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Quantifying the accuracy of logical gates is paramount in approximate er-
ror correction, where perfect implementations are often unachievable with the
available set of physical operations. To this end, we introduce a single scalar
quantity we call the (composable) logical gate error. It captures both the de-
viation of the logical action from the desired target gate as well as leakage
out of the code space. It is subadditive under successive application of gates,
providing a simple means for analyzing circuits. We show how to bound the
composable logical gate error in terms of matrix elements of physical unitaries
between (approximate) logical computational basis states. In the continuous-
variable context, this sidesteps the need for computing energy-bounded norms.

As an example, we study the composable logical gate error for linear op-
tics implementations of Paulis and Cliffords in approximate Gottesman-Kitaev-
Preskill (GKP) codes. We find that the logical gate error for implementations
of Paulis depends linearly on the squeezing parameter. This implies that their
accuracy improves monotonically with the amount of squeezing. For some Clif-
fords, however, linear optics implementations which are exact for ideal GKP
codes fail in the approximate case: they have a constant logical gate error even
in the limit of infinite squeezing. This is consistent with previous results about
the limitations of certain gate implementations for approximate GKP codes,
see [1,2]|. Tt shows that findings applicable to ideal GKP codes do not always
translate to the realm of physically realizable approximate GKP codes.

Contents

1 Introduction 3
1.1 Our contribution . . . . . . . . .. 4
1.2 Outline . . . . . . . e e 9

2 Imperfect implementations of unitaries 10
2.1 Definition of the composable logical gate error . . . . . . . ... ... ... 10

3 Upper bounds on the logical gate error 13

Accepted in { Yuantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 1


https://quantum-journal.org/?s=Composable%20logical%20gate%20error%20in%20approximate%20quantum%20error%20correction:%20reexamining%20gate%20implementations%20in%20Gottesman-Kitaev-Preskill%20codes%20&reason=title-click
https://quantum-journal.org/?s=Composable%20logical%20gate%20error%20in%20approximate%20quantum%20error%20correction:%20reexamining%20gate%20implementations%20in%20Gottesman-Kitaev-Preskill%20codes%20&reason=title-click
https://quantum-journal.org/?s=Composable%20logical%20gate%20error%20in%20approximate%20quantum%20error%20correction:%20reexamining%20gate%20implementations%20in%20Gottesman-Kitaev-Preskill%20codes%20&reason=title-click
https://quantum-journal.org/?s=Composable%20logical%20gate%20error%20in%20approximate%20quantum%20error%20correction:%20reexamining%20gate%20implementations%20in%20Gottesman-Kitaev-Preskill%20codes%20&reason=title-click
https://arxiv.org/abs/2509.14658v4

3.1 Gate error of unitary implementations . . . . . . ... ... ... ... 14
3.2 Bounds on the gate error in terms of matrix elements . . . . . ... .. .. 18

4 Ideal and approximate GKP codes 19
4.1 Definition of the ideal GKP code . . . . . . . ... ... ... ... . .... 19
4.2 Definition of approximate GKP codes . . . . . . .. .. ... ... ... .. 20
4.2.1 Non-truncated (non-orthogonal) approximate GKP-states . . . . . . 20

4.2.2 Truncated approximate GKP-states and approximate GKP codes . . 21

4.2.3 Symmetrically squeezed approximate GKP codes . . . . . ... ... 22

5 Linear optics implementations of Cliffords in GKP codes 23
5.1 Bounded-strength Gaussian unitary operations . . . . . .. ... ... ... 23
5.2 Paulis and Cliffords for (logical) qudits . . . . . . .. ... ... ... ... .. 24
5.3 Implementations of logical Cliffords . . . . . .. ... ... ... ... .... 25

6 Gate error of logical Clifford implementations 26
7 No-go result for linear optics implementations 30
A Mathematical facts used in the analysis 33
A.1 Properties of the diamond norm . . . . . ... ... ... ... ... ... 33
A.2 Bounds on inner products . . . . .. ... Lo 36
A.3 Discrete Gaussian distributions . . . . . ... ... 38

B General quantum circuits 39
C Lower bounds on the inner numerical radius 41
D Proof of Theorem 3.6 46
E Approximate GKP-states with integer spacing 49
E.1 (Truncated) Gaussians and their properties . . . .. .. .. ... ... ... 50
E.2 Different approximate GKP-states with integer spacing . . . . . . . ... .. 53
E.3 Properties of approximate GKP-states with integer spacing . . . .. .. .. 60
E.3.1 Approximate GKP-states and displacements . . . . . . . . ... ... 60

E.3.2 Approximate GKP-states and the phase operator . . . . . ... ... 61

E.3.3 Approximate GKP-states and squeezing . . . . . .. ... ... ... 64

E.4 The Fourier transform of approximate GKP-states with integer spacing . . 67

F Matrix elements of linear optics implementations 68
F.1 Matrix elements of the X-gate. . . . . . . .. .. ... .. ... ... ... 68
F.2 Matrix elements of the Z-gate . . . . . . . . ... ... ... ... 69
F.3 Matrix elements of the Fourier transform F . . . . . ... ... ... .. .. 70

G No-go result for asymmetrically squeezed GKP codes 76
H No-go result for the Gaussian implementation of the CZ gate 78
I Continuity of the (subspace) logical gate error 81
.1 Continuity of the logical gate error . . . . . . .. ... ... ... .. .... 81

[.2 Definition and continuity of the subspace logical gate error . . . . . . . . .. 84
Accepted in { Yuantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 2



J Encoding-independent no-go result for the P-gate 87

1 Introduction

A central ingredient of current approaches to achieving fault-tolerant quantum compu-
tation is the notion of a quantum error-correcting code: Here logical information (e.g.,
k logical qubits) is embedded into a subspace of a larger-dimensional physical system (e.g.,
n > k physical qubits) in such a way that certain physical errors can be detected and/or
corrected. To achieve computation, one additionally needs to identify physical mechanisms
operating on encoded information. For example, a logical unitary, i.e., a logical gate act-
ing on the code space, is typically implemented by applying a suitable unitary operation
to the physical degrees of freedom. Importantly, such implementations should not involve
decoding in order to maintain fault-tolerance. More generally, it is desirable to have imple-
mentations with limited error-propagation properties: For example, the physical unitary
should ideally be realized by a shallow-depth quantum circuit.

For many stabilizer codes, we have a good understanding of which logical unitaries have
implementations with desirable fault-tolerance properties. For example, color codes [3]
permit to implement a generating set of Cliffords by transversal, i.e., depth-1 circuits.
Importantly, an operation realized in this way preserves the code space, and perfectly acts
on it by the desired logical Clifford. In contrast, identifying suitable physical operations to
realize logical gates is generally more involved when using an approximate error-correcting
code. Such codes typically arise in settings where (e.g., for physical reasons), there is a
distinguished basis consisting of states which are only approximately pairwise orthogonal.
Canonical examples are physically realizable continuous-variable (CV) codes.

Consider for example the cat-code encoding a qubit [4-7]: For concreteness, suppose
that we encode the computational basis states |0) and |1) of a logical qubit into the two
states

) —[—a)

el e

’¢cx(0)> = 5 (1 N 6_2‘0{'2) 5 (1 ~ e—2|04|2) )

where |3) € L?(R) denotes the coherent state with parameter 3 € C and where we as-
sume that @ > 0. These two orthogonal states define a 2-dimensional code space L, =
span{|¢a(2))}.e(0,13 C L*(R). It is therefore clear what we mean, for example, by a logical
Pauli gate Z: We would like to implement a map Z on L, such that

Z(6a(2)) = (1) |6a(2))  forz€ {0,1} .
It is straightforward to check that Z is realized exactly by the phase space rotation
W =exp (iwaTa) , (1)
see Ref. [8], i.e., we have
Wle, =7 .

In other words, the physical (unitary) operation Z realizes what can be thought of as a
Pauli-Z operator on the code space.
Now suppose that instead of applying W we use the unitary

Ws = exp (z(7r + 5)aTa) , (2)
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which is identical to W except for a bit of “overrotation” given by a small angle § > 0.
Then we clearly have

lim({da(2), Woga(2)) = (-1)7  for z € {0,1}

suggesting that Wj also realizes Z approximately, with a vanishing error in the limit § — 0.
For any non-zero (small) 6 > 0, however, the unitary Wj fails to implement Z in two
significant ways. First, we have WL, & L, i.e., the unitary Ws does not preserve the code
space L. This property is sometimes referred to as leakage. Second, even ignoring this fact
(i.e., projecting onto £, and normalizing), the action implemented by Ws does not coincide
with that of Z. Our goal is to quantify the deviation of the imperfect implementation W
from the desired logical action given by the gate Z.

We note that in this simple example, the deviation from the desired functionality
(given by Z) arises from the fact that an ill-chosen, i.e., erroneous physical unitary Ws
(see Eq. (2)) is used instead of the physical unitary W (see Eq. (1)). We note that in
other settings (such as when considering approximate Gottesman-Kitaev-Preskill (GKP)
codes, see Section 4), the discrepancy between the desired logical unitary and the physical
operation has an origin more fundamental than mere control imperfections (such as not
being able to set 6 = 0in Eq. (2)). Instead, in these situations, there is no physically allowed
operation (among those considered/available, such as the set of Gaussian unitaries) which
perfectly implements the desired action. In other words, the consideration of gate errors
is fundamentally unavoidable in such situations even when there is no physical source of
noise.

1.1  Our contribution

Composable logical gate error. In practical fault-tolerance settings, the beautiful
framework of ideal (e.g., stabilizer) codes often does not accurately reflect the given physical
situation. Approximations are unavoidable, and understanding their validity is paramount.

To quantify the accuracy of an implementation, let £ C H be a code subspace of a
physical Hilbert space H, and let U : £ — L be a logical unitary gate. Let U : B(L) —
B(L), U(p) := UpUT be the associated completely positive trace-preserving (CPTP) map.
Consider an (approximate) implementation of & by a CPTP map Wy : B(H) — B(H).
We introduce a quantity called the composable logical gate error to quantify how well Wy
approximates the desired logical gate U when acting on code states. Let mp : H — L
denote the orthogonal projection onto £ and let Iz (p) = 7T£,O7T£. Then the composable
logical gate error of the implementation Wy of U on L is defined as

errc(Wu,U) = |[Wu —U) oTl]o ,

where || - ||o denotes the diamond norm.

We note that the quantity errs,(Wy, U) captures both the leakage out of the code
space as well as the incurred logical error. Composability here means that this quantity
is subadditive under concatenations (see item (c) below). This also implies that it is
subadditive under tensor products (see item (d) below). In particular, if an upper bound
on the gate error is known for the implementation of each (logical) gate in a circuit, this
immediately gives an accuracy result for the entire (composed) circuit. That is, we obtain
an upper bound on the gate error of an implementation where each (logical) gate in the
circuit is replaced by a corresponding implementation thereof.

In more detail, the composable logical gate error has the following properties:
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(a) Operational interpretation: Assume that the implementation Wy is applied to some
state p supported on £. Then the composable logical gate error errs(Wys, U) pro-
vides an upper bound on the distance between the resulting state Wy (p) and the
state UpUT obtained by applying the ideal (perfect) logical unitary U.

(b) Definiteness: We have errs,(Wy, U) = 0 if and only if Wy perfectly implements the
logical unitary U on the code space.

(c) Composability: Let Wy ; be an approximate implementation of a logical unitary U
on the code space £L C H for j =1,2. Then

errE(WUQ o WUl, UQUl) < errg(WU“ Ul) + errg(WUZ, Ug) .

This inequality provides an estimate on how errors accumulate under the sequential
application of approximately implemented logical unitaries.

(d) Subadditivity under tensor products: Let Hi,He be Hilbert spaces with respective
code subspaces L1, L2 and let Wy, be an approximate implementation of a logical
unitary Uj; on £; for j = 1,2. Then

err£1®£2(WU1 & idB(H2), U; ® 152) =errg, Wu,,Uq) .
In particular, we have

err[:1®[:2 (WUl & WU27 Ul & U2) S errﬁl (WU17 Ul) + err[;2 (WU27 U2) .

Properties (a)—(d) immediately provide a way to easily analyze implementations of cir-
cuits, assuming that for each logical gate U in the circuit, an approximate realization Wy
on the appropriate code subspace L;, together with an upper bound on errg; (WU]., Uj)is
known. We explain this in detail in Section 2. There we include an important generaliza-
tion to the “gate deformation” case where the implementation Wy approximately maps an
“input” code space L;, C H;, to an “output” code space Loyr C Hout, where L, = Loy but

the subspaces are non-identical (and may, in particular, be subspaces of different Hilbert
spaces Hin, Hout)-

Computable bounds on the composable logical gate error. For a d-dimensional
code space L C H, a logical unitary U : £ — L is fully specified by fixing an orthonormal
basis {| j>}?;é of £ and considering the matrix elements Uj j, := (j, Uk) of U with respect
to this basis. We often consider the matrix U € Matgx4(C) as a linear map U : C* — C?.
Then we may equivalently think of the logical unitary U = EncgsUDec, acting on the
code space L as the composition of three maps, where the encoding map Enc.(|7)) = |j)
isometrically maps C? into £ and Decy := EncZ1 is the inverse of the encoding map.
Here {|j) ;-l;é is the computational (orthonormal) basis of C?. The associated (logical)
CPTP map U : B(L) — B(L) can similarly be written in terms of U. Correspondingly,
we often simply use U : C* — C? (respectively the corresponding matrix U) in place of U
(respectively U) in the following, see e.g., Eq. (3) for an example of this convention. We
emphasize, however, that the corresponding maps U and U depend on the choice of basis
of L.

Consider a desired target logical unitary U : C* — C? and a unitary implementa-
tion Wy (p) = WUpWLT, with Wy : H — H. We give general upper bounds on the compos-
able logical gate error

erre(Wy,U) :=errg(Wy, U) :=errg( Wy, U) (3)
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in terms of the matrix elements M; , = (j, Wyk) of Wiy In more detail, we introduce the
operator B := Uln, Wy, : £ — £ which roughly amounts to the composition of Wy with
the adjoint (inverse) of U, restricted (by appropriate projections) to the code space L (see
Definition 3.1). In case Wy exactly implements the unitary U, the operator B evaluates
to the identity on the code space £. Importantly, this has the following properties:

(i) The operator B is fully determined by U and the matrix elements {M 1 }; %, and can
thus easily be computed analytically in typical settings of interest. For example, in
CV quantum error correction, our bounds sidestep the need for computing energy-
bounded norms [9,10] as used in Refs. [11,12].

(ii) The logical gate error errp(Wy,U) can be expressed as a function of B: We show

that
erre(Wy,U) = 24/1 — ¢(B)? (4)

where ¢(B) is the so-called Crawford number (or inner numerical radius) of B, see
Corollary 3.5 and Lemma 3.7.

We further show that the identity (4) implies more easily applicable bounds. For example,
if B is sparse, then we can give an upper bound on the composable gate error which does
not explicitly depend on the code space dimension d. More generally, we can give an upper
bound on the composable gate error which depends polynomially on d and the matrix
elements Mjj, (see Corollary 3.6).

These bounds underlie our Result 1 for approximate GKP codes (see below). They
should independently be useful in approximate quantum error correction because they
reduce the problem of estimating the accuracy of an implementation to computing matrix
elements with respect to code states.

Linear optics implementations of logical gates in approximate GKP codes. We
emphasize that the framework introduced above — our notion of composable logical gate
error and our bounds in terms of matrix elements — applies to any approximate quantum
error-correcting code. To demonstrate its utility, we apply it to approximate GKP codes.

Consider the (ideal) GKP code [13], a continuous-variable (CV) stabilizer code with
the convenient and highly desirable feature that logical Pauli and Clifford operations can
be realized exactly by linear optics (i.e., Gaussian) operations. Its code states can unfor-
tunately not be created in practice: Instead, finitely-squeezed (approximate) GKP-states
need to be used. This motivates the following question: How accurate are linear optics
realizations of logical gates in approximate GKP-codes?

In more detail, approximate GKP codes encoding a d-dimensional qudit are typically
introduced as a two-parameter family {GKP, Ald]}(x a), Where £, A > 0 determine the
amount of squeezing of the code states in the code GKP, A[d] C L*(R). That is, k2 is
proportional to the variance of the envelope in the definition of a finitely squeezed GKP-
state, whereas A? is that of individual peaks (local maxima). We refer to Section 4.2.2
for detailed definitions. It is often said that the ideal GKP code GKPId], whose code
states are formal superpositions of position-eigenstates (distributions), is obtained in the
limit (x,A) — (0,0). Here we challenge this idea from the point of view of logical gate
erTors.

Following the idea that the code GK'P, A[d] approximates the ideal GKP code GKP|d]
in the limit (k,A) — (0,0), it is natural to ask how the parameters (k,A) relate to the
accuracy of gate implementations. The folklore (informal) answer to this question is along
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the lines of “the more squeezing there is, the better". But how much squeezing is actually
necessary? And what is the best choice for the (relative) dependence between x and A?

Figure 1: The computational logical basis state |0) in the code GKP, 1 [d] is denoted |GKP, A (0)4) €
GKP,; ald]. Its wavefunction is given by a superposition of Gaussians with variance proportional to A2,
with an envelope (shown in red) whose variance is proportional to x~2. The individual peaks (local
maxima) are located at integer multiples of v/27d. The remaining (logical) basis states are constructed
by translating this state in position-space. For a formal definition of the code GKP, A[d], we refer to
Section 4.2.

A particularly natural and popular choice is that of symmetric squeezing, where A =
k/(2wd), i.e., we consider pairs of the form

(k,A) = (k,k/(27d)) . (5)

We call the GKP codes GKP, ./ or) [d] associated with this choice of parameters sym-
metrically squeezed (approximate) GKP codes with squeezing parameter k. For techni-
cal reasons, we will focus on a slightly modified variant of these codes which we denote
by GKP[d]. The latter is obtained from the code GKP, . /(9.q)ld] using a certain trun-
cation procedure rendering the defining basis states orthogonal. It serves as a convenient
proxy for the symmetrically squeezed code GKP, . J(2rd) [d] which retains its essential fea-
tures. This concerns, in particular, the asymptotic behavior of the logical gate error for
physical implementations in the limit of large squeezing. Considering our modified family
of symmetrically squeezed approximate GKP codes facilitates our analysis. We refer to
Section 4.2 for detailed definitions, and to Corollary 6.4, where we argue that the two codes
behave in an analogous manner with regards to the composable logical gate error.

The choice of (k,A) in Eq. (5) is motivated by the action of the linear optics imple-
mentation

W = (@ +P)/4 (6)

of the (logical) Fourier transform F. In the setup of an ideal GKP code GKP[d], the uni-
tary W provides an exact implementation of the (logical) Fourier transform F (on C%) on
the code space (see Ref. [13]). In contrast, when the unitary (6) acts on the approximate
code GKP, Ald], it essentially interchanges r and A. More precisely, it (approximately)
maps the code GKP, A[d] to a new code GKP,, x/[d], ie., it transforms the parame-
ters (k, A) as

(k,A) = (K, A") := (2mdA, k/(27)) (7)

while implementing the (logical) Fourier transform. This motivates the choice (k,A) as-
sociated with symmetric squeezing, see Eq. (5), which is a fixed point of the map (7). For
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this choice, the unitary Wg approximately maps the code space to itself. In fact, we can
show that Wg indeed implements the Fourier transform on the symmetrically squeezed
approximate GKP code GKPF[d] in the limit x — 0 of infinite squeezing, i.e., we have

lim errgrps g (We, F) = 0, (8)

see Theorem 6.1 for a more detailed quantitative statement.
The logical (qudit) Pauli operators X and Z on C% have the linear optics implementa-
tions

Wy = et 2w /dP and Wy, = ei\/27r/dQ (9)
in the ideal GKP code GKP|d]. Our first main result shows that these unitaries are accurate

implementations of the logical Pauli operators for the symmetrically squeezed GKP code
as well.

Result 1 (Implementation of Pauli operators by linear optics). Let d > 2 be an
integer. Consider the Gaussian unitary Wy associated with a logical (qudit) Pauli
operator U € {X,Z} defined by Eq. (9). Then Wy implements the logical Pauli
operator U in the symmetrically squeezed GKP code GKP[d] with logical gate error

errngz[d](WU, U) <8k (10)

for every U € {X, Z}.

Result 1 gives a detailed quantitative answer to how much and what kind of squeezing
is required to apply logical Pauli operators in an approximate GKP codes. The linear
dependence of the bound (10) on x makes it relevant and applicable in practical applica-
tions. (We also establish a bound of the form errgip«(q(Wg,F) = O(poly(d)poly(x)) on
the gate error of the implementation Wg of the logical Fourier transform F. While weaker,
this implies that the gate error of this implementation also vanishes in the limit kK — 0 of
infinite squeezing, see Eq. (8).)

Given the accuracy of linear optics implementations of Paulis in approximate GKP
codes (Result 1), it is natural to ask if the linear optics implementations of Cliffords
introduced for ideal GKP codes in Ref. [13] also extend to physically realistic GKP codes,
that is, codes which are spanned by normalizable states with finite energy. Surprisingly, we
find that this is not the case: We show that the standard (ideal GKP code) linear optics
implementation

Wp = (@ Feay/2m/dQ)/2 where cg=d mod 2 (11)
of the (logical) phase gate P which acts as
P|z) = eim@(@tea)/d ) for x € Zq

on logical basis states |z) is unsuitable for use in an approximate GKP code even in the
limit of infinite squeezing.

(No-go) Result 2 (Linear optics implementations of certain Cliffords fail for sym-
metric squeezing). Let d > 2 be an integer. Let k > 0. Consider the (logical) Clifford
phase gate P in the symmetrically squeezed GKP code GK'PY[d]. Let Wp be the Gaus-
sian unitary defined in Eq. (11). Then

el’rg;gp:[d}(Wp, P) > 3/100
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for any k < 1/250. In particular, the logical gate error of the implementation Wp
of P is lower bounded by a constant even in the limit kK — 0 of infinite squeezing.

We note that a result analogous to Result 2 holds for the standard linear optics imple-
mentation of a CNOT-gate in the GKP code (with d = 2). Similar observations were
previously made for the Gaussian implementation of the two-qubit CZ-gate [1] and the
implementation of the single-qubit T-gate using the (non-Gaussian) cubic phase gate |[2].

Result 2 goes against the folklore idea that physical gate implementations proposed
in the setting of ideal GKP codes are also suitable for approximate GKP codes. It begs
the question of how to implement Cliffords (and more general gates) in approximate GKP
codes. In separate work [14], we propose a solution to this problem which circumvents the
no-go Result 2 in a qubit-oscillator model. It makes use of qubit Clifford operations and
qubit-controlled single-mode phase space displacements of constant strength (i.e., shifts by
a constant in position/momentum-space). Such hybrid qubit-oscillator operations are read-
ily available in present-day experimental setups [15-17| (for a recent review see Ref. [18]).

Importantly, Results 1 and 2 extend to alternative code spaces whose codewords are
close to those of the truncated symmetrically squeezed GKP code in trace distance. In
particular, our main conclusions also apply to standard, i.e., untruncated symmetrically-
squeezed GKP codes. In more detail, we show continuity bounds on the composable
logical gate error (see Appendix I). These imply that the composable logical gate error is
comparable for pairs of codes whose codewords are close in trace distance. This property
is satisfied for untruncated and truncated symmetrically-squeezed GKP codes (for suitable
parameter choices). In particular, in the limit of large squeezing, the composable gate error
asymptotically vanishes for one of these families if and only if that is the case for the other
family.

We emphasize that the regime of large squeezing (small k) is the physically relevant one
for quantum error correction with GKP codes, as this is where the stabilizer constraints are
approximately satisfied (yielding protection against small displacements). In this regime,
our positive results (Result 1) guarantee accurate gate implementations, while our no-go
results (Result 2) reveal fundamental limitations of specific physical implementations. In
contrast, GKP codes with broad peaks (large k) are ill-suited for fault-tolerant quantum
computation because they lack the key property of translation-invariance (stabilizer con-
straints) enabling recovery from displacement errors.

1.2 OQutline

This work is structured as follows. In Section 2, we define the composable logical gate
error errg(Wy,U) and introduce notation used throughout this work. We show that the
logical gate error is subadditive under composition, a property we use to estimate how
errors accumulate in a quantum circuit composed of approximately implemented unitary
gates.

Section 3 is devoted to deriving easily computable bounds on the composable logical
gate error errz(Wy, U) for a given unitary implementation Wy (p) = WUpVVg of U. These
bounds only involve matrix elements of the implementation Wy with respect to families
of states which are (close to) an orthonormal basis of the code space L.

In Section 4 we define ideal and approximate GKP-codes encoding a qudit into an
oscillator. In Section 5 we introduce the underlying physical setup (linear optics) and
describe the elementary physical operations we allow for. Moreover, we examine (Gaussian)
implementations of logical Pauli- and Clifford gates which are known to be exact in the
limit of ideal (non-approximate) GKP codes.
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In Section 6 we analyze logical gate implementations for approximate GKP codes. For
each implementation of a logical Clifford, we obtain an upper bound on the composable
logical error. We find that for logical Pauli operators the gate error has a linear upper
bound in the squeezing parameter. For the Fourier transform, the gate error is bounded by
a polynomial in the code space dimension and the squeezing parameter of the approximate
GKP code. Taken together, this gives widely applicable accuracy guarantees for quantum
computations implemented using these gates in approximate GKP codes.

In Section 7 we investigate how certain linear optics implementations of logical Cliffords
in ideal GKP codes — namely that of the logical phase gate P — fail to accurately realize
these gates in the case of symmetrically squeezed approximate GKP codes.

In the appendices, we discuss results used in proofs throughout this work. In Ap-
pendix A we state a few general mathematical facts on the diamond norm, inner products
in Hilbert spaces, and discrete Gaussian distributions. In Appendix B we extend the
framework of the composable logical gate error to general circuits which are represented
as a directed acyclic graph. In Appendix C we prove a general lower bound on the inner
numerical radius of an operator in terms of its matrix elements. In Appendix D we use
these bounds and provide the technical proof of Theorem 3.6. In Appendix E we discuss
different notions of GKP-states and their properties. We prove bounds showing that the
different GKP-states considered are close to each other. In Appendix F we compute the
matrix elements of approximate implementations of logical gates in approximate GKP-
codes. These are used in Section 6 to prove bounds on the composable logical gate error
of each gate. In Appendix G we give an additional result extending the no-go result in
Section 7: We show that the typical linear optics implementation of the phase gate P is not
accurate when considering a non-symmetrically squeezed approximate GKP code either.
In Appendix H we show that the standard linear optics implementation of the two-qubit
CZ-gate also exhibits a non-vanishing logical gate error in the limit of large squeezing.
Appendix I gives a continuity bound on the logical gate error: It relates the logical gate
error of implementations in different codes which are close to each other. We apply these
results in Appendix J to prove an extended version of the no-go result for the Gaussian im-
plementation of the P-gate: We show that no choice of encoding inside the symmetrically
squeezed GKP code can achieve a vanishing logical gate error.

2 Imperfect implementations of unitaries

In this section, we formally define quantities of interest. In Section 2.1 we introduce the
general setting we consider, define the composable logical gate error, and establish that
it is subadditive under composition of channels. In Appendix B, we further extend the
framework to general circuits.

2.1 Definition of the composable logical gate error

We are interested in approximating a logical CPTP map by a suitable implementation
when acting on a code space. Concretely, let H;p, Hour be (“physical”) Hilbert spaces,
and let L;, C Hip and Loy € Howr be two isomorphic (“logical”) subspaces. We as-
sume dim L;, = dim Ly = d < oo0. Let U : L;;, — Lo be a unitary “logical” map
and

u: B(ﬁln) — B(Eout)
p UpUT
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the associated CPTP map. Our goal is to approximate U by a suitable CPTP map
W : B(Hin) = B(Hout) - We are interested in the error incurred when approximating U
by the CPTP map W.

To this end, we need the following definitions: For a subspace £L C H of a Hilbert
space H, we denote by 7z : H — L the orthogonal projection onto £, and by

. : B(H) — B(L)

p = Hg(p) = mepme

the corresponding projection onto B(L) C B(#H). We define what we call the (composable)
logical gate error of an implementation W : B(Hin) — B(Hout) of a (logical) map U :
B(Lin) = B(Lout) on input and output code spaces L;, and Ly, respectively, as

€L, Lout (Wv U) = H(W - u) ° Hﬁm H<>

The composable logical gate error errz, ... (W, U) quantifies the worst-case error of the
implementation VW when acting on states supported on the input code space L;,.

We note that we often consider the case where H;p, = Houwt = H, Lin = Lowt and an
implementation of the form W(p) = WpWT where W is a unitary on . In this case, we
write

errg (W, U) =errs(W, U)

by a slight abuse of notation.
The following lemma justifies the term composable logical gate error. We show that
the quantity is subadditive under composition of channels.

Lemma 2.1 (Subadditivity of the logical gate error). Let ?—[Z(n),H(()Bt,ng)t be Hilbert
spaces. Set ’Hgi) = HY | Let

out

P oo oyW £ c y®
m — m and m — m
Loy S Heu L) S How

be (code) subspaces with El( Vo= £ and E(l) ~ ) = E( Vo £ Let

out’ out — out*

U: ool el

in out
Uy: 2% 5,

be unitaries. Let

be two CPTP maps. Then we have

err (1) (2 Wa oWy, UaUy) < err .1 ,(n) W1, Uq) + err .(2) £(2) (Wa, Us) .

in Y out zn’ out in Y~out

Proof. Define the CPTP maps associated to the logical unitaries

U . By — Bl
Us: B(LY) — B

m
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acting as U;(p) := Uij;- for j € {1,2}.
By the definition of the logical gate error and the triangle inequality for the diamond
norm we have

err ) 2 (Woo Wi, UaUy) = ||(Wao Wi —Uz 0Us) o 11

'Ln "~out

cth

IN

(W20W1—W20u1)01_[

+H(W20L11 UQOul)OH

(1)
Ein o

= WQO(Wlful)OH L(l)

+’(W2u2)0uloﬂ

(12)

We proceed to bound each of the terms in Eq. (12). First, by the monotonicity of the
diamond norm under CPTP maps, it follows that

‘WQO(Wl—Lﬁ)OHE(_l) < ’(w1 )Tl | (13)
Second, notice that U, = 5% ol = 4-2) oU;. Therefore we have
H(WQ —Usy)oU, onﬁii’ . = |(Wa —U3) OHLSL) olU; OHﬁEi) .
= (WQ—UQ)OHEEi)oul .
= |[|(Wa —U3) 0 I, £ L (14)

where the last identity is due to the invariance of the diamond norm under compositions
with unitary channels. The claim follows by combining Eqgs. (13) and (14) with Eq. (12).
O

The following result shows that the logical gate error is invariant under tensoring ad-
ditional systems.

Lemma 2.2. Let Hi,Ha be Hilbert spaces. Let L; C Hj be a subspace for j = 1,2 and
let W:B(Hi) = B(H1) be a CPTP map. Let U : L1 — L1 be unitary. Then

errcyoc,(W ®idpy,), U @ Ig,) = errg, (W, U) .
Proof. By definition of the logical gate error we have
errc oc, (W ®idpe,), U ® Ig,))
= ||(W @ idu) — U @idp(cy) ) o Teyacs|
= |(W @ idpge,) ~ U @ idp(e,) ) © (g, @ T,) .
=[[Wollg,) @Iz, — U ollg,) @ T, |,
= [[(W —U)ollz,) @ g,

where we used that idg(,) o Ilz, = Ilz,. The multiplicativity of the diamond norm under
tensor products (see [19, Theorem 3.49]) implies that

(W =U) ollzy) @ T, |, = [V = U) o Tz, |, - [[Te, |,
= [[(W =U) ol |,
=erre,(W,U),
where we used that ||TIz,|lc = 1. O

(
(
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3 Upper bounds on the logical gate error

subspaces. We assume that they are isomorphic and finite-dimensional, i.e.,

Lin = Eout = (Cd

Let Hin, Houtr be two Hilbert spaces. Let Li, C Hip and Loy € How be two (code)

for some d > 2. Now consider a logical unitary U : L£;, — L. We assume that it

is specified by a unitary U : C¢ — C? (equivalently given by a matrix U = Ujr)jk €

Matgyxq(C) consisting of matrix elements U, = (j,Uk) for j,k € {0,...,d — 1} with

respect to the computational basis of (Cd), and two isometric encoding maps
Ence, : C4 — L

Ence,, @ C1 = Low . (15)

out :
Denoting the corresponding inverse (decoding) maps by
Decg,, = EncZiL : Ly o — €
Dece,,. := Enczolut ¢ Loww — C4,
the map U : L;;, — L,y is given as a product

U = Encg,,,UDec,, : Lin, = Lout -

See Table 1 for the circuit schemes representing these maps. The map U gives rise to the
CPTP map

U:B(Lin) — B(Lout)
p = UpUT .
In the following, we derive upper bounds on the logical gate error errz, » .. (W, U) quan-

tifying how well a CPTP map W : B(Hin) — B(How) approximates the “logical” CPTP
map U : B(Lin) — B(Lowt). By a slight abuse of notation, we will write

erre, oW U) :=errp. . (W, U) (16)

in; in

for this expression. We emphasize, however, that U and thus the quantity (16) depends

on the choice of encoding maps (15). For a more general discussion and an encoding-
independent notion of a logical gate error we refer to Appendix 1.2.

map circuit decomposition
Ica ce e ct—< L P £ >—c¢

UT £out Ezn »Cout % 'Cout >_| ljJr |_< £in |= Ezn

Table 1: Diagrammatic representation of the encoding map Enc, and the decoding map Dec; maps
and specification of a logical unitary U (and its adjoint UT) with the corresponding input and output
spaces.
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In more detail, the encoding maps (15) can be fixed by choosing orthonormal bases
of the corresponding spaces and defining associated maps. That is, let {| j}};l;cl) be the
computational (orthonormal) basis of C? and {|j) Lo ?;é an orthonormal basis of L;,.

Then we can embed C¢ into L, C Hin by mapping basis states as

Ence, = C¢ — ; .
NCLin . :Hm for j€e{0,...,d—1},
) = ie,,
and linearly extending to all of C¢, obtaining an isometry Encg, . For the subspace Ly C
Hout, we define the encoding map Encg, . : C¢ — L,y in an analogous manner using an
orthonormal basis {|j), };l;é of Loyt
We note that according to this definition, the unitary U acts on basis states as

out

d—1
Uiy, => Uirlk),, for all j € {0,...,d—1} .
k=0

In Section 3.1, we derive an exact expression for the logical gate error in terms of the so-
called inner numerical radius for unitary implementations. Section C provides lower bounds
on the inner numerical radius based on matrix elements of implementations. Section 3.2
bounds the logical gate error directly in terms of matrix elements.

3.1 Gate error of unitary implementations

In this section, we consider the case where the implementation is given by a unitary W :
Hin — Hout- That is, we consider the CPTP map W : B(Hin) — B(Hout) defined by
W(p) = WpW?t. The following definition will be useful.

Definition 3.1. We define the operator

B=BY . (WU)=Ulng Wrg,, : Lin — Lin .

ina[»out
The operator B is characterized by the matrix elements with respect to the basis {|k) }z;é
of L;, given by

Bjk = (il Ulme, Wre,, [K) ..
for j,k € {0,...,d — 1}. Tt is straightforward to check that

d—1
Biw=Y Unj{m|z, WIk)z, for  jke{0,....d—1}. (17)
m=0
We can express this by a circuit identity as shown in Fig. Fig. 2, where we indicate the

input and output spaces L;, and Ly, respectively.
Also observe that

1Bl <1 if W is unitary

because the operator norm satisfies || XY| < ||X]| - |Y], V]| = 1 for an isometry V,
and ||7|| = 1 for a projection .
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Figure 2: Diagrammatic illustration of the definition of B.

Lemma 3.2 (Logical gate error of unitary implementations). Let W : H; — Hour be
unitary. Consider the CPTP map W(p) = WpWT. Let B : Li — Li, be the map
introduced in Definition 3.1. Set

c(A):= min  |[(¢, AY)| for any linear map A : Lin, — Liy, . (18)
YELin:|[Pl=1

errsy, Lo (W, U) = 24/1 — ¢(B)2.

The quantity ¢(A) is sometimes referred to as the inner numerical radius or the Craw-
ford number of A, see [20].

Then

Proof. By definition of the logical gate error in combination with Lemma A.3 we can
restrict the supremum in the definition of the operator norm to all operators in B(L;, ® L)
where £/ 2 L;, = C%. This gives

errc(W,U) =||[(W-U)o HCHo
((W -U)® ids(c/)) (X)H

= sup
XEB(Lin®L)
[ X|[[1=1

1

= sup
deL; QL
|®][=1

(W -y @idger) ) (1@)(@))]|

= sup |(We L)|@)(@|(W @ L) — (U @ 1) [0)(@| (U @ L)
<I>€£m®£’

[[[l=1

= s 21— (U ), (We Iy ).
R

In the third identity we used that (W —U) is Hermicity-preserving which implies that it is
enough to restrict the supremum to pure states, see Lemma A.1l. In the penultimate step
we used that both (W ® I/) |®) and (U ® I/) |®) are normalized due to the unitarity of
W Hin = Hour and U : Ly, — Lowt C Hout-

We have
inf [(U®Ig)®,(W®Ig)®)= inf [((7g,,U®I)® (Wne,)® ) ®)
it st

in

= inf ‘(@, (Ulng,, W
deL;, L
[®]=1

= e r (Ut Wre,.p)
p>0,tr(p)=1

= inf |tr(Bp)|. 19
et | ltr (Bp)| (19)
p>0,tr(p)=1

®Iz:')‘1>>‘
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The first equality follows from the fact that UL, = Lo and that (7z,, ® Ip/) |®) = |®)
for all |®) € L;, @ L'. The third equality follows by taking the partial trace over the
subsystem affiliated with the subspace £’. In the last step we used the definition of B.

Let A : L;, — L;n be a linear operator. The numerical range of A is defined as the
subset of C given by

N(A) = {(, Ap) [ € Lin, [IP]| =1} .

According to the Toeplitz-Hausdorff theorem (see e.g., [19, Theorem 3.54]) the set N'(A) is
(compact as L, is finite-dimensional and) convex. Since every density operator p € B(L;y,)
is a convex combination of pure states, it follows that

{tr(Ap) [ p € B(Lin), p 2 0,tr(p) =1} = N(4) . (20)

Combining Eq. (20) with Eq. (19) gives

inf |(U® L) ®, (W®Iy)®)| = min |(¢, B = ¢(B), 21
<I’€lllri|ln®£/‘<( ® 1)@, (W I) ) T%%ﬁl"‘w ¥)| = c(B) (21)
®||=1 =1

where we note that the infimum can be replaced by a minimum because the unit ball in
Ly is compact and the map ¢ — |(¢, B1)| is continuous. The claim follows by combining
with Eq. (21). O

We can easily extend Lemma 3.2 to give an upper bound on the logical gate error
in the case where W is a general Kraus-rank one map, that is, W(p) = WpWT with
W : Hin — Hour an arbitrary bounded linear operator.

Lemma 3.3 (Gate error of general Kraus-rank one implementations). Let W : H;, —
Hou be linear. Consider the CP map W(p) = WpW?t. Let B : Ly, — Lin be the map
introduced in Definition 3.1. Then

L1 L0y (W, U) < /(W2 + 1)2 — de(B)2.

Proof. We note that two rank-one operators of the form |v)(v| and |w)(w| with v,w € H
not necessarily normalized vectors in a Hilbert space H satisfy

ool — ) wlll; = (lel2 + w]2)? — 4w, w) 2

Using this identity, we can follow the same lines of the proof of Lemma 3.2 which gives

Ly LW, U) = sup VW @ I)0)2 + [[(U @ Ie)D|2)? — 4 [(W @ 1) ®, (U @ [/) )2 |
(S Zn® /
|®=1

< sup (IWIR+ 12— 4[(W @ 1) ®, (U ® L) @)
e

The claim follows by the same arguments used to derive Eq. (21). O

Given an implementation W of a logical unitary U, we will use the following result to
derive an expression for the logical gate error of the implementation W1 of the adjoint UT.
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Lemma 3.4 (Invariance of the inner numerical radius under implementing the adjoint).
Let W : Hin — How be linear. Consider the CP map W(p) = WpWT. Let B =

BY . (WU): Lin — Lin and B = BY' . (WHUY) : Low — Low be the maps
introduced in Definition 3.1. Then

Proof. Define the linear map C : C¢ — C? as
C = Decg,,, 7z, Wme,, Ence,. .
It is easy to check that
=uch.

Dec.,, BEncy,, = UTC and Encc,,, BDec

out out

This implies that
¢(B)=c(U'C) and  ¢(B)=c(UCT. (22)
Let A : C? — C? be a linear map. Recall that the numerical range of A is defined as
N(A) = {(, Av) | ¥ € C, 1yl =1} .
Therefore we can write the inner numerical radius of A as

c(A) = Zg\l/i&) |z|. (23)

It is easy to verify that the numerical range satisfies

N(AH) =N(4)  and (24)
N(VAVT) =N(A) for every unitary V', (25)

where N (A) = {z |z € N(A)}. It follows that

N(B) = N(UCT) by Eq. (22)
= N({UTUCTU) by Eq. (25)
= N(C'U)
= N(UTC) by Eq. (24)
= N(B) by Eq. (22).
The claim then follows from Eq. (23). O

The following is an immediate consequence of Lemma 3.2: the logical gate error of a
unitary implementation W(p) = W oW for a logical unitary U is equal to the logical gate
error of the adjoint map W1 for the adjoint logical unitary UT.

Corollary 3.5 (Gate error of unitary implementations and their adjoints). Let W : H;, —
Hour be unitary and W(p) = WpW?t. Then

err[«out, in (WT UT) =errg, Lout (W U)

ins
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Proof. Let B = Bg@,mﬁout(VV, U) and B = ngut,ﬁm (WU Lows — Low be the maps
introduced in Definition 3.1. Since W' is unitary, Lemma 3.2 implies that

err[/outy»cin (WT7 UT) = 2(1 - C(E))1/2
=2(1 —¢(B))/?
= err[finyﬁout (W7 U) ?

where the second equality follows from Lemma 3.4 and the last equality is a consequence
of Lemma 3.2. 0

3.2 Bounds on the gate error in terms of matrix elements

In this section we state bounds on the logical gate error which only depend on matrix
elements of the implementation and are thus easily applicable, see Theorem 3.6. These
bounds exploit the special form of the operator B whose Crawford number is relevant for
the logical gate error (see Definition 3.1). In particular, the bounds are sensitive to sparsity
of the operator B. In the following, we call a matrix B € Matgx4(C) s-sparse if the number
of non-zero entries in each row and column is at most s.

The following is our main technical tool to analyze logical gate errors for approximate

GKP codes.

Theorem 3.6 (Logical gate error of unitary implementations in terms of matrix elements).
Let W : Hin — How be unitary and W(p) = WpWT. Let U : C* — C? be unitary, and
let B = Bgm’ﬁm(W, U) be the operator introduced in Definition 3.1. Then we have the
following.

(i) Suppose that B is s-sparse and has positive entries {Bjyj}?;é on the diagonal. Then

1/2
max {errcinyﬁout (W7 U)7 err[:outyﬂin (WT’ UT)} S 3 ((1 - mln B]v]) + (S - ]‘) ma'XE B]:£|> *

J Jil:j#

(ii) Furthermore, we have

1/4
max {errﬁm,ﬁout (W7 U)? € Lout,Lin (WT7 UT)} < 8d3/8 (njl%x |Uj,k - <J ‘EoutW| k>£m |) .

We refer to Section D in the Appendix for a rigorous proof of this statement. It heavily
relies on bounds on the Crawford number of a matrix in terms of its matrix elements. We
develop the corresponding technical results in Appendix C.

We note that these techniques can also be used to establish a simple lower bound on
the logical gate error in terms of matrix elements as follows.

Lemma 3.7 (Lower bound on the logical gate error). Let H be a Hilbert space and L C H
a subspace. Let W : H — H be unitary and W(p) = WpWT. Let U : C* — C? be
unitary and let B = BZZ:(VV, U) be the operator introduced in Definition 3.1 where we fix
an isometric encoding map Encg : C* — L. Then

errz(W,U) > 21/1 — | Bool? . (26)
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Proof. By Lemma 3.2 we have

errg(W,U) = 24/1 — ¢(B)?
Inequality (26) then follows from ¢(B) < |Bo,|. O

We use Lemma 3.7 to establish our no-go result (see Section 7) on linear optics imple-
mentations of Clifford gates in approximate GKP codes.

4 |deal and approximate GKP codes

In this section, we discuss GKP codes encoding a qudit into an oscillator. Concretely, in
Section 4.1 we define ideal GKP codes as superpositions of infinitely squeezed states. In
Section 4.2 we consider physically meaningful approximations to ideal GKP codes.

To enhance readability, we denote a single-mode squeezing unitary by

M, = ~il08)QPHPR)/2 g5 450, (27)

Here @ and P are the canonical position- and momentum-operators on L?(R), respec-
tively. This notation is used throughout the remainder of the text. The map M, acts on
elements ¥ € L?(R) by

(M, 0) (z) = \/1&\1/(95/@) forz € R,

and satisfies

(My)' PMy = P/ac and (Ma)' QM, = aQ for  a>0.

4.1 Definition of the ideal GKP code

The ideal GKP code defined in Ref. [13] encodes a qudit into formal linear combinations
of position-eigenstates of an oscillator. In more detail, let (Q, P) denote the canonical
position- and momentum operators on L?(R). For x € R we denote by |x) the position-
eigenstate to eigenvalue x, i.e., the distribution satisfying @ |x) = =z |x). The ideal GKP-
code is then defined as follows. Let d > 2 be an integer. Then we define

2
\/Eﬂj-i's' 27Td> for JEZy:={0,...,d—1} .

Formally, we can think of |GKP(j)4) as being obtained from the integer-spaced GKP-state
(distribution)

IGKP(j)a) =

SEZL

GKP) = " s) (28)

SEZ

by changing the spacing to v2md by means of a squeezing unitary M 5—5. and subsequent
translation by j/27/d, that is,

IGKP(j)a) = e~V /9P N i |GKP) for  jE€Zg. (29)
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The states (distributions) {|GKP(j)),}jez, form a basis of the (ideal) GKP-code
GKPld] := span{|GKP(5)a) }jez, -

The code has stabilizer generators

Sc(ll) — V2mdQ 5(22) — p—iV2mdP

and

and encodes a d-dimensional qudit. We use the encoding map

gkpEnc[d] : C¢ —  GKP[d]

. . for € Ly ,
5) — |GKP(j)a) J =

and the corresponding decoding map defined by

gkpDec[d] = (gkpEnc[d]))™': GKP[d — C? .
GRPG)) — Iy S

4.2 Definition of approximate GKP codes

In this section, we introduce approximate GKP codes. We first review the standard def-
inition of finitely squeezed GKP-states (see Section 4.2.1). In Section 4.2.2 we introduce
truncated approximate GKP-states which are pairwise orthogonal and more suitable for
computational purposes. Finally, in Section 4.2.3 we discuss symmetrically squeezed (ap-
proximate) GKP codes.

4.2.1 Non-truncated (non-orthogonal) approximate GKP-states

Following the notation of Ref. [21], for k, A > 0, let 1., o € L?(R) be the centered
Gaussians defined by

\/E —k222/2
ne(z) = 1€ /2, (30)

1 2 2
N _ - 7?/(287)
A(aj) 7T1/4\/Z6 s
for x € R. We note that n, and ¥ are normalized such that ||,/ = [|[¥all = 1.
Replacing the position-eigenstate (distribution) |s) in Eq. (28) by a width-A Gaussian
centered at s, i.e., the state |xa(s)) defined by

(xa(s)(z) =Va(z—s)  for  zeR,

and introducing a Gaussian envelope 7, (with width 1/k), we obtain the element

‘GKPK]A KAZ% ’XA (31)
SEL

of L*(R). Here the constant C,, o > 0 is chosen such that this is normalized, i.e., a state.
Using |GKP,; o) instead of |GKP) in Eq. (29), we obtain the family of states

IGKP, A(j)a) = e V2T /IPN | GKP, o) for  jE€Zqg.

The (untruncated) approximate GKP code then is the space GKP,; 5[d] = span{GKP A (j)a}jez,-
We note that this a commonly used definition of an approximate GKP code [22-26].

It was shown in Ref. [27] that the underlying basis states are close to Fock-damped GKP

states [28] for suitable parameters. However, it has the drawback that the states {GKP, A (j)a}jez,

are not pairwise orthogonal. We address this issue in the next section by introducing trun-

cated GKP-states.
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4.2.2 Truncated approximate GKP-states and approximate GKP codes

In this section, we introduce an orthonormal family {GKPL A(j)a}jez, of L2-functions
which we consider in place of the (untruncated) GKP-states introduced in Section 4.2.1. We
note that these states span a slightly different subspace GKP;, A [d] := span{GKP}, A (j)a}jez,
(i-e., they do not form a basis of GKP, A[d]). However, we argue that they are close to the
previous states {GKP, A(j)a}jez, for parameters of interest. As a consequence, we will
subsequently focus on the code GKPy A [d] only.

Fix k, A > 0. For € € (0,1/2), we define the state

(32)

where II|_. . is the orthogonal projection onto the subspace of L?(R) of functions with
support contained in the interval [—¢,e]. We define the translated truncated Gaussians x4

by
(Xa(2)(z) = ¥X(z — 2) for reR.

The e-truncated approximate GKP-state GKP, o € L*(R) is defined as

[GKPSA) = O Y mal(2)IXa (2 (33)

Z€EZ

where C,; > 0 is such that this function is normalized. That is, GKP%, A has support su pp(G KP A) =
Z(e) where

Z(e) = {x € R | dist(z,Z) < e} where dist(x,Z) = mi% |z — z|.
z€

We note that 1/ determines the width of the envelope 7, and A the width of the individual
peaks, see Fig. 3.

GKP; A(z)

2k71

6 4 2 0 2 4 6
Figure 3: The approximate GKP-state |GKP2,A> in position-space. The red line represents the enve-

2_2 . . . . . .
lope 7 (x) x e™F°F /2 of the state, a Gaussian with variance k2. According to our convention, this
function has e-truncated Gaussian peaks of variance A? centered at all integers.

Let d € N be an integer. Let
e<1/(2d) . (34)
We define the states

(GKPE A(j)a) = e V2PN g GKPE \)  for  je{0,...,d—1}.
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Then we can embed C¢ into an oscillator using a map defined as

gkpEnc; A[d]: C? — L*(R)

l7) ‘GKPZA(j)d> for jefo,....,d—1},

)

linearly extended to all of C?. The assumption (34) on ¢ ensures that the states {‘GKP;A (j)d>}§l;é

are pairwise orthogonal, implying that gkpEncy, 5[d] is isometric. The states form an or-
thonormal basis of the code space

GKP;, Ald] := gkpEnc, A [d](CY) . (35)
We denote the corresponding decoding map by

gkpDec, A[d] = (gkpEnc; A[d]) ™" :  GKP; Ald]  — C¢

e . . for e {0,....,d—1}.
‘GKPR,A(j)d> = |5 A J

Let us briefly comment on suitable choices of the truncation parameter £ and the
relationship between the code GKP, 5[d] introduced in the previous section and the sub-
space GKP;, A[d] C L*(R) spanned by the truncated GKP-states. For suitable parameter
choices of (A, ) (specifically, small values of A and A/e), the code state |GKP, A (j)a) €
GKP,. ald] is well-approximated by the truncated GKP-state ‘GKPi’A(j)d> € GKP;, Ald]
for each j € Zg4. A corresponding quantitative statement is given in Lemma E.6 in the
appendix for the integer-spaced states |GKP, ) and ‘GKP; A>, and implies the corre-

sponding statement for |GKP, A (j)q) and ‘GKP; A(j)d> because unitaries preserve inner
products. In particular, this closeness guarantee is tightest for the choice

q:=1/(2d) . (36)

Correspondingly, we call €5 the optimal truncation parameter.

Here we are interested in the relationship between the amount of squeezing (expressed
by (k,A)) and the accuracy of an implementation (expressed by the logical gate error). In
other words, we typically fix the code dimension d > 2 and are interested in the (asymp-
totic) scaling of the gate error in the limit of large squeezing (corresponding to (k, A) —
(0,0)). In this setup, we can use the optimal truncation parameter € = ¢4 (Eq. (36)), and
study the code GICP 5 [d] instead of GKP, A[d]. Correspondingly, we henceforth concen-
trate on codes of the form GKP;. Ald] (and typically make the choice ¢ = 4). To emphasize
this, let us write

GKP; Ald) == GKPEA[d] = GKPYEV[d) .

Then {GKP) Ald]}(x,a) is a two-parameter family of codes parameterized by the squeezing
parameters k£ > 0 and A > 0. We will usually refer to this as the approximate GKP code
in the following.

4.2.3 Symmetrically squeezed approximate GKP codes

So far, we have considered GKP codes parametrized by potentially unrelated squeezing
parameters (k, A). Symmetrically squeezed GKP codes are defined using a single squeezing
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parameter £ > 0 and a truncation parameter € > 0. They are obtained by setting A equal
to

A =kr/(2nd) , (37)
i.e., we define
GKPLld) :== GKP, . /2ra)ld]
and write associated encoding- and decoding-maps as

gkpEnci[d] := gkpEncy, . /orq)[d] ,

gkpDecy [d] := gkpDecy, . /(or0)[d] -
The special choice made in Eq. (37) is motivated by the fact that this provides a particularly
simple linear optics implementation of the Fourier transform (see Theorem 6.1) below.

The main code of interest here is the symmetrically squeezed approximate GKP code
with optimal truncation parameter ¢4 (cf. Eq. (36)), which we will denote by
1/(2d
GKPL[d) := GKP[d) = GKP,/ 50 1d] .

We denote the corresponding encoding- and decoding-map as gkpEnc;, and gkpDec}, respec-
tively. We note that for a fixed code space dimension d > 2, this defines a one-parameter
family {GKP%[d]} x>0 of symmetrically squeezed approximate GKP codes.

5 Linear optics implementations of Cliffords in GKP codes

In Section 5.1, we describe the underlying physical system and specify the set of bounded-
strength Gaussian unitaries. In Section 5.2 we define the logical operations on qudits we
consider. In Section 5.3, we review the known (linear optics) implementations of logical
Pauli- and Clifford operations in the ideal GKP code.

5.1 Bounded-strength Gaussian unitary operations

Here we introduce Gaussian (linear optics) operations in multimode systems and associated
unitary operations. In the following, we typically consider systems with n oscillators and
associated Hilbert space H, = L?*(R)®". The set of canonical mode operators will be
denoted R = (Q1, P1,...,Qn, Py). (We write (Q, P) instead of (Q1,P1) if n = 1.) They

satisfy the canonical commutation relations

@n
[Ri, R¢] = iJ ¢lp, where J= < _01 é > )

By the Campbell-Baker-Hausdorff formula, these imply the important relation
W(ERLW(E) = Ry + &Iy, forall k=1,....2n where W(¢)=e ¢7/E(38)

for any vector & € R?", where & -7 := 232'21 §;n; denotes the inner product of two vec-
tors £,m € R?™, ie., £ - JR = > ik=1Jjk&jRr. Because of Eq. (38) a unitary of the
form e~ %/ is called a Weyl operator or (phase space) displacement operator. We say
that it is of constant strength if ||£|| is bounded by a constant (independent of other pa-

rameters such as the number of modes).
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More generally, we consider unitaries of the form
U(A) = e AR—IE TR where A = AT € Maty, 2, (R)

generated by Hamiltonians which are quadratic in the mode operators. Similarly as for
displacement operators, U(A,¢) is called a bounded-strength unitary of both || A|| and |[£]]
are bounded by a constant.

5.2 Paulis and Cliffords for (logical) qudits

In this section, we define the (logical) operations we will consider subsequently. Through-
out, we consider qudit systems with a Hilbert space C? of dimension d > 2. We use an
orthonormal (“computational”) basis {|z)}sez, indexed by residues modulo d, which we
often identify with the set Z; = {0,...,d — 1}.

The (generalized) Pauli operators X, Z for a qudit are defined by their action

Xlz) = [zal)

7|z W |2 for all x € Zq ,

where @& denotes addition modulo d and wy = €274 is a d-th root of unity. The Pauli
operators X, Z satisfy

ZX = wyXZ

and generate the single-qudit Pauli group.

The Clifford group is the normalizer of the Pauli group in the unitary group (and
thus contains the Pauli group). Ignoring global phases, the single-qudit Clifford group is
generated by the gates {P,F}, where P is the phase gate and F the Fourier transform.
These act on computational basis states as

. x(z+cq)/2
Ple) = wg Jz) for all z € Zg

where ¢4 = 0 if d is even and ¢4 = 1 otherwise.
To generate the n-qubit Clifford group we also need the two-qubit controlled phase
gate CZ which acts on C? ® C? as

CZ(|lz) ® |y) = wy’ |z) @ |y) forall z,y € Zy .

The considered set of gates is illustrated in Fig. 2. We note that for d = 2, the phase
gate P = Z(e'™/?) acts as P|z) = i®|z) and is usually denoted as S, and the Fourier
transform F is the familiar Hadamard gate H.
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diagram gate type of unitary

|) lz® 1) modular shift X Pauli
|) wy |z) modular phase shift Z Pauli
|z) Wi Erea/2 1 phase gate P Clifford
) ﬁ Zyezb w,” ly) Fourier transform F Clifford

|)
Ty
1) ; }wb =) ) controlled modular phase CZ Clifford

Table 2: Elementary single- and two-qudit operations defined using an orthonormal basis {|z)}ez,
of C?. Here we distinguish Pauli from Clifford unitaries that are not Pauli.

5.3 Implementations of logical Cliffords

Consider the (ideal) GKP code GKP[d] encoding a d-dimensional qudit into a single os-
cillator. As discussed in Ref. [13], logical Pauli- and Clifford operators for this code have
exact realizations by Gaussian unitaries, i.e., unitaries generated by linear or quadratic
Hamiltonians in the mode operators. This is expressed by the following:

Lemma 5.1 (Logical gates in ideal GKP codes). Let d € N be arbitrary. Each logical
unitary U € {X,Z,P,F,CZ} can be implemented exactly in the ideal GKP code GKP|d]
(respectively GKP[d|®?) by a bounded-strength Gaussian unitary Wy, see Table 3.

logical unitary U implementation Wy

12) o @ 1) ) —< GKPld] |—| —iv/2n/dP |—| GKP[d] >— |z & 1)

@) wf |2) ) —< GKP[d] e iz o] GKP(d] >— )

) W2 ) ja) — GKP[d] fe (i(@% +e/27710) /2 ] GKP[d] > w5 +e00/2 )
) e et ly) | le) —< GKP[d] ] i@+ P /4l GKP[d] >— 53z, wi” [v)

12) [2) —<_GKPId s GKPLd] Pl
}wz‘-’/ ) 1) cno
ly) 1) —< GKPd] o — GKP[d] >— w}’[y)

Table 3: Exact implementations of logical Pauli- and Clifford group generators by Gaussian unitaries in
the ideal GKP code GKP[d].

Proof. 1t is straightforward to check that the logical Pauli operators can be implemented
by

Z = gkpDec|d]e"V 2™/ ¥ QgkpEnc[d] and X = gkpDec[d]e ™"V 2™/ P gkpEnc[d] ,

Accepted in { Yuantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 25



whereas the Clifford group generators have the realizations
P= gkaec[d]ei(Q2+CdV 2”/dQ)ﬂgkanc[d] ,

F = gkpDec[d]e'™(@*+P*)/4gkpEnc|d] ,
CZ = gkpDec[d]e!91@2gkpEnc[d] .

All Gaussian unitaries in these expressions are of bounded strength for any d € N, implying
the claim. 0

6 Gate error of logical Clifford implementations

In this section we state our main result (Result 1 in the introduction) concerning the
physical implementation of logical gates in approximate GKP codes: We quantify —in terms
of the logical gate error — how well generators of the Clifford group can be implemented
in a symmetrically squeezed GKP code, i.e., the truncated code GKXP}[d] with squeezing
parameter £ > 0 and qudit dimension d € N (see Section 4.2.3).

In more detail, we consider the Clifford group generators {X,Z,F}. We show the
following:

(i) The standard linear optics implementations of the Pauli gates {X, Z} introduced for
ideal GKP codes in Section 5.3 are accurate implementations for the code GKP%[d],
with a logical gate error independent of d and depending linearly on k.

(ii) Similarly, we show that the linear optics implementation of the Fourier transform F
is also suitable for the symmetrically squeezed GKP code GKP[d]. However, here
we can only establish an upper bound on the logical gate error which depends poly-
nomially on the qudit dimension d and the squeezing parameter k.

We note that the asymptotic behavior of these bounds in the limit of large squeezing
is not an artifact of the truncation: We show that the logical gate error also asymp-
totically vanishes for symmetrically squeezed untruncated approximate GKP codes, see
Corollary 6.4.

The technically detailed version of Result 1 is the following.

Theorem 6.1 (Detailed statement corresponding to Result 1). Let d > 2 be an integer
and k € (0,1/4). Then the following holds for the symmetrically squeezed approximate
GKP code GKP%[d]. Consider the set G = {X,Z,F} of Cliffords on C1. For U € G,
let Wy be the linear optics implementation of U (see Table 3). These implementations
have a logical gate error upper bounded as indicated in Table 4.

logical unitary U | errgip:(q(Wy,U) < established in
X, Z 3K Lemma 6.2
F 21d3/81/16 Lemma 6.3

Table 4: List of implementations Wy for Cliffors U from Lemma 5.1 and associated logical gate errors
(Theorem 6.1).

The last column of Table 4 indicates in which Lemma the corresponding upper bound
on the logical gate error is established. The bounds are derived from bounds on the matrix
elements of these implementations (with respect to GKP code states).

In the remainder of this section, we establish Theorem 6.1.
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Lemma 6.2 (Implementation of logical Pauli operators). Let d > 2 be an integer. Let k €
(0,1). Consider the symmetrically squeezed GKP code GKP[d]. Then the following holds.

(i) The logical gate error of the linear optics implementation Wx = e™* 27/dP o f the
logical Pauli operator X satisfies errgip«iq(Wx, X) < 3x.

(ii) The logical gate error of the linear optics implementation Wy = eV 2m/dQ of the
logical Pauli operator Z satisfies errgips(q(Wz, Z) < 3k.

Proof. Let us write

) = [GKPY ooy ())  for  jEZg,

where we define eq = 1/(2d). Then {|j)} ez, is an orthonormal basis of the space L;, =
out gKfVP*[ ]
The logical Pauli operator X has matrix elements X, = 0;re1 where @ denotes
addition modulo d. It follows that the matrix elements of the operator B in Definition 3.1
are given by

:Z g,r .]|WX‘
=<rea1|wx|s>
= Mya1.s for T8 € Lq , (39)

where M; ;, = (j|Wx|k) are the matrix elements of the implementation W . In Lemma F.1,
we show that these satisfy

(1 — 1€2) . 5j,k691 < Mj,k < 6j,k@1 for all j,k € Zg . (40)
It follows from Egs. (39) and (40) that
B,s=0 unless r=s,

i.e., the matrix B is l-sparse. Furthermore, the diagonal entries B, = M, , are real
and satisfy

Br,r >1- K2 >0
according to Eq. (40). Corollary 3.6 (i) therefore implies that
errgreps(q(Wx, X) < 3(1 — mrin Bw)l/2 <3k .

This proves Claim (i). The proof of Claim (ii) proceeds in an analogous fashion. Recall
that the symmetrically squeezed GKP code corresponds to the choice
K

= (41)

Using that Z;; = wgéj,k where wg = €2™/? the matrix B in Definition 3.1 is given by the
entries

d—1
Brs =Y Zjr(ilWzls)
=0
= wp(r|Wzls)
= Wi M, for r,s € ZLq ,
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where M, s are the matrix elements of the implementation W;. We show in Lemma F.2
that these satisfy

(1—10d%A% - 16(A/e)) - 60 <@ - My < 85 forall  jkeZyg,

which implies that B is a diagonal (hence 1-sparse) matrix with positive diagonal entries
satisfying

Br,r = @Mr,r
>1-10(dA)? —16(A/e)* .

It therefore follows from Corollary 3.6 (i) that
2 4\1/2
ertgiep: (W, Z) < 3 (10(dA)? + 16(A /ea)")
<3 (VI0dA +4(A /24)%)
<3 <\/EH + 4(/-6/7‘(')2>
2
3K,

IN

where we used that a®+b% < (a+b)? for a,b > 0, inserted A (see Eq. (41)) and g4 = 1/(2d)
and used that v/10/(27) + 4/72 < 1. This is the claim. O

For the Fourier transform, we establish a slightly more general bound than that given
in Theorem 6.1 by also considering (some) non-symmetrically squeezed codes. (We use this
generalization in Section 7.) We note that the Gaussian unitary 11 (Q*+P?) (approximately)
maps the input code space L;;, = GKP A[d] to the output code space Loyt = GKPY, a/[d]
(where the parameters (k’, A’) are linearly related to (x,A)) while implementing the (log-
ical) Fourier transform, see Lemma F.4. This translates into the following statement for
the logical gate error, where we consider the optimal truncation parameter 4 = 1/(2d)

only.

Lemma 6.3 (Implementation of the logical Fourier transform). Let d > 2 be an integer,
and let k, A > 0 be such that

A< 2md (42)
Let (', A) be defined by
K =2mdA |
A =k/(2rd) .
Then
eITGIP; \[d).GKP?, ,,1d] <€M(Q2+P2)/4, F) < 21d3/851/16 (43)

In particular, we have

errgcp:(d (em(Q2+P2)/ 4 F) < 21d3/8x1/10

for the symmetrically squeezed code GKPL[d], for any k > 0.
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Proof. We note that the claim about the symmetrically squeezed code GICP}[d] (where the
optimal truncation parameter ;4 = 1/(2d) is used) follows immediately from the general
claim because Condition (42) is satisfied for the choice A = k/(2nd), for any x > 0.

We note that the bound in Eq. (43) is trivial if k > 1/d?. Therefore, in the following,
we assume that x € (0,1/d?). We are interested in the logical Fourier transform F defined
by its matrix elements Fj = wék /V/d and its (approximate) implementation by

W = T (@+F?)
We use the orthonormal bases
[kin) = [GKP ()a) — and  |jou) = [GKPY \ ()a)  for  jk€Z

of Lin, = GKP}; Ald] and GKP}, A[d], respectively, consisting of truncated approximate
GKP-states with optimal truncation parameter ¢4 = 1/(2d)) (using the notation intro-
duced in Eq. (35)). We have

Fii— (oo [Welkeo )| \ W o Welke, >]s4o/~e1/4 (44)

according to Lemma F.4 (see Eq. (171)). With Corollary 3.6 (ii) and Eq. (44) we conclude
that

1/4
errg,Cp;A[dLng;/w [d] (WF, F) < 8d3/8 (401{',1/4) < 21d3/81€1/16 .
]

Theorem 6.1 gives bounds on the logical gate error for implementations of Paulis
and the Fourier transform in the symmetrically squeezed truncated approximate GKP
code GKPx[d] = GKP? '/ (2md) [d]. We now turn to the untruncated approximate GKP
code QICPH#/(QM) [d], and show that a good implementation Wy of a logical gate U in the
truncated code also is a good implementation in the untruncated code. By good implemen-
tation we mean an implementation with vanishing logical gate error in the limit k — 0 of
infinite squeezing. Specifically, the following result can be applied to the implementations
of the logical gates X, Z and F given in Table 3. Together with Theorem 6.1, it implies
that these gates have a logical gate error bounded by a polynomial function of d and
in the symmetrically squeezed untruncated approximate GKP code. We note that this
statement depends on using an appropriate encoding map for this code.

Corollary 6.4. Let d > 2 be an integer and x € (0,1/4). Consider the symmetrically
squeezed truncated and untruncated approximate GKP codes L., = GKPLd] and L, =
QICP&H/(%CZ) [d], respectively. Let Wy be an implementation of a logical gate U in C?.

There exists an isometric encoding map Encx C* — L, such that
erry (Wi, U) < erre, (W, U) + 8d3/4k4 (45)
In particular, if
il_}r%errgﬁ(WU, U)=0,
then
Eg%] err; (Wy,U)=0. (46)

In particular, the implementations Wx, Wy and Wg given in Table 8 for the logical
gates X, Z and F satisfy Eq. (46).

Accepted in { Yuantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 29



We prove Corollary 6.4 by using a continuity statement about the logical gate error
(see Lemma I.1) showing that the logical gate error depends continuously on the encoder
used.

Proof. The proof relies on the bounds established for the logical gate error in the truncated
GKP code, combined with the fact that each untruncated code state [GKP, . /(2rq)(4)d) €
GKP,. ./2rald] is close to the corresponding truncated code state |GKP:? '/ (2md) (9)a) €

GKP[d], for j € Zg.
Due to Lemma E.6 we have
(GKP, (9 GKP /(am)) = 1 = T/ (2md) — 2((r/(27d)) /(1/(2d)))"
>1—k—2(k/m)t
>1-2kK,

where we used that by definition e = 1/(2d) and the assumption x € (0,1/4). Let j € Zy.
We have

HGKPn w2m)(F)a = GKP o /om) ( H _

Wen/diP g (GKP‘; e (2m) GKPK,K/(zﬂ)) H

= |[GKP3, o) — GKPjam)|

= \/2 (1 — (GKPZ . GKPK,K/(%)))
<2V,

where the second ideintity follows from the unitarity of e=#V27/4iP yf Norot According to

Lemma 1.2 there exists an orthonormal basis {€;}j- - 5 of L, such that

|GKPE () — & <aVdr  forall  jezy

Eq. (45) then follows from the continuity statement for the logical gate error given in

Lemma I.1 applied with ¢; = GKPﬁdﬁ/(%d)( J)a and gb] & for j € Zg and § = 4N/ dk.
The claim about the implementations of W, Wz and Wg follows from Eq. (46) to-

gether with Theorem 6.1. O

7 No-go result for linear optics implementations

In this section, we prove Result 2: We show that a standard linear optics implementation
of a Clifford gate in the symmetrically squeezed GKP code has a constant logical gate
error irrespective of the amount of squeezing. More precisely, using the example of the P-
gate, we show that the linear optics implementation introduced in the context of ideal
GKP codes (see Section 5.3) has a logical gate error lower bounded by a constant in the
symmetrically squeezed (approximate) GKP code GKPS[d], even in the limit x — 0 of
infinite squeezing. We emphasize again that this behavior in the limit of large squeezing is
not a peculiarity resulting from truncation: even for untruncated GKP codes, the logical
gate error of the Gaussian P-gate implementation is lower bounded by a constant in the
limit of large squeezing. For a general statement which additionally extends this result to
arbitrary encoding isometries, we refer to Theorem J.1 in the Appendix.
The following is a detailed version of Result 2 in the introduction.
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Theorem 7.1 (No-go result for linear optics implementation). Let d > 2 be an integer
and let ¢g =d mod 2. Let € € (0,1/(2d)] and k < 1/250 be arbitrary. Then the following
holds for the logical gate P.

(i) We have
errgrp: (¢ @ HeaV2T/AA2 ) > 1 /95— 33(A /)

for all A satisfying

1/2 > 2mdA > k. (47)

(i) For the symmetrically squeezed GKP code GKPF[d] we have

errgieps g (1@ TeaV2T/d/2 Py > 37100

We note that a similar argument also applies to the linear optics implementation of the
logical CZ gate. The detailed statement and proof of this is given in Appendix H.

Proof. We note that Claim (i) implies that
errgep: g (€@ HaV2T/A/2 Py > 1 /95 — 32(A /)

for all kK < 1/250. This is because by definition, symmetrically squeezed GKP codes
correspond to the choice A = k/(27d), and this satisfies condition (47) with equality.
Claim (ii) follows from this by substituting e4 = 1/(2d).

It remains to prove Claim (i). Define £ = L;, = Loyt = GKPL, Ald] and

k) = [GKPS A(K)a)  for  kEZg.

5
We are interested in the logical P-gate defined by its matrix elements P, = d; -wc(l] teas)/2

and its (approximate) implementation by
Wp = i(@%/2+cay/2m/dQ)/2

The matrix elements of the matrix B in Definition 3.1 are given by

d-1
Bjr=)_ Pm;j{m[Wp|k)
m=0
— TR GIWelk)  for k€ Za.
In particular,
—(5%+cai)/2 . .
Bj;=uw; (7% +cai)/ (G| Welj) -
Therefore by definition of the GKP code GKP A[d] we have
Bo,o = (GKP;, 4, (MJE)T ! @ Feay/2m/d/2 ) - GKPE A)

— <G KPZ,Aa ei((v 27rdQ)2+Cd\/27T/dv 27rdQ)/2GKPZ’A>
= (GKP?, 5, M@ +eaQ GKPE ), (48)
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where we used that (Mm)TQMm = V/27mdQ. Using Eq. (48), the assumption (47)
and Lemma E.17 (with b = 1/(27)) we obtain

|Bo,o| = ‘(GKpi,Av €ﬁi(dQ2+ch)GKPi,A>‘
< 49/50 + 16(A/e)* (49)

for all k < 1/250.
We note that by Lemma 3.7, we have

errc(Wp,P) > 24/1 — [Bypl?

> 2 (1 - |BO,0|) ) (50)

where we used that /1 —z? > 1 —z for z € [0, 1].
The claim follows combining Eqs. (49) and (50) . O

While the no-go result of Theorem 7.1 shows that the standard linear optics imple-
mentation fails for symmetrically squeezed GKP codes (see Claim (ii)) it does — a priori
— not preclude the possibility that this implementation works for a general, i.e., asymmet-
rically squeezed GKP code GKP} A[d], i.e., for choices of (x, A) where A # k/(27d). In
Appendix G, we rule out the possibility of sidestepping the no-go result in this way even
with very small values of (k,A), i.e., high squeezing.
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A Mathematical facts used in the analysis

In this section, we collect a number of definitions and mathematical statements which are
used in our analysis. In Section A.1, we discuss various properties of the diamond norm. In
Section A.2 we state bounds on inner products we use repeatedly. Finally, in Section A.3
we introduce periodic Gaussians and related results.

A.1 Properties of the diamond norm

Consider two finite-dimensional Hilbert spaces X and ). The trace norm of a bounded
operator X € B(X) is defined as || X||; = trvV XX, and its spectral or operator norm is
defined as || X || = supycu . o<1 XV

Consider a linear map &£ : B(X) — B(Y). Its adjoint map £ : B(Y) — B(X) is the
unique map satisfying

(Y,E(X)) = (ET(Y), X) for all X € B(X),Y € B()), (51)

where the (Hilbert-Schmidt) inner product is defined as (Y, X) = tr(YTX) for all X €
B(X),Y € B(Y). The trace norm of a linear map & : B(X) — B()) is

EES sup 1€(X)I1
X€eB(X):||X|1<1

and its spectral or operator norm is

I€l= sup — JEX)]-
XeB(X):|IX||<1

The diamond norm (also called completely bounded trace norm) of a linear map & :
B(X) — B(Y) is the quantity

[€]lo = sup [|€ ® idp(cn) |1 - (52)
neN

For Hermiticity-preserving linear maps, we have the following.

Lemma A.1. The diamond norm of a Hermiticity-preserving linear map £ : B(X) —

B(Y) satisfies

1€lo="— sup (€ @idp))([¥) (LD -
h)EX@X : 4] =1

Proof. See e.g., [19, Theorem 3.51]. O

A linear map & : B(X) — B()) admits the following representation. Consider an
additional Hilbert space Z. Let A, B: X — Y ® Z be such that

E(X) =trz(AX BY) for all X € B(X) . (53)
The pair (A, B) is called a Stinespring pair for the linear map £. We denote by

de—1

1 . .
‘(I)>XX/ = NZA Z ’.7>X ® |J>X/
x j=0
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the maximally entangled state on X ® X’ where X’ is isomorphic to X, d, = dim X,
and {|7) X}?ial and {[J) s }?261 are orthonormal bases of X and X", respectively. Denote
by

J(E) = (€ @ I (|2)(®laxr) (54)

the Choi-Jamiotkowski representation of the map &.
A characterization of the expression (52) for the diamond norm which will be useful is
(see [29, Definition 11.2 and Theorem 11.1)):

€]l = inf{||A] - | B]| | trz(AX BT) = £(X) for all X € B(X)} , (55)

i.e., the infimum is taken over all Stinespring pairs (A, B) for £. The expression for the
diamond norm in Eq. (55) does not depend on the choice of the auxiliary space Z, provided
that at least one Stinespring pair (A, B) exists. This is the case for dim Z > rank J(&)
(see Ref. [29]). Without loss of generality, we choose

Z = CrankJ(g) . (56)

Additionally, notice that the set of Stinespring pairs (A, B) for £ is compact, which implies
that the infimum in Eq. (55) is achieved.
The following lemma relates the diamond norm of the adjoint map £' to that of £.

Lemma A.2. Let £ : B(X) — B(Y) be linear and let J(E) be the Choi-Jamiotkowski
representation of £. We have

1€ o < rank J(E)|IE ]|, - (57)
Moreover, if £ has Kraus-rank one, i.e., rank J(E) = 1, then

||5T”<> = ”gHo . (58)

Proof. Denote by (A, B) a Stinespring pair for £ which achieves the infimum in Eq. (55),
i.e.,

1€]le = [[AIl- 1B - (59)

(Recall that the infimum is achieved because the set of Stinespring pairs is compact.)
Let Z’ be isomorphic to Z. Define A,B:Y — X ® Z’ by

Aly) = V(AT @ Iz)(|$) ® [®) 52/)
Blp) = Vdo(B' @ Iz)(|) ® [®) 55)
where |®) ;. is defined similarly to expression (54) and d, = dim(Z). We show the

following. o
Claim: The pair (A, B) is a Stinespring pair for the adjoint map £ : B()) — B(X).

for all [¢) € YV, (60)

Proof of Claim. By Eq. (53), we have

(Y,E(X)) = (Y, trz(AX B"))
=tr((Y ® Iz)TAX BT)
=tr(BY (Y ® Iz)AX)
= (AN(Y ® Iz)B, X)
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for all X € B(X),Y € B(Y). By Eq. (51), this implies that
EY)=A(Y®Iz)B.
We prove the claim by showing that
ENY)=trz(AYBY = Al (Y@ Iz)B  forall Y eB(),
with A and B defined in Eq. (60). It suffices to observe that

AYB' = d,(AT @ I2)(Y @ |®)(®| 52/ )(B ® Iz)

d,—1
=Y (AT @ Iz)(Y @ |jj)(kk|zz)(B & Iz/)
4,k=0
and
o d,—1
trz(AYBH = AT [V ® Z 1) =0l | B
j=0
=AY ®1z)B
for all Y € B()). O

Because (A, B) is a Stinespring pair for &, it follows from Eq. (55) that
€Tl < I1A]| - 1B]] -
Observe that
1Al = sup  Vd|(AT@ Lz)(v © 22z

vey: i<t
< sup Vd:)|(AT @ Lz )yl

T YEYRZRZ! : |v|<1
= Vd,|AT® Iz
=V dzHATH

where d, = dim Z, and similarly || B|| < v/d|B|| . Therefore

I€Mlo < -]l AT - || BT
= d:[|All - ]| B]]
= d:[|€][o by Eq. (59)
= rank J(E)||€|lo by Eq. (56) .

This is the Claim (57). If £ has Kraus-rank one, i.e., rank J(£) = 1, then ||Ef[|o < ||€]l.
Interchanging U and UT then gives Eq. (58). O

In the following we argue that the definition of the diamond norm in terms of finite-
dimensional stabilizing systems from Eq. (52) is applicable in the case where we compose
a linear map with a projection onto a finite-dimensional space. We denote the set of
trace-class operators on a (possibly infinite-dimensional) Hilbert space H by Bi(H).
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Lemma A.3. Let X,Y be separable Hilbert spaces and L C X a finite-dimensional sub-
space. Let € : Bi(X) — B1()) be linear. Let mp : X — L be the orthogonal projection
onto the space L. Define Iz : By(X) — Bi(L) by Iz(A) = ngAns. Then

(0 Zaen) B, 61

sup  sup H <(5 olly) ®IB(X’)> (A)H1 =sup sup
X' AEB (XRX) neN BeB(L&C™)
Al <1 Bll.<1

where the supremum on the lhs. is taken over all separable Hilbert spaces X' and the rhs.
is understood using the natural embedding of B(L ® C") = B1(L ® C") into B (X @ C").

Proof. Fix an additional separable Hilbert space X’. Let A € By (X @ X') with ||A]; =1
be given. Then A is a compact operator. Using the singular value decomposition for
compact operators, there are orthonormal bases {e;};,{f;}; C X ® X’ and a sequence of
positive numbers {s;}; such that

A=Y siles) .

Note that [|Al[1 = [|s|l1 = 3; 55 as

1= Al = trA] = trVATA = tr (Z Sj!fj><fj!) =D 55
J J
Thus A is contained in the closure of the convex hull of all rank one operators |¢) (1|
where ¢,9 € X ® X" and [|¢]], ||« = 1. In particular we can restrict the supremum on
the lhs. of Eq. (61) to these operators. Note that (Ilz ® Zg, (xn))(|9)(¥]) = [¢)(¥] for

some ¢, ¢ € L ® X' with ||¢], ||w|| < 1. Therefore it is enough to consider the supremum
over rank-one operators A = @) (1| € By (L®X") with || @], [4]] < 1 on the lhs. of Eq. (61).
Using the Schmidt-decomposition we can further restrict the supremum in Eq. (61) to

finite-dimensional additional systems X', see [19, Lemma 3.45] for a detailed proof. In
fact, we can assume X’ ~ £. The claim follows. ]

A.2  Bounds on inner products

Here we state a few bounds on inner products which we use repeatedly. These are simple
consequences of the Cauchy-Schwarz inequality.
Let H be a Hilbert space. We use the bound

(O, @) 1 < [T - @] < V2\/[(T, @) ~1] . (62)
on pure states ¥, ® € H.
Proof. The upper bound on || — ®|| in Eq. (62) follows from
I — @ =2 (1 — Re(¥, @))
< 2[Re((¥, @) — 1)

For the lower bound on |V — ®|| in Eq. (62), we use the Pythagorean theorem, which
implies that

[T — @) < [|¥ - |

for any orthogonal projection II. Applying this with the rank-1 projection IT = |¥) (|
gives the claim. O
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The following lemma gives an explicit bound expressing continuity of the map ¥

(T, U0).
Lemma A.4. Let 1,09 € H be arbitrary states and let U be a unitary on H. Then

(91, Utpr) — (o, Utha)| < 2[[th1 — oo - (63)

In particular, we have

|1, Unp1)| < [(h2, Uta)| + 2301 — o] (64)
Proof. Note that for any two states 91,19 € H and any unitary U, we have
(1, Utp1) = (P2 + (1 — 2), U (b2 + (¥1 — 92)))
= (2, Uth2) + (Y2, U(¥h1 — 92)) + (b1 — t2), Uth1) .
The triangle inequality thus implies that

[(v1, Unpr) — (b2, Unha)| < [{3ha, U (b1 — 2))| + [((1 — b2), Utp1)| .

The Eq. (63) now follows from the Cauchy-Schwarz inequality using the unitarity of U.
Observe that Eq. (64) immediately follows from Eq. (63) and the triangle inequality.
This concludes the proof. ]

The following lemma expresses continuity of matrix elements more generally: The
matrix element (11, U1ts) of a unitary U with respect to two states (11, 12) is close to the
matrix element (1, Ugs) with respect to a different pair (o1, p2) of states if 1); is close
to ¢; for j =1,2.

Lemma A.5. Let 11,12, 01,02 € H be states. Let U be a unitary on H. Then

(1, Upa) — (o1, Uspa)| < [[to1 — oul + llvh2 — 2| - (65)
In particular, we have
(w1, U6) = (o1, Vo)l < VE (lwno0) = 11+ ilwaw) - 1) . (69)

and

(w1, U) = al < (1, Uon) — ol + VE ({wrcon) = 1+ /o —11) . (67)
for all a € C.

Proof. We have

[(¥1, Uth2) — (1, Ugpa)|
= [(¢1, Utpa) — (1, Upa) + (1, Up2) — (1, Up2)|

< 1, U2 — w2)| + [{(1 — 1), Upa)| by the triangle inequality
< HUTle Nlba — 2| + |1 — @1l - U2l by the Cauchy-Schwarz inequality
< Y2 = @2l + [[v1 — ¢l by unitarity of U, [[¢1] =1 and [[p2f =1 .

This establishes Eq. (65).
Eq. (66) follows immediately from Eq. (65) using the inequality (62).
Finally, Claim (67) follows from Eq. (66) and the triangle inequality. O
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The following lemma quantitatively expresses the following fact for a family {U;}7_; of
unitaries and a state W: If each unitary U; leaves the state ¥ (approximately) invariant,
then the same is approximately the case for the composition Urp - - - Uj.

Lemma A.6 (Matrix elements of composed unitaries). Let ¥ € H be a state and Uy, ..., Ur
unitary operators on H. Then

T
(O, Up---U10) — 1] < V2> /[(T, U ) — 1 forall  te{l,...,T}.
t=1

Proof. Set Wy = V. Define ¥, = U, ---U;¥. For any t € {1,...,T}, we have
Wy — | = [|U: W1 — ¥
<|NUWiq — U + U0 — ¥
= Y = V|| + |UP — ¥

by the triangle inequality and invariance of the norm under unitaries. By induction, it
follows that

T
1 — W <> U~ .
t=1

In particular,
T
(0, Ur) —1] < U —¥| < V23 /U2, ¥) — 1] .
t=1
by Eq. (62). This is the claim. O

A.3 Discrete Gaussian distributions

We need a few facts about discrete Gaussian distributions. Their study was initiated by
Banaszczyk [30] who proved so-called transference theorems for lattices, and subsequently
obtained measure inequalities for convex bodies [31,32]. They are defined as follows.
For s > 0, define ps(z) = exp(—mz?/s?) for # € R. The discrete Gaussian random
variable X, then has distribution

Pr[X, =z| = for z €L

where p,(Z) = ¥ocz ps(2).
Lemma A.7. Let s > 0. The discrete Gaussian random variable X satisfies
Pr(|X,| 2 r] < 2770/ (68)
for any r > 0.
Proof. For the proof of Eq. (68), see [26, Lemma 8.3]. O

We will also need the following result on so-called periodic Gaussians. For s > 0
and x € R define

fs(t)ZZps(Z-i-t):ps(Z—i—t) fort e R .
2€EZ
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Lemma A.8. Let s >0 andt € R. Then
e/ £0) < £u(t) < f.(0)  forall teR.

In particular, fs(t) is mazimized when t € Z.

Proof. We refer to [33, Lemma 3] for a proof. O

B  General quantum circuits

Here we briefly comment on how our considerations generalize to arbitrary quantum cir-
cuits. We use the graph representation of quantum circuits, see e.g. [34]. Let G = (V, E)
be a connected, directed acyclic graph. For a vertex v € V', let Ei,(v) C E denote the edges
incoming to v, and let Eout(v) C E be the edges outgoing from v. We define the in-degree
and the out-degree of v as deg;,, (v) = |Ein(v)| and deg,,;(v) = |Eout(v)|, respectively. We
call

‘/input = {U ev | degin(v) = 07 degout(v) = 1}
‘/output = {U S V ’ degm(v) = 1, degout(’l)) = 0} .

the sets of input- and output-vertices. The remaining set of vertices

Vinterior 1= V\(Vinput U Voutput)

will be referred to as the set of interior vertices. We denote the size of this set by T :=
|Vinterior|- The set of interior vertices with the property that all in-neighbors (predecessors)
are input vertices is called the in-boundary of G.

We assume that the graph is equipped with the following additional data:

(i) Every edge e € E carries a Hilbert space K, of dimension d. = dim K, > 2. These
satisfy the condition

® Ko = ® Ke for every v € Vinterior - (69)
e€Ein(v) e€Eout(v)

(ii) For every interior vertex v € Vigterior, We assume that there is a unitary

U: @ Ke— K Ke.

e€Ein(v) e€ Fout(v)

(iii) We assume that the set of interior vertices is indexed as
Vinterior = {Ut}le

subject to the following condition. Let G(©) = G. Then the following holds for
allt=1,...,T:

(a) The vertex v; is a vertex belonging to the in-boundary of the graph GU=1),

(b) The graph G is obtained from G~ by detaching each edge e € Eoyt(vt)
from v; and reattaching it to a newly added (input) vertex v,, and removing all
input vertices previously attached to v; as well as v; itself, see an example in
Fig. 4. We denote the set of output edges of a vertex v € G*) by Ec(,f,)t (v) and the

set of input vertices of G(*) by v

interior*
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A graph with this data defines a quantum circuit realizing a unitary
v ...

where (iiib) defines in which sequence the gates are applied. Here U (®) acts non-trivially
only on the subsystem @.cp, (v,) Ke, mapping it t0 @ c g, (v,) Ke by application of Uy, .

G Ke, Ke, Keq
U
Ke,
U®
Kes, U@ Ke, Ke.,

Figure 4: lllustration of the construction of the circuit UG UR UM from the graph G as described
in (iii). Input vertices are marked in red, interior vertices in green and output vertices in orange. To
each interior vertex v; for t € {1,2,3} we associate a unitary U(*). The (input and output) spaces K,
associated with each edge e; for j € {1,...,7} satisfy Eq. (69), e.g., e, ® K¢, =~ Ko,.

We now consider an implementation where instead of physical qudits (associated with
the spaces KC.), we use logical qudits encoded in subspaces {Lc}e of the physical Hilbert
spaces {He}e. We further assume that for each internal vertex v, we have a (possibly
approximate) implementation of a logical (i.e., encoded version) of the unitary U,. That
is, we assume that

iv) Foreach e € FE, there is a Hilbert space H, and a subspace L. C H, satisfying £, = K,

iv) F h E, there is a Hilbert ‘H. and b Le C He satisfying Lo = K
(i.e., of the same dimension), with the isomorphism given by an isometric encoding
map Enc, : Ko — L.. We denote its inverse by Decy, := (Encg, )™t : Lo — K.

(v) For each interior vertex v € Vipterior, We have a unitary

We: @ Hes Q) He.

e€Ein(v) e€ Fout(v)

For v € Vinterior, define
Lan(v)= @ Le
e€FEin(v)

Hm(’l)): ® 7‘[3

e€Ein(v)

and define Lyy¢(v) and Hoye(v) similarly. Then L, (v) = Loyt (v). We define the map

U, = ® Ence, | Uy ® Decr, | : Lin(v) = Lowt(v)
eeEout(U) eeEin(”)

and the logical gate error at the vertex v as

err, = H(Wv —Uy)ollz, () o (70)

where U, (p) = U,pU] and W, (p) = W,pW;.
Then the composition of maps obtained from the graph G by using the CPTP map W,
at each interior vertex v € Vipterior Satisfies the following.
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Lemma B.1. Let G = Gy = (V, E) be a graph with indezed interior vertices Vinterior =
{v:}, and induced graphs {G(t)}thl. Let H., L., K. be Hilbert spaces for e € E and
let Uy, W, be unitaries for v € Vipterior S introduced in (i)—(v). Define the set of input

edges of the graph G as Ei(,f) =U,cp® Eg,)t(v) fort=0,...,T and define the unitaries
input

v =U,, ® ® I,

c€E T\ Ein(vr) for te{l T}

w® =w,, ® X I,
e€ BTN\ Ein (vr)

Define UD (p) = UM ) (U(’f)yL and W® (p) = W®p (W(t))T. Then

T
(WD oo W® —UT o ot®) o @ Nz| < e,
t=1

ec Ei<nO) o>

where erry, is defined by Eq. (70).
Proof. This is a straightforward application of Lemma 2.1. O

Lemma B.1 provide a means of analyzing the logical gate error associated with a circuit
in terms of its building blocks, allowing for a modular analysis. We note, however, that the
resulting bound will generally not be tight. For concrete implementations, a more direct
examination of the logical gate error may yield tighter bounds.

C Lower bounds on the inner numerical radius

In this section we establish a lower bound on the inner numerical radius of an operator.
It serves as the main technical ingredient for the upper bounds on the logical gate error
stated in Theorem 3.6 from the main text.

Fix an orthonormal basis {|j) ;-l;é of C4. In the following, we often identify a linear

operator A : C? — C¢ with its matrix A € Matgy4(C) with respect to the computational
basis, i.e., Aj; = (j, Ak). The Crawford number c¢(A) of an operator A : C? — C¢ (see
Eq. (18)) can be bounded as follows.

Lemma C.1. Let A : C? — C? be linear. Define
a(A) := min (|Re Ajjl = . > 1A +A&j\) : (71)
’ 2 i
Suppose that
Re A;; >0 forevery je{0,...,d—1}. (72)
Then

c(A) > a(A) .
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Proof. Decompose A as

(A+ AT
(A— AT)"

"—‘I\DM—\

A=K +1L where é{_:

[\
By

Then K and L are self-adjoint operators and thus we have K, ; = K;, and Ly ; = m for
all j,¢ € {0,...,d — 1}. Therefore using the definition (71) we observe that

a(K) = min (lKj,j! -2 \Ke,j|> = min (!Kj,jl - !Kj,d) : (73)
J oy j =
j J
Moreover, since Re A; ; = K j and K+ Ky; = Aj o+ ﬁ,j for j # ¢ we have
a(A) =a(K). (74)
Since ¢(A) > 0 by definition, the claim is trivial if «(A) < 0. Thus we can assume that
a(A)>0. (75)

Combined with Egs. (73) and (74), Condition (75) states that (in the terminology of
Ref. [35]) K is diagonally dominant by both its rows and columns.

The operator K is self-adjoint by definition and diagonally dominant by rows, and
every diagonal entry K ; = Re 4; ; is non-negative by the assumption (72). We conclude
using Gershgorin’s circle theorem [36, Theorem 6.1.1] that K is positive semidefinite.

By definition of K and L, we have

(U, AU)| = (U, KU) + (¥, LV)]
= (U, KW)[2 + (W, LW)[2
> (U, KU)| for any ¥ € C* | (76)

where we used the fact that expectation values of self-adjoint operators are real. Using
the spectral decomposition of K and the fact that K is positive semidefinite, it is easy to
see that

(U, KU)|> > min{\? | A € spec(K)} for any W e C%with |¥||=1, (77)
where we denote by spec(K) the set of distinct eigenvalues of K. We note that
min{\? | \ € spec(K)} = 04(K)? (78)

where 04(K) is the smallest singular value of K.
Since K is diagonally dominant by both rows and columns, we can apply [35, Corollary
2] which implies (in the case of self-adjoint matrices)

04(K) > a(K) .
Combined with Eqs. (76), (77), (78) and (74) we obtain
(W, AV)| = (¥, K¥)| = 04(K) = a(K) = aA)

for every unit vector ¥ € C? This implies the claim by definition of the Crawford
number c(A). O
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The following property of the inner numerical radius will be useful.

Lemma C.2. Let S,T, A : C% — C? be linear. Then

c(SAT) = c(A) = [|A[[ - [|S = I} - | T = T — 1| - [|A]l (79)
and

c(SAT) = c(A) = [|A[l - [ISI-IT = Il = 1S = 1| - Al - (80)
Proof. Let ¥ € C¢ with ||¥|| = 1 be arbitrary. Then

(U, SATT) = (U, (S — ) ATT) + (¥, ATD)
= (U, (S — I)AT) + (¥, A(T — I)U) + (¥, AT)

and thus

(W, SATW)| > | (U, AW)| — | (¥, (S — )ATW)| — | (¥, A(T — 1) )|
> o(A) — (0, (S — ) ATW)| — (¥, A(T - 1)¥)|

by the triangle inequality and the Definition (18) of ¢(A). The Claim (79) follows using
that

(W, (S = DATY)| < [|(S = DAT|| < [|S = 1] - [ All - |7
(W, AT = D) < AT = D < |A]l - [|T = 1

for any unit vector ¥, and by taking the minimum over ¥. The Claim (80) is shown in
an analogous manner. O

Lemma C.3. The Crawford number ¢ : B(C?) — [0,00) is (Lipschitz-)continuous.

Proof. Let A, B € B(C%). Let ¥ € C? be normalized. Then

(W, AW)| = [V, B)V) + (¥, BY)|
< [(¥, B‘I’>l+!< , (A= B)¥)
< (¥, BY)| + A= B, (81)

where we used the triangle inequality to obtain the second inequality and the Cauchy-
Schwarz inequality to obtain the last inequality. Similarly, we can bound

(W, AV)| > [(¥, BY) — (¥, (A = B)V)||
> (¥, BY)| — [(¥, (A - B)V)|
> (¥, BY)| - [[A - BJ|. (82)

Combining Egs. (81) and (82) we find
¢(B) = [A= Bl < c(A) <c(B) +[[A - B,
or equivalently
e(A) —e(B)| < [|[A- B

This shows the claim. O
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We can eliminate the assumption (72) in Lemma C.1 as follows.

Lemma C.4. Let B : C — C? be linear. Assume that Bj; # 0 for everyj € {0,...,d—1}.
Define

p; = arg Bj ; for j€{0,...,d—1} .
Then

1 : : ,
o(B) z min | By = 5 3|71 Bjp e Byl | —[|B] _ max [e'r — 1]

Proof. Let us introduce the diagonal matrix

D = diag ({e"*}4=})

and the matrix

A=D"'B.
Then we have
Ajj=D;!B;j;j=|Bj;|€eR  forall  je{0,...,d—1}. (83)
In particular, we have
¢(B) =c(DA)
> c(A) = ||A]| - ||D - I by Lemma C.2
> a(A) —||A] - 1D - I|| by Lemma C.1 using Eq. (83) . (84)

The claim follows from Eq. (84) because

1Al =11~ Bl = ||B] ,

|ID—1I||= max ‘ewi -1
§E{0,nd—1}

)

by definition of D and

a(A) = min (|Re Ajj
J

1 -
—QE:MM+AMO

£
1 - I
ZﬂnO%ﬂ—Qilfme+éW&ﬂ)-
(£
0

An immediate consequence of Lemma C.4 is the following result for sparse matrices.
We call a matrix B € Matgyxq(C) s-sparse if the number of non-zero entries in each row
and column is at most s.

Corollary C.5 (Inner numerical radius for sparse matrices). Let B € Matgy4(C) be s-
sparse for s € {1,...,d} with Bj; # 0 for every j € {0,...,d —1}. Then

c(B) > |min|Bj, || —(s—1) max |B;s| — || B
(B) = (min |By1) ~ (s~ 1) muax Byl - 5]

B. .
max D)
0,...,d—1} ’Bj,j|

g
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We also need the following result for matrices with subnormalized rows and columns.

Corollary C.6. Let B € Matgy4(C) be such that Bj; # 0 for every j € {0,...,d — 1}.
Assume that

d—1 d—1
Z |Bj* <1 and Z |Bej|* <1 for every  j€{0,...,d—1}. (85)
=0 =0
Then the inner numerical radius of B is bounded as
1/2
c(B)Zl—?(dmax|1—Bj,j|> .
J

Proof. Define p; = arg B;; for j € {0,...,d —1}. Let j € {0,...,d — 1} be arbitrary.
Then

1 L o 1
5 2 e Bje+ e Byl < 53 (1Bjel + [Begl)

04§ 12
1/2 1/2
1
< ivd_ 1 (Z ’Bj,ZP) + (Z\Be,ﬂz)
5 4
o\ 1/2
<VA=1(1- By,
< (2(d - 1)1 - Byy[)?, (86)

where we used the Cauchy-Schwarz inequality in the second step and the assumption (85)
in the penultimate step. The last inequality follows from

1= B[P = (1= BN+ [Bj,1) <201 = [Bjl) = 2[1 — |Bjll < 21 — By
where we used that |B; ;| < 1. It follows from Eq. (86) that

1 L o
[Bisl =522 e 1By + GWBe,j' >1—[1- Byl - (2(d = 1)|1 - Byy)"
Iy
> 1201 = Bj["% = (2(d = )1 = By, )"
> 1 -3(d|1 - Bj)"/?, (87)
for all j € {0,...,d—1}, where we used |B; ;| = |1 — (1 —Bj;)| > 1—|1 — B, ;| in the first
step. The second inequality follows from |1 — B; ;| < 2 and
r<2yzx for wx€]0,2]. (88)

In the last step we used that 2 4 /2(d — 1) < 3v/d for all d > 2.
It follows from

11— Bj;|Bj |~ < [1— Byl +|Bj; — Bjj|Bj;l ™| = |1 = Bjj| + 1= |Bj|l <2/1 - Bl

and Eq. (88) that

B
||Bj‘7j_1 §2|1_Bj,j|§4(|1—Bj’j|)1/2' 59

Jl

Moreover, the assumption (85) implies that
1Bl < ||Bll2 < Vd (90)

by the Cauchy-Schwarz inequality. The claim follows by combining Eqs. (87), (89) and (90)
with Lemma C.4. O
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D Proof of Theorem 3.6

In this section we give the technical details used to derive Theorem 3.6 from the main text.
More concretely, we combine the general lower bounds on the Crawford number from
Appendix C with the exact expressions for the logical gate error of unitary implementations
(in particular, Lemma 3.2 and Corollary 3.5).
These bounds exploit the special form of the matrices B whose Crawford number is
relevant for the logical gate error (see Definition 3.1). In preparation for the proof of
Theorem 3.6 from the main text, we show the following:

Lemma D.1. Let W : Hip — Hour and U : C¢ — C% be unitary. Let B = Bgm,llout(VV’ U)
be the operator introduced in Definition 3.1. Then

mex [1—Bj;| < \/arlﬁX Ujke = (Gl o WIK) 2, | (91)

out

and

d—1 d—1
min (Z Bjel*, > !B&jl2> <l1. (92)
7 \i=o =0

Proof. We first prove Eq. (91). Using the definition (17) of the matrix elements B;, of
the operator B we have for fixed j € {0,...,d — 1}

d—1
1-Bjjl=1- Y Unj{mlc, Wiz,

m=0

T
0

|2 (Vg = Tt Wi,

a 3
I

= UT)’L,] (Um,] - <m|£outW|j>LG)

3
=}

d—1

S <Z |Um7]|> : Ht}akx |Ué,k - <£|LoutW|k>£zn|
m=0 ’

S \/gnt}ak‘:X ‘U&k - <e‘£outW|k>LG| 9y

where we used the unitarity of U in the second identity, and the triangle inequality in the
penultimate inequality, as well as the Cauchy-Schwarz inequality and the unitarity of U
in the last inequality.

Next, we prove Eq. (92). Using the definition (17) of the matrix elements B;;, we have
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for any fixed k € {0,...,d — 1}

d—1

d—1
DoIBiklP ="
§=0

J=0

d—1

Z WM <£’L"out W ’k>LG
£=0

m, =0
d—1

= " Gmelkl,, WHm), (€, WIk), by unitarity of U
m, =0

= (k|,, WT<Z|m Lo |Lm>W]k>

i1 [d—
= (ZU ,JU&J) (klg, Wim), (€, WIk),

d—1
= (k| Wire, W k) e, because Z lm), (ml, .
m=0
= HTrAcoutW ‘k>£ln H2 because Tr%out = Tr['out
<1,

where the inequality follows from the fact that 7, is a projection, the unitarity of W
and the fact that |k) . is normalized. Similarly, for any fixed j € {0,---,d— 1}, we have

d—1 d—1|d—1 2
YoIBikl? =201 > Uny(mlg,,, Wik),,
k=0 k=0 lm=0
= Z Unn,jUs; (m <Z k), (ki ) wtie,
m, =0
d—1 d—1
= Z Um,jUej (m|,, Wrp, Wi ... because Z k) e, (Kl =me,,
m, =0 k=0
d—1 2
= Z Ueime,, wte) Lot where we used W%m =Tr,.
=0

= e 1Yo

<1

where |j') = Z?;& Uejll,,, for j €{0,...,d—1} is normalized, which together with the
fact that m,,,, is a projection and W a unitary gives the inequality. ]

As a direct consequence we can prove Theorem 3.6 from the main text. For convenience
we restate it here.

Corollary D.2 (Theorem 3.6 from the main text restated). Let W : H;, — Howr be
unitary and W(p) = WpWT. Let U : C¢ — C? be unitary, and let B = Bgiru[fout(VV’ U) be
the operator introduced in Definition 8.1. Then we have the following.
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(i) Suppose that B is s-sparse and has positive entries {Bj,j};-l;é on the diagonal. Then

max {errﬁinaﬁout W, U), O Lout,Lin (WT7 UT)} <3 <(1 - In]ln Bj,j) +(s—1) ]r??;fe ‘Bj,£|

(i) Furthermore, we have

)1/2

1/4
max {errﬁimgout W, U), errgoutﬂgm(WT, UT)} < 8q3/8 <n%£}€x \Uj 1 — <j|50utW|k>£m|> .

Proof. Recall that

€L, Lout (W7 U) = €M Lout,Lin (WT’ UT) =2 \V 1- C(B)2

according to Lemma 3.2, Corollary 3.5 and the assumption that W is unitary. Since

I —(1—0)2 <26 for every § € [0,1], it follows that
errg,, LowW,U) < 2v/26 for any ¢ > 0 satisfying c(B)>1-94. (93)

(We note that this bound is trivially satisfied for 6 > 1 by definition of the logical gate
error.)

Let us first prove Claim (i). That is, assume that B is s-sparse, with B;; > 0 for
every j € {0,...,d — 1}. Then we have

—1

B..
’ J'J =0 for all jef{0,...,d—-1}

|BJJ|

and it follows from Corollary C.5 that

c(B) > (mjin Bj,]) —(s— 1)j{g?§£\31,e!

=1-6 where d:=(1—-minB;;)+ (s —1) max |Bj| .
J gy

Combining this with Eq. (93) we obtain Claim (i).
Next, we prove Claim (ii). Lemma D.1 states that the matrix B of interest satisfies

max 1= Bj,| < \/&nﬁx Uik — (Gleow W) 2,0 | (94)

and

d—1 d—1
i (X 85 5 180 ) < 1. 99
=0

=0

Because of Eq. (95) we can apply Corollary C.6 which gives
1/2
¢(B)>1-7Vd <max 11— BM|>
J
1/2
> 1= 7% (e Ve = Gl WO, (96)
]7

when combined with Eq. (94). Claim (ii) follows by combining Eq. (96) with Eq. (93) and
using that 24/14 < 8. O
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E Approximate GKP-states with integer spacing

Our goal is to analyze the implementations of logical gates introduced in Section 5 in
the context of approximate GKP codes. Here we introduce the relevant definitions and
establish some required properties. Namely, we establish various properties of approximate
GKP-states with integer spacing.

In more detail, we introduce four different types of integer-spaced GKP states with
parameters k, A > 0 and € € (0,1/2), namely

(i) The “standard” (untruncated) GKP state |GKP,; A ) with squeezing parameters (x, A),
see Eq. (31). This state is commonly used as a basis for defining approximate GKP
states. It is a superposition of Gaussians centered on integers with a Gaussian enve-
lope. The envelope is introduced as a coefficient for each Gaussian (local maximum).
Correspondingly, we refer to this as a peak-wise envelope. The state |GKP, ) has
support on all of R.

(ii) The e-truncated GKP state ‘GKP; A> with squeezing parameters (x, A) and trunca-
tion parameter €, see Eq. (33). In contrast to the untruncated GKP state |GKP, ),
this state only has support near integers (namely, on an interval of diameter 2e around
each integer). It is the result of replacing the Gaussians by truncated (projected) ver-
sions thereof.

(iii) The untruncated GKP state with point-wise envelope ‘gkpm A>, which is defined in

terms of two squeezing parameters (x, A) (see Eq. (102)). Similar to the state |[GKP, A),
this state has support on all of R. In contrast to that state, however, the Gaussian
envelope is applied point-wise.

(iv) The e-truncated GKP state with point-wise envelope ’gkpi,A>, which is defined

in terms of two squeezing parameters (k,A) and a truncation parameter £ (see
Eq. (103)). This state again only has support near integers.

The relationship between these four states is illustrated in Fig. 5. We note that via the

Fourier transform on L?(IR), there is an exact relationship between untruncated GKP states

with peak-wise and point-wise envelopes, see Lemma E.21 for a detailed statement.
While closed-form analytic expressions for the (inverse) Fourier transform of the un-

truncated GKP states |GKP,, o) and ‘gka7A> can easily be obtained (see Lemma E.21),
the truncated GKP states ’GKP27A>,

gkpfﬁ A> are computationally convenient because of

the specific form of their support. In particular, we use ‘GKP; A> as a starting point to
define an orthonormal basis of a d-dimensional approximate GKP code (see Section 4.2.2).

We will also show that for an appropriate choice of parameters (k,A,¢), the states
|GKP4.A), ‘GKP;A>, ‘gkp&A> and ‘gkpi}A> are close to each other, see Fig. 6 for a sum-
mary of the results establishing closeness of pairs of such states.

We proceed as follows. In Section E.1, we first establish a few properties of (truncated)
Gaussians which are used subsequently. In Section E.2 we then relate different notions of
approximate GKP-states. In Section E.3 we compute matrix elements of certain Gaussian
unitaries with respect to approximate GKP-states. Finally, in Section E.4 we discuss the
Fourier transform of GKP-states.

We note that most of the statements given here were previously established in Ref. [21].
We provide a summary to make this paper self-contained.
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peakwise envelope pointwise envelope

|GKPH’A> Fourier transform ‘ngN,A>

truncation l \L truncation

GKP: ) EN

Figure 5: lllustration of the relationship between the different types of integer-spaced GKP states. The
state |GKP,, a) is the “standard” approximate GKP state, a superposition of Gaussians centered on
integers with a (peak-wise) Gaussian envelope. The state |GKP;A> is obtained from it by replacing the

Gaussians by truncated Gaussians, and has support only near each integer. Similarly, the state |gka7A>
is a superposition of Gaussians but with a Gaussian envelope which is applied point-wise. The truncated
state |gkp27A> is obtained from it by replacing the Gaussians by truncated Gaussians, and has support

only near each integer. Finally, peakwise and point-wise GKP states |GKP, A) and |gkpﬁ_’A> are related
by the Fourier transform, which essentially swaps the role of x and A, see Lemma E.21 for a detailed
statement.

|GKP,$7A> (Lemma B.10 ’gka7A>

A\
B
Lemma E.6 \;e‘“‘“a I Lemma E.8

‘GKPZ,A> ’gkpi,A>

Figure 6: The four states [GKP, o), |GKP2,A>, |gkp,£7A> and |gkpi,A> are close for suitable choices
of parameters (k, A, e). Quantitative bounds on the overlap of pairs of states are established in the
Lemmas indicated.

E.1 (Truncated) Gaussians and their properties

We first show that the centered Gaussian W and its truncated version W9 are close to
each other for suitably chosen parameters. For later use, we give the following (see Egs. (i)
and (iv)) different versions of this statement.

Lemma E.1 (Gaussians and truncated Gaussians). Let A > 0 and € € (0,1/2). Then
the following holds:

(i) [(Ta, UG)2 > 1 — 26~ (/2
(i) e q@al? > 1—2e~ /27,
(iii) e q®all >1—2(A/e)%
(i) [Wa — Wi < 8(A/e)"

Proof. For the proof of Claims (i) and (ii), we refer to [21, Lemma A.2], where these
inequalities are shown for arbitrary A > 0 and € € (0,1/2).
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Claim (iii) follows immediately from Claim (ii) since

I Wall > [T, @Al
> 1 — 2 /A by Claim (ii)
>1—2(A/e)?

where in the first inequality we use the fact that ||[II|_. ;¥A| < 1, and in the last inequality
we use that

e < 1/a? for x>0. (97)
The Claim (iv) follows immediately from Claim (i): We have
(Up, UR) > [(Wa, TUR)[2 > 1 —2e7 /27

because 0 < (Ua, ¥S) < 1. Therefore

|72 — W3 = /21— (Vs 73))
< 2e7 /A2 1y Claim (i)
< 8(A/e)t,
where we again made use of Eq. (97). O

Lemma E.2 (Momentum-translated Gaussian states). Let z € Z be an integer. Let A > 0
and € < 1/(4|z|). Then the following holds.

(i) (Up, ™2 RWA) > 1 —10(2A)2.
(i) (%, e?™ QWS ) > 1 — 10(zA)% — 16(A/e)*.
In particular, these inner products are real.

Proof. We note that for an arbitrary function ® € L?(R) which is even, i.e., which satis-
fies ®(—x) = ®(x) for all x € R, the inner product (®,e>™*Qd) is real because

(@, 275 Qp) — / 1B () 262727 4 — / 1B ()2 cos(2mzz) da (98)

Eq. (98) implies that
(W, e?200,) € R and (U, e¥2005 ) € R

since both WA and W are even.
Eq. (98) also implies that

(W3, €200 > 0

if € < 1/(4|z|), since this assumption implies that 27e|z| < 7/2 and thus cos(2wzx) > 0
for x € [—¢,]. By a simple application of the Cauchy-Schwarz inequality (see Lemma A.4)
we therefore obtain

(UR, 220y > [(Wa, 2T29WL)| — 2| Wa — VRl (99)
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We can compute the inner product explicitly as

. 1 .
(Wp, 2P p) = A /€_z2/A262m'Z$d$

— e—ﬂ2A2z2
>1—72A%2
>1-10(zA)%, (100)

where we used e™® > 1 — x for all x € R to obtain the first inequality.
Inserting Eq. (100) and the inequality |[¥a — ¥4|| < 8(A/e)* (see Lemma E.1 (iv))
into Eq. (99) gives

(W5, 22005 ) > 1 —10(2A)2 — 16(A /)2,

Consider the operator

We — ilAQ% ¢aQ) where = 0 if dis even
1  otherwise

We refer to Wp as the phase operator because it is an implementation of the phase gate P for
ideal GKP codes, see Section 5. We need the following statements about the expectation
of this operator in a Gaussian state ¥x and a truncated Gaussian W% . We consider a
slightly more general operator depending on an additional parameter y € R.

Lemma E.3 (Exptectation of the phase operator in Gaussian states). Let A >0, e < 1/2
and y € R be arbitrary. Then the following holds.

(i) The Gaussian VA satisfies

(WA, em’(dQ2+(2dy+cd)Q)\I/A>‘ < e~ (ytea/(2d))? where \2 — 7r2d2A2/(1 + 7r2d2A4) _

(i7) The truncated Gaussian V& satisfies

(5, e Q7+ (dy+ea)Q) e )| < o= N (tea/20)° 4 16(A Je)t

Proof. We note that Claim (ii) follows immediately from Claim (i), the Cauchy-Schwarz
inequality (see Lemma A.4), and Lemma E.1 (iv).

To prove Claim (i), we will show that the quantity of interest is given by a Fresnel
integral [ elaz®+ibr go. - This integral converges if Im(a) > 0 and we have (see e.g., [37, p.
492-493))

o\ 1/2
/eiaxz+ibx dr = (m> / efib2/(4a).
a
In particular,

) ) 1/2
‘/em%bw dx‘ - ( i ) e tIm@/Wal®) i im(a) >0and be R . (101)

|al
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By definition of the unitary emi(dQ*+(2yd+ca)Q) we have
(Ua, eﬂi(dQ2+(2yd+Cd)Q)\IjA> — / ‘\I/A(x)|26i7r(x2d+(2yd+cd)x) de

—xz/A2 im(x 2d+(2yd+cd)x)d

X

fA

iax?+ibx a = wd+ Z/A2
e dx where *(2dy + cq)

Using Eq. (101) we thus conclude that

(@, eI+ g ) = (14 7r2d2A4)_1/4 o2 (2yd+eg)? /(A1 AY))

< e—/\Q(ZH'S)2

9

where we used that 1 4+ 72d2A% > 1 to obtain the inequality. O

E.2 Different approximate GKP-states with integer spacing

Let k,A > 0and € € (0,1/2). Recall the definition of the approximate GKP-state GKP;, 5
from Eq. (33), that is,

GKPZ, =Cy Z Nw (2 () for reR
2€EZ

and that of the untruncated approximate GKP-state GKP, o € L*(R) defined as

GKPA(z) = Con Y nx(2) () for rcR,
zZ€EZL
see Eq. (31). We note that in the definitions of GKPZ, A and GKPy A, the envelope 7,
appears as a coefficient in the superposition at each peak z € Z. Correspondingly, we
sometimes refer to these states as “peak-wise” approximate GKP-states. Here we introduce
additional notions of approximate GKP-states. They all depend on two parameters (k, A)
which determine the width of the envelope and individual peaks, respectively.

Consider what we call a “point-wise” approximate GKP-state: Here the envelope 7 is
applied pointwise, i.e., the function is a pointwise product of the envelope (given by 7))
and the peak at z € Z (given by the function xa(z)). That is, we define the point-wise
approximate GKP-state gkp,ﬁA € L*(R) by

gkp a(7) = Dg A Z N (X (z) for reR, (102)
2€7Z
where D, o > 0 is such that Hgkp,{,AH = 1. We also introduce the e-truncated version
gkp A(z) = (€)Y nx(= (z) for reR, (103)
2€Z

where the constant E, a(¢) > 0 ensures that this function is normalized.
As we argue below, the constants Cy; o and D, o are related by the following.

Lemma E.4 (Normalization of approximate GKP-states). Let k,A > 0 be arbitrary.
The normalization constant Cy A of the peak-wise approximate GKP-state GKP, A is
equal to the mormalization constant Doma k/2x) 0f the point-wise approzimate GKP-

state gkp(am)A k/(2m)r €

Domya/er = Cra -
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We prove Lemma E.4 using the unitarity of the Fourier transform, see Section E.4.
For later reference, we summarize various bounds on the normalization constants C; A,
Cyy DA, B a(g) of the states GKP, A GKPY A, gkp, o and gkpy, A here.

Lemma E.5 (Bounds on normalization constants of GKP-states). Let x € (0,1/2),A €
(0,1/8) and € € (0,1/2). Then

(i) C2Y.cpme(2)?=1.

(1)) 1-§>Cu>1-1%.

(iii) 1— % > Con>1—%—3A .
() 1=A>Da>1-3A-%.
() 1—E>E.nle)>1-%.

Proof. Assume k € (0,1/2) and A € (0,1/8). Claim (i) follows immediately from the
definition: it amounts to the statement that ||GKP27A||2 = 1. Here we used the fact that
the states {x} (2)}.ez are pairwise orthogonal for e < 1/2.

To establish the Claim (ii), we will use the inequalities

(1+2)"Y2>1—2/2 for z >0, (104)
(14z)"Y2<1-2/3  forzel0,1/2). (105)

From [21, Lemma A.8] we have

K K

11— —<C07%2<1+4+—.

Jro e = TR

This together with Egs. (104) and (105) gives

K —1/2 K K
o, < (1--22 <1- <1
<(1-7)  stgmsieg
K\ Y2 K K
o> (14 = >1- - >1-2
—(ﬂ/TT) SR W R

which is the Claim (ii).
From [21, Egs. (158) and (160)] we have

Cr<Ci<i+ % +2(V2r + KA

This together with Eq. (104) and Claim (ii) gives

CH,ASC/QSI_Lgv

C 1+ il +2(V27 + K)A o 1 il 2+ k) A >1 n 3A
> N > - > _ — —

KA _( NG (V2m + k) ) > NG (V2r + Kk)A > 3 ,

which is the Claim (iii).
From Lemma E.4 we have Dy A = Cora x/(27)- Using Claim (iii) then gives

27 3 K
DK],A = CQT(‘A,H/(QT(‘) >1- ?A - %K] >1-3A— 5 )

2m
DH,A = CQTK'A,H/(QTK‘) <1l- FA <1-A,
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which is Claim (iv).
We give the proof of Claim (v) below. The normalization constant E, A (e) satisfies

E.ale) 2= Z /77,{ 20 (2 — 2) TS (x — 2')dz

2,2/ €L
= ko (2)2 U ( dz 106
ZZ/ L - 2)? (106)
= K Z‘f‘ﬁU \Ijg le‘
> [ 2(@)
E (Z (2 + 96)2) Vi () dz . (107)
—¢ \zez

where (in Eq. (106)) we used that the states {U} (- — 2) },ez have pairwise disjoint support
because supp(Vi (- — z)) C [z — €,z +¢€]. Lemma A.8 implies that

o222 Zr,? 2 < Znn(z +1)? < Z e (2)? for all z € [—¢,¢] ,

Z€Z Z€Z Z€Z

which can be rewritten as

_l{ 82/20 < Z,’?K Z+ ) S CK/—Q (108)
2€7Z

because C,;2 = Y, .7 1x(2)?. Combining Egs. (107) and (108) gives

because 1 = |05 [|* = [°_ U4 (z )de. This together with Claim (ii) as well as the inequal-
ity e* > 1+ for z Znges

EH,A(E) Scngl_%7

2.2 2.2 3.2
E.a(e) > e€/40, ><1+H45><1—”>>1—§+“5—”5 Zl—g,

which is the Claim (v). O

The GKP-state GKP,; A is close to its truncated version GKP}, A for suitable choices of
parameters, as expressed by the following lemma.

Lemma E.6 (Truncated approximate GKP-states, Lemma A.9 in Ref. [21]). For k €
(0,1/4),A >0 ande € (0,1/2) we have
(GKP, A, GKPE ) > 1 —TA = 2(A/e)*

We note that Lemma E.6 is a consequence of the fact that the (centered) Gaussian W¥a
is close to its truncated version W for the chosen parameters, see Lemma E.1.

Let us show the converse, i.e., that the truncated and untruncated GKP-states are not
close unless A/e is small.

Lemma E.7. Let K, A € (0,1/8) and ¢ € (0,1/2). We have

[(GKP, . GKPE L) < 15/16 + (2/A)%/(4m) + 42"
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Proof. Recall that the support of the truncated GKP-state GKP, 5 is contained in the set
Z(e) = {x € R | dist(x,Z) <€} .

Denoting by II the orthogonal projection onto the subspace of L?(R) of functions having
support contained in this set, we thus have GKP}, = IIGKP} 1. It follows that

|(GKP, 4. GKP: )| = |(GKP, 4. TIGKP )|
= |(TIGKP,. A, GKPE L )|
< IGKP, A%, (109)

where we used the Cauchy-Schwarz inequality and the fact that GKP; A is normalized.
Let IT* = I —II. Then

ITHGKPall? = C2a D me(2)m(2)(xa(2), I xA(2)

2,2' €L

> C,iA Z nn(z)2<XA(Z)7 HJ_XA(Z»
2€7Z

> Ren - CEa Y k()
ZEZL

= Ren - (Cun/Cy)? (110)

where we introduced the quantity

1—e
Rea=2 [ |Wa(@)ds
13

and used that for any z € Z, we have

(xa() THxa(2)) = [

xa(2)(2)*dz
R\Z(¢)

> [ xa(2) (@) de
[z—14e,z—¢€]U[z4¢€,2+1—¢]

-/ ANGIRE
[—1+4e,—¢€]Ule,1—¢]

= RE,A .

We note that by definition of WA the function x ~ |WA(z)|? is the probability density
function of the random variable X distributed as X ~ N(0,A%/2), i.e., a Gaussian distri-
bution with mean 0 and variance A2/2. Therefore

R.A=Prle <|X|<1—¢]
=1—(Pr[|X|>1—¢]+Pr[|X|<¢€]). (111)
Using the Chernoff bound we find
Pr[|X| > 1 —¢] < 2 (179)°/47
<2(A/(1 - o)
< 32A%, (112)
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where we used the assumption ¢ < 1/2 and e™* < 1/2? for > 0. Moreover, a straight-
forward computation shows that we have

e/A 9
Pr|X| < &] = 2/ﬁ/ e~ dt
0
<(1- e—4/n(a/A>2)1/ 2

<1 — e 4T/ )9 (113)

where we used 2/y/7 [ e dt < /1 — e*/™? (see e.g., [38]) to obtain the second inequality
and we used the bound /1 —z < 1 — /2 for € [0,1] to obtain the third inequality.
Combining Egs. (112) and (113) with Eq. (111) we find

Rop > e /mEA) 9 39A% (114)

Moreover, due to Lemma E.5 we have

2
CKJ,A

Cz

>(1-k/3-3A)>>1-2k/3—6A>1—r—6A>1/8, (115)

where we used C, < 1 and (1—x)%2 > 1—22 for x > 0 and the assumption &, A € (0,1/8).
Combining Egs. (115), (114) and (110) gives

TGP, Al > (74747 —6ant) /16
> 1/16 — (¢/A)?/(47) — 4A%, (116)
where we used that e > 1 —x for £ > 0. Due to the Pythagorean theorem we have
ITIGKP, a[l* =1 — [[TITGKP, Al (117)
The claim follows by combining Eqs. (109), (117) and (116). O
Let us show that the truncated approximate GKP-state gkpj, 5 is close to gkp A-

Lemma E.8 (Truncated approximate GKP-states: pointwise version). Let k € (0,1/2),
A €(0,1/8) and e > A. Then

(gkpy . gkPEA) > 1 — K —3A —2(A/e)" .

Proof. By definition of the states gkp, o and gkpiyA we have

(gkpe.n, 8kPL A) = D aEra(e) > / Nk (2)? VA (z — 2) U5 (z — 2)dz

z,2' €L

> DosEeal) Y [ m@P0ale - W3 (o - 2)da

ZEL
> DesFra®@ X [ e (Meq¥s) (o = 2) ¥ (@ — 2)da
ZEL
— e ¥all DusEes©) Y [ e ¥a (o - 2)do
ZEL
= HH[—E,S}\IJAH : Dn,A : En,A(g)_l > (118)
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where we used the non-negativity of the integrand to obtain the first inequality, the non-
negativity of W for the second inequality, and Eq. (106) in the last step. Thus we have

HH[—a,a]\IjAH : DH,A : EH,A(E)_l
> (1-2(A/e)Y) Dun-Eonle)™? by Lemma E.1 (iii)
>(1-2(A/e)Y-(1-3A—-k/2)-(1—£/6)"" by Claims (iv) and (v) in Lemma E.5

>1—k—3A—-2(A/e)? (119)
where we used that (1 —2)™' > 1 —x forz € (0,1) and (1 —2)(1—y) > 1 -z —y
for x,y > 0. Eq. (119) gives the claim when inserted into Eq. (118). O

We show the following lemma which we use below in the proof of Lemma E.19.
Lemma E.9. Let d € N. Let k € (0,1/2), A € (0,1/8) and € > dA. Then
(gk;/ . 8kPE.4) 2 1 = 3v/A — 5VA —4(Ad/2)? .

Proof. By Lemma E.8 we have

(gkpy,a,gKPL A) = 1 — 1 = 3A —2(A/e)t

(8kpy a, 8kP;/A) > 1 — k= 3A —2(Ad/e)"
for k € (0,1/2), A € (0,1/8) and € > dA. We use this in Lemma A.5 (with U = I,
1 = gkpi{i, 2 = gkpy A and 1 = 1Py = gkp, A) to obtain

d d
(gkp; %, gkPEA) > (gkPy . kP, A) — V2 (\/ 1~ (gkp,, ., gkP./2) + \/ 1- (gka,A,gkpi,M)

>1-v2 <\/m + 3A +2(Ad/e)* + \/m +3A + 2(A/£)4>
>1 -3k - 5VA — 4(Ad/e)? |

where we use the fact that the inner products are positive and real because they are the
inner products of positive real functions, and /z +y < /x + /y for z,y > 0. O

The following shows that for appropriate parameters, the peak-wise and the point-wise
approximate GKP-states are close to each other.

Lemma E.10. Let k € (0,1/2) and A € (0,1/8). Then
(GKP. A, gkpoa) > 1 -2k —3A .
Proof. Assume k € (0,1/2) and A € (0,1/8). We have
(kP 0 GKPr.8) = CraDia Y 1e(2) [ Wl = 2)e(@)¥a o — 2)do

2,2/ €L

> CpaDia Z M (2) /nﬁ(x)\PA(x — z)Qdaﬁ
2€ZL

H2A2>_é =~

K 2.2
= H,ADH,A'<1+ 1 ‘ﬁzemz

1
QAZ )
= CunDpn - <1+ "/"’4 ) S na(2)? (120)

Z€7Z
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where

- (“A>2> , (121)

where we used that (1+z)~/2 < 1—x/3 for z € [0,1/2) and (1+x)"/2 < 142/2 for z > 0.
Furthermore, by Items (i) and (ii) in Lemma (E.5) we have

> mw(2)* = CF?

2€EZ

|
o

vV
/N
=
|
N~

W] I | F™

>1—x (122)

where we used Eq. (121) and (1—xz)~2 > 142z for 2 > 0. Notice that (14z)~"/2 > 1—2/2
for x > 0 gives

(14 (kA)?/4)7V2 > 1 - (kA)?/8 . (123)

Inserting Claims (iii) and (iv) from Lemma E.5 and the inequalities (122) and (123) into
the inequality (120) gives

(gkp,.as GKP,A) > (1 - ’;) <1 _3A - ’;) (1 - (“A)2> (1 - )

8
K ko (KA)?
>1- 8 ga B WA
g T g O
>1-2k—3A,
where we used that (1 —z)(1 —y) >1—x —y for x,y > 0. This is the claim. O

Next, we show that the approximate GKP-state gkp,, A is close to the truncated GKP-
state GKP; A for an appropriate choice of parameters.

Lemma E.11. Let k € (0,1/4), A € (0,1/8) and € € (0,1/2). We have
(gkpens GKPS A) > 1 — 26 — TVA = 2(A/e)? .

Proof. By Lemma A.5 we have

(kP GKPE ) — 1] < |(gkpy, 5, GKP, a) — 1]+ vV2,/[(GKPE, 5, GKP, o) — 1](124)
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By Lemmas E.10 and E.6 we have

<gkpf€7A7 GKPH,A> >1-2k—-3A,
(GKP: A, GKP,A) > 1 —TA —2(A/e)*,

which together with Eq. (124) gives the claim since

[(gkp,.as GKPS A) — 1 < 26+ 3A + V2 /TA + 2(A/e)?

<26+ TVA +2(A/e)?.
O

We say that two (one-parameter families of) states {W,},, {®x}x C L%(R) are polyno-
mially close to each other for kK — 0 if there are constants C' > 0, > 0 and kg > 0 such
that

|, — gl < Cr” for all k< Ko .

This definition can be generalized to two-parameter families {]\I/,.i A>}(,€7 A), replacing Cr*
by Ck*AP for some constants C, «, 5. Combining Lemmas E.6, E.8, E.10 and E.11 with
the inequality (62) relating the distance || — ®|| of two states ¥, ® to their inner prod-
uct (¥, @), we have shown the following, cf. Fig. 5.

Lemma E.12 (Equivalence of different notions of approximate GKP-states). Let ¢ €
(0,1/2). The three families of states {}GKP,@A>},{,A,{‘GKP27A>},{,A, {‘gka7A>},{A and
{‘gkp;A>},€7A are pairwise polynomially close to each other in the limit (k,A) — (0,0).

E.3 Properties of approximate GKP-states with integer spacing

In this section, we establish various statements about the truncated approximate GKP-
state GKP; A- In Section E.3.1, we show that this state is approximately stabilized by
integer translations e~** z € Z with small modulus |z| in position-space, and by trans-
lations €2™*Q which are integer multiples of 27 in momentum space. In Section E.3.2 we
show that the image of GKP} » under the operator ¢mi(dQ*+caQ) (where ¢q = d (mod 2))
is far from GKPf A. Finally, in Section E.3.3 we consider the action of the squeezing

operator M, on the state gkp, A-

E.3.1 Approximate GKP-states and displacements

Here we examine the effect of phase space displacements on approximate GKP-states.
We consider displacements in the @ (position-) or P (momentum-)directions only. The
following shows that translating the state GKP; A by a non-integer amount in position-
space results in an approximately orthogonal state.

Lemma E.13 (Orthogonality of displaced GKP-states, Lemma 7.6 in Ref. [26]). Let x, A >
0,e€(0,1/4] and y € R be such that

inly — 2| > 2
min |y —z| = 2,

i.e., the distance of y to Z is at least 2¢. Then

(GKPS A, e WFGKPE A) =0 .
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On the other hand, integer-translations approximately stabilize the state as expressed
by the following lemma.

Lemma E.14 (Position-translated GKP-states, Lemma 7.5 in Ref. [26]). Let k,A €
(0,1/4). For any integer z € Z and any € € (0,1/2], we have

(GKP; a, e #FGKPS A) > 1 — 2°57

Similarly, integer translations in momentum space also approximately leave the state
invariant.

Lemma E.15 (Momentum-translated GKP-states). Let z € Z, k, A > 0 and e < 1/(4|z|).
Then we have

(GKPS A, e®™2@GKPS ) > 1 — 10A%2% — 16(A/e)* .
Proof. We mostly follow the proof of [21, Lemma A.14]. We have
(GKP 5, e™*2GKPE 5) = C2 3 1(y)” (X3 (1), XA (y)) (125)
YEL

where we used that the unitary e2™*9 does not change the support of the mutually or-
thogonal functions {x% (2)}.cz. Moreover, using that |x4 (v)) = e~%F | U4 ), we obtain

(Xa), N y)) = (Va, erFem=Ce ey )
_ <‘I’Z, 627TiZ(Q+Z/)\I/€A>
= (Wi, 9wy )

where we used that e¥’Qe WP = Q + yI 2@ for y € Z. Tt thus suffices to bound
(U5, e?™2@ W ). Recall that (see Lemma E.2 (ii))

(W4, 22005 ) > 1 — 1022A2 — 16(A/e)*. (126)

The claim follows by combining Eq. (126) with Eq. (125) and using that 3° 7 Nk (y)? =
C-2 O

Lemmas E.14 and E.15 show that in the limit (k,A) — (0,0), the state |GKP} A)
is stabilized by the operators e~** and e?™%. Thus the state |GKPZ, A) approximately
reproduces the stabilization property underlying the formal definition [13] of the ideal
GKP state. We emphasize, however, that the latter is not normalizable (i.e., does not
belong to the Hilbert space). Furthermore, in the limit (x, A) — (0,0), the approximate
GKP state [GKP;, ») does not converge to the ideal GKP state in the sense of distributions
(i.e., in the weak sense).

E.3.2 Approximate GKP-states and the phase operator
In this section, we consider the action of the phase operator
Wp = eTi(dQ%+¢4Q)
(where cq = 0 if d is even and ¢4 = 1 otherwise) on the approximate GKP-state GKP;, 5.
We find that (for appropriate choices of parameters), the resulting state WpGKP, A is far

from the state GKP}, . This result is a key tool to establish our no-go result (Result 2 in
the introduction). First, we show a lemma used in the proof of Lemma E.17.
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Lemma E.16. Suppose A,k € (0,1/4). Then
1
C2N "X _)‘2 s < - 4 for all seR.
ye% " 1+ (\/k)?

Proof. Using the definition of 7, (see Eq. (30)) and by completing the square we have
2 2 K 2 -
Do mpe U = 2T S ey + 5)°

yEL YyEL
K _¢2 2
< et Znﬁ(y)
K
YyEZL
where we defined
- N K2\2s2
R = k24N, 5= =5s, 5227
K K

and used Lemma A.8, which states that a periodic Gaussian achieves its maximum at an
integer. It follows that

2 2 g2
022:% A (y+s) <02/<; 3 E',Tv
yEZ yEZ
CI% K 762
— L 127
2R (127)

where we used Lemma E.5 (ii). Since

R=VRr2+ XN <k+A, (128)

the assumptions A, k € (0,1/4) imply that & € (0,1/2). With these assumptions, Lemma E.5
implies that

Cﬁgl—%gl and ngl—g,

2
C? 1
o = ~
C= 1-&
<1+k
=1+ VK2 + N2 (129)

by Eq. (128). Here we used that (1 —2/3)7! <1+ for = € (0,1/2). We also have
K 1
iy 130
R 1+ (\/k)? (130)
Combining Eqs. (129) and (130) with Eq. (127), we conclude (with ¢2 > 0) that
C2 Y (e < LEVRE A
=) 14+ (\kK)?
14+ ry14+ (M/k)?
VI (VR

1
= ———+ for all eR
T OUn)? K or a s

and it follows that

as claimed.
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Lemma E.17 (GKP-states and the phase operator). Let d > 2 be an integer. Let e < 1/2
be arbitrary. Let A,k > 0 be such that

k<1/4, (131)
dA < 1/(47) . (132)

Then

(GKPE 5, ™12+ GKP:,

,A>’ < VeI + K+ 16(A/e) .

Proof. Using the definition of the state GKP} A, we have

(GKPE 4, €™+ GKPE L) = C2 37 nu(y)2 (XA (y), €7@ +a@ 5 (y))
YEZ

= C2Y ()X (W, @ @y
YEL

= C2Y nu(y)* (T4, eim9a (V) gmildQ*+(2dy+ea) Q) e, ) |
YEZ

Here we used that the functions {x% (v)}yecz have pairwise disjoint support, and the op-

erator e™(dQ*+¢aQ) does not change the support of a function. We also introduced the
function

ba(y) = dy® + cqy -

If d is even, c¢q = 0, thus ¢q(y) = dy? is even and W) = 1 for all y € Z. If d is
odd ¢q = 1. Therefore, ¢4(y) = y(dy + 1). We observe that this expression is even for
all y € Z. Hence we have €™ =1 for all y € Z in this case also. We conclude that

<GKP;A, em’(dQ2+ch)GKP;A> — C,% Z nm(y)2<\1]27 eﬂ'i(dQ2+(2dy+cd)Q)\Ij€A> . (133)
YEL

According to Lemma E.3 (ii), we have the upper bound
(T4, e“i(dQ2+(2dy+cd)Q)\IﬂZ>| < e~ N (ytea/ )7 4 16(A/e)! for every y € Z ,
where
2= m?d? A%/ (1 + m2d?A%) .
Therefore Eq. (133) implies that

[(GKPF o, (1@ FQGKPE )| < G2 3 muly)’ (W, €709 A el |
YEL

YyEZ

Here we used that C23", ., 7.(2)> = 1 (see Lemma E.5 (i)).
By definition and the assumption (132), we have
dA

A= < mdA < 1/4 ,
,/1+7r2d2A4
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by the assumption (132). With the assumption (131), Lemma E.16 implies that

1
Y e Yot L,
yze:Z 14+ (k)2
1
S W + K for all s€eR s (135)
1 + %( HQ)
where we used that 7dA/2 < A. Combining Eqs. (135) and (134) gives the claim. O

E.3.3 Approximate GKP-states and squeezing

Here consider the squeezing operator M /4 for d > 0, i.e., the Gaussian unitary which acts
as

(M, )q%)(z) = Vd¥(dz) z€R

on elements ¥ € L2(R). We show the following result, which we will use in the analysis of
the Fourier gate for approximate GKP codes (see Section F.3).

Lemma E.18 (Truncated GKP-states and squeezing). Let d > 2 be an integer. Let A €
(0,1/(2d?)) and k,e € (dA,1/(2d)). Then

1
kpy. A, M7 /q48kpPE, — —| <4\/Kk/d+ 9\ /A e .
(gkpr,as M1yagKPY /a.Aq) \/g‘ / /
Proof. By definition, we have

(gkprr ars Magkpy, A) = 1d Eya(e)Egale) Z /77,; Y (z/d) V5 (7 — 2)V% (z/d — 2')dz
2,2/ €Z
! ()F (/) ¥ (z — d2) WA (3/d — 2)da
\/g H’A’ ,{A 2/7’“ 7],€ZL‘ A/ZL'— y4 X — Z
= 1 D) d)U d \\ d
= 7 e OBea@) Y [ no(ne(e/d i (da/d — ) ¥ (e/d - 2)d

Z€Z

because ¥4, (x — 2)¥5 (x/d — 2') is proportional to 6, 4.» for e < 1/(2d). Therefore

(ko ars Magki, ) = Vil B (VB a () S [ e (dynel) Vi (dly — 2) Wiy — 2)dy
2€7Z

1 d
= ﬁ . K/ A/ I{A Z /ndﬁ nﬂ ‘Z///d( — Z)\Ilz(y — Z)dy

Z€EZ

1 d FE ’A’(E)
— L gkpT? ek € N) AR
Vid (kP a2 8KPr ) Eger.nrja(e/d)

where we substituted y = x/d to obtain the first inequality. The second equality follows
from 1, (dy) = naw (y)/Vd (see Eq. (30)) and U5, (dy) = \I/Z/,d/d(y)/\/c? as we have (see

Accepted in { Yuantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 64



Eq. (32))
\I’EA’(dy) = HH[ € 5]\I’A’ H_l Cd[—e e](dy) : \I’A’(dy)

HH[ ss]leA’H s/ds/d]( ) \PA’/d(y)/\/g
= e/ Yarall ™ ejae/a(¥) - Carsaly)/Vd
e/d
= W,V

where we denote the indicator function of the interval [—¢, €] by 1;_. .. The third identity
follows from |II;_. 4Wa/|* = [, V2 (AN e (M) g = fi/AA, 712" 4z, ie., the
normalization factor only depends on the ratio e/A’.

In particular, for the choice (k’, A’) = (k/d, Ad) we obtain

1 d E,/q.nd(€)
<gkp2/d,Ad’ Mdgkpi,A> = ﬁ : (ngZ{A’ngZ,M : EH/A(aE/d) . (136)
R?
On the one hand we have
d
(gkp. %, gkpE ) <1, (137)

due to the fact that the states are normalized. On the other hand, from Lemma E.9, which
is valid in the parameter regimes x € (0,1/2), A € (0,1/8) and € > dA , we have

(gkp,/% gkpE A) > 1 — 3v/k — 5VA — 4(Ad/e)? . (138)

Eq. (136) together with Eq. (137) and Lemma E.5 (v) which we use to bound Ej /4 aq(¢)
and F,, a(e/d) gives

Va(gkpy,jq a0 Maghpy o) < (1 —#/(6d))/(1 — K/2)

=<
<(1 —/1/(6d))(1+n)
<1+

where we used 1/(1 — z) < 1+ 2z for x € (0,1/2). To obtain the lower bound on this
inner product we use Eq. (138) and Lemma E.5 (v). The result is

Vd(gkpS, g ng Magkpf a) > (1= 3vk — 5VA — 4(Ad/e)?)(1 — r/(2d)) /(1 — 1/6)
>1-3vk—5VA —4(Ad/e)? — k/(2d)

>1—4vk—9y/Ad/e

where we used (1 —z)(1—y) >1—z —y for z,y >0, 1/(1 —x) > 1 for x > 0, and the
assumptions € > dA, ¢,k € (Ad,d/2) and d > 2 an integer. Hence we have

1 K
(8kPy. /4, Ad: Magkpy A) — \/3’ < max {\/3’4 k/d+9 A/s}
k/d+ 9/ A/e, (139)

where we used v/z > x for 0 < z < 1. Because M; = M q and <gkpi/d7Ad, Magkp; A) € R,
we have

(8kpy/a,ad Magkpy a) = (Mi/agkpy g aa> 8KPr A) = (8KPL As Mi/a8KPL /g Ad) -
This together with Eq. (139) gives the claim. O
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Lemma E.19 (Untruncated GKP-states and squeezing). Let d > 2 be an integer. Let k €
(0,1/2) and A > 0. Assume that

A <1/(4d®) . (140)
Then

1
’(gkpﬁ,A, M 48kPy/a,nd) — \/&’ < 7VE 4 16(Ad)

Proof. By Lemma A.5 we have

1 1
‘<gkpn,Aa M, q8Kpya.na) — \/ZZ‘ < ’(ngZ,A7M1/dgkpi/d,Ad> — \/g’

+ V2 (1/1(gkP.as 8kPEA) — 1+ /1 (kP ja. 00 8KPE g, 00) — 11)(141)

We make the choice
e=+VAd, (142)
which, together with the assumption (140), satisfies
1/2>1/(2d) > e > dA . (143)

Because of Eq. (143) as well as k € (0,1/2) and A > 0 we may apply Lemma E.18
with the choice (142), which gives

1
(g 37 Myl ) — | < el +0(8/d)1 (144)
We have ¢ > Ad > A. Therefore, Lemma E.8 implies that

(gkpr,a BKPE A) > 1 — K —3A —2(A/e)"
>1—k—5A (145)

where we used that A/e = /A/d < v/A. In addition, we have ¢ > Ad, hence

(gkPyeja,ad BKPL /g aq) = 1 — K/d — 3Ad — 2(Ad/e)*
>1— k/d—5Ad (146)

by Lemma E.8, where we used that Ad/e = v/ Ad and the assumption (140).
Inserting Eqgs. (145), (146) and (144) into Eq. (141) gives

1
(€49 My akPjand) = | < dy//d-+ (/) V2 (Vi B8 +\fufd+ 5d)

< 4\/r/d+9I(A/D)Y* + 22V Kk + 5Ad
< 4k +9AY 43k + TV Ad
< 7Vk + 16(Ad)Y* |

where we substituted e = vV Ad and used Ad € (0,1/4), the monotonicity of the square
root and the inequality va + b < \/a + Vb for a,b > 0. This is the claim. O
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E.4 The Fourier transform of approximate GKP-states with integer spacing

The Fourier transform F(f) of an element f € L'(R) N L%(R) is

FHw) = Fo) = jﬁ [ rweas.

We note that the unique extension F : L2(R) — L?(R) is a Gaussian unitary as it maps
Gaussian states to Gaussian states. This unitary is generated by the Hamiltonian Q? + P2.
We have

F — e im/4im(Q*+P%) /4

We have the following.

Lemma E.20. [21, Lemma A.18] Let k, A > 0. Then

C-}/K\P,Q,A(p) =V271Cy A Z na(p)Vy(p — 272) forallpeR . (147)
ZEL

Proof. We include the proof here for completeness. It relies on the Poisson summation
formula

S f2)=Ver Y f(2nz)

Z€EZ 2€ZL

applied to the function f(z) = n.(z)e”P*, which gives

G/K\PH,A(p) = CI{,A(I\’A(p) (\/ 2m Z Nw(p + 27TZ)) for peR.

2EZ

The proof then follows from the fact that the Fourier transform of the Gaussian envelope-
and individual peak-functions defined by Eq. (30) are

R e~ P?/(2K%)
Nx(p) = W =Uu(p) ,

=R efp2A2/2
Ua(p) = \/ZW =na(p) -

Let us rephrase the statement of Lemma E.20 in a more convenient form.

Lemma E.21 (Fourier transform of approximate GKP-states). Let x, A > 0. Then we
have

‘G/K\PH,A> — Mo,

gkpA(Qﬂ),n/(QTr)> :

Proof. Using that for a > 0, the squeezing operation M, (see Eq. (27)) acts unitarily on
elements ¥ € L?(R) by

1
U(x/a) forz e R,

(Mo¥) (@) = 7=
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we can rewrite Eq. (147) with a = 27 as

GKP.A(p) = (Mor®)(p)  where  ®(p) =27C,a S na(27p) V(27 (p — 2)]148)
YAy

Because 1 (27p) = \/%HA(QW) (p) and ¥,,(27(p — 2)) = \/%\Ilﬁ/(gﬂ) (p — z), we obtain

D(p) = Cra Y Mayzr(P)¥e/2m(p — 2) -

€L
We conclude from this that
) = DA(S:;:;(% ’gkpA(27r),/{/(27r)>
or
’G/K\PH,A> = Mo, (DCRA> ‘ngA(2n),ﬁ/(2w)> (149)
A(2m). s/ (2m)

because of Eq. (148). The unitarity of My, and the Fourier transform implies that Cy, o =
DA (27),1/(2x)- This concludes the proof. O

We note that this proof of Lemma E.21 (namely, the unitarity of the Fourier trans-
form together with Eq. (149)) also proves Lemma E.4, i.e., the statement that C, A =

D ar)a r/(2n)-

F  Matrix elements of linear optics implementations

Here we bound the matrix elements of the physical implementations given in Section 5.2

of the logical Pauli gates X and Z, and of the logical Fourier transform F for approximate
GKP codes of the form QICP;A[CZ].

Throughout this section, we assume that d > 2 is an integer. We are interested in the
matrix elements of operators with respect to the basis {’GKPZyA(k)d>}k€Zd of GKP}, Ald],
where

[GKPE A (K)a) = e V2PN o | GKPE 5 )
for k € Z4.

F.1 Matrix elements of the X-gate

Lemma F.1 (Matrix elements of the logical X-gate). Let d > 2 be an integer, kK, A > 0
and e € (0,1/(2d)]. For j,k € Zq define the matriz element

M. = (GKP;, A (f)as e~ V2V GKP;, A (K)a)

of the operator e~V ¥7/AP with respect to the basis {GKP; A(j) }jez, of GKP Ald]. We
have

(1= k%) 0jhe1 < My < Sjpan forall  j k€ Zq,

where @ denotes addition modulo d.
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Proof. We have

)T (ei,/27r/de)Teiw/27r/d(k+1)PM —= (M 27rd>T67i1/2ﬂ-/d(k+1fj)

—i(k+1—5)P/d :

(M5 "My
=e

where we used that
MIPM, = g for any a>0.

2w /dP

It follows that the matrix elements M ; of the operator e can be written as

M = (GKP% . (j)a, e V> IPGKPE A (K)a)
_ <€7 \/27r/d]PM zdeKPA,mei 2m/d Pefi\/Qw/dkPM gﬂdGKPi7A>
= (GKPR ., e "FF1I=IP/AGKPE ). (150)

We first consider the case k@1 # j, i.e., when k+1—7 is not an integer multiple of d. In this
case, we clearly have dist ((k+ 1 — j)/d,Z) > 1/d > 2¢ by the assumption that ¢ < 1/(2d).
By Lemma E.13 (expressing the orthogonality of the GKP-state ’GKP; A> and a displaced

version thereof, where the displacement is far from an integer) we conclude that the matrix
element in Eq. (150) vanishes.

Next, we analyze the case where k & 1 = j. If £+ 1 = j, Eq. (150) evaluates to 1.
If k+1— 7 = d, the approximate translation-invariance of approximate GKP-states (see
Lemma E.14) gives

(GKPS A, e PGKPE A) > 1 — k2.
The claim follows. O

F.2 Matrix elements of the Z-gate

For the logical Z-gate, we also consider integer powers Z™ with |m| < d. This will be
useful in the proof of Lemma F.4.

Lemma F.2 (Matrix elements of the logical Z™-gate). Let d > 2 be an integer, m € 7Z
an integer satisfying |m| < d, ks, A >0 and e € (0,1/(2d)]. For j,k € Zq define the matrix
element

Mj = (GKP}, A(j)a, 'V 2T/ OGKPY A (K)a)

of the operator €'V /M@ with respect to the basis {GKP A(J) }jezy of GKP Ald]. We
have

(1—10d%A% = 16(A/e)) - 6 <@]7 - My < 8;p,  forall  jkeZqg,
where wy = 227/,

Proof. The identity (e‘iﬁp) Qe PP = Q + BI for any 8 € R implies that

(e—i«/Qw/de>Tei\/Qﬂ/dee—i o dkP _ ((e—i\/Qw/de)Tei\/27r/de€—i\/27r/de> V2T )P yin/Zr kP

Zm(Q++/Z 1) in/27/d(j—k)P
_ w;njei\/%erim(j*k)P ‘ (151)

Accepted in { Yuantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 69



Since
(Ma)' PM, = P/a
for a>0
(M.)' QM. = aQ

we obtain
(MV 271'd)Jr ei 2771—WLQZ\I\/ 2rd eZWimQ
(Mm>T eiw/%"(jfk)PM\/ﬂ _ Q2mi(j—k)/dP
Combining Egs. (151) and (152) we conclude that

)T (e—i\ /277/de> f V2T [AmQ —iy/2w]d

(152)

mjeQWieri(j—k)P/d (153)

kP
(M\/ 2wd M\/ omd — Yd

It follows from Eq. (153) and the definition of the state ’GKP;A(j)d> that

M; i, = (GKPS A (j)a, V2 9GKPS, A (k)a)

_ w;nj <GKPZ7A, eQm'eri(j—k)P/dGKP;A>
and thus
M = (GKP, 5, @ PGPS ) (154

As the unitary e2™™? does not change the support of the state GKPZ} A, by the same
argument as in the proof of Lemma F.1 we conclude that the inner product in Eq. (154)
vanishes for ¢ < 1/(2d) unless j = k. The assumption ¢ < 1/(4|m|) < 1/(4d) is satisfied,
and the claim follows by Lemma E.15 which states that

(GKP 5, ¢®™M@GKPL ) > 1~ 10A%m* —16(A/e)"
> 1 - 10d2A% — 16(A/e)*,

where we used that |m| < d. O

F.3 Matrix elements of the Fourier transform F

Here we establish bounds on the matrix elements of the linear optics implementation ¢4 (Q*+P?)
for the Fourier transformation F with respect to bases associated with the input code
space L, = QICPZ’A[d] and the output code space Loyt = QICP;FdA’H/(%d) [d].

We proceed in two steps. In Lemma F.3 we first give such a bound for a single matrix
element. In Lemma F.4 we generalize this result and give bounds for all matrix elements

of interest.

Lemma F.3 (Matrix element My of the Fourier transform F). Let d > 2 be an integer.
Let k € (0,1/d?) and A,e > 0 be such that

K

A< —
— 2wd

<e< (155)

1
2d -
Define
Moo = (GKP5_4a o/ (aray (0)a € T @HIGKPE £ (0)a) -

Then

‘M _1‘ <1o(“)1/4+19 1/4
0.0 Nz 2mde SR
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The proof of this Lemma involves the states

lgkp,a(0)a) = M, /5 |gkp,a) -
|GKP,; A(0)q) = M 55 |GKP,A) -
Both these states approximate the GKP-state

(GKP: A(0)a) = M5 |GKPE 5 )

for suitably chosen parameters (e, k, A). This follows from the unitarity of M Vara as well
as Lemma E.11 and Lemma E.6, respectively.

Proof. For brevity, we write

I __
w = 2mda and We = 3@ +F%) (156)
A" = k/(2rd)

and use the shorthand notation
[Kin) = |GKPE A(K)a)  and o) = [6KPE a/()a)  for ik €Zg  (157)

for basis elements of £;,, = QICP; Ald] and Loy = QICP,Q Ar[d] respectively. Expressed in
this notation, we have Moo = (0out|Wr|0ip,).
To show the claim, we will use the triangle inequality

1
(Ol Wel0s) — 2=
1
= ‘<Oout‘WF‘0in> — (gka/A/(O)d, WFGKP,{7A(O>C[> + <gkp,§,7A/(0)d, WFGKP,{,A(O)C» — ﬁ
< ‘<Oout‘WF‘0in> - <gkp;§’7A’ (0)d7 WFGKPH,A(O)d>’ (158)
1
+ [{gkp, ar(0)g, WEGKP,. A (0)g) — —=
(gh0.0.(0)0, WeGKP 5 (0)0) — -

and bound each term in Eq. (158) separately.
We start by giving an upper bound on the first term in Eq. (158). By Lemma A.5 we
have

(0ot W[ 04n) — (KD, /()0 WEGKP . A (0)a)] (159)

<V2 <\/’(00ut7gkp,a,m(0)d> - 1} + \/\<0m7 GKP,.A(0)g) — 1f> :

Because
(Oout, gkpr Ar(0)a) = (GKPF/ A/(0)d, gkpir ar(0)a) = (GKPY, A/, gkpy A7)
by the unitarity of M 5, we have
|(O0ut, gkP & (0)a) — 1| = I(gkp,s o, GKPE o) — 1]
<26+ TVA 4+ 2(A [e)? by Lemma E.11
= dndA + T\/r/(2nd) + 2(k/(27de))?

]

< 2 + T\/r/(2mde) + 2(k/ (2mde))?

< 2K+ 9y/k/(2nde) , (160)
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where we used the assumption (155), which implies, in particular, that x/(27de) < 1. (We
note that the assumption (155) and € (0,1/d?) C (0,1/4) guarantee that A < 1/(87d),
which implies that x' = 27dA < 1/4 and A" = k/(2nd) < 1/(8wd) < 1/8. Hence
Lemma E.11 is indeed applicable here.) We also have

[(0in|GKP A (0)a) = 1| = [{GKPS, A (0)a, GKPy, a(0)a) — 1]
= |(GKP: 5, GKP a) — 1]
<TA+2(A/e)! by Lemma E.6

< 9k/(2md)
< 9k /(27de) (161)

where we used the assumption (155) in the penultimate step. (Indeed, using the assump-

tion A < k/(27d) we obtain A/e < k/(2mde) < 1, hence (A/e)* < AJe < k/(27de).) The

fact that x € (0,1/d?) C (0,1/4) by assumption justifies the use of Lemma E.6 here.
Inserting Eqgs. (160) and (161) into Eq. (159) and setting 7 := x/(27de) we obtain

(O Wel01) (860, o (01, W GKP, 5 01| £ V3 (/254 97 + V07
< \/§< 2wr+9ﬁ+3\ﬁ>

< 10744

e\ 1/4
=1 . 1
0 (27Td€) (162)

Here we used that 2wde < 7 by the assumption (155) and thus k < 77, as wellas 0 < 7 < 1.

We proceed to upper bound the second term in Eq. (158), i.e., we show that the matrix
element (gkp,/ A/(0)a, WrGKP, A(0)g) is close to 1/+/d. Observe that because WgM, =
M oWk for a > 0, we have

(8kpwr ar(0)a, WEGKP A (0)a) = (M, 5a8kper ars WEM, 53GKP A)
gk Ay (M /50) TWEM 5-2GKP )
gk Ay My j(27a) WFGKP, A)
gkpw A7y M1j(2na) Mor8KPA (27 1/ (27))

gkpwr Ars M1 /d8KPA (27 1/ (2m))

(
(
(
(
(
(gkpwr,ars M1 /agKP, 1a.A7a) (163)

by Lemma E.21, i.e., the identity WrGKP, A = Margkpa (27, /(2r)-
Observe that the assumptions (155), x < 1/d? and d > 2 imply that

K =2mdA <k <1/d* <1/4<1/2
A = k/(2rd) < 1/(27d®) < 1/(4d?) .

In particular, this means that the pair (', A’) satisfies the assumptions of Lemma E.19,
and we conclude that

1
(8kPwr A7, M1 /d8KPw g, Ara) — a < TVR + 16(dA") (164)
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Combining Eq. (164) with Eq. (163) we therefore obtain
(gkp.+ ar(0)4, Wi GKP (0)>—1‘—'(k M, 4k ) L
gKpyr . Ar\V)d; WF r,A\U)d Jd = |(8KPxr A7 M1 /d8KPk jd, A'd Nz
< VK +16(dA")H4
= 7V2rnVdA + 16(27) "1/ 4k1/4
< 18VdA + 115"/
< 1914 (165)
where in the last step, we used that dA < k/(27) < 1 by the assumption (155) and

18VdA < 18/k/(27) < 8y/k.

Finally, inserting Eqgs. (162) and (165) into Eq. (158) gives the claim

1 1/4
<Oout|WF’0in> - ‘ S 10 ( > + 19/61/4 .

Vd

2mde

In the following, we consider more general matrix elements
. s 2 2
Mjy = <GKP§wdA,n/(27rd) (J)d7el4(Q r )GKPZ,A(]?)@

where j, k € Zg are arbitrary. To do so, we first relate M; . to a matrix element of the op-

erator wékefik Vi QeiF(@+P?) i/ 37 Here we again use the notation from Eqs. (156)
and (157) such that M; i = (j,u Wrkin). Specifically, we will use the following identity:
We have

ot WelKin) = wf (Ourle™*V FQWeeV 20, (166)
for all 5,k € Zg.
Proof. Let j, k € Z4 be arbitrary. Using that
WeQW{ = —P,
WePW! = Q
and the commutation relation
o/ FQ i EP _ wikeijﬁpeik\/%cg
we have
IV P eV P — i Pk
_ wék@-ik@@@ijﬁPWF
= wke IV FWIVEQ (167)
We can rewrite the matrix element of interest as
(JoutWE[Kin) = (GKPL ar(5)a, WrGKPL A (K)a)
— (Oput| eIV FPWee VEP|0,,) | (168)

Accepted in { Yuantum 2026-09-15, click title to verify. Published under CC-BY 4.0. 73



Inserting Eq. (167) into Eq. (168) we obtain
; . 2w . . 2w
(Gout WelKin) = @ (0gule™ ™V TOWee Vi |0,,)
which is the claim. O

We can bound each matrix element M; ;. as follows.

Lemma F.4 (Matrix elements of the Fourier transform F). Let d > 2 be an integer. Let
k€ (0,1/d?) and A,e >0 be such that

K

A< —
— 27d

<e< (169)

1
2d
For j,k € Zg define the matrix element

Mj i = (GKPSga e 2may ()as € T CFTPIGKPE 4 (K)a)

of the operator e'1( @ +P%) with respect to the basis {GKPL A(4) ez, of GKP, Ald] and the
basis {GKPogn o/ (ana) (1) Yieza Of GKPoran wjrayld]- Then

1/4
ik K 1/4

|M;j — Wi /Vd| < 24 (m) + 21614 (170)

for all j,k € Zg. In particular, for the optimal truncation parameter eq = 1/(2d) we have

|M; 5, — W /V/d| < 40K14 (171)

for all j,k € Zg if 2md)A < k < 1/d?.

™

Proof. Recall that Wi = /5@ ") and M; ;= (jyus|We|Kin). We show the claim using
the triangle inequality
wik

Vd

wik

Vd
. i 1

[ Gonal W) = 2 (00ualWr101)] + (Ol Wel04) — 4172

Gout W Kin) — —=| = |Gout|WeKin) — 0 (000t We|0i) + 0] (0 0ue [ We[ 04) —

The second term on the rhs. is upper bounded by Lemma F.3, applicable because of the
assumptions (169) and « € (0,1/d?), obtaining

1 K\ 1/4
‘<O,mt|WF]0m> - \/&‘ <10 <2de> L 10514 (173)

It remains to upper bound the first term. Because of Eq. (166) we have

[ Gout W ki) — w5 (00ut | WE|04n) | = [ €™V 20,00 W[ VT Q0,4) = (000t [ W |0r)

<€Zk\/7Q00ut‘WF|6w \/?QOWJ - <00Ut|WF|Oin>

=V (V o™ 9100) — 141001V P90, ~ 1') |

(174)
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Here we applied Lemma A.5 in the last step to compare the matrix elements of the

unitary Wg with respect to the pair of states (¥q, 1) = (e*V 7Q 10,ut) , €9V T 10in))
and the pair (¢1,92) = (|Oout) ,|0in)), respectively.
Lemma F.2 implies that

(GKPZ A (0)g, €'V /IMRGKPS 1 (0)4) — 1’ < 10(dA)? +16(A/e)*  for every m € ZU75)

for all (k,A,e) with ¢ < 1/(2d). Applying this with m = j (which satisfies |m| < d)
and (k, A, €) gives

(0l Y E0,) 1] <102 + 16(8/2)"

K\ 2 £ \*
< e
<10 (277) +16 (27Td€>

</<2+16< i )4 : (176)
- 2mde

where we used that A/e < k/(2nde) and dA < k/(27) by the assumption (169).
Similarly, applying Eq. (175) with m = k and (x’, A’, ) we obtain

(00t ™V Q| 0,0 — 1‘ < 10(dA))? + 16(A’ /)
K 2 K 4
<10d?% [
< 10d (27Td> + 6(27rd6>
4
<KkZi1 r )
SR 6(27Td8
2
< (241 r >
< (m°+16) (27rd5
K 2
§26<27rd5> . (177)

In the penultimate inequality, we used that 1/7 < 1/(27de) (because € < 1/(2d) by the as-
sumption (169)) and thus k? = 72 (k/7)* < 72 (k/(2rde))?, and the fact that x/(2rde) < 1
(again by the assumption (169)).

Inserting Eqgs. (176), (177) into (174), we conclude that

4 2
: Nk A< 241 K ) 9 ( K ) 1
ot WelKin) = w3 (0ot | W[ 00)]| < Ji(\/m + 6(27rd€ /26 (5o ) Jas)

Finally, inserting Eq. (178) and Eq. (173) into Eq. (172) gives

ik
Gt W Kin) — % <1074 4+ 1954 + V2V/R2 + 1670 + 87
<107Y4 41964 4 V2(k + 47%) + 87
< 2474 4 21514 (179)
where we introduced the quantity
K
T =
2mde
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and used that 7 < 1 by the assumption (169). This is the Claim (170).
We note that for the optimal truncation parameter e = 1/(2d), the assumption (155)
is satisfied if (2md)A < Kk < 1/d?. We have

T=kK/T

in this case, hence Eq. (179) takes the form

7k
“d

/a < 24 (k7)Y 4 21514

(jout|WF|kiﬂ> -

< 40K/

G No-go result for asymmetrically squeezed GKP codes

Here we extend our no-go result (Result 2) to consider an asymmetrically squeezed GKP
code GKPy Ald], where A # r/(2wd). We show that when such an asymmetric code is
used in conjunction with the Fourier transform, the linear optics implementation of the
phase gate again has a logical gate error lower bounded by a constant.

In more detail, we consider squeezing parameters (x, A) which are polynomially small
in d. Concretely, assume that

1
A< —
— 80d
k< d”(6+) for some constant v>0. (181)

and (180)

To motivate these assumptions, observe that Eq. (180) can be rewritten as A < £4/40 for
the optimal squeezing parameter £4. As argued in Lemma E.7, this kind of assumption
is necessary to ensure that our truncated GKP-states are closed to the corresponding
untruncated states.

The exponent in assumption (181) is chosen in accordance with our result about the
Fourier transform (see Lemma 6.3): Under the additional assumption

K

A< (182)

the assumption (181) ensures that application of ei5 (@*+P?) provides an accurate imple-
mentation of the (logical) Fourier transform F (for large d) where the input- and output-
codes are

Lin = GKPL Ald] ,
Eout — QICPZ/A/ [d] 5

with
(v, A") = (2ndA, k/(27d)) . (183)

Indeed, Lemma 6.3 implies that — under the assumptions (181) and (182) — the correspond-
ing gate error is bounded as

errgicps Jla.gepr, (€7@ F) < 21d%/86M10 = 214716
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With this preparation, we can show that standard linear optics implementation Wp of
the phase gate P is no longer accurate when it is used in conjunction with linear optics
implementation of the Fourier transform F. More precisely, the Gaussian Wp fails to
accurately implement the gate P for at least one of the two codes L;;, or Loy

Lemma G.1 (No-go result for asymmetric squeezing). Let Wp = (@ Feay/2m/dQ)/2.
Let d > 2 be an integer. Suppose that

1
A< —
— 80d

K < d-(6+Y) for v>0.

and (184)

Then
max {errng;’A[d] (Wp, P), errg,cp;/’A/[d} (VVYP7 P)} 2 1/50 .

Proof. Consider the following two cases:

27rdA/k > 1 : In this case the linear optics implementation of the logical gate P fails to
be accurate for the code L;,: we have

errgrp: A[d](e’“Q"’w\/WQ)/2, P) > 1/25 — 32(A/e4)?
> 1/50

according to Theorem 7.1 (see Condition (i)) and the assumption (184).

2rdA/k < 1 : In this case, application of ei5 (Q*+F?) provides an accurate implementation
of the (logical) Fourier transform F as argued above (for large d). Consider the result-
. _ x - (@ +car/27/dQ) /2
ing output code Loyt = GKPJ, a/[d]. We argue that the unitary e

does not constitute an accurate implementation of the gate P for this new code L.
Indeed, Eq. (183) and our assumption 27dA/k < 1 imply that

omdA' /K = (2mdA/k) !
>1. (185)

We conclude from Eq. (185) and Theorem 7.1 (see Condition (i)) that

et gepea (ei(Q2+cd\/27r/dQ)/2’ P) > 1/25 i 32(A,/8d)2

w! 7Al [d]

= 1/25 — 32(k/(2mdeg))?

=1/25 — 8k?
> 1/25 — 8d~2(6+v)
>1/50 ,

where we used d > 2.
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H No-go result for the Gaussian implementation of the CZ gate

In this section, we prove a no-go result for the two-mode Gaussian implementation @192 of
the logical CZ gate, analogous to the no-go result for the P gate established in Theorem 7.1.
We show that the logical gate error of the standard implementation remains bounded away
from zero in the limit k — 0 of infinite squeezing.

We consider two copies of the single-mode GKP code, i.e., the code space £ = QICP;A [d]®2
with orthonormal basis

j1,d2) = ‘GKPi,A(jl)d> ® ‘GKPi,A(jz)d> for  (j1,42) € Z3 . (186)

Lemma H.1 (No-go result for Gaussian implementation of CZ). Let d > 2 be an integer.
Let € € (0,1/(2d)] and k < 1/250 be arbitrary. Then the following holds for the logical
gate CZ.

(i) We have

errgiepe a2 (€919, CZ) > 1/25 — 64(A/2)?
for all A satisfying

1/2 > 271dA > k. (187)

(ii) For two copies of the symmetrically squeezed GKP code GKP[d] we have

errgeps [d)®2 (einQZ, CZ) > 3/100 .

Proof. Claim (ii) follows from Claim (i) by substituting A = x/(27d) (which satisfies the
second bound in Eq. (187) with equality) and ¢ = ¢4 = 1/(2d), exactly as in the proof of
Theorem 7.1.

It remains to prove Claim (i). Define £ = L;, = Low = gICP;A[d]@Q. The logi-
cal CZ gate has matrix elements CZ(j, j,) (k1.ks) = Oj1,k1 Ojo ko -wém and its (approximate)
implementation is

Wey = lQ1Q2

The matrix elements of the operator B in Definition 3.1 are given by

By o), (k1 ko) = Z CZ(m1,mo),(j1.j2) (M1, M2 | Wez |k, ko)

2
(m1,m2)€Z;

= ngm (j1,j2]€ 92| ky, ko) .
In particular, the diagonal entry at (j1,j2) = (0,0) is
B(0,0),(0,0) = (0,0["?192|0,0) .

We now compute this matrix element explicitly. By definition of the basis states of the
product code (see Eq. (186)) and the GKP code basis states (see Section 4.2.2), we have

0,0) = M, 5 ‘GKP;A> ® M 5= ]GKPZ,A> ,
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where M, 57 denotes the squeezing operator satisfying M\T/ﬁQM Vard = V2md Q. Using
the identity

TeiQ1Q2( 2mid Q1Q2

(M\/ 2md ® M\/ 27rd) M\/ 2nd ® M\/ 27rd) =e ’

we obtain
B0,0),00) = (GKP% A ® GKP, 5, e?™4@192 GKPE \ @ GKPE A) .

Since GKP}, A is supported on Z(e) = {x € R : dist(z,Z) < €}, we can expand this matrix
element using the definition of GKP} 5 (see Eq. (33)) as

B0,0),00 =C2 Y me)ne(y) (Xa(y) ® GKPE A, 2749192\ (1) @ GKPS A)
Y,y €Z
_ 02 Z 77/{ ® GKPS 27r'LdQ1Q2 ( ) ® GKP )
YEZL

=: C/% Z nm(y)ZIZ(y) ) (188)

YEL

where we used that the functions {x%(y)}yez have pairwise disjoint support and the
operator e274®@1Q2 does not change the support of a function in the first mode. Therefore,
cross terms in the double sum over y,y’ vanish. In the last line, we introduced I§ (y) =
(Xa(y) ® GKP, 5, €T99192 x5 (y) © GKP;, 5) for y € Z.

We now bound each summand in Eq. (188). Since the operator e?™4®@1@2 acts as
diagonally (i.e., as a phase factor) in position-space, the term in I3 (y) for fixed y € Z can
be expressed as

iy / X () (1) 7 |GKPE _ ()| 274192 iy iy
= [16KPE s(ea)Petmitrm [ty + )P4 dt ) dar

—/|GKP ‘2 2midyxo </|\I/€ ‘2 2midtas dt) dl‘z

where we substituted 1 = y +¢ and used that x} (y)(y+t) = Vi (t). Taking the absolute
value and applying the triangle inequality, we bound

d$2

/|\If€ |2 2midtxo dt

13| < [ 16KP a(a2)

—/]GKPHA (w2) 2 (W5, 27972005 )| das (189)

We bound the inner product [(¥%,e?™422QWS )| for all 22 € R by comparing to the
untruncated Gaussian using Lemma A.4, obtaining

(U, QS )| < (W, 2929 )] + 2] W s — W3]

The untruncated inner product is given by the Fourier transform of a Gaussian (cf.
the proof of Lemma E.2) and gives (¥p,e? %20 ,) = e TN T Together with
Lemma E.1 (iv), this gives

(U5, 742003 )| < e T A £ 16(A /)t forall  wpeR. (190)
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Substituting Eq. (190) into Eq. (189), we obtain
T() < [ 1GKPE o) P03 day 1 16(A /)
Therefore, using C? > oyer nx(y)? = 1, we have
By ool < [ I6KPE a2 ™25 duy 1 16(2/6)" (191)

Expanding [GKP;, A (22)]* = C2 Y,z 0k (2)?| W% (22 — 2)|* and substituting ¢ = 29 — 2
gives

J16KPE o (2) P30 iy = €237 a(2)? [ [Wa ()P 40" ay
Z2€Z
= Y me(2)* (W, e " A 0y )
Z2€Z
To bound the remaining integral, note that A, := e~ ™A (z+Q)? i5 5 bounded positive
operator for all z € Z with ||A,|| < 1 since 0 < e~™ A" (=+2)> <1 for all 2 € R. Hence by
the same argument as in the proof of Lemma A.4 we have

(WA, A20%) < (Pa, A WA) +2[[Wa — VA (192)

The inner product over untruncated Gaussians evaluates to

—12 /A2 —A2p2
& t / 6—7r2A2d2(n+t)2 dt — (& n < 6_)‘2n2 (193)

VTA VIt AR '
where A2 = 72d2A%/(1+72A%d?). Combining Egs. (191), (192) and (193) with Lemma E.1 (iv)
and C23", oy mi(2)? = 1, we obtain

1Bo.o).00)] < C2> " na(2)%e™ +32(A /)t . (194)
2E7

Applying Lemma E.16 with A = 7dA/v1 + 72d?A* (noting that A < 7dA < 1/4 under
assumption (187) and x < 1/250 < 1/4) gives

(WA, A W) =

1 1
02 . 26—)\2?42 < 7+KJ< —}—I{,
“y%” ) S VIt ORE T /It adDR)2 4

where we used that under the assumption (187)
A =mdA/V1 4 72d?A > 7dA/V 1+ 72d2A2 > wdAJ\J1+1/4 > wdA /2.
Moreover, we have 7dA/k > 1/2, so 72(dA/k)?/4 > 1/16, hence

1 1 49 1
thS ———tr<— forall k< —
N I N S C 7 TR BN YTV

since 1/4/17/16 < 49/50 — 1/250. Combining with the Eq. (194) gives

49
Bloowo| < 75 +32(8/e) (195)
By Lemma 3.7 we have
erre(Wez, CZ) > 2\/1 - [Bog)00) > 2 (1= 1Bio)00)]) - (196)
where we used V1 — 22 > 1 —z for z € [0,1]. Combining Egs. (195) and (196) gives the
claim. O
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| Continuity of the (subspace) logical gate error

In this section, we show that if a logical unitary U is approximately implemented by a
(physical) unitary W on a code space £ C H, then the same holds for any subspace L that
is close to L. We proceed as follows. In Section I.1, we establish a continuity bound for
the logical gate error. In Section 1.2, we introduce a quantity we call the subspace logical
gate error. We then show that it satisfies a similar continuity property.

.1 Continuity of the logical gate error

We show the following.

Lemma I.1 (Continuity of the logical gate error). Let d > 2 be an integer. Let H be a
Hilbert space and let {¢; ;-l;é AP ;-l;(l) C H be two families of orthonormal vectors. Define

two subspaces L, LCH by
L = span{yp; ?;(1) and L= span{@; ?;(1)

and corresponding isometric encoding maps Encg : C¢ — £ and Enc;: cl—C by
Encelj) = lej) ,
. _ or €{0,...,d—1}.
enczl) = Igs) T IE }
Let Decy := (Encg)™! and Dec; := (EncE)_1 be the associated inverse maps. Let U :
C? — C? be a unitary. Define the maps U = Enc,UDecy : £ — L and U= Enc;UDec; :
L— L. Let W : H — H be a unitary and let B = BZC(VV, U) and B = B[:QZ(VV’ U) be

the corresponding operators introduced in Definition 3.1. Then

\C(B) - C(B)\ < 2ds,

where
0= i — o4 .
jeqax i — &ill
In particular, we have
‘errc(I/V, U) —err (W, U)‘ < 4Vds . (197)

Proof. According to Lemma C.3 we have
|e(B) = e(B)| < |B=B| < |B - BJ. (198)

Fix j,k € {0,...,d — 1}. By definition of B and B we have

d—1 2

~ 2 . B B
Bik = Bix| = | Uiy (o Wepr) = (@, W)
m=0

d—1 d—1
< <Z |Um,j|2> : (Z ’<‘10m>W(Pk> - <95maW95k>’2>
m=0 m=0
d—1
= > em Weor) — (Em WeR)* (199)

m=0
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for all j,k € {0,...,d — 1}. Here we used the triangle inequality and the Cauchy-Schwarz
inequality. The last inequality follows from the assumption that U is unitary, which implies
that 41 |U,, ;1 = 1 for all j € {0,...,d — 1}. Note that we have

|<‘~Pma W‘Pk> - <§5maw¢k>| < H@k - (ﬁkH + H‘Pm - @m”
<25 (200)

for all m € {0,...,d — 1} by Lemma A.5 and the definition of §. Combining Eqgs. (199)
and (200) we find that

IB— Bll < 2d- 4,
and thus
e(B) = e(B)| < 2d- 4 (201)

by Eq. (198). Finally, using 3.2, we have with 7 := ¢(B) — ¢(B)

errz(W,U) = 24/1 — ¢(B)?
=2\/1— (¢(B) - )2
24+ 27¢(B) — 72

< 2,/1 —¢(B)? + 4Vds (202)

where we used the inequality va +b < y/a + Vb for a,b > 0, the fact that ¢(B) < 1
because W is unitary, and Eq. (201). According to Lemma 3.2, we also have

1
1—¢(B)? = ierrg(W, U) . (203)
Combining Egs. (202) and (203) implies
errZ(I/V, U) <errg(W,U) + 4d5 . (204)

Interchanging the roles of £ and L, we obtain

errc(W,U) <errz(W,U) + 4V/ds . (205)
The Claim (197) follows by combining Eqgs. (204) and (205). O

The following result establishes that if a family of vectors is close to an orthonormal
basis, then we can find an orthogonalization which preserves closeness. More precisely, we
have the following.

Lemma I.2. Let d > 2 be an integer. Let H be a Hilbert space and let {¢; ;-l;(l) CH
d—1

be a family of orthonormal vectors. Let {1; i—0 C H be a set of linearly independent
normalized vectors. Then there is an orthonormal system {¢; ;-l;(l) C H which spans the
same subspace as {1; ;l;é and satisfies

— ol = 2vd = o5l 206
ke{&%ﬁq}”gk orll < \fje maxil}H% &3l (206)

goeey
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Proof. The key ingredient of the proof is the symmetric orthogonalization process, see [39,
40], which can be regarded as a polar decomposition. For completeness, we give a detailed
proof. Define V := span{{v; ;-l*lu{qu d*é}. Then n := dimV > d. Using an orthonormal

= J]=

basis of V, let us represent the families of vectors as columns of n x d matrices where

A¢ - (¢07"'a¢d71)
Aw = (¢0)"'awd—1) '

Note that by construction Ay : C? — V is an isometry, that is, ALA¢ = I; where I is the
identity on C¢. Let G = ALAw. Define the matrix
A = AyGY2.

Then A : C? -V is an isometry as

aAlae = (@) ala,a
— G—I/QGG—I/Q
=1.
That is, Ay = A5G1/2 is the polar decomposition of A,. Define & as the k-th column
of A¢ for k € {0,...,d — 1}, ie., A¢ = (&, .. .,&4—1). Our goal is to bound the Frobenius

norm [[Ay — Agll2. This implies a bound on the quantity maxge(o,... -1} [[¥x — &kl as we
have

1/2

d-1
lér — &kl < <Z H@z—&HQ) =4 — Agll,  forall  ke{0,...,d—1}207)
=0

Using the triangle inequality we have
[Ag = Aelly < [|4g = Aylly + [| Ay = Ael, -

We can bound the first term as

de1 1/2
Ay — Ay, = — | <Vd =95l - 208
46— Ay, (gym wm) SVA_max - ol (208)
In order to bound the second term, we claim that
min ||U—-A =||4¢ — A , 209
omin_ (U = Agll, = |4 = Ay, (209)
Utu=1y

that is, A¢ is the closest isometry to A.

Proof of Eq. (209). Let U : C¢ — V be an isometry. Then
10— )2 = U - 46V2]]
=[latv -,
— tr ((AEU)TAEU) — 9Retr ((AEU)TGW) +tr (G)

= d—2Retr (UT4,G'?) +1r () , (210)
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where we used the invariance of the Frobenius norm under isometries in the second step
and

(AEU)T AU =1y
in the third step. The U-dependent term can be bounded as
Retr (UT4¢GY?) < |tr (U1 4:G'2))]
< [lota e[,
=t (G'?), (211)

where the second inequality follows from Hélder’s inequality. The last identity follows
from the unitarity of U TAg and the fact that GY/2 is positive semidefinite. Clearly, the

inequalities are equalities for the choice U = A¢. Therefore combining Eqgs. (210) and (211)
we find that

|U = Ayll; > d —tr (G?) +1r (G) = [ Ae — Ay3 -

O
Using that Ay is an isometry it follows from Eqgs. (209) and (208) that
A = Aully < 145 = Al < VA_max 5= o] (212)
The Claim (206) then follows by combining Eq. (207) with Egs. (208) and (212).
O

[.2  Definition and continuity of the subspace logical gate error

In this section, we introduce a quantity called the subspace logical gate error. It is obtained
by optimizing the logical gate error over all encoding- and decoding maps. We then show
that this quantity also satisfies a continuity property with respect to the choice of code
space L.

A logical unitary U on C? is typically specified in terms its action on computational
basis states. As discussed in Section 2.1 (see also Section 3), this means that for a given
code space L = L;, = Loy, defining a corresponding logical unitary requires fixing bases
of the code space, or, equivalently, a choice of two encoding maps (see Eq. (15)). In other
words, when U is specified in terms of matrix elements with respect to computational basis
states, the logical gate error err (W, U) also depends on the choice of encoding and not
only on the underlying code subspace L.

For a fixed physical unitary W : ‘H — H, a d-dimensional code space L C H and a
logical unitary U on C¢, it is therefore natural to consider the smallest logical gate error
achievable when appropriately choosing the encoding maps. We define the corresponding
quantity as

err, (W) = min errc (W, EnqoutUEncZiz) : (213)

Encg,,,,Ence, €€

out

where

Eﬁ = {Ean : (Cd — L ‘ EncTEEncL = I(Cd} .
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denotes the set of isometries from C% to £. We call the quantity errs (W) the subspace
logical gate error. Our notation emphasizes that the quantity only depends on the sub-
space L considered and the (physical) unitary W: Indeed, the rhs. of Eq. (213) does not
depend on U and the subspace logical gate error can be rewritten as

err, (W) = min errg(W,EnciV(Enci)™t) (214)

where Enc} € & is fixed (but arbitrary), and where the minimum is over all unitaries V :
C? — C?. Equivalently, we have

err (W) = Juin errp, (W, V) (215)
viv=I,

where the minimum is over all unitaries V : £ — L.

Proof. Assume that a physical unitary W : # — H and a logical unitary U : C¢ — C?
are given. Let L;, = Lo C H be d-dimensional subspaces of H. Furthermore, let
Ency, €&, and Ency . € &, be fixed isometric encoding maps.

Then any two encoding maps Encg,, € &g, and Encg,,, € &g, can be written
as Encg,, = Ency, Vin and Encg,,, = Encp,  Voue for unitaries Vin, Vou : C? - C% It
follows that EnczoutUEncZiln = EnczoutvoutUVijl(Enczm)*1. Since the map (Vip, Vout) —
VourU VIL is surjective onto the set of unitaries on C¢, minimizing a function of Enc LouU E”CZ;
over pairs (Encg, ,Ence,..) € &z, X &, is equivalent to minimizing the same function
evaluated on EnczouiV(Enczm)*1 over all unitaries V on C%. Considering L, = Low = L
and the same maps Ency = Enc;. = Ency_,, this implies Eq. (214).

Eq. (215) follows from Eq. (214) by observing that any unitary V : £ — £ can be
written as V = Encﬂ/EncZ1 for the unitary V = EncleEnq :C% — A, ]

In what follows, we establish two complementary results about the subspace logical
gate error err,(W). First, in Lemma [.3, we give a lower bound on err (W) in terms
of the action of W on unit vectors in the code subspace £. This bound provides a way
of certifying that no encoding into £ admits a vanishing logical gate error. Second, in
Lemma [.4, we give a continuity bound on err,(W) which compares two d-dimensional

code subspaces £ and L that are spanned by close families of vectors.

Lemma 1.3 (Encoding-independent lower bound on the subspace gate error). Let d > 2
be an integer. Let H be a Hilbert space and let L C H be a d-dimensional subspace with
associated orthogonal projection wp : H — L. Let W : H — H be a unitary. Then

1/2
e (W) > 21— min [[m.We[*] . (216)

[W]=1

Proof. Let U : L — L be an arbitrary unitary on £, and let B : £ — L be the operator
introduced in Definition 3.1. By Lemma 3.2 we have

errc(W,U) = 24/1—¢(B)?, (217)

where ¢(B) = mingez,|jy|=1 [{¥, BY)| denotes the Crawford number of B, see Eq. (18).
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1; — min [J\II [/[/ LD . 21(‘;

Using that UV € £ and [|[UV¥| = 1 for every unit vector ¥ € L, the Cauchy-Schwarz
inequality gives

(UW, W) = [(UT, 7, WP)| < |ln Wl (219)
Combining Egs. (218) and (219) yields
¢(B) < min ||[7,;WY| . 220
(B) < ||\\Iﬁﬁ£1” WY (220)
Inserting Eq. (220) into Eq. (217) gives
1/2

errg(W,U) > 21— min | W || : (221)
€
Iw[l=1

Since the rhs. of Eq. (221) is independent of the logical unitary U, taking the minimum
over all unitaries U : £ — £ on the lhs. establishes Eq. (216) because of Eq. (215). O]

With this result, we can establish a continuity statement for the subspace logical gate
error analogous to Lemma I.1.

Lemma I.4 (Continuity of the subspace logical gate error). Let d > 2 be an integer. Let H
be a Hilbert space and let {¢; ;l;é C H be a family of orthonormal vectors spanning L =

span{¢; ?;é. Let {(Z] ;l;é C H be a family of linearly independent normalized vectors

spanning L = span{% ;l;(l). Let W : H — H be a unitary. Then

lerrp (W) = errz(W)| < 64*/4V5 (222)

where

§:= max N\%-%H-

j€{0,...,d—1

Proof. Due to Lemma 1.2 applied to {¢; ?;é and {(}Ej ;l;(l) (cf. Eq. (207)), there is an
orthonormal family {¢; ?;é C ‘H which spans £ and satisfies

- — ¢l < 2vds.
ni= max g - ¢l < 2vd

Define the isometric encodings Encg : C% — £ and Ency: Ct— L by
Ence|j) = 1o;) »  Enczli)=1&)  for  je{0,...,d—1}.

Let V : C¢ — C? be an arbitrary unitary. Applying Lemma I.1 to the two orthonormal
families {¢; ?;é and {¢; ?;é with target V' and closeness parameter 7 yields

‘errL(W, EncEVEnczl)—errZ(W, EncZVEncZJ)‘ < 4/dn < 6435 .
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We emphasize that this bound is independent of V.
Note that for any two non-negative functions f, g : X — [0,00) on a set X’ # () we have

f — inf < —
Jnf (@) = inf g(2)] < sup |f (@) = g(@)] ,
Applying this with X being the set of unitaries on C¢, f(V) = errz(W,Enc.VEnc,),
g(V) = errz(W,Enc; VEnC~ ) in combination with Eq. (214) establishes Eq. (222).
O

J  Encoding-independent no-go result for the P-gate

In this section we extend the no-go result of Theorem 7.1 from the standard encoding of the
symmetrically squeezed GKP code GKXP[d] to arbitrary isometric encodings into GKP[d].
Recall (see Section 1.2) that the subspace logical gate error errgip+ g (Wp) is the smallest
achievable logical gate error on the code space GKP[d] over all isometric encoding maps,

for any target logical unitary U. We show that this quantity remains bounded away from
zero even in the limit Kk — 0 of large squeezing.

The argument relies on the encoding-independent reduction (Lemma 1.3) using ‘GKP; A(O)d>

as a test vector to obtain the desired lower bound on the subspace logical gate error.

Theorem J.1 (Encoding-independent no-go result for the linear optics implementation
of P). Let d > 2 be an integer and let ¢q = d mod 2. Then the subspace logical gate error

of the linear optics implementation Wp = (@ +eay/2m/dQ)/2 of the logical P-gate in the
symmetrically squeezed GKP code GKPF[d] satisfies

errgiepy(a) (Wp) > 3/100 (223)

for all kK < 1/250.
In particular, for any family {Enc, : C* — GKP[d]}ke(o,00) Of isometric encoding
maps, we have

errgrpx(q (W, P) /0 as k—0,

i.e., even in the limit k — 0 of large squeezing, the logical gate error does not vanish
asymptotically. The identical conclusion, i.e., the same asymptotic no-go result also holds
for the symmetrically squeezed untruncated GKP code QICPK’H/(QM) [d].

Proof. Let L, := GKP[d] and let {‘GKPi{S@ﬂd)(k)d>}k€Z denote the basis states of L.

Since these basis states form an orthonormal basis of L, we have for the test vector ® :=
GKP%(0)q4 € L that

|7, We®|> = 3" [(GKP(5)a, WeGKP(0)a) [ . (224)

Using that for € < 1/(2d) we have

(GKPE A (j)a, WpGKPE A (0)g) = (GKPHA,M\T/ﬂeijvz”/dPWpM\/ﬁGKP;M

_ <GKPZ 7ez(j/d)Peifr(dQQ-l—ch)GKPE >

— [ GRPL ATy = /d) ) GKPL o (1) dy

= djo- <GKP2,A,eiﬂd@zﬂd@GKPz,m (225)
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where in the penultimate step we used that e!U/DF acts as the position-shift y — y — j /d
and the last step follows by considering the support of GKP; A

The remaining term is exactly the matrix element bounded in Lemma E.17. Under
the assumptions k < 1/4 and dA < 1/(4n) (which are satisfied for k < 1/4 since dA =
k/(2m) < 1/(4m)), Lemma E.17 yields

1
VIt (rdAJk)2/4

Substituting A = k/(27d) and € = 1/(2d) in Eq. (226) and combining with Eq. (225)
gives

[{GKP;, A (0)a, WpGKP; A (0)a)| < + R4+ 16(A/)T . (226)

2

= + K+ 16(/<c/7r)4> (227)

d—1
1/(2d) . 1/(2d) 2
;)KGKPHK/(Qmi)( )d?WPGKP/@,/{/@wd)(O)dH < ( 1+1/(16)

where we used dA/k =1/(27) and A/e = k/m. A direct calculation shows that

1 49 1
—_— 16 < = forall < o 228
1+1/16+R+ (k/m)* < 70 or a f< o5 (228)
Combining Egs. (224), (227), and (228) yields
49 1
Wpe|| < — for all — 229
Ime Wo| < 50 forall k< Lo (229)
By Lemma 1.3 (Eq. (216)), we have
1/2
Wp) > 2|1— mi Wel|?| >2(1- mi Wp¥
erre, (W) = ||\I]5%||1Ln” |7, W || > H\Il;fel\?‘ e We¥|l |,
v)=1 vl|=1

where we used the inequality 1 — 22 > 1 —xz for € [0,1] in the last step. Inserting ¥ =

¢ = GKPi{ ggﬂ d) (0)4 (which is a unit vector in £,;) in the expression on the rhs, and using
Eq. (229) establishes the Claim (223).

The statement for the symmetrically squeezed untruncated GKP code follows by con-
tinuity. Specifically, let £, = GKP, ./ c2ra) [d] denote the untruncated code, and L, =
GKPr[d] the truncated code. By Lemma E.6 (see also the proof of Corollary 6.4), the basis

states of L, and L, can be chosen such that ||GKPi/é3?%ﬂd)( )a— GKP, . /2ray (7)all < 2v/k
for all j. Applying Lemma 1.4 with § = 2\/k, we see that errx (Wp) /4 Oiferr, (Wp) # 0
as k — 0. This implies the claim.

O
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