that any other verifier with some
computational constraints could not achieve a better query complexity than the computa-
tionally unbounded verifier we just assumed. As such, the statement of Theorem 1 holds.
O

3.2.2 Learning problems

Having established these implications on interactive proofs for testing given weaker oracle
access, we now give examples of how Theorem 1 implies limitations on interactive proofs
for a learning problem, via the reduction to many-vs-one distinguishing tasks described
earlier. We start with agnostic parity learning, as defined in Problem 9.

Corollary 5: (Limitations of interactive proofs for agnostic parity learning) Consider the
task of agnostic parity learning, described in Problem 9. Consider a verifier V that only
has access to an SQ-oracle O%,Q with inverse polynomial accuracy, and that interacts with
a prover P who has access to a random example oracle O%X. If (V, P) is an interactive

proof system for agnostic parity learning, then V requires at least 29Un) statistical quertes.

Proof: We start by showing that if V can solve the agnostic parity learning problem,
then V can solve the parity testing problem with a single extra statistical query — i.e.,
parity testing provides a suitable “easier than learning” many-vs-one distinguishing task
for agnostic parity learning with m;_,; = 1. To do this, we start by noting that if V
is given a bit string s € {0,1}", as well as access to the SQ oracle Of/Q(D) for some
unknown distribution D, then V can estimate (up to inverse polynomial precision 7) the

Accepted in { Yuantum 2026-08-17, click title to verify. Published under CC-BY 4.0. 25



misclassification probability ¢(Ds, D) defined in Eq. (31) via a single query to O%Q(D).
More specifically, V simply queries O‘?,Q(D) with the indicator function ¢(z,y) = Lpar 4y
and with the desired inverse polynomial tolerance 7. Now, assume V can solve the agnostic
parity problem, it then does the following to solve the parity testing task when given access
to O‘f,Q(D) for some D:

1. Solve the agnostic parity learning problem defined by O‘?,Q(D), with accuracy pa-
rameter ¢ = 1/4, and obtain a valid solution s.

2. Evaluate ¢(Ds, D), up to accuracy 7 = %, via a single query to O‘%Q(D). Call the
obtained estimate /(Ds, D).

3. If {(Ds, D) € [3/8,5/8], then output “accept” (i.e., D is the uniform distribution).
Else, if /(Ds, D) < 1/8, output “reject” (i.e., D is a parity distribution).

To see that this works, note that if the unknown distribution D is a parity distribution
—i.e., D = Dy for some s’ € {0,1}" — then by the agnostic learning condition Eq. (1),
and the fact that ¢ = 1/4, we know that ¢(Ds, Dy) < 1/4. But, parity functions have the
property that

/2if s # 4,

0ifs=+¢.

{(Ds, Dy) = { (5)
As a result, ¢(Ds, Dy) < 1/4 implies that s = s’ (and therefore that ¢(Ds, D) = 0). This
further implies that the estimation obtained in Step 2 above will satisfy ¢(Ds, D) < 1/s,
and therefore the output in Step 3 will be correct. On the other hand, if the unknown
distribution is the uniform distribution — i.e., D = Up41 — then for all s € {0,1}" we
have ¢(Ds,U) = 1/2. Consequently, {(Ds, D) will satisfy /(Ds, D) € [3/s,5/8] and again the
output in Step 3 will be correct.

As we already have from Corollary 2 an SQ query complexity lower bound for the verifier,
for any interactive proof for parity testing, the stated result then follows from the fact
that a learner that can solve agnostic parity learning can solve parity testing with a single
extra statistical query. O

lower bound the query complexity of the constrained QSQ verifier is by reducing the learn-
ing problem to a many-vs-one testing problem, and applying the machinery we developed
for lower bounds in that setting. With this in mind, the applicability of our framework to
placing limitations on what a QSQ verifier can achieve for any specific learning problem
(such as QACO learning) hinges on whether or not QSQ lower bounds for this learning
problem can be proven via a lower bound for a related many-vs-one testing problem

We note that the logic of the above proof consists of reducing the learning problem to a
many-vs-one testing problem, and then applying the machinery we developed for lower
bounding the query complexity of oracle-constrained verifiers in that setting. As such, we
can use similar reasoning to place limitations on the query complexity of oracle-constrained
verifiers in an interactive proof for any learning problem for which lower bounds can be
proven via a reduction to a many-vs-one testing problem. As concrete examples, this logic
can be used to show that verifiers with restricted oracles cannot gain any advantages in
query complexity via interactive proofs for delegation for any of the following problems:

1. Learning Clifford circuits when V has quantum process statistical query access [WD25]
to the unknown circuit and P has query access.
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2. Pauli shadow tomography when V has quantum statistical query access to the un-
known state and P has access to copies [AHS23].

3. Learning displacement amplitudes when the P has access to copies of the unknown
state and its conjugate state, but V only has access to copies of the state [KWM24].

3.3 Implications for NISQ verifiers

For our final example application of Theorem 1, we consider the problem of Pauli shadow
tomography — as defined in Problem 16 and discussed in Example 4 — for the case in which
a NISQ verifier interacts with a BQP prover [Che+23b]. Here, we follow the definitions of
[Che+23b] and consider NISQ) algorithms, where A denotes the noise strength of single-
qubit depolarizing noise. Our next result puts strong limitations on how much a NISQ
verifier can gain from interacting with a BQP prover.

Corollary 6: (Limited advantage to delegating Pauli shadow tomography from NISQ to
BQP) Any NISQ) wverifier that interacts with an untrusted BQP prover via a classical or
quantum communication channel to solve the Pauli state tomography problem to accuracy
1/3 with success probability > 2/3 has to use at least Q((1 — A)™™) many copies of the
unknown state.

We note that Ref. [HFP22] exhibited a NISQ) algorithm that solves the absolute value
version of Pauli shadow tomography from (1 — )\)_e(”) copies, which was proved to be
qualitatively optimal in [Che+23b]. Thus, Corollary 6 shows that the interaction with an
untrusted BQP prover cannot help a NISQ verifier significantly improve upon the query
complexity that they could have achieved in isolation, and they in particular still face an
exponential lower bound.

Proof: We start by noting that in Ref. [Che+23b], it is assumed that in the NISQ model,
when a NISQ) algorithm queries a copy oracle O(p) for an unknown state, it does not
receive a perfect copy of the unknown state p, but rather a copy with a local depolarizing
channel of strength A already applied. Alternatively, one can imagine this depolarizing
channel occurs immediately as any NISQ), algorithm stores the unknown perfect state
p in its quantum register, and that a natural way to formalize this is by replacing the
NISQ), algorithm’s access to the perfect copy oracle O(p) with a noisy copy oracle O, (p),
which when queried provides noisy copies of p (corrupted by a single application of local
depolarizing channel of strength \).

Given this definitional aspect of the NISQ) model, in order to prove the statement of the
Corollary it is sufficient to prove that any NISQ) verifier with access to a noisy copy oracle
Oy = 0, which interacts with an untrusted BQP (or even arbitrarily powerful quantum)
prover and solves the Pauli shadow tomography problem to accuracy 1/3 with success
probability > 2/3, has to use at least Q((1 —X)™") queries. We will do this by proving the
stronger statement for a BQP (or even arbitrarily powerful quantum) verifier with access
to a noisy copy oracle — i.e., we will prove the statement for the more challenging setting in
which the only constraint on the verifier is the noisy copy oracle. To this end, we start by
noting that any algorithm that solves the Pauli shadow tomography problem to accuracy
1/3 can immediately distinguish between the maximally mixed state and states of the form
2%(]1? " + P) for a non-identity n-qubit Pauli P, a simplified version of state Pauli spike
detection. Thus, in the language introduced around Equation (4), we have an underlying
“easier-than-learning” many-vs-one distinguishing task with m;_,4 = 0, and to prove our
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desired statement it is sufficient to prove that that any BQP verifier, with access to a noisy
copy oracle Oy = O, which interacts with an untrusted BQP prover, who has access to
a noiseless copy oracle, and solves the many-vs-one distinguishing problem above has to
use at least 2((1 — A\)™™) queries. To do this, we can use Corollary 2, which applies for
many-vs-one distinguishing problems when the only difference between prover and verifier
is the strength of the oracle access. All that is needed is an appropriate lower bound on
the many-vs-one distinguishing task that holds for any BQP algorithm with access to the
noisy copy oracle O). Precisely such a lower bound is proven in [Che+23b, Lemma F.3],
where it is shown that any BQP algorithm requires Q((1 — A)™") many queries to a noisy
copy oracle O) to solve this many-vs-one distinguishing task. O

As seen in the proof, because quantum state oracle access in the NISQ definition of
[Che+23b] is phrased in terms of a noisy oracle access, Corollary 6 can be viewed as
a consequence of Corollary 2 about delegation of quantum testing and learning under an
oracle mismatch. In particular, the proof exemplifies the following observation: When-
ever one can prove a query complexity lower bound for an interactive quantum testing or
learning proof in which both the verifier and prover are BQP (or even arbitrarily powerful
quantum) machines, but the verifier has only a noisy copy oracle O}, then this lower bound
directly carries over to IPs with a NISQ) verifier and a BQP prover, even with quantum
communication.

4 Power of interactive proofs for verifying quantum learning and testing

To apply Theorem 1, the actions of the honest prover P with access to Op(zy4), interacting
with V with access to Oy (z), must be simulatable by an algorithm with the same resource
constraints as V. While the many examples in the previous section meet this criterion, this
section explores cases where meaningful interactive protocols under resource constraints
can still be constructed. To gain intuition for the sort of settings in which the assumption
of Theorem 1 is violated, we consider the following two examples:

Example 7: (Interactive uniformity testing with memory constraints) Consider the uni-
formity testing task from Example 1, for distributions with support size k. Assume that
the verifier only has log(k) bits of memory. Hence, the verifier can only store a single
sample from the unknown distribution. Next, imagine an interactive proof protocol in
which V repeatedly obtains a single sample from its oracle Oy, sends it to the memory-
unconstrained prover P, and clears its memory. Assume, that the honest prover stores
all the samples sent by V, for example to calculate some statistic (such as the number of
collisions) from which one can decide uniformity. Then, an algorithm with V’s memory
constraint cannot simulate the actions of P interacting with V', even though it could sim-
ulate the fixed accept oracle Op(z4 = U). As such, the no-go result from Theorem 1 does
not immediately apply. Indeed in Appendix D we show that one can in fact construct
an interactive proof protocol for memory-constrained uniformity testing, which allows a
memory-constrained verifier to surpass memory imposed query complexity lower bound.

Example 8: (Interactive purity testing with memory constraints and quantum communi-
cation) Consider the purity testing task from Example 2, but with a memory-constrained
quantum verifier that can only store a single copy of the unknown quantum state, and
that interacts via quantum communication with a memory-unconstrained prover. Similar
to the previous example, one can set up an interactive proof protocol in which V repeat-
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edly obtains a single quantum state from its oracle, sends it to the memory-unconstrained
prover P, and clears its memory. The honest prover could store all the samples sent by V,
to perform a multi-copy coherent measurement on copies sent by V and copies obtained
from its own oracle. Then, an algorithm with a memory constraint like that of V' cannot
simulate the actions of the honest prover when interacting, even though it could simulate
the fixed accept oracle Op(zy4 = 15"/2").

The above examples can be generalized to a wide variety of testing/learning problems in
which a memory-constrained verifier interacts with a memory-unconstrained prover. In
Section 4.1 we show how Example 8 can be generalized to other interactive proofs for a
quantum testing/learning problem in which a memory-constrained verifier interacts with
a memory-unconstrained prover via quantum communication. For such scenarios, we will
show that the verifier can gain from the interaction with the prover. This is in stark
contrast with the results of the previous section: Theorem 1 prohibits interactive proofs
for many quantum testing problems with quantum-memory-constrained verifiers, when
interacting via classical communication (at least from V to P).

4.1 Interactive proofs for quantum learning/testing via verified blind quantum comput-
ing

A natural method for developing interactive proofs for quantum testing and learning,
in the presence of a resource mismatch, is to employ verified blind quantum computing
(VBQC) protocols [GKK18; FK17]. VBQC protocols allow a client to securely delegate
quantum computations to a remote server, ensuring the server learns nothing about the
computations while the client can verify their correctness. Of key importance for this work
are the existence of universal VBQC schemes (such as the one from [FK17]) in which:

1. The client does not need to know the state of the input qubits to the computation.
In particular, they could come from a third party, or from oracle queries.

2. The client does not need to be able to store the entire input state to the computation.
In particular, the client can receive the input state one qubit at a time from a third
party or oracle, each time operating on the qubit and sending it to the prover, before
receiving the next qubit.

At a high level, for any VBQC protocol which satisfies the above conditions, we can obtain
an interactive proof for a learning or testing problem by letting the memory-constrained
verifier delegate the desired coherent multi-copy learning/testing algorithm to the prover.
The verifier can provide the (unknown) multi-copy input state to the prover by successively
querying its oracle, sending the state to the prover, and clearing its memory. Observation 1
below summarizes the interactive protocol one obtains via this approach, by using the
universal VBQC protocol from Ref. [FK17]. We prove this observation in Appendix C.

Observation 1: (Generic interactive proofs for quantum testing/learning — VBQC ver-
sion) If a quantum learning/testing problem can be solved with success probability > 1 —g
from m copies by a coherent multi-copy learner A, then there exists an interactive proof
system (V, P), which succeeds with probability > 1 — §, with quantum communication
between an incoherent single-copy V and a coherent multi-copy P, such that V uses at
most m copies. The computational and communication complexities of this protocol are
efficient with respect to the gate complexity of A.
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Remark 1: We stress that one could obtain generic interactive proof protocols for learn-
ing and testing with memory constraints, from any universal VBQC protocol which allows
the client to delegate computations on unknown states, and whose memory requirements
are within the constraints of the client (See Ref. [GKK18] for a comprehensive review
of VBQC protocols). However, the complexity of the interactive proof — i.e. the query
complexity for the verifier, and computational and communication complexities of both
client and verifier — will depend on the details of the VBQC protocol, and may differ from
the those given in Observation 1, which are derived from using the specific MBQC-based
universal VBQC scheme from Ref. [FK17].

We also note that VBQC protocols are typically designed for delegating universal quan-
tum computations. However, many testing and learning tasks can be addressed with spe-
cialized algorithms. Adapting VBQC protocols to these specific algorithms can simplify
interactive proofs and reduce resource requirements. To demonstrate this point, consider
Bell sampling [Mon17; HG24], a popular 2-copy measurement subroutine used in quan-
tum algorithms for tasks like purity testing, stabilizer state learning, and Pauli shadow
tomography [HKP21; Kin+25; CGY24; Mon17]. Consider a verifier V who is restricted to
incoherent single-copy measurements and who would like to solve one of these tasks, say
purity testing, via Bell sampling. When interacting with P, they only need to delegate
Bell sampling across 2 copies of their state, which, only requires a Clifford computation
on these two copies followed by a computational basis measurement. The Clifford nature
of the target computation allows for a simplified protocol [GKK18].

The VBQC approach to interactive proofs for quantum testing and learning has the ad-
vantage of working almost out-of-the box. However, it also comes with two drawbacks.

1. First, to make use of VBQC protocols in our context, V needs to know how to
solve the problem at hand if they had coherent multi-copy quantum processing.
This is because VBQC protocols allow the delegation of a specific desired quantum
computation, say the execution of some quantum circuit, and the protocol depends
on that circuit.

2. Second, in such VBQC-based IPs for testing/learning, all the quantum data comes
from Oy, the oracle Op is not queried at all. So, while V can beat the single-copy
lower bound through interaction with P this way, it can never surpass the multi-copy
lower bound.

We now describe ways of alleviating these drawbacks.

4.2 Black-box interactive proofs for quantum learning/testing

The first drawback becomes relevant when V does not only lack the quantum memory
resources that P has access to, but also lacks the expertise required to use those resources
for testing or learning. In other words, even if V had the same resources as P, V might
not know how to successfully employ them on the available data. Thus, alleviating the
first drawback will lead to interactive proof protocols that allow the verifier to delegate
the resource-intensive quantum processing of data as well as the challenge of identifying
the correct quantum processing to apply. Therefore, in removing the first drawback, we
aim to construct protocols in which the only information that V needs is:

1. The description of the problem — e.g., the tuple (z4, Xg, X’) for a many-vs-one dis-
tinguishing problem.
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2. A promise that the honest prover can solve the problem given m copies of the
unknown quantum state.

In other words, we want V' to be able to treat the prover as a “problem-solving black box”.
As such, we call an IP protocol a black-box IP protocol whenever V is only required to
know the information listed above, and not a description of the quantum algorithm for
solving the problem. We give a concrete example of such a protocol below, for the problem
of purity testing, as defined in Problem 3 and discussed in Example 2.

Theorem 6: (Black-box Interactive proofs for purity testing (formal version of Theo-
rem 2)) There exists a black-box interactive proof system (V, P) for solving purity testing
with success probability 1 — 9, between an incoherent single-copy V and a coherent multi-
copy P, efficiently communicating via a quantum channel, such that V and P both are
computationally efficient and such that V uses at most O(log(1/9)) copies. More pre-
cisely, the complexities are bounded as follows:

e V uses O(log(1/9)) oracle queries and @(log log(d) log2(1/6)) classical and quantum

computation time.
e P uses no oracle queries and O(log(1/6)) classical and quantum computation time.

e The total communication consists of O(log(1/8)) qudits sent from V to P and
O(log(1/0)) classical bits sent from P to V.

As shown in Table 1, we highlight that the interactive proof of Theorem 6 allows the
single-copy incoherent verifier V to significantly surpass the Q(2"/ %) query complexity
lower bound that it would be subject to when trying to solve the problem on its own.
Next, we give the proof of Theorem 6. Our interactive proof system will make use of
a common construction in interactive proofs, in which the verifier alternates randomly
between different types of interaction rounds, some of which are “test” rounds designed to
detect cheating provers, and some of which are “computation” rounds designed to delegate
the desired computation to the prover. The key property required in the design of these
different rounds is that they should all be indistinguishable from the perspective of the
prover. We refer to Ref. [GKK18] for more examples and detailed discussion of such
strategies.

Proof of Theorem 6: We begin with a high-level sketch of our interactive protocol.
This will be followed by a more detailed description in pseudo-code, before we then prove
completeness and soundness, and do a complexity analysis.

In our protocol, the verifier V alternates uniformly at random between compute and test
rounds. In each round, V provides the prover with m copies of a quantum state, where
V knows that m copies are sufficient for the prover to solve the purity testing problem
(with a suitable success probability), and asks the prover to solve the purity testing task,
and to send over a single bit corresponding to the solution of the distinguishing task. The
rounds differ in which state is sent by the verifier as follows:

« Computation round: The verifier sends m copies of UpUT.
« Pure test round: The verifier sends U|0")(0"| UT.

o Mixed test round: The verifier sends the maximally mixed state 1/2".
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Here, U is a random unitary drawn from a unitary m-design and p is the unknown state
obtained from the verifier oracle Oy,. For the test rounds, the verifier knows whether the
state they sent is pure or mixed, respectively, and hence they can check the correctness
of the prover’s answer and catch cheating attempts. However, from the perspective of the
prover, the computation rounds are statistically indistinguishable from either the pure or
mixed test round (depending on whether the unknown p is pure or maximally mixed).
Hence, if the number of rounds is sufficiently large, then by the indistinguishability of the
rounds, any prover that attempts to cheat a relevant fraction of the time will get caught on
a non-negligible fraction of test rounds. Additionally, V' will reject if the prover answers
the computation rounds inconsistently, which means that provers that want to maliciously
influence V’s outcome do indeed need to cheat often.

We give pseudo-code for the interaction between the verifier V and the honest prover P
in Algorithm 1, written down for a general 6 € (0,1). The proof now consists in showing
that this IP protocol is complete and sound, and that it has the claimed complexities.

Completeness: In any single round, the honest prover P by assumption succeeds with
probability > 1 — 4 in Step 13. Thus, the probability that there is a round in which P
fails is at most N6 = §/2 < §. Conditioned on this event of P succeeding in every round,
by definition of how V acts in Steps 22-28, V does not abort the interaction with P, and
V outputs a valid solution to the purity testing problem. It remains to arguet about the
quantum time and sample efficiency of the honest prover. To this end, observe that (e.g.,
via SWAP tests [Buh+01]), P can use multi-copy measurements to efficiently solve the
purity testing problem with success probability > 1—n from O(log(1/n)) copies, so m(n) =
Clog(1/n) for a sufficiently large constant C > 0 suffices. This shows completeness.

Soundness: First, we observe that, with high probability, every type of round appears
at least N /4 many times, by a simple concentration argument. More precisely, we find

3
Pri3se€ {m,p,c}: {1<i<N|s#s}H <N4 <) Pr[{1<i< N|s;# s}t <N/

s=1
(6)
= 3Pr[Binom(N,1/3) < N/4]
< 3Pr[N/3 — Binom(N,1/3) > N/12]

ool -2 (N/12)? )
=3 p( Siii(1-0)2
= 3exp(—N/72)

5
< a !
-2

where we have used a union bound followed by Hoeffding’s inequality as well as our choice
of N. For the remainder of the soundness proof, we condition on the high-probability event
E={vVse{m,p,c}: {1 <i< N | s # s} > N/a}. We want to bound the probability
of V incorrectly accepting the interaction with a dishonest prover P’ and outputting an
invalid solution to the purity testing problem. That is, by the decision rule that V uses,
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Algorithm 1 IP for purity testing with quantum communication

Input: Verifier copy oracle Oy (p); confidence parameter § € (0,1); function m : (0,1) —

N such that P can solve the task with success probability > 1 — 1 from m(n) copies.

Output: “maximally mixed” or “pure” or “abort”

10:
11:

12:
13:

14:
15:
16:
17:
18:
19:
20:
21:
22:

23:
24:

25:
26:
27:
28:

1
2
3
4
5:
6
7
8
9

Set N = [max{721In(6/5),4logs(2/5)}], 6 = 9/2N, and m = m(9).
for 1 < i< N do
V picks s; € {m, p, ¢} uniformly at random.

if s; = m then > Mixed test round
One by one, V prepares m copies of % and sends them to P.
else if s; = p then > Pure test round

V draws a unitary U; (privately) at random from a qudit unitary m-design.
One by one, V prepares m copies of U;|0)(0| U;f and sends them to P.
else if s; = ¢ then > Compute round
V draws a unitary U; (privately) at random from a qudit unitary m-design.
One by one, V queries Oy(p) to obtain m copies of p, then applies Uj, and
sends UipUZ]L to P.
end if
V asks the prover to distinguish, with success probability > 1 — 8, whether the m
copies that they received from V came from a maximally mixed or a pure state, and
to send single bit b; encoding the answer (“maximally mixed” or “pure”) back to V.
if s; = m then
If b; =“maximally mixed”, V sets p; = 1. If b; =“pure”, V sets p; = 0.
else if s; = p then
If b; =“pure”, V sets p; = 1. If b; =“maximally mixed”, V sets p; = 0.
else if s; = ¢ then
V stores b; in classical memory.
end if
end for
if 31 <7< N s.t. s; € {m,p} and p; =0 then > Check that the prover passed all
tests
V outputs “abort”.
else if s; = ¢ = s; # b; = b; then > Check that the prover was consistent in all
compute rounds
V outputs “abort”.
else
V outputs b; for some 1 <7 < N with s; = c.
end if
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we want to bound
Pr | P/ answers all rounds with s; = ¢ incorrectly

A P’ answers all rounds with s; € {m, p} correctly ‘ E} .

To do so, notice the following: If p = QL”, then the state preparation procedures for s; = m
and for s; = c in fact prepare copies of the same quantum state. Therefore, in this case
we may upper bound our probability of interest as

Pr {P’ answers all rounds with s; = ¢ incorrectly

A P’ answers all rounds with s; € {m, p} correctly ’ E}
< Pr [P’ answers all rounds with s; = ¢ incorrectly

A P’ answers all rounds with s; = m correctly ‘ E}

<Pr [in every round with s; € {m, ¢}, P'correctly distinguishes whether s; = m or s; = c | E} .

Now, because even an unbounded quantum prover P’ cannot correctly distinguish between
s; = m and s; = ¢ with probability strictly bigger than 1/2, this final probability can be

upper bounded by the probability of guessing a single correct assignment out of (%ﬁ) many

possible assignments uniformly at random. Using () > (n/k)¥, we see that (%ﬁ) > oN/4

thus the relevant probability is at most 2~V It <s /2 by our choice of N.

Similarly, if p = [¢) (4| is a pure state, then, since each U; is drawn independently from
a unitary m-design, the state preparation procedures for s; = p and for s; = ¢ are indis-
tinguishable to any (even unbounded) P’ from m copies per round. So, we can argue as
before and bound the relevant probability (conditioned on E) by §/2. As the bound is the
same in both cases, we conclude that

Pr [P’ answers all rounds with s; = ¢ incorrectly
)
A P’ answers all rounds with s; € {m, p} correctly ‘ E} < 2

Applying Bayes’ rule and a union bound, we have proved the desired soundness.

Complexity analysis: The verifier queries its oracle at most N = O(log(1/6)) many
times. The total amount of quantum computation time on the verifier side is bounded by
Nm = O(log(1/5)) times the worst-case quantum computation for the state preparations
in Steps 5, 8, and 11. Step 5 is clearly efficient. For Steps 8 and 11, we note that the above
proof goes through when replacing the exact m-designs in Steps 8 and 11 by approximate
m-designs with a small enough constant approximation parameter. (The probability of V
accepting and producing a false output will still decay exponentially in N, only the base
will change from 1/2 to 1/2 + A if we consider a A-approximate m-design.) Assuming
the unknown state to be an m-qubit state, i.e. d = 2", such approximate m-designs
can be implemented in depth O(log(n)log(1/6)) [SHH25]. Thus, the overall quantum
time complexity of V' (measured in terms of number of two-qubit gates) is bounded by

@(log(n) log?(1/ 5)) The classical time complexity of V is dominated by checking the
conditions in Steps 22 and 24, which can be done in time O(N) = O(log(1/6)).
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The honest prover never queries its oracle. The total amount of quantum computation time
on the prover side is given by N = O(log(1/4)) times the quantum computation time of
Step 13 in Algorithm 1. As this step can, e.g., be realized by executing m/2 = O(log(1/4))
many SWAP tests and checking whether one of them rejects, this is clearly quantumly
efficient. The total amount of quantum communication is given by Nm = O(log(1/6))
qudits sent from V to P. The total amount of classical communication is given by N =
O(log(1/0)) classical bits sent from P to V. Fixing § = 1/3 then gives the complexity and
communications bounds from Theorem 2. O

Let us make two comments about the protocol given above. First, in Algorithm 1, the
number of rounds of each type is a random variable and, by a standard concentration
argument, we argued that, with high probability, each type of round appears sufficiently
often. Alternatively, one may consider a verifier that plays each round the same (deter-
ministic) number of times, but randomizes the order in which rounds are played. The
resulting protocol will lead to an interactive proof with the the same complexity scalings
as in Theorem 6. The proof becomes simpler (since the aforementioned concentration
argument is no longer required), but we chose the presentation above to avoid notational
clutter.

Second, in Algorithm 1, we have chosen a prover that uses m registers of quantum memory
simultaneously merely for ease of presentation. However, as there is an honest prover whose
processing in Step 13 consists in separate two-copy SWAP tests followed by classical post-
processing, one can straightforwardly adapt the above procedure so that P only ever uses
two registers of quantum memory (plus non-memory auxiliary quantum registers for the
SWAP tests). In fact, this way one can obtain a protocol in which, in the spirit of the
quantum one-time pad [MTWO00], the verifier only uses random single-copy Paulis (which
form a 1-design) rather than an m-design.

From the above algorithm and proof, it is be clear that the ideas behind the interactive
proof protocol, namely the alternation between indistinguishable test rounds for sound-
ness and computational rounds for completeness, could in principle be applied to other
problems. To apply such an approach, one needs to (a) design suitable tests for detecting
dishonest provers, and (b) develop an efficient “hiding strategy” that V can use to make
the test and computation rounds indistinguishable to the prover. In particular, we can use
these ideas to construct black-box IPs for unitarity testing (Problem 4), stabilizer testing
(Problem 6), and Clifford testing (Problem 7). Instead of giving full proofs, let us sketch
the tests and hiding strategies for these cases:

o Unitarity testing can be solved with multi-copy measurements through purity testing
on copies of the Choi state. To prepare one such copy in an IP protocol, P sends
half of a maximally entangled state to V; V then either applies the maximally
depolarizing channel (test round), or applies the identity channel pre- and post-
processed by a unitary channel drawn from an (approximate in relative-error) design
(test round), or queries the unknown channel pre- and post-processed by a unitary
channel drawn from an (approximate in relative-error) design (computation round);
afterwards, V sends the quantum system back to P.

o Stabilizer testing can be solved with multi-copy measurements using Bell (difference)
sampling [GNW21; Gre+24]. Beyond the change from SWAP testing to Bell sam-
pling, the main difference in an IP protocol for stabilizer testing compared to the
purity testing protocol is that it suffices to use random Cliffords instead of unitaries
drawn from a design.
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¢ Clifford testing can be solved through stabilizer testing on copies of the Choi state.
Thus, an IP protocol for Clifford testing proceeds similarly to that sketched above
for unitarity testing, only that the verifier uses random Cliffords instead of unitaries
drawn from a design.

4.3 Interactive proofs for outperforming coherent multi-copy provers

In the interactive proof systems discussed above, the incoherent single-copy verifier V
makes use of the coherent multi-copy prover P to overcome single-copy quantum query
complexity lower bounds. However, as P’s oracle is never used, V has to provide all
the quantum data for P, and thus V’s quantum query complexity in all these protocols
cannot outperform the multi-copy lower bound for the relevant problem. To overcome
this limitation, we could instead imagine proof systems like those discussed in Section 2.2
— i.e. a proof system where V delegates the entire learning algorithm to P, including
the quantum data requirements, and then simply asks P to send over the solution. For
such a proof system to be sound, V then only needs to use their data oracle to decide
the validity of the candidate solution sent by the prover. As we have seen in Examples 5
and 6, in certain settings such as realizable learning of Boolean functions and certain sets
of quantum states, such an approach is straightforward. In this section we go beyond these
straightforward settings, and provide a variety of interactive proof protocols for specific
problems, which allow the verifier to surpass even the query complexity requirements of
an isolated prover, via validation of a claimed solution.

4.3.1 Interactive proofs for state tomography

For our first example, we consider quantum state tomography as defined in Problem 11
and discussed in Example 3. More specifically, we construct an interactive proof protocol
in which the verifier first asks the prover to solve the quantum state tomography problem
using their own copies of the unknown quantum state, before then interacting with the
prover to verify that this is indeed a valid solution. In this way, the verifier is able to use
less quantum state copies then even the coherent multi-copy prover would require to solve
the problem on its own.

Theorem 7: (Interactive quantum state tomography (formal version of Theorem 3))
There exists an interactive proof system (V, P) for state tomography in trace distance with
success probability > 1 — §, with quantum communication between an incoherent single-

-1
copy V and a coherent multi-copy P, such that V uses at most (’)(dlosgzd) copies of the

unknown d-dimensional quantum state. More precisely, the complexities are as follows:

-1
o V uses O(%) copies.

2100 5—1
e P uses @(%525—) copies.

We highlight here that, as shown in Table 1, the number of copies used by V in Theorem 7
improves upon both the optimal single-copy state tomography lower bound of Q(d?’/sz)
[Che+23c] and the optimal multi-copy state tomography lower bound of Q(d?/c2) [Haa+16;
OwW16.
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Proof: We again begin our proof with a high-level description of the protocol. This is
then followed by pseudo-code, proofs of comlpeteness and soundness, and a complexity
analysis.

Let 0y = dp = % The interactive protocol follows the idea outlined before the theorem
statement. First, V asks P to perform full state tomography with accuracy 0.99¢ and
success probability > 1 — dp, and to send the obtained hypothesis / satisfying ||p —

2 —1
plli < 0.99¢. Through multi-copy measurements, P can achieve this from O %
&
-1
copies of p [Haa+16; OW16]. Then, by [BOW19, Theorem 1.6] O dlo§26V ) copies of

p and p, respectively, suffice to, with success probability > 1 — dy,, distinguish the case
llp—pll1 < 0.99 from ||p— p||1 > ¢ using multi-copy measurements and promised that one
of the two cases holds. Thus, by Observation 1, V interacting with P can solve the same

- . : logdyt . s .
decision task using their own state oracle O (LOSQL) times (and additionally preparing

-1
O %ﬂ copies of p), again with success probability > 1—4y,. Finally, V rejects if she

obtained the outcome “||p — p||1 > €” and aborts the interaction; otherwise, she accepts
the interaction and outputs the hypothesis p.

We give pseudo-code for this procedure in Algorithm 2. Let us analyze the completeness
and soundness of this protocol.

Completeness: Completeness is easy to see: If P is honest, then ||p — p||1 < 0.99¢ holds
with probability > 1 —dp > 1 — §. In this case, by the completeness of the interactive
proof version of Theorem 1.6 from Ref. [BOW19] obtained via Observation 1, V obtains
the “||p — pll1 < 0.99¢” outcome with probability > 1 —dy — dp = 1 — . Therefore V
accepts and outputs p, which indeed satisfies ||p — plj1 < 0.99¢ < e.

Algorithm 2 IP for state tomography with quantum communication

Input: Verifier copy oracle Oy (p); confidence parameter 6 € (0,1); accuracy parameter
e € (0,1); function m : (0,1) — N such that P can solve quantum state certification
to accuracy € with success probability > 1 — 7 from m(n) copies.

Output: ps.t. ||p— plj1 < e or “abort”

1. Set oy =dp = 5/2 and m = m(ép)

2: V asks the prover to perform full state tomography with accuracy 0.99¢ and success
probability > 1 — dp, and to send (a classical description of) the obtained density
matrix p back to V.

3: V prepares O(mlog(1/dy/)) copies of p.

4: 'V obtains O(mlog(1/dy)) copies of p by querying Oy (p).

5: Using the copies of p and p, V interacts with the prover to distinguish between ||p —

pll1 < 0.99¢ and ||p — plj1 > € with success probability > 1 — dy, via VBQC-based

interactive proof for learning (compare Observation 1).

6: if Step 5 produces “|[p — p||1 > €” then

7 V outputs “abort”

8: else

9 V outputs p.

10: end if

Soundness: We now turn to the soundness analysis. For any P, the probability that V
accepts the interaction and outputs an invalid hypothesis state p is upper bounded by the

Accepted in { Yuantum 2026-08-17, click title to verify. Published under CC-BY 4.0. 37



probability that, in the second step, V obtains the “||p — p||1 < 0.99” outcome despite
llo — pll1 > . By the soundness of the interactive proof version of Theorem 1.6 from
[BOW19] obtained via Observation 1, this happens with probability at most dy < 4.

Complexity analysis: The complexity bounds have already been given in the initial
description of the protocol, relying on Observation 1 and results from [Haa+16; OW16;
BOW19]. O

We can obtain a similar result for rank-£ tomography. The verification protocol has the
same structure as the one given above, with two minor differences: On the one hand, P

o kdlogs—!
62

uses > copies to perform rank-k tomography [OW16], while V makes use of

the algorithm at the core of [BOW19, Corollary 1.5] to verify from whether the hypothesis
p sent by P is close, in trace distance, to the unknown state p. By an analogous reasoning
as in the above proof, V can do this using O(klogd *1/ 82) many queries to her oracle.

4.3.2 Interactive proofs for agnostic rank-k state tomography

We now consider the problem of agnostic rank-k£ quantum state tomography with respect
to the trace distance, as defined in Problem 12. To recap, here the problem is as follows:
Given an arbitrary quantum state p, output some rank-k quantum state o that is a close-
to-optimal rank-k£ quantum state approximation to p, with distance measured by the
Schatten 1-norm. As per the following theorem, there exists an interactive proof protocol
which allows a memory constrained-verifier to use even fewer copies than are be required
by a coherent multi-copy algorithm.

Theorem 8: (Interactive agnostic rank-k state tomography in trace distance (formal
version of Theorem 4)) There exists an interactive proof system (V,P) for interactive
agnostic rank-k quantum state tomography in trace distance with success probability > 1—4,
with quantum communication between an incoherent single-copy V and a coherent multi-
copy P, such that V uses at most O(k25_4 log 5_1) copies of the unknown state. More
precisely, the complexities are as follows:

e V uses O(k2c*1log 6~ 1) copies.

e P uses O(d2k2€_2 log 5_1> copies.

To prove the above result we will actually first construct — in Lemma 3 — an interactive
protocol for the closely related problem of agnostic rank-k PSD tomography, as defined in
Problem 13. In particular, for this problem the learning algorithm does not have to output
a normalized quantum state, but rather a rank-£ positive semi-definite (PSD) matrix that
is a close-to-optimal rank-k PSD approximation to the unknown state. To this end, we
begin by establishing some required notation, as well as the technical Lemmas 1 and 2.
With this in hand we then provide the IP protocol for agnostic rank-k PSD tomography
in Lemma 3, before finally using this to give a proof of Theorem 4.

For a vector « = («1,...,a4) and an integer 1 < k < d we use the notation «aj.; =
(a1,...,04,0...,0) and A(kt1):d = (0...,0,0441,.--,a4). For a PSD matrix A =
U diag() UT with eigenvalues oy > ag > --- > a4, we denote by Ay, = U diag(aq.;) UT
the rank-k PSD matrix obtained by truncating the eigenvalues of A. Throughout this sec-
tion we will without loss of generality always assume eigenvalues to be in non-increasing
order. We then have the following technical lemmas:
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Lemma 1: ([Mir60, Theorem 5|) Let || -|| be any unitarily invariant norm and let A, B €
Cdxd pe complex matrices with singular values ay > ag > -+ > ag and f1 > g > -+ >
B4, respectively. Then,

|A — Bl = ||diag(a — B)]| - (7)

Lemma 2: (Rank-k truncation and approximation) Let p € [1,00], € € (0,1//2), 1 <
k< d, and let p = Udiag(a) Ut be a d-dimensional quantum state and let A € CF*% pe
a positive semidefinite rank-k matriz with singular values a1 > ag > --- > ap and a; =0
for i > k. Moreover, let o = W diag(53) W1 be a quantum state with lo—pllp <e. Then,
it holds that

d
lo— 4> Y of, and—|lp—o1tllp < |ding(agerya)|, 25 @®)
i=k+1

Note: The first inequality in Lemma 2 in particular implies that an optimal rank-k PSD
approximation to p in the trace distance is given by its rank-k truncation pj.j, and it
achieves an approximation of accuracy Zglz k41 @i- Consequently, an optimal rank-k state
approximation to p is given by its normalized rank-k truncation p.; = prl%:ul, and it

achieves an approximation of accuracy 2 Zgz k41 @ in Schatten 1-norm.

Proof of Lemma 2: The first inequality follows from Lemma 1, the unitary invariance
of Schatten p-norms and

k d d
ldiag(cr — a)[§ = [l — allf =D loi —aifP + > Jeul? > > of, (9)
i=1 i=k+1 i=k+1

where we dropped some non-negative contributions and used the positive semidefiniteness
of p in the last step.

The second inequality similarly follows from Lemma 1 and

o= o1kl < llp—oll, +[lo — orll,
<e+ Hdiag(ﬁ(kﬂ);d)Hp

<e+ “diag(a(k+1);d - B(k+l):d)“p +Hdiag(a(k+1):d)Hp

()

<||diag(a—p)ll, < [lp—cll,
d »
<2+ Z a? ,
i=k+1
where () applies Lemma 1. O

Given these technical lemmas, we can now construct an interactive proof protocol for
agnostic rank-k PSD tomography, which we will use as a crucial building block for con-
struction of an interactive protocol for agnostic rank-k state tomography which proves
Theorem 4.
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Lemma 3: (Interactive agnostic rank-k PSD tomography in trace-distance) There exists
an interactive proof system (V, P) for interactive agnostic rank-k PSD tomography in trace
distance with success probability > 1—0, with quantum communication between an incoher-
ent single-copy V and a coherent multi-copy P, such that V uses at most (’)(k25*4 log (5*1)
copies of the unknown state. More precisely, the complexities are as follows:

e V uses O(k?c*logd~1) copies.

o P uses O<d2k45_2 log 5_1) copies.

Proof: The verification procedure, described with pseudo-code in Algorithm 3, hinges
upon the following inequality from [OW16], the derivation of which we repeat in the
soundness argument:

|| U diag(ah.) U'T — pll1 < V2k||diag(a’) — UTpU’||2 + || R]I1 (10)

where R = (UtpU),4_, is the lower-right (d — k) x (d — k) submatrix of UfpU. Thus, for
some given rank-k hypothesis p}., = U'diag(a}.;) U’ T, if an estimate for the right hand
side of this inequality is upper bounded by an estimate for the optimal loss, Zf: k1 Qi
plus some tolerance ¢, this ensures that p’ satisfies the agnostic learning criterion

d

I =plli < > aite. (11)
i=k+1

The condition V checks in Step 9 is doing precisely that. Steps 1-8 ensure that V ob-
tains, with high probability, all quantities needed to compute the relevant estimates. In
particular, in order to estimate the first term on the RHS of Equation (10), one needs

estimates of tr {pﬂ, tr {diag(o/ )2] , as well as tr [diag(o/ YU'TpU! } , which correspond to the

quantities pur, pur’, and o respectively. Similarly, 1 — p is an estimate for the second
term in the inequality. Finally, Step 3 ensures that V has an accurate estimate of the
optimal achievable loss. In what follows we will show that V can obtain these quantities
by interacting with P in a way that satisfies completeness and soundness.

Completeness: When V interacts with the honest prover P, then, by Observation 1,
Steps 2 and 3 each succeed with probability > 1 — 4. V succeeds at calculating pur’ with
certainty, and Steps 7 and 8 each succeed with probability 1 — 4. Thus, by a union bound,
we see that with an overall probability of > 1 — 44, all estimates obtained by V indeed
have the desired accuracies. It remains to show that in this case, the check in Step 9
is passed (with high probability), and that p’1:  produced in Step 10 is indeed a e-close
to optimal rank-k approximation. To prove the former, note that, if we denote the true
spectrum by « ordered as a1 > ag > ..., then

k k
|<\/2k(pur’+§u\r—26) +1-p-— Z&i) — (\/ﬁﬂp' —plle+1—-p-— Zai>|
i=1 ;

=1
k k

D @i—) ai

i=1 i=1

< \/2k‘\/pur’+ﬁu\r— 20 — \/pur’+pur—2o +|p—pl+

< V2k,/|(pur’ +put — 20) — (pur’ + pur —20)| + &1 + &1

< \/6kég 4+ 267,
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Algorithm 3 IP for agnostic rank-k PSD tomography in trace distance

Input: Verifier copy oracle Oy (p) and prover copy oracle Op(p), where p has eigenvalues

a1 > ag > ... > ag > 0; rank 1 < k < d; confidence parameter ¢ € (0,1); accuracy
parameter ¢ € (0,1)

Output: subnormalized rank-k state o s.t. ||p— o1 <> 4 i+ € or “abort”.

1:
2:

10:
11:
12:
13:

£1 < €/10, &9 < €2/96k, f(E1,E2) < /6kéq + 281 + E9, b + J/5.

V uses Observation 1 to interact with the prover to get an estimate pur of the purity
of p to accuracy &1 with success probability > 1 — § from 0(51_2 log 5_1) queries to
Oy . If this subroutine aborts, V aborts overall.

V uses Observation 1 to interact with the prover to perform the protocol of [OW16,
Corollary 1.8] and thereby get an estimate &q.p of the k-the largest eigenvalues of
p to accuracy &1 in (truncated) TV distance with success probability > 1 — § from
O(k2él_ 21og 6~ 1) queries to Oy. If this subroutine aborts, V aborts overall.

V asks the prover to perform full state tomography to accuracy €2 and with success
probability > 1—¢ based on Schur sampling (compare [OW16]) from O <d252_ 2 log & _1)
queries to O p(p), and to send back the obtained unitary U’ and and spectrum o’ with
0/1 > 0/2 > ...

If U’ is not unitary or if o/ is not a valid truncated spectrum of a density matrix in
non-increasing order, V aborts the interaction.

V calculates pur) = pur(p’) = N o/? exactly.

V uses (9(552 log 5_1> many queries to Oy (p) to obtain an estimate 0 of 0o =
tr [diag(o/) U'p U’T} to accuracy &g with success probability > 1 — 4.

V uses further (9(55 2 log 5_1) many queries to Oy (p) to get an estimate p of the
expectation value p = tr {H Up U’T} with IT = 37, [iXi| to accuracy &2 with success

probability > 1 — 4.
if \/2k(pur’ +pur —20) +1 -5 <1— Y% ; a; 4 f(é1,&2) then

V outputs pf., = U't diag(af.,) U’

else
V outputs “abort”
end if
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where the first step is by triangle inequality, the second step used the inequality |/z —
\/§|2 < |z — y| as well as that Steps 2 and 3 succeeded, the fourth step used that Steps 7
and 8 succeeded. Next, note that for the honest prover P implementing the Schur sampling
protocol from [OW16] on m many copies of p, according to the proof of [OW16, Theorem

1.5] we have
) k kd
E[\/?kllp —p|\2+1—p] —(1=-> | <6 g
=1

where the expectation is over the randomness in the Schur sampling. Consequently, the
honest prover can ensure that both v/2k||p' —p|l2+1—p— <1 -k, ai) < &9 and, because

of [OW16, Theorem 1.2], also Hp — pll1 < &2 hold simultaneously with success probability
> 1—0 by using O(d? g >2logd~ 1) many queries to O p(p). Then, by the above, we conclude

that /2k(pur’ +pur —20) +1—p — (1 - Zi:l az) < 6kég + 281 + &9 = f(€1,£2), and
hence the check in Step 9 will be passed.

To prove that the estimate produced by V is sufficiently close to optimal, note that

d
lpre — el < D ci+2]p —pllr (12)
i=k+1
d
< Y ait+28 (13)
i=k+1
d
< > ai+te, (14)

i=k+1

where we used Lemma 1 in the first step; the second step is because we are in the high
probability event in which the honest prover P successfully performed state tomography
to accuracy £2; and the last step is by our choice of £9. Union bounding, we see that
the check in Step 9 is passed and the estimate produced in Step 10 is sufficiently close to
optimal with success probability > 1 — 55 > 1 — §, by our choice of d.

Soundness: To prove soundess, consider an arbitrary prover P’. By Observation 1, in
each of Step 2 and 3, the probability that V accepts the interaction and ends up with
a not sufficiently accurate estimate is at most 4. Additionally, in each of Steps 7 and 8,
the probability that V ends up with a not sufficiently accurate estimate is at most 4. So,
with overall probability > 1 —46 > 1 — 4§, V succeeds in Steps 2,3,7, and 8. We condition
on this high probability event for the remainder of the soundness proof. Now, suppose
the check in Step 9 is passed. Then, by the computation from the completeness proof, we
know that

k
\/2k||pl —plle+1—p— (1 — ZQZ) < f(é1,62) + V6kég + 261 = 21/6kég + 461 + &2
=1

We now repeat the reasoning in [OW16, Proof of Theorem 1.5]. That is, we define R =
(14— U"TpU'(14—1) and T = U'TpU’ — R. Then, by unitary invariance of the Schatten
l-norm and by triangle inequality,

IP1k = plln < lldiag(ad,. .., a4, 0,...,0) = Tl + [|R]1.
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By construction, both diag(c], ..., O‘;m 0,...,0) and I" have rank at most k. Hence,

|diag(ed, - - ., %, 0,...,0) — T|j1 < V2k|diag(a], ..., a%,0,...,0) — T2
< V2k||diag(a’) — U'TpU||2
= V2k[lp’ - pll2,

where the first step is by Cauchy-Schwarz, the second step is because adding a matrix
with disjoint sets of non-zero entries can only increase the Schatten 2-norm, and the third
step is by unitary invariance of the Schatten 2-norm. Next, note that

|R||1 = tr[R]
= tr[(1g - MU pU’ (14— T0)]
= tr[(]ld —1II) U/TpU/}
=1-p,

where the first step holds because R is positive semidefinite as a principal submatrix of
a positive semidefinite matrix, the second step is by definition of R, the third step uses
cyclicity of the trace and (14 — I1)2 = (14 — II), and the final step uses tr[U "TpU’ } =
tr[p] = 1. Combining the above inequalities, we have that

1P1 = pll1 < V2| —plla+1—p

k
< (1 -y ai) + 2/6kég + 481 + &9
=1
d
= Z a; +¢€
i=k+1

by our choice of £1 and €. This proves soundness.

Complexity analysis: The verifier V queries their own oracle Oy (p) at most 0(51—2 logo—1)
times in Steps 2, at most O(k2él_ 2]og 6~1) times in Step 3, and at most O(&y 21og o1
in Steps 7 and 8. Plugging in our chosen £, £2, and §, we see that the verifier’s query
complexity is bounded by O(k2c~4logd—1).

21051
The honest prover P queries its own oracle Op(p) at most (’)(d—k;gz&—> times in Step
2

4. Again plugging in our choice of &9 and 0, this yields a prover query complexity of
d’k%logo!
O ﬁi . D

g

Given Lemma 3 we can finally prove Theorem 4, by constructing an interactive proof
protocol for agnostic rank-k quantum state tomography.

Proof of Theorem 4: We will show that interactive agnostic rank-£ state tomography
can be achieved by essentially the IP protocol from Algorithm 3. In particular, it suf-
fices to change Step 10 to output the normalized ,0’1: x and to run the protocol for the
accuracy parameter ¢/2 instead of . To this end, note that we can follow the same
completeness and soundness analysis as for the original protocol, it then only remains
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to use Lemma 1 to argue that the guarantee ||p}., —pll; < Zf:k 41 @4 + £/2 implies
Hp{l:k N 'OH1 = 2Zg:lﬁ—l ai+e.

To this end, note that

y k 1 k k d
le:kH1 = > i=10 i=1 i=1 i=k+1

where the second-to-last inequality holds if Step 3 succeeds. Therefore, in the high prob-
ability event that Steps 3 succeeds, we get

From this, it is now immediate that ||p}., — p||; < 2% ;1 a; + £/2 indeed implies the

/
P1:k /

'Ollzk — o
ol ™

—p
ol

d
+Hp/1:k‘f’Hl§ 2 ai+é1+“pi:k—p"1.
1 i=k+

1 ‘

desired inequality lelzk - le <2 Z;LkH ai+e. O

We conclude this subsection by discussing a variant of the IP protocol given above. Namely,
in the above interactive procedure, the prover is asked to perform full state tomography,
while the object of interest is actually “only” a rank-k approximation to the state. This
might seem unnatural as the prover is asked to solve a more demanding task than what
seems intuitively necessary. We leave open the question of whether this is an artifact of
our proof or whether it is a fundamental limitation. Here, however, we already show that,
if we are willing to pay the price of obtaining a weaker learning guarantee (in the sense
of giving an interactive a-agnostic learning protocol with o > 1), then it indeed suffices
for the honest prover to perform agnostic rank-k tomography. More precisely, we argue:
There exists an interactive proof for (2(\/@ + 1)-agnostic rank-k state state tomography
in which V uses the same number of copies as in Theorem 4, but now the honest prover
P uses only O(dk5a_2 log 5_1) copies. The interaction differs from Algorithm 3 only in
Step 4, where V asks the prover to perform the protocol behind [OW16, Corollary 1.6],
and in Step 9. As we argued above, the check in Step 9 is based on the inequality

10/ diag(al) U — pllz < V2Rlldiag(a’) — UTpU'|l3 +||Rlls.
from [OW16]. Its not difficult to see that the following modification also holds:

|| U'diag(a.4) U — pllr < v2k||diag(ay.) — UTpU'|l2 + || RIly
< V2k(||diag(e) — U'TpU"||2 + ||diag(a’) — diag(af.)ll2) + 1Rl

d
_ M( > ) VB ding(e') ~ DU+
i=k+1

Recall from our previous proof, which borrowed from the proof of [OW16, Theorem 1.5],
that the honest prover with high probability achieves v/2k||diag(e/) — U'TpU’||2 +||R||1 <

6/ k—n‘f+zg= k41 oz;-. So, overall we see that the honest prover with high probability achieves

d
|| U'diag(at.5) U = pll1 < 6\/'773 + (1 + V2k) ( > aé) : (15)

i=k+1
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Thus, if we replace the check in Step 9 to instead become a check of the inequality

d
V2k||diag(at.;) — UTpU'|l2 + || Rll1 < (V2k+ 1)( > a;) +e. (16)

i=k+1

via suitable estimates, the honest prover P will pass the check (with high probability),
and by the same reasoning that we used to establish soundness previously, here the verifier
V can now either reject or ensure the (2v/2k + 1)-agnostic learning guarantee against any
prover. The two main differences: First, V no longer needs pur’ to estimate the Frobenius
norm term in Equation (16); rather, the purity of the truncation, tr [diag(o/l: k)ﬂ , suffices.
And V can compute this quantity when receiving only the largest k eigenvalues in Step 4.
Note that the honest prover P in Step 4 still obtains a full unitary (not just k eigenvectors)
U’ sampled from the Keyl distribution and sends it to V. Therefore, V can still perform
the estimation in Step 8.

4.3.3 Interactive proofs for agnostic learning stabilizer states

Finally, we turn to the task of agnostic stabilizer state learning, which is defined in Prob-
lem 14. To recall the problem, let Sp denote the set of all pure states and Stab, C Sp
denote the set of all (pure) n-qubit stabilizer states. Then, given access to copies of an
unknown pure state [¢)) € Sp, the task here is to output a stabilizer state |S) € Staby,
which is sufficiently close to the optimal stabilizer state approximation, as measured by
fidelity [Gre+26; Che+25]. More specifically, defining the loss function ¢ : Staby, x Sp —
R>q via

((|8),[¥)) =1 = F(IS), [¥)) (17)
we wish to output a stabilizer state |S) satisfying
(8), 1) <o min [K]S), 1) +<. (13)

Below, we give an interactive proof system for this task, for the case of & = 8, which allows
the verifier to surpass even the query complexity requirements of a memory-unconstrained
prover acting on its own.

As discussed in Section 2.2, for any agnostic learning problem, the key obstacle to “ver-
ification via direct validation of candidate solutions” is that one requires not only an
estimate of the loss of the solution, but also an estimate of the optimal loss over the whole
model class. For the problem of agnostic stabilizer state learning, the loss ¢(|S), 1)) of
any given hypothesis stabilizer state |S) can be estimated efficiently by simply measuring
the projector |S)(S| on the unknown state |¢)). As such, we can focus on the optimal loss,
which we denote by ¢*(|¢)). In this case we have

C(14)) = minl¢(|5), [+))] = min[l — F([S), [¥)] =1 — Feran(19)), (19)

where Fgiap(|t))) is the stabilizer fidelity [Bra+19]. The idea behind the proof system we
present below is that the stabilizer fidelity, and hence the optimal loss, can be bounded
from above and below in terms of quantities that the verifier can efficiently estimate
(using their own quantum state copies, and the help of the prover). These upper and
lower bounds serve as a proxy for the optimal loss (also referred to as a certificate of loss
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in Ref. [Gol+21]). Ultimately, we show how they allow the verifier V to check the validity
of alleged hypothesis solution sent by the prover, by comparing the loss of the hypothesis
to this proxy for the optimal loss.

Theorem 9: (8-Agnostic stabilizer learning (formal version of Theorem 5)) There exists
an interactive proof system (V, P) for 8-agnostic stabilizer state learning, between a single-
copy verifier V. and a coherent multi-copy prover P, who communicate via a quantum
communication channel. In particular, V is computationally efficient and:

-1
1. 'V uses O(Lg(jg—)> oracle queries.

-1 log(6~ 1) .
2. The honest prover P uses O nlog(6~") + — oracle queries.

3. The total communication is efficient.

As shown in Table 1, we highlight that even realizable stabilizer state learning is known
to require ©(n?) copies with single-copy measurements and ©(n) copies with multi-copy
measurements [Monl17; Aru+23; AS26]. As such, the verifier in Theorem 9 solves a more
general agnostic learning problem with an n-independent (and thus largely improved)
quantum sample complexity.

Algorithm 4 IP for 8-agnostic stabilizer learning

Input: Verifier copy oracle Oy (|1))); confidence parameter 6 € (0, 1); accuracy parameter
e €(0,1);
Output: |5) s.t. F(|S),|¢)) > Fgap(|t)) — € or “abort”

1: Set €1 = 2 = g, and €3 = g;¢.

2: Set 01 = dp = 03 = 9/3.

3: V asks P to use the algorithm from Corollary 6.3 of Ref. [Che+25] to solve the 1-
agnostic stabilizer learning problem to precision €1, with success probability > 41,
with a promise that Fgiap (1)) > 7/8. P should send the result |S) to V.

4: 'V makes O(log(é;l)/sg) queries to its oracle, and measures {|S)(S|,I — |S)(S|} on
each received state |1)). From the measurement outcomes V calculates an estimate /
of the loss £(|S),|1)), to additive precision €9, with probability of success > 1 — da.

5: V makes another O(log(ds D) /€%) queries to its oracle, and delegates to the prover,
via the generic VQBC protocol discussed previously in Observation 1, the estimation
of A3(]1)) via Bell sampling. With probability > 1 — d3, V receives and accepts an
estimate a for Ag(|y)) with additive error at most e3.

6: V then calculates & = min(l, %(1 - &)), which is an estimate for UB.

7: if { < 4+ 3/5¢ then

8 V outputs |S)

9: else

10: V outputs “abort".
11: end if

Proof: We start by presenting appropriate upper and lower bounds on the optimal loss
2*(|1)), which we will make use of in the interactive proof protocol. To this end, consider
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the quantity

1 o 3
A3() =5z > (I@PWP)". (20)
Pe{l,X,Y,Z}n
As per Eq. (11) in Ref. [HLK24], we note that the stabilizer fidelity can be bounded in

terms of this quantity via

4 1
A3(W)M° = Foran(l)) = 343(1¥)) - 5. (21)
Additionally, note that, via Bell sampling, A3(]1))) can be estimated to additive precision
e, with success probability > 1 — §, using O(log(6~1)/e2) many copies of |¢)) [GNW21;

Gre+23; HLK24]. Using Egs. (19) and (21) we also see that
4

1— A3([9)Y® < (1) < 31— A3(1)): (22)

For convenience we will from now on use the notation
UB(1¥)) = 5(1 - 43())) (23)
LB(|¢)) = 1 — As(j¢)YS, (24)

to denote the upper and lower bounds on the optimal loss £*(|¢))) in terms of A3(]1))).

With this in hand, as presented in Algorithm 4, the interactive proof protocol proceeds as
follows: Set 1 =e2 = &, and €3 = 7305. Set 01 = dg = 63 = 9/3. Then:

1. V asks P to use its oracle Op(|¢)) for the unknown state [¢), and the multi-copy
algorithm from Corollary 6.3 of Ref. [Che+25], to solve the l-agnostic stabilizer
learning problem to precision 1, with success probability > J1, and a promise that
Fstap(|10)) > 7/8. P should then send a classical description of its hypothesis |S) to
V.

2. V makes (’)(log(éz_l)/zz%) queries to its oracle, and measures {|S)(S|,I —|S)(S|} on
each received state |1)). From the measurement outcomes V calculates an estimate
? of the loss £(|S), ), to additive precision e3, with probability of success > 1 — ds.

3. V makes another O(log(d3 oY £2) queries to its oracle, and delegates to the prover,
via the generic VQBC protocol discussed previously in Observation 1, the estimation
of A3(|1)) via Bell sampling. With probability > 1 — d3, V receives and accepts an
estimate @ for A3(|¢))) with additive error at most e3.

4. V then calculates & = min(l, %(1 - &)), which is an estimate for UB. Note that
|a — Ag| < e3 implies that |4 — UB| < %53.

5. Finally, V checks that the estimated loss satisfies /< a+ %5. If yes, V accepts and
outputs |S), otherwise V aborts the interaction.

Before proceeding to the analysis of the protocol, we state some useful facts. Additionally,
in what follows we drop the explicit dependence of UB, LB, A3 and ¢* on |¢) for notational
convenience. With this in mind, we note that Az € [0, 1], and that

(25)
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is a monotonically increasing function on the interval [0, 1], which attains its maximum
value as A3 — 1. The limit can be calculated via ’'H6pital’s rule, and we conclude that

UB<

b ¢ 2
LB — 8 (26)
Additionally, it follows from ¢* > LB that
(UB — LB)) ( (UB — LB)) UB
YT ) <« AV T <« 2
(1 + r* s\ LB ~— LB’ (27)
and that
UB < ¢* + (UB — LB). (28)

Given this, we can analyze the completeness and soundess of the interactive proof protocol.

Completeness: We want to show that if the prover P is honest, then with probability
> 1— 4 the verifier V will accept and output a valid hypothesis in Step 5 of the protocol.
To this end, let us first note that the loss function is upper boundded by one — i.e.
0(|S),|¢)) € [0,1]. Additionally, a valid hypothesis is any hypothesis that satisfies Eq. (18),
with o = 8. Given this, the only non-trivial case is when ¢*(|¢)) < 1/8. If £*(|¢))) > 1/8,
then to be valid a hypothesis |S) should satisfy ¢(|S), |¢)) < 8 x 1/8 + ¢ < 1 + ¢, which
will be satisfied by any state |S). As such, we assume that ¢*(|1))) > 1/8, or equivalently
that Fsiap(|20)) > 7/8. This is what allows us to make this promise to the honest prover
in Step 1 of the algorithm.

With this in mind, let us denote with F; the event where:

1. The honest prover succeeds in Step 1 —1i.e., V receives some |S) satisfying ¢(|.S), |¢)) <
0+ eq.

2. In Step 2, V successfully obtains an estimate ¢ satisfying |/ — £(|S), [¢))| < e2.

3. The delegation in Step 3 succeeds and V receives and accepts & satisfying |a— A3| <
3 (which then implies |4 — UB| < %53).

By a union bound, and the choice of 41,2 and 03, we have that Pr(E;) > 1 — 6. Now,
lets assume that event Eq has occurred. By assumption we know that honest P succeeded
and therefore that |S) satisfies £(|S), [¢))) < £* +e1 < 80* +&. As such, it only remains to
show that V will accept. To this end, note that under the assumptions of event E1, and
the choices of 1,9 and e3,

0<U(8), [4) + €2
0 +e1+e9

UB+¢1 4+ ¢e9

VAN VAN VAN

4

+51+52+§€3
3

+

55.

IN

o

IN
I

(29)

Therefore, V accepts and we have proven completeness.
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Soundness: We want to show that, for any prover P, the probability that A accepts the
interaction and outputs an invalid hypothesis is less than 6. To this end, lets denote by
E5 the event where

1. In Step 2, V successfully obtains an estimate / satisfying |/ — £(|S), [1))| < e2.

2. The delegation in Step 3 succeeds and V receives and accepts a satisfying |a — A3z| <
e3 ( which then implies |4 — UB| < %53).

By a union bound, and the choices of d2 and d3, we have Pr(Ep) > 1 — %5 >1—6. Now,
assume that event Fo occurred, and that V accepted the interaction (i.e., that event Ep
occurred and ¢ < 4 + %5) In this case, we have that

U18), 1)) < 0+ ez
<u+ 26 + €92
4
< UB+§63+§E+€2
<{*+(UB-LB)+e¢ [via Eq.(28) and 9, €3]
AN
UB
< = (F ia Eq.(2
<igl te [via Eq.(27)]
< 80" +¢, [via Eq.(26)]

and therefore |S) is a valid (8-agnostic) solution. In other words, if event Ep occurs,

then whenever V accepts, |S) is a valid solution. Therefore, the only way that V could

accept and output an invalid hypothesis is if event Eo does not occur, which happens with

probability less than §. As such, we have proved soundness.

10g(571)
2

Complexity analysis: V uses (9( ) queries to its oracle (in steps 2 and 3). The

log(5~")
e

honest prover P uses O(nlog(6 -+ > queries, when running the algorithm in

—1
Corollary 6.3 of Ref. [Che+25] with 7 = 7/8. During the proof, V sends (’)(Lg(;;—))

n-qubit quantum states to P in Step 3. The communication is efficient as a consequence
of Observation 1. O

We note that the above interactive proof system generalizes to agnostic learning settings
where the verifier:

1. Can estimate the loss (necessary for Step 2).

2. Can estimate a quantity which can be used to upper bound and lower bound the
optimal loss (necessary for Step 4 and soundness analysis).

In particular, the value of o which can be achieved in the soundness analysis depends on
the tightness of the upper and lower bounds on the optimal loss. Specifically, the above
interactive protocol will yield an interactive proof system for a-agnostic learning for any
a such that UB/LB < a.
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A Considered problems

We provide here a list of precise definitions for testing and learning problems which are
considered explicitly in this work. Throughout this section we use the notation S and Sy
for the set of quantum states and pure quantum states respectively. The dimension of the
states will either be specified in the text, or via a subscript. We use the notation D for
the set of discrete distributions over bit strings. The length of the bit strings will either
be specified in the text, or with a subscript.

A.1 Many-vs-one distinguishing problems

Problem 1: (Uniformity testing) Let U € D denote the uniform distribution over length-
n bit strings. Let B:(U) C D be the £-ball centered at U with respect to the total variation
distance. Uniformity testing is the many-vs-one distinguishing problem (U, D\ B:(U), D).
In words, uniformity testing is the problem which asks one to decide whether an unknown
instance is the uniform distribution, or at least e-far from the uniform distribution

Problem 2: (Parity distribution testing) Let Dy, be the set of probability distributions
over length-n bit strings, and U, € Dy, the uniform distribution. For any s € {0,1}"
define the parity distribution Dg € Dy41 as the distribution which is sampled from by the
following process: Draw x ~ Uy, then output z || parg(z) € {0,131 where pary(z) = s- z
mod 2 is the s-parity of . Finally, define the set of parity distributions Dp := {Dg| s €
{0,1}"}. With this in hand, parity distribution testing is the many-vs-one decision problem
(Un+1,Dp,Dp+1). In words, parity distribution testing is the problem which asks one to
decide whether an unknown distribution is the uniform disrtibution or a parity distribution.

Problem 3: (Purity testing) Purity testing is the the many-vs-one distinguishing task
(1/d,Sp,S). In words, purity testing is the problem which asks one to decide whether an
unknown state is the maximally mized state or a pure state.

Problem 4: (Unitarity testing) Unitarity testing is the the many-vs-one distinguishing
task (A1,U,CPTP), where Ay denotes the mazximally depolarizing channel, U denotes the
set of unitary channels, and CPTP denotes the set of all channels, all for some fized
dimension d. In words, unitarity testing is the problem which asks one to decide whether
an unknown channel is the mazximally depolarizing channel or a unitary channel.

Problem 5: (Quantum state certification) For any state p € S let B:(p) C S be the
epsilon ball centered at p, with respect to the trace distance. For any state p € S the
associated quantum state certification problem is the many-vs-one distinguishing problem
(p, S\ B:(p),S). In words, quantum state certification for p is the problem which asks one
to decide whether an unknown state is p, or at least e-far from p with respect to the trace
distance.

Problem 6: (Stabilizer testing) Let Stab, C Sp be the set of n-qubit stabilizer states.
Stabilizer testing is the many-vs-one distinguishing problem (]l%gm/2n, Staby,, S). In words,
stabilizer testing is the problem which asks one to decide whether an unknown n-qubit state
is the maximally mixed state, or a stabilizer state.
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Problem 7: (Clifford testing) Clifford testing is the the many-vs-one distinguishing task
(A1, Cl,CPTP), where Ay denotes the mazimally depolarizing channel, Cl denotes the set
of Clifford unitary channels, and CPTP denotes the set of all channels, all for some fized
dimension d = 2™. In words, unitarity testing is the problem which asks one to decide
whether an unknown channel is the maximally depolarizing channel or a Clifford unitary
channel.

Problem 8: (Pauli spike detection) For any e € [0,1) define the set of “c-Pauli-spiked”
n-qubit states Spg via

19" + 3¢P
o5 = {225 P e o x v, 2 (157 )

Pauli spike detection is then the many-vs-one distinguishing problem {1§"/2", Spg, S}. In
words, Pauli spike detection is the problem which asks one to decide whether an unknown
state is the maximally mized state, or a Pauli-spiked state. We note that Choi state
and channel version of Pauli spike detection have been studied in Refs. [Car2/; CG25;
Che+24].

A.2 Learning problems

Problem 9: (Agnostic parity learning) Let Dp C Dp41 be the set of parity distribu-
tions defined in Problem 2. Distributional agnostic parity learning is the agnostic learning
problem {Dp+1,Dp,l, e, a}, where the loss function ¢ is given by

K(Ds, D) = (I’lyj)l;D[pars(x) = y] = (I,END[]lpars(z);éy]a (31)

which is the misclassification probability when using parg to predict the last bit of a sample
from D, given the first n bits. In words, agnostic parity learning is the problem which asks
one, when given access to an unknown distribution, to output a parity distribution which
1s close enough to the best possible parity distribution, with respect to the misclassification
probability.

Problem 10: (Agnostic quantum state tomography) Let M C S be a subset of quan-
tum states. Agnostic quantum state tomography of M is the agnostic learning problem
{S, M, l,e,a}, where € is typically the trace distance or the fidelity (strictly, one minus the
fidelity), but can be any other metric for comparing quantum states. We also define pure-
state agnostic quantum state tomography as the agnostic learning problem {Sp, M, ¢, e, a},
where Sp is any subset of pure states. In words, (pure-state) agnostic quantum state to-
mography is the problem which asks one, when given access to an unknown (pure) quantum
state, to output a state in M which is close enough to the best possible state in M, with
respect to L.

Problem 11: (Quantum state tomography) Quantum state tomography is the special
case of agnostic quantum state tomography in which M = S is the set of all quantum
states. As such, quantum state tomography can also be written as the realizable learning
problem {S,¢,e}, where again € is most-often either trace distance or fidelity, but can also
be any other metric on quantum states. In words, quantum state tomography is the problem
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which asks one, when given access to an unknown quantum state, to output a description
of a quantum state which is e-close to the unknown state with respect to £.

Problem 12: (Agnostic rank-k quantum state tomography) Let Spapi(x) C S denote the
set of rank-k quantum states. We then define agnostic rank-k quantum state tomography
as the agnostic learning problem (S,Srank(k),ﬁ,a,a). When ¢ is the distance induced by
the Schatten p-norm, then we refer to the problem as agnostic rank-k quantum state to-
mography with respect to the Schatten p-norm. In words, agnostic rank-k quantum state
tomography is the problem which asks one, when given access to an unknown quantum
state, to output a description of a rank-k quantum state which is close enough to the best
possible rank-k approximation of the unknown quantum state.

Problem 13: (Agnostic rank-k PSD tomography) Let PSDrank(k) D Sra,nk(k) denote the
set of all d-dimensional rank-k positive semi-definite operators. We then define agnostic
rank-k PSD tomography as the agnostic learning problem (S,PSDrank(k),é,s, a). Again,
when £ is the distance induced by the Schatten p-norm, then we refer to the problem as
agnostic rank-k PSD tomography with respect to the Schatten p-norm.

Note that agnostic rank-k PSD tomography is extremely similar to agnostic rank-k quan-
tum state tomography, however, in agnostic rank-k PSD tomography, any rank-k PSD
matrix is allowed as a hypothesis, even if it is not a valid rank-k quantum state (which
is required of hypotheses in agnostic rank-k quantum state tomography). In that sense,
agnostic rank-k PSD tomography can be viewed as an instance of improper learning.

Problem 14: (Agnostic stabilizer state learning) Agnostic stabilizer state learning is the
pure-state agnostic quantum state tomography problem {Sp,Staby,1— F,e,a}. In words,
agnostic stabilizer state learning is the problem which asks one, when given access to an
unknown pure state, to output a stabilizer state which is close to the best possible stabilizer
state approximation to the unknown state, measured via the fidelity.

Problem 15: (Pauli spike search) Pauli spike search is a learning version of Pauli spike
detection, defined in Problem 8, in which instead of merely requiring a quantum algorithm
to distinguish between the mazimally mixzed state and an e-Pauli-spiked state, any algo-
rithm which claims a spike should also correctly identify the corresponding Pauli operator
[CG25; Che+24].

Problem 16: (Pauli shadow tomography) Let P = {19, X, Y, Z}*"} be the set of n-qubit
Pauli operators. Pauli shadow tomography [HKP21; Kin+25; CGY2/] is the problem in
which, when given oracle access to an unknown quantum state p, a learning algorithm
should, with probability > 1— 10, output a classically efficient function f : P — R satisfying
|f(P) — tx[Pp]| < e, for all P € P. In words, Pauli shadow tomography is the problem
which asks one, when given access to an unknown quantum state, to produce simultane-
ously e-accurate estimates for the expectation values tr[Pp|, for all P € P. We note that
Pauli shadow tomography is a special case of the more general shadow tomography prob-
lem [Aar19; BO21; Abb+23], and that one can also define a special case of Pauli shadow
tomography which relaxes the requirement of predicting all Pauli expectation values, to
only predicting some subset [Kin+25; CGY2/).
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B More motivating examples

Here, we supplement the motivating examples given in Section 1.2 with a variety of addi-
tional examples, all of which illustrate resource dependent query complexity separations,
and are therefore interesting settings for this work. We note that this is by no means an
exhaustive list.

Example 9: (Parity distribution testing — Problem 2) For the randomized version of
parity distribution testing (c.f. Definition 5), in which p is the uniform measure over X,
one recovers the problem of distinguishing between a uniformly random parity function
and the fully uniform distribution. For this problem, it is known that sample access is
a relevant resource. More specifically, given a sample oracle O(n) queries are sufficient.
However, 2%() queries are necessary to solve that task from statistical queries [Kea98].
As such, one can ask whether there exists an interactive proof protocol which allows a
verifier with statistical query access, through interaction with an unconstrained prover
with sample access, to outperform the lower bound imposed by statistical queries.

Example 10: (Quantum state certification — Problem 5) For this problem, Ref [BOW19]
showed that ©(d/s?) copies of the unknown state are necessary and sufficient for quantum
state certification if one has enough quantum memory to make coherent multi-copy mea-
surements. However, this complexity cannot be achieved with only incoherent single-copy
measurements [Che+22¢|. As such, here one can ask whether a resource-constrained ver-
ifier, with only enough quantum memory to make incoherent single-copy measurements,
can gain any advantage through interaction with a prover who has the ability to make
coherent multi-copy measurements.

Example 11: (Stabilizer testing — Problem 6) This task can be solved from O(n2) single-
copies of the unknown state [AG08] and O(n) many copies with coherent multi-copy mea-
surements [Monl7]. As such, quantum memory is a relevant resource for stabilizer testing.
Additionally, for inverse polynomially accurate quantum statistical queries (QSQs), this
task requires ©2(2") QSQs to the unknown state p [AHS23; Nie23] and ©(2™) QSQs to the
two-copy state p ® p [Nie23]. As such, quantum copies, as opposed to QSQs, are also a
relevant resource for this problem.

Example 12: (Pauli spike detection — Problem 8) For the randomized version of Pauli
spike detection (c.f. Definition 5) with p the uniform measure over Xg, as well as the
Choi state and channel versions of this problem [Car24; CG25; Che+24], it is know that
quantum memory is a resource [Che+22b; CG25; Che+24]. More specifically, for many
variations of the task, coherent processing with a quantum memory is known to provide an
exponential advantage over incoherent quantum processing, either in terms of the number

of copies/queries required or in terms of the number of measurements to be performed
[Che+22b; CG25; Car24; CGY24].

Example 13: (Agnostic stabilizer learning — Problem 14) For ¢ small enough, this task
is at least as challenging as realizable stabilizer learning, where the unknown state p is
promised to itself be a pure stabilizer state. Thus, the lower bounds of Q(n2) for single-
copy measurements and €(n) for multi-copy measurements [Aru+23; AS26] carry over to
agnostic stabilizer state learning, and quantum memory is again a relevant resource.
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Example 14: (Realizable discrete distribution learning) Let M C D be a subset of
distributions (with some common structure) over length-n bitstrings, and (M, dpvy,¢)
the associated realizable learning problem with respect to the total variation distance.
Two typical oracle models for realizable distribution learning are the sample model and
the statistical query model. However, we note that in both cases there do not exist
generic efficient (with respect to n) algorithms for evaluating diy(h, ¢) — and subsequently
deciding valid solutions in the sense of Definition 7 — given a description of A and access
to O(c) [Can20]. We therefore see that realizable distribution learning is a non-trivial
setting for interactive proofs, contrary to realizable learning of Boolean functions. For
concrete examples of sets M for which there is a query complexity separation between
samples and statistical queries for realizable learning, one can consider either the parity
distributions defined in Problem 2, or the output distributions of linear depth “Clifford +
one T” quantum circuits [Hin+23].

C VBQC-based interactive proofs

In this appendix, we provide a proof of Observation 1, which we restate below for conve-
nience.

Observation 1: (Generic interactive proofs for quantum testing/learning — VBQC ver-
sion) If a quantum learning/testing problem can be solved with success probability > 1 —%
from m copies by a coherent multi-copy learner A, then there exists an interactive proof
system (V, P), which succeeds with probability > 1 — §, with quantum communication
between an incoherent single-copy V and a coherent multi-copy P, such that V uses at
most m copies. The computational and communication complexities of this protocol are
efficient with respect to the gate complexity of A.

Proof: To start, we note that without loss of generality we can write the (coherent multi-
copy) algorithm A, for solving the desired problem with success probability > 1 — /2, in
the following form:

1. Query m copies of the unknown state p.

2. Prepare the state 1) = p®™ © 0%! where 0 = |0)(0| denotes the all-zero state and [ is
some number of auxilliary qubits.

3. Execute some unitary circuit v — ¢/ =U () = Uyp U f,

4. Measure a specific subset of 1/"’s qubits called output qubits in the computational
basis to obtain a bit string b that represents the output of A.

In particular, we note that any potential adaptivity or classical post-processing of measure-
ment outcomes has been incorporated into the unitary U, possibly via the introduction
of ancilla qubits. Then, the strategy for the interactive protocol is simple: V will run
the algorithm as written above, but use the universal VBQC protocol from Ref. [FK17]
to verifiably and blindly delegate the execution of the unitary circuit in Step 3, and the
measurement of the output state in Step 4, to the coherent multi-copy prover. At first
glance, this seems to contradict the quantum memory restriction of the prover. However,
the protocol from Ref. [FK17] only requires the verifier to send the suitably masked qubits
of ¢ to P in a stream one at a time. Despite V’s limited memory, it can do this by
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successively querying the oracle, masking the qubits appropriately, sending them to P to
clear memory, and then re-querying the oracle. The interactive protocol works as follows:

1. Set security parameter d %log5/6(5/2).

2. V uses Protocol 8 from Ref. [FK17] to delegate Step 3 (the execution of U on
1) to the prover, using security parameter d when Protocol 8 calls Protocol 7.
During execution of the protocol V receives a bit string btrap containing measurement
outcomes from trap qubits. At the end of the protocol, P sends some state 1out €
Heomp @ Htrap ® Hjunk to V, one qubit at a time. Here, Hcomp is the Hilbert space
of A’s output qubits, Hirap is the Hilbert space of remaining trap qubits, and Hjynk
is the Hilbert space of the remaining qubits.

3. V should now decide whether to accept or reject:

(a) If all bits of birap are correct (as per Protocol 8 in Ref. [FK17]), then V streams
the incoming qubits of Yoyt received from P. The verifier discards any qubit
from Hjynk. Qubits from Hcomp are measured and V stores those outputs in
a bit-string boyt. Similarly, qubits from Htrap are measured and, conditioned
on the output of the trap-measurement the interaction either continues or is
rejected and V returns “abort”. V then outputs the bit string boyt.

(b) Else V rejects the interaction and outputs “abort".
We can now prove completeness and soundness.

Completeness: As before, we first stress that the delegation in Step 3 above is possible
for V, as Protocol 8 from Ref. [FK17] only requires V to send qubits of ¢ to P one at a
time (after single-qubit masking). It then follows from Theorem 10 in Ref. [FK17] that if
the prover is honest, V will accept the interaction, and receive in the computation register
1’, with probability 1. From the assumption on .4, we therefore have that boyt is a valid
solution with probability > 1 — d/2.

Soundness: Define the ideal VBQC output state after interacting with a dishonest prover
as

Yideal (P) = p¥’ @ |acc)ace| + (1 — p)p @ |rej)(rej|

for some p € [0,1], and with p any state on Hcomp ® Hjunk- The states |acc) and |rej)
in Htrap with (acc|rej) = 0 denote the flag-states that lead V to accept or reject the
interaction after measuring the respective labels.

Recall, that algorithm A fails with probability < /2 when measuring ¢’ in the compu-
tational basis. Thus, the probability of V accepting the interaction, yet outputting an
invalid bout when measuring 1)jgea1(p) in the computational basis is < 6/2. From Theorem
12 in Ref. [FK17], together with the choice of security parameter d, we know that

1 5\ 5

plvou — @)l < (3) ° <3,
for some p. Therefore, the probability of V with access to 1oyt for accepting the interaction
and outputting an invalid string byt is at most % larger than the same probability with
tout replaced by ¥iqea1(p). Hence, the probability of V accepting the interaction and
outputting an invalid string boyt is at most J, which completes the soundness analysis.
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Communication complexity: The claimed communication complexity follows from
properties of Protocol 8 from Ref. [FK17]. We note that the protocol could be modified
in such a way that P only sends classical bits to V (i.e. P also performs the desired
measurements) without affecting the analysis. O

D An interactive proof for memory-constrained uniformity testing

We show here how one can use known streaming interactive proofs [CTY11] to construct
an interactive proof protocol for uniformity testing, which allows a memory-constrained
verifier to surpass query complexity lower bounds resulting from memory limitations. To
be more specific, recall from Problem 4 that uniformity testing is the problem which
asks one to decide whether an unknown distribution is the uniform distribution or e-far
from the uniform distribution with respect to trace distance [Can22]. As discussed in
Example 1, it is known that for distributions with support size k, when there are no
memory constraints, @(\/E/EQ) queries are necessary and sufficient [Pan08; Can22]. On
the other hand, when only m bits of memory are available, then Q(k/ms?) queries are
necessary [Dia+19; CY23; BOS22]. As such, its natural to wonder whether there exists
an interactive proof system which allows a memory-constrained verifier to gain a query
complexity advantage via delegation to a memory unconstrained prover. The following
theorem answers this question affirmatively.

Theorem 10: For any ¢ > 12/k'/4, there exists an interactive proof system (V,P)
for uniformity testing, with success probability 2/3, between a verifier with O(polylog(k))
classical bits of memory, and a memory unconstrained prover. More specifically, for this
protocol:

1. The verifier has query complexity O(Vk/<?).

2. The prover and the verifier exchange (’)(\/Epolylog(k)) bits during the protocol.

Note that for a memory of size m = polylog(k), a memory-constrained verifier in isolation
requires Q(k/ms%) = Q(k/polylog(k)s>) samples. This is (in the regime of large k) strictly
larger than the upper bound of O(Vk/?) achieved by the verifier in the above interactive
proof for uniformity testing, and thus demonstrates that the interaction with the prover
allows the verifier to overcome the lower bound arising from their memory constraint.

Proof: The high level idea of the interactive proof protocol is for the verifier to run the
“unique elements uniformity tester' (Algorithm 2 in Ref. [Can22]), by using the streaming
interactive proof protocol for unique elements from Theorem 6 in Ref. [CTY11] to delegate
the computation of the number of unique elements in the stream of samples, without
having to store more than one sample at a time. To make this more precise, let us define
the support of the unknown distribution as [k] = {1,...,k}. For any set of n samples
{z1,...,2n} € [k]™ we define the associated frequency vector a = (ay, ..., a;), where for
any j € [k] one defines a; = |{¢|z; = j}| as the number of times that j € [k] appears in
the set of samples. Next, we define the function A : Ng — Ng via h(1) = 1 and h(j) =0
for j # 1. This allows us to define the number of unique elements in the set of samples as
Z = Zie[k] h(a;). With this in hand, the interactive proof protocol is as follows:

1. Get e > 12/g1/4,

Accepted in { Yuantum 2026-08-17, click title to verify. Published under CC-BY 4.0. 57



2. Set n « [140Vk/:?].
3. Set 7« (1 — 1/k)" 1 — ne?/sk.
4. For je{l,...,n}:
(a) V queries the oracle and receives a sample z; € [k].

(b) V sends z; to P, and follows the protocol for calculating “frequency based
functions", from Section 6.2 in Ref. [CTY11], adapted to calculate the number
of unique elements in the sample stream, and with soundness parameter 1/6.

5. V receives Z from P — the claimed number of unique elements. Still following the
protocol from Section 6.2 in Ref. [CTY11], V decides whether to accept or reject
the interaction with P.

(a) If V rejects the interaction with P, then the protocol is aborted.
(b) Else, if V accepts the protocol then:

i. If Z < 7 output “reject” (i.e. not uniform).

ii. Else, output “accept" (i.e. uniform).

Completeness: We note, from Theorem 6 in Ref. [CTY11], together with the insistence
on perfect completeness for valid protocols in Definition 1 and Definition 2 of Ref. [CTY11],
that for the honest prover P the verifier V will always accept the interaction, and it will
always be the case that Z = Z. In this case, we note that the above interactive protocol
implements the “unique elements uniformity tester" (Algorithm 2 in Ref. [Can20]). From
Theorem 2.4 and its proof in Ref. [Can20], one can also verify that, with n set as above,
the algorithm will output a correct solution with probability greater than 5/6, provided
g > 12/kY/4,

Soundness: Let us denote by F; the event that V accepts the interaction with P and
Z = Z, but V still outputs an invalid solution. As Z = Z, verifier V correctly implements
the unique elements uniformity tester, and therefore outputs an invalid solution with
probability less than 1/6 (via Theorem 2.4 in Ref. [Can22]). As such, the probability of
event Fj is less than 1/6.

Now, let us denote by FE the event that P is dishonest and outputs some Z which causes
V to output an invalid solution, but V nevertheless accepts the interaction with P. By
the soundness guarantee of the protocol for frequency based functions from Ref. [CTY11]
(Section 6.2), the probability of event Fs is less than 1/6. The probability that V accepts
the interaction and output an incorrect solution is at most the probability of Eq U Ea. By
a union bound, this probability is less than 1/3.

Complexity analysis: From the description of the protocol above, it is clear that V has
query complexity (’)(\/E/EQ). From a space perspective, V requires the space to store ¢,
n and 7, keep track of the round counter j, receive single samples from the distribution,
and execute the delegation protocol for frequency based functions from Ref. [CTY11].
For the relevant parameter regimes, this space cost is dominated by the requirements of
the protocol from Ref. [CTY11]. More specifically, as per Theorem 6 (and Corollary 2)
in Ref. [CTY11], we have that V uses O(log(k)) words of space to execute this proto-
col, where as defined in Ref. [CTY11], a word is some sequence of polylog(k) bits. As
such, V requires O(polylog(k)) bits of space. Finally, the communication complexity of
the protocol is determined solely by the communication required to execute the protocol
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from Ref. [CTY11]. Again from Theorem 6 in Ref. [CTY11], we have that O(vklog(k))
words, or O (\/E polylog(k)) bits, are exchanged between P and V during execution of the

protocol.
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