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Quantifying the accuracy of logical gates is paramount in approximate er-
ror correction, where perfect implementations are often unachievable with the
available set of physical operations. To this end, we introduce a single scalar
quantity we call the (composable) logical gate error. It captures both the de-
viation of the logical action from the desired target gate as well as leakage
out of the code space. It is subadditive under successive application of gates,
providing a simple means for analyzing circuits. We show how to bound the
composable logical gate error in terms of matrix elements of physical unitaries
between (approximate) logical computational basis states. In the continuous-
variable context, this sidesteps the need for computing energy-bounded norms.

As an example, we study the composable logical gate error for linear op-
tics implementations of Paulis and Cliffords in approximate Gottesman-Kitaev-
Preskill (GKP) codes. We find that the logical gate error for implementations
of Paulis depends linearly on the squeezing parameter. This implies that their
accuracy improves monotonically with the amount of squeezing. For some Clif-
fords, however, linear optics implementations which are exact for ideal GKP
codes fail in the approximate case: they have a constant logical gate error even
in the limit of infinite squeezing. This is consistent with previous results about
the limitations of certain gate implementations for approximate GKP codes,
see [1, 2]. It shows that findings applicable to ideal GKP codes do not always
translate to the realm of physically realizable approximate GKP codes.

Contents
1 Introduction 3

1.1 Our contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Imperfect implementations of unitaries 10
2.1 Definition of the composable logical gate error . . . . . . . . . . . . . . . . 10

3 Upper bounds on the logical gate error 13

Accepted in Quantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 1

ar
X

iv
:2

50
9.

14
65

8v
4 

 [
qu

an
t-

ph
] 

 2
 O

ct
 2

02
6

https://quantum-journal.org/?s=Composable%20logical%20gate%20error%20in%20approximate%20quantum%20error%20correction:%20reexamining%20gate%20implementations%20in%20Gottesman-Kitaev-Preskill%20codes%20&reason=title-click
https://quantum-journal.org/?s=Composable%20logical%20gate%20error%20in%20approximate%20quantum%20error%20correction:%20reexamining%20gate%20implementations%20in%20Gottesman-Kitaev-Preskill%20codes%20&reason=title-click
https://quantum-journal.org/?s=Composable%20logical%20gate%20error%20in%20approximate%20quantum%20error%20correction:%20reexamining%20gate%20implementations%20in%20Gottesman-Kitaev-Preskill%20codes%20&reason=title-click
https://quantum-journal.org/?s=Composable%20logical%20gate%20error%20in%20approximate%20quantum%20error%20correction:%20reexamining%20gate%20implementations%20in%20Gottesman-Kitaev-Preskill%20codes%20&reason=title-click
https://arxiv.org/abs/2509.14658v4


3.1 Gate error of unitary implementations . . . . . . . . . . . . . . . . . . . . . 14
3.2 Bounds on the gate error in terms of matrix elements . . . . . . . . . . . . 18

4 Ideal and approximate GKP codes 19
4.1 Definition of the ideal GKP code . . . . . . . . . . . . . . . . . . . . . . . . 19
4.2 Definition of approximate GKP codes . . . . . . . . . . . . . . . . . . . . . 20

4.2.1 Non-truncated (non-orthogonal) approximate GKP-states . . . . . . 20
4.2.2 Truncated approximate GKP-states and approximate GKP codes . . 21
4.2.3 Symmetrically squeezed approximate GKP codes . . . . . . . . . . . 22

5 Linear optics implementations of Cliffords in GKP codes 23
5.1 Bounded-strength Gaussian unitary operations . . . . . . . . . . . . . . . . 23
5.2 Paulis and Cliffords for (logical) qudits . . . . . . . . . . . . . . . . . . . . . 24
5.3 Implementations of logical Cliffords . . . . . . . . . . . . . . . . . . . . . . . 25

6 Gate error of logical Clifford implementations 26

7 No-go result for linear optics implementations 30

A Mathematical facts used in the analysis 33
A.1 Properties of the diamond norm . . . . . . . . . . . . . . . . . . . . . . . . 33
A.2 Bounds on inner products . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
A.3 Discrete Gaussian distributions . . . . . . . . . . . . . . . . . . . . . . . . . 38

B General quantum circuits 39

C Lower bounds on the inner numerical radius 41

D Proof of Theorem 3.6 46

E Approximate GKP-states with integer spacing 49
E.1 (Truncated) Gaussians and their properties . . . . . . . . . . . . . . . . . . 50
E.2 Different approximate GKP-states with integer spacing . . . . . . . . . . . . 53
E.3 Properties of approximate GKP-states with integer spacing . . . . . . . . . 60

E.3.1 Approximate GKP-states and displacements . . . . . . . . . . . . . . 60
E.3.2 Approximate GKP-states and the phase operator . . . . . . . . . . . 61
E.3.3 Approximate GKP-states and squeezing . . . . . . . . . . . . . . . . 64

E.4 The Fourier transform of approximate GKP-states with integer spacing . . . 67

F Matrix elements of linear optics implementations 68
F.1 Matrix elements of the X-gate . . . . . . . . . . . . . . . . . . . . . . . . . . 68
F.2 Matrix elements of the Z-gate . . . . . . . . . . . . . . . . . . . . . . . . . . 69
F.3 Matrix elements of the Fourier transform F . . . . . . . . . . . . . . . . . . 70

G No-go result for asymmetrically squeezed GKP codes 76

H No-go result for the Gaussian implementation of the CZ gate 78

I Continuity of the (subspace) logical gate error 81
I.1 Continuity of the logical gate error . . . . . . . . . . . . . . . . . . . . . . . 81
I.2 Definition and continuity of the subspace logical gate error . . . . . . . . . . 84

Accepted in Quantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 2



J Encoding-independent no-go result for the P-gate 87

1 Introduction
A central ingredient of current approaches to achieving fault-tolerant quantum compu-
tation is the notion of a quantum error-correcting code: Here logical information (e.g.,
k logical qubits) is embedded into a subspace of a larger-dimensional physical system (e.g.,
n > k physical qubits) in such a way that certain physical errors can be detected and/or
corrected. To achieve computation, one additionally needs to identify physical mechanisms
operating on encoded information. For example, a logical unitary, i.e., a logical gate act-
ing on the code space, is typically implemented by applying a suitable unitary operation
to the physical degrees of freedom. Importantly, such implementations should not involve
decoding in order to maintain fault-tolerance. More generally, it is desirable to have imple-
mentations with limited error-propagation properties: For example, the physical unitary
should ideally be realized by a shallow-depth quantum circuit.

For many stabilizer codes, we have a good understanding of which logical unitaries have
implementations with desirable fault-tolerance properties. For example, color codes [3]
permit to implement a generating set of Cliffords by transversal, i.e., depth-1 circuits.
Importantly, an operation realized in this way preserves the code space, and perfectly acts
on it by the desired logical Clifford. In contrast, identifying suitable physical operations to
realize logical gates is generally more involved when using an approximate error-correcting
code. Such codes typically arise in settings where (e.g., for physical reasons), there is a
distinguished basis consisting of states which are only approximately pairwise orthogonal.
Canonical examples are physically realizable continuous-variable (CV) codes.

Consider for example the cat-code encoding a qubit [4–7]: For concreteness, suppose
that we encode the computational basis states |0⟩ and |1⟩ of a logical qubit into the two
states

|ϕα(0)⟩ = |α⟩ + | − α⟩√
2
(
1 + e−2|α|2) and |ϕα(1)⟩ = |α⟩ − | − α⟩√

2
(
1 − e−2|α|2) ,

where |β⟩ ∈ L2(R) denotes the coherent state with parameter β ∈ C and where we as-
sume that α > 0. These two orthogonal states define a 2-dimensional code space Lα =
span{|ϕα(z)⟩}z∈{0,1} ⊂ L2(R). It is therefore clear what we mean, for example, by a logical
Pauli gate Z: We would like to implement a map Z on Lα such that

Z |ϕα(z)⟩ = (−1)z |ϕα(z)⟩ for z ∈ {0, 1} .

It is straightforward to check that Z is realized exactly by the phase space rotation

W = exp
(
iπa†a

)
, (1)

see Ref. [8], i.e., we have

W |Lα = Z .

In other words, the physical (unitary) operation Z realizes what can be thought of as a
Pauli-Z operator on the code space.

Now suppose that instead of applying W we use the unitary

Wδ = exp
(
i(π + δ)a†a

)
, (2)
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which is identical to W except for a bit of “overrotation” given by a small angle δ > 0.
Then we clearly have

lim
δ→0

⟨ϕα(z),Wδϕα(z)⟩ = (−1)z for z ∈ {0, 1}

suggesting that Wδ also realizes Z approximately, with a vanishing error in the limit δ → 0.
For any non-zero (small) δ > 0, however, the unitary Wδ fails to implement Z in two
significant ways. First, we haveWδLα ̸⊆ Lα, i.e., the unitaryWδ does not preserve the code
space Lα. This property is sometimes referred to as leakage. Second, even ignoring this fact
(i.e., projecting onto Lα and normalizing), the action implemented by Wδ does not coincide
with that of Z. Our goal is to quantify the deviation of the imperfect implementation Wδ

from the desired logical action given by the gate Z.
We note that in this simple example, the deviation from the desired functionality

(given by Z) arises from the fact that an ill-chosen, i.e., erroneous physical unitary Wδ

(see Eq. (2)) is used instead of the physical unitary W (see Eq. (1)). We note that in
other settings (such as when considering approximate Gottesman-Kitaev-Preskill (GKP)
codes, see Section 4), the discrepancy between the desired logical unitary and the physical
operation has an origin more fundamental than mere control imperfections (such as not
being able to set δ = 0 in Eq. (2)). Instead, in these situations, there is no physically allowed
operation (among those considered/available, such as the set of Gaussian unitaries) which
perfectly implements the desired action. In other words, the consideration of gate errors
is fundamentally unavoidable in such situations even when there is no physical source of
noise.

1.1 Our contribution
Composable logical gate error. In practical fault-tolerance settings, the beautiful
framework of ideal (e.g., stabilizer) codes often does not accurately reflect the given physical
situation. Approximations are unavoidable, and understanding their validity is paramount.

To quantify the accuracy of an implementation, let L ⊂ H be a code subspace of a
physical Hilbert space H, and let U : L → L be a logical unitary gate. Let U : B(L) →
B(L), U(ρ) := UρU† be the associated completely positive trace-preserving (CPTP) map.
Consider an (approximate) implementation of U by a CPTP map WU : B(H) → B(H).
We introduce a quantity called the composable logical gate error to quantify how well WU
approximates the desired logical gate U when acting on code states. Let πL : H → L
denote the orthogonal projection onto L and let ΠL(ρ) = πLρπ

†
L. Then the composable

logical gate error of the implementation WU of U on L is defined as

errL(WU ,U) = ∥(WU − U) ◦ ΠL∥⋄ ,

where ∥ · ∥⋄ denotes the diamond norm.
We note that the quantity errL(WU ,U) captures both the leakage out of the code

space as well as the incurred logical error. Composability here means that this quantity
is subadditive under concatenations (see item (c) below). This also implies that it is
subadditive under tensor products (see item (d) below). In particular, if an upper bound
on the gate error is known for the implementation of each (logical) gate in a circuit, this
immediately gives an accuracy result for the entire (composed) circuit. That is, we obtain
an upper bound on the gate error of an implementation where each (logical) gate in the
circuit is replaced by a corresponding implementation thereof.

In more detail, the composable logical gate error has the following properties:
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(a) Operational interpretation: Assume that the implementation WU is applied to some
state ρ supported on L. Then the composable logical gate error errL(WU ,U) pro-
vides an upper bound on the distance between the resulting state WU(ρ) and the
state UρU† obtained by applying the ideal (perfect) logical unitary U.

(b) Definiteness: We have errL(WU ,U) = 0 if and only if WU perfectly implements the
logical unitary U on the code space.

(c) Composability: Let WUj be an approximate implementation of a logical unitary Uj

on the code space L ⊆ H for j = 1, 2. Then

errL(WU2 ◦ WU1 ,U2U1) ≤ errL(WU1 ,U1) + errL(WU2 ,U2) .

This inequality provides an estimate on how errors accumulate under the sequential
application of approximately implemented logical unitaries.

(d) Subadditivity under tensor products: Let H1,H2 be Hilbert spaces with respective
code subspaces L1,L2 and let WUj be an approximate implementation of a logical
unitary Uj on Lj for j = 1, 2. Then

errL1⊗L2(WU1 ⊗ idB(H2),U1 ⊗ IL2) = errL1(WU1 ,U1) .

In particular, we have

errL1⊗L2(WU1 ⊗ WU2 ,U1 ⊗ U2) ≤ errL1(WU1 ,U1) + errL2(WU2 ,U2) .

Properties (a)–(d) immediately provide a way to easily analyze implementations of cir-
cuits, assuming that for each logical gate Uj in the circuit, an approximate realization WUj

on the appropriate code subspace Lj , together with an upper bound on errLj (WUj ,Uj) is
known. We explain this in detail in Section 2. There we include an important generaliza-
tion to the “gate deformation” case where the implementation WU approximately maps an
“input” code space Lin ⊆ Hin to an “output” code space Lout ⊆ Hout, where Lin ∼= Lout but
the subspaces are non-identical (and may, in particular, be subspaces of different Hilbert
spaces Hin,Hout).

Computable bounds on the composable logical gate error. For a d-dimensional
code space L ⊂ H, a logical unitary U : L → L is fully specified by fixing an orthonormal
basis {|j⟩}d−1

j=0 of L and considering the matrix elements Uj,k := ⟨j,Uk⟩ of U with respect
to this basis. We often consider the matrix U ∈ Matd×d(C) as a linear map U : Cd → Cd.
Then we may equivalently think of the logical unitary U = EncLUDecL acting on the
code space L as the composition of three maps, where the encoding map EncL(|j⟩) = |j⟩
isometrically maps Cd into L and DecL := Enc−1

L is the inverse of the encoding map.
Here {|j⟩}d−1

j=0 is the computational (orthonormal) basis of Cd. The associated (logical)
CPTP map U : B(L) → B(L) can similarly be written in terms of U . Correspondingly,
we often simply use U : Cd → Cd (respectively the corresponding matrix U) in place of U
(respectively U) in the following, see e.g., Eq. (3) for an example of this convention. We
emphasize, however, that the corresponding maps U and U depend on the choice of basis
of L.

Consider a desired target logical unitary U : Cd → Cd and a unitary implementa-
tion WU (ρ) = WUρW

†
U with WU : H → H. We give general upper bounds on the compos-

able logical gate error

errL(WU , U) := errL(WU ,U) := errL(WU ,U) (3)
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in terms of the matrix elements Mj,k = ⟨j,WUk⟩ of WU . In more detail, we introduce the
operator B := U†πLWUπL : L → L which roughly amounts to the composition of WU with
the adjoint (inverse) of U , restricted (by appropriate projections) to the code space L (see
Definition 3.1). In case WU exactly implements the unitary U , the operator B evaluates
to the identity on the code space L. Importantly, this has the following properties:

(i) The operator B is fully determined by U and the matrix elements {Mj,k}j,k, and can
thus easily be computed analytically in typical settings of interest. For example, in
CV quantum error correction, our bounds sidestep the need for computing energy-
bounded norms [9, 10] as used in Refs. [11,12].

(ii) The logical gate error errL(WU , U) can be expressed as a function of B: We show
that

errL(WU , U) = 2
√

1 − c(B)2 (4)

where c(B) is the so-called Crawford number (or inner numerical radius) of B, see
Corollary 3.5 and Lemma 3.7.

We further show that the identity (4) implies more easily applicable bounds. For example,
if B is sparse, then we can give an upper bound on the composable gate error which does
not explicitly depend on the code space dimension d. More generally, we can give an upper
bound on the composable gate error which depends polynomially on d and the matrix
elements Mj,k (see Corollary 3.6).

These bounds underlie our Result 1 for approximate GKP codes (see below). They
should independently be useful in approximate quantum error correction because they
reduce the problem of estimating the accuracy of an implementation to computing matrix
elements with respect to code states.

Linear optics implementations of logical gates in approximate GKP codes. We
emphasize that the framework introduced above – our notion of composable logical gate
error and our bounds in terms of matrix elements – applies to any approximate quantum
error-correcting code. To demonstrate its utility, we apply it to approximate GKP codes.

Consider the (ideal) GKP code [13], a continuous-variable (CV) stabilizer code with
the convenient and highly desirable feature that logical Pauli and Clifford operations can
be realized exactly by linear optics (i.e., Gaussian) operations. Its code states can unfor-
tunately not be created in practice: Instead, finitely-squeezed (approximate) GKP-states
need to be used. This motivates the following question: How accurate are linear optics
realizations of logical gates in approximate GKP-codes?

In more detail, approximate GKP codes encoding a d-dimensional qudit are typically
introduced as a two-parameter family {GKPκ,∆[d]}(κ,∆), where κ,∆ > 0 determine the
amount of squeezing of the code states in the code GKPκ,∆[d] ⊂ L2(R). That is, κ−2 is
proportional to the variance of the envelope in the definition of a finitely squeezed GKP-
state, whereas ∆2 is that of individual peaks (local maxima). We refer to Section 4.2.2
for detailed definitions. It is often said that the ideal GKP code GKP [d], whose code
states are formal superpositions of position-eigenstates (distributions), is obtained in the
limit (κ,∆) → (0, 0). Here we challenge this idea from the point of view of logical gate
errors.

Following the idea that the code GKPκ,∆[d] approximates the ideal GKP code GKP [d]
in the limit (κ,∆) → (0, 0), it is natural to ask how the parameters (κ,∆) relate to the
accuracy of gate implementations. The folklore (informal) answer to this question is along
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the lines of “the more squeezing there is, the better". But how much squeezing is actually
necessary? And what is the best choice for the (relative) dependence between κ and ∆?

-6 -4 -2 0 2 4 6
x

GKP∑,¢(x)

2∑°1

2¢

Figure 1: The computational logical basis state
∣∣0〉 in the code GKPκ,∆[d] is denoted |GKPκ,∆(0)d⟩ ∈

GKPκ,∆[d]. Its wavefunction is given by a superposition of Gaussians with variance proportional to ∆2,
with an envelope (shown in red) whose variance is proportional to κ−2. The individual peaks (local
maxima) are located at integer multiples of

√
2πd. The remaining (logical) basis states are constructed

by translating this state in position-space. For a formal definition of the code GKPκ,∆[d], we refer to
Section 4.2.

A particularly natural and popular choice is that of symmetric squeezing, where ∆ =
κ/(2πd), i.e., we consider pairs of the form

(κ,∆) = (κ, κ/(2πd)) . (5)

We call the GKP codes GKPκ,κ/(2πd)[d] associated with this choice of parameters sym-
metrically squeezed (approximate) GKP codes with squeezing parameter κ. For techni-
cal reasons, we will focus on a slightly modified variant of these codes which we denote
by GKP⋆

κ[d]. The latter is obtained from the code GKPκ,κ/(2πd)[d] using a certain trun-
cation procedure rendering the defining basis states orthogonal. It serves as a convenient
proxy for the symmetrically squeezed code GKPκ,κ/(2πd)[d] which retains its essential fea-
tures. This concerns, in particular, the asymptotic behavior of the logical gate error for
physical implementations in the limit of large squeezing. Considering our modified family
of symmetrically squeezed approximate GKP codes facilitates our analysis. We refer to
Section 4.2 for detailed definitions, and to Corollary 6.4, where we argue that the two codes
behave in an analogous manner with regards to the composable logical gate error.

The choice of (κ,∆) in Eq. (5) is motivated by the action of the linear optics imple-
mentation

WF = eiπ(Q2+P 2)/4 (6)

of the (logical) Fourier transform F. In the setup of an ideal GKP code GKP [d], the uni-
tary WF provides an exact implementation of the (logical) Fourier transform F (on Cd) on
the code space (see Ref. [13]). In contrast, when the unitary (6) acts on the approximate
code GKPκ,∆[d], it essentially interchanges κ and ∆. More precisely, it (approximately)
maps the code GKPκ,∆[d] to a new code GKPκ′,∆′ [d], i.e., it transforms the parame-
ters (κ,∆) as

(κ,∆) 7→ (κ′,∆′) := (2πd∆, κ/(2π)) (7)

while implementing the (logical) Fourier transform. This motivates the choice (κ,∆) as-
sociated with symmetric squeezing, see Eq. (5), which is a fixed point of the map (7). For
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this choice, the unitary WF approximately maps the code space to itself. In fact, we can
show that WF indeed implements the Fourier transform on the symmetrically squeezed
approximate GKP code GKP⋆

κ[d] in the limit κ → 0 of infinite squeezing, i.e., we have

lim
κ→0

errGKP⋆
κ[d](WF,F) = 0 , (8)

see Theorem 6.1 for a more detailed quantitative statement.
The logical (qudit) Pauli operators X and Z on Cd have the linear optics implementa-

tions

WX = e−i
√

2π/dP and WZ = ei
√

2π/dQ (9)

in the ideal GKP code GKP [d]. Our first main result shows that these unitaries are accurate
implementations of the logical Pauli operators for the symmetrically squeezed GKP code
as well.

Result 1 (Implementation of Pauli operators by linear optics). Let d ≥ 2 be an
integer. Consider the Gaussian unitary WU associated with a logical (qudit) Pauli
operator U ∈ {X,Z} defined by Eq. (9). Then WU implements the logical Pauli
operator U in the symmetrically squeezed GKP code GKP⋆

κ[d] with logical gate error

errGKP⋆
κ[d](WU , U) ≤ 8κ (10)

for every U ∈ {X,Z}.

Result 1 gives a detailed quantitative answer to how much and what kind of squeezing
is required to apply logical Pauli operators in an approximate GKP codes. The linear
dependence of the bound (10) on κ makes it relevant and applicable in practical applica-
tions. (We also establish a bound of the form errGKP⋆

κ[d](WF,F) = O(poly(d)poly(κ)) on
the gate error of the implementation WF of the logical Fourier transform F. While weaker,
this implies that the gate error of this implementation also vanishes in the limit κ → 0 of
infinite squeezing, see Eq. (8).)

Given the accuracy of linear optics implementations of Paulis in approximate GKP
codes (Result 1), it is natural to ask if the linear optics implementations of Cliffords
introduced for ideal GKP codes in Ref. [13] also extend to physically realistic GKP codes,
that is, codes which are spanned by normalizable states with finite energy. Surprisingly, we
find that this is not the case: We show that the standard (ideal GKP code) linear optics
implementation

WP = ei(Q
2+cd

√
2π/dQ)/2 where cd = d mod 2 (11)

of the (logical) phase gate P which acts as

P |x⟩ = eiπx(x+cd)/d |x⟩ for x ∈ Zd
on logical basis states |x⟩ is unsuitable for use in an approximate GKP code even in the
limit of infinite squeezing.

(No-go) Result 2 (Linear optics implementations of certain Cliffords fail for sym-
metric squeezing). Let d ≥ 2 be an integer. Let κ > 0. Consider the (logical) Clifford
phase gate P in the symmetrically squeezed GKP code GKP⋆

κ[d]. Let WP be the Gaus-
sian unitary defined in Eq. (11). Then

errGKP⋆
κ[d](WP,P) ≥ 3/100
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for any κ < 1/250. In particular, the logical gate error of the implementation WP
of P is lower bounded by a constant even in the limit κ → 0 of infinite squeezing.

We note that a result analogous to Result 2 holds for the standard linear optics imple-
mentation of a CNOT-gate in the GKP code (with d = 2). Similar observations were
previously made for the Gaussian implementation of the two-qubit CZ-gate [1] and the
implementation of the single-qubit T -gate using the (non-Gaussian) cubic phase gate [2].

Result 2 goes against the folklore idea that physical gate implementations proposed
in the setting of ideal GKP codes are also suitable for approximate GKP codes. It begs
the question of how to implement Cliffords (and more general gates) in approximate GKP
codes. In separate work [14], we propose a solution to this problem which circumvents the
no-go Result 2 in a qubit-oscillator model. It makes use of qubit Clifford operations and
qubit-controlled single-mode phase space displacements of constant strength (i.e., shifts by
a constant in position/momentum-space). Such hybrid qubit-oscillator operations are read-
ily available in present-day experimental setups [15–17] (for a recent review see Ref. [18]).

Importantly, Results 1 and 2 extend to alternative code spaces whose codewords are
close to those of the truncated symmetrically squeezed GKP code in trace distance. In
particular, our main conclusions also apply to standard, i.e., untruncated symmetrically-
squeezed GKP codes. In more detail, we show continuity bounds on the composable
logical gate error (see Appendix I). These imply that the composable logical gate error is
comparable for pairs of codes whose codewords are close in trace distance. This property
is satisfied for untruncated and truncated symmetrically-squeezed GKP codes (for suitable
parameter choices). In particular, in the limit of large squeezing, the composable gate error
asymptotically vanishes for one of these families if and only if that is the case for the other
family.

We emphasize that the regime of large squeezing (small κ) is the physically relevant one
for quantum error correction with GKP codes, as this is where the stabilizer constraints are
approximately satisfied (yielding protection against small displacements). In this regime,
our positive results (Result 1) guarantee accurate gate implementations, while our no-go
results (Result 2) reveal fundamental limitations of specific physical implementations. In
contrast, GKP codes with broad peaks (large κ) are ill-suited for fault-tolerant quantum
computation because they lack the key property of translation-invariance (stabilizer con-
straints) enabling recovery from displacement errors.

1.2 Outline
This work is structured as follows. In Section 2, we define the composable logical gate
error errL(WU , U) and introduce notation used throughout this work. We show that the
logical gate error is subadditive under composition, a property we use to estimate how
errors accumulate in a quantum circuit composed of approximately implemented unitary
gates.

Section 3 is devoted to deriving easily computable bounds on the composable logical
gate error errL(WU , U) for a given unitary implementation WU (ρ) = WUρW

†
U of U . These

bounds only involve matrix elements of the implementation WU with respect to families
of states which are (close to) an orthonormal basis of the code space L.

In Section 4 we define ideal and approximate GKP-codes encoding a qudit into an
oscillator. In Section 5 we introduce the underlying physical setup (linear optics) and
describe the elementary physical operations we allow for. Moreover, we examine (Gaussian)
implementations of logical Pauli- and Clifford gates which are known to be exact in the
limit of ideal (non-approximate) GKP codes.
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In Section 6 we analyze logical gate implementations for approximate GKP codes. For
each implementation of a logical Clifford, we obtain an upper bound on the composable
logical error. We find that for logical Pauli operators the gate error has a linear upper
bound in the squeezing parameter. For the Fourier transform, the gate error is bounded by
a polynomial in the code space dimension and the squeezing parameter of the approximate
GKP code. Taken together, this gives widely applicable accuracy guarantees for quantum
computations implemented using these gates in approximate GKP codes.

In Section 7 we investigate how certain linear optics implementations of logical Cliffords
in ideal GKP codes – namely that of the logical phase gate P – fail to accurately realize
these gates in the case of symmetrically squeezed approximate GKP codes.

In the appendices, we discuss results used in proofs throughout this work. In Ap-
pendix A we state a few general mathematical facts on the diamond norm, inner products
in Hilbert spaces, and discrete Gaussian distributions. In Appendix B we extend the
framework of the composable logical gate error to general circuits which are represented
as a directed acyclic graph. In Appendix C we prove a general lower bound on the inner
numerical radius of an operator in terms of its matrix elements. In Appendix D we use
these bounds and provide the technical proof of Theorem 3.6. In Appendix E we discuss
different notions of GKP-states and their properties. We prove bounds showing that the
different GKP-states considered are close to each other. In Appendix F we compute the
matrix elements of approximate implementations of logical gates in approximate GKP-
codes. These are used in Section 6 to prove bounds on the composable logical gate error
of each gate. In Appendix G we give an additional result extending the no-go result in
Section 7: We show that the typical linear optics implementation of the phase gate P is not
accurate when considering a non-symmetrically squeezed approximate GKP code either.
In Appendix H we show that the standard linear optics implementation of the two-qubit
CZ-gate also exhibits a non-vanishing logical gate error in the limit of large squeezing.
Appendix I gives a continuity bound on the logical gate error: It relates the logical gate
error of implementations in different codes which are close to each other. We apply these
results in Appendix J to prove an extended version of the no-go result for the Gaussian im-
plementation of the P-gate: We show that no choice of encoding inside the symmetrically
squeezed GKP code can achieve a vanishing logical gate error.

2 Imperfect implementations of unitaries
In this section, we formally define quantities of interest. In Section 2.1 we introduce the
general setting we consider, define the composable logical gate error, and establish that
it is subadditive under composition of channels. In Appendix B, we further extend the
framework to general circuits.

2.1 Definition of the composable logical gate error
We are interested in approximating a logical CPTP map by a suitable implementation
when acting on a code space. Concretely, let Hin,Hout be (“physical”) Hilbert spaces,
and let Lin ⊆ Hin and Lout ⊆ Hout be two isomorphic (“logical”) subspaces. We as-
sume dim Lin = dim Lout = d < ∞. Let U : Lin → Lout be a unitary “logical” map
and

U : B(Lin) → B(Lout)
ρ 7→ UρU†
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the associated CPTP map. Our goal is to approximate U by a suitable CPTP map
W : B(Hin) → B(Hout) . We are interested in the error incurred when approximating U
by the CPTP map W .

To this end, we need the following definitions: For a subspace L ⊂ H of a Hilbert
space H, we denote by πL : H → L the orthogonal projection onto L, and by

ΠL : B(H) → B(L)
ρ 7→ ΠL(ρ) = πLρπL

the corresponding projection onto B(L) ⊆ B(H). We define what we call the (composable)
logical gate error of an implementation W : B(Hin) → B(Hout) of a (logical) map U :
B(Lin) → B(Lout) on input and output code spaces Lin and Lout, respectively, as

errLin,Lout(W,U) = ∥(W − U) ◦ ΠLin∥⋄ .

The composable logical gate error errLin,Lout(W,U) quantifies the worst-case error of the
implementation W when acting on states supported on the input code space Lin.

We note that we often consider the case where Hin = Hout = H, Lin = Lout and an
implementation of the form W(ρ) = WρW † where W is a unitary on H. In this case, we
write

errL(W,U) = errL(W,U)

by a slight abuse of notation.
The following lemma justifies the term composable logical gate error. We show that

the quantity is subadditive under composition of channels.

Lemma 2.1 (Subadditivity of the logical gate error). Let H(1)
in ,H

(1)
out,H

(2)
out be Hilbert

spaces. Set H(2)
in := H(1)

out. Let

L(1)
in ⊆ H(1)

in

L(1)
out ⊆ H(1)

out

and L(2)
in ⊆ H(2)

in

L(2)
out ⊆ H(2)

out

be (code) subspaces with L(2)
in := L(1)

out, and L(1)
in ≃ L(1)

out = L(2)
in ≃ L(2)

out. Let

U1 : L(1)
in → L(1)

out

U2 : L(2)
in → L(2)

out

be unitaries. Let

W1 : B(H(1)
in ) → B(H(1)

out)
W2 : B(H(2)

in ) → B(H(2)
out)

be two CPTP maps. Then we have

errL(1)
in ,L

(2)
out

(W2 ◦ W1,U2U1) ≤ errL(1)
in ,L

(1)
out

(W1,U1) + errL(2)
in ,L

(2)
out

(W2,U2) .

Proof. Define the CPTP maps associated to the logical unitaries

U1 : B(L(1)
in ) → B(L(1)

out)
U2 : B(L(2)

in ) → B(L(2)
out)
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acting as U j(ρ) := UjρU†
j for j ∈ {1, 2}.

By the definition of the logical gate error and the triangle inequality for the diamond
norm we have

errL(1)
in ,L

(2)
out

(W2 ◦ W1,U2U1) =
∥∥∥∥(W2 ◦ W1 − U2 ◦ U1) ◦ ΠL(1)

in

∥∥∥∥
⋄

≤
∥∥∥∥(W2 ◦ W1 − W2 ◦ U1) ◦ ΠL(1)

in

∥∥∥∥
⋄

+
∥∥∥∥(W2 ◦ U1 − U2 ◦ U1) ◦ ΠL(1)

in

∥∥∥∥
⋄

=
∥∥∥∥W2 ◦ (W1 − U1) ◦ ΠL(1)

in

∥∥∥∥
⋄

+
∥∥∥∥(W2 − U2) ◦ U1 ◦ ΠL(1)

in

∥∥∥∥
⋄
.

(12)
We proceed to bound each of the terms in Eq. (12). First, by the monotonicity of the
diamond norm under CPTP maps, it follows that∥∥∥∥W2 ◦ (W1 − U1) ◦ ΠL(1)

in

∥∥∥∥
⋄

≤
∥∥∥∥(W1 − U1) ◦ ΠL(1)

in

∥∥∥∥
⋄
. (13)

Second, notice that U1 = ΠL(1)
out

◦ U1 = ΠL(2)
in

◦ U1. Therefore we have∥∥∥∥(W2 − U2) ◦ U1 ◦ ΠL(1)
in

∥∥∥∥
⋄

=
∥∥∥∥(W2 − U2) ◦ ΠL(2)

in

◦ U1 ◦ ΠL(1)
in

∥∥∥∥
⋄

=
∥∥∥∥(W2 − U2) ◦ ΠL(2)

in

◦ U1

∥∥∥∥
⋄

=
∥∥∥∥(W2 − U2) ◦ ΠL(2)

in

∥∥∥∥
⋄
, (14)

where the last identity is due to the invariance of the diamond norm under compositions
with unitary channels. The claim follows by combining Eqs. (13) and (14) with Eq. (12).

The following result shows that the logical gate error is invariant under tensoring ad-
ditional systems.

Lemma 2.2. Let H1,H2 be Hilbert spaces. Let Lj ⊂ Hj be a subspace for j = 1, 2 and
let W : B(H1) → B(H1) be a CPTP map. Let U : L1 → L1 be unitary. Then

errL1⊗L2(W ⊗ idB(H2),U ⊗ IL2) = errL1(W,U) .

Proof. By definition of the logical gate error we have

errL1⊗L2(W ⊗ idB(H2),U ⊗ IB(L2))

=
∥∥∥(W ⊗ idB(H2) − U ⊗ idB(L2)

)
◦ ΠL1⊗L2

∥∥∥
⋄

=
∥∥∥(W ⊗ idB(H2) − U ⊗ idB(L2)

)
◦ (ΠL1 ⊗ ΠL2)

∥∥∥
⋄

= ∥(W ◦ ΠL1) ⊗ ΠL2 − (U ◦ ΠL1) ⊗ ΠL2∥⋄
= ∥((W − U) ◦ ΠL1) ⊗ ΠL2∥⋄

where we used that idB(H2) ◦ ΠL2 = ΠL2 . The multiplicativity of the diamond norm under
tensor products (see [19, Theorem 3.49]) implies that

∥((W − U) ◦ ΠL1) ⊗ ΠL2∥⋄ = ∥(W − U) ◦ ΠL1∥⋄ · ∥ΠL2∥⋄
= ∥(W − U) ◦ ΠL1∥⋄
= errL1(W,U) ,

where we used that ∥ΠL2∥⋄ = 1.
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3 Upper bounds on the logical gate error
Let Hin,Hout be two Hilbert spaces. Let Lin ⊆ Hin and Lout ⊆ Hout be two (code)
subspaces. We assume that they are isomorphic and finite-dimensional, i.e.,

Lin ∼= Lout ∼= Cd

for some d ≥ 2. Now consider a logical unitary U : Lin → Lout. We assume that it
is specified by a unitary U : Cd → Cd (equivalently given by a matrix U = (Uj,k)j,k ∈
Matd×d(C) consisting of matrix elements Uj,k = ⟨j, Uk⟩ for j, k ∈ {0, . . . , d − 1} with
respect to the computational basis of Cd), and two isometric encoding maps

EncLin : Cd → Lin
EncLout : Cd → Lout .

(15)

Denoting the corresponding inverse (decoding) maps by

DecLin := Enc−1
Lin

: Lin → Cd
DecLout := Enc−1

Lout
: Lout → Cd ,

the map U : Lin → Lout is given as a product

U = EncLoutUDecLin : Lin → Lout .

See Table 1 for the circuit schemes representing these maps. The map U gives rise to the
CPTP map

U : B(Lin) → B(Lout)
ρ 7→ UρU† .

In the following, we derive upper bounds on the logical gate error errLin,Lout(W,U) quan-
tifying how well a CPTP map W : B(Hin) → B(Hout) approximates the “logical” CPTP
map U : B(Lin) → B(Lout). By a slight abuse of notation, we will write

errLin,Lout(W, U) := errLin,Lout(W,U) (16)

for this expression. We emphasize, however, that U and thus the quantity (16) depends
on the choice of encoding maps (15). For a more general discussion and an encoding-
independent notion of a logical gate error we refer to Appendix I.2.

map circuit decomposition

EncL LCd L

DecL LL Cd

ICd Cd Cd L LCd Cd

U Lin U Lout Lin LoutLin U Lout

U† Lout U† Lin Lout LinLout U† Lin

Table 1: Diagrammatic representation of the encoding map EncL and the decoding map DecL maps
and specification of a logical unitary U (and its adjoint U†) with the corresponding input and output
spaces.
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In more detail, the encoding maps (15) can be fixed by choosing orthonormal bases
of the corresponding spaces and defining associated maps. That is, let {|j⟩}d−1

j=0 be the
computational (orthonormal) basis of Cd and {|j⟩Lin

}d−1
j=0 an orthonormal basis of Lin.

Then we can embed Cd into Lin ⊆ Hin by mapping basis states as

EncLin : Cd → Hin

|j⟩ 7→ |j⟩Lin

for j ∈ {0, . . . , d− 1} ,

and linearly extending to all of Cd, obtaining an isometry EncLin . For the subspace Lout ⊆
Hout, we define the encoding map EncLout : Cd → Lout in an analogous manner using an
orthonormal basis {|j⟩Lout

}d−1
j=0 of Lout.

We note that according to this definition, the unitary U acts on basis states as

U |j⟩Lin
=

d−1∑
k=0

Uj,k |k⟩Lout
for all j ∈ {0, . . . , d− 1} .

In Section 3.1, we derive an exact expression for the logical gate error in terms of the so-
called inner numerical radius for unitary implementations. Section C provides lower bounds
on the inner numerical radius based on matrix elements of implementations. Section 3.2
bounds the logical gate error directly in terms of matrix elements.

3.1 Gate error of unitary implementations
In this section, we consider the case where the implementation is given by a unitary W :
Hin → Hout. That is, we consider the CPTP map W : B(Hin) → B(Hout) defined by
W(ρ) = WρW †. The following definition will be useful.

Definition 3.1. We define the operator

B = BU
Lin,Lout

(W,U) = U†πLoutWπLin : Lin → Lin .

The operatorB is characterized by the matrix elements with respect to the basis {|k⟩Lin
}d−1
k=0

of Lin given by

Bj,k = ⟨j|Lin U†πLoutWπLin |k⟩Lin

for j, k ∈ {0, . . . , d− 1}. It is straightforward to check that

Bj,k :=
d−1∑
m=0

Um,j⟨m|LoutW |k⟩Lin for j, k ∈ {0, . . . , d− 1} . (17)

We can express this by a circuit identity as shown in Fig. Fig. 2, where we indicate the
input and output spaces Lin and Lout, respectively.

Also observe that

∥B∥ ≤ 1 if W is unitary

because the operator norm satisfies ∥XY ∥ ≤ ∥X∥ · ∥Y ∥, ∥V ∥ = 1 for an isometry V ,
and ∥π∥ = 1 for a projection π.
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Lin B Lin = Lin πLin W πLout U† Lin

= Lout LinLin πLin W πLout U† Lin .

Figure 2: Diagrammatic illustration of the definition of B.

Lemma 3.2 (Logical gate error of unitary implementations). Let W : Hin → Hout be
unitary. Consider the CPTP map W(ρ) = WρW †. Let B : Lin → Lin be the map
introduced in Definition 3.1. Set

c(A) := min
ψ∈Lin:∥ψ∥=1

|⟨ψ,Aψ⟩| for any linear map A : Lin → Lin . (18)

Then

errLin,Lout(W,U) = 2
√

1 − c(B)2 .

The quantity c(A) is sometimes referred to as the inner numerical radius or the Craw-
ford number of A, see [20].

Proof. By definition of the logical gate error in combination with Lemma A.3 we can
restrict the supremum in the definition of the operator norm to all operators in B(Lin⊗L′)
where L′ ∼= Lin ∼= Cd. This gives

errL(W,U) = ∥(W − U) ◦ ΠL∥⋄

= sup
X∈B(Lin⊗L′)

∥X∥1=1

∥∥∥((W − U) ⊗ idB(L′)
)

(X)
∥∥∥

1

= sup
Φ∈Lin⊗L′

∥Φ∥=1

∥∥∥((W − U) ⊗ idB(L′)
)

(|Φ⟩⟨Φ|)
∥∥∥

1

= sup
Φ∈Lin⊗L′

∥Φ∥=1

∥∥∥(W ⊗ IL′)|Φ⟩⟨Φ|(W ⊗ IL′)† − (U ⊗ IL′)|Φ⟩⟨Φ|(U ⊗ IL′)†
∥∥∥

1

= sup
Φ∈Lin⊗L′

∥Φ∥=1

2
√

1 − |⟨(U ⊗ IL′) Φ, (W ⊗ IL′) Φ⟩|2 .

In the third identity we used that (W −U) is Hermicity-preserving which implies that it is
enough to restrict the supremum to pure states, see Lemma A.1. In the penultimate step
we used that both (W ⊗ IL′) |Φ⟩ and (U ⊗ IL′) |Φ⟩ are normalized due to the unitarity of
W : Hin → Hout and U : Lin → Lout ⊂ Hout.

We have

inf
Φ∈Lin⊗L′

∥Φ∥=1

|⟨(U ⊗ IL′) Φ, (W ⊗ IL′) Φ⟩| = inf
Φ∈Lin⊗L′

∥Φ∥=1

|⟨(πLout U ⊗ IL′) Φ, ((W πLin) ⊗ IL′) Φ⟩|

= inf
Φ∈Lin⊗L′

∥Φ∥=1

∣∣∣⟨ Φ, (U†πLoutWπLin ⊗ IL′) Φ⟩
∣∣∣

= inf
ρ∈B(Lin)
ρ≥0,tr(ρ)=1

∣∣∣tr (U†πLoutWπLinρ
)∣∣∣

= inf
ρ∈B(Lin)
ρ≥0,tr(ρ)=1

|tr (Bρ)| . (19)
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The first equality follows from the fact that ULin = Lout and that (πLin ⊗ IL′) |Φ⟩ = |Φ⟩
for all |Φ⟩ ∈ Lin ⊗ L′. The third equality follows by taking the partial trace over the
subsystem affiliated with the subspace L′. In the last step we used the definition of B.

Let A : Lin → Lin be a linear operator. The numerical range of A is defined as the
subset of C given by

N (A) =
{
⟨ψ,Aψ⟩ | ψ ∈ Lin, ∥ψ∥ = 1

}
.

According to the Toeplitz-Hausdorff theorem (see e.g., [19, Theorem 3.54]) the set N (A) is
(compact as Lin is finite-dimensional and) convex. Since every density operator ρ ∈ B(Lin)
is a convex combination of pure states, it follows that

{tr(Aρ) | ρ ∈ B(Lin), ρ ≥ 0, tr(ρ) = 1} = N (A) . (20)

Combining Eq. (20) with Eq. (19) gives

inf
Φ∈Lin⊗L′

∥Φ∥=1

|⟨(U ⊗ IL′) Φ, (W ⊗ IL′) Φ⟩| = min
ψ∈Lin

∥ψ∥=1

|⟨ψ,Bψ⟩| = c(B) , (21)

where we note that the infimum can be replaced by a minimum because the unit ball in
Lin is compact and the map ψ 7→ |⟨ψ,Bψ⟩| is continuous. The claim follows by combining
with Eq. (21).

We can easily extend Lemma 3.2 to give an upper bound on the logical gate error
in the case where W is a general Kraus-rank one map, that is, W(ρ) = WρW † with
W : Hin → Hout an arbitrary bounded linear operator.

Lemma 3.3 (Gate error of general Kraus-rank one implementations). Let W : Hin →
Hout be linear. Consider the CP map W(ρ) = WρW †. Let B : Lin → Lin be the map
introduced in Definition 3.1. Then

errLin,Lout(W,U) ≤
√

(∥W∥2 + 1)2 − 4c(B)2 .

Proof. We note that two rank-one operators of the form |v⟩⟨v| and |w⟩⟨w| with v, w ∈ H
not necessarily normalized vectors in a Hilbert space H satisfy

∥|v⟩⟨v| − |w⟩⟨w|∥1 =
√

(∥v∥2 + ∥w∥2)2 − 4|⟨v, w⟩|2 .

Using this identity, we can follow the same lines of the proof of Lemma 3.2 which gives

errLin,Lout(W,U) = sup
Φ∈Lin⊗L′

∥Φ∥=1

√
(∥(W ⊗ I ′

L)Φ∥2 + ∥(U ⊗ IL′)Φ∥2)2 − 4 |⟨(W ⊗ IL′) Φ, (U ⊗ IL′) Φ⟩|2 |

≤ sup
Φ∈Lin⊗L′

∥Φ∥=1

√
(∥W∥2 + 1)2 − 4 |⟨(W ⊗ IL′) Φ, (U ⊗ IL′) Φ⟩|2 .

The claim follows by the same arguments used to derive Eq. (21).

Given an implementation W of a logical unitary U, we will use the following result to
derive an expression for the logical gate error of the implementation W † of the adjoint U†.
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Lemma 3.4 (Invariance of the inner numerical radius under implementing the adjoint).
Let W : Hin → Hout be linear. Consider the CP map W(ρ) = WρW †. Let B =
BU

Lin,Lout
(W,U) : Lin → Lin and B̃ = BU†

Lout,Lin
(W †, U †) : Lout → Lout be the maps

introduced in Definition 3.1. Then

c(B) = c(B̃) .

Proof. Define the linear map C : Cd → Cd as

C = DecLoutπLoutWπLinEncLin .

It is easy to check that

DecLinBEncLin = U †C and EncLoutB̃DecLout = UC† .

This implies that

c(B) = c(U †C) and c(B̃) = c(UC†) . (22)

Let A : Cd → Cd be a linear map. Recall that the numerical range of A is defined as

N (A) =
{

⟨ψ,Aψ⟩ | ψ ∈ Cd, ∥ψ∥ = 1
}
.

Therefore we can write the inner numerical radius of A as

c(A) = min
z∈N (A)

|z| . (23)

It is easy to verify that the numerical range satisfies

N (A†) = N (A) and (24)
N (V AV †) = N (A) for every unitary V , (25)

where N (A) = {z | z ∈ N (A)}. It follows that

N (B̃) = N (UC†) by Eq. (22)
= N (U †UC†U) by Eq. (25)
= N (C†U)
= N (U †C) by Eq. (24)
= N (B) by Eq. (22) .

The claim then follows from Eq. (23).

The following is an immediate consequence of Lemma 3.2: the logical gate error of a
unitary implementation W(ρ) = WρW † for a logical unitary U is equal to the logical gate
error of the adjoint map W† for the adjoint logical unitary U †.

Corollary 3.5 (Gate error of unitary implementations and their adjoints). Let W : Hin →
Hout be unitary and W(ρ) = WρW †. Then

errLout,Lin(W †, U †) = errLin,Lout(W,U) .
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Proof. Let B = BU
Lin,Lout

(W,U) and B̃ = BU†
Lout,Lin

(W †, U †) : Lout → Lout be the maps
introduced in Definition 3.1. Since W † is unitary, Lemma 3.2 implies that

errLout,Lin(W †, U †) = 2(1 − c(B̃))1/2

= 2(1 − c(B))1/2

= errLin,Lout(W,U) ,

where the second equality follows from Lemma 3.4 and the last equality is a consequence
of Lemma 3.2.

3.2 Bounds on the gate error in terms of matrix elements
In this section we state bounds on the logical gate error which only depend on matrix
elements of the implementation and are thus easily applicable, see Theorem 3.6. These
bounds exploit the special form of the operator B whose Crawford number is relevant for
the logical gate error (see Definition 3.1). In particular, the bounds are sensitive to sparsity
of the operator B. In the following, we call a matrix B ∈ Matd×d(C) s-sparse if the number
of non-zero entries in each row and column is at most s.

The following is our main technical tool to analyze logical gate errors for approximate
GKP codes.

Theorem 3.6 (Logical gate error of unitary implementations in terms of matrix elements).
Let W : Hin → Hout be unitary and W(ρ) = WρW †. Let U : Cd → Cd be unitary, and
let B = BU

Lin,Lout
(W,U) be the operator introduced in Definition 3.1. Then we have the

following.

(i) Suppose that B is s-sparse and has positive entries {Bj,j}d−1
j=0 on the diagonal. Then

max
{

errLin,Lout(W, U), errLout,Lin(W†, U †)
}

≤ 3
(

(1 − min
j
Bj,j) + (s− 1) max

j,ℓ:j ̸=ℓ
|Bj,ℓ|

)1/2
.

(ii) Furthermore, we have

max
{

errLin,Lout(W, U), errLout,Lin(W†, U †)
}

≤ 8d3/8
(

max
j,k

|Uj,k − ⟨j|LoutW |k⟩Lin |
)1/4

.

We refer to Section D in the Appendix for a rigorous proof of this statement. It heavily
relies on bounds on the Crawford number of a matrix in terms of its matrix elements. We
develop the corresponding technical results in Appendix C.

We note that these techniques can also be used to establish a simple lower bound on
the logical gate error in terms of matrix elements as follows.

Lemma 3.7 (Lower bound on the logical gate error). Let H be a Hilbert space and L ⊂ H
a subspace. Let W : H → H be unitary and W(ρ) = WρW †. Let U : Cd → Cd be
unitary and let B = BU

L,L(W,U) be the operator introduced in Definition 3.1 where we fix
an isometric encoding map EncL : Cd → L. Then

errL(W, U) ≥ 2
√

1 − |B0,0|2 . (26)
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Proof. By Lemma 3.2 we have

errL(W,U) = 2
√

1 − c(B)2

Inequality (26) then follows from c(B) ≤ |B0,0|.

We use Lemma 3.7 to establish our no-go result (see Section 7) on linear optics imple-
mentations of Clifford gates in approximate GKP codes.

4 Ideal and approximate GKP codes
In this section, we discuss GKP codes encoding a qudit into an oscillator. Concretely, in
Section 4.1 we define ideal GKP codes as superpositions of infinitely squeezed states. In
Section 4.2 we consider physically meaningful approximations to ideal GKP codes.

To enhance readability, we denote a single-mode squeezing unitary by

Mα := e−i(logα)(QP+PQ)/2 for α > 0 , (27)

Here Q and P are the canonical position- and momentum-operators on L2(R), respec-
tively. This notation is used throughout the remainder of the text. The map Mα acts on
elements Ψ ∈ L2(R) by

(MαΨ) (x) = 1√
α

Ψ(x/α) for x ∈ R ,

and satisfies

(Mα)† PMα = P/α and (Mα)†QMα = αQ for α > 0 .

4.1 Definition of the ideal GKP code
The ideal GKP code defined in Ref. [13] encodes a qudit into formal linear combinations
of position-eigenstates of an oscillator. In more detail, let (Q,P ) denote the canonical
position- and momentum operators on L2(R). For x ∈ R we denote by |x⟩ the position-
eigenstate to eigenvalue x, i.e., the distribution satisfying Q |x⟩ = x |x⟩. The ideal GKP-
code is then defined as follows. Let d ≥ 2 be an integer. Then we define

|GKP(j)d⟩ =
∑
s∈Z

∣∣∣∣∣∣
√

2π
d j + s ·

√
2πd

〉
for j ∈ Zd := {0, . . . , d− 1} .

Formally, we can think of |GKP(j)d⟩ as being obtained from the integer-spaced GKP-state
(distribution)

|GKP⟩ =
∑
s∈Z

|s⟩ (28)

by changing the spacing to
√

2πd by means of a squeezing unitary M√
2πd, and subsequent

translation by j
√

2π/d, that is,

|GKP(j)d⟩ = e−ij
√

2π/dPM√
2πd |GKP⟩ for j ∈ Zd . (29)
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The states (distributions) {|GKP(j)⟩d}j∈Zd
form a basis of the (ideal) GKP-code

GKP [d] := span{|GKP(j)d⟩}j∈Zd
.

The code has stabilizer generators

S
(1)
d = ei

√
2πdQ and S

(2)
d = e−i

√
2πdP

and encodes a d-dimensional qudit. We use the encoding map

gkpEnc[d] : Cd → GKP [d]
|j⟩ 7→ |GKP(j)d⟩

for j ∈ Zd ,

and the corresponding decoding map defined by

gkpDec[d] = (gkpEnc[d])−1 : GKP [d] → Cd
|GKP(j)d⟩ → |j⟩ for j ∈ Zd .

4.2 Definition of approximate GKP codes
In this section, we introduce approximate GKP codes. We first review the standard def-
inition of finitely squeezed GKP-states (see Section 4.2.1). In Section 4.2.2 we introduce
truncated approximate GKP-states which are pairwise orthogonal and more suitable for
computational purposes. Finally, in Section 4.2.3 we discuss symmetrically squeezed (ap-
proximate) GKP codes.

4.2.1 Non-truncated (non-orthogonal) approximate GKP-states

Following the notation of Ref. [21], for κ,∆ > 0, let ηκ,Ψ∆ ∈ L2(R) be the centered
Gaussians defined by

ηκ(x) =
√
κ

π1/4 e
−κ2x2/2 , (30)

Ψ∆(x) = 1
π1/4

√
∆
e−x2/(2∆2) ,

for x ∈ R. We note that ηκ and Ψ∆ are normalized such that ∥ηκ∥ = ∥Ψ∆∥ = 1.
Replacing the position-eigenstate (distribution) |s⟩ in Eq. (28) by a width-∆ Gaussian

centered at s, i.e., the state |χ∆(s)⟩ defined by

(χ∆(s))(x) = Ψ∆(x− s) for x ∈ R ,

and introducing a Gaussian envelope ηκ (with width 1/κ), we obtain the element∣∣GKPκ,∆
〉

= Cκ,∆
∑
s∈Z

ηκ(s) |χ∆(s)⟩ (31)

of L2(R). Here the constant Cκ,∆ > 0 is chosen such that this is normalized, i.e., a state.
Using

∣∣GKPκ,∆
〉

instead of |GKP⟩ in Eq. (29), we obtain the family of states∣∣GKPκ,∆(j)d
〉

= e−ij
√

2π/dPM√
2πd

∣∣GKPκ,∆
〉

for j ∈ Zd .

The (untruncated) approximate GKP code then is the space GKPκ,∆[d] = span{GKPκ,∆(j)d}j∈Zd
.

We note that this a commonly used definition of an approximate GKP code [22–26].
It was shown in Ref. [27] that the underlying basis states are close to Fock-damped GKP
states [28] for suitable parameters. However, it has the drawback that the states {GKPκ,∆(j)d}j∈Zd

are not pairwise orthogonal. We address this issue in the next section by introducing trun-
cated GKP-states.
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4.2.2 Truncated approximate GKP-states and approximate GKP codes

In this section, we introduce an orthonormal family {GKPεκ,∆(j)d}j∈Zd
of L2-functions

which we consider in place of the (untruncated) GKP-states introduced in Section 4.2.1. We
note that these states span a slightly different subspace GKPε

κ,∆[d] := span{GKPεκ,∆(j)d}j∈Zd

(i.e., they do not form a basis of GKPκ,∆[d]). However, we argue that they are close to the
previous states {GKPκ,∆(j)d}j∈Zd

for parameters of interest. As a consequence, we will
subsequently focus on the code GKPε

κ,∆[d] only.
Fix κ,∆ > 0. For ε ∈ (0, 1/2), we define the state

Ψε
∆ =

Π[−ε,ε]Ψ∆∥∥∥Π[−ε,ε]Ψ∆
∥∥∥ , (32)

where Π[−ε,ε] is the orthogonal projection onto the subspace of L2(R) of functions with
support contained in the interval [−ε, ε]. We define the translated truncated Gaussians χε∆
by

(χε∆(z))(x) = Ψε
∆(x− z) for x ∈ R .

The ε-truncated approximate GKP-state GKPεκ,∆ ∈ L2(R) is defined as∣∣∣GKPεκ,∆
〉

= Cκ
∑
z∈Z

ηκ(z)|χε∆(z)⟩ , (33)

where Cκ > 0 is such that this function is normalized. That is, GKPεκ,∆ has support supp(GKPεκ,∆) =
Z(ε) where

Z(ε) = {x ∈ R | dist(x,Z) ≤ ε} where dist(x,Z) = min
z∈Z

|x− z| .

We note that 1/κ determines the width of the envelope ηκ and ∆ the width of the individual
peaks, see Fig. 3.

-6 -4 -2 0 2 4 6
x

GKPεκ,∆(x)

2κ−1

2∆

2ε

Figure 3: The approximate GKP-state
∣∣GKPε

κ,∆
〉

in position-space. The red line represents the enve-
lope ηκ(x) ∝ e−κ2x2/2 of the state, a Gaussian with variance κ−2. According to our convention, this
function has ε-truncated Gaussian peaks of variance ∆2 centered at all integers.

Let d ∈ N be an integer. Let

ε ≤ 1/(2d) . (34)

We define the states∣∣∣GKPεκ,∆(j)d
〉

= e−ij
√

2π/dPM√
2πd

∣∣∣GKPεκ,∆
〉

for j ∈ {0, . . . , d− 1} .
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Then we can embed Cd into an oscillator using a map defined as

gkpEncεκ,∆[d] : Cd → L2(R)
|j⟩ 7→

∣∣∣GKPεκ,∆(j)d
〉 for j ∈ {0, . . . , d− 1} ,

linearly extended to all of Cd. The assumption (34) on ε ensures that the states {
∣∣∣GKPεκ,∆(j)d

〉
}d−1
j=0

are pairwise orthogonal, implying that gkpEncεκ,∆[d] is isometric. The states form an or-
thonormal basis of the code space

GKPε
κ,∆[d] := gkpEncεκ,∆[d](Cd) . (35)

We denote the corresponding decoding map by

gkpDecεκ,∆[d] = (gkpEncεκ,∆[d])−1 : GKPε
κ,∆[d] → Cd∣∣∣GKPεκ,∆(j)d

〉
→ |j⟩ for j ∈ {0, . . . , d− 1} .

Let us briefly comment on suitable choices of the truncation parameter ε and the
relationship between the code GKPκ,∆[d] introduced in the previous section and the sub-
space GKPε

κ,∆[d] ⊂ L2(R) spanned by the truncated GKP-states. For suitable parameter
choices of (∆, ε) (specifically, small values of ∆ and ∆/ε), the code state

∣∣GKPκ,∆(j)d
〉

∈
GKPκ,∆[d] is well-approximated by the truncated GKP-state

∣∣∣GKPεκ,∆(j)d
〉

∈ GKPε
κ,∆[d]

for each j ∈ Zd. A corresponding quantitative statement is given in Lemma E.6 in the
appendix for the integer-spaced states

∣∣GKPκ,∆
〉

and
∣∣∣GKPεκ,∆

〉
, and implies the corre-

sponding statement for
∣∣GKPκ,∆(j)d

〉
and

∣∣∣GKPεκ,∆(j)d
〉

because unitaries preserve inner
products. In particular, this closeness guarantee is tightest for the choice

εd := 1/(2d) . (36)

Correspondingly, we call εd the optimal truncation parameter.
Here we are interested in the relationship between the amount of squeezing (expressed

by (κ,∆)) and the accuracy of an implementation (expressed by the logical gate error). In
other words, we typically fix the code dimension d ≥ 2 and are interested in the (asymp-
totic) scaling of the gate error in the limit of large squeezing (corresponding to (κ,∆) →
(0, 0)). In this setup, we can use the optimal truncation parameter ε = εd (Eq. (36)), and
study the code GKPεd

κ,∆[d] instead of GKPκ,∆[d]. Correspondingly, we henceforth concen-
trate on codes of the form GKPε

κ,∆[d] (and typically make the choice ε = εd). To emphasize
this, let us write

GKP⋆
κ,∆[d] := GKPεd

κ,∆[d] = GKP1/(2d)
κ,∆ [d] .

Then {GKP⋆
κ,∆[d]}(κ,∆) is a two-parameter family of codes parameterized by the squeezing

parameters κ > 0 and ∆ > 0. We will usually refer to this as the approximate GKP code
in the following.

4.2.3 Symmetrically squeezed approximate GKP codes

So far, we have considered GKP codes parametrized by potentially unrelated squeezing
parameters (κ,∆). Symmetrically squeezed GKP codes are defined using a single squeezing
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parameter κ > 0 and a truncation parameter ε > 0. They are obtained by setting ∆ equal
to

∆ = κ/(2πd) , (37)

i.e., we define

GKPε
κ[d] := GKPε

κ,κ/(2πd)[d]

and write associated encoding- and decoding-maps as

gkpEncεκ[d] := gkpEncεκ,κ/(2πd)[d] ,
gkpDecεκ[d] := gkpDecεκ,κ/(2πd)[d] .

The special choice made in Eq. (37) is motivated by the fact that this provides a particularly
simple linear optics implementation of the Fourier transform (see Theorem 6.1) below.

The main code of interest here is the symmetrically squeezed approximate GKP code
with optimal truncation parameter εd (cf. Eq. (36)), which we will denote by

GKP⋆
κ[d] := GKPεd

κ [d] = GKP1/(2d)
κ,κ/(2πd)[d] .

We denote the corresponding encoding- and decoding-map as gkpEnc⋆κ and gkpDec⋆κ, respec-
tively. We note that for a fixed code space dimension d ≥ 2, this defines a one-parameter
family {GKP⋆

κ[d]}κ>0 of symmetrically squeezed approximate GKP codes.

5 Linear optics implementations of Cliffords in GKP codes
In Section 5.1, we describe the underlying physical system and specify the set of bounded-
strength Gaussian unitaries. In Section 5.2 we define the logical operations on qudits we
consider. In Section 5.3, we review the known (linear optics) implementations of logical
Pauli- and Clifford operations in the ideal GKP code.

5.1 Bounded-strength Gaussian unitary operations
Here we introduce Gaussian (linear optics) operations in multimode systems and associated
unitary operations. In the following, we typically consider systems with n oscillators and
associated Hilbert space Hn = L2(R)⊗n. The set of canonical mode operators will be
denoted R = (Q1, P1, . . . , Qn, Pn). (We write (Q,P ) instead of (Q1, P1) if n = 1.) They
satisfy the canonical commutation relations

[Rk, Rℓ] = iJk,ℓIHn where J =
(

0 1
−1 0

)⊕n

.

By the Campbell-Baker–Hausdorff formula, these imply the important relation

W (ξ)†RkW (ξ) = Rk + ξkIHn for all k = 1, . . . , 2n where W (ξ) = e−iξ·JR(38)

for any vector ξ ∈ R2n, where ξ · η :=
∑2n
j=1 ξjηj denotes the inner product of two vec-

tors ξ, η ∈ R2n, i.e., ξ · JR =
∑n
j,k=1 Jj,kξjRk. Because of Eq. (38) a unitary of the

form e−iξ·JR is called a Weyl operator or (phase space) displacement operator. We say
that it is of constant strength if ∥ξ∥ is bounded by a constant (independent of other pa-
rameters such as the number of modes).
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More generally, we consider unitaries of the form

U(A, ξ) = eiR·AR−iξ·JR where A = AT ∈ Mat2n×2n(R)

generated by Hamiltonians which are quadratic in the mode operators. Similarly as for
displacement operators, U(A, ξ) is called a bounded-strength unitary of both ∥A∥ and ∥ξ∥
are bounded by a constant.

5.2 Paulis and Cliffords for (logical) qudits
In this section, we define the (logical) operations we will consider subsequently. Through-
out, we consider qudit systems with a Hilbert space Cd of dimension d ≥ 2. We use an
orthonormal (“computational”) basis {|x⟩}x∈Zd

indexed by residues modulo d, which we
often identify with the set Zd = {0, . . . , d− 1}.

The (generalized) Pauli operators X,Z for a qudit are defined by their action

X |x⟩ = |x⊕ 1⟩
Z |x⟩ = ωxd |x⟩ for all x ∈ Zd ,

where ⊕ denotes addition modulo d and ωd = e2πi/d is a d-th root of unity. The Pauli
operators X,Z satisfy

ZX = ωdXZ

and generate the single-qudit Pauli group.
The Clifford group is the normalizer of the Pauli group in the unitary group (and

thus contains the Pauli group). Ignoring global phases, the single-qudit Clifford group is
generated by the gates {P,F}, where P is the phase gate and F the Fourier transform.
These act on computational basis states as

P |x⟩ = ω
x(x+cd)/2
d |x⟩

F |x⟩ = 1√
d

∑
y∈Zd

ωxyd |y⟩ for all x ∈ Zd ,

where cd = 0 if d is even and cd = 1 otherwise.
To generate the n-qubit Clifford group we also need the two-qubit controlled phase

gate CZ which acts on Cd ⊗ Cd as

CZ(|x⟩ ⊗ |y⟩) = ωxyd |x⟩ ⊗ |y⟩ for all x, y ∈ Zd .

The considered set of gates is illustrated in Fig. 2. We note that for d = 2, the phase
gate P = Z(eiπ/2) acts as P |x⟩ = ix |x⟩ and is usually denoted as S, and the Fourier
transform F is the familiar Hadamard gate H.
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diagram gate type of unitary
|x⟩ X |x⊕ 1⟩ modular shift X Pauli

|x⟩ Z ωx
b |x⟩ modular phase shift Z Pauli

|x⟩ P ω
x(x+cd)/2
d |x⟩ phase gate P Clifford

|x⟩ F
1√
b

∑
y∈Zb

ωxy
b |y⟩ Fourier transform F Clifford

|x⟩
ωxy
b |x⟩ |y⟩

|y⟩ Z
controlled modular phase CZ Clifford

Table 2: Elementary single- and two-qudit operations defined using an orthonormal basis {|x⟩}x∈Zd

of Cd. Here we distinguish Pauli from Clifford unitaries that are not Pauli.

5.3 Implementations of logical Cliffords
Consider the (ideal) GKP code GKP [d] encoding a d-dimensional qudit into a single os-
cillator. As discussed in Ref. [13], logical Pauli- and Clifford operators for this code have
exact realizations by Gaussian unitaries, i.e., unitaries generated by linear or quadratic
Hamiltonians in the mode operators. This is expressed by the following:

Lemma 5.1 (Logical gates in ideal GKP codes). Let d ∈ N be arbitrary. Each logical
unitary U ∈ {X,Z,P,F,CZ} can be implemented exactly in the ideal GKP code GKP [d]
(respectively GKP [d]⊗2) by a bounded-strength Gaussian unitary WU , see Table 3.

logical unitary U implementation WU

|x⟩ X |x⊕ 1⟩ GKP[d] GKP[d]|x⟩ e−i
√

2π/dP |x⊕ 1⟩

|x⟩ Z ωx
b |x⟩ GKP[d] GKP[d]|x⟩ ei

√
2π/dQ ωx

d |x⟩

|x⟩ P ω
x(x+cd)/2
d |x⟩ GKP[d] GKP[d]|x⟩ ei(Q

2+cd
√

2π/dQ)/2 ω
x(x+cd)/2
d |x⟩

|x⟩ F
1√
b

∑
y∈Zb

ωxy
b |y⟩ GKP[d] GKP[d]|x⟩ eiπ(Q

2+P 2)/4
1√
d

∑
y∈Zd

ωxy
d |y⟩

|x⟩
ωxy
b |x⟩ |y⟩

|y⟩ Z

GKP[d] GKP[d]

GKP[d] GKP[d]

|x⟩
eiQ1Q2

|x⟩

|y⟩ ωxy
d |y⟩

Table 3: Exact implementations of logical Pauli- and Clifford group generators by Gaussian unitaries in
the ideal GKP code GKP [d].

Proof. It is straightforward to check that the logical Pauli operators can be implemented
by

Z = gkpDec[d]ei
√

2π/dQgkpEnc[d] and X = gkpDec[d]e−i
√

2π/dP gkpEnc[d] ,
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whereas the Clifford group generators have the realizations

P = gkpDec[d]ei(Q2+cd

√
2π/dQ)/2gkpEnc[d] ,

F = gkpDec[d]eiπ(Q2+P 2)/4gkpEnc[d] ,
CZ = gkpDec[d]eiQ1Q2gkpEnc[d] .

All Gaussian unitaries in these expressions are of bounded strength for any d ∈ N, implying
the claim.

6 Gate error of logical Clifford implementations
In this section we state our main result (Result 1 in the introduction) concerning the
physical implementation of logical gates in approximate GKP codes: We quantify – in terms
of the logical gate error – how well generators of the Clifford group can be implemented
in a symmetrically squeezed GKP code, i.e., the truncated code GKP⋆

κ[d] with squeezing
parameter κ > 0 and qudit dimension d ∈ N (see Section 4.2.3).

In more detail, we consider the Clifford group generators {X,Z,F}. We show the
following:

(i) The standard linear optics implementations of the Pauli gates {X,Z} introduced for
ideal GKP codes in Section 5.3 are accurate implementations for the code GKP⋆

κ[d],
with a logical gate error independent of d and depending linearly on κ.

(ii) Similarly, we show that the linear optics implementation of the Fourier transform F
is also suitable for the symmetrically squeezed GKP code GKP⋆

κ[d]. However, here
we can only establish an upper bound on the logical gate error which depends poly-
nomially on the qudit dimension d and the squeezing parameter κ.

We note that the asymptotic behavior of these bounds in the limit of large squeezing
is not an artifact of the truncation: We show that the logical gate error also asymp-
totically vanishes for symmetrically squeezed untruncated approximate GKP codes, see
Corollary 6.4.

The technically detailed version of Result 1 is the following.

Theorem 6.1 (Detailed statement corresponding to Result 1). Let d ≥ 2 be an integer
and κ ∈ (0, 1/4). Then the following holds for the symmetrically squeezed approximate
GKP code GKP⋆

κ[d]. Consider the set G = {X,Z,F} of Cliffords on Cd. For U ∈ G,
let WU be the linear optics implementation of U (see Table 3). These implementations
have a logical gate error upper bounded as indicated in Table 4.

logical unitary U errGKP⋆
κ[d](WU , U) ≤ established in

X,Z 3κ Lemma 6.2
F 21d3/8κ1/16 Lemma 6.3

Table 4: List of implementations WU for Cliffors U from Lemma 5.1 and associated logical gate errors
(Theorem 6.1).

The last column of Table 4 indicates in which Lemma the corresponding upper bound
on the logical gate error is established. The bounds are derived from bounds on the matrix
elements of these implementations (with respect to GKP code states).

In the remainder of this section, we establish Theorem 6.1.
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Lemma 6.2 (Implementation of logical Pauli operators). Let d ≥ 2 be an integer. Let κ ∈
(0, 1). Consider the symmetrically squeezed GKP code GKP⋆

κ[d]. Then the following holds.

(i) The logical gate error of the linear optics implementation WX = e−i
√

2π/dP of the
logical Pauli operator X satisfies errGKP⋆

κ[d](WX , X) ≤ 3κ.

(ii) The logical gate error of the linear optics implementation WZ = ei
√

2π/dQ of the
logical Pauli operator Z satisfies errGKP⋆

κ[d](WZ , Z) ≤ 3κ.

Proof. Let us write

|j⟩ =
∣∣∣GKPεd

κ,κ/(2πd)(j)
〉

for j ∈ Zd ,

where we define εd = 1/(2d). Then {|j⟩}j∈Zd
is an orthonormal basis of the space Lin =

Lout = GKP⋆
κ[d].

The logical Pauli operator X has matrix elements Xj,k = δj,k⊕1 where ⊕ denotes
addition modulo d. It follows that the matrix elements of the operator B in Definition 3.1
are given by

Br,s =
d−1∑
j=0

Xj,r⟨j|WX |s⟩

= ⟨r ⊕ 1|WX |s⟩
= Mr⊕1,s for r, s ∈ Zd , (39)

whereMj,k = ⟨j|WX |k⟩ are the matrix elements of the implementationWX . In Lemma F.1,
we show that these satisfy

(1 − κ2) · δj,k⊕1 ≤ Mj,k ≤ δj,k⊕1 for all j, k ∈ Zd . (40)

It follows from Eqs. (39) and (40) that

Br,s = 0 unless r = s ,

i.e., the matrix B is 1-sparse. Furthermore, the diagonal entries Br,r = Mr⊕1,r are real
and satisfy

Br,r ≥ 1 − κ2 > 0

according to Eq. (40). Corollary 3.6 (i) therefore implies that

errGKP⋆
κ[d](WX , X) ≤ 3(1 − min

r
Br,r)1/2 ≤ 3κ .

This proves Claim (i). The proof of Claim (ii) proceeds in an analogous fashion. Recall
that the symmetrically squeezed GKP code corresponds to the choice

∆ = κ

2πd . (41)

Using that Zj,k = ωjdδj,k where ωd = e2πi/d, the matrix B in Definition 3.1 is given by the
entries

Br,s =
d−1∑
j=0

Zj,r⟨j|WZ |s⟩

= ωrd⟨r|WZ |s⟩
= ωrdMr,s for r, s ∈ Zd ,
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where Mr,s are the matrix elements of the implementation WZ . We show in Lemma F.2
that these satisfy

(1 − 10d2∆2 − 16(∆/ε)4) · δj,k ≤ ωjd ·Mj,k ≤ δj,k for all j, k ∈ Zd ,

which implies that B is a diagonal (hence 1-sparse) matrix with positive diagonal entries
satisfying

Br,r = ωrdMr,r

≥ 1 − 10(d∆)2 − 16(∆/ε)4 .

It therefore follows from Corollary 3.6 (i) that

errGKP⋆
κ[d](WZ , Z) ≤ 3

(
10(d∆)2 + 16(∆/εd)4

)1/2

≤ 3
(√

10d∆ + 4(∆/εd)2
)

≤ 3
(√

10 κ2π + 4(κ/π)2
)

≤ 3κ ,

where we used that a2+b2 ≤ (a+b)2 for a, b ≥ 0, inserted ∆ (see Eq. (41)) and εd = 1/(2d)
and used that

√
10/(2π) + 4/π2 < 1. This is the claim.

For the Fourier transform, we establish a slightly more general bound than that given
in Theorem 6.1 by also considering (some) non-symmetrically squeezed codes. (We use this
generalization in Section 7.) We note that the Gaussian unitary ei

π
4 (Q2+P 2) (approximately)

maps the input code space Lin = GKPε
κ,∆[d] to the output code space Lout = GKPε

κ′,∆′ [d]
(where the parameters (κ′,∆′) are linearly related to (κ,∆)) while implementing the (log-
ical) Fourier transform, see Lemma F.4. This translates into the following statement for
the logical gate error, where we consider the optimal truncation parameter εd = 1/(2d)
only.

Lemma 6.3 (Implementation of the logical Fourier transform). Let d ≥ 2 be an integer,
and let κ,∆ > 0 be such that

∆ ≤ κ

2πd . (42)

Let (κ′,∆′) be defined by

κ′ = 2πd∆ ,

∆′ = κ/(2πd) .

Then

errGKP⋆
κ,∆[d],GKP⋆

κ′,∆′ [d]
(
eiπ(Q2+P 2)/4,F

)
≤ 21d3/8κ1/16 . (43)

In particular, we have

errGKP⋆
κ[d]

(
eiπ(Q2+P 2)/4,F

)
≤ 21d3/8κ1/16

for the symmetrically squeezed code GKP⋆
κ[d], for any κ > 0.
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Proof. We note that the claim about the symmetrically squeezed code GKP⋆
κ[d] (where the

optimal truncation parameter εd = 1/(2d) is used) follows immediately from the general
claim because Condition (42) is satisfied for the choice ∆ = κ/(2πd), for any κ > 0.

We note that the bound in Eq. (43) is trivial if κ ≥ 1/d2. Therefore, in the following,
we assume that κ ∈ (0, 1/d2). We are interested in the logical Fourier transform F defined
by its matrix elements Fj,k = ωjkd /

√
d and its (approximate) implementation by

WF = ei
π
4 (Q2+P 2) .

We use the orthonormal bases

|kin⟩ =
∣∣∣GKPεd

κ,∆(k)d
〉

and |jout⟩ =
∣∣∣GKPεd

κ′,∆′(j)d
〉

for j, k ∈ Zd

of Lin = GKP⋆
κ,∆[d] and GKP⋆

κ′,∆′ [d], respectively, consisting of truncated approximate
GKP-states with optimal truncation parameter εd = 1/(2d)) (using the notation intro-
duced in Eq. (35)). We have∣∣Fj,k − ⟨jLout

|WF|kLin⟩
∣∣ =

∣∣∣∣ 1√
d
ωjkd − ⟨jLout

|WF|kLin⟩
∣∣∣∣ ≤ 40κ1/4 (44)

according to Lemma F.4 (see Eq. (171)). With Corollary 3.6 (ii) and Eq. (44) we conclude
that

errGKP⋆
κ,∆[d],GKP⋆

κ′,∆′ [d] (WF,F) ≤ 8d3/8
(
40κ1/4

)1/4
≤ 21d3/8κ1/16 .

Theorem 6.1 gives bounds on the logical gate error for implementations of Paulis
and the Fourier transform in the symmetrically squeezed truncated approximate GKP
code GKP⋆

κ[d] = GKPεd

κ,κ/(2πd)[d]. We now turn to the untruncated approximate GKP
code GKPκ,κ/(2πd)[d], and show that a good implementation WU of a logical gate U in the
truncated code also is a good implementation in the untruncated code. By good implemen-
tation we mean an implementation with vanishing logical gate error in the limit κ → 0 of
infinite squeezing. Specifically, the following result can be applied to the implementations
of the logical gates X,Z and F given in Table 3. Together with Theorem 6.1, it implies
that these gates have a logical gate error bounded by a polynomial function of d and κ
in the symmetrically squeezed untruncated approximate GKP code. We note that this
statement depends on using an appropriate encoding map for this code.

Corollary 6.4. Let d ≥ 2 be an integer and κ ∈ (0, 1/4). Consider the symmetrically
squeezed truncated and untruncated approximate GKP codes Lκ = GKP⋆

κ[d] and L̃κ =
GKPκ,κ/(2πd)[d], respectively. Let WU be an implementation of a logical gate U in Cd.
There exists an isometric encoding map EncL̃κ

: Cd → L̃κ such that

errL̃κ
(WU , U) ≤ errLκ(WU , U) + 8d3/4κ1/4 . (45)

In particular, if

lim
κ→0

errLκ(WU , U) = 0 ,

then

lim
κ→0

errL̃κ
(WU , U) = 0 . (46)

In particular, the implementations WX ,WZ and WF given in Table 3 for the logical
gates X,Z and F satisfy Eq. (46).
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We prove Corollary 6.4 by using a continuity statement about the logical gate error
(see Lemma I.1) showing that the logical gate error depends continuously on the encoder
used.

Proof. The proof relies on the bounds established for the logical gate error in the truncated
GKP code, combined with the fact that each untruncated code state |GKPκ,κ/(2πd)(j)d⟩ ∈
GKPκ,κ/(2πd)[d] is close to the corresponding truncated code state |GKPεd

κ,κ/(2πd)(j)d⟩ ∈
GKP⋆

κ[d], for j ∈ Zd.
Due to Lemma E.6 we have

⟨GKPεd

κ,κ/(2π),GKPκ,κ/(2π)⟩ ≥ 1 − 7κ/(2πd) − 2((κ/(2πd))/(1/(2d)))4

≥ 1 − κ− 2(κ/π)4

≥ 1 − 2κ ,

where we used that by definition εd = 1/(2d) and the assumption κ ∈ (0, 1/4). Let j ∈ Zd.
We have∥∥∥GKPεd

κ,κ/(2π)(j)d − GKPκ,κ/(2π)(j)d
∥∥∥ =

∥∥∥∥e−i
√

2π/djPM√
2πd

(
GKPεd

κ,κ/(2π) − GKPκ,κ/(2π)
)∥∥∥∥

=
∥∥∥GKPεd

κ,κ/(2π) − GKPκ,κ/(2π)

∥∥∥
=
√

2
(
1 − ⟨GKPεd

κ,κ/(2π),GKPκ,κ/(2π)⟩
)

≤ 2
√
κ ,

where the second ideintity follows from the unitarity of e−i
√

2π/djPM√
2πd. According to

Lemma I.2 there exists an orthonormal basis {ξj}d−1
j=0 of L̃κ such that∥∥∥GKPεd

κ,κ/(2πd)(j)d − ξj
∥∥∥ ≤ 4

√
dκ for all j ∈ Zd .

Eq. (45) then follows from the continuity statement for the logical gate error given in
Lemma I.1 applied with ϕj = GKPεd

κ,κ/(2πd)(j)d and ϕ̃j = ξj for j ∈ Zd and δ = 4
√
dκ.

The claim about the implementations of WX ,WZ and WF follows from Eq. (46) to-
gether with Theorem 6.1.

7 No-go result for linear optics implementations
In this section, we prove Result 2: We show that a standard linear optics implementation
of a Clifford gate in the symmetrically squeezed GKP code has a constant logical gate
error irrespective of the amount of squeezing. More precisely, using the example of the P-
gate, we show that the linear optics implementation introduced in the context of ideal
GKP codes (see Section 5.3) has a logical gate error lower bounded by a constant in the
symmetrically squeezed (approximate) GKP code GKPε

κ[d], even in the limit κ → 0 of
infinite squeezing. We emphasize again that this behavior in the limit of large squeezing is
not a peculiarity resulting from truncation: even for untruncated GKP codes, the logical
gate error of the Gaussian P-gate implementation is lower bounded by a constant in the
limit of large squeezing. For a general statement which additionally extends this result to
arbitrary encoding isometries, we refer to Theorem J.1 in the Appendix.

The following is a detailed version of Result 2 in the introduction.
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Theorem 7.1 (No-go result for linear optics implementation). Let d ≥ 2 be an integer
and let cd = d mod 2. Let ε ∈ (0, 1/(2d)] and κ < 1/250 be arbitrary. Then the following
holds for the logical gate P.

(i) We have

errGKPε
κ,∆[d](ei(Q

2+cd

√
2π/dQ)/2,P) ≥ 1/25 − 32(∆/ε)4

for all ∆ satisfying

1/2 ≥ 2πd∆ ≥ κ. (47)

(ii) For the symmetrically squeezed GKP code GKP⋆
κ[d] we have

errGKP⋆
κ[d](ei(Q

2+cd

√
2π/dQ)/2,P) ≥ 3/100 .

We note that a similar argument also applies to the linear optics implementation of the
logical CZ gate. The detailed statement and proof of this is given in Appendix H.

Proof. We note that Claim (i) implies that

errGKPε
κ[d](ei(Q

2+cd

√
2π/dQ)/2,P) ≥ 1/25 − 32(∆/ε)4

for all κ < 1/250. This is because by definition, symmetrically squeezed GKP codes
correspond to the choice ∆ = κ/(2πd), and this satisfies condition (47) with equality.
Claim (ii) follows from this by substituting εd = 1/(2d).

It remains to prove Claim (i). Define L = Lin = Lout = GKPε
κ,∆[d] and

|k⟩ =
∣∣∣GKPεκ,∆(k)d

〉
for k ∈ Zd .

We are interested in the logical P-gate defined by its matrix elements Pj,k = δj,k ·ω(j2+cdj)/2
d

and its (approximate) implementation by

WP = ei(Q
2/2+cd

√
2π/dQ)/2.

The matrix elements of the matrix B in Definition 3.1 are given by

Bj,k =
d−1∑
m=0

Pm,j⟨m|WP|k⟩

= ω
−(j2+cdj)/2
d ⟨j|WP|k⟩ for j, k ∈ Zd .

In particular,

Bj,j = ω
−(j2+cdj)/2
d ⟨j|WP|j⟩ .

Therefore by definition of the GKP code GKPε
κ,∆[d] we have

B0,0 = ⟨GKPεκ,∆,
(
M√

2πd

)†
ei(Q

2+cd

√
2π/dQ)/2M√

2πdGKPεκ,∆⟩

= ⟨GKPεκ,∆, ei((
√

2πdQ)2+cd

√
2π/d

√
2πdQ)/2GKPεκ,∆⟩

= ⟨GKPεκ,∆, eπi(dQ
2+cdQ)GKPεκ,∆⟩ , (48)
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where we used that (M√
2πd)

†QM√
2πd =

√
2πdQ. Using Eq. (48), the assumption (47)

and Lemma E.17 (with b = 1/(2π)) we obtain

|B0,0| =
∣∣∣⟨GKPεκ,∆, eπi(dQ

2+cdQ)GKPεκ,∆⟩
∣∣∣

≤ 49/50 + 16(∆/ε)4 (49)

for all κ < 1/250.
We note that by Lemma 3.7, we have

errL(WP,P) ≥ 2
√

1 − |B0,0|2

≥ 2 (1 − |B0,0|) , (50)

where we used that
√

1 − x2 ≥ 1 − x for x ∈ [0, 1].
The claim follows combining Eqs. (49) and (50) .

While the no-go result of Theorem 7.1 shows that the standard linear optics imple-
mentation fails for symmetrically squeezed GKP codes (see Claim (ii)) it does – a priori
– not preclude the possibility that this implementation works for a general, i.e., asymmet-
rically squeezed GKP code GKP⋆

κ,∆[d], i.e., for choices of (κ,∆) where ∆ ̸= κ/(2πd). In
Appendix G, we rule out the possibility of sidestepping the no-go result in this way even
with very small values of (κ,∆), i.e., high squeezing.
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A Mathematical facts used in the analysis
In this section, we collect a number of definitions and mathematical statements which are
used in our analysis. In Section A.1, we discuss various properties of the diamond norm. In
Section A.2 we state bounds on inner products we use repeatedly. Finally, in Section A.3
we introduce periodic Gaussians and related results.

A.1 Properties of the diamond norm
Consider two finite-dimensional Hilbert spaces X and Y. The trace norm of a bounded
operator X ∈ B(X ) is defined as ∥X∥1 = tr

√
X†X, and its spectral or operator norm is

defined as ∥X∥ = supψ∈X : ∥ψ∥≤1 ∥Xψ∥.
Consider a linear map E : B(X ) → B(Y). Its adjoint map E† : B(Y) → B(X ) is the

unique map satisfying

⟨Y, E(X)⟩ = ⟨E†(Y ), X⟩ for all X ∈ B(X ), Y ∈ B(Y) , (51)

where the (Hilbert-Schmidt) inner product is defined as ⟨Y,X⟩ = tr(Y †X) for all X ∈
B(X ), Y ∈ B(Y). The trace norm of a linear map E : B(X ) → B(Y) is

∥E∥1 = sup
X∈B(X ) : ∥X∥1≤1

∥E(X)∥1

and its spectral or operator norm is

∥E∥ = sup
X∈B(X ) : ∥X∥≤1

∥E(X)∥ .

The diamond norm (also called completely bounded trace norm) of a linear map E :
B(X ) → B(Y) is the quantity

∥E∥⋄ = sup
n∈N

∥E ⊗ idB(Cn)∥1 . (52)

For Hermiticity-preserving linear maps, we have the following.

Lemma A.1. The diamond norm of a Hermiticity-preserving linear map E : B(X ) →
B(Y) satisfies

∥E∥⋄ = sup
|ψ⟩∈X ⊗X : ∥ψ∥=1

∥(E ⊗ idB(X ))(|ψ⟩⟨ψ|)∥1 .

Proof. See e.g., [19, Theorem 3.51].

A linear map E : B(X ) → B(Y) admits the following representation. Consider an
additional Hilbert space Z. Let A,B : X → Y ⊗ Z be such that

E(X) = trZ(AXB†) for all X ∈ B(X ) . (53)

The pair (A,B) is called a Stinespring pair for the linear map E . We denote by

|Φ⟩X X ′ = 1√
dx

dx−1∑
j=0

|j⟩X ⊗ |j⟩X ′
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the maximally entangled state on X ⊗ X ′ where X ′ is isomorphic to X , dx = dim X ,
and {|j⟩X }dx−1

j=0 and {|j⟩X ′}dx−1
j=0 are orthonormal bases of X and X ′, respectively. Denote

by

J(E) = (E ⊗ IB(X ′))(|Φ⟩⟨Φ|X X ′) (54)

the Choi-Jamiołkowski representation of the map E .
A characterization of the expression (52) for the diamond norm which will be useful is

(see [29, Definition 11.2 and Theorem 11.1]):

∥E∥⋄ = inf{∥A∥ · ∥B∥ | trZ(AXB†) = E(X) for all X ∈ B(X )} , (55)

i.e., the infimum is taken over all Stinespring pairs (A,B) for E . The expression for the
diamond norm in Eq. (55) does not depend on the choice of the auxiliary space Z, provided
that at least one Stinespring pair (A,B) exists. This is the case for dim Z ≥ rank J(E)
(see Ref. [29]). Without loss of generality, we choose

Z = Crank J(E) . (56)

Additionally, notice that the set of Stinespring pairs (A,B) for E is compact, which implies
that the infimum in Eq. (55) is achieved.

The following lemma relates the diamond norm of the adjoint map E† to that of E .

Lemma A.2. Let E : B(X ) → B(Y) be linear and let J(E) be the Choi-Jamiołkowski
representation of E. We have

∥E†∥⋄ ≤ rank J(E)∥E∥⋄ . (57)

Moreover, if E has Kraus-rank one, i.e., rank J(E) = 1, then

∥E†∥⋄ = ∥E∥⋄ . (58)

Proof. Denote by (A,B) a Stinespring pair for E which achieves the infimum in Eq. (55),
i.e.,

∥E∥⋄ = ∥A∥ · ∥B∥ . (59)

(Recall that the infimum is achieved because the set of Stinespring pairs is compact.)
Let Z ′ be isomorphic to Z. Define Ã, B̃ : Y → X ⊗ Z ′ by

Ã |ψ⟩ =
√
dz(A† ⊗ IZ′)(|ψ⟩ ⊗ |Φ⟩ZZ′)

B̃ |ψ⟩ =
√
dz(B† ⊗ IZ′)(|ψ⟩ ⊗ |Φ⟩ZZ′)

for all |ψ⟩ ∈ Y , (60)

where |Φ⟩ZZ′ is defined similarly to expression (54) and dz = dim(Z). We show the
following.

Claim: The pair (Ã, B̃) is a Stinespring pair for the adjoint map E† : B(Y) → B(X ).

Proof of Claim. By Eq. (53), we have

⟨Y, E(X)⟩ = ⟨Y, trZ(AXB†)⟩
= tr((Y ⊗ IZ)†AXB†)
= tr(B†(Y ⊗ IZ)†AX)
= ⟨A†(Y ⊗ IZ)B,X⟩
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for all X ∈ B(X ), Y ∈ B(Y). By Eq. (51), this implies that

E†(Y ) = A†(Y ⊗ IZ)B .

We prove the claim by showing that

E†(Y ) = trZ′(ÃY B̃†) = A†(Y ⊗ IZ)B for all Y ∈ B(Y) ,

with Ã and B̃ defined in Eq. (60). It suffices to observe that

ÃY B̃† = dz(A† ⊗ IZ′)(Y ⊗ |Φ⟩⟨Φ|ZZ′)(B ⊗ IZ′)

=
dz−1∑
j,k=0

(A† ⊗ IZ′)(Y ⊗ |jj⟩⟨kk|ZZ′)(B ⊗ IZ′)

and

trZ′(ÃY B̃†) = A†

Y ⊗
dz−1∑
j=0

|j⟩Z⟨j|Z

B
= A†(Y ⊗ IZ)B

for all Y ∈ B(Y).

Because (Ã, B̃) is a Stinespring pair for E , it follows from Eq. (55) that

∥E†∥⋄ ≤ ∥Ã∥ · ∥B̃∥ .

Observe that

∥Ã∥ = sup
ψ∈Y : ∥ψ∥≤1

√
dz∥(A† ⊗ IZ′)(ψ ⊗ ΦZZ′)∥

≤ sup
ψ∈Y⊗Z⊗Z′ : ∥ψ∥≤1

√
dz∥(A† ⊗ IZ′)ψ∥

=
√
dz∥A† ⊗ IZ′∥

=
√
dz∥A†∥

where dz = dim Z, and similarly ∥B̃∥ ≤
√
dz∥B†∥ . Therefore

∥E†∥⋄ ≤ dz∥A†∥ · ∥B†∥
= dz∥A∥ · ∥B∥
= dz∥E∥⋄ by Eq. (59)
= rank J(E)∥E∥⋄ by Eq. (56) .

This is the Claim (57). If E has Kraus-rank one, i.e., rank J(E) = 1, then ∥E†∥⋄ ≤ ∥E∥⋄.
Interchanging U and U † then gives Eq. (58).

In the following we argue that the definition of the diamond norm in terms of finite-
dimensional stabilizing systems from Eq. (52) is applicable in the case where we compose
a linear map with a projection onto a finite-dimensional space. We denote the set of
trace-class operators on a (possibly infinite-dimensional) Hilbert space H by B1(H).
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Lemma A.3. Let X ,Y be separable Hilbert spaces and L ⊂ X a finite-dimensional sub-
space. Let E : B1(X ) → B1(Y) be linear. Let πL : X → L be the orthogonal projection
onto the space L. Define ΠL : B1(X ) → B1(L) by ΠL(A) = πLAπL. Then

sup
X ′

sup
A∈B1(X ⊗X ′)

∥A∥1≤1

∥∥∥((E ◦ ΠL) ⊗ IB(X ′)
)

(A)
∥∥∥

1
= sup

n∈N
sup

B∈B(L⊗Cn)
∥B∥1≤1

∥∥∥(E ⊗ IB(Cn)
)

(B)
∥∥∥

1
(61)

where the supremum on the lhs. is taken over all separable Hilbert spaces X ′ and the rhs.
is understood using the natural embedding of B(L ⊗ Cn) = B1(L ⊗ Cn) into B1(X ⊗ Cn).

Proof. Fix an additional separable Hilbert space X ′. Let A ∈ B1(X ⊗ X ′) with ∥A∥1 = 1
be given. Then A is a compact operator. Using the singular value decomposition for
compact operators, there are orthonormal bases {ej}j , {fj}j ⊂ X ⊗ X ′ and a sequence of
positive numbers {sj}j such that

A =
∑
j

sj |ej⟩⟨fj | .

Note that ∥A∥1 = ∥s∥1 =
∑
j sj as

1 = ∥A∥1 = tr|A| = tr
√
A†A = tr

∑
j

sj |fj⟩⟨fj |

 =
∑
j

sj .

Thus A is contained in the closure of the convex hull of all rank one operators |ϕ⟩⟨ψ|
where ϕ, ψ ∈ X ⊗ X ′ and ∥ϕ∥, ∥ψ∥ = 1. In particular we can restrict the supremum on
the lhs. of Eq. (61) to these operators. Note that (ΠL ⊗ IB1(X ′))(|ϕ⟩⟨ψ|) = |ϕ̃⟩⟨ψ̃| for
some ϕ̃, ψ̃ ∈ L ⊗ X ′ with ∥ϕ̃∥, ∥ψ̃∥ ≤ 1. Therefore it is enough to consider the supremum
over rank-one operators A = |ϕ̃⟩⟨ψ̃| ∈ B1(L⊗X ′) with ∥ϕ̃∥, ∥ψ̃∥ ≤ 1 on the lhs. of Eq. (61).
Using the Schmidt-decomposition we can further restrict the supremum in Eq. (61) to
finite-dimensional additional systems X ′, see [19, Lemma 3.45] for a detailed proof. In
fact, we can assume X ′ ≃ L. The claim follows.

A.2 Bounds on inner products
Here we state a few bounds on inner products which we use repeatedly. These are simple
consequences of the Cauchy-Schwarz inequality.

Let H be a Hilbert space. We use the bound

|⟨Ψ,Φ⟩ − 1| ≤ ∥Ψ − Φ∥ ≤
√

2
√

|⟨Ψ,Φ⟩ − 1| . (62)

on pure states Ψ,Φ ∈ H.

Proof. The upper bound on ∥Ψ − Φ∥ in Eq. (62) follows from

∥Ψ − Φ∥2 = 2 (1 − Re⟨Ψ,Φ⟩)
≤ 2|Re(⟨Ψ,Φ⟩ − 1)|
≤ 2|⟨Ψ,Φ⟩ − 1| .

For the lower bound on ∥Ψ − Φ∥ in Eq. (62), we use the Pythagorean theorem, which
implies that

∥Π(Ψ − Φ)∥ ≤ ∥Ψ − Φ∥

for any orthogonal projection Π. Applying this with the rank-1 projection Π = |Ψ⟩⟨Ψ|
gives the claim.
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The following lemma gives an explicit bound expressing continuity of the map Ψ 7→
⟨Ψ, UΨ⟩.

Lemma A.4. Let ψ1, ψ2 ∈ H be arbitrary states and let U be a unitary on H. Then

|⟨ψ1, Uψ1⟩ − ⟨ψ2, Uψ2⟩| ≤ 2∥ψ1 − ψ2∥ . (63)

In particular, we have

|⟨ψ1, Uψ1⟩| ≤ |⟨ψ2, Uψ2⟩| + 2∥ψ1 − ψ2∥ . (64)

Proof. Note that for any two states ψ1, ψ2 ∈ H and any unitary U , we have

⟨ψ1, Uψ1⟩ = ⟨ψ2 + (ψ1 − ψ2), U(ψ2 + (ψ1 − ψ2))⟩
= ⟨ψ2, Uψ2⟩ + ⟨ψ2, U(ψ1 − ψ2)⟩ + ⟨(ψ1 − ψ2), Uψ1⟩ .

The triangle inequality thus implies that

|⟨ψ1, Uψ1⟩ − ⟨ψ2, Uψ2⟩| ≤ |⟨ψ2, U(ψ1 − ψ2)⟩| + |⟨(ψ1 − ψ2), Uψ1⟩| .

The Eq. (63) now follows from the Cauchy-Schwarz inequality using the unitarity of U .
Observe that Eq. (64) immediately follows from Eq. (63) and the triangle inequality.

This concludes the proof.

The following lemma expresses continuity of matrix elements more generally: The
matrix element ⟨ψ1, Uψ2⟩ of a unitary U with respect to two states (ψ1, ψ2) is close to the
matrix element ⟨φ1, Uφ2⟩ with respect to a different pair (φ1, φ2) of states if ψj is close
to φj for j = 1, 2.

Lemma A.5. Let ψ1, ψ2, φ1, φ2 ∈ H be states. Let U be a unitary on H. Then

|⟨ψ1, Uψ2⟩ − ⟨φ1, Uφ2⟩| ≤ ∥ψ1 − φ1∥ + ∥ψ2 − φ2∥ . (65)

In particular, we have

|⟨ψ1, Uψ2⟩ − ⟨φ1, Uφ2⟩| ≤
√

2
(√

|⟨ψ1, φ1⟩ − 1| +
√

|⟨ψ2, φ2⟩ − 1|
)
. (66)

and

|⟨ψ1, Uψ2⟩ − a| ≤ |⟨φ1, Uφ2⟩ − a| +
√

2
(√

|⟨ψ1, φ1⟩ − 1| +
√

|⟨ψ2, φ2⟩ − 1|
)
. (67)

for all a ∈ C.

Proof. We have

|⟨ψ1, Uψ2⟩ − ⟨φ1, Uφ2⟩|
= |⟨ψ1, Uψ2⟩ − ⟨ψ1, Uφ2⟩ + ⟨ψ1, Uφ2⟩ − ⟨φ1, Uφ2⟩|
≤ |⟨ψ1, U(ψ2 − φ2)| + |⟨(ψ1 − φ1), Uφ2⟩| by the triangle inequality
≤ ∥U †ψ1∥ · ∥ψ2 − φ2∥ + ∥ψ1 − φ1∥ · ∥Uφ2∥ by the Cauchy-Schwarz inequality

≤ ∥ψ2 − φ2∥ + ∥ψ1 − φ1∥ by unitarity of U , ∥ψ1∥ = 1 and ∥φ2∥ = 1 .

This establishes Eq. (65).
Eq. (66) follows immediately from Eq. (65) using the inequality (62).
Finally, Claim (67) follows from Eq. (66) and the triangle inequality.
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The following lemma quantitatively expresses the following fact for a family {Ut}Tt=1 of
unitaries and a state Ψ: If each unitary Ut leaves the state Ψ (approximately) invariant,
then the same is approximately the case for the composition UT · · ·U1.

Lemma A.6 (Matrix elements of composed unitaries). Let Ψ ∈ H be a state and U1, . . . , UT
unitary operators on H. Then

|⟨Ψ, UT · · ·U1Ψ⟩ − 1| ≤
√

2
T∑
t=1

√
|⟨Ψ, UtΨ⟩ − 1| for all t ∈ {1, . . . , T} .

Proof. Set Ψ0 = Ψ. Define Ψt = Ut · · ·U1Ψ. For any t ∈ {1, . . . , T}, we have

∥Ψt − Ψ∥ = ∥UtΨt−1 − Ψ∥
≤ ∥UtΨt−1 − UtΨ∥ + ∥UtΨ − Ψ∥
= ∥Ψt−1 − Ψ∥ + ∥UtΨ − Ψ∥ .

by the triangle inequality and invariance of the norm under unitaries. By induction, it
follows that

∥ΨT − Ψ∥ ≤
T∑
t=1

∥UtΨ − Ψ∥ .

In particular,

|⟨Ψ,ΨT ⟩ − 1| ≤ ∥ΨT − Ψ∥ ≤
√

2
T∑
t=1

√
|⟨UtΨ,Ψ⟩ − 1| .

by Eq. (62). This is the claim.

A.3 Discrete Gaussian distributions
We need a few facts about discrete Gaussian distributions. Their study was initiated by
Banaszczyk [30] who proved so-called transference theorems for lattices, and subsequently
obtained measure inequalities for convex bodies [31, 32]. They are defined as follows.
For s > 0, define ρs(x) = exp(−πx2/s2) for x ∈ R. The discrete Gaussian random
variable Xs then has distribution

Pr [Xs = z] = ρs(z)
ρs(Z) for z ∈ Z

where ρs(Z) =
∑
z∈Z ρs(z).

Lemma A.7. Let s > 0. The discrete Gaussian random variable Xs satisfies

Pr [|Xs| ≥ r] ≤ 2e− 3π
4 (r/s)2 (68)

for any r > 0.

Proof. For the proof of Eq. (68), see [26, Lemma 8.3].

We will also need the following result on so-called periodic Gaussians. For s > 0
and x ∈ R define

fs(t) =
∑
z∈Z

ρs(z + t) = ρs(Z + t) for t ∈ R .
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Lemma A.8. Let s > 0 and t ∈ R. Then

e−πt2/s2
fs(0) ≤ fs(t) ≤ fs(0) for all t ∈ R .

In particular, fs(t) is maximized when t ∈ Z.

Proof. We refer to [33, Lemma 3] for a proof.

B General quantum circuits
Here we briefly comment on how our considerations generalize to arbitrary quantum cir-
cuits. We use the graph representation of quantum circuits, see e.g. [34]. Let G = (V,E)
be a connected, directed acyclic graph. For a vertex v ∈ V , let Ein(v) ⊆ E denote the edges
incoming to v, and let Eout(v) ⊆ E be the edges outgoing from v. We define the in-degree
and the out-degree of v as degin(v) = |Ein(v)| and degout(v) = |Eout(v)|, respectively. We
call

Vinput := {v ∈ V | degin(v) = 0, degout(v) = 1}
Voutput := {v ∈ V | degin(v) = 1, degout(v) = 0} .

the sets of input- and output-vertices. The remaining set of vertices

Vinterior := V \(Vinput ∪ Voutput)

will be referred to as the set of interior vertices. We denote the size of this set by T :=
|Vinterior|. The set of interior vertices with the property that all in-neighbors (predecessors)
are input vertices is called the in-boundary of G.

We assume that the graph is equipped with the following additional data:

(i) Every edge e ∈ E carries a Hilbert space Ke of dimension de = dim Ke ≥ 2. These
satisfy the condition⊗

e∈Ein(v)
Ke

∼=
⊗

e∈Eout(v)
Ke for every v ∈ Vinterior . (69)

(ii) For every interior vertex v ∈ Vinterior, we assume that there is a unitary

Uv :
⊗

e∈Ein(v)
Ke →

⊗
e∈Eout(v)

Ke .

(iii) We assume that the set of interior vertices is indexed as

Vinterior = {vt}Tt=1

subject to the following condition. Let G(0) = G. Then the following holds for
all t = 1, . . . , T :

(a) The vertex vt is a vertex belonging to the in-boundary of the graph G(t−1).
(b) The graph G(t) is obtained from G(t−1) by detaching each edge e ∈ Eout(vt)

from vt and reattaching it to a newly added (input) vertex ve, and removing all
input vertices previously attached to vt as well as vt itself, see an example in
Fig. 4. We denote the set of output edges of a vertex v ∈ G(t) by E(t)

out(v) and the
set of input vertices of G(t) by V (t)

interior.
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A graph with this data defines a quantum circuit realizing a unitary

U (T ) · · ·U (1)

where (iiib) defines in which sequence the gates are applied. Here U (t) acts non-trivially
only on the subsystem

⊗
e∈Ein(vt) Ke, mapping it to

⊗
e∈Eout(vt) Ke by application of Uvt .

Figure 4: Illustration of the construction of the circuit U (3)U (2)U (1) from the graph G as described
in (iii). Input vertices are marked in red, interior vertices in green and output vertices in orange. To
each interior vertex vt for t ∈ {1, 2, 3} we associate a unitary U (t). The (input and output) spaces Kej

associated with each edge ej for j ∈ {1, . . . , 7} satisfy Eq. (69), e.g., Ke1 ⊗ Ke2 ≃ Ke4 .

We now consider an implementation where instead of physical qudits (associated with
the spaces Ke), we use logical qudits encoded in subspaces {Le}e of the physical Hilbert
spaces {He}e. We further assume that for each internal vertex v, we have a (possibly
approximate) implementation of a logical (i.e., encoded version) of the unitary Uv. That
is, we assume that

(iv) For each e ∈ E, there is a Hilbert space He and a subspace Le ⊆ He satisfying Le ∼= Ke

(i.e., of the same dimension), with the isomorphism given by an isometric encoding
map EncLe : Ke → Le. We denote its inverse by DecLe := (EncLe)−1 : Le → Ke.

(v) For each interior vertex v ∈ Vinterior, we have a unitary

Wv :
⊗

e∈Ein(v)
He →

⊗
e∈Eout(v)

He .

For v ∈ Vinterior, define

Lin(v) =
⊗

e∈Ein(v)
Le

Hin(v) =
⊗

e∈Ein(v)
He

and define Lout(v) and Hout(v) similarly. Then Lin(v) ∼= Lout(v). We define the map

Uv =

 ⊗
e∈Eout(v)

EncLe

Uv
 ⊗
e∈Ein(v)

DecLe

 : Lin(v) → Lout(v)

and the logical gate error at the vertex v as

errv =
∥∥∥(Wv − Uv) ◦ ΠLin(v)

∥∥∥
⋄
, (70)

where Uv(ρ) = UvρU†
v and Wv(ρ) = WvρW

†
v .

Then the composition of maps obtained from the graph G by using the CPTP map Wv

at each interior vertex v ∈ Vinterior satisfies the following.
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Lemma B.1. Let G = G0 = (V,E) be a graph with indexed interior vertices Vinterior =
{vt}Tt=1 and induced graphs {G(t)}Tt=1. Let He, Le, Ke be Hilbert spaces for e ∈ E and
let Uv, Wv be unitaries for v ∈ Vinterior as introduced in (i)–(v). Define the set of input
edges of the graph G(t) as E(t)

in =
⋃
v∈V (t)

input
E

(t)
out(v) for t = 0, . . . , T and define the unitaries

U(t) = Uvt ⊗

 ⊗
e∈E(t−1)

in \Ein(vt)

ILe


W (t) = Wvt ⊗

 ⊗
e∈E(t−1)

in \Ein(vt)

IHe


for t ∈ {1, . . . , T} .

Define U (t)(ρ) = U(t)ρ
(

U(t)
)†

and W(t)(ρ) = W (t)ρ
(
W (t)

)†
. Then∥∥∥∥∥∥∥

(
W(T ) ◦ · · · ◦ W(1) − U (T ) ◦ · · · ◦ U (1)

)
◦
⊗

e∈E(0)
in

ΠLe

∥∥∥∥∥∥∥
⋄

≤
T∑
t=1

errvt ,

where errv is defined by Eq. (70).

Proof. This is a straightforward application of Lemma 2.1.

Lemma B.1 provide a means of analyzing the logical gate error associated with a circuit
in terms of its building blocks, allowing for a modular analysis. We note, however, that the
resulting bound will generally not be tight. For concrete implementations, a more direct
examination of the logical gate error may yield tighter bounds.

C Lower bounds on the inner numerical radius
In this section we establish a lower bound on the inner numerical radius of an operator.
It serves as the main technical ingredient for the upper bounds on the logical gate error
stated in Theorem 3.6 from the main text.

Fix an orthonormal basis {|j⟩}d−1
j=0 of Cd. In the following, we often identify a linear

operator A : Cd → Cd with its matrix A ∈ Matd×d(C) with respect to the computational
basis, i.e., Aj,k = ⟨j, Ak⟩. The Crawford number c(A) of an operator A : Cd → Cd (see
Eq. (18)) can be bounded as follows.

Lemma C.1. Let A : Cd → Cd be linear. Define

α(A) := min
j

|ReAj,j | − 1
2
∑
ℓ̸=j

|Aj,ℓ +Aℓ,j |

 . (71)

Suppose that

Re Aj,j ≥ 0 for every j ∈ {0, . . . , d− 1} . (72)

Then

c(A) ≥ α(A) .
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Proof. Decompose A as

A = K + iL where K = 1
2(A+A†)

L = 1
2i(A−A†) .

Then K and L are self-adjoint operators and thus we have Kℓ,j = Kj,ℓ and Lℓ,j = Lj,ℓ for
all j, ℓ ∈ {0, . . . , d− 1}. Therefore using the definition (71) we observe that

α(K) = min
j

|Kj,j | −
∑
ℓ̸=j

|Kℓ,j |

 = min
j

|Kj,j | −
∑
ℓ̸=j

|Kj,ℓ|

 . (73)

Moreover, since ReAj,j = Kj,j and Kj,ℓ +Kℓ,j = Aj,ℓ +Aℓ,j for j ̸= ℓ we have

α(A) = α(K) . (74)

Since c(A) ≥ 0 by definition, the claim is trivial if α(A) ≤ 0. Thus we can assume that

α(A) > 0 . (75)

Combined with Eqs. (73) and (74), Condition (75) states that (in the terminology of
Ref. [35]) K is diagonally dominant by both its rows and columns.

The operator K is self-adjoint by definition and diagonally dominant by rows, and
every diagonal entry Kj,j = ReAj,j is non-negative by the assumption (72). We conclude
using Gershgorin’s circle theorem [36, Theorem 6.1.1] that K is positive semidefinite.

By definition of K and L, we have

|⟨Ψ, AΨ⟩| = |⟨Ψ,KΨ⟩ + i⟨Ψ, LΨ⟩|

=
√

|⟨Ψ,KΨ⟩|2 + |⟨Ψ, LΨ⟩|2

≥ |⟨Ψ,KΨ⟩| for any Ψ ∈ Cd , (76)

where we used the fact that expectation values of self-adjoint operators are real. Using
the spectral decomposition of K and the fact that K is positive semidefinite, it is easy to
see that

|⟨Ψ,KΨ⟩|2 ≥ min{λ2 | λ ∈ spec(K)} for any Ψ ∈ Cd with ∥Ψ∥ = 1 , (77)

where we denote by spec(K) the set of distinct eigenvalues of K. We note that

min{λ2 | λ ∈ spec(K)} = σd(K)2 (78)

where σd(K) is the smallest singular value of K.
Since K is diagonally dominant by both rows and columns, we can apply [35, Corollary

2] which implies (in the case of self-adjoint matrices)

σd(K) ≥ α(K) .

Combined with Eqs. (76), (77), (78) and (74) we obtain

|⟨Ψ, AΨ⟩| ≥ |⟨Ψ,KΨ⟩| ≥ σd(K) ≥ α(K) = α(A)

for every unit vector Ψ ∈ Cd. This implies the claim by definition of the Crawford
number c(A).
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The following property of the inner numerical radius will be useful.

Lemma C.2. Let S, T,A : Cd → Cd be linear. Then

c(SAT ) ≥ c(A) − ∥A∥ · ∥S − I∥ · ∥T∥ − ∥T − I∥ · ∥A∥ (79)

and

c(SAT ) ≥ c(A) − ∥A∥ · ∥S∥ · ∥T − I∥ − ∥S − I∥ · ∥A∥ . (80)

Proof. Let Ψ ∈ Cd with ∥Ψ∥ = 1 be arbitrary. Then

⟨Ψ, SATΨ⟩ = ⟨Ψ, (S − I)ATΨ⟩ + ⟨Ψ, ATΨ⟩
= ⟨Ψ, (S − I)ATΨ⟩ + ⟨Ψ, A(T − I)Ψ⟩ + ⟨Ψ, AΨ⟩

and thus

|⟨Ψ, SATΨ⟩| ≥ |⟨Ψ, AΨ⟩| − |⟨Ψ, (S − I)ATΨ⟩| − |⟨Ψ, A(T − I)Ψ⟩|
≥ c(A) − |⟨Ψ, (S − I)ATΨ⟩| − |⟨Ψ, A(T − I)Ψ⟩|

by the triangle inequality and the Definition (18) of c(A). The Claim (79) follows using
that

|⟨Ψ, (S − I)ATΨ⟩| ≤ ∥(S − I)AT∥ ≤ ∥S − I∥ · ∥A∥ · ∥T∥
|⟨Ψ, A(T − I)Ψ⟩| ≤ ∥A(T − I)∥ ≤ ∥A∥ · ∥T − I∥

for any unit vector Ψ, and by taking the minimum over Ψ. The Claim (80) is shown in
an analogous manner.

Lemma C.3. The Crawford number c : B(Cd) → [0,∞) is (Lipschitz-)continuous.

Proof. Let A,B ∈ B(Cd). Let Ψ ∈ Cd be normalized. Then

|⟨Ψ, AΨ⟩| = |⟨Ψ, (A−B)Ψ⟩ + ⟨Ψ, BΨ⟩|
≤ |⟨Ψ, BΨ⟩| + |⟨Ψ, (A−B)Ψ⟩|
≤ |⟨Ψ, BΨ⟩| + ∥A−B∥ , (81)

where we used the triangle inequality to obtain the second inequality and the Cauchy-
Schwarz inequality to obtain the last inequality. Similarly, we can bound

|⟨Ψ, AΨ⟩| ≥ ||⟨Ψ, BΨ⟩ − ⟨Ψ, (A−B)Ψ⟩||
≥ |⟨Ψ, BΨ⟩| − |⟨Ψ, (A−B)Ψ⟩|
≥ |⟨Ψ, BΨ⟩| − ∥A−B∥ . (82)

Combining Eqs. (81) and (82) we find

c(B) − ∥A−B∥ ≤ c(A) ≤ c(B) + ∥A−B∥ ,

or equivalently

|c(A) − c(B)| ≤ ∥A−B∥ .

This shows the claim.
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We can eliminate the assumption (72) in Lemma C.1 as follows.

Lemma C.4. Let B : Cd → Cd be linear. Assume that Bj,j ̸= 0 for every j ∈ {0, . . . , d−1}.
Define

φj = argBj,j for j ∈ {0, . . . , d− 1} .

Then

c(B) ≥ min
j

|Bj,j | − 1
2
∑
ℓ̸=j

|e−iφjBj,ℓ + eiφℓBℓ,j |

− ∥B∥ max
j∈{0,...,d−1}

∣∣∣eiφj − 1
∣∣∣

Proof. Let us introduce the diagonal matrix

D = diag
(
{eiφj }d−1

j=0

)
and the matrix

A = D−1B .

Then we have

Aj,j = D−1
j,jBj,j = |Bj,j | ∈ R for all j ∈ {0, . . . , d− 1} . (83)

In particular, we have

c(B) = c(DA)
≥ c(A) − ∥A∥ · ∥D − I∥ by Lemma C.2
≥ α(A) − ∥A∥ · ∥D − I∥ by Lemma C.1 using Eq. (83) . (84)

The claim follows from Eq. (84) because

∥A∥ = ∥D−1B∥ = ∥B∥ ,

∥D − I∥ = max
j∈{0,...,d−1}

∣∣∣eiφj − 1
∣∣∣ ,

by definition of D and

α(A) = min
j

|ReAj,j | − 1
2
∑
ℓ̸=j

|Aj,ℓ +Aℓ,j |


= min

j

|Bj,j | − 1
2
∑
ℓ̸=j

|e−iφjBj,ℓ + eiφℓBℓ,j |

 .

An immediate consequence of Lemma C.4 is the following result for sparse matrices.
We call a matrix B ∈ Matd×d(C) s-sparse if the number of non-zero entries in each row
and column is at most s.

Corollary C.5 (Inner numerical radius for sparse matrices). Let B ∈ Matd×d(C) be s-
sparse for s ∈ {1, . . . , d} with Bj,j ̸= 0 for every j ∈ {0, . . . , d− 1}. Then

c(B) ≥
(

min
j

|Bj,j |
)

− (s− 1) max
j,ℓ:j ̸=ℓ

|Bj,ℓ| − ∥B∥ max
j∈{0,...,d−1}

∣∣∣∣∣ Bj,j|Bj,j |
− 1

∣∣∣∣∣ .
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We also need the following result for matrices with subnormalized rows and columns.

Corollary C.6. Let B ∈ Matd×d(C) be such that Bj,j ̸= 0 for every j ∈ {0, . . . , d − 1}.
Assume that

d−1∑
ℓ=0

|Bj,ℓ|2 ≤ 1 and
d−1∑
ℓ=0

|Bℓ,j |2 ≤ 1 for every j ∈ {0, . . . , d− 1} . (85)

Then the inner numerical radius of B is bounded as

c(B) ≥ 1 − 7
(
dmax

j
|1 −Bj,j |

)1/2
.

Proof. Define φj = argBj,j for j ∈ {0, . . . , d − 1}. Let j ∈ {0, . . . , d − 1} be arbitrary.
Then

1
2
∑
ℓ̸=j

|e−iφjBj,ℓ + eiφℓBℓ,j | ≤ 1
2
∑
ℓ̸=j

(|Bj,ℓ| + |Bℓ,j |)

≤ 1
2

√
d− 1


∑
ℓ̸=j

|Bj,ℓ|2
1/2

+

∑
ℓ̸=j

|Bℓ,j |2
1/2


≤

√
d− 1

(
1 − |Bj,j |2

)1/2

≤ (2(d− 1)|1 −Bj,j |)1/2 , (86)

where we used the Cauchy-Schwarz inequality in the second step and the assumption (85)
in the penultimate step. The last inequality follows from

1 − |Bj,j |2 = (1 − |Bj,j |)(1 + |Bj,j |) ≤ 2(1 − |Bj,j |) = 2|1 − |Bj,j || ≤ 2|1 −Bj,j |

where we used that |Bj,j | ≤ 1. It follows from Eq. (86) that

|Bj,j | − 1
2
∑
ℓ̸=j

∣∣∣e−iφjBj,ℓ + eiφℓBℓ,j
∣∣∣ ≥ 1 − |1 −Bj,j | − (2(d− 1)|1 −Bj,j |)1/2

≥ 1 − 2|1 −Bj,j |1/2 − (2(d− 1)|1 −Bj,j |)1/2

≥ 1 − 3(d|1 −Bj,j |)1/2, (87)

for all j ∈ {0, . . . , d− 1}, where we used |Bj,j | = |1 − (1 −Bj,j)| ≥ 1 − |1 −Bj,j | in the first
step. The second inequality follows from |1 −Bj,j | ≤ 2 and

x ≤ 2
√
x for x ∈ [0, 2] . (88)

In the last step we used that 2 +
√

2(d− 1) ≤ 3
√
d for all d ≥ 2.

It follows from

|1 −Bj,j |Bj,j |−1| ≤ |1 −Bj,j | + |Bj,j −Bj,j |Bj,j |−1| = |1 −Bj,j | + |1 − |Bj,j || ≤ 2|1 −Bj,j |

and Eq. (88) that ∣∣∣∣∣ Bj,j|Bj,j |
− 1

∣∣∣∣∣ ≤ 2|1 −Bj,j | ≤ 4 (|1 −Bj,j |)1/2 . (89)

Moreover, the assumption (85) implies that

∥B∥ ≤ ∥B∥2 ≤
√
d (90)

by the Cauchy-Schwarz inequality. The claim follows by combining Eqs. (87), (89) and (90)
with Lemma C.4.
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D Proof of Theorem 3.6
In this section we give the technical details used to derive Theorem 3.6 from the main text.

More concretely, we combine the general lower bounds on the Crawford number from
Appendix C with the exact expressions for the logical gate error of unitary implementations
(in particular, Lemma 3.2 and Corollary 3.5).

These bounds exploit the special form of the matrices B whose Crawford number is
relevant for the logical gate error (see Definition 3.1). In preparation for the proof of
Theorem 3.6 from the main text, we show the following:

Lemma D.1. Let W : Hin → Hout and U : Cd → Cd be unitary. Let B = BU
Lin,Lout

(W,U)
be the operator introduced in Definition 3.1. Then

max
j

|1 −Bj,j | ≤
√
dmax

j,k
|Uj,k − ⟨j|LoutW |k⟩Lin | (91)

and

min
j

(
d−1∑
ℓ=0

|Bj,ℓ|2,
d−1∑
ℓ=0

|Bℓ,j |2
)

≤ 1 . (92)

Proof. We first prove Eq. (91). Using the definition (17) of the matrix elements Bj,ℓ of
the operator B we have for fixed j ∈ {0, . . . , d− 1}

|1 −Bj,j | =
∣∣∣∣∣1 −

d−1∑
m=0

Um,j⟨m|LoutW |j⟩Lin

∣∣∣∣∣
=
∣∣∣∣∣
d−1∑
m=0

(
|Um,j |2 − Um,j⟨m|LoutW |j⟩Lin

)∣∣∣∣∣
=
∣∣∣∣∣
d−1∑
m=0

Um,j (Um,j − ⟨m|LoutW |j⟩Lin)
∣∣∣∣∣

≤
(
d−1∑
m=0

|Um,j |
)

· max
ℓ,k

|Uℓ,k − ⟨ℓ|LoutW |k⟩Lin |

≤
√
dmax

ℓ,k
|Uℓ,k − ⟨ℓ|LoutW |k⟩Lin | ,

where we used the unitarity of U in the second identity, and the triangle inequality in the
penultimate inequality, as well as the Cauchy-Schwarz inequality and the unitarity of U
in the last inequality.

Next, we prove Eq. (92). Using the definition (17) of the matrix elements Bj,k we have

Accepted in Quantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 46



for any fixed k ∈ {0, . . . , d− 1}

d−1∑
j=0

|Bj,k|2 =
d−1∑
j=0

∣∣∣∣∣
d−1∑
ℓ=0

Uℓ,j ⟨ℓ|Lout
W |k⟩Lin

∣∣∣∣∣
2

=
d−1∑
m,ℓ=0

d−1∑
j=0

Um,jUℓ,j

 ⟨k|Lin
W † |m⟩Lout

⟨ℓ|Lout
W |k⟩Lin

=
d−1∑
m,ℓ=0

δm,ℓ ⟨k|Lin
W † |m⟩Lout

⟨ℓ|Lout
W |k⟩Lin

by unitarity of U

= ⟨k|Lin
W †

(
d−1∑
m=0

|m⟩Lout
⟨m|Lout

)
W |k⟩Lin

= ⟨k|Lin
W †πLoutW |k⟩Lin

because
d−1∑
m=0

|m⟩Lout
⟨m|Lout

= πLout

= ∥πLoutW |k⟩Lin
∥2 because π2

Lout
= πLout

≤ 1 ,

where the inequality follows from the fact that πLout is a projection, the unitarity of W
and the fact that |k⟩Lin

is normalized. Similarly, for any fixed j ∈ {0, · · · , d− 1}, we have

d−1∑
k=0

|Bj,k|2 =
d−1∑
k=0

∣∣∣∣∣
d−1∑
m=0

Um,j ⟨m|Lout
W |k⟩Lin

∣∣∣∣∣
2

=
d−1∑
m,ℓ=0

Um,jUℓ,j ⟨m|Lout
W

(
d−1∑
k=0

|k⟩Lin
⟨k|Lin

)
W † |ℓ⟩Lout

=
d−1∑
m,ℓ=0

Um,jUℓ,j ⟨m|Lout
WπLinW

† |ℓ⟩Lout
because

d−1∑
k=0

|k⟩Lin
⟨k|Lin

= πLin

=
∥∥∥∥∥
d−1∑
ℓ=0

Uℓ,jπLinW
† |ℓ⟩Lout

∥∥∥∥∥
2

where we used π2
Lin

= πLin

=
∥∥∥πLinW

† ∣∣j′〉
Lout

∥∥∥2

≤ 1

where |j′⟩ =
∑d−1
ℓ=0 Uℓ,j |ℓ⟩Lout

for j ∈ {0, . . . , d− 1} is normalized, which together with the
fact that πLout is a projection and W a unitary gives the inequality.

As a direct consequence we can prove Theorem 3.6 from the main text. For convenience
we restate it here.

Corollary D.2 (Theorem 3.6 from the main text restated). Let W : Hin → Hout be
unitary and W(ρ) = WρW †. Let U : Cd → Cd be unitary, and let B = BU

Lin,Lout
(W,U) be

the operator introduced in Definition 3.1. Then we have the following.
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(i) Suppose that B is s-sparse and has positive entries {Bj,j}d−1
j=0 on the diagonal. Then

max
{

errLin,Lout(W, U), errLout,Lin(W†, U †)
}

≤ 3
(

(1 − min
j
Bj,j) + (s− 1) max

j,ℓ:j ̸=ℓ
|Bj,ℓ|

)1/2
.

(ii) Furthermore, we have

max
{

errLin,Lout(W, U), errLout,Lin(W†, U †)
}

≤ 8d3/8
(

max
j,k

|Uj,k − ⟨j|LoutW |k⟩Lin |
)1/4

.

Proof. Recall that

errLin,Lout(W, U) = errLout,Lin(W†, U †) = 2
√

1 − c(B)2

according to Lemma 3.2, Corollary 3.5 and the assumption that W is unitary. Since√
1 − (1 − δ)2 ≤

√
2δ for every δ ∈ [0, 1], it follows that

errLin,Lout(W, U) ≤ 2
√

2δ for any δ > 0 satisfying c(B) ≥ 1 − δ . (93)

(We note that this bound is trivially satisfied for δ > 1 by definition of the logical gate
error.)

Let us first prove Claim (i). That is, assume that B is s-sparse, with Bj,j > 0 for
every j ∈ {0, . . . , d− 1}. Then we have∣∣∣∣∣ Bj,j|Bj,j |

− 1
∣∣∣∣∣ = 0 for all j ∈ {0, . . . , d− 1}

and it follows from Corollary C.5 that

c(B) ≥
(

min
j
Bj,j

)
− (s− 1) max

j,ℓ:j ̸=ℓ
|Bj,ℓ|

= 1 − δ where δ := (1 − min
j
Bj,j) + (s− 1) max

j,ℓ:j ̸=ℓ
|Bj,ℓ| .

Combining this with Eq. (93) we obtain Claim (i).
Next, we prove Claim (ii). Lemma D.1 states that the matrix B of interest satisfies

max
j

|1 −Bj,j | ≤
√
dmax

j,k
|Uj,k − ⟨j|LoutW |k⟩Lin | (94)

and

min
j

(
d−1∑
ℓ=0

|Bj,ℓ|2,
d−1∑
ℓ=0

|Bℓ,j |2
)

≤ 1 . (95)

Because of Eq. (95) we can apply Corollary C.6 which gives

c(B) ≥ 1 − 7
√
d

(
max
j

|1 −Bj,j |
)1/2

≥ 1 − 7d3/4
(

max
j,k

|Uj,k − ⟨j|LoutW |k⟩Lin |
)1/2

(96)

when combined with Eq. (94). Claim (ii) follows by combining Eq. (96) with Eq. (93) and
using that 2

√
14 ≤ 8.
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E Approximate GKP-states with integer spacing
Our goal is to analyze the implementations of logical gates introduced in Section 5 in
the context of approximate GKP codes. Here we introduce the relevant definitions and
establish some required properties. Namely, we establish various properties of approximate
GKP-states with integer spacing.

In more detail, we introduce four different types of integer-spaced GKP states with
parameters κ,∆ > 0 and ε ∈ (0, 1/2), namely

(i) The “standard” (untruncated) GKP state
∣∣GKPκ,∆

〉
with squeezing parameters (κ,∆),

see Eq. (31). This state is commonly used as a basis for defining approximate GKP
states. It is a superposition of Gaussians centered on integers with a Gaussian enve-
lope. The envelope is introduced as a coefficient for each Gaussian (local maximum).
Correspondingly, we refer to this as a peak-wise envelope. The state

∣∣GKPκ,∆
〉

has
support on all of R.

(ii) The ε-truncated GKP state
∣∣∣GKPεκ,∆

〉
with squeezing parameters (κ,∆) and trunca-

tion parameter ε, see Eq. (33). In contrast to the untruncated GKP state
∣∣GKPκ,∆

〉
,

this state only has support near integers (namely, on an interval of diameter 2ε around
each integer). It is the result of replacing the Gaussians by truncated (projected) ver-
sions thereof.

(iii) The untruncated GKP state with point-wise envelope
∣∣∣gkpκ,∆

〉
, which is defined in

terms of two squeezing parameters (κ,∆) (see Eq. (102)). Similar to the state
∣∣GKPκ,∆

〉
,

this state has support on all of R. In contrast to that state, however, the Gaussian
envelope is applied point-wise.

(iv) The ε-truncated GKP state with point-wise envelope
∣∣∣gkpεκ,∆

〉
, which is defined

in terms of two squeezing parameters (κ,∆) and a truncation parameter ε (see
Eq. (103)). This state again only has support near integers.

The relationship between these four states is illustrated in Fig. 5. We note that via the
Fourier transform on L2(R), there is an exact relationship between untruncated GKP states
with peak-wise and point-wise envelopes, see Lemma E.21 for a detailed statement.

While closed-form analytic expressions for the (inverse) Fourier transform of the un-
truncated GKP states

∣∣GKPκ,∆
〉

and
∣∣∣gkpκ,∆

〉
can easily be obtained (see Lemma E.21),

the truncated GKP states
∣∣∣GKPεκ,∆

〉
,
∣∣∣gkpεκ,∆

〉
are computationally convenient because of

the specific form of their support. In particular, we use
∣∣∣GKPεκ,∆

〉
as a starting point to

define an orthonormal basis of a d-dimensional approximate GKP code (see Section 4.2.2).

We will also show that for an appropriate choice of parameters (κ,∆, ε), the states∣∣GKPκ,∆
〉
,
∣∣∣GKPεκ,∆

〉
,
∣∣∣gkpκ,∆

〉
and

∣∣∣gkpεκ,∆
〉

are close to each other, see Fig. 6 for a sum-
mary of the results establishing closeness of pairs of such states.

We proceed as follows. In Section E.1, we first establish a few properties of (truncated)
Gaussians which are used subsequently. In Section E.2 we then relate different notions of
approximate GKP-states. In Section E.3 we compute matrix elements of certain Gaussian
unitaries with respect to approximate GKP-states. Finally, in Section E.4 we discuss the
Fourier transform of GKP-states.

We note that most of the statements given here were previously established in Ref. [21].
We provide a summary to make this paper self-contained.
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peakwise envelope pointwise envelope

∣∣GKPκ,∆
〉 ∣∣∣gkpκ,∆

〉
∣∣∣GKPεκ,∆

〉 ∣∣∣gkpεκ,∆
〉

Fourier transform

truncation truncation

Figure 5: Illustration of the relationship between the different types of integer-spaced GKP states. The
state |GKPκ,∆⟩ is the “standard” approximate GKP state, a superposition of Gaussians centered on
integers with a (peak-wise) Gaussian envelope. The state

∣∣GKPε
κ,∆
〉

is obtained from it by replacing the
Gaussians by truncated Gaussians, and has support only near each integer. Similarly, the state

∣∣gkpκ,∆
〉

is a superposition of Gaussians but with a Gaussian envelope which is applied point-wise. The truncated
state

∣∣gkpε
κ,∆
〉

is obtained from it by replacing the Gaussians by truncated Gaussians, and has support
only near each integer. Finally, peakwise and point-wise GKP states |GKPκ,∆⟩ and

∣∣gkpκ,∆
〉

are related
by the Fourier transform, which essentially swaps the role of κ and ∆, see Lemma E.21 for a detailed
statement.

∣∣GKPκ,∆
〉 ∣∣∣gkpκ,∆

〉

∣∣∣GKPεκ,∆
〉 ∣∣∣gkpεκ,∆

〉

Lemma E.10

Lemma E.6 Lemma E.8Lemma E.11

Figure 6: The four states |GKPκ,∆⟩,
∣∣GKPε

κ,∆
〉
,
∣∣gkpκ,∆

〉
and

∣∣gkpε
κ,∆
〉

are close for suitable choices
of parameters (κ,∆, ε). Quantitative bounds on the overlap of pairs of states are established in the
Lemmas indicated.

E.1 (Truncated) Gaussians and their properties
We first show that the centered Gaussian Ψ∆ and its truncated version Ψε

∆ are close to
each other for suitably chosen parameters. For later use, we give the following (see Eqs. (i)
and (iv)) different versions of this statement.

Lemma E.1 (Gaussians and truncated Gaussians). Let ∆ > 0 and ε ∈ (0, 1/2). Then
the following holds:

(i) |⟨Ψ∆,Ψε
∆⟩|2 ≥ 1 − 2e−(ε/∆)2.

(ii) ∥Π[−ε,ε]Ψ∆∥2 ≥ 1 − 2e−(ε/∆)2.

(iii) ∥Π[−ε,ε]Ψ∆∥ ≥ 1 − 2(∆/ε)4.

(iv) ∥Ψ∆ − Ψε
∆∥ ≤ 8(∆/ε)4.

Proof. For the proof of Claims (i) and (ii), we refer to [21, Lemma A.2], where these
inequalities are shown for arbitrary ∆ > 0 and ε ∈ (0, 1/2).
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Claim (iii) follows immediately from Claim (ii) since

∥Π[−ε,ε]Ψ∆∥ ≥ ∥Π[−ε,ε]Ψ∆∥2

≥ 1 − 2e−(ε/∆)2 by Claim (ii)
≥ 1 − 2(∆/ε)4

where in the first inequality we use the fact that ∥Π[−ε,ε]Ψ∆∥ ≤ 1, and in the last inequality
we use that

e−x ≤ 1/x2 for x > 0 . (97)

The Claim (iv) follows immediately from Claim (i): We have

⟨Ψ∆,Ψε
∆⟩ ≥ |⟨Ψ∆,Ψε

∆⟩|2 ≥ 1 − 2e−(ε/∆)2
,

because 0 ≤ ⟨Ψ∆,Ψε
∆⟩ ≤ 1. Therefore

∥Ψ∆ − Ψε
∆∥ =

√
2
(
1 − ⟨Ψ∆,Ψε

∆⟩
)

≤ 2e−(ε/∆)2/2 by Claim (i)
≤ 8(∆/ε)4 ,

where we again made use of Eq. (97).

Lemma E.2 (Momentum-translated Gaussian states). Let z ∈ Z be an integer. Let ∆ > 0
and ε ≤ 1/(4|z|). Then the following holds.

(i) ⟨Ψ∆, e
2πizQΨ∆⟩ ≥ 1 − 10(z∆)2.

(ii) ⟨Ψε
∆, e

2πizQΨε
∆⟩ ≥ 1 − 10(z∆)2 − 16(∆/ε)4.

In particular, these inner products are real.

Proof. We note that for an arbitrary function Φ ∈ L2(R) which is even, i.e., which satis-
fies Φ(−x) = Φ(x) for all x ∈ R, the inner product ⟨Φ, e2πizQΦ⟩ is real because

⟨Φ, e2πizQΦ⟩ =
∫

|Φ(x)|2e2πizx dx =
∫

|Φ(x)|2 cos(2πzx) dx . (98)

Eq. (98) implies that

⟨Ψ∆, e
2πizQΨ∆⟩ ∈ R and ⟨Ψε

∆, e
2πizQΨε

∆⟩ ∈ R

since both Ψ∆ and Ψε
∆ are even.

Eq. (98) also implies that

⟨Ψε
∆, e

2πizQΨε
∆⟩ ≥ 0

if ε ≤ 1/(4|z|), since this assumption implies that 2πε|z| ≤ π/2 and thus cos(2πzx) ≥ 0
for x ∈ [−ε, ε]. By a simple application of the Cauchy-Schwarz inequality (see Lemma A.4)
we therefore obtain

⟨Ψε
∆, e

2πizQΨε
∆⟩ ≥ |⟨Ψ∆, e

2πizQΨ∆⟩| − 2∥Ψ∆ − Ψε
∆∥ . (99)
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We can compute the inner product explicitly as

⟨Ψ∆, e
2πizQΨ∆⟩ = 1√

π∆

∫
e−x2/∆2

e2πizxdx

= e−π2∆2z2

≥ 1 − π2∆2z2

≥ 1 − 10(z∆)2 , (100)

where we used e−x ≥ 1 − x for all x ∈ R to obtain the first inequality.
Inserting Eq. (100) and the inequality ∥Ψ∆ − Ψε

∆∥ ≤ 8(∆/ε)4 (see Lemma E.1 (iv))
into Eq. (99) gives

⟨Ψε
∆, e

2πizQΨε
∆⟩ ≥ 1 − 10(z∆)2 − 16(∆/ε)4 .

Consider the operator

WP = eπi(dQ
2+cdQ) where cd =

{
0 if d is even
1 otherwise

.

We refer toWP as the phase operator because it is an implementation of the phase gate P for
ideal GKP codes, see Section 5. We need the following statements about the expectation
of this operator in a Gaussian state Ψ∆ and a truncated Gaussian Ψε

∆. We consider a
slightly more general operator depending on an additional parameter y ∈ R.

Lemma E.3 (Exptectation of the phase operator in Gaussian states). Let ∆ > 0, ε < 1/2
and y ∈ R be arbitrary. Then the following holds.

(i) The Gaussian Ψ∆ satisfies

|⟨Ψ∆, e
πi(dQ2+(2dy+cd)Q)Ψ∆⟩| ≤ e−λ2(y+cd/(2d))2 where λ2 = π2d2∆2/(1 + π2d2∆4) .

(ii) The truncated Gaussian Ψε
∆ satisfies

|⟨Ψε
∆, e

πi(dQ2+(2dy+cd)Q)Ψε
∆⟩| ≤ e−λ2(y+cd/(2d))2 + 16(∆/ε)4 .

Proof. We note that Claim (ii) follows immediately from Claim (i), the Cauchy-Schwarz
inequality (see Lemma A.4), and Lemma E.1 (iv).

To prove Claim (i), we will show that the quantity of interest is given by a Fresnel
integral

∫
eiax

2+ibx dx. This integral converges if Im(a) > 0 and we have (see e.g., [37, p.
492-493]) ∫

eiax
2+ibx dx =

(
πi

a

)1/2
e−ib2/(4a).

In particular,∣∣∣∣∫ eiax
2+ibx dx

∣∣∣∣ =
(
π

|a|

)1/2
e−b2Im(a)/(4|a|2) if Im(a) > 0 and b ∈ R . (101)
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By definition of the unitary eπi(dQ2+(2yd+cd)Q) we have

⟨Ψ∆, e
πi(dQ2+(2yd+cd)Q)Ψ∆⟩ =

∫
|Ψ∆(x)|2eiπ(x2d+(2yd+cd)x) dx

= 1√
π∆

∫
e−x2/∆2

eiπ(x2d+(2yd+cd)x) dx

= 1√
π∆

∫
eiax

2+ibx dx where a = πd+ i/∆2

b = π(2dy + cd)
.

Using Eq. (101) we thus conclude that

|⟨Ψ∆, e
πi(dQ2+(2yd+cd)Q)Ψ∆⟩| =

(
1 + π2d2∆4

)−1/4
e−π2∆2(2yd+cd)2/(4(1+π2d2∆4))

≤ e−λ2(y+s)2
,

where we used that 1 + π2d2∆4 > 1 to obtain the inequality.

E.2 Different approximate GKP-states with integer spacing
Let κ,∆ > 0 and ε ∈ (0, 1/2). Recall the definition of the approximate GKP-state GKPεκ,∆
from Eq. (33), that is,

GKPεκ,∆(x) = Cκ
∑
z∈Z

ηκ(z)χε∆(z)(x) for x ∈ R

and that of the untruncated approximate GKP-state GKPκ,∆ ∈ L2(R) defined as

GKPκ,∆(x) = Cκ,∆
∑
z∈Z

ηκ(z)χ∆(z)(x) for x ∈ R ,

see Eq. (31). We note that in the definitions of GKPεκ,∆ and GKPκ,∆, the envelope ηκ
appears as a coefficient in the superposition at each peak z ∈ Z. Correspondingly, we
sometimes refer to these states as “peak-wise” approximate GKP-states. Here we introduce
additional notions of approximate GKP-states. They all depend on two parameters (κ,∆)
which determine the width of the envelope and individual peaks, respectively.

Consider what we call a “point-wise” approximate GKP-state: Here the envelope ηκ is
applied pointwise, i.e., the function is a pointwise product of the envelope (given by ηκ)
and the peak at z ∈ Z (given by the function χ∆(z)). That is, we define the point-wise
approximate GKP-state gkpκ,∆ ∈ L2(R) by

gkpκ,∆(x) = Dκ,∆
∑
z∈Z

ηκ(x)χ∆(z)(x) for x ∈ R , (102)

where Dκ,∆ > 0 is such that ∥gkpκ,∆∥ = 1. We also introduce the ε-truncated version

gkpεκ,∆(x) = Eκ,∆(ε)
∑
z∈Z

ηκ(x)χε∆(z)(x) for x ∈ R , (103)

where the constant Eκ,∆(ε) > 0 ensures that this function is normalized.
As we argue below, the constants Cκ,∆ and Dκ,∆ are related by the following.

Lemma E.4 (Normalization of approximate GKP-states). Let κ,∆ > 0 be arbitrary.
The normalization constant Cκ,∆ of the peak-wise approximate GKP-state GKPκ,∆ is
equal to the normalization constant D(2π)∆,κ/(2π) of the point-wise approximate GKP-
state gkp(2π)∆,κ/(2π), i.e.,

D(2π)∆,κ/(2π) = Cκ,∆ .
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We prove Lemma E.4 using the unitarity of the Fourier transform, see Section E.4.
For later reference, we summarize various bounds on the normalization constants Cκ,∆,

Cκ, Dκ,∆, Eκ,∆(ε) of the states GKPκ,∆ GKPεκ,∆, gkpκ,∆ and gkpεκ,∆ here.

Lemma E.5 (Bounds on normalization constants of GKP-states). Let κ ∈ (0, 1/2),∆ ∈
(0, 1/8) and ε ∈ (0, 1/2). Then

(i) C2
κ

∑
z∈Z ηκ(z)2 = 1 .

(ii) 1 − κ
6 ≥ Cκ ≥ 1 − κ

3 .

(iii) 1 − κ
6 ≥ Cκ,∆ ≥ 1 − κ

3 − 3∆ .

(iv) 1 − ∆ ≥ Dκ,∆ ≥ 1 − 3∆ − κ
2 .

(v) 1 − κ
6 ≥ Eκ,∆(ε) ≥ 1 − κ

2 .

Proof. Assume κ ∈ (0, 1/2) and ∆ ∈ (0, 1/8). Claim (i) follows immediately from the
definition: it amounts to the statement that ∥GKPεκ,∆∥2 = 1. Here we used the fact that
the states {χε∆(z)}z∈Z are pairwise orthogonal for ε < 1/2.

To establish the Claim (ii), we will use the inequalities

(1 + x)−1/2 ≥ 1 − x/2 for x ≥ 0 , (104)
(1 + x)−1/2 ≤ 1 − x/3 for x ∈ [0, 1/2) . (105)

From [21, Lemma A.8] we have

1 − κ√
π

≤ C−2
κ ≤ 1 + κ√

π
.

This together with Eqs. (104) and (105) gives

Cκ ≤
(

1 − κ√
π

)−1/2
≤ 1 − κ

3
√
π

≤ 1 − κ

6 ,

Cκ ≥
(

1 + κ√
π

)−1/2
≥ 1 − κ

2
√
π

≥ 1 − κ

3 ,

which is the Claim (ii).
From [21, Eqs. (158) and (160)] we have

C−2
κ ≤ C−2

κ,∆ ≤ 1 + κ√
π

+ 2(
√

2π + κ)∆ .

This together with Eq. (104) and Claim (ii) gives

Cκ,∆ ≤ Cκ ≤ 1 − κ

6 ,

Cκ,∆ ≥
(

1 + κ√
π

+ 2(
√

2π + κ)∆
)−1/2

≥ 1 − κ

2
√
π

− (
√

2π + κ)∆ ≥ 1 − κ

3 − 3∆ ,

which is the Claim (iii).
From Lemma E.4 we have Dκ,∆ = C2π∆,κ/(2π). Using Claim (iii) then gives

Dκ,∆ = C2π∆,κ/(2π) ≥ 1 − 2π
3 ∆ − 3

2πκ ≥ 1 − 3∆ − κ

2 ,

Dκ,∆ = C2π∆,κ/(2π) ≤ 1 − 2π
6 ∆ ≤ 1 − ∆ ,
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which is Claim (iv).
We give the proof of Claim (v) below. The normalization constant Eκ,∆(ε) satisfies

Eκ,∆(ε)−2 =
∑
z,z′∈Z

∫
ηκ(x)2Ψε

∆(x− z)Ψε
∆(x− z′)dz

=
∑
z∈Z

∫
ηκ(x)2Ψε

∆(x− z)2dz (106)

=
∑
z∈Z

∫ ε

−ε
ηκ(z + x)2Ψε

∆(x)2dx

=
∫ ε

−ε

∑
z∈Z

ηκ(z + x)2

Ψε
∆(x)2dx . (107)

where (in Eq. (106)) we used that the states {Ψε
∆(·−z)}z∈Z have pairwise disjoint support

because supp(Ψε
∆(· − z)) ⊂ [z − ε, z + ε]. Lemma A.8 implies that

e−κ2ε2/2 ∑
z∈Z

ηκ(z)2 ≤
∑
z∈Z

ηκ(z + x)2 ≤
∑
z∈Z

ηκ(z)2 for all x ∈ [−ε, ε] ,

which can be rewritten as

e−κ2ε2/2C−2
κ ≤

∑
z∈Z

ηκ(z + x)2 ≤ C−2
κ (108)

because C−2
κ =

∑
z∈Z ηκ(z)2. Combining Eqs. (107) and (108) gives

e−κ2ε2/2C−2
κ ≤ Eκ,∆(ε)−2 ≤ C−2

κ

because 1 = ∥Ψε
∆∥2 =

∫ ε
−ε Ψε

∆(x)2dx. This together with Claim (ii) as well as the inequal-
ity ex ≥ 1 + x for x ≥ 0 gives

Eκ,∆(ε) ≤ Cκ ≤ 1 − κ

6 ,

Eκ,∆(ε) ≥ eκ
2ε2/4Cκ ≥

(
1 + κ2ε2

4

)(
1 − κ

3

)
≥ 1 − κ

3 + κ2ε2

4 − κ3ε2

12 ≥ 1 − κ

2 ,

which is the Claim (v).

The GKP-state GKPκ,∆ is close to its truncated version GKPεκ,∆ for suitable choices of
parameters, as expressed by the following lemma.

Lemma E.6 (Truncated approximate GKP-states, Lemma A.9 in Ref. [21]). For κ ∈
(0, 1/4),∆ > 0 and ε ∈ (0, 1/2) we have〈

GKPκ,∆,GKPεκ,∆
〉

≥ 1 − 7∆ − 2(∆/ε)4 .

We note that Lemma E.6 is a consequence of the fact that the (centered) Gaussian Ψ∆
is close to its truncated version Ψε

∆ for the chosen parameters, see Lemma E.1.
Let us show the converse, i.e., that the truncated and untruncated GKP-states are not

close unless ∆/ε is small.

Lemma E.7. Let κ,∆ ∈ (0, 1/8) and ε ∈ (0, 1/2). We have∣∣∣〈GKPκ,∆,GKPεκ,∆
〉∣∣∣2 ≤ 15/16 + (ε/∆)2/(4π) + 4∆4 .
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Proof. Recall that the support of the truncated GKP-state GKPεκ,∆ is contained in the set

Z(ε) = {x ∈ R | dist(x,Z) ≤ ε} .

Denoting by Π the orthogonal projection onto the subspace of L2(R) of functions having
support contained in this set, we thus have GKPεκ,∆ = ΠGKPεκ,∆. It follows that∣∣∣〈GKPκ,∆,GKPεκ,∆

〉∣∣∣2 =
∣∣∣〈GKPκ,∆,ΠGKPεκ,∆

〉∣∣∣2
=
∣∣∣〈ΠGKPκ,∆,GKPεκ,∆

〉∣∣∣2
≤ ∥ΠGKPκ,∆∥2 , (109)

where we used the Cauchy-Schwarz inequality and the fact that GKPεκ,∆ is normalized.
Let Π⊥ = I − Π. Then

∥Π⊥GKPκ,∆∥2 = C2
κ,∆

∑
z,z′∈Z

ηκ(z)ηκ(z′)⟨χ∆(z),Π⊥χ∆(z′)⟩

≥ C2
κ,∆

∑
z∈Z

ηκ(z)2⟨χ∆(z),Π⊥χ∆(z)⟩

≥ Rε,∆ · C2
κ,∆

∑
z∈Z

ηκ(z)2

= Rε,∆ ·
(
Cκ,∆/Cκ

)2 (110)

where we introduced the quantity

Rε,∆ := 2
∫ 1−ε

ε
|Ψ∆(x)|2dx

and used that for any z ∈ Z, we have

⟨χ∆(z),Π⊥χ∆(z)⟩ =
∫
R\Z(ε)

|χ∆(z)(x)|2dx

≥
∫

[z−1+ε,z−ε]∪[z+ε,z+1−ε]
|χ∆(z)(x)|2dx

=
∫

[−1+ε,−ε]∪[ε,1−ε]
|Ψ∆(x)|2dx

= Rε,∆ .

We note that by definition of Ψ∆ the function x 7→ |Ψ∆(x)|2 is the probability density
function of the random variable X distributed as X ∼ N (0,∆2/2), i.e., a Gaussian distri-
bution with mean 0 and variance ∆2/2. Therefore

Rε,∆ = Pr[ε < |X| < 1 − ε]
= 1 − (Pr[|X| ≥ 1 − ε] + Pr[|X| ≤ ε]) . (111)

Using the Chernoff bound we find

Pr[|X| ≥ 1 − ε] ≤ 2e−(1−ε)2/∆2

≤ 2(∆/(1 − ε))4

≤ 32∆4 , (112)
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where we used the assumption ε < 1/2 and e−x ≤ 1/x2 for x > 0. Moreover, a straight-
forward computation shows that we have

Pr[|X| ≤ ε] = 2/
√
π

∫ ε/∆

0
e−t2dt

≤
(
1 − e−4/π(ε/∆)2)1/2

≤ 1 − e−4/π(ε/∆)2
/2 (113)

where we used 2/
√
π
∫ x

0 e
−t2dt ≤

√
1 − e4/πx2 (see e.g., [38]) to obtain the second inequality

and we used the bound
√

1 − x ≤ 1 − x/2 for x ∈ [0, 1] to obtain the third inequality.
Combining Eqs. (112) and (113) with Eq. (111) we find

Rε,∆ ≥ e−4/π(ε/∆)2
/2 − 32∆4 . (114)

Moreover, due to Lemma E.5 we have

C2
κ,∆
C2
κ

≥ (1 − κ/3 − 3∆)2 ≥ 1 − 2κ/3 − 6∆ ≥ 1 − κ− 6∆ ≥ 1/8 , (115)

where we used Cκ ≤ 1 and (1−x)2 ≥ 1−2x for x ≥ 0 and the assumption κ,∆ ∈ (0, 1/8).
Combining Eqs. (115), (114) and (110) gives

∥Π⊥GKPκ,∆∥2 ≥
(
e−4/π(ε/∆)2 − 64∆4

)
/16

≥ 1/16 − (ε/∆)2/(4π) − 4∆4 , (116)

where we used that e−x ≥ 1 − x for x ≥ 0. Due to the Pythagorean theorem we have

∥ΠGKPκ,∆∥2 = 1 − ∥Π⊥GKPκ,∆∥2 . (117)

The claim follows by combining Eqs. (109), (117) and (116).

Let us show that the truncated approximate GKP-state gkpεκ,∆ is close to gkpκ,∆.

Lemma E.8 (Truncated approximate GKP-states: pointwise version). Let κ ∈ (0, 1/2),
∆ ∈ (0, 1/8) and ε ≥ ∆. Then

⟨gkpκ,∆, gkpεκ,∆⟩ ≥ 1 − κ− 3∆ − 2(∆/ε)4 .

Proof. By definition of the states gkpκ,∆ and gkpεκ,∆ we have

⟨gkpκ,∆, gkpεκ,∆⟩ = Dκ,∆Eκ,∆(ε)
∑
z,z′∈Z

∫
ηκ(x)2Ψ∆(x− z)Ψε

∆(x− z′)dx

≥ Dκ,∆Eκ,∆(ε)
∑
z∈Z

∫
ηκ(x)2Ψ∆(x− z)Ψε

∆(x− z)dx

≥ Dκ,∆Eκ,∆(ε)
∑
z∈Z

∫
ηκ(x)2

(
Π[−ε,ε]Ψ∆

)
(x− z)Ψε

∆(x− z)dx

= ∥Π[−ε,ε]Ψ∆∥ ·Dκ,∆Eκ,∆(ε)
∑
z∈Z

∫
ηκ(x)2Ψε

∆(x− z)2dx

= ∥Π[−ε,ε]Ψ∆∥ ·Dκ,∆ · Eκ,∆(ε)−1 , (118)
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where we used the non-negativity of the integrand to obtain the first inequality, the non-
negativity of Ψ∆ for the second inequality, and Eq. (106) in the last step. Thus we have

∥Π[−ε,ε]Ψ∆∥ ·Dκ,∆ · Eκ,∆(ε)−1

≥ (1 − 2(∆/ε)4) ·Dκ,∆ · Eκ,∆(ε)−1 by Lemma E.1 (iii)
≥ (1 − 2(∆/ε)4) · (1 − 3∆ − κ/2) · (1 − κ/6)−1 by Claims (iv) and (v) in Lemma E.5

≥ 1 − κ− 3∆ − 2(∆/ε)4 (119)

where we used that (1 − x)−1 ≥ 1 − x for x ∈ (0, 1) and (1 − x)(1 − y) ≥ 1 − x − y
for x, y ≥ 0. Eq. (119) gives the claim when inserted into Eq. (118).

We show the following lemma which we use below in the proof of Lemma E.19.

Lemma E.9. Let d ∈ N. Let κ ∈ (0, 1/2), ∆ ∈ (0, 1/8) and ε ≥ d∆. Then

⟨gkpε/dκ,∆, gkpεκ,∆⟩ ≥ 1 − 3
√
κ− 5

√
∆ − 4(∆d/ε)2 .

Proof. By Lemma E.8 we have

⟨gkpκ,∆, gkpεκ,∆⟩ ≥ 1 − κ− 3∆ − 2(∆/ε)4 ,

⟨gkpκ,∆, gkpε/dκ,∆⟩ ≥ 1 − κ− 3∆ − 2(∆d/ε)4 ,

for κ ∈ (0, 1/2), ∆ ∈ (0, 1/8) and ε ≥ d∆. We use this in Lemma A.5 (with U = I,
φ1 = gkpε/dκ,∆, φ2 = gkpεκ,∆ and ψ1 = ψ2 = gkpκ,∆) to obtain

⟨gkpε/dκ,∆, gkpεκ,∆⟩ ≥ ⟨gkpκ,∆, gkpκ,∆⟩ −
√

2
(√

1 − ⟨gkpκ,∆, gkpε/dκ,∆⟩ +
√

1 − ⟨gkpκ,∆, gkpεκ,∆⟩
)

≥ 1 −
√

2
(√

κ+ 3∆ + 2(∆d/ε)4 +
√
κ+ 3∆ + 2(∆/ε)4

)
≥ 1 − 3

√
κ− 5

√
∆ − 4(∆d/ε)2 ,

where we use the fact that the inner products are positive and real because they are the
inner products of positive real functions, and

√
x+ y ≤

√
x+ √

y for x, y ≥ 0.

The following shows that for appropriate parameters, the peak-wise and the point-wise
approximate GKP-states are close to each other.

Lemma E.10. Let κ ∈ (0, 1/2) and ∆ ∈ (0, 1/8). Then

⟨GKPκ,∆, gkpκ,∆⟩ ≥ 1 − 2κ− 3∆ .

Proof. Assume κ ∈ (0, 1/2) and ∆ ∈ (0, 1/8). We have

⟨gkpκ,∆,GKPκ,∆⟩ = Cκ,∆Dκ,∆
∑
z,z′∈Z

ηκ(z)
∫

Ψ∆(x− z)ηκ(x)Ψ∆(x− z′)dx

≥ Cκ,∆Dκ,∆
∑
z∈Z

ηκ(z)
∫
ηκ(x)Ψ∆(x− z)2dx

= Cκ,∆Dκ,∆ ·
(

1 + κ2∆2

4

)− 1
2

· κ̃√
π

∑
z∈Z

e−κ̃2z2

= Cκ,∆Dκ,∆ ·
(

1 + κ2∆2

4

)− 1
2 ∑
z∈Z

ηκ̃(z)2 , (120)
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where

κ̃ = κ

(
1 + (κ∆)2

4

) 1
2
(

1 + (κ∆)2

2

)− 1
2

≤ κ

(
1 + (κ∆)2

8

)(
1 − (κ∆)2

6

)

= κ

(
1 − (κ∆)2

24 − (κ∆)4

48

)

≤ κ

(
1 − (κ∆)2

24

)
, (121)

where we used that (1+x)−1/2 ≤ 1−x/3 for x ∈ [0, 1/2) and (1+x)1/2 ≤ 1+x/2 for x ≥ 0.
Furthermore, by Items (i) and (ii) in Lemma (E.5) we have∑

z∈Z
ηκ̃(z)2 = C−2

κ̃

≥
(

1 − κ̃

6

)−2

≥
(

1 + κ̃

3

)
≥ 1 − κ

3

(
1 − (κ∆)2

24

)
≥ 1 − κ (122)

where we used Eq. (121) and (1−x)−2 ≥ 1+2x for x ≥ 0. Notice that (1+x)−1/2 ≥ 1−x/2
for x ≥ 0 gives

(1 + (κ∆)2/4)−1/2 ≥ 1 − (κ∆)2/8 . (123)

Inserting Claims (iii) and (iv) from Lemma E.5 and the inequalities (122) and (123) into
the inequality (120) gives

⟨gkpκ,∆,GKPκ,∆⟩ ≥
(

1 − κ

3

)(
1 − 3∆ − κ

2

)(
1 − (κ∆)2

8

)
(1 − κ)

≥ 1 − κ

3 − 3∆ − κ

2 − (κ∆)2

8 − κ

≥ 1 − 2κ− 3∆ ,

where we used that (1 − x)(1 − y) ≥ 1 − x− y for x, y ≥ 0. This is the claim.

Next, we show that the approximate GKP-state gkpκ,∆ is close to the truncated GKP-
state GKPεκ,∆ for an appropriate choice of parameters.

Lemma E.11. Let κ ∈ (0, 1/4), ∆ ∈ (0, 1/8) and ε ∈ (0, 1/2). We have

⟨gkpκ,∆,GKPεκ,∆⟩ ≥ 1 − 2κ− 7
√

∆ − 2(∆/ε)2 .

Proof. By Lemma A.5 we have

|⟨gkpκ,∆,GKPεκ,∆⟩ − 1| ≤ |⟨gkpκ,∆,GKPκ,∆⟩ − 1| +
√

2
√

|⟨GKPεκ,∆,GKPκ,∆⟩ − 1|(124)
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By Lemmas E.10 and E.6 we have

⟨gkpκ,∆,GKPκ,∆⟩ ≥ 1 − 2κ− 3∆ ,

⟨GKPεκ,∆,GKPκ,∆⟩ ≥ 1 − 7∆ − 2(∆/ε)4 ,

which together with Eq. (124) gives the claim since

|⟨gkpκ,∆,GKPεκ,∆⟩ − 1| ≤ 2κ+ 3∆ +
√

2
√

7∆ + 2(∆/ε)4

≤ 2κ+ 7
√

∆ + 2(∆/ε)2 .

We say that two (one-parameter families of) states {Ψκ}κ, {Φκ}κ ⊂ L2(R) are polyno-
mially close to each other for κ → 0 if there are constants C > 0, α > 0 and κ0 > 0 such
that

∥Ψκ − Φκ∥ ≤ Cκα for all κ ≤ κ0 .

This definition can be generalized to two-parameter families {
∣∣Ψκ,∆

〉
}(κ,∆), replacing Cκα

by Cκα∆β for some constants C,α, β. Combining Lemmas E.6, E.8, E.10 and E.11 with
the inequality (62) relating the distance ∥Ψ − Φ∥ of two states Ψ,Φ to their inner prod-
uct ⟨Ψ,Φ⟩, we have shown the following, cf. Fig. 5.

Lemma E.12 (Equivalence of different notions of approximate GKP-states). Let ε ∈
(0, 1/2). The three families of states {

∣∣GKPκ,∆
〉
}κ,∆, {

∣∣∣GKPεκ,∆
〉
}κ,∆, {

∣∣∣gkpκ,∆
〉
}κ,∆ and

{
∣∣∣gkpεκ,∆

〉
}κ,∆ are pairwise polynomially close to each other in the limit (κ,∆) → (0, 0).

E.3 Properties of approximate GKP-states with integer spacing
In this section, we establish various statements about the truncated approximate GKP-
state GKPεκ,∆. In Section E.3.1, we show that this state is approximately stabilized by
integer translations e−izP , z ∈ Z with small modulus |z| in position-space, and by trans-
lations e2πizQ which are integer multiples of 2π in momentum space. In Section E.3.2 we
show that the image of GKPεκ,∆ under the operator eπi(dQ2+cdQ) (where cd = d (mod 2))
is far from GKPεκ,∆. Finally, in Section E.3.3 we consider the action of the squeezing
operator Md on the state gkpκ,∆.

E.3.1 Approximate GKP-states and displacements

Here we examine the effect of phase space displacements on approximate GKP-states.
We consider displacements in the Q (position-) or P (momentum-)directions only. The
following shows that translating the state GKPεκ,∆ by a non-integer amount in position-
space results in an approximately orthogonal state.

Lemma E.13 (Orthogonality of displaced GKP-states, Lemma 7.6 in Ref. [26]). Let κ,∆ >
0, ε ∈ (0, 1/4] and y ∈ R be such that

min
z∈Z

|y − z| ≥ 2ε ,

i.e., the distance of y to Z is at least 2ε. Then

⟨GKPεκ,∆, e−iyPGKPεκ,∆⟩ = 0 .

Accepted in Quantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 60



On the other hand, integer-translations approximately stabilize the state as expressed
by the following lemma.

Lemma E.14 (Position-translated GKP-states, Lemma 7.5 in Ref. [26]). Let κ,∆ ∈
(0, 1/4). For any integer z ∈ Z and any ε ∈ (0, 1/2], we have

⟨GKPεκ,∆, e−izPGKPεκ,∆⟩ ≥ 1 − z2κ2 .

Similarly, integer translations in momentum space also approximately leave the state
invariant.

Lemma E.15 (Momentum-translated GKP-states). Let z ∈ Z, κ,∆ > 0 and ε ≤ 1/(4|z|).
Then we have

⟨GKPεκ,∆, e2πizQGKPεκ,∆⟩ ≥ 1 − 10∆2z2 − 16(∆/ε)4 .

Proof. We mostly follow the proof of [21, Lemma A.14]. We have

⟨GKPεκ,∆, e2πizQGKPεκ,∆⟩ = C2
κ

∑
y∈Z

ηκ(y)2
〈
χε∆(y), e2πizQχε∆(y)

〉
(125)

where we used that the unitary e2πizQ does not change the support of the mutually or-
thogonal functions {χε∆(z)}z∈Z. Moreover, using that |χε∆(y)⟩ = e−iyP |Ψε

∆⟩, we obtain〈
χε∆(y), e2πizQχε∆(y)

〉
=
〈
Ψε

∆, e
iyP e2πizQe−iyPΨε

∆

〉
=
〈
Ψε

∆, e
2πiz(Q+y)Ψε

∆

〉
=
〈
Ψε

∆, e
2πizQΨε

∆

〉
,

where we used that eiyPQe−iyP = Q + yIL2(R) for y ∈ Z. It thus suffices to bound
⟨Ψε

∆, e
2πizQΨε

∆⟩. Recall that (see Lemma E.2 (ii))

⟨Ψε
∆, e

2πizQΨε
∆⟩ ≥ 1 − 10z2∆2 − 16(∆/ε)4 . (126)

The claim follows by combining Eq. (126) with Eq. (125) and using that
∑
y∈Z ηκ(y)2 =

C−2
κ .

Lemmas E.14 and E.15 show that in the limit (κ,∆) → (0, 0), the state |GKPεκ,∆⟩
is stabilized by the operators e−iP and e2πiQ. Thus the state |GKPεκ,∆⟩ approximately
reproduces the stabilization property underlying the formal definition [13] of the ideal
GKP state. We emphasize, however, that the latter is not normalizable (i.e., does not
belong to the Hilbert space). Furthermore, in the limit (κ,∆) → (0, 0), the approximate
GKP state |GKPεκ,∆⟩ does not converge to the ideal GKP state in the sense of distributions
(i.e., in the weak sense).

E.3.2 Approximate GKP-states and the phase operator

In this section, we consider the action of the phase operator

WP = eπi(dQ
2+cdQ)

(where cd = 0 if d is even and cd = 1 otherwise) on the approximate GKP-state GKPεκ,∆.
We find that (for appropriate choices of parameters), the resulting state WPGKPεκ,∆ is far
from the state GKPεκ,∆. This result is a key tool to establish our no-go result (Result 2 in
the introduction). First, we show a lemma used in the proof of Lemma E.17.
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Lemma E.16. Suppose λ, κ ∈ (0, 1/4). Then

C2
κ

∑
y∈Z

η2
κ(y)e−λ2(y+s)2 ≤ 1√

1 + (λ/κ)2 + κ for all s ∈ R .

Proof. Using the definition of ηκ (see Eq. (30)) and by completing the square we have∑
y∈Z

η2
κ(y)e−λ2(y+s)2 = κ

κ̃
e−ξ2 ∑

y∈Z
ηκ̃(y + s̃)2

≤ κ

κ̃
e−ξ2 ∑

y∈Z
ηκ̃(y)2

where we defined

κ̃2 = κ2 + λ2 , s̃ = λ2

κ̃2 s , ξ2 = κ2λ2s2

κ̃2

and used Lemma A.8, which states that a periodic Gaussian achieves its maximum at an
integer. It follows that

C2
κ

∑
y∈Z

η2
κ(y)e−λ2(y+s)2 ≤ C2

κ

κ

κ̃
e−ξ2 ∑

y∈Z
ηκ̃(y)2

= C2
κ

C2
κ̃

· κ
κ̃
e−ξ2

, (127)

where we used Lemma E.5 (ii). Since

κ̃ =
√
κ2 + λ2 ≤ κ+ λ , (128)

the assumptions λ, κ ∈ (0, 1/4) imply that κ̃ ∈ (0, 1/2). With these assumptions, Lemma E.5
implies that

Cκ ≤ 1 − κ

6 ≤ 1 and Cκ̃ ≥ 1 − κ̃

3 ,

and it follows that

C2
κ

C2
κ̃

≤

 1
1 − κ̃

3

2

≤ 1 + κ̃

= 1 +
√
κ2 + λ2 (129)

by Eq. (128). Here we used that (1 − x/3)−1 ≤ 1 + x for x ∈ (0, 1/2). We also have
κ

κ̃
= 1√

1 + (λ/κ)2 . (130)

Combining Eqs. (129) and (130) with Eq. (127), we conclude (with ξ2 ≥ 0) that

C2
κ

∑
y∈Z

η2
κ(y)e−λ2(y+s)2 ≤ 1 +

√
κ2 + λ2√

1 + (λ/κ)2

= 1 + κ
√

1 + (λ/κ)2√
1 + (λ/κ)2

= 1√
1 + (λ/κ)2 + κ for all s ∈ R

as claimed.
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Lemma E.17 (GKP-states and the phase operator). Let d ≥ 2 be an integer. Let ε < 1/2
be arbitrary. Let ∆, κ > 0 be such that

κ < 1/4 , (131)
d∆ < 1/(4π) . (132)

Then ∣∣∣⟨GKPεκ,∆, eπi(dQ
2+cdQ)GKPεκ,∆⟩

∣∣∣ ≤ 1√
1 + (πd∆/κ)2/4

+ κ+ 16(∆/ε)4 .

Proof. Using the definition of the state GKPεκ,∆, we have

⟨GKPεκ,∆, eπi(dQ
2+cdQ)GKPεκ,∆⟩ = C2

κ

∑
y∈Z

ηκ(y)2⟨χε∆(y), eπi(dQ2+cdQ)χε∆(y)⟩

= C2
κ

∑
y∈Z

ηκ(y)2⟨Ψε
∆, e

πi(d(Q+y)2+cd(Q+y))Ψε
∆⟩

= C2
κ

∑
y∈Z

ηκ(y)2⟨Ψε
∆, e

iπϕd(y)eπi(dQ
2+(2dy+cd)Q)Ψε

∆⟩ .

Here we used that the functions {χε∆(y)}y∈Z have pairwise disjoint support, and the op-
erator eπi(dQ2+cdQ) does not change the support of a function. We also introduced the
function

ϕd(y) = dy2 + cdy .

If d is even, cd = 0, thus ϕd(y) = dy2 is even and eiπϕd(y) = 1 for all y ∈ Z. If d is
odd cd = 1. Therefore, ϕd(y) = y(dy + 1). We observe that this expression is even for
all y ∈ Z. Hence we have eiπϕd(y) = 1 for all y ∈ Z in this case also. We conclude that

⟨GKPεκ,∆, eπi(dQ
2+cdQ)GKPεκ,∆⟩ = C2

κ

∑
y∈Z

ηκ(y)2⟨Ψε
∆, e

πi(dQ2+(2dy+cd)Q)Ψε
∆⟩ . (133)

According to Lemma E.3 (ii), we have the upper bound

|⟨Ψε
∆, e

πi(dQ2+(2dy+cd)Q)Ψε
∆⟩| ≤ e−λ2(y+cd/(2d))2 + 16(∆/ε)4 for every y ∈ Z ,

where

λ2 = π2d2∆2/(1 + π2d2∆4) .

Therefore Eq. (133) implies that∣∣∣⟨GKPεκ,∆, eπi(dQ
2+cdQ)GKPεκ,∆⟩

∣∣∣ ≤ C2
κ

∑
y∈Z

ηκ(y)2|⟨Ψε
∆, e

πi(dQ2+(2dy+cd)Q)Ψε
∆⟩|

≤

C2
κ

∑
y∈Z

ηκ(y)2e−λ2(y+cd/(2d))2

+ 16(∆/ε)4 .(134)

Here we used that C2
κ

∑
z∈Z ηκ(z)2 = 1 (see Lemma E.5 (i)).

By definition and the assumption (132), we have

λ = π
d∆√

1 + π2d2∆4
≤ πd∆ ≤ 1/4 ,
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by the assumption (132). With the assumption (131), Lemma E.16 implies that

C2
κ

∑
y∈Z

η2
κ(y)e−λ2(y+s)2 ≤ 1√

1 + (λ/κ)2 + κ

≤ 1√
1 + π2

4
(d∆)2

κ2

+ κ for all s ∈ R , (135)

where we used that πd∆/2 ≤ λ. Combining Eqs. (135) and (134) gives the claim.

E.3.3 Approximate GKP-states and squeezing

Here consider the squeezing operator M1/d for d > 0, i.e., the Gaussian unitary which acts
as

(M1/dΨ)(x) =
√
dΨ(dx) x ∈ R

on elements Ψ ∈ L2(R). We show the following result, which we will use in the analysis of
the Fourier gate for approximate GKP codes (see Section F.3).

Lemma E.18 (Truncated GKP-states and squeezing). Let d ≥ 2 be an integer. Let ∆ ∈
(0, 1/(2d2)) and κ, ε ∈ (d∆, 1/(2d)). Then∣∣∣∣⟨gkpεκ,∆,M1/dgkpεκ/d,∆d⟩ − 1√

d

∣∣∣∣ ≤ 4
√
κ/d+ 9

√
∆/ε .

Proof. By definition, we have

⟨gkpεκ′,∆′ ,Mdgkpεκ,∆⟩ = 1√
d

· Eκ′,∆′(ε)Eκ,∆(ε)
∑
z,z′∈Z

∫
ηκ′(x)ηκ(x/d)Ψε

∆′(x− z)Ψε
∆(x/d− z′)dx

= 1√
d

· Eκ′,∆′(ε)Eκ,∆(ε)
∑
z∈Z

∫
ηκ′(x)ηκ(x/d)Ψε

∆′(x− dz)Ψε
∆(x/d− z)dx

= 1√
d

· Eκ′,∆′(ε)Eκ,∆(ε)
∑
z∈Z

∫
ηκ′(x)ηκ(x/d)Ψε

∆′(d(x/d− z))Ψε
∆(x/d− z)dx ,

because Ψε
∆′(x− z)Ψε

∆(x/d− z′) is proportional to δz,dz′ for ε ≤ 1/(2d). Therefore

⟨gkpεκ′,∆′ ,Mdgkpεκ,∆⟩ =
√
d · Eκ′,∆′(ε)Eκ,∆(ε)

∑
z∈Z

∫
ηκ′(dy)ηκ(y)Ψε

∆′(d(y − z))Ψε
∆(y − z)dy

= 1√
d

· Eκ′,∆′(ε)Eκ,∆(ε)
∑
z∈Z

∫
ηdκ′(y)ηκ(y)Ψε/d

∆′/d(y − z)Ψε
∆(y − z)dy

= 1√
d

· ⟨gkpε/ddκ′,∆′/d, gkpεκ,∆⟩ ·
Eκ′,∆′(ε)

Edκ′,∆′/d(ε/d) ,

where we substituted y = x/d to obtain the first inequality. The second equality follows
from ηκ′(dy) = ηdκ′(y)/

√
d (see Eq. (30)) and Ψε

∆′(dy) = Ψε/d
∆′/d(y)/

√
d as we have (see
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Eq. (32))

Ψε
∆′(dy) = ∥Π[−ε,ε]Ψ∆′∥−1 · 1[−ε,ε](dy) · Ψ∆′(dy)

= ∥Π[−ε,ε]Ψ∆′∥−1 · 1[−ε/d,ε/d](y) · Ψ∆′/d(y)/
√
d

= ∥Π[−ε/d,ε/d]Ψ∆′/d∥−1 · 1[−ε/d,ε/d](y) · Ψ∆′/d(y)/
√
d

= Ψε/d
∆′/d(y)/

√
d ,

where we denote the indicator function of the interval [−ε, ε] by 1[−ε,ε]. The third identity
follows from ∥Π[−ε,ε]Ψ∆′∥2 =

∫ ε
−ε π

−1/2(∆′)−1e−x2/(∆′)2
dx =

∫ ε/∆′

−ε/∆′ π
−1/2e−x2

dx, i.e., the
normalization factor only depends on the ratio ε/∆′.

In particular, for the choice (κ′,∆′) = (κ/d,∆d) we obtain

⟨gkpεκ/d,∆d,Mdgkpεκ,∆⟩ = 1√
d

· ⟨gkpε/dκ,∆, gkpεκ,∆⟩ ·
Eκ/d,∆d(ε)
Eκ,∆(ε/d) . (136)

On the one hand we have

⟨gkpε/dκ,∆, gkpεκ,∆⟩ ≤ 1 , (137)

due to the fact that the states are normalized. On the other hand, from Lemma E.9, which
is valid in the parameter regimes κ ∈ (0, 1/2), ∆ ∈ (0, 1/8) and ε ≥ d∆ , we have

⟨gkpε/dκ,∆, gkpεκ,∆⟩ ≥ 1 − 3
√
κ− 5

√
∆ − 4(∆d/ε)2 . (138)

Eq. (136) together with Eq. (137) and Lemma E.5 (v) which we use to bound Eκ/d,∆d(ε)
and Eκ,∆(ε/d) gives

√
d⟨gkpεκ/d,∆d,Mdgkpεκ,∆⟩ ≤ (1 − κ/(6d))/(1 − κ/2)

≤ (1 − κ/(6d))(1 + κ)
≤ 1 + κ ,

where we used 1/(1 − x) ≤ 1 + 2x for x ∈ (0, 1/2). To obtain the lower bound on this
inner product we use Eq. (138) and Lemma E.5 (v). The result is

√
d⟨gkpεκ/d,∆d,Mdgkpεκ,∆⟩ ≥ (1 − 3

√
κ− 5

√
∆ − 4(∆d/ε)2)(1 − κ/(2d))/(1 − κ/6)

≥ 1 − 3
√
κ− 5

√
∆ − 4(∆d/ε)2 − κ/(2d)

≥ 1 − 4
√
κ− 9

√
∆d/ε

where we used (1 − x)(1 − y) ≥ 1 − x − y for x, y ≥ 0, 1/(1 − x) ≥ 1 for x ≥ 0, and the
assumptions ε ≥ d∆, ε, κ ∈ (∆d, d/2) and d ≥ 2 an integer. Hence we have∣∣∣∣⟨gkpεκ/d,∆d,Mdgkpεκ,∆⟩ − 1√

d

∣∣∣∣ ≤ max
{
κ√
d
, 4
√
κ/d+ 9

√
∆/ε

}
≤ 4

√
κ/d+ 9

√
∆/ε , (139)

where we used
√
x ≥ x for 0 ≤ x ≤ 1. Because M †

d = M1/d and ⟨gkpεκ/d,∆d,Mdgkpεκ,∆⟩ ∈ R,
we have

⟨gkpεκ/d,∆d,Mdgkpεκ,∆⟩ = ⟨M1/dgkpεκ/d,∆d, gkpεκ,∆⟩ = ⟨gkpεκ,∆,M1/dgkpεκ/d,∆d⟩ .

This together with Eq. (139) gives the claim.
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Lemma E.19 (Untruncated GKP-states and squeezing). Let d ≥ 2 be an integer. Let κ ∈
(0, 1/2) and ∆ > 0. Assume that

∆ ≤ 1/(4d3) . (140)

Then ∣∣∣∣⟨gkpκ,∆,M1/dgkpκ/d,∆d⟩ − 1√
d

∣∣∣∣ ≤ 7
√
κ+ 16(∆d)1/4 .

Proof. By Lemma A.5 we have∣∣∣∣⟨gkpκ,∆,M1/dgkpκ/d,∆d⟩ − 1√
d

∣∣∣∣ ≤
∣∣∣∣⟨gkpεκ,∆,M1/dgkpεκ/d,∆d⟩ − 1√

d

∣∣∣∣
+

√
2
(√

|⟨gkpκ,∆, gkpεκ,∆⟩ − 1| +
√

|⟨gkpκ/d,∆d, gkpεκ/d,∆d⟩ − 1|
)
.(141)

We make the choice

ε =
√

∆d , (142)

which, together with the assumption (140), satisfies

1/2 ≥ 1/(2d) ≥ ε ≥ d∆ . (143)

Because of Eq. (143) as well as κ ∈ (0, 1/2) and ∆ > 0 we may apply Lemma E.18
with the choice (142), which gives∣∣∣∣⟨gkp

√
∆d

κ,∆ ,M1/dgkp
√

∆d
κ/d,∆d⟩ − 1√

d

∣∣∣∣ ≤ 4
√
κ/d+ 9(∆/d)1/4 . (144)

We have ε ≥ ∆d ≥ ∆. Therefore, Lemma E.8 implies that

⟨gkpκ,∆, gkpεκ,∆⟩ ≥ 1 − κ− 3∆ − 2(∆/ε)4

≥ 1 − κ− 5∆ (145)

where we used that ∆/ε =
√

∆/d ≤
√

∆. In addition, we have ε ≥ ∆d, hence

⟨gkpκ/d,∆d, gkpεκ/d,∆d⟩ ≥ 1 − κ/d− 3∆d− 2(∆d/ε)4

≥ 1 − κ/d− 5∆d (146)

by Lemma E.8, where we used that ∆d/ε =
√

∆d and the assumption (140).
Inserting Eqs. (145), (146) and (144) into Eq. (141) gives∣∣∣∣⟨gkpκ,∆,M1/dgkpκ/d,∆d⟩ − 1√

d

∣∣∣∣ ≤ 4
√
κ/d+ 9(∆/d)1/4 +

√
2
(√

κ+ 5∆ +
√
κ/d+ 5∆d

)

≤ 4
√
κ/d+ 9(∆/d)1/4 + 2

√
2
√
κ+ 5∆d

≤ 4
√
κ+ 9∆1/4 + 3

√
κ+ 7

√
∆d

≤ 7
√
κ+ 16(∆d)1/4 ,

where we substituted ε =
√

∆d and used ∆d ∈ (0, 1/4), the monotonicity of the square
root and the inequality

√
a+ b ≤

√
a+

√
b for a, b ≥ 0. This is the claim.
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E.4 The Fourier transform of approximate GKP-states with integer spacing
The Fourier transform F(f) of an element f ∈ L1(R) ∩ L2(R) is

F(f)(p) = f̂(p) = 1√
2π

∫
f(x)e−ipxdx .

We note that the unique extension F : L2(R) → L2(R) is a Gaussian unitary as it maps
Gaussian states to Gaussian states. This unitary is generated by the Hamiltonian Q2 +P 2.
We have

F = e−iπ/4eiπ(Q2+P 2)/4 .

We have the following.

Lemma E.20. [21, Lemma A.18] Let κ,∆ > 0. Then

ĜKPκ,∆(p) =
√

2πCκ,∆
∑
z∈Z

η∆(p)Ψκ(p− 2πz) for all p ∈ R . (147)

Proof. We include the proof here for completeness. It relies on the Poisson summation
formula ∑

z∈Z
f(z) =

√
2π
∑
z∈Z

f̂(2πz)

applied to the function f(z) = ηκ(z)e−ipz, which gives

ĜKPκ,∆(p) = Cκ,∆Ψ̂∆(p)

√
2π
∑
z∈Z

η̂κ(p+ 2πz)

 for p ∈ R .

The proof then follows from the fact that the Fourier transform of the Gaussian envelope-
and individual peak-functions defined by Eq. (30) are

η̂κ(p) = e−p2/(2κ2)
√
κπ1/4 = Ψκ(p) ,

Ψ̂∆(p) =
√

∆e−p2∆2/2

π1/4 = η∆(p) .

Let us rephrase the statement of Lemma E.20 in a more convenient form.

Lemma E.21 (Fourier transform of approximate GKP-states). Let κ,∆ > 0. Then we
have ∣∣∣ĜKPκ,∆

〉
= M2π

∣∣∣gkp∆(2π),κ/(2π)

〉
.

Proof. Using that for α > 0, the squeezing operation Mα (see Eq. (27)) acts unitarily on
elements Ψ ∈ L2(R) by

(MαΨ) (x) = 1√
α

Ψ(x/α) for x ∈ R ,

Accepted in Quantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 67



we can rewrite Eq. (147) with α = 2π as

ĜKPκ,∆(p) = (M2πΦ)(p) where Φ(p) = 2πCκ,∆
∑
z∈Z

η∆(2πp)Ψκ(2π(p− z)) .(148)

Because η∆(2πp) = 1√
2πη∆(2π)(p) and Ψκ(2π(p− z)) = 1√

2πΨκ/(2π)(p− z), we obtain

Φ(p) = Cκ,∆
∑
z∈Z

η∆
√

2π(p)Ψκ/(2π)(p− z) .

We conclude from this that

|Φ⟩ =
Cκ,∆

D∆(2π),κ/(2π)

∣∣∣gkp∆(2π),κ/(2π)

〉
or ∣∣∣ĜKPκ,∆

〉
= M2π

(
Cκ,∆

D∆(2π),κ/(2π)

) ∣∣∣gkp∆(2π),κ/(2π)

〉
(149)

because of Eq. (148). The unitarity of M2π and the Fourier transform implies that Cκ,∆ =
D∆(2π),κ/(2π). This concludes the proof.

We note that this proof of Lemma E.21 (namely, the unitarity of the Fourier trans-
form together with Eq. (149)) also proves Lemma E.4, i.e., the statement that Cκ,∆ =
D(2π)∆,κ/(2π).

F Matrix elements of linear optics implementations
Here we bound the matrix elements of the physical implementations given in Section 5.2
of the logical Pauli gates X and Z, and of the logical Fourier transform F for approximate
GKP codes of the form GKPε

κ,∆[d].
Throughout this section, we assume that d ≥ 2 is an integer. We are interested in the

matrix elements of operators with respect to the basis {
∣∣∣GKPεκ,∆(k)d

〉
}k∈Zd

of GKPε
κ,∆[d],

where ∣∣∣GKPεκ,∆(k)d
〉

= e−i
√

2π/dkPM√
2πd

∣∣∣GKPεκ,∆
〉

for k ∈ Zd.

F.1 Matrix elements of the X-gate
Lemma F.1 (Matrix elements of the logical X-gate). Let d ≥ 2 be an integer, κ,∆ > 0
and ε ∈ (0, 1/(2d)]. For j, k ∈ Zd define the matrix element

Mj,k = ⟨GKPεκ,∆(j)d, e−i
√

2π/dPGKPεκ,∆(k)d⟩

of the operator e−i
√

2π/dP with respect to the basis {GKPεκ,∆(j)}j∈Zd
of GKPε

κ,∆[d]. We
have

(1 − κ2) · δj,k⊕1 ≤ Mj,k ≤ δj,k⊕1 for all j, k ∈ Zd ,

where ⊕ denotes addition modulo d.
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Proof. We have(
M√

2πd

)†
(
e−i

√
2π/djP

)†
e−i

√
2π/d(k+1)PM√

2πd =
(
M√

2πd

)†
e−i

√
2π/d(k+1−j)PM√

2πd

= e−i(k+1−j)P/d ,

where we used that

M †
αPMα = P

α
for any α > 0 .

It follows that the matrix elements Mj,k of the operator e−i
√

2π/dP can be written as

Mj,k = ⟨GKPε∆,κ(j)d, e−i
√

2π/dPGKPεκ,∆(k)d⟩

= ⟨e−i
√

2π/djPM√
2πdGKPε∆,κ, e−i

√
2π/dP e−i

√
2π/dkPM√

2πdGKPεκ,∆⟩

= ⟨GKPε∆,κ, e−i(k+1−j)P/dGKPεκ,∆⟩ . (150)

We first consider the case k⊕1 ̸= j, i.e., when k+1−j is not an integer multiple of d. In this
case, we clearly have dist ((k + 1 − j)/d,Z) ≥ 1/d ≥ 2ε by the assumption that ε < 1/(2d).
By Lemma E.13 (expressing the orthogonality of the GKP-state

∣∣∣GKPεκ,∆
〉

and a displaced
version thereof, where the displacement is far from an integer) we conclude that the matrix
element in Eq. (150) vanishes.

Next, we analyze the case where k ⊕ 1 = j. If k + 1 = j, Eq. (150) evaluates to 1.
If k + 1 − j = d, the approximate translation-invariance of approximate GKP-states (see
Lemma E.14) gives

⟨GKPεκ,∆, e−iPGKPεκ,∆⟩ ≥ 1 − κ2 .

The claim follows.

F.2 Matrix elements of the Z-gate
For the logical Z-gate, we also consider integer powers Zm with |m| ≤ d. This will be
useful in the proof of Lemma F.4.

Lemma F.2 (Matrix elements of the logical Zm-gate). Let d ≥ 2 be an integer, m ∈ Z
an integer satisfying |m| ≤ d, κ,∆ > 0 and ε ∈ (0, 1/(2d)]. For j, k ∈ Zd define the matrix
element

Mj,k = ⟨GKPεκ,∆(j)d, ei
√

2π/dmQGKPεκ,∆(k)d⟩

of the operator ei
√

2π/dmQ with respect to the basis {GKPεκ,∆(j)}j∈Zd
of GKPε

κ,∆[d]. We
have

(1 − 10d2∆2 − 16(∆/ε)4) · δj,k ≤ ωmjd ·Mj,k ≤ δj,k for all j, k ∈ Zd ,

where ωd = 22πi/d.

Proof. The identity
(
e−iβP

)†
Qe−iβP = Q+ βI for any β ∈ R implies that(

e−i
√

2π/djP
)†
ei

√
2π/dmQe−i

√
2π/dkP =

((
e−i

√
2π/djP

)†
ei

√
2π/dmQe−i

√
2π/djP

)
ei

√
2π/djP e−i

√
2π/dkP

= ei
√

2π
d
m(Q+

√
2π
d
jI)ei

√
2π/d(j−k)P

= ωmjd ei
√

2π
d
mQei

√
2π/d(j−k)P . (151)
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Since
(Mα)† PMα = P/α

(Mα)†QMα = αQ
for α > 0

we obtain (
M√

2πd

)†
ei
√

2π
d
mQM√

2πd = e2πimQ(
M√

2πd

)†
ei
√

2π
d

(j−k)PM√
2πd = e2πi(j−k)/dP .

(152)

Combining Eqs. (151) and (152) we conclude that(
M√

2πd

)†
(
e−i

√
2π/djP

)†
ei

√
2π/dmQe−i

√
2π/dkPM√

2πd = ωmjd e2πimQei(j−k)P/d .(153)

It follows from Eq. (153) and the definition of the state
∣∣∣GKPεκ,∆(j)d

〉
that

Mj,k = ⟨GKPεκ,∆(j)d, ei
√

2π/dQGKPεκ,∆(k)d⟩

= ωmjd ⟨GKPεκ,∆, e2πimQei(j−k)P/dGKPεκ,∆⟩

and thus

ωmjd Mj,k = ⟨GKPεκ,∆, e2πimQei(j−k)P/dGKPεκ,∆⟩ . (154)

As the unitary e2πimQ does not change the support of the state GKPεκ,∆, by the same
argument as in the proof of Lemma F.1 we conclude that the inner product in Eq. (154)
vanishes for ε ≤ 1/(2d) unless j = k. The assumption ε ≤ 1/(4|m|) ≤ 1/(4d) is satisfied,
and the claim follows by Lemma E.15 which states that

⟨GKPεκ,∆, e2πimQGKPεκ,∆⟩ ≥ 1 − 10∆2m2 − 16(∆/ε)4 ,

≥ 1 − 10d2∆2 − 16(∆/ε)4 ,

where we used that |m| ≤ d.

F.3 Matrix elements of the Fourier transform F
Here we establish bounds on the matrix elements of the linear optics implementation ei

π
4 (Q2+P 2)

for the Fourier transformation F with respect to bases associated with the input code
space Lin = GKPε

κ,∆[d] and the output code space Lout = GKPε
2πd∆,κ/(2πd)[d].

We proceed in two steps. In Lemma F.3 we first give such a bound for a single matrix
element. In Lemma F.4 we generalize this result and give bounds for all matrix elements
of interest.

Lemma F.3 (Matrix element M0,0 of the Fourier transform F). Let d ≥ 2 be an integer.
Let κ ∈ (0, 1/d2) and ∆, ε > 0 be such that

∆ ≤ κ

2πd ≤ ε ≤ 1
2d . (155)

Define

M0,0 = ⟨GKPε2πd∆,κ/(2πd)(0)d, ei
π
4 (Q2+P 2)GKPεκ,∆(0)d⟩ .

Then ∣∣∣∣M0,0 − 1√
d

∣∣∣∣ ≤ 10
(

κ

2πdε

)1/4
+ 19κ1/4 .
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The proof of this Lemma involves the states∣∣∣gkpκ,∆(0)d
〉

= M√
2πd

∣∣∣gkpκ,∆
〉
,∣∣GKPκ,∆(0)d

〉
= M√

2πd
∣∣GKPκ,∆

〉
.

Both these states approximate the GKP-state∣∣∣GKPεκ,∆(0)d
〉

= M√
2πd

∣∣∣GKPεκ,∆
〉

for suitably chosen parameters (ε, κ,∆). This follows from the unitarity of M√
2πd as well

as Lemma E.11 and Lemma E.6, respectively.

Proof. For brevity, we write

κ′ = 2πd∆
∆′ = κ/(2πd)

and WF = ei
π
4 (Q2+P 2) , (156)

and use the shorthand notation

|kin⟩ =
∣∣∣GKPεκ,∆(k)d

〉
and |jout⟩ =

∣∣∣GKPεκ′,∆′(j)d
〉

for j, k ∈ Zd (157)

for basis elements of Lin = GKPε
κ,∆[d] and Lout = GKPε

κ′,∆′ [d] respectively. Expressed in
this notation, we have M0,0 = ⟨0out|WF|0in⟩.

To show the claim, we will use the triangle inequality∣∣∣∣⟨0out|WF|0in⟩ − 1√
d

∣∣∣∣
=
∣∣∣∣⟨0out|WF|0in⟩ − ⟨gkpκ′,∆′(0)d,WFGKPκ,∆(0)d⟩ + ⟨gkpκ′,∆′(0)d,WFGKPκ,∆(0)d⟩ − 1√

d

∣∣∣∣
≤
∣∣∣⟨0out|WF|0in⟩ − ⟨gkpκ′,∆′(0)d,WFGKPκ,∆(0)d⟩

∣∣∣ (158)

+
∣∣∣∣⟨gkpκ′,∆′(0)d,WFGKPκ,∆(0)d⟩ − 1√

d

∣∣∣∣
and bound each term in Eq. (158) separately.

We start by giving an upper bound on the first term in Eq. (158). By Lemma A.5 we
have ∣∣∣⟨0out|WF|0in⟩ − ⟨gkpκ′,∆′(0)d,WFGKPκ,∆(0)d⟩

∣∣∣ (159)

≤
√

2
(√∣∣∣⟨0out, gkpκ′,∆′(0)d⟩ − 1

∣∣∣+√∣∣⟨0in,GKPκ,∆(0)d⟩ − 1
∣∣) .

Because

⟨0out, gkpκ′,∆′(0)d⟩ = ⟨GKPεκ′,∆′(0)d, gkpκ′,∆′(0)d⟩ = ⟨GKPεκ′,∆′ , gkpκ′,∆′⟩

by the unitarity of M√
2πd, we have∣∣∣⟨0out, gkpκ′,∆′(0)d⟩ − 1

∣∣∣ = |⟨gkpκ′,∆′ ,GKPεκ′,∆′⟩ − 1|

≤ 2κ′ + 7
√

∆′ + 2(∆′/ε)2 by Lemma E.11

= 4πd∆ + 7
√
κ/(2πd) + 2(κ/(2πdε))2

≤ 2κ+ 7
√
κ/(2πdε) + 2(κ/(2πdε))2

≤ 2κ+ 9
√
κ/(2πdε) , (160)
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where we used the assumption (155), which implies, in particular, that κ/(2πdε) < 1. (We
note that the assumption (155) and κ ∈ (0, 1/d2) ⊂ (0, 1/4) guarantee that ∆ < 1/(8πd),
which implies that κ′ = 2πd∆ < 1/4 and ∆′ = κ/(2πd) < 1/(8πd) < 1/8. Hence
Lemma E.11 is indeed applicable here.) We also have∣∣⟨0in|GKPκ,∆(0)d⟩ − 1

∣∣ =
∣∣∣⟨GKPεκ,∆(0)d,GKPκ,∆(0)d⟩ − 1

∣∣∣
=
∣∣∣⟨GKPεκ,∆,GKPκ,∆⟩ − 1

∣∣∣
≤ 7∆ + 2(∆/ε)4 by Lemma E.6
≤ 9κ/(2πd)
≤ 9κ/(2πdε) (161)

where we used the assumption (155) in the penultimate step. (Indeed, using the assump-
tion ∆ ≤ κ/(2πd) we obtain ∆/ε ≤ κ/(2πdε) ≤ 1, hence (∆/ε)4 ≤ ∆/ε ≤ κ/(2πdε).) The
fact that κ ∈ (0, 1/d2) ⊂ (0, 1/4) by assumption justifies the use of Lemma E.6 here.

Inserting Eqs. (160) and (161) into Eq. (159) and setting τ := κ/(2πdε) we obtain∣∣∣⟨0out|WF|0in⟩ − ⟨gkpκ′,∆′(0)d,WFGKPκ,∆(0)d⟩
∣∣∣ ≤

√
2
(√

2κ+ 9
√
τ +

√
9τ
)

≤
√

2
(√

2πτ + 9
√
τ + 3

√
τ

)
≤ 10τ1/4

= 10
(

κ

2πdε

)1/4
. (162)

Here we used that 2πdε ≤ π by the assumption (155) and thus κ ≤ πτ , as well as 0 ≤ τ ≤ 1.
We proceed to upper bound the second term in Eq. (158), i.e., we show that the matrix

element ⟨gkpκ′,∆′(0)d,WFGKPκ,∆(0)d⟩ is close to 1/
√
d. Observe that because WFMα =

M1/αWF for α > 0, we have

⟨gkpκ′,∆′(0)d,WFGKPκ,∆(0)d⟩ = ⟨M√
2πdgkpκ′,∆′ ,WFM√

2πdGKPκ,∆⟩
= ⟨gkpκ′,∆′ , (M√

2πd)
†WFM√

2πdGKPκ,∆⟩
= ⟨gkpκ′,∆′ ,M1/(2πd)WFGKPκ,∆⟩
= ⟨gkpκ′,∆′ ,M1/(2πd)M2πgkp∆(2π),κ/(2π)⟩
= ⟨gkpκ′,∆′ ,M1/dgkp∆(2π),κ/(2π)⟩
= ⟨gkpκ′,∆′ ,M1/dgkpκ′/d,∆′d⟩ (163)

by Lemma E.21, i.e., the identity WFGKPκ,∆ = M2πgkp∆(2π),κ/(2π).
Observe that the assumptions (155), κ ≤ 1/d2 and d ≥ 2 imply that

κ′ = 2πd∆ ≤ κ ≤ 1/d2 ≤ 1/4 < 1/2
∆′ = κ/(2πd) ≤ 1/(2πd3) < 1/(4d3) .

In particular, this means that the pair (κ′,∆′) satisfies the assumptions of Lemma E.19,
and we conclude that∣∣∣∣⟨gkpκ′,∆′ ,M1/dgkpκ′/d,∆′d⟩ − 1√

d

∣∣∣∣ ≤ 7
√
κ′ + 16(d∆′)1/4 . (164)
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Combining Eq. (164) with Eq. (163) we therefore obtain

∣∣∣∣⟨gkpκ′,∆′(0)d,WFGKPκ,∆(0)d⟩ − 1√
d

∣∣∣∣ =
∣∣∣∣⟨gkpκ′,∆′ ,M1/dgkpκ′/d,∆′d⟩ − 1√

d

∣∣∣∣
≤ 7

√
κ′ + 16(d∆′)1/4

= 7
√

2π
√
d∆ + 16(2π)−1/4κ1/4

≤ 18
√
d∆ + 11κ1/4

≤ 19κ1/4 (165)

where in the last step, we used that d∆ ≤ κ/(2π) ≤ 1 by the assumption (155) and
18

√
d∆ ≤ 18

√
κ/(2π) ≤ 8

√
κ.

Finally, inserting Eqs. (162) and (165) into Eq. (158) gives the claim

∣∣∣∣⟨0out|WF|0in⟩ − 1√
d

∣∣∣∣ ≤ 10
(

κ

2πdε

)1/4
+ 19κ1/4 .

In the following, we consider more general matrix elements

Mj,k = ⟨GKPε2πd∆,κ/(2πd)(j)d, e
iπ

4 (Q2+P 2)GKPεκ,∆(k)d⟩

where j, k ∈ Zd are arbitrary. To do so, we first relate Mj,k to a matrix element of the op-

erator ωjkd e
−ik
√

2π
d
Qei

π
4 (Q2+P 2)e−ij

√
2π
d
Q. Here we again use the notation from Eqs. (156)

and (157) such that Mj,k = ⟨jout,WFkin⟩. Specifically, we will use the following identity:
We have

⟨jout|WF|kin⟩ = ωjkd ⟨0out|e−ik
√

2π
d
QWFe

ij
√

2π
d
Q|0in⟩ . (166)

for all j, k ∈ Zd.

Proof. Let j, k ∈ Zd be arbitrary. Using that

WFQW
†
F = −P ,

WFPW
†
F = Q

and the commutation relation

eik
√

2π
d
Qeij

√
2π
d
P = ωjkd e

ij
√

2π
d
P eik

√
2π
d
Q

we have

eij
√

2π
d
PWFe

−ik
√

2π
d
P = eij

√
2π
d
P e−ik

√
2π
d
QWF

= ωjkd e
−ik
√

2π
d
Qeij

√
2π
d
PWF

= ωjkd e
−ik
√

2π
d
QWFe

ij
√

2π
d
Q . (167)

We can rewrite the matrix element of interest as

⟨jout|WF|kin⟩ = ⟨GKPεκ′,∆′(j)d,WFGKPεκ,∆(k)d⟩

= ⟨0out|eij
√

2π
d
PWFe

−ik
√

2π
d
P |0in⟩ . (168)
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Inserting Eq. (167) into Eq. (168) we obtain

⟨jout|WF|kin⟩ = ωjkd ⟨0out|e−ik
√

2π
d
QWFe

ij
√

2π
d
Q|0in⟩

which is the claim.

We can bound each matrix element Mj,k as follows.

Lemma F.4 (Matrix elements of the Fourier transform F). Let d ≥ 2 be an integer. Let
κ ∈ (0, 1/d2) and ∆, ε > 0 be such that

∆ ≤ κ

2πd ≤ ε ≤ 1
2d . (169)

For j, k ∈ Zd define the matrix element

Mj,k = ⟨GKPε2πd∆,κ/(2πd)(j)d, e
iπ

4 (Q2+P 2)GKPεκ,∆(k)d⟩

of the operator ei
π
4 (Q2+P 2) with respect to the basis {GKPεκ,∆(j)}j∈Zd

of GKPε
κ,∆[d] and the

basis {GKPε2πd∆,κ/(2πd)(j)}j∈Zd
of GKPε

2πd∆,κ/(2πd)[d]. Then

|Mj,k − ωjkd /
√
d| ≤ 24

(
κ

2πdε

)1/4
+ 21κ1/4 . (170)

for all j, k ∈ Zd. In particular, for the optimal truncation parameter εd = 1/(2d) we have

|Mj,k − ωjkd /
√
d| ≤ 40κ1/4 (171)

for all j, k ∈ Zd if (2πd)∆ ≤ κ < 1/d2.

Proof. Recall that WF = ei
π
4 (Q2+P 2) and Mj,k = ⟨jout|WF|kin⟩. We show the claim using

the triangle inequality∣∣∣∣∣⟨jout|WF|kin⟩ − ωjk√
d

∣∣∣∣∣ =
∣∣∣∣∣⟨jout|WF|kin⟩ − ωjkd ⟨0out|WF|0in⟩ + ωjkd ⟨0out|WF|0in⟩ − ωjk√

d

∣∣∣∣∣
≤
∣∣∣⟨jout|WF|kin⟩ − ωjkd ⟨0out|WF|0in⟩

∣∣∣+ ∣∣∣∣⟨0out|WF|0in⟩ − 1√
d

∣∣∣∣ .(172)

The second term on the rhs. is upper bounded by Lemma F.3, applicable because of the
assumptions (169) and κ ∈ (0, 1/d2), obtaining∣∣∣∣⟨0out|WF|0in⟩ − 1√

d

∣∣∣∣ ≤ 10
(

κ

2πdε

)1/4
+ 19κ1/4 . (173)

It remains to upper bound the first term. Because of Eq. (166) we have∣∣∣⟨jout|WF|kin⟩ − ωjkd ⟨0out|WF|0in⟩
∣∣∣ =

∣∣∣∣ωjkd ⟨eik
√

2π
d
Q0out|WF|eij

√
2π
d
Q0in⟩ − ωjkd ⟨0out|WF|0in⟩

∣∣∣∣
=
∣∣∣∣⟨eik√ 2π

d
Q0out|WF|eij

√
2π
d
Q0in⟩ − ⟨0out|WF|0in⟩

∣∣∣∣
≤

√
2
(√

|⟨0out|eik
√

2π
d
Q|0out⟩ − 1| +

√
|⟨0in|eij

√
2π
d
Q|0in⟩ − 1|

)
.

(174)
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Here we applied Lemma A.5 in the last step to compare the matrix elements of the
unitary WF with respect to the pair of states (ψ1, ψ2) = (eik

√
2π
d
Q |0out⟩ , eij

√
2π
d
Q |0in⟩)

and the pair (φ1, φ2) = (|0out⟩ , |0in⟩), respectively.
Lemma F.2 implies that∣∣∣∣⟨GKPεκ,∆(0)d, ei

√
2π/dmQGKPεκ,∆(0)d⟩ − 1

∣∣∣∣ ≤ 10(d∆)2 + 16(∆/ε)4 for every m ∈ Zd(175)

for all (κ,∆, ε) with ε ≤ 1/(2d). Applying this with m = j (which satisfies |m| ≤ d)
and (κ,∆, ε) gives ∣∣∣∣⟨0in|eij

√
2π
d
Q|0in⟩ − 1

∣∣∣∣ ≤ 10(d∆)2 + 16(∆/ε)4

≤ 10
(
κ

2π

)2
+ 16

(
κ

2πdε

)4

≤ κ2 + 16
(

κ

2πdε

)4
, (176)

where we used that ∆/ε ≤ κ/(2πdε) and d∆ ≤ κ/(2π) by the assumption (169).
Similarly, applying Eq. (175) with m = k and (κ′,∆′, ε) we obtain∣∣∣∣⟨0out|eik

√
2π
d
Q|0out⟩ − 1

∣∣∣∣ ≤ 10(d∆′)2 + 16(∆′/ε)4

≤ 10d2
(

κ

2πd

)2
+ 16

(
κ

2πdε

)4

≤ κ2 + 16
(

κ

2πdε

)4

≤ (π2 + 16)
(

κ

2πdε

)2

≤ 26
(

κ

2πdε

)2
. (177)

In the penultimate inequality, we used that 1/π ≤ 1/(2πdε) (because ε ≤ 1/(2d) by the as-
sumption (169)) and thus κ2 = π2 (κ/π)2 ≤ π2 (κ/(2πdε))2, and the fact that κ/(2πdε) ≤ 1
(again by the assumption (169)).

Inserting Eqs. (176), (177) into (174), we conclude that

∣∣∣⟨jout|WF|kin⟩ − ωjkd ⟨0out|WF|0in⟩
∣∣∣ ≤

√
2

√κ2 + 16
(

κ

2πdε

)4
+

√
26
(

κ

2πdε

)2
 .(178)

Finally, inserting Eq. (178) and Eq. (173) into Eq. (172) gives∣∣∣∣∣⟨jout|WF|kin⟩ −
ωjkd√
d

∣∣∣∣∣ ≤ 10τ1/4 + 19κ1/4 +
√

2
√
κ2 + 16τ4 + 8τ

≤ 10τ1/4 + 19κ1/4 +
√

2(κ+ 4τ2) + 8τ
≤ 24τ1/4 + 21κ1/4 , (179)

where we introduced the quantity

τ := κ

2πdε
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and used that τ ≤ 1 by the assumption (169). This is the Claim (170).
We note that for the optimal truncation parameter εd = 1/(2d), the assumption (155)

is satisfied if (2πd)∆ ≤ κ < 1/d2. We have

τ = κ/π

in this case, hence Eq. (179) takes the form∣∣∣∣∣⟨jout|WF|kin⟩ −
ωjkd√
d

∣∣∣∣∣ ≤ 24 (κ/π)1/4 + 21κ1/4

≤ 40κ1/4 .

G No-go result for asymmetrically squeezed GKP codes
Here we extend our no-go result (Result 2) to consider an asymmetrically squeezed GKP
code GKP⋆

κ,∆[d], where ∆ ̸= κ/(2πd). We show that when such an asymmetric code is
used in conjunction with the Fourier transform, the linear optics implementation of the
phase gate again has a logical gate error lower bounded by a constant.

In more detail, we consider squeezing parameters (κ,∆) which are polynomially small
in d. Concretely, assume that

∆ ≤ 1
80d and (180)

κ ≤ d−(6+ν) for some constant ν > 0 . (181)

To motivate these assumptions, observe that Eq. (180) can be rewritten as ∆ < εd/40 for
the optimal squeezing parameter εd. As argued in Lemma E.7, this kind of assumption
is necessary to ensure that our truncated GKP-states are closed to the corresponding
untruncated states.

The exponent in assumption (181) is chosen in accordance with our result about the
Fourier transform (see Lemma 6.3): Under the additional assumption

∆ ≤ κ

2πd , (182)

the assumption (181) ensures that application of ei
π
4 (Q2+P 2) provides an accurate imple-

mentation of the (logical) Fourier transform F (for large d) where the input- and output-
codes are

Lin = GKP⋆
κ,∆[d] ,

Lout = GKP⋆
κ′,∆′ [d] ,

with

(κ′,∆′) = (2πd∆, κ/(2πd)) . (183)

Indeed, Lemma 6.3 implies that – under the assumptions (181) and (182) – the correspond-
ing gate error is bounded as

errGKP⋆
κ,∆[d],GKP⋆

κ′,∆′ [d](ei
π
4 (Q2+P 2),F) ≤ 21d3/8κ1/16 = 21d−ν/16 .
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With this preparation, we can show that standard linear optics implementation WP of
the phase gate P is no longer accurate when it is used in conjunction with linear optics
implementation of the Fourier transform F. More precisely, the Gaussian WP fails to
accurately implement the gate P for at least one of the two codes Lin or Lout.

Lemma G.1 (No-go result for asymmetric squeezing). Let WP = ei(Q
2+cd

√
2π/dQ)/2.

Let d ≥ 2 be an integer. Suppose that

∆ ≤ 1
80d and (184)

κ ≤ d−(6+ν) for ν > 0 .

Then

max
{

errGKP⋆
κ,∆[d](WP ,P), errGKP⋆

κ′,∆′ [d](WP ,P)
}

≥ 1/50 .

Proof. Consider the following two cases:

2πd∆/κ ≥ 1 : In this case the linear optics implementation of the logical gate P fails to
be accurate for the code Lin: we have

errGKP⋆
κ,∆[d](ei(Q

2+cd

√
2π/dQ)/2,P) ≥ 1/25 − 32(∆/εd)2

≥ 1/50

according to Theorem 7.1 (see Condition (i)) and the assumption (184).

2πd∆/κ < 1 : In this case, application of ei
π
4 (Q2+P 2) provides an accurate implementation

of the (logical) Fourier transform F as argued above (for large d). Consider the result-
ing output code Lout = GKP⋆

κ′,∆′ [d]. We argue that the unitary ei(Q
2+cd

√
2π/dQ)/2

does not constitute an accurate implementation of the gate P for this new code Lout.
Indeed, Eq. (183) and our assumption 2πd∆/κ < 1 imply that

2πd∆′/κ′ = (2πd∆/κ)−1

> 1 . (185)

We conclude from Eq. (185) and Theorem 7.1 (see Condition (i)) that

errGKPεd
κ′,∆′ [d](e

i(Q2+cd

√
2π/dQ)/2,P) ≥ 1/25 − 32(∆′/εd)2

= 1/25 − 32(κ/(2πdεd))2

= 1/25 − 8κ2

≥ 1/25 − 8d−2(6+ν)

≥ 1/50 ,

where we used d ≥ 2.
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H No-go result for the Gaussian implementation of the CZ gate
In this section, we prove a no-go result for the two-mode Gaussian implementation eiQ1Q2 of
the logical CZ gate, analogous to the no-go result for the P gate established in Theorem 7.1.
We show that the logical gate error of the standard implementation remains bounded away
from zero in the limit κ → 0 of infinite squeezing.

We consider two copies of the single-mode GKP code, i.e., the code space L = GKPε
κ,∆[d]⊗2

with orthonormal basis

|j1, j2⟩ :=
∣∣∣GKPεκ,∆(j1)d

〉
⊗
∣∣∣GKPεκ,∆(j2)d

〉
for (j1, j2) ∈ Z2

d . (186)

Lemma H.1 (No-go result for Gaussian implementation of CZ). Let d ≥ 2 be an integer.
Let ε ∈ (0, 1/(2d)] and κ < 1/250 be arbitrary. Then the following holds for the logical
gate CZ.

(i) We have

errGKPε
κ,∆[d]⊗2(eiQ1Q2 ,CZ) ≥ 1/25 − 64(∆/ε)2

for all ∆ satisfying

1/2 > 2πd∆ ≥ κ . (187)

(ii) For two copies of the symmetrically squeezed GKP code GKP⋆
κ[d] we have

errGKP⋆
κ[d]⊗2(eiQ1Q2 ,CZ) ≥ 3/100 .

Proof. Claim (ii) follows from Claim (i) by substituting ∆ = κ/(2πd) (which satisfies the
second bound in Eq. (187) with equality) and ε = εd = 1/(2d), exactly as in the proof of
Theorem 7.1.

It remains to prove Claim (i). Define L = Lin = Lout = GKPε
κ,∆[d]⊗2. The logi-

cal CZ gate has matrix elements CZ(j1,j2),(k1,k2) = δj1,k1δj2,k2 · ωj1j2d and its (approximate)
implementation is

WCZ = eiQ1Q2 .

The matrix elements of the operator B in Definition 3.1 are given by

B(j1,j2),(k1,k2) =
∑

(m1,m2)∈Z2
d

CZ(m1,m2),(j1,j2)⟨m1,m2 |WCZ |k1,k2⟩

= ω−j1j2
d ⟨j1, j2 |eiQ1Q2 |k1,k2⟩ .

In particular, the diagonal entry at (j1, j2) = (0, 0) is

B(0,0),(0,0) = ⟨0,0|eiQ1Q2 |0,0⟩ .

We now compute this matrix element explicitly. By definition of the basis states of the
product code (see Eq. (186)) and the GKP code basis states (see Section 4.2.2), we have

|0,0⟩ = M√
2πd

∣∣∣GKPεκ,∆
〉

⊗M√
2πd

∣∣∣GKPεκ,∆
〉
,
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where M√
2πd denotes the squeezing operator satisfying M †√

2πdQM
√

2πd =
√

2πdQ. Using
the identity

(M√
2πd ⊗M√

2πd)
†eiQ1Q2(M√

2πd ⊗M√
2πd) = e2πidQ1Q2 ,

we obtain

B(0,0),(0,0) =
〈
GKPεκ,∆ ⊗ GKPεκ,∆, e2πidQ1Q2 GKPεκ,∆ ⊗ GKPεκ,∆

〉
.

Since GKPεκ,∆ is supported on Z(ε) = {x ∈ R : dist(x,Z) ≤ ε}, we can expand this matrix
element using the definition of GKPεκ,∆ (see Eq. (33)) as

B(0,0),(0,0) = C2
κ

∑
y,y′∈Z

ηκ(y)ηκ(y′) ⟨χε∆(y) ⊗ GKPεκ,∆, e2πidQ1Q2 χε∆(y′) ⊗ GKPεκ,∆⟩

= C2
κ

∑
y∈Z

ηκ(y)2 ⟨χε∆(y) ⊗ GKPεκ,∆, e2πidQ1Q2 χε∆(y) ⊗ GKPεκ,∆⟩

=: C2
κ

∑
y∈Z

ηκ(y)2Iε∆(y) , (188)

where we used that the functions {χε∆(y)}y∈Z have pairwise disjoint support and the
operator e2πidQ1Q2 does not change the support of a function in the first mode. Therefore,
cross terms in the double sum over y, y′ vanish. In the last line, we introduced Iε∆(y) =
⟨χε∆(y) ⊗ GKPεκ,∆, e2πidQ1Q2 χε∆(y) ⊗ GKPεκ,∆⟩ for y ∈ Z.

We now bound each summand in Eq. (188). Since the operator e2πidQ1Q2 acts as
diagonally (i.e., as a phase factor) in position-space, the term in Iε∆(y) for fixed y ∈ Z can
be expressed as

Iε∆(y) =
∫∫

|χε∆(y)(x1)|2 |GKPεκ,∆(x2)|2 e2πid x1x2 dx1 dx2

=
∫

|GKPεκ,∆(x2)|2e2πidyx2

(∫
|χε∆(y)(y + t)|2e2πidtx2 dt

)
dx2

=
∫

|GKPεκ,∆(x2)|2e2πidyx2

(∫
|Ψε

∆(t)|2e2πidtx2 dt

)
dx2 .

where we substituted x1 = y+ t and used that χε∆(y)(y+ t) = Ψε
∆(t). Taking the absolute

value and applying the triangle inequality, we bound

|Iε∆(y)| ≤
∫

|GKPεκ,∆(x2)|2
∣∣∣∣∫ |Ψε

∆(t)|2e2πidtx2 dt

∣∣∣∣ dx2

=
∫

|GKPεκ,∆(x2)|2
∣∣∣⟨Ψε

∆, e
2πidx2QΨε

∆⟩
∣∣∣ dx2 . (189)

We bound the inner product |⟨Ψε
∆, e

2πidx2QΨε
∆⟩| for all x2 ∈ R by comparing to the

untruncated Gaussian using Lemma A.4, obtaining

|⟨Ψε
∆, e

2πidx2QΨε
∆⟩| ≤ |⟨Ψ∆, e

2πidx2QΨ∆⟩| + 2∥Ψ∆ − Ψε
∆∥ .

The untruncated inner product is given by the Fourier transform of a Gaussian (cf.
the proof of Lemma E.2) and gives ⟨Ψ∆, e

2πidx2QΨ∆⟩ = e−π2∆2d2x2
2 . Together with

Lemma E.1 (iv), this gives

|⟨Ψε
∆, e

2πidx2QΨε
∆⟩| ≤ e−π2∆2d2x2

2 + 16(∆/ε)4 for all x2 ∈ R . (190)
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Substituting Eq. (190) into Eq. (189), we obtain

Iε∆(y) ≤
∫

|GKPεκ,∆(x2)|2e−π2∆2d2x2
2 dx2 + 16(∆/ε)4 .

Therefore, using C2
κ

∑
y∈Z ηκ(y)2 = 1, we have

|B(0,0),(0,0)| ≤
∫

|GKPεκ,∆(x2)|2e−π2∆2d2x2
2 dx2 + 16(∆/ε)4 . (191)

Expanding |GKPεκ,∆(x2)|2 = C2
κ

∑
z∈Z ηκ(z)2|Ψε

∆(x2 − z)|2 and substituting t = x2 − z
gives ∫

|GKPεκ,∆(x2)|2e−π2∆2d2x2
2 dx2 = C2

κ

∑
z∈Z

ηκ(z)2
∫

|Ψε
∆(t)|2e−π2∆2d2(z+t)2

dt

= C2
κ

∑
z∈Z

ηκ(z)2⟨Ψε
∆, e

−π2∆2d2(z+Q)2Ψε
∆⟩ .

To bound the remaining integral, note that Az := e−π2∆2d2(z+Q)2 is a bounded positive
operator for all z ∈ Z with ∥Az∥ ≤ 1 since 0 ≤ e−π2∆2d2(z+x)2 ≤ 1 for all x ∈ R. Hence by
the same argument as in the proof of Lemma A.4 we have

⟨Ψε
∆, AzΨε

∆⟩ ≤ ⟨Ψ∆, AzΨ∆⟩ + 2∥Ψ∆ − Ψε
∆∥ . (192)

The inner product over untruncated Gaussians evaluates to

⟨Ψ∆, AzΨ∆⟩ =
∫
e−t2/∆2

√
π∆ e−π2∆2d2(n+t)2

dt = e−λ2n2

√
1 + π2∆4d2

≤ e−λ2n2
, (193)

where λ2 = π2d2∆2/(1+π2∆4d2). Combining Eqs. (191), (192) and (193) with Lemma E.1 (iv)
and C2

κ

∑
z∈Z ηκ(z)2 = 1, we obtain

|B(0,0),(0,0)| ≤ C2
κ

∑
z∈Z

ηκ(z)2e−λ2z2 + 32(∆/ε)4 . (194)

Applying Lemma E.16 with λ = πd∆/
√

1 + π2d2∆4 (noting that λ ≤ πd∆ < 1/4 under
assumption (187) and κ < 1/250 < 1/4) gives

C2
κ

∑
y∈Z

ηκ(y)2e−λ2y2 ≤ 1√
1 + (λ/κ)2 + κ ≤ 1√

1 + π2(d∆/κ)2/4
+ κ ,

where we used that under the assumption (187)

λ = πd∆/
√

1 + π2d2∆4 ≥ πd∆/
√

1 + π2d2∆2 ≥ πd∆/
√

1 + 1/4 ≥ πd∆/2 .

Moreover, we have πd∆/κ ≥ 1/2, so π2(d∆/κ)2/4 ≥ 1/16, hence
1√

1 + π2(d∆/κ)2/4
+ κ ≤ 1√

17/16
+ κ <

49
50 for all κ < 1

250 ,

since 1/
√

17/16 < 49/50 − 1/250. Combining with the Eq. (194) gives∣∣∣B(0,0),(0,0)

∣∣∣ ≤ 49
50 + 32(∆/ε)4 . (195)

By Lemma 3.7 we have

errL(WCZ ,CZ) ≥ 2
√

1 − |B(0,0),(0,0)|2 ≥ 2
(
1 − |B(0,0),(0,0)|

)
, (196)

where we used
√

1 − x2 ≥ 1 − x for x ∈ [0, 1]. Combining Eqs. (195) and (196) gives the
claim.
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I Continuity of the (subspace) logical gate error
In this section, we show that if a logical unitary U is approximately implemented by a
(physical) unitary W on a code space L ⊂ H, then the same holds for any subspace L̃ that
is close to L. We proceed as follows. In Section I.1, we establish a continuity bound for
the logical gate error. In Section I.2, we introduce a quantity we call the subspace logical
gate error. We then show that it satisfies a similar continuity property.

I.1 Continuity of the logical gate error
We show the following.

Lemma I.1 (Continuity of the logical gate error). Let d ≥ 2 be an integer. Let H be a
Hilbert space and let {φj}d−1

j=0 , {φ̃j}
d−1
j=0 ⊂ H be two families of orthonormal vectors. Define

two subspaces L, L̃ ⊂ H by

L = span{φj}d−1
j=0 and L̃ = span{φ̃j}d−1

j=0

and corresponding isometric encoding maps EncL : Cd → L and EncL̃ : Cd → L̃ by

EncL |j⟩ = |φj⟩
EncL̃ |j⟩ = |φ̃j⟩

for j ∈ {0, . . . , d− 1} .

Let DecL := (EncL)−1 and DecL̃ := (EncL̃)−1 be the associated inverse maps. Let U :
Cd → Cd be a unitary. Define the maps U = EncLUDecL : L → L and Ũ = EncL̃UDecL̃ :
L̃ → L̃. Let W : H → H be a unitary and let B = BU

L,L(W,U) and B̃ = BU
L̃,L̃

(W,U) be
the corresponding operators introduced in Definition 3.1. Then∣∣∣c(B) − c(B̃)

∣∣∣ ≤ 2dδ ,

where

δ := max
j∈{0,...,d−1}

∥φj − φ̃j∥ .

In particular, we have ∣∣∣errL(W,U) − errL̃(W,U)
∣∣∣ ≤ 4

√
dδ . (197)

Proof. According to Lemma C.3 we have

|c(B) − c(B̃)| ≤ ∥B − B̃∥ ≤ ∥B − B̃∥2 . (198)

Fix j, k ∈ {0, . . . , d− 1}. By definition of B and B̃ we have

∣∣∣Bj,k − B̃j,k
∣∣∣2 =

∣∣∣∣∣
d−1∑
m=0

Um,j (⟨φm,Wφk⟩ − ⟨φ̃m,Wφ̃k⟩)
∣∣∣∣∣
2

≤
(
d−1∑
m=0

|Um,j |2
)

·
(
d−1∑
m=0

|⟨φm,Wφk⟩ − ⟨φ̃m,Wφ̃k⟩|2
)

=
d−1∑
m=0

|⟨φm,Wφk⟩ − ⟨φ̃m,Wφ̃k⟩|2 , (199)
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for all j, k ∈ {0, . . . , d− 1}. Here we used the triangle inequality and the Cauchy-Schwarz
inequality. The last inequality follows from the assumption that U is unitary, which implies
that

∑d−1
m=0 |Um,j |2 = 1 for all j ∈ {0, . . . , d− 1}. Note that we have

|⟨φm,Wφk⟩ − ⟨φ̃m,Wφ̃k⟩| ≤ ∥φk − φ̃k∥ + ∥φm − φ̃m∥
≤ 2δ (200)

for all m ∈ {0, . . . , d − 1} by Lemma A.5 and the definition of δ. Combining Eqs. (199)
and (200) we find that

∥B − B̃∥2 ≤ 2d · δ ,

and thus ∣∣∣c(B) − c(B̃)
∣∣∣ ≤ 2d · δ (201)

by Eq. (198). Finally, using 3.2, we have with τ := c(B) − c(B̃)

errL̃(W,U) = 2
√

1 − c(B̃)2

= 2
√

1 − (c(B) − τ)2

= 2
√

1 − c(B)2 + 2τc(B) − τ2

≤ 2
√

1 − c(B)2 + 2τc(B)

≤ 2
√

1 − c(B)2 + 2
√

2
√
τ

≤ 2
√

1 − c(B)2 + 4
√
dδ (202)

where we used the inequality
√
a+ b ≤

√
a +

√
b for a, b ≥ 0, the fact that c(B) ≤ 1

because W is unitary, and Eq. (201). According to Lemma 3.2, we also have√
1 − c(B)2 = 1

2errL(W,U) . (203)

Combining Eqs. (202) and (203) implies

errL̃(W,U) ≤ errL(W,U) + 4
√
dδ . (204)

Interchanging the roles of L and L̃, we obtain

errL(W,U) ≤ errL̃(W,U) + 4
√
dδ . (205)

The Claim (197) follows by combining Eqs. (204) and (205).

The following result establishes that if a family of vectors is close to an orthonormal
basis, then we can find an orthogonalization which preserves closeness. More precisely, we
have the following.

Lemma I.2. Let d ≥ 2 be an integer. Let H be a Hilbert space and let {ϕj}d−1
j=0 ⊂ H

be a family of orthonormal vectors. Let {ψj}d−1
j=0 ⊂ H be a set of linearly independent

normalized vectors. Then there is an orthonormal system {ξj}d−1
j=0 ⊂ H which spans the

same subspace as {ψj}d−1
j=0 and satisfies

max
k∈{0,...,d−1}

∥ξk − ϕk∥ ≤ 2
√
d max
j∈{0,...,d−1}

∥ψj − ϕj∥ . (206)
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Proof. The key ingredient of the proof is the symmetric orthogonalization process, see [39,
40], which can be regarded as a polar decomposition. For completeness, we give a detailed
proof. Define V := span{{ψj}d−1

j=0 ∪{ϕj}d−1
j=0}. Then n := dim V ≥ d. Using an orthonormal

basis of V, let us represent the families of vectors as columns of n× d matrices where

Aϕ = (ϕ0, . . . , ϕd−1)
Aψ = (ψ0, . . . , ψd−1) .

Note that by construction Aϕ : Cd → V is an isometry, that is, A†
ϕAϕ = Id where Id is the

identity on Cd. Let G = A†
ψAψ. Define the matrix

Aξ = AψG
−1/2 .

Then Aξ : Cd → V is an isometry as

A†
ξAξ =

(
G−1/2

)†
A†
ψAψG

−1/2

= G−1/2GG−1/2

= Id .

That is, Aψ = AξG
1/2 is the polar decomposition of Aψ. Define ξk as the k-th column

of Aξ for k ∈ {0, . . . , d− 1}, i.e., Aξ = (ξ0, . . . , ξd−1). Our goal is to bound the Frobenius
norm ∥Aϕ − Aξ∥2. This implies a bound on the quantity maxk∈{0,...,d−1} ∥ψk − ξk∥ as we
have

∥ϕk − ξk∥ ≤
(
d−1∑
ℓ=0

∥ϕℓ − ξℓ∥2
)1/2

= ∥Aϕ −Aξ∥2 for all k ∈ {0, . . . , d− 1} .(207)

Using the triangle inequality we have

∥Aϕ −Aξ∥2 ≤ ∥Aϕ −Aψ∥2 + ∥Aψ −Aξ∥2 .

We can bound the first term as

∥Aϕ −Aψ∥2 =
(
d−1∑
k=0

∥ϕk − ψk∥2
)1/2

≤
√
d max
j∈{0,...,d−1}

∥ψj − ϕj∥ . (208)

In order to bound the second term, we claim that

min
U :Cd→V
U†U=Id

∥U −Aψ∥2 = ∥Aξ −Aψ∥2 , (209)

that is, Aξ is the closest isometry to Aψ.

Proof of Eq. (209). Let U : Cd → V be an isometry. Then

∥U −Aψ∥2
2 =

∥∥∥U −AξG
1/2
∥∥∥2

2

=
∥∥∥A†

ξU −G1/2
∥∥∥2

2

= tr
((
A†
ξU
)†
A†
ξU

)
− 2Re tr

((
A†
ξU
)†
G1/2

)
+ tr (G)

= d− 2Re tr
(
U †AξG

1/2
)

+ tr (G) , (210)
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where we used the invariance of the Frobenius norm under isometries in the second step
and (

A†
ξU
)†
A†
ξU = Id

in the third step. The U -dependent term can be bounded as

Re tr
(
U †AξG

1/2
)

≤
∣∣∣tr (U †AξG

1/2
)∣∣∣

≤
∥∥∥U †Aξ

∥∥∥ ∥∥∥G1/2
∥∥∥

1

= tr
(
G1/2

)
, (211)

where the second inequality follows from Hölder’s inequality. The last identity follows
from the unitarity of U †Aξ and the fact that G1/2 is positive semidefinite. Clearly, the
inequalities are equalities for the choice U = Aξ. Therefore combining Eqs. (210) and (211)
we find that

∥U −Aψ∥2
2 ≥ d− tr

(
G1/2

)
+ tr (G) = ∥Aξ −Aψ∥2

2 .

Using that Aϕ is an isometry it follows from Eqs. (209) and (208) that

∥Aξ −Aψ∥2 ≤ ∥Aϕ −Aψ∥2 ≤
√
d max
j∈{0,...,d−1}

∥ψj − ϕj∥ . (212)

The Claim (206) then follows by combining Eq. (207) with Eqs. (208) and (212).

I.2 Definition and continuity of the subspace logical gate error
In this section, we introduce a quantity called the subspace logical gate error. It is obtained
by optimizing the logical gate error over all encoding- and decoding maps. We then show
that this quantity also satisfies a continuity property with respect to the choice of code
space L.

A logical unitary U on Cd is typically specified in terms its action on computational
basis states. As discussed in Section 2.1 (see also Section 3), this means that for a given
code space L = Lin = Lout, defining a corresponding logical unitary requires fixing bases
of the code space, or, equivalently, a choice of two encoding maps (see Eq. (15)). In other
words, when U is specified in terms of matrix elements with respect to computational basis
states, the logical gate error errL(W,U) also depends on the choice of encoding and not
only on the underlying code subspace L.

For a fixed physical unitary W : H → H, a d-dimensional code space L ⊂ H and a
logical unitary U on Cd, it is therefore natural to consider the smallest logical gate error
achievable when appropriately choosing the encoding maps. We define the corresponding
quantity as

errL
(
W
)

= min
EncLin

,EncLout ∈EL
errL(W,EncLoutUEnc−1

Lin
) , (213)

where

EL := {EncL : Cd → L | Enc†
LEncL = ICd} .
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denotes the set of isometries from Cd to L. We call the quantity errL
(
W
)

the subspace
logical gate error. Our notation emphasizes that the quantity only depends on the sub-
space L considered and the (physical) unitary W : Indeed, the rhs. of Eq. (213) does not
depend on U and the subspace logical gate error can be rewritten as

errL
(
W
)

= min
V :Cd→Cd

V †V=ICd

errL(W,Enc∗
LV (Enc∗

L)−1) (214)

where Enc∗
L ∈ EL is fixed (but arbitrary), and where the minimum is over all unitaries V :

Cd → Cd. Equivalently, we have

errL
(
W
)

= min
V:L→L

V†V=IL

errL(W,V) (215)

where the minimum is over all unitaries V : L → L.

Proof. Assume that a physical unitary W : H → H and a logical unitary U : Cd → Cd
are given. Let Lin ∼= Lout ⊂ H be d-dimensional subspaces of H. Furthermore, let
Enc∗

Lin
∈ ELin and Enc∗

Lout
∈ ELout be fixed isometric encoding maps.

Then any two encoding maps EncLin ∈ ELin and EncLout ∈ ELout can be written
as EncLin = Enc∗

Lin
Vin and EncLout = Enc∗

Lout
Vout for unitaries Vin, Vout : Cd → Cd. It

follows that EncLoutUEnc−1
Lin

= Enc∗
Lout

VoutUV
†

in(Enc∗
Lin

)−1. Since the map (Vin, Vout) 7→
VoutUV

†
in is surjective onto the set of unitaries on Cd, minimizing a function of EncLoutUEnc−1

Lin

over pairs (EncLin ,EncLout) ∈ ELin × ELout is equivalent to minimizing the same function
evaluated on Enc∗

Lout
V (Enc∗

Lin
)−1 over all unitaries V on Cd. Considering Lin = Lout = L

and the same maps Enc∗
L = Enc∗

Lin
= Enc∗

Lout
, this implies Eq. (214).

Eq. (215) follows from Eq. (214) by observing that any unitary V : L → L can be
written as V = EncLV Enc−1

L for the unitary V = Enc−1
L VEncL : Cd → Cd.

In what follows, we establish two complementary results about the subspace logical
gate error errL

(
W
)
. First, in Lemma I.3, we give a lower bound on errL

(
W
)

in terms
of the action of W on unit vectors in the code subspace L. This bound provides a way
of certifying that no encoding into L admits a vanishing logical gate error. Second, in
Lemma I.4, we give a continuity bound on errL

(
W
)

which compares two d-dimensional
code subspaces L and L̃ that are spanned by close families of vectors.

Lemma I.3 (Encoding-independent lower bound on the subspace gate error). Let d ≥ 2
be an integer. Let H be a Hilbert space and let L ⊂ H be a d-dimensional subspace with
associated orthogonal projection πL : H → L. Let W : H → H be a unitary. Then

errL
(
W
)

≥ 2

1 − min
Ψ∈L

∥Ψ∥=1

∥πLWΨ∥2


1/2

. (216)

Proof. Let U : L → L be an arbitrary unitary on L, and let B : L → L be the operator
introduced in Definition 3.1. By Lemma 3.2 we have

errL(W,U) = 2
√

1 − c(B)2 , (217)

where c(B) = minΨ∈L,∥Ψ∥=1 |⟨Ψ, BΨ⟩| denotes the Crawford number of B, see Eq. (18).

Accepted in Quantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 85



By definition of B we have

c(B) = min
Ψ∈L

∥Ψ∥=1

∣∣〈UΨ,WΨ
〉∣∣ . (218)

Using that UΨ ∈ L and ∥UΨ∥ = 1 for every unit vector Ψ ∈ L, the Cauchy-Schwarz
inequality gives ∣∣〈UΨ,WΨ

〉∣∣ =
∣∣〈UΨ, πLWΨ

〉∣∣ ≤ ∥πLWΨ∥ . (219)

Combining Eqs. (218) and (219) yields

c(B) ≤ min
Ψ∈L

∥Ψ∥=1

∥πLWΨ∥ . (220)

Inserting Eq. (220) into Eq. (217) gives

errL(W,U) ≥ 2

1 − min
Ψ∈L

∥Ψ∥=1

∥πLWΨ∥2


1/2

. (221)

Since the rhs. of Eq. (221) is independent of the logical unitary U, taking the minimum
over all unitaries U : L → L on the lhs. establishes Eq. (216) because of Eq. (215).

With this result, we can establish a continuity statement for the subspace logical gate
error analogous to Lemma I.1.

Lemma I.4 (Continuity of the subspace logical gate error). Let d ≥ 2 be an integer. Let H
be a Hilbert space and let {ϕj}d−1

j=0 ⊂ H be a family of orthonormal vectors spanning L =
span{ϕj}d−1

j=0. Let {ϕ̃j}d−1
j=0 ⊂ H be a family of linearly independent normalized vectors

spanning L̃ = span{ϕ̃j}d−1
j=0. Let W : H → H be a unitary. Then∣∣∣errL

(
W
)

− errL̃
(
W
)∣∣∣ ≤ 6d3/4√

δ , (222)

where

δ := max
j∈{0,...,d−1}

∥ϕj − ϕ̃j∥ .

Proof. Due to Lemma I.2 applied to {ϕj}d−1
j=0 and {ϕ̃j}d−1

j=0 (cf. Eq. (207)), there is an
orthonormal family {ξj}d−1

j=0 ⊂ H which spans L̃ and satisfies

η := max
j∈{0,...,d−1}

∥ξj − ϕj∥ ≤ 2
√
d δ .

Define the isometric encodings EncL : Cd → L and EncL̃ : Cd → L̃ by

EncL |j⟩ = |ϕj⟩ , EncL̃ |j⟩ = |ξj⟩ for j ∈ {0, . . . , d− 1} .

Let V : Cd → Cd be an arbitrary unitary. Applying Lemma I.1 to the two orthonormal
families {ϕj}d−1

j=0 and {ξj}d−1
j=0 with target V and closeness parameter η yields∣∣∣errL(W,EncLV Enc−1

L ) − errL̃(W,EncL̃V Enc−1
L̃

)
∣∣∣ ≤ 4

√
d η ≤ 6d3/4√

δ .
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We emphasize that this bound is independent of V .
Note that for any two non-negative functions f, g : X → [0,∞) on a set X ̸= ∅ we have∣∣∣∣ inf

x∈X
f(x) − inf

x∈X
g(x)

∣∣∣∣ ≤ sup
x∈X

|f(x) − g(x)| ,

Applying this with X being the set of unitaries on Cd, f(V ) = errL(W,EncLV Enc−1
L ),

g(V ) = errL̃(W,EncL̃V Enc−1
L̃

) in combination with Eq. (214) establishes Eq. (222).

J Encoding-independent no-go result for the P-gate
In this section we extend the no-go result of Theorem 7.1 from the standard encoding of the
symmetrically squeezed GKP code GKP⋆

κ[d] to arbitrary isometric encodings into GKP⋆
κ[d].

Recall (see Section I.2) that the subspace logical gate error errGKP⋆
κ[d]
(
WP

)
is the smallest

achievable logical gate error on the code space GKP⋆
κ[d] over all isometric encoding maps,

for any target logical unitary U . We show that this quantity remains bounded away from
zero even in the limit κ → 0 of large squeezing.

The argument relies on the encoding-independent reduction (Lemma I.3) using
∣∣∣GKPεκ,∆(0)d

〉
as a test vector to obtain the desired lower bound on the subspace logical gate error.

Theorem J.1 (Encoding-independent no-go result for the linear optics implementation
of P). Let d ≥ 2 be an integer and let cd = d mod 2. Then the subspace logical gate error
of the linear optics implementation WP = ei(Q

2+cd

√
2π/dQ)/2 of the logical P-gate in the

symmetrically squeezed GKP code GKP⋆
κ[d] satisfies

errGKP⋆
κ[d]
(
WP

)
≥ 3/100 (223)

for all κ < 1/250.
In particular, for any family {Encκ : Cd → GKP⋆

κ[d]}κ∈(0,∞) of isometric encoding
maps, we have

errGKP⋆
κ[d](WP,P) ̸→ 0 as κ → 0 ,

i.e., even in the limit κ → 0 of large squeezing, the logical gate error does not vanish
asymptotically. The identical conclusion, i.e., the same asymptotic no-go result also holds
for the symmetrically squeezed untruncated GKP code GKPκ,κ/(2πd)[d].

Proof. Let Lκ := GKP⋆
κ[d] and let

{∣∣∣GKP1/(2d)
κ,κ/(2πd)(k)d

〉}
k∈Z

denote the basis states of Lκ.
Since these basis states form an orthonormal basis of Lκ, we have for the test vector Φ :=
GKP⋆κ(0)d ∈ Lκ that

∥πLκWPΦ∥2 =
d−1∑
j=0

∣∣⟨GKP⋆κ(j)d,WPGKP⋆κ(0)d⟩
∣∣2 . (224)

Using that for ε ≤ 1/(2d) we have

⟨GKPεκ,∆(j)d,WPGKPεκ,∆(0)d⟩ = ⟨GKPεκ,∆,M
†√

2πde
ij

√
2π/dPWPM√

2πdGKPεκ,∆⟩

= ⟨GKPεκ,∆, ei(j/d)P eiπ(dQ2+cdQ)GKPεκ,∆⟩

=
∫
R

GKPεκ,∆(y − j/d) eiπ(dy2+cdy) GKPεκ,∆(y) dy

= δj,0 · ⟨GKPεκ,∆, eiπ(dQ2+cdQ)GKPεκ,∆⟩, (225)
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where in the penultimate step we used that ei(j/d)P acts as the position-shift y 7→ y− j/d
and the last step follows by considering the support of GKPεκ,∆.

The remaining term is exactly the matrix element bounded in Lemma E.17. Under
the assumptions κ < 1/4 and d∆ < 1/(4π) (which are satisfied for κ < 1/4 since d∆ =
κ/(2π) < 1/(4π)), Lemma E.17 yields∣∣⟨GKPεκ,∆(0)d,WPGKPεκ,∆(0)d⟩

∣∣ ≤ 1√
1 + (πd∆/κ)2/4

+ κ+ 16(∆/ε)4 . (226)

Substituting ∆ = κ/(2πd) and ε = 1/(2d) in Eq. (226) and combining with Eq. (225)
gives

d−1∑
j=0

∣∣⟨GKP1/(2d)
κ,κ/(2πd)(j)d,WPGKP1/(2d)

κ,κ/(2πd)(0)d⟩
∣∣2 ≤

(
1√

1 + 1/(16)
+ κ+ 16(κ/π)4

)2

,(227)

where we used d∆/κ = 1/(2π) and ∆/ε = κ/π. A direct calculation shows that

1√
1 + 1/16

+ κ+ 16(κ/π)4 ≤ 49
50 for all κ <

1
250 . (228)

Combining Eqs. (224), (227), and (228) yields

∥πLκWPΦ∥ ≤ 49
50 for all κ <

1
250 . (229)

By Lemma I.3 (Eq. (216)), we have

errLκ

(
WP

)
≥ 2

1 − min
Ψ∈Lκ
∥Ψ∥=1

∥πLκWPΨ∥2


1/2

≥ 2

1 − min
Ψ∈Lκ
∥Ψ∥=1

∥πLκWPΨ∥

 ,

where we used the inequality
√

1 − x2 ≥ 1 −x for x ∈ [0, 1] in the last step. Inserting Ψ =
Φ = GKP1/(2d)

κ,κ/(2πd)(0)d (which is a unit vector in Lκ) in the expression on the rhs, and using
Eq. (229) establishes the Claim (223).

The statement for the symmetrically squeezed untruncated GKP code follows by con-
tinuity. Specifically, let L̃κ = GKPκ,κ/(2πd)[d] denote the untruncated code, and Lκ =
GKP⋆

κ[d] the truncated code. By Lemma E.6 (see also the proof of Corollary 6.4), the basis
states of Lκ and L̃κ can be chosen such that ∥GKP1/(2d)

κ,κ/(2πd)(j)d − GKPκ,κ/(2πd)(j)d∥ ≤ 2
√
κ

for all j. Applying Lemma I.4 with δ = 2
√
κ, we see that errL̃κ

(
WP

)
̸→ 0 if errLκ

(
WP

)
̸→ 0

as κ → 0. This implies the claim.
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