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A universal framework for the joint measurement of multiple localized observables in
quantum field theory satisfying spacetime locality and compositionality is still lacking.
We present an approach to the problem that is based on the one hand on the positive
formalism, an axiomatic framework, where it is clear from the outset that we satisfy
locality and compositionality, while also having a consistent probabilistic interpreta-
tion. On the other hand, the approach is based on standard tools from quantum field
theory, in particular the path integral and the Schwinger-Keldysh formalism. After an
overview of the conceptual foundations we introduce the modulus-square construction
as a formalization of the measurement process for the expectation value of an important
class of observables including quadratic observables. We show that this construction
has many of the desired properties, including positivity, locality, single measurement
recovery and compositionality. We introduce a renormalization scheme for the mea-
surement of quadratic observables that also satisfies compositionality, in contrast to
previous renormalization schemes. We discuss relativistic causality, confirming that
measurements in our scheme are indeed localized in the spacetime regions where the
underlying observables have support.

1 Introduction

Quantum field theory (QFT) is our most successful framework for describing matter and its interac-
tions at the smallest scales. We can precisely predict outcomes of single asymptotic measurements
of particle interactions through the powerful S-matrix. However, when it comes to joint mea-
surements localized and distributed at different spacetime regions, a fully satisfactory framework
applicable to QFT has been missing. This is to be contrasted with the situation in non-relativistic
quantum mechanics for which a complete characterization of the notion of a measurement was
achieved around 1970, in terms of trace-preserving, completely-positive maps on the space of self-
adjoint operators on the Hilbert spaces of states [1]. In modern parlance, this is the basis of the
notion of a quantum operation, forming the heart of Quantum Information Theory. It goes almost
without saying that this framework satisfies temporal locality, i.e., a quantum operation only de-
pends on the immediately preceding state and directly only influences the immediately subsequent
state. Moreover, this framework is compositional in the sense that there is a notion of joint mea-
surement and that, furthermore, the implementation of a joint measurement is the composition of
the implementations of the component measurements in the order corresponding to their temporal
application (as maps). It is clear that the desiderata for a framework for measurements in the
relativistic setting of QFT are substantially similar, but even more demanding. Namely, instead of
mere temporal locality and causality we require full relativistic space-time locality and causality.
Also, instead of compositionality only in time we require compositionality in spacetime.
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Even the implementation of the non-relativistic measurement framework in QFT has not been
straightforward. As famously shown by Sorkin [2], a large class of projection-valued measurements
lead to superluminal signaling and are thus unphysical. However, following the non-relativistic
path of constructing the quantum operation of a measurement by spectral decomposition from
a self-adjoint operator, would precisely lead to projection valued measurements. What is more,
typical point-localized field operators are highly singular, and even their smeared versions are
unbounded and have continuous spectrum, making them difficult to deal with. It was shown only
very recently, how quantum operations measuring field operators can be implemented avoiding
superluminal signaling [3].1 On the conceptual side this requires that the measurement extract the
full continuous outcome value rather than a binned value, i.e., one where the real line is cut into
bins, with corresponding projectors applied for the bins. On the technical side, the operations
are implemented as limits of non-projective positive-operator-valued measures. However, this
manner of describing measurement is still limited in that composition arises from the composition
of operators and has the meaning of composition in time rather than in spacetime.

In part due to the historical difficulties with the measurement of observables, there is a con-
siderable literature in QFT on approaches to local measurement centered on a modeling of the
measurement apparatus. For an excellent recent review focused on causal measurement see [5].
These approaches can be seen as developments of von Neumann’s original description of mea-
surement through an interaction of the system with an ancilla (representing the apparatus) [6].
The measurement proper (i.e. extraction of a definite outcome) then happens on the ancilla at
a later time when it can be considered isolated from the measured system. Questions of locality
and causality can then be reduced to the interaction between system and ancilla, as long as the
measurement proper on the latter is deferred far enough into the future. These approaches can
roughly be divided into two classes: Either the measuring ancilla is modeled as a non-relativistic
system (with a usually finite-dimensional Hilbert space) or it is a field theoretic system itself. In
the first case, the prototypical model is the Unruh-deWitt detector [7] with two states of different
energy, following a fixed trajectory in spacetime, coupled to a scalar field system. There is a large
literature on developing this idea in many directions, adding spin and other degrees of freedom,
with different types of coupling, trajectories, smearing the detector in space etc. For the present
purposes most relevant is recent work that focuses on taking this serious as the basis for a local
measurement theory of QFT [8]. In the second case, the first formalization of the measurement
process through a local interaction of the system field with another relativistic apparatus field was
provided by Hellwig and Kraus [9]. In the context of algebraic quantum field theory this line of
research has been much further developed, culminating recently in a coherent framework for local
measurement [10]. Both of these frameworks include notions of “update rules” that can be used to
describe compositions of measurements. However, these notions of composition are in essence the
time-ordered ones inherited from non-relativistic quantum mechanics. In particular, any two mea-
surements can only be composed when the underlying spacetime regions are either purely spacelike
or purely timelike related. A further recent approach to a measurement theory of QFT is grounded
in a histories type framework [11]. It makes connections with the detector approaches, even though
in principle this approach is not detector-based. Because the Schwinger-Keldysh formalism is used,
there are interesting connections to our approach that we discuss in the final Section 7.

We consider an approach to measurement in QFT based on the local version of the positive
formalism (PF) [12, 13]. This axiomatic framework allows for the local description of physics in
spacetime regions. It is compositional in bringing into correspondence the composition of localized
physical processes to the composition of the underlying spacetime regions. Central is the opera-
tional concept of probe to describe processes of measurement, observation and intervention. This
generalizes the temporally compositional concept of a quantum operation to a spacetime compo-
sitional setting. Crucially, this notion of composition is not limited by a requirement of causal
orderability between measurement regions and does not require an “update rule” (even though
such rules may be derived when appropriate). Rather, probes can be composed whenever their
underlying spacetime regions are disjoint. Along with this comes a consistent generalization of the
probability rules of the standard formulation of quantum theory. This clarifies in principle what

1For a class of Gaussian measurements in scalar field theory it was previously shown by Jubb that these do not
lead to superluminal signaling [4].
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the mathematical objects are that encode local measurements in QFT, how they are composed
and how probabilities of outcomes are computed from them. However, this leaves open the crucial
question how these objects are to be constructed to implement specific measurements. This may
be seen as a problem of quantization. For spacetime regions where no measurement takes place it
has long been clear that the path integral provides an adequate quantization prescription.? In con-
trast, it has been an open question how to construct probes encoding the measurement of specific
classical observables in a general spacetime region.

We propose a scheme for constructing probes to measure those observables which can be rep-
resented as the modulus-square of other simpler observables. This includes correlation functions
such as ¢?(z) and their products, but also for example the energy-momentum tensor. Our scheme
utilizes a double path integral and in this way takes advantage of its known locality properties. In
the case that the system is discarded after a joint measurement®, this amounts to the Schwinger-
Keldysh formalism, which has long been recognized to provide a sensible setting for describing
measurements in QFT of open systems [16]. We demonstrate that our proposal satisfies a number
of desiderata, including positivity (which ensures coherence with the probability interpretation),
locality and compositionality in spacetime. Also, as expected, the results for single measurements,
which can be dealt with already in the standard QFT formalism are recovered. For probes encod-
ing quadratic observables, which are often singular, we introduce a renormalization prescription.
We show, that this prescription makes results not only finite, but is semiclassical. That is, it re-
covers classical expectation values on coherent states. What is more striking, however, is that our
renormalization prescription is compositional, in contrast to standard prescriptions such as normal
ordering. That is, renormalization “commutes” with composition, as we show.

We demonstrate the modulus-square construction in Klein-Gordon theory in a globally hyper-
bolic spacetime for quadratic field observables, showing how the renormalization prescription can
be justified via point-splitting regularization not only at the individual, but also at the compos-
ite level. We extend the application to the energy-momentum tensor and its simplest correlation
function. By construction, all expectation values are real, and we show explicitly that they satisfy
relativistic causality.

This paper is organized as follows: In Section 2, we give a brief overview of the description
of the compositional frameworks of measurement in the standard formulation of quantum theory
(SFQ) on the one hand, and in the positive formalism (PF) on the other hand. Section 3 lays out
the central notions of probe and composition in quantum field theory (QFT). The well-understood
case of single measurements is briefly reviewed in Section 4. We lay out our proposal of the
modulus-square quantization prescription for probes in QFT in Section 5, including motivation,
properties and renormalization (the latter for quadratic observables). While the treatment up to
this point is for general bosonic field theories we specialize in Section 6 to scalar field theory. This
provides the opportunity to consider explicit examples of observables and composition including
field operators and the energy-momentum tensor. Moreover, it permits a concrete demonstration
of relativistic causality. A discussion and outlook section (Section 7) concludes the paper, except
for appendices on propagators for field observables (Appendix A) and supplementary calculations
with modulus-square probes (Appendix B).

2 Local measurements and composition in the positive formalism

In the present section we review the positive formalism (PF) in its most basic version as a frame-
work to encode measurements and more general operations in quantum theory (PF+Q), with an
emphasis on composition. To make this treatment more accessible and emphasize the key differ-
ences, we first review relevant aspects of measurements and operations and their compositions in
the standard formulation of quantum theory (SFQ). To this end we employ a diagrammatic lan-
guage that is widely used in quantum foundations, categorical quantum mechanics and quantum

2Path integrals play a central role in topological quantum field theory [14] and the closely related amplitude
formalism, also known as general boundary quantum field theory [15]. The latter is the pure state counterpart of
the local positive formalism.

3In the context of the modulus-square construction “joint measurement” is to be understood in the sense of “joint
expectation”, but not “joint probability”.
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information theory.

2.1 Composition in the SFQ

time _
A —_

A A =

R E R v R S Y

B:R—B -
o] A:B—B BeB C:B—R =0 tr(o)
operation preparation effect discard

Figure 1: Basic elements and compositionality in the SFQ. In the case of a preparation note that the choice of
a linear map B : R — B is equivalent to choosing an element B := B(1) € B.

A quantum system is characterized primarily by its state space. Mathematically, the states live
in the real vector space B of self-adjoint operators on the Hilbert space H of the system. Proper
(but unnormalized) states are positive operators, i.e., elements of the positive cone B* C B.
Operations are real linear maps A : B; — By between state spaces. An important property of the
operations A on a system is that they are required to be completely positive maps. This property
means that not only do they map the positive cone Bf to the positive cone B;r , but it guarantees
that if this system is to be seen as subsystem of a larger one, then the operation id ® A on the
composite system must also be positive. Maps with the property of complete positivity admit a
decomposition in terms of Kraus operators. That is, there is a set of operators {K;} on H, so
that,*

Ao) = ZKioKJ. (1)

Conversely, a map constructed from Kraus operators is completely positive.

Measurements are encoded by operations. If no measured value is recorded, the corresponding
operation is called non-selective. For each possible outcome of the measurement there is also a
selective operation. Crucially, the sum (as linear maps) of the selective operations over all possible
outcomes yields the non-selective operation.

The operations can be represented as input-output boxes, see Figure 1. Particular operations
are the preparations that take no input and give an output and the effects that accept an input
and produce a scalar output, i.e., a complex number. That is, the effects can be viewed as positive
elements of the vector space B*, that is dual to the corresponding state space. Moreover, there is
a distinguished element on B* which in the following we call the discard (effect). This is defined
as 3= : B — R, =(-) = tr(+); the states 0 € BT for which 3=(0) = 1 are called normalized.

An important feature of the formalism is the composability of all of these elements. There are
two types of composition: one is in the temporal/vertical direction depicted in the first diagram
of Figure 1 and the diagram of Figure 2.a. The composition is through the composition of the
maps corresponding to the operations; while in the spatial/horizontal direction the composition
is through the tensor product of the state spaces and underlying Hilbert spaces, see Figure 2.b.
The predictions in the SFQ are given through the probabilistic Born rule. This assumes that the
system at the end is discarded. The probability for given joint measurement outcomes is then
simply the real number resulting from the evaluation of the diagram composed of preparations,
operations and discard effects that describe the experimental setup. Hereby the operations to be
used are the selective ones encoding the various component measurement outcomes. The simplest
case is a preparation of a state o, followed by a measurement @), followed by discarding the system.

4As usual, we require A to map trace-class operators to trace-class operators. This implies that A admits a
decomposition as indicated, see e.g. [17].
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Figure 2: Composition in horizontal and vertical directions.

Say the measurement can have n outcomes, and we denote the corresponding operations Q[j] with
j €{1,...,n}. The non-selective operation is Q[x] = E?Zl Q[j] and the probability II to register
outcome j is given by

II = tr(Q[j]()). (2)

The corresponding graphical representation is the diagram on the left-hand side of Figure 1.

Ensuring consistency of the probability rule requires the causality aziom. Mathematically, this
stipulates that non-selective operations, i.e., operations where no measured value is extracted, are
trace-preserving. That is, they should satisfy the equality 5=(A(0)) = 5=(0) for any state o € B.
This is depicted in Figure 3, left-hand side. In terms of the Kraus operators determining A, see
(1), this condition reads

Y KK =id. (3)
i
Considering preparations as a special type of operation where the final state space is R, this

condition translates to 5=(c) = 1. This is the already mentioned normalization condition for states.
Imposing the trace-preservation condition on non-selective operations enforces an important and

T
+

tr(A(o)) = tr(o)
A : B — B non-selective A :B® B — R non-selective

Figure 3: Causality axiom.

reasonable constraint in our physical theories that states that no future choice (such as choosing
what is to be measured) must influence the present. In this form, it states that performing a non-
selective measurement and then discarding the system should give the same probability /predictions
as just discarding the system without performing any measurement.

In the case of a finite dimensional Hilbert space H, the space B is identified with the space of
self-adjoint operators on H. The dual space B* can be identified with the space B through the
Hilbert-Schmidt inner product. That is, we can identify 7 € B with an element in B* by setting,

(o) = tr(r10). (4)

In the infinite-dimensional case we take advantage of the normalization condition on states and
restrict B to be the space of self-adjoint operators that are trace-class. On the other hand we
identify elements of B* with self-adjoint operators that are merely bounded, by the same pairing
(4). This is necessary as for example the discard effect encoded by the trace corresponds in this way
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to the identity operator, which is not trace-class in infinite dimensions. Note that this introduces
an asymmetry between the spaces B and 5*.

2.2 The positive formalism

The SFQ presupposes a fixed notion of time. Initial and final state spaces are distinguished as
domains and images of the maps encoding operations. In the diagrams this is indicated by the
arrows on the links, see Figures 1, 2.a and 2.b. This is also reflected in the correspondence of the
different types of composition to different temporal relations. Horizontal composition encodes a
simultaneous combination of different systems and operations, while vertical composition encodes
the consecutive, i.e., temporally sequential combination of operations on systems.

In relativistic physics (such as in QFT), the temporal order of events may be frame dependent
and a formalism that depends on such an order is cumbersome at best and inapplicable at worst.
To address this, we shall use the positive formalism (PF) instead of the SFQ. More precisely, we
shall use the quantum theory variant of the PF, also referred to as PF+Q. The PF in general is a
framework that applies not only to quantum theory, but also to classical theory and even generalized
probabilistic theories [12, 13]. Moreover, there are different versions of the PF depending on the
underlying notion of spacetime (if any), see below. The version we denote as PF and thus also its
quantum variant PF4+Q does not presuppose any notion of space or time, but merely an abstract
notion of composability.

Taking as a starting point the SFQ, the transition to the PF+Q is easy to explain, at an intuitive
level: Remove the arrows from the links. Physically speaking, links still represent “systems” or,
more abstractly, a means of signaling or interaction between operations, but not a priori with a
specific time direction. Basic operations may still be represented as boxes, except that there is
no longer a specific distinction between incoming and outgoing links. In order to accommodate
this and other generalizations we introduce the notion of probe. Mathematically speaking, instead
of encoding an operation as a linear map from a tensor product of incoming to a tensor product
of outgoing state spaces we may encode a probe as a map from a tensor product of state spaces
to the real numbers (i.e., as if all state spaces were incoming), P : By ® --- ® B,, — R. We note
that a map P defined in this way is positive if and only if any partially dualized version of P (i.e.,
where some in-links are converted to out-links) is completely positive. In that case, we call the
corresponding probe primitive. Thus, operations in SFQ give rise to primitive probes in PF+4Q.
Composition is achieved by inserting complete bases of the state spaces B associated to the links
that implement the composition.” It is evident that in this way any composition of operations
in the SFQ can be obtained by composing corresponding primitive probes in PF+4Q, followed by
adding the corresponding arrows. But more general compositions are possible, see Figure 2.c.

There is one apparent mathematical difficulty, however. This is the asymmetry between a state
space B and its dual B* in the infinite-dimensional case. Eliminating directionality requires the
identification of B with B* through the pairing (4). Since effects are given by bounded operators
while states by trace class operators in the SFQ we are forced to choose the larger class, i.e.,
the bounded operators. However, the Hilbert-Schmidt inner product (4) between two bounded
operators is not well-defined in infinite dimensions. We solve this problem by taking advantage of
positivity. Instead of considering the Hilbert-Schmidt inner product as a pairing BxB — R between
vector spaces, we restrict it to the positive cones Bt x Bt — Rar . Its values are then restricted
to be non-negative. We may then extend R = [0, 00) to its one-point compactification [0, oc]. In
this way, BT x BT — [0, 00] becomes a well-defined map, even in infinite dimensions [13]. Note
that this makes sense as physical states or effects in SFQ are always positive. Moreover, operations
are completely positive, making their undirected versions positive, i.e., the probes primitive. In
this way, all compositions respect positivity and can be carried out to yield a well-defined result in
[0, 0], for any closed diagram. But what is the interpretation if the result is co? Either the setup
is unphysical in the sense of being underdetermined® or renormalization is required (see below).

5This is the composition formula for quantum operations (7, B(A(c))) = Zk(]f, B(&k)) €k, A(o)), where {&} is

an orthonormal basis with respect to the Hilbert-Schmidt inner product (7, o) = tr (TTU).

6This was discussed for the general boundary formulation, a predecessor of the PF, already in [15].
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There is more to the SFQ than we have taken into account so far: Crucially, there is the
probability rule and there is the causality axiom. Let’s start with the latter, see Figure 3 left-hand
side. It would be tempting to introduce in the PF+Q a corresponding axiom, by simply dropping
the arrows, see Figure 3 right-hand side. However, returning to the SFQ, by reintroducing arrows,
this relation would be equivalent to imposing all relations generated by all possible choices of
arrows. There are just two choices, one corresponding to the original axiom (left-hand side of
Figure 3) and its time-reversed version. Now, the latter is known to be too strong and making
SFQ essentially trivial [18]. In conclusion, introducing the axiom of the right-hand side of Figure 3
in PF+Q would be too strong and is not supported by known quantum physics. As a consequence,
there is no specific mathematical condition that singles out non-selective probes and there is in
general no notion of normalization for “states”.

The causality axiom is required in the SFQ, however, for the consistency of the probability
interpretation. So, how can we talk about probabilities in the PF4+Q? The answer is that the PF
(and thus PF+Q) has a probability rule that does not rely on the directedness coming from a notion
of time. In short, we need two copies of a diagram, evaluate both, and obtain the probability as the
quotient of the two values. The first diagram is like the diagram in SFQ. Here, we use the selective
probes corresponding to the measurement outcomes that we are asking for. Its value becomes the
numerator. The second diagram is like the first diagram, but with non-selective probes replacing
the selective ones. It represents the same experiment, but without the knowledge of the outcomes.
Its value becomes the numerator. The quotient is the probability. The rule can be stated more
generally by saying that the denominator encodes what we know or impose about the experiment,
while the numerator encodes what on top of that we ask for. In fact, the denominator does not
have to be composed exclusively of non-selective probes; we may condition on partial outcomes
with the very same rule.

N N

Figure 4: Probabilities are relative, arise from quotients of diagrams.

Consider the example of the situation depicted in Figure 4. There are three connected devices:
One is a switch with two positions, A and B. One carries an indicator light that may show (g)reen
or (r)ed. One is a pointer device with a scale. We are asking for the probability of a specific
readout k on the pointer device and for the light to be (g)reen, given that the switch is in position
A. The left-hand side of Figure 4 depicts this specific configuration. The boxes stand for primitive
probes that we denote Q[A] (switch), P[g] (light) and R[k] (pointer device). The right-hand side of
Figure 4 depicts the corresponding configuration that reflects only what we know already or have
fixed about the experiment. Here, the color of the light and the pointer position are undetermined.
The corresponding primitive probes are denoted P[«] (light) and R[*] (pointer device). These are
non-selective probes, while their selective counterparts are P[g] and R[k], as already mentioned.
The probability IT is thus the quotient

Plg] o Q[A] o RIK]
Pl+] o QAo Rl )

Here, the numerator represents the value of the diagram on the left-hand side of Figure 4 and the

II =
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denominator the value of the diagram on the right-hand side. We use the notation ¢ to generically
indicate composition. Note that composition can be performed successively and is associative in
this sense.

The probability rule of the PF+Q is strictly a generalization of the probability rule of the SFQ.
What is more, we can recover exactly the SFQ from the PF+Q by adding structure, see Figure 5. As
a first step, we introduce arrows on all links, introduce the input-output asymmetry, and prohibit
compositions that yield cycles. That is, we go from graphs to acyclic directed graphs. We indicate
this addition of structure as +T (for time). Then, we impose the causality axiom (left-hand side of
Figure 3). We indicate this axiomatic enhancement by +N. We claim thus that the PE+Q+T+N
recovers precisely the SFQ. To see that for the probability rule, consider a situation where the
SFQ rule is applicable. That is, the system is discarded after the measurement, and we do not
condition on any partial measurement outcome. But this precisely implies that the denominator of
the PF+Q rule is a composition of non-selective operations with the discard. Due to the causality
axiom this implies that its numerical value is precisely 1. The probability expression reduces to
the value of its numerator, which is directly equal to that of the SFQ rule.

abstract positive formalism  + time-directionality

causality axiom = non-relativistic
quantum
trace-preserving maps mechanics
nput-output (independence of T
asymmetry preparation from type of
observation)
PFE - T " N

Figure 5: Recovery of SFQ from PF+4Q if we re-introduce time arrows and the causality axiom.

The probes we have considered so far were exclusively primitive probes, generalizing operations
in SFQ. Non-primitive probes play an important role when we are interested in (possibly joint)
expectation values instead of probabilities. Suppose we have a measurement with n possible
outcomes k € {1,...,n}. For each outcome we have a selective probe R[k] while the non-selective
probe is R[x] = Y7, R[k]. All these probes are primitive. We now assign real values A\;, to the
outcomes and define the probe R[A] = Y°;_; Ay R[k]. This probe is not necessarily primitive as
the values A, need not be positive. Using the previous example (compare expression (5)), we may
ask for example what is the expected value (A) shown on the pointer device assuming the switch
in position A and the light showing green. This is,

Q[A] o R[A]
o R[+]"

(6)

3 Construction of probes in quantum field theory

In order to apply the PF+Q to QFT we take advantage of an important fundamental structure
of the latter: spacetime. That is, we take probes to be localized in spacetime, and concretely in
spacetime regions, see Figure 6. What is more, by locality, communication or interaction between
regions should only be possible through shared boundary hypersurfaces. In particular, links are
associated to hypersurfaces. Moreover, again by locality, the state space associated to a link should
depend only on the underlying hypersurface and not on the probes it may connect. That is, to any
(oriented) hypersurface ¥ we associate a state space By. On the other hand, the probes that “fit”
in a specific spacetime region generally depend on that region. That is, to any spacetime region
M we associate a space of probes Pj;. A priori, a probe in M communicates through a single
state space Bgps, where OM is the boundary hypersurface of M. However, when a hypersurface &
(like this boundary) is subdivided into hypersurface components ¥ = X7 U---UX,,, the state space
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Figure 6: Probes are localized in spacetime regions. The links between probes which carry the state spaces, are
associated to hypersurfaces.

splits into a tensor product corresponding to the components Bay = B1 ® - - - ® B,,.” There is also
a special type of primitive probe for each region M, called the null probe and denoted BAp; € Pyy.
This probe represents the absence of any measurement or intervention, i.e., “free evolution” in the
corresponding region. The null probe has the special property that it composes to itself, i.e., if M
and N are regions, Oy uny = By oB@n. In SFQ the analog of the null probe is a free time evolution
between operations. The reason this does not usually merit a specific representation is that one can
easily absorb this into the operations, e.g., by adopting a Heisenberg picture. This is not possible
in the present setting, where every spacetime region is a priori different. The framework we have
arrived at in this way [13] is denoted PF4+Q+LOC, with +LOC for locality. For simplicity, we
shall refer to it as the local PF, since we are exclusively considering quantum theory in this work.
In the following we shall see how we can employ and generalize the tools of QFT to construct and
work with the relevant objects of the local PF.

3.1 Composition in QFT

In QFT, scattering processes are the main way to extract information through measurements of
cross-sections, see e.g. [22]. These are given in terms of transition amplitudes of the type (gt |yi™)
and are calculated by employing the S-matrix picture, the structure of which can be summarized
as follows: i) the spacetime (usually Minkowski space) admits a global time orientation through
a selection of a spacelike foliation, ii) at the far past (¢t — —o0) and at the late future (t — +00)
the field ¢(z) is free, iii) the interaction takes place at intermediate times, iv) the free theories at
t — +oo are related through the S-matrix, and we can write

() = W IST) =, i (rlU, 95 g

to——+00

The S-matrix contains all the information about the interactions. The Hilbert spaces at ¢ — 400
are related through an isomorphism and can be considered “copies” of each other. The probability
is then given by

IT = |(e| S|} . (8)

The transition amplitude (7) can be recast in the path integral form. For the finite-time amplitude,
this is
Pltr 4] (Vi @ Vr) = (Ye|Upy, 1, |0h1) = / DS Vi (e, e (Ple, )€ 1219, 9)

Kty ,ta]

"This is only the simplest composition rule, adequate for the purposes of the present article. In general this rule
has to be refined for gauge theories [19, 20], and due to vacuum entanglement [21].
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where K[, ;) is the space of field configurations in the interior, while Sf;, +,1(¢) is the classical action
functional defined on this space of field configurations. ¢|; is the induced field configuration at time
t and 9(4|;) is the Schrodinger wave function of the state ¢ evaluated on this field configuration.
Note that here and in the following we write for simplicity [t1,t2] instead of [t1,%2] x R? to denote
spacetime regions that are time-intervals extended over all of space.

This notion of amplitude can be extended from time interval regions [t1,t2] to arbitrary space-
time regions M C R x R3 if we rewrite (9) in the form [15]

pr() = [ Dpp(la,,)e ™). (10)

Km

The map pps : Hoyr — Cis a linear map from the Hilbert space Hgyps at the boundary M of M to
the complex numbers, and we have written ¢|gps for the field configuration on the boundary. This
extension of QFT is called general boundary quantum field theory (GBQFT) [15].% The previous
case of a transition amplitude is recovered by noting that in that case the boundary M decomposes
into two pieces, the equal-time hypersurfaces at t; and t2 and consequently ¥ = ¢; ® ¥f. In
general, the boundary and the corresponding Hilbert space of states does not have to consist of two
components. Rather, the state space is considered unified a priori and any kind of decomposition
might emerge later due to additional structure and for physical considerations (e.g. type of the
field). It is easy to see that the amplitude satisfies a composition law due to the composability of
path integrals, i.e. if M is a disjoint union M = M; U Ms, then

panons, (Vi @ ¥r) = Y par, (¥ @ Gi)pan, (G © ). (11)

kel

Here, {Cx}rer is an orthonormal basis of the Hilbert space Hy associated to the hypersurface ¥
where M; and M, are glued together. In the special case where M7 and M, are time-interval
regions, this is just the usual composition of evolution operators U, t,) = Ulty,15]U[t,,1,) 10 terms
of their matrix elements,

<¢f, U[tl,t3]¢i> = ZW)& U[tz,tg]gk> <Ck7 U[tl,t2]1/)i>~ (12)

kel

We shall sometimes abbreviate the composition formula by the implicit notation

pum (s @ e) = par, © par, (Vi @ 1), (13)

where ¢ denotes the gluing at the boundary of the two regions performed through the summation
over the orthonormal basis {(j }recr inserted at their common boundary.

In QFT we can also insert observables into the path integral, for example to obtain the time-
ordered correlation functions. Thus let F' : Kj; — R be an observable defined on field config-
urations in the region M (illustrated in Figure 7.a for M = [t1,t2]). We define the correlation
function

pu[F(¥) = D (o, ) F(9)e™4 @), (14)
K
If M is a time-interval region [t;, t¢] and F(¢) = ¢(an, ty) - - - d(x1,t1), where tg > ¢, > t;, we obtain
the time-ordered correlation function,

Pl [F1 (s @ thr) = (0| Td(n, tn) - - dlan, t1) |1hi) - (15)

Crucially, the composition property of the path integral extends to observables inserted into it.
That is, suppose we have an observable F} in region M; and an observable F; in the adjacent region

8We caution the reader that the program of GBQFT is still incomplete with respect to textbook QFT. That is,
Hilbert spaces and amplitudes for regions that are different from time-interval regions have so far been constructed
only for certain classes of theories. Indeed, it is clear that in cases where hypersurfaces have corners, a modification
of the original axioms of [15] is needed, see also [23, 21]. However, we only consider time-interval regions in this
article, so this need not concern us.
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tz t3

I3
F 2}
Fy
t t
(a) An observable F' with support in the time-interval (b) Composition of two observables Fi and F» in
[t1,t2]. [t1,t2] and [t2,t3] respectively. This yields the ob-

servable F' = F1 F» in [t1,t3].

Figure 7: Observables and their composition in time-interval regions through the path integral.

Ms, then we obtain the joint correlation function of the product observable F} F5 by applying the
same gluing rule (11),

panons [FLFo) (s @ v) =Y pan [F1] (4 @ G pas, [F) (G @ ). (16)
kel

This is illustrated in Figure 7.b.

3.2 Composition in the local PF

Amplitudes and correlation functions of QFT have precisely the composition properties we seek.
We proceed to consider the construction of the relevant objects of the local PF from these ingredi-
ents. On the level of state spaces, the Hilbert space Hy, of pure states associated to a hypersurface
Y is replaced by the corresponding space of self-adjoint operators that we shall denote by Bs.
The positive operators form the cone B; C Bg. As explained previously, these play the role of
(unnormalized) states and effects in the SFQ.

As for probes in spacetime (generalizing quantum operations in SFQ), the first object of interest
is the null probe that corresponds to no intervention or “free evolution”. It is the mixed state
formalism analog of the amplitude. For a region M this is the map W : Bay — R given by [12],

2 () =Y par(0Ck)par (Ce)- (17)

kel

Again, {(x}rer denotes an orthonormal basis of the Hilbert space Haar. As shown in [12], !y is
a primitive probe and thus positive. In particular, if o is positive, i.e. o € BgM, then Ay (o) > 0.
Expression (17) might look unfamiliar. However, in the case of a time-interval region, compare
expression (9), we can rewrite it as,

Z[tl»tz](ai ®op) = tr (UfU[thtﬂaiU[L,tz]) ' (18)

That is, it encodes the analog of the evolution map v; — U}, 4,)%i, in the mixed state formalism,

i.e.7 gj — U[tl,tz]UiU[tth]'
With definition (17) the composition rule for null probes can be readily inferred from the
composition rule for amplitudes, compare expression (11). Thus, if M as a region is a union

M1 U MQ, then [12]

Annons (0 ® 01) = Y By (01 © ;) B, (€ © o). (19)
jeJ

Here, {;} ;e is an orthonormal basis of the space By”, where ¥ is the hypersurface where M; and
My are glued together. Remarkably, this looks exactly like expression (11), except with pure state

9Note that the relevant inner product of By, is the Hilbert-Schmidt inner product.
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spaces replaced by mixed state spaces. Also analogous to the case of amplitudes, the composition
of time-evolutions recovers the composition of quantum operations as maps that encode time
evolution.

The composition rule for two arbitrary probes takes the very same form as that for the null
probe. Suppose A is a probe in M; and B is a probe in M, then the composite probe A ¢ B in
My U My is determined by,

(Ao B)wun, (03 @ 05) = > Anr, (01 ® &) Ba, (] ® 01). (20)
jeJ

What is more, if A and B are primitive probes then so is A ¢ B. This latter fact generalizes the
fact in the SFQ that the composition of completely positive maps is completely positive.

It would be very suggestive to extend the correspondence between the amplitudes and the
null probe to a correspondence between correlation functions and general probes. Indeed, the
composition rule for the mixed state objects would follow in both cases from that of the pure state
objects. However, while amplitudes and null probes have exactly the same physical meaning, this
is not at all the case for correlation functions and probes. Nevertheless, we shall take advantage
of the correspondence in composition laws as we advance.

3.3 Discard and the Schwinger-Keldysh formalism

The discard operation in SFQ consists in applying the trace to a state o. The system is discarded
at the time ¢ that the operation is applied. This implements a distinction between a “past”, about
which we might reason, and a “future” about which we may know nothing. In order to bring this
into a spacetime setting we need a spacelike hypersurface representing the time ¢ and thus the
division between “past” and “future”. In the local PF we may formally associate the discard probe
to the region [t,c0) x R? in the future of ¢, although all that really matters is the hypersurface at
t. Thus, instead of S, )xrs we shall use the simplified notation 5, for the map B; — R, or even
just ==, if no ambiguity arises, given by the trace (o) = tr(o).

We proceed to consider the composition of the discard probe with a null probe. To this end,
we suppose that the latter corresponds to a time-interval region. At the end of the time-interval
the system is discarded. This is,

1, 0Oty ,15)(0) = Z Z Pitr,t2](0C @ Ci) Pyt 1) (Ci @ C)- (21)

kel iel

We rewrite the amplitudes in terms of path integrals and also suppose, for simplicity, that the
initial state is pure o = |1))(¥)|. Then,

t2 © Dty (10)(P]) Z/

Dou)GEE [ Do w@ GRS

kel [t1,t2] [t1,ta]

:/Kf | Do DG (1) (¢/[1)e(#)15(@D), (22)
t1,t2
Bl2=¢"|2

The last integral is a double path integral over field configurations ¢ and ¢’ in the time interval
[t1,t2] such that ¢ and ¢’ coincide at time t5. This coincidence condition encodes the discard
at time t5. This double path integral is precisely that of the Schwinger-Keldysh in-in formalism
[24, 25]. We can think of ¢ as a field configuration that goes forward in time from #; to to and
then ¢’ as going backward in time from ¢o back to ¢;. Due to unitarity of time evolution, we can
shift the time to arbitrarily, without changing the value of the integral, as long as it is not before
the initial time ¢;. In particular, if we shift t5 to coincide with ¢1, the path integral disappears,

ta © Dty 2] ([V) (D)) = T, (1) (&) (23)

For the most part, considerations in the following will be limited to probes associated to space-
time regions that are time-intervals and settings where a discard is applied in the future. In that
case it makes perfect sense to uphold the causality axiom, Figure 3, left-hand side, and in this
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way specify what a non-selective probe in a time-interval region is. In particular, the null probe
is non-selective in this way, as we have just seen expressed in equation (23). Note that this also
implies that denominators of expressions for probabilities or expectation values that consist only
of a discard after the null probe applied to a normalized state take unit value and can therefore
be ignored. We come back to the question of how the physical content of the causality axiom is
generalized to the relativistic setting in Section 6.3.

4 Single measurements and observables

4.1 Single projective measurements in SFQ

If we perform only a single measurement in the SFQ and subsequently discard the system, prob-
abilities and expectation values take a particularly simple form. This is even more so, if the
measurement is projective, i.e. the Kraus operators {K;} are projectors, compare expression (1).
To emphasize that we deal with projectors, we shall write {P;}. Thus, the probability for outcome
i in measuring an initial state o and discarding afterwards is simply tr(P;cP;) = tr(P;o). If we
assign real values a; to the outcomes i, the expectation value is

(A) =) aitr(PoP) =tr(Ao), with A=) a;P,. (24)

We then also say that we measure the expectation value of the self-adjoint operator A. We
emphasize here that in this way we can calculate the expectation value of A without explicitly
knowing its spectral decomposition, i.e., the projectors P; and eigenvalues a;. In case that the

initial state is a pure state o = |¢)(¢)| we can even express the expectation value without any
reference to a mixed state formalism,
(4) = tr(Ao) = tr(A[p)(¥]) = (¥, A). (25)

4.2 Measuring single observables in QFT

The fact that for a single measurement we only need the self-adjoint operator A and not its spectral
decomposition is particularly important in QFT. Since we have well-established procedures to
construct the self-adjoint operators for important classes of classical observables, we can easily
calculate the expectation values of these observables for some given initial state, discarding the
system afterwards. What is more, instead of working explicitly with operators, we can work with
the path integral quantization (14) as reviewed in Section 3.1. Combining expressions (14) and
(22), the expectation value of a classical observable F localized in the time-interval [t1, 2] and with
initial pure state ¢ can be expressed through the Schwinger-Keldysh path integral,

(F) = [s  DODS Gl TTRIF(0)e @5, (20

t1,to

dl2=9¢|2
Note that here we are no longer free (as in the case without observable) to move the initial and
final boundaries of the path integral. Rather, the support of the observable F' has to be covered
completely by the time-interval [t1,t2]. However, strictly speaking, this only applies to the forward
path integral over ¢ and not the backward path integral over ¢’. Moving ¢; forward to t5 for the

backward path integral, this disappears, leaving an ordinary in-out path integral,

(F) = /K Do (S|P F ()65 (27)

[t1,t2]

We have used the symbol ¢ for the initial state at ¢; as well as its time-evolved version at ts.

5 The modulus-square construction

In the SFQ we have a well-established compositional notion of measurement (as reviewed in Sec-
tion 2.1) which can be extended to QFT through the local PF (Sections 2.2 and 3) to a local

Accepted in {Yuantum 2026-09-22, click title to verify. Published under CC-BY 4.0. 13



and compositional notion of measurement. This clarifies the mathematical structures involved,
generalizing quantum operations to probes. The remaining problem is the construction of those
probes that correspond to specific classical observables. In the SFQ we usually have a quantization
prescription that produces a self-adjoint operator from a real observable. In QFT it is convenient
to use the path integral for the analog purpose, recall expression (14). Then, if we are only in-
terested in the expectation value of a single measurement, there is the simple expression (25) in
the SFQ. The analog in QFT is the simple path integral (27). However, if we want to compose
measurements in SFQ, we need the full quantum operation corresponding to the observable. At
the operator level it has recently been shown how this can be accomplished for linear observables
in QFT via the spectral decomposition and in such a way that relativistic causality constraints
are satisfied [3]. However, we need a path integral “native” approach here to fulfill our aim of full
spacetime compositionality. In the present section, we present such a proposal.

5.1 Motivation

We start with the very simple observation that given any set of operators {K;}, the map

o ®(o Z KioK] (28)

is a completely positive map (compare Section 2.1). If it was the quantum operation implementing
the measurement of an expectation value, then this expectation value for an initial state o would

be,
tr (Z KoK ) = tr (Z K] Kio') : (29)

i

Moreover, the corresponding self-adjoint operator would thus be,
A=Y KK, (30)

Interestingly, this very same scheme is replicated in the local PF using correlation functions of
QFT. The key observation is that replacing the amplitude map in the definition (17) of the null
probe by a correlation function still yields a positive map By — R, i.e., a map that may define a
primitive probe. For simplicity, we consider a single real observable F' : Kj; — R on a spacetime
region M, corresponding to a single operator K instead of a set {K;} as above. Recall that K,
denotes here the space of field configurations in M. For later use it will be convenient to do our
definitions with two possibly distinct observables F', F’. Define

PulFIF')(0) =Y pu[Fl(0Ck) paa[F'](C)- (31)
kel

Then, Py[F|F] is a positive map, i.e., a primitive probe. If we let M be a time-interval region
[t1,t2] and discard at time to with an initial state o at time ¢;, we obtain,

=0 P [FIFN0) =D pty ol [FI06 @ Gi)piey 1) [F'1(Gi @ G- (32)

kel jel

We may rewrite this as a Schwinger-Keldysh double path integral, as in Section 3.3. To this end
let o = [)(¢)| be a pure state,

50 Plas,ial FIF] () () = /K[] Do DY Y(g|) Y (¢ ) F(6) /()@ (33)
Dl2=¢'|2

To see the significance of this expression, we consider the operator analog with F' = F’. Let F be
the operator corresponding to the observable F' via Weyl quantization. Then we get,

%0 Ppe, el FIFI(0) ) = tr (Pl F1) = r(FTRI) (). (34)

Accepted in {Yuantum 2026-09-22, click title to verify. Published under CC-BY 4.0. 14



That is, we obtain the expectation value corresponding to the self-adjoint operator F1E. We obtain
a particular quantization of the classical observable

A=FF =|F|. (35)

What is more, if F' is positive, then 2= F2 = A. That is, we recover then exactly the expectation
value of the quantization of the observable A. This encapsulates the essence of our present proposal.
Since the observable A is the modulus-square of the observable F', we call this the modulus-square
construction. This is intimately related to the modulus-square functor discussed in [12, 13]. As a
generalization, using linearity, we can replace P[F|F] by . A\;/P[F;|F;] (which is a not necessarily
primitive probe) to encode a quantization of the classical observable A = >, \;|F;[2. We will
discuss an example of an even further generalization in Section 6.2.

5.2 Proposal and properties

Suppose we are given a classical observable A : Kj; — R in a spacetime region M, that takes
only non-negative values. Let F' : Kj; — R be the non-negative square-root. We then propose
to take the primitive probe defined in equation (31) (with F’ = F') as the probe that encodes
the measurement of the expectation value of A. Moreover, we propose that the non-selective
probe associated to this measurement is taken to be the null-probe. (Recall from Section 2.2
that probabilities or expectation values arise from quotients, where we also need to specify the
non-selective probe corresponding to a given selective one.) This proposal exhibits the following
properties:

Positivity Positivity of probes is essential for a consistent probability interpretation in the PF.
This is analogous to complete positivity of quantum operations in the SFQ, compare Section 2.
This applies also to probes encoding expectation value measurements for positive observables. We
have already remarked that the probe P/[F|F] is positive.

Locality Given an observable A defined in a spacetime region M, the square-root F is also
defined in M. Then, locality of the path integral allows to define the probe Py/[F|F] in the same
spacetime region M.

Compositionality The composition rule of correlation functions (16) originating from the path
integral induces a corresponding composition rule for probes. Thus, let F; and F5 be classical
observables in regions M; and My respectively. Let M = M; U M, be the joint region and
F = F| F, the product observable. Then, combining (16) and (31),

PulF|F)(o; @ of) = (Par, [F1]F1] © Pag, [Fo| F2]) a0, (07 @ o)

=Y P [FIF1) (03 @ &) P, [F| F2] (€ @ o). (36)
JjeJ

That is, the composition of the probes measuring A; = |Fy|? and Ay = |F»|? is the probe measuring
A= |F]?2 = ANy = | )2

Single measurement recovery If we perform a single measurement and subsequently dis-
card we want to recover the same expectation value as that obtained by the established standard
methods of QFT, compare Section 4.2. Indeed, we have demonstrated precisely this already in
Section 5.1. Note that this comparison makes sense only in the case where A encodes an instan-
taneous measurement, that is, if it depends on the field on a spacelike hypersurface only. (This is
the notion of a slice observable [26, 21]).

5.3 Coherent states and factorization

A further important element of our analysis of measurement in this work will be semiclassicality.
That is, to what extent can we reproduce classical expectation values for states that show a
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behavior close to classical solutions? These states are the coherent states. In order to describe
them adequately, we recall basic aspects of quantization of linear bosonic QFT. Thus, we start
with the classical phase space L that is equipped with a symplectic structure w. With the choice of
vacuum comes a complex structure J that combines with the symplectic structure into a complex
inner product

{¢, 0} = 9(¢',¢) + 2iw(¢', ), (37)

where g(¢',¢) = 2w(¢’, Jp). This makes L into a complex Hilbert space. The complex Hilbert
space H of pure states is then the Fock space over L. Note that both L and H are specific
to hypersurfaces. In SFQ and standard treatments of QFT this is usually “forgotten” without
consequence as some reference equal-time hypersurface is fixed. If we need to emphasize this,
however, given a hypersurface ¥ we denote the associated phase space of germs of classical solutions
by Ly, and the corresponding space of pure states by Hy.

Associated to each element of ¢ € L is a normalized coherent state kg € H. These have inner
product,

tkeoke) = exp (500,61 - 116.6) - 1(6.0}). (39)

The normalized coherent states also satisfy a completeness relation with respect to a Gaussian
measure v on (an extension L of) L as follows [27],

.0 = [ avt) exp( 316.0 ) (k. (39)

This completeness relation is also useful for mixed states. Introduce the operator Zg|4 = |kg) (kg |.
Note that this is only positive and thus a state if ¢ = ¢’. In general, E:;W = Ey|¢- Any state can

be obtained as an integral over these particular generalized states, which is why we will use them
in the following as if they were states,'®

o= /ﬁxﬁ dy(¢)dV(¢/) eXp(;{¢7 (b} + %{Qy, (bl}) tr(5¢/|¢o) E‘b“ﬁ’ (40)

Correlation functions take a particularly simple form on coherent states. To see this we start
with a real linear observable D : Kj; — R and form the corresponding Weyl observable F =
exp(iD). We then have the factorization identity [26, 21],

purlFl(ks) = par (ko) F(¢"™)par [F] (ko). (41)

Note that kg is the vacuum state. Recall that ¢ is an element of Ly, i.e., the classical phase
space of germs of solutions on the boundary OM of the region M. The complexification LgM
of Ly admits a direct sum decomposition LgM = Lg\:/[ @ L():(, where Lj; encodes the solutions
in the interior of M, and LS encodes the vacuum boundary condition in the exterior X of M
[28]. This determines the decomposition ¢ = ¢ 4+ ¢°** with ¢t € L§, and ¢ € LS. An
important special case arises when the region M is a time interval [t1,t2] with the boundary the
union of the hypersurface at ¢; and the hypersurface at t5, OM = X1 UX5. Then, a solution ¢ in a
neighborhood of the boundary decomposes into a solution ¢; at t; and ¢g at ta, ¢ = (¢1, ¢2). The
vacuum is then determined in the usual way by a decomposition into positive and negative energy
solutions. In this case ¢ = ¢ + d);‘, where ¢] is the positive-energy component of ¢; and cb;'
is the negative-energy component of ¢y [28].!!

The vacuum correlation function pas[F](kg) can be evaluated explicitly [26] in terms of the
time-ordered observable propagator w4 (D, D), see Appendix A,

pm[Fl(ko) = exp <—;wﬁ(D,D)) . (42)

10The integral is to be understood weakly, i.e., with both sides evaluated with a norm-continuous function.

11 Qur sign conventions here are those of [26, 21] and opposite to those of [28].
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From the factorization identity of correlation functions (41) follows a factorization identity for the
probes (31). Thus, let D, D’ be real linear observables Kj; — R and F = exp(iD), F’ = exp(iD’)
the corresponding Weyl observables. Then, with equations (31), (41) and (42),

PulFIF(Eata) = Bat Coro PO G exp (~Juon(D.D) = o (D). (43)

Weyl observables in themselves are usually not of interest in measurement processes. Their use-
fulness lies in their role as generators of polynomial observables. Consider the product of linear
observables Dy ---D,,. Define Dy = A\{D1 + --- 4+ A\, D,,, where A\{,..., A\, are real variables and
F) = exp(iDy). Then,

0 7]

(FA)|,\1:...:)\”:07 (44)
where f is any linear functional on the space of observables. In particular, taking f(F)) to be
p[FX](v) yields p[Dy -+ - Dy](w), i.e., the correlation function for a polynomial observable can be
obtained in this way from the correlation function for a Weyl observable. This same procedure
serves evidently in the case of modulus-square probes, using the factorization identity (43).

5.4 Semiclassicality and renormalization

Armed with the coherent states we consider the question of semiclassicality. Starting from the
premise that a coherent state ky, approximates the associated classical solution ¢, we can demand
that the quantum expectation value of measuring some observable should coincide with the clas-
sical expectation value. This is most straightforwardly achieved by normal-ordered quantization.
However, normal-ordered quantization does not respect compositionality. That is, the composite
of normal ordered observables is not in general the normal ordering of the composition of the
observables. For compositionality to work we have to stick to Weyl quantization or its spacetime
equivalent, path-integral quantization, see Section 3.1. We therefore consider the question of semi-
classicality for the simplest observables of interest here: quadratic observables, that is observables
of the form A = D?, where D is real and linear.

There are two distinct scenarios: The first and simpler one is where we have a coherent state
on the boundary of a region and make a measurement inside. Using (43) this yields for the
modulus-square probe,

PuIDIDNEs) = oo Parlexp(AD) [ explN D)) Eo) sy = Bar(E) D™ (45)

We have used the simplified notation =, := Z4)4. For the expectation value we obtain the quotient,

Pu[D|D](Z4)

. int\ |2

What is the interpretation of this? Recall that the solution ¢ is defined in a neighborhood of
the boundary of M. ¢™ on the other hand is a complexified solution in the interior of M. In
the classical theory, to talk about the expectation value of ¢ in M can only make sense if ¢ is a
solution in M. In other words, ¢ on the boundary needs to arise as the restriction of a solution
in the interior. Precisely if this is the case, we have ¢ = ¢ in the quantum theory. Then, the
quantum expectation value simply reduces to,

ID(@™)]? = [D()|* = A(9). (47)

In other words, if the coherent state on the boundary is classically admissible, the quantum theory
recovers the classical expectation value. And otherwise, it does not make sense to talk about a
classical expectation value. The modulus-square probe achieves semiclassicality in this scenario.
However, while this scenario is simple, it does not correspond to the standard measurement sce-
nario, where the system is discarded after the measurement. We consider this in turn.
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We take a time-interval region M = [t1, t2]. Note that the states we consider in the following are
initial states rather than full boundary states as the role of the final state is taken by the discard
operation. The composition of the modulus-square probe with the discard yields (see Appendix B),

=0 Pp, 1, [DID|(Eg) = A(¢) + (D, D). (48)

Here, 7(D, D) = Re(w(D, D)) is the real observable propagator, see Appendix A. On the other
hand, the null probe yields,

0 D1y 15)(Ep) = tr(Eg) = (ko kg) = 1. (49)
For the expectation value we obtain the quotient, (™ stands for “modulus-square”)

ms T Op[tlatz][DlD](E'd?)
A =, — = A .
< >H¢ - © ¢y, (E¢) (¢) N T(D’ D) (50)

The semiclassically “correct” answer would be just A(¢). To achieve it, we introduce the renor-
malized probe as follows,

P [DID] = Py, 4,)[D|D] — (D, D) Ay, 4] - (51)

[t17t2]

This yields, (**" stands for “renormalized modulus-square”)

o Py [PIDI(1Zs)
AE? = ——— — = A(9). 52
VS o0, 1 (Za) (¢) (52)

To get a better understanding in which sense the subtraction just introduced is indeed a renor-
malization, we compare to the single measurement of a quadratic observable A = D? in the
traditional quantum field theoretic scheme. For the comparison D needs to be an instantaneous
(slice) observable. Then, (**¢ stands for “standard”)

(M2 = (kg, Akg) = ppt, 10 [A] (kg @ kg) = A(¢) + wir (D, D). (53)

Again, we are failing semiclassicality by an additive term. Indeed, we obtain a result identical to
(50). (Note that here r(D, D) = wy4(D, D) since D is a slice observable.) This is well known, and
indeed the additive term w4 (D, D) is the Feynman propagator in the case of point-localized field
observables and thus divergent, as will be discussed in Section 6.1 and Appendix A. A standard way
to subtract it is to use normal-ordered quantization. This restores semiclassicality and renormalizes
the (potential) divergence,

(ADED = (kg tAcky) = prey ][] (kg @ kg) = A(). (54)

The subtraction (51) that we have introduced has an identical effect in the case of a single mea-
surement, and removes the potentially divergent term r(D, D). It does not in general amount to
normal-ordering, however, in time-extended or composite measurements. Crucially, it removes the
potential divergences without destroying compositionality, as we shall see.

5.5 Renormalization and composition

As we have commented in Section 5.4 expression (48), the probe P}, ;,1[D|D] does not yield the
semiclassical expectation value on an initial coherent state when discarded. What is more, the
second term (D, D) is divergent in cases of interest such as D(¢) = ¢(x) in scalar field theory, see
Section 6.1. We have therefore introduced the renormalized probe P, | [D|D] via expression (51)
with the term r(D, D) removed. As a declared aim of our scheme is compositionality, it is of interest
to understand how this renormalization behaves under composition. A priori, one would expect
that the renormalization of a composite probe would not be simply related to the composition of
renormalized versions of the component probes. Indeed, normal ordered quantization is precisely
an example for this (see also the end of Section 6.1). In contrast, it turns out that in our scheme, the
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renormalization of a composite of quadratic probes is precisely the composition of the renormalized
quadratic probes.

Thus, consider linear observables D; and D, with spacetime support in time intervals [¢1, ]
and [t, 5] respectively.!? Evaluating the corresponding modulus-square probe on the generalized
state Z4)4 and discarding yields from expression (111) of Appendix B.2,

%0 Py, 1 [D1D2| D1 Do) (Bg1r) = 0 By 1) () (2l (D1, Do)

+ ’I”(Dl7 Dl)’/‘(DQ, DQ) + 47‘(D1, Dg)jjljjg + T(Dl, Dl)ﬁgﬁg + T(DQ, D2)5151 + 5%5%) . (55)

Here, we have used the abbreviated notation D = D(¢p™ + ¢'7). Also, we have used the identity
wit (D1, D2) = wy) (D1, D) due to the temporal ordering of D; before Dy. The potentially di-
vergent terms arise from the evaluation of observable propagators on the same observable. These
are the terms containing (D1, D1), r(D2, D3) or both. Concretely, in the parenthesis this is the
second, fourth and fifth term, which we need to remove to renormalize.

Instead, we consider now the composition of renormalized probes (51) for the same observables
Ay = D? and Ay = D3. This yields,

=0 Pliiy [D2|D2] o Py [D1| D1l (Egp )
= =0 ((Pp,ta)[D2|D2] — 7(D2, D2)@ys,,1) © (Ppty g [D1]D1] — r(D1, D1)Bp, 1)) (Egjer)
=0 (P[tl,tz] [D1 D3| D1 D3] — r(D2, D2) Py, 1,[D1|D1] — 7(D1, D1)Pp, 15[ D2| Do)
+7 (D2, Da)r(D1, D1)Byt, 1)) (Egjer)
= =0, 1m(Es1s) (2|wTT(D1, D»)|? + 4r(Dy, Do) Dy Dy + 5555). (56)

Remarkably, we obtain precisely the renormalized version of expression (55), with the potentially
divergent terms removed. Indeed, it is easy to see that this works not just for the composition of
two, but of any number of renormalized modulus-square probes of quadratic observables. That is,
“renormalization commutes with composition”.

6 Scalar field theory

After presenting the formalism for probe maps and the modulus-square approach in general bosonic
linear field theory in globally hyperbolic spacetime, we specialize to Klein-Gordon theory. We focus
on probes derived from field observables or linear functions of these and on the case in which the
system is discarded at the end of the measurement(s). We also limit ourselves to the case of
time-interval regions for simplicity and ease of comparison with other approaches. Time-interval
regions are understood with respect to some global time function, although the existence of such
a function is not essential, and we might as well consider regions delimited by arbitrary pairs of
non-intersecting Cauchy hypersurfaces. What is essential though is that we assume the choice of
a global vacuum state. (In particular, in- and out-vacuum are assumed the same.) We omit the
explicit mention of the specific time-intervals when this does not introduce ambiguity.

6.1 Local field operators and point-splitting

Our first example is measuring the square of the scalar field at a point. This serves to exhibit
the divergences alluded to in Sections 5.4 and 5.5 and justifies their removal as in Definition (51)
through point-splitting regularization. Thus, we consider the linear classical observable D, (¢) :=
¢(x). Instead of directly evaluating the corresponding modulus-square probe as in expression (48),

12We could easily generalize the condition from requiring consecutive support to merely requiring non-overlapping
support in spacetime. For simplicity of presentation we refrain from doing so here. Nevertheless, the result we obtain
is fully general.
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we allow different evaluation points x,z’ in the forward- and backward-branch of the Schwinger-
Keldysh path integral using expression (110),'3

0 P[Da| Do (Eg) = d(a) () + wpy (z, 7). (57)

The first term is the classical value of the observable (when x = z’) associated with the phase
space element ¢ of the coherent state. The second term is the Wightman propagator (see also
Appendix A) which is independent of the quantum state and contains information about the
short-distance behavior of the field. At the coincidence limit ' — z this term is the divergent
vacuum expectation value,

% 0 P[D,| Dy (o) = wpy (z,2). (58)

At 2’ # x we can subtract this divergent term, justifying in the present case the definition of the
renormalized probe (51).

S0 PUD,ID,)(Eg) = lim &0 P (D, Dy)(25) = 6(2). (59)

Eq. (57) coincides with the result we obtain from the standard in-out formalism which is usually
applied to single measurements [29, 30] as expected, recall Section 4.

However, we now go beyond the capabilities of the standard formalism in describing joint
measurements at different spacetime points in a way that not only respects locality, but is also
fully compositional. As a simple example we consider the measurement of the composite observable
@2 (x1)¢?(x2) with 21 # z2. We model this as a composition of two renormalized modulus-square
probes following the procedure as described in Section 5.5. However, we modify this procedure by
again implementing an explicit point-splitting regularization. Thus, using (111) we find for the
unrenormalized point-split expectation value,

0 P[Dyy D,y | Day Doy [(Eg) = wry (21, 5)wpy (22, 27) + wpy (21, 21 )wy) (22, 73)

1
(21, 2) Wiy (27, 25) + Wy (21, 27)P(22) P(2) + wpy (22, 25)P(x1)d(2]) + wpy (21, 75)d(22) P(])

gy (22, 27)d(21)p(wy) Fvp (21, 22) (2] ) p(25) vy (2], 25) (1) d(22) +¢($1)¢($'1)¢($2)¢($/2()60)

The terms divergent in the limit 2} — x; are the terms containing the Wightman propagators
wyy(z1,2]) and wyp (22, 25). Removing these and taking the coincidence limit z; — x; yields the
same result as composing the renormalized probes,

_;'_Opren[D$2|D$2] Opren[Dw1|Dw1](E¢)
= ¢*(21)¢*(x2) + 2lwp (21, 22)| + dr (21, 22)p(21) (@2).  (61)

(Note that we have used identities such as |wit (21, 22)| = |wr (21, 22)| etc.) Thus, we see again
that renormalization “commutes” with composition, compare Section 5.5. The special case of the
vacuum expectation value is,

% 0P [ Dyy | Doy 0 P [ Dy, | Do )(Zo) = 2|y (w1, 22)|*, (62)
This shows clearly the difference to a (non-compositional) normal-ordering prescription for the

total probe, where the result would have been zero.

6.2 The energy-momentum tensor

An important observable in physical theories is the energy-momentum tensor which in scalar field
theory is given by

T (2)[0] = (8,0(2)) (0, (x)) — %gw(w)(am(x))(a%(x)) + %m2gw(x)¢2(fﬂ) (63)

13 Another possible regularization scheme would consist of a family D¢ of suitably smeared non-singular observables
converging to ¢(z) for ¢ — 0. Then the corresponding probe could be taken with this same observable in both
branches, P[Dg|Dg], taking the limit after subtraction.
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We use the square bracket to explicitly indicate on which field, here ¢, the energy-momentum
tensor is evaluated. In this way we may think of T),, (x) as a functional on field configurations (or
solutions). In order to take advantage of point-splitting regularization we rewrite it as a coincidence
limit,

TMU(x)[Qb] = lim @,“,(.7; T )¢(x)¢(a¢’), (64)

T’/ —x

where we have defined the bi-differential operator

Ounw.2') =5 (040, + 0,0,) = (g @) + (60 + 09 (0) + (@) (65)

4

N =

With D, (¢) := ¢(x) we could define the energy-momentum probe by the expression

Pl (x)] = lim ©,,(z, 2’ )YP[Dy|Dy). (66)
/' —x
However, we already know that this form of the field probe is in general divergent, but that we
can fix it by renormalization (see Section 6.1). This motivates the definition of the renormalized
energy-momentum probe map,
P Ty (z)] = lim O, (v, P [ Dy | Dy (67)
' —x
Measuring the energy-momentum tensor on a pure coherent state then yields the semiclassical
expectation value,
=0 PN, (2)](Ep) = lim O, (z,2")3= 0 P [Dy| Dy ](Eg)

' —x

— lim O (,2) (6(2)6(x)) = T ()19, (68)

/' —

As an example of a compositional observable we can consider the correlation function of the
energy-momentum tensor at two different spacetime points. That is, we want to measure the
expectation value of the product ¢ — T}, ., (21)T s, (22)[¢]. Our emphasis here is not on the
physical interest in the particular quantity calculated, but on a proof of concept demonstration for
measurement through the composition of probes, satisfying all the postulated properties. Using
the renormalized probes, this is,

_'_<>’Pren[ M2V2(£L’2)]<>’Pren[ ,LL1U1($1)](E¢)

= lim lim O iavs (T2, 25)O 0y (w1, T )0 P [ Dy, | Dyy] © P [Dyy | Dyt ] (Eg)

$2—)$2 x/ —)Il

= Jim im0, (02, )Opun (21, 24) (6216 o))

+ Wu(wla wo)upy (2, 27) 4 wip (21, w2) wyy (@7, 25) 4 wpp (21, 75) G(22) H(2])
+ wpy (2, 1) O(21)p(x5) + Wiy (w1, 22) P2 ) P() + Wy (27, f’z)éﬁ(xl)ﬁb(wz))

= Jim im0y, (02, 5)Op (1, 24) (6216 o))

+ 2wy (@], @) wyy (21, 2) + 4r (o, 25)B(w1)(e2) ). (69)

Note that starting from expression (60) we have used identities such as wy|(x1, x2)wp) (z2,21) =
Wi (21, x2) wyy (21, 22) (see Appendix A) as well as symmetries under exchange of variables z; = «
and indices. Evaluating the bi-differential operators we obtain the following expression,

_;'_OPTGH[THQW("EQ)]O,PreH[ HlVl(xl)](E¢) /J1V1(x1)TM2V2( )[ ]
+ Re (Wﬁmﬂz (T1,22) W1y, (xl,x2)> + Re (WTTM L1, T2) WL, (1’1,%2))

(
1)¢u2(x2) +ru1uz(x17x2)¢l/1 ($1)¢y2($ )
)u, (2

+r1/11/2(x1a 2)¢u
) 1)¢/J2(x2) +rl’1#2(‘r17x2)¢l»01 (1‘1 ¢l/2 )

+ rp,11/2 (xlv T2 ¢V1

(z
(z
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— G (20) (T (01,2208 (21) 0 (82) + Ty (01, 22)8 (1) (32) )
— Gpovs (%2) (rulpz (z1,22)9” (22)Pu, (T1) + Tuy py (21, 22) 9% (22) D) ($1)>
102G (1) (T (@2, 1)1 (22) + T (22,1 (2) ) 6 (1)
10220 (22) (s (@1, 22) 001 (21) + T (21,22) 0, (1) ) 6 (a2)

1
+ 19mn (T1)Gppvn (72) (2 Wi, p, (X1, T2) W P12 (21, B2) + 4T, py (21, T2) 97 (1) 97 (1172))

m2

= 5 9w (21) Gz, (22) (Re(wﬁpg (w2, 21) Wy P2 (22, 21)) + 21, (T2, 1) 7 (22) p(21)

+ Re(wyr,, (21, 22) W, (w1, 22)) + 25, (21, 22)0 (21)(23))
m4
G (1) Gpavn (32) (21 (w1, 22)|* + dx(r, w2) (1) (w2) )

= G (1) (Re(rs (21, 220007, (01,02)) = Re(iyr,, (02,21) W, (22, 21)) )

— Guavs (T2) (RG(WM/M2 (1, @2)wyy,, P2 (21, 22)) —m® Re(wpy, (21, 22) W)y, (21,22))) . (70)

We have made use of the following notation for the derivatives

0 0 0?
hy(x) = @h(ac), hop(x1,22) = a—mﬁ)h(ml,xg), hpp (21, 2) = Wh(xl,xg). (71)
The result is the real and finite correlation function for the measurement of the product of specified
components of the energy-momentum tensor at two different spacetime locations in our approach.
Note in particular, that by construction the result is completely symmetric under the exchange
(z1,p1,v1) & (22, u2,2), in spite of the initial use (for convenience) of consecutive time intervals
in its construction.

6.3 Relativistic causality

Hi
Hi

Figure 8: Spacetime representation of the non-relativistic causality axiom. The axiom involves a non-selective
probe at N. The shaded region may contain other probes. It comprises the part of the spacetime that is not in
the future of NV (i.e. it's past).

The causality axiom of the SFQ finds a natural generalization in the relativistic context of QFT.
We recall that the former is implemented by requiring that any non-selective probe composed with
the discard in the future is equal to the discard alone, see Figure 3 (left-hand side). Crucially, we
assume there that no other measurement is taking place in the future of our probe measurement,
that is, until the discard. On the other hand, any other measurement may take place before. For a
spacetime representation of the axiom, see Figure 8. The generalization to the relativistic setting
is now straightforward. Instead of disallowing other measurements in all of the future of our non-
selective measurement, we disallow them only in the causal future, since signals may not travel
faster than light. This is illustrated in Figure 9. We may also generate the relativistic condition
by considering all possible Lorentz boosts of the non-relativistic condition.
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Figure 9: Spacetime representation of the relativistic causality axiom. The axiom involves a non-selective probe
at N. The shaded region may contain other probes. It comprises the part of spacetime that is not in the causal
future of N.

Hi
Hi

Figure 10: Setup as in Figure 9, but in addition to the non-selective probe at IV, a selective probe at R is
singled out.

Due to the restricted way composition works in SFQ, namely exclusively via past inputs and
future outputs, it is possible to impose the causality axiom as a property of quantum operations,
as we have recalled in Section 2.1. The situation is more involved for probes in the relativistic
setting. It is clear that a non-selective probe that is embedded in a time-interval region has to
satisfy the same composition identity with the discard as in the non-relativistic setting, compare
our previous comments at the end of Section 3.3. In general, however, the relativistic causality
axiom can only be expressed as a condition on certain compositions of probes and their underlying
spacetime regions.

Relativistic causality goes hand in hand with spacetime locality, i.e., the idea that a measurement
is restricted to a certain spacetime region which may be specified explicitly. We have made this
evident in Figure 9 for the non-selective probe by assigning it an extended spacetime region. To
disentangle the two notions we insist, as in the non-relativistic case of SFQ, that the (relativistic)
causality identity is an exclusive property of non-selective probes, namely those satisfying the
identity depicted in Figure 9. Of course, as in SFQ, we may then say that any (possibly selective)
measurement for which this probe encodes the non-selective version, satisfies the (relativistic)
causality condition. On the other hand we say that a probe is local to a spacetime region R if
for any composition of the probe with other probes and a non-selective probe N satisfying the
relativistic causality condition, such that R and the regions of the other probes do not intersect
the causal future of IV, the identity of Figure 10 holds. Compared to Figure 9 we have here added
explicitly a selective probe in region R and the identity is then understood as encoding the locality
property of this probe.

The modulus-square probes in the present setting encode expectation values and not directly
probabilities. In particular, we have not constructed a corresponding non-selective probe. Indeed,
we have proposed to use the null probe to take the role of the non-selective probe, which seems
to work well in the contexts we have considered. The null probe of course satisfies trivially the
(relativistic) causality property. Thus, for general modulus-square probes it only makes sense to
check spacetime locality in the sense of our definition above. On the other hand, we can construct a
particular non-trivial modulus-square probe that is non-selective in the usual sense. Given a linear
observable D; we define F' = exp(iD;) and consider the probe P[F|F|. For Di(¢) = —Aé(z1)
this is exactly the “kick” as already used by Sorkin [2]. We use this to exemplify the relativistic
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causality axiom, with the other probe taken to be P[Dz|Ds] for the linear observable Dy (¢) = ¢(x2),
or rather its renormalized version P™"[Dy|Ds]. For simplicity, we take the initial state to be a
coherent state.

The relevant expression is,

= 0 P [Da| Do) 0 Ple™Pr]em M P1](2y)

= 50 Ple PP Dole 1Dy (Ey) — wry (w1, 1) 0 Ple” P e MP1(Ey) (72)

(Z0) ((i(x2) = Awry (22, 21) = upp (21, 22))) (—ig(22) = Alwpy (21, 22) —wyy (21, 22)))) -

In the second line, we have sloppily left out the point-splitting regularization, but the reader can
fill this in immediately now. We have also used the identity (113) from Appendix B.2.
As for the A-dependent terms we note that the combination

Wil (T2, 21) — w21, T2) = Wiy (21, 22) — Wy (21, 22) (73)

vanishes precisely if zo is not in the causal future of x;. That is, the result in this case is precisely
the same as if the non-selective probe P[F|F] was not there. As expected, the identity depicted
in Figure 10 is satisfied. What is more, we can see that the measurement at xo generically does
detect the “kick” at zp if x5 is in the causal future of z;.

7 Discussion and Outlook

In this work we have proposed a method for describing the joint measurement (in the sense of joint
expectation) of an important class of observables in quantum field theory (QFT). The underlying
modulus-square construction (Section 5) implements a quantization prescription in the sense of
providing objects of the quantum theory corresponding to classical observables. In contrast to
what is usually understood by a quantization prescription, these objects are neither operators on
Hilbert space nor elements of other types of algebras. Rather, they are spacetime probes, the latter
being a direct generalization of the standard notion of quantum operation.'* Crucially, this allows
for a description of composite measurements through a corresponding composition of probes. This
is analogous to the temporal composition of quantum operations, but generalizes this composition
to a fully spacetime-local notion. At the conceptual level, the underlying framework is the local
positive formalism (PF), see Section 2.2, combining spacetime locality and compositionality with
a coherent probabilistic interpretation, generalizing that of the standard formulation of quantum
theory (Section 2.1). At the technical level we take advantage of the path integral and its spacetime
compositionality properties for amplitudes and correlation functions of observables, connecting
with the Schwinger-Keldysh formalism in the common situation of a discard of the system in the
future (Section 3). As a consequence, in the modulus-square construction the probes inherit the
spacetime locality properties of the original classical observables, seen as functions on spacetime
field configurations. In particular, we show that a measurement constructed in this way cannot
detect a non-selective “kick” measurement that is outside the causal past of the spacetime region
supporting the observable (Section 6.3). In this sense it satisfies relativistic causality.

We emphasize that in the presented construction it makes a priori no sense to ask for the
measurement of a given self-adjoint operator. Rather, from the presented point of view the self-
adjoint operators of the standard measurement scheme are merely intermediate objects, obtained
by “conventional” quantization from a classical observable on phase space. They are intermediate
because they are themselves then the source for the construction of quantum operations via the
spectral decomposition. This intermediate operator stage does not exist in this form in the present
construction. Rather, the starting point are classical observables on field configuration space and
the construction proceeds via the path integral and the Schwinger-Keldysh formalism. If one wants
to insist on taking a self-adjoint operator as the starting point for our construction, one would
first have to find a classical phase space observable which yields this operator via quantization,
promote this classical observable from phase space to field configuration space and then apply our

14Note that in some parts of the literature the word probe has been used in a different sense, namely as designating
a system representing an ancilla or apparatus.
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construction. While this might be possible in many cases, contemplating this question is beyond
the scope of the present paper.

The modulus-square construction allows quantizing observables that can be represented as
squares of simpler observables such as field operators and their composites. This originates from
the observation that a positivity constraint on probes can be satisfied by combining the correlation
function for an observable with its complex conjugate (Section 3.2), generalizing the construction of
quantum operations from Kraus operators in the standard formulation of quantum theory (SFQ).
The positivity constraint is analogous to complete positivity in the SFQ and plays a crucial role in
the consistency of our scheme with the underlying probability interpretation of the PF. This is in
spite of the fact that rather than probabilities, our probes encode the measurement of expectation
values only. In particular, they are not derived from probes for outcome probabilities by weighting
with outcome values. Consequently, the construction does not come with a specific non-selective
probe either, that would otherwise be derivable from the probabilistic probes. Rather, our proposal
is to let the null probe, i.e., “free evolution” take the role of the non-selective probe. This can be
justified in analogy to the practice in the SFQ when the causality axiom is satisfied (which we also
assume, see Section 6.3).

The modulus-square construction satisfies a number of desiderata such as positivity, locality
and compositionality as already mentioned. It also recovers the results of single measurements,
which can be expressed already with standard methods of the usual QFT formalism (Section 4).
Moreover, for quadratic observables we propose a renormalization prescription (Section 5.4). In the
special case of a single instantaneous measurement this has the same effect as the well-known normal
ordering prescription. In contrast to the latter, however, it generalizes consistently to composite
measurements, leading to the slogan “renormalization commutes with composition” (Section 5.5).
Another property that we take as a defining feature of our renormalization prescription is the
recovery of semiclassical expectation values for single measurements. That is, we require the
expectation value for a single measurement in a coherent state for a given classical solution to be
the classical expectation value. This requirement not only can be satisfied, but it uniquely fixes
our renormalization scheme.

While most of our treatment applies to free bosonic field theory in globally hyperbolic space-
times (without, however, taking into account possible gauge symmetries) we specialize to scalar
field theory in order to exhibit our construction in first examples in Section 6. We start with the
field observable ¢?(x) which allows us to show how the subtraction operation in the renormal-
ization scheme can be implemented via point-splitting, as might be expected. More interestingly,
we exhibit then the correlation function ¢?(z)¢?(2’) as a composite of two measurements of this
type (Section 6.1). Crucially, the word “correlation function”, in contrast to its usual use in QFT,
does here refer to the actual expectation value of a correlation in a composite measurement. In
particular, this expectation value is a real quantity as it must be.

The modulus-square construction is sufficiently flexible to also cover more complicated observ-
ables involving linear combinations and derivatives. A prime example is the energy-momentum
tensor (Section 6.2). Building on the (point-split and then renormalized version of the) observable
¢?(x), we can define the probe measuring the expectation value of the energy-momentum tensor.
Note that this inherits the mentioned semiclassicality property. What is more, as a proof of con-
cept, we exhibit the correlation function between the energy momentum tensor evaluated at two
different spacetime points. Again, “correlation function” refers here to the expectation value of an
actual composite measurement. In particular, this is real by construction.

As a first point of comparison to other approaches we emphasize the versatility of our notion
of composition. On the conceptual side this comes from our use of the local PF, while on the
implementation side this comes from the path integral. Two measurements can be composed
whenever the spacetime regions where they are localized do not overlap.'® Note that we have
often formally written compositions of measurements in terms of the composition of consecutive
time-interval regions in this paper. However, we have done so merely for simplicity of presentation,
with the results being valid in the general case. We would also like to emphasize that in the local

15Even though the PF does not, the path integral does even permit composition in the case of overlapping regions
for the modulus-square construction. However, as the physical meaning of such a composition is unclear, we refrain
here from discussing it further.
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PF used here there is no need to frame a composition of measurements in terms of a consecutive
application of “update rules”. The latter may be convenient, and are naturally realized in the
SFQ. In general, however, a composition can only be framed in terms of consecutive updates if
there are spacelike hypersurfaces separating the regions where the individual measurements are
localized. Note that this precludes for example composing the measurements of two detectors that
can signal to each other during their lifetimes. A measurement framework that structurally relies
on consecutive updates for composition and is thus limited by this separability condition, is that
of Fewster and Verch [10], based on algebraic quantum field theory.

As mentioned in the introduction, a lot of research has focused on measurement schemes that
involve an explicit modeling of the apparatus. It would be highly desirable to provide a con-
nection between observable-based schemes, such as ours, and apparatus-based schemes. Of those
approaches where the apparatus is modeled as a quantum field the Fewster-Verch framework is
probably the most prominent one. This framework does include a prescription to compute an
induced system observable from a given ancilla field (called there “probe field”), interaction and
observable on the ancilla. In the other direction, of providing an ancilla field and interaction to
measure a specific observable there is also recent progress [31]. The latter work could serve as a
starting point to establish relations to the approach presented here.

We proceed to consider approaches that involve detector models of the Unruh-deWitt (UDW)
type. Our starting point is the observation of a semblance of the square-root construction to
equipping the QFT with a modified localized interaction. Inserting a source J(z) into the field is
just the same as defining the Weyl observable

Fo) = e (i [ d'e s(@)o) ) (74)

and using the probe P[F|F]. In the simplest case, UDW detector interactions are just of such
a form, where the source is concentrated on the timelike detector trajectory. What is more, the
detector has its own degrees of freedom. To take them into account one may make the source
into an operator acting on the state space of the detector. However, this would lead outside
our present path integral setting. A treatment of the UDW detector fully in terms of a path
integral was recently achieved [32]. However, this involved the degrees of freedom of the detector
encoded as an additional (fermionic) field in the path integral. In contrast, we are interested in the
induced observables in the system, i.e., a path integral purely for the system. Such a treatment
was provided in [33]. Fixing the initial state tiy; and final state g, of the detector, the typical
induced observable takes the form [33, equation (9)],'6

Tn—1

O i () = 3 (—i)"A7 / T an / dry- - / '
n=0 —o0 —o0 —0o0
o X(m) Fonm st (T -2 n) (1)) -+ Sl(m)). (75)

Here, x(7) is the detector trajectory in terms of the proper time 7, x(7) is the switching function, A a
coupling constant and the function f depends on initial and final detector states. The corresponding
probe is thus P[Oy,., v |Opims—ve.]- This shows that the UDW detector can be plainly treated
within the present framework. What is less clear though, is the extent to which the modulus square
|O4sni 1 |* can be considered the measured observable. In any case, these could be initial steps
towards a more in-depth comparison to a UDW detector based measurement scheme such as the
one by Polo-Gémez, Garay and Martin-Martinez [8].

Another detector based measurement approach was proposed by Anastopoulos, Hu and Savvi-
dou [11]. In this, probabilities for pointer observables are deduced from the formalism of quantum
temporal probabilities. They concretely consider a series of detector apparatuses, each of which
interacts with the quantum field. The measurement is modelled as a transition between two com-
plementary subspaces of the Hilbert space, one of which is the subspace of all the states of the
apparatus with definite macroscopic records of detection. The measurement induces a transition
to this Hilbert subspace and gives a specific pointer observable A. This corresponds to a positive

dr,

X(Tl ..

16We do not take into account here the renormalization prescription applied in [33].
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operator that interestingly takes the form of a square-root operator /II(\), reminiscent of the form
of observables in the modulus-square construction. The probabilities in [11] are given via 2n-point
correlation functions within the Schwinger-Keldysh closed-time path integral. These correlation
functions are “balanced”, with each spacetime point appearing twice, once in the forward and
once in the backward branch, exactly as those we obtain from composing measurements of field
observables ¢?(z) at different spacetime points, see Section 6.1. Unsurprisingly, also the generating
functional used [11, equation (35)], takes the form of the probe P[F|F] for a Weyl observable F’
determined by sources similar to (74). This striking convergence with our approach suggests a
deeper relation.

The presented approach has a number of limitations. First of all the probes we construct, ex-
clusively encode measurements of expectation values (and their multiplicative composites), rather
than probabilities. Moreover, the latter cannot be deduced in a simple manner from the former.
The situation is akin to measuring expectation values of observables in SQT when only the cor-
responding operator is available, but not its spectral decomposition. This suggests applying the
same remedy applicable there, namely constructing probes from the spectral decomposition. In
an operator setting this was indeed done recently for field operators [3]. This suggests transferring
those results to our present setting of the local PF using the path integral prescription. In this
context it turns out that the probe that measures whether a linear observable D has the value ¢ on
the space of field configurations, can be approximately expressed precisely by the modulus-square
construction for the following observable:

1 1
Hf =—0 ——(D(¢) —q)? ). 76
b6 = e (D) - 0?) (76)
That is, the corresponding probe is given by, P[H(q)|H§(q)]. The exact correspondence with
the spectral decomposition is obtained in the limit ¢ — 0. By integrating over ¢ with suitable
functions inserted we can derive probes for related measurements,

o0
Vare [ daf@PIHD@lH ) (77)
— 00
The expectation value would be obtained by f(q) = ¢, while characteristic functions for subsets of
R would yield probabilities for the outcome to lie in the respective subset. Crucially, we also obtain
a proper non-selective probe by setting f(g) = 1. Note also that within the spirit of our present
modulus-square construction the classical observable computed in the case of the expectation value
is recovered correctly,
o0
Vare [ daal @) (@) = (o). (79)
—o0
(This fixes the prefactor in (77).) Clearly, the observable (76) provides an example of the modulus-
square construction very different from those envisaged in the body of this work. This shows the
potential to alleviate another limitation of the presented approach, namely the restriction to a
special class of observables.
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A Observable propagators

In the present section we establish basic definitions and relations of observable propagators. These
are generalizations of the usual field propagators where observables ¢ — ¢(z) (e.g., in Klein-
Gordon theory) are replaced by general linear observables (in arbitrary linear bosonic field theories).
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In particular, we are interested in the vacuum correlation function of a product of two linear
observables D, D',

wi(D,D") = plDD')(ko) = [ D6 D(O)D'(0)e5(. (79)

Note that this bilinear form is symmetric by definition, wy(D,D’) = w4 (D', D). For point
observables D,(¢) = ¢(z) and D,/ (¢) = ¢(2’) in Klein-Gordon theory this is the usual time-
ordered (Feynman) propagator,

wpp(2,2') = wy4(Dy, Dar) = p[Da Do) (ko) = (0, Te(2")p(2)0) = ~iGp(z, ). (80)

Similarly, we call wst the time-ordered observable propagator.

We use methods and conventions of [26] and [21]. First recall that the complex structure on
phase space also induces a polarization which is a direct sum decomposition of the complexified
phase space into conjugate subspaces L = LT @ L~. Usually, L~ and L* are called respectively
the spaces of positive and negative energy solutions. We write ¢ = ¢ + ¢~ for the decomposition
of elements of L into positively and negatively polarized components. We recall the identity,

{0/, 0} = diw(¢'™, ¢7). (81)

Consider now a spacetime region determined by a time interval [t1,¢2] and a linear observable
D : K4, 1,) — R located within. If we modify the action by adding the observable D to it, the
resulting homogeneous equations of motions are replaced by inhomogeneous ones. We denote by
7 the unique complexified solution to these inhomogeneous equations of motion that satisfies the
Feynman boundary conditions, i.e., that is negatively polarized in the future of the support of D
and positively polarized in its past. Note that 7 is homogeneous outside of the support of D. We
denote by 77 and 75 the induced germs of solutions on the equal-time hypersurfaces at times ¢; and
to respectively. As usual, we identify the spaces of germs of solutions for any Cauchy hypersurface
with the phase space L of global solutions. In particular, 7, € L™ and 12 € L™. Define 7 := 1o —n;.
Then, 77 = —n; and 7~ = 12. If we evaluate the observable D on a solution ¢ that is homogeneous
in [t1,t2] we obtain,

D(¢) = 2wa[t, 1,)(0,m) = 2wy, (d1,m1) — 2wi, (B2, m2) = 2w(P, M — n2) = 2w(T, D). (82)

Here wyyy, +,) denotes the symplectic form on the boundary of the time interval region determined
by [t1,t2], which decomposes into the initial hypersurface at ¢; and the final hypersurface at ts.
The minus sign in the second equality arises from the relative change of orientation of the final
hypersurface compared to the initial one as boundary components of [t1,t2]. Further, due to
homogeneity we have ¢ = ¢ = ¢, using a simplified notation, where global solutions and their
germs on Cauchy hypersurfaces are denoted by the same symbol. Note that since D is real by
assumption, 7 is also real by relation (82), i.e., it is an element of the ordinary phase space L and
not only of its complexification LC.

The observable propagator (79) can be expressed in terms of the inhomogeneous solutions as
follows [26, 21],17

wir(D, D') = ~ L (D) + D' () (83)

To calculate this we first suppose that the second observable D’ has support later than D. Thus,
let D" : K, +,) — R with support in the spacetime region given by the time interval [ts,#3]. Let
n’ be the corresponding inhomogeneous solution in spacetime. We set 7/ := n} — 74 etc. Noting
N} = 14, the evaluation of D on 7 yields,

i
D(n/) = 2w3[t1,t2](77/7 77) = 2wt1 (nlla 771) - 2wt2 (Ué, 772) = 20‘)(7—’ né) = _20‘)(7—7 7_/+) = 5{7—7 T/}' (84)
Instead, evaluating D’ on ' yields the same result (noting 7, = n3),

i
D'(n) = 2wayty 1,1 (0, 1) = 2wy, (M2, M) — 2wy, (3, 13) = 2w(7',m2) = 2w(7',77) = 5 '} (85)

17The expression in the references corresponds to wy4(D, D) = —iD(n). The stated expression follows with
bilinearity and symmetry.
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This motivates the definition of the following observable propagators:
1
wyy (D, D") == w+(D', D) = 5{7, 7'} (86)

We extend this definition to the case where D and D’ are arbitrarily localized relative to each
other. Note
wTi(D’D,) :’LUN,(D/,D). (87)

The relation to w4 is then,
o If D <« D' (D earlier than D’), then w4 (D, D) = wyy (D, D’) = wi4(D’, D).
e If D> D' (D later than D’), then w4 (D, D’) = wy (D', D) = wiy(D, D’).
In the case of scalar point observables we recover the usual Wightman propagator,
wpy (2,2") == wy Dy, Do) = (0, ¢(2)p(2)0). (88)

It remains to consider ws4 in the case that neither D is later than D’ nor the other way round.
To this end we suppose that we can approximate these observables by linear combinations of

instantaneous observables,
D=Y"Dy,, D'=> D) (89)
k=1 j=1

We have then,

& "V if D < D),

wi(D, D) =Y { {T’“’ Bk (90)
k1 =1 Tk} if D; > D»
1 7'/- if D, < D',
—g(r,7') +1i ko 7) J 91
~ 29 ;;{ m) i Dy > D) ®D

Crucially, the real part of the propagator w (D, D’) does not depend on the temporal order of
the observables and their components, while the imaginary part changes sign under a change of
order. The latter property motivates the definition of the anti-time-ordered propagator,

w¢¢(D,D/) = wTT(D,D’). (92)

Thus, we have in all cases that a complex conjugation corresponds to the reversal of all arrow
directions in the notation. Moreover, an exchange of the two arguments corresponds to an exchange
of the two arrows. We also denote the real part by,

(D, D) = Re(w+(D, D)) = Re(wyy (D, D)) = Re(wyy (D, D)) = Re(w4(D, D). (93)
We also have the identity,
H(D, D) = 3 (w (D, D') + wyy (D', D)). (94)

In the case of scalar point observables we can write this as the symmetrized Wightman propagator,
({0, 6(a")¢(2)0) + (0, p(z)p(2")0)) . (95)

B Modulus-square probes with discard

B.1 Weyl observables

In this section, we explicitly calculate the composition of the modulus-square probe for Weyl ob-
servables in a time-interval, compare expression (43), with the discard. This serves as a generating
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function for modulus-square probes for polynomial observables composed with the discard. Again
we use methods of [26] and [21]. First, we rewrite (43) in a form that makes manifest that the re-
gion M is a time-interval [ty t3] by splitting boundary coherent states into initial and final coherent
states,

Pty o] [F|F/KE¢I¢/ ® EWW)
— _ it 1 l—
= Oes,12) (Eglor @ Enpy ) F (&, 0)™ ) F'((¢/, 1) ™) exp <—2wTT(D»D) - 2wTT(D/aDI)) - (96)
As we have seen previously, we have (¢,1)™ = ¢~ +n*. This allows us to factorize,

F((6,m)™ ) F'((¢/,)20) = F(¢7)F'(¢'~)F (") F'(n/*). (97)

Associating to D, D’ the corresponding elements 7,7" € L as in Appendix A and using relation
(82), we can rewrite,

F(nt)F'(+) = exp (iD(n*) —1iD'(n'7))

= exp (2a(ry) — 2s(r'of ) = xp (3 rond + 5077 ) (98)

Evaluating the null probe using (18) and noting that the coherent states are parametrized in a
time-independent way yields,

At ,t2] (Eglor © Enly) = (ki ko) (ks ko)
1 1, 0 1 1, 01 1,
exp (6.0 + 30,6} - 16,0} = 1166}~y = {0} ) (99)

Next, we realize that applying the discard, i.e. the trace, on the final state is, due to the
completeness relation of coherent states (39) equivalent to an integral, as follows,

- 1 - -
#—Op[tl’t2][F|F/](:¢‘¢/) = ‘/f‘dl/(’l’]> exXp (2{7], 77}) P[tl,tQ][FlF/](:qu)’ ® ':""7"'7)' (100)

We may now evaluate this integral using expression (96). We focus only on the part of the integrand
dependent on 7,

[ avtess (500 ) B Gator © 2 FH TG (101)
L

= [ wtiesn (504 0 + 500+ ) = 1000} - 100101 (102
—exp (574 0.7+ ) - (6.0} - 16,6 (103
— o (500.0) - 300} - {06+ 5 + 3o 5] (o
= (ke k) F(6™ V(6] exp gy (D, D) (105)
= 20 Dty 1] (Eglo ) F () F'(¢F) exp (wyy (D, D)) (106)

With this we obtain in total,
0 Plty i) [FIF'[(Eplgr) = 50 Dpty 1) (Bl ) F (7 + ¢V F/(¢F + ¢')
1 1
exp (wis(D. D) = Jun(D.D) = Juny (D', D)) . (107

We can rewrite the observable evaluation part as,

F(¢p~ + ¢ F' (¢t +¢'~) =exp (i(D - D) (¢~ +¢'T)). (108)
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Finally, we note that if we set D = D’ (and thus F' = F”) the results simplifies considerably as the
probe Py, ,)[F|F] becomes non-selective,

—f—op[tl’t2][F|F](E¢|¢/) = —;|—<> Z[tl’tz](z¢|¢/) = tr(Eqﬁ‘d,/) == <k¢/, k¢> (109)

Of course, for the use as a generating function, it is crucial to allow D and D’ to be different.

B.2 Some composite observables

In this section we calculate some composite modulus-square probes with discard. We use formula
(107) combined with the generating function method (44). For a single quadratic observable
A = D?, but allowing the two branches to be different, D # D’, we obtain,

- - 0 0 . . . -
- P[tl;tz] [D|D/] (:¢|¢/) = a W—T— & P[tlth] [eXp(lAD)‘ eXp(l)\/Dl)] (':(b‘qﬁ/)

= 50Dt ,12) (Eglr) (D(¢7 + 6D (67 +¢"F) + wpy(D, D)) . (110)
With D’ = D and ¢’ = ¢ we recover expression (48).

We proceed to consider the product of two quadratic observables A; = D? and Ay = D3. Again
we allow the linear observables to be different in the two branches.

AN =0

0 Pity 2] [D1D2| D1 D] (Esj 1)

o o0 0 0 . . -
= N 0N, TAZBT—;'—OP[tl,tQ][eXP (i(A1D1 + X2Ds)) | exp (i(A] D] + A5 D5))|(Eg)er)
1 2

=% 0 Wt 1,) (Egler) (wm(Dh Dj)wyy (D2, D) + wyy (D1, Dy)wy) (D, D)
+ wip(D1, Do)wyy (DY, Db) + wiy (D1, D) Dy D + wiy (D2, D) Dy Dy + wiy (D1, Dy) Dy DY
+ ’LU*N/(DQ, Dll)ﬁlﬁlz + wﬁ(Dl, Dg)ﬁ/lﬁ/z + wu(D’h Dé)ﬁlﬁg + 1511525/1135) (111)

A1, A2, A, =0

To simplify the notation we have used abbreviations of the form D= D(¢~ + ¢').
Finally, we consider the composition of a Weyl observable F; = exp(iD;) with a single quadratic
observable Do,

—;|—<>7)[t1,t2][FIDZ‘F{D/Q](EM‘W)
0 0

- aTzan”P““”] [exp (i(D1 + A2 D2)) [ exp (D7 + AoD5)))(Ejer) |- x,

_ = = 1
= 50 Dty 1) (S ) X <1D1 — 1D} + wiy (D, DY) = 5 (wig (D, D) + wyy (D, D'l)))

((152 + wyy (D2, DY) — wyy(Dy, Dz)) (—iﬁé + wy (D1, Dy) — wy (DY, D’z)) + ws ) (Da, D’z)) :
(112)

If D, = Dy, this simplifies considerably,

—;|— <& P[thtz] [FIDQ‘FID/Q](EMW) = —;|— < Z[t1,t2] (Ed"d")

((152 + wyy (D2, D1) — wir(Dr, Dz)) (—iﬁé +wyy (D1, Dy) — wyy (Dy, D'z)) + wpy (Do, D'z)) :
(113)
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