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We demonstrate that spinor Bose-
Einstein condensates (BECs) can be op-
erated as an analog simulator of the two-
dimensional vibron model. This alge-
braic model describes bending vibrations
of molecules and, in the case of triatomic
molecules, exhibits two phases where lin-
ear and bent configurations are stabilised.
Spinor BECs can be engineered to sim-
ulate states that correspond to linear or
bent triatomic molecules, with the Wigner
function of the BEC encoding informa-
tion about the molecular configuration.
We show how quantum simulations of the
bending dynamics of linear molecules can
be realised, and how preparing a linear
configuration in the bent phase leads to
a dynamical instability. In the dynam-
ics triggered by the corresponding instabil-
ity, a significant amount of entanglement is
generated, and we characterise the dynam-
ics with the squeezing parameter and the
quantum Fisher information (QFI). The
scaling of the non-Gaussian sensitivity, de-
scribed by the difference between squeez-
ing and QFI, grows with the system size
once the spinor system crosses from the
linear to the bent phase, thus serving as a
dynamical witness for the quantum phase
transition.

1 Introduction
Spinor Bose-Einstein condensates (BECs) have
emerged as an exceptional platform for exploring
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many-body quantum physics under highly con-
trolled conditions, offering access to relevant con-
trol parameters and enabling the precise prepa-
ration of diverse quantum states [1-3]. This ver-
satility has motivated spinor BECs as a basis
for theoretical proposals and experimental stud-
ies of quantum phase transitions in both ground
and excited states [4-9], the generation of large-
scale many-particle entanglement [3, 10-13], and
in quantum-enhanced atomic clocks [14] and in-
terferometers [15, 16].

The high degree of controllability in spinor
BECs also positions them as prime candidates
for quantum simulations aimed at emulating the
Hamiltonians of physically distinct systems. This
approach has been extensively pursued for quan-
tum simulations of condensed-matter phenom-
ena with BECs [17-20]. Recently, simulations
of quantum chemistry and molecular processes
have gained prominence as promising directions
in quantum simulation [21-24].

Besides the ability to solve theoretically in-
tractable models, the advantages of quantum sim-
ulations include precise observations of real-time
dynamics on timescales that are easier to access
than those of the original systems, along with a
level of quantum control that would otherwise be
unachievable. This way, predictions of the model
can be explored experimentally across varied pa-
rameter ranges including with initial conditions
that would be unattainable in the original con-
text [25]. This is illustrated by proposals for
quantum simulations of molecular electron trans-
fer reactions [26] and their recent implementa-
tions using trapped ions [27]| and superconducting
qubits [28].

In this work, we demonstrate that the Hamil-
tonian of spin-1 BECs can be exactly mapped
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onto the two-dimensional vibron model (2DVM).
This model is widely used in theoretical studies of
molecular vibrations and the characterization of
molecular configurations, particularly the transi-
tion between linear and bent geometries [29-31].
It has successfully reproduced a wide array of
molecular spectroscopic data and has been instru-
mental in advancing theoretical understanding of
these processes.

We explore how spinor BEC states can be inter-
preted in terms of the configurations of triatomic
molecules by employing the Wigner quasiprob-
ability distribution in phase space. Triatomic
molecules can adopt linear or bent structures,
characterised by the position of the central atom
(see Fig. 1). The Wigner distribution provides
insights into the position and momentum dis-
tribution of the central atom, thereby linking
the quantum states of spinor BECs to molecular
configurations and dynamics. Spinor BEC sys-
tems enable continuous variation of control pa-
rameters, flexible preparation of states of inter-
est, and the observation of dynamical signatures
of excited-state quantum phase transitions (ES-
QPTs), thereby offering access to a wide range
of phenomena that cannot be studied directly in
molecular systems.

We focus on two dynamical cases: bending a
linear molecule or straightening a bent molecule.
Particularly, we observe a dynamical instabil-
ity in the latter case. In the dynamics trig-
gered by the corresponding instability, a signif-
icant amount of entanglement is generated, and
we characterise the dynamics with the squeezing
parameter and the quantum Fisher information
(QFI). Non-Gaussian fluctuations, revealed by
the difference between the squeezing parameter
and the QFI, increase with the system size once
the spinor system crosses into the bent phase.
This gives rise to an experimentally observable,
dynamical signature for the quantum phase tran-
sition.

This paper is structured as follows. We in-
troduce the 2DVM in Sec. 2, loosely following
Ref. [31]. In Sec. 3 we review relevant proper-
ties of spinor BECs, their experimental control-
lability and flexibility. In Sec. 4, we show how
the molecular configuration is reflected in phase
space through the Wigner quasiprobability distri-
bution that informs us about the motion of the
centre atom. In Sec. 5, we study the dynamics

generated when the Hamiltonian corresponds to
a bent equilibrium geometry while the system is
initially prepared in a linear configuration. In
Sec. 6, we discuss the experimental accessibility
of our results. Finally, the conclusion is given in
Sec. 7.

2 Two-dimensional vibron model

The algebraic approach has been highly success-
ful in both nuclear and molecular physics, pro-
viding a framework to construct the Hamiltonian
under study by using operators that belong to the
dynamical or spectrum-generating algebra [29-
34]. They have proven to be a useful approxima-
tion for describing the Hilbert space of bound ro-
tational and vibrational states in molecules [29].
Although these models are available in arbitrary
dimensions [35], we focus on the case of two di-
mensions that is relevant for the linear-to-bent
transitions of triatomic molecules [30]. Rotations
and vibrations occur in a plane, and are linked to
the appearance of a quantum phase transition in
the ground state [31] and in excited states [36-43].
In the following, we review the algebraic structure
of this model; see also Refs. [29-31, 37| for a more
detailed account.

The bosonic U(3) Lie algebra, necessary for the
description of two-dimensional systems, can be
constructed using creation and annihilation oper-
ators for two Cartesian bosons {7/, %J , T, Ty} and
a scalar boson {61, 5} with the following commu-
tation relations

6,61 =1, (1a)
7,7]] = 03, (1b)
7,61 =0, (1c)

for 4,7 = z,y. The bosonic operators ﬂg& ex-

press excitations in two dimensions, i.e. vibrons,
and encode bending excitations, as will be ex-
plained later. For convenience, we introduce cir-
cular bosons,

L Ta Ty

T+ =F 2 . (2)
The generators of the algebra U(3) are the bi-
linear products of the creation and annihilation
operators; for a full list see Eq. (31) in Ap-
pendix A. The algebraic approach to the con-
struction of Hamiltonians consists in considering
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a linear combination of invariant Casimir opera-
tors with variable coefficients. Up to second or-
der in the generators, the general Hamiltonian
of two-dimensional problems then reads (see Ap-
pendix A for details)

H=FEy+en+an(n+1)+ 12+ AW?  (3)

where €, a, 3, A are free parameters that depend
on the specific molecule and the operators used
above are defined as

T T

h=3la 4205 (4a)
(=412 — 717, (4b)
Dy =v2(#6-ot7 ), (4c)
D =v2(-ils+ats), (4d)

~ 1/~ = A
W2:§(D+D,+D,D+)—|—f2. (4e)

This is the most general two-body Hamiltonian
for angular momentum-conserving, i.e., rotation-
ally invariant systems. This Hamiltonian inter-
polates between the two extreme cases of linear
and bent molecular configurations, which are de-
scribed by the respective Hamiltonians (see Ap-
pendix A.1 and A.2 for details)

HY = By 4+ en+an(a+1)+ B2 (5)
and
HID = By + B2 + AW2. (6)

Whereas the general Hamiltonian (3) expresses
the most general mixture of the two configura-
tions, the essence of the quantum phase transi-
tion between them is already captured by only
two non-commuting Casimir operators, leading to

H=(1-7)h— W2 (7)

where v is a control parameter and we introduced
the normalisation factor 1/(/N —1) to account for
two-body interactions in W. The molecular con-
figurations are described by the following coher-
ent state [31],

1 -
— = __ _}iN
)= ko) = BV 0,00, @)
where [0,0,0) is a vacuum state and b} is the
bosonic creation operator,

1

VI1+a? +y?

lA)}; = [6T + (xﬂ + y%J)] . (9)

Figure 1: Coordinates of the centre atom reveal the con-
figuration of a triatomic molecule. The bond length is
denoted by a and is the distance between neighboring
atoms.

This coherent state is called atomic coherent
state [44, 45] or number-projected generalised co-
herent state of U(3) [46] which extends the idea
of Glauber coherent states [47] to systems with
fixed particle number [48]. The coefficients x,y
of the coherent state may be complex in general,
but here, they will be restricted to real values.
Importantly, the coefficients x, y can be regarded
as the average coordinates of the centre atom as
depicted in Fig. 1 [31] and normalised by the bond
length which is the distance between neighboring
atoms.

In the limit N — oo, these coherent states
can be used to study the mean-field limit of our
model. This is particularly convenient to investi-
gate the phase transition between the linear and
the bent configurations. The energy density in
the mean field limit N — oo is expressed as

A 2
(IL‘,y|H|ZL‘,y> 1 1 _7,.2
A IV I (] ) -0

N ( 7)1—|—r2+7 147r2) 7

(10)

where r = /22 + y2. The minimum of this func-
tion depends on the control parameter . For
v < 7. = 1/5, the minimum is at » = 0, i.e.,
when the centre atom is situated on the axis that
connects the two outer atoms. This situation de-
scribes a linear geometry. However, for v > ~.
the minimum appears at r = rg, where

5y —1
ro = T (11)
3y+1

This indicates that the ground-state configura-
tion is a linear molecule for v < v, and molecules
are bent for v > 7., and the degree of bending
is given by rg, which depends on . In other
words, rg is the order parameter of the ground-
state phase transition in this system. The aver-
age number of excitations (¢|n|¢), i.e., vibrons
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Figure 2: Energy spectrum of Eq. (7) normalised by N
with zero magnetization for NV = 100 as a function of ~.
The lowest energy is fixed to zero. The vertical dotted
line highlights the position of v, = 1/5.

in the coherent state, bears witness to the phase
transition as

[en}

for v < 7,
Giald) =4 o o (2)

T2 for v > 7e.

This number increases sharply at v = 7.

In addition to the phase transition in the
ground state, the 2DVM shows phase transitions
in excited states [36, 37]. We limit our atten-
tion to the subspace with zero magnetization,
i.e., to states with eigenvalues zero for the vibra-
tional angular momentum operator  in Eq. (4b),
and plot the energy of the Hamiltonian (7) for
N = 100 as a function of v (see Fig. 2). Note
that the lowest energy is fixed to zero. An avoided
crossing in the two lowest energy states at v = .
indicates the ground state quantum phase transi-
tion. This avoided crossing also propagates over
the excited states, and clusters of energy levels
are seen for v > 7. at a critical nonzero energy,
characteristic of the ESQPT. The resulting diver-
gence in the density of states splits the spectrum
in Fig. 2 in two regions. Left of the level clus-
tering, the eigenstates have a linear character,
whereas on the right they have a bent charac-
ter [37].

The essential Hamiltonian (7) of the 2DVM al-
lows us to explore various configurations and the
transition between them. However, the control
parameter ~y is fixed by the molecule and cannot
be tuned freely in a molecular setting. As we
will discuss in the next section, spinor BECs can
be operated in a regime that produces the same
Hamiltonian with flexibly tunable parameters.

3 Spinor Bose-Einstein condensates

We consider a finite-size spin-1 BEC in the F' =1
hyperfine ground state manifold in the presence
of an external homogeneous magnetic field. The
single-mode approximation [1, 2, 49] allows us to
simplify the Hamiltonian for NV atoms, up to con-
stant terms, to the following form

C

ﬁj? (13)

Iz’spin—l = _QNO -
Here, J? = fﬁ + jy2 + jf, where jﬂmy,z are col-
lective spin operators, and NmF is the number of
atoms in the mp = 0, £1 Zeeman state; see Ap-
pendix B for additional details. The coefficient ¢
is the quadratic Zeeman energy shift. The inter-
action coefficient c is given by ¢ = Nc¢y [ dr|g(r)[*
with ¢(r) the spatial atomic wave function. The
coefficient ¢y is given by co = 47h%(ag — az)/3m,
where m is the mass of each particle and ay is the
s-wave scattering length for spin-1 atoms colliding
in symmetric channels of total spin J. We con-
sider co positive which applies to ferromagnetic
systems.

This system can be realised experimentally, for
example with Rb% in the F' = 1 hyperfine mani-
fold. The coefficient ¢y can be tuned for example
through changes of the potential that affect the
spatial atomic wave function. The coefficient of
the quadratic Zeeman term g = gp + qpw de-
pends on the external magnetic field gp and the
microwave field qps. The part controlled by the
magnetic field B is qg = (upB)?/4Eyrs, where
up is Bohr magneton and Fpypg is the hyperfine
energy splitting. The value and the sign of qprw
can be tuned independently of gz by employing a
microwave field that is off-resonant with the other
hyperfine state, allowing for flexible control of the
value of ¢ in experiments that extends even into
negative values [8, 50].

To see how the Hamiltonian (13) of spinor
BECs can be mapped onto the 2DVM Hamilto-
nian (7), we compare the following two operators
in these models,

J? = ]\70 + (N—H — N_1)2 + 2]\70 (N-q-l + N_l)

+2¢1 2166 4+ 267617 7, (14a)

W2 =N+ (Nﬂ - N,1)2 + 2N (N+1 + Nfl)

—2#12166 —26t6tr 2, (14b)
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where the identities hold up to constants propor-
tional to the total particle number N. This com-
parison reveals a close similarity except for the
signs of the two final terms. These signs can be
compensated by applying a m/2-rotation to mode
0. In addition, by controlling the quadratic Zee-
man term ¢/c such that ¢/c = 2(1 — ~)/~, the
spinor BEC Hamiltonian (13) corresponds to the
essential Hamiltonian (7) up to a multiplicative
factor,

A

H in- &
DL = —(1—7) Ny

Hspin-l _ J2 15
6/2’}’ rot» ( )

0
N

where jfot = tNo7/2 J26=iNom/2 i5 the squared to-
tal spin operator in a rotating frame. The es-
sential Hamiltonian (7) for v = 0 is simply —Ny
and, even though technically « in the spinor sys-
tem (15) is never exactly zero, this limit can
be studied at early times where the weak inter-
action is negligible. To be consistent with the
2DVM Hamiltonian (7), we introduce H’

pin-1 —
Hopin1(27/c) so that ﬁépin_l matches the 2DVM
Hamiltonian (7) besides a multiplicative factor.
In the following, the time evolution generated by
the Hamiltonian (15) will be given in normalised
time units ¢/ty with t9 = 2v/c unless otherwise

specified.

The correspondence between the two Hamilto-
nians (7) and (15) implies that spinor BECs can
act as analog simulators for the 2DVM. A broader
class of bosonic two-level pairing models that in-
cludes the Lipkin-Meshkov-Glick (LMG) model,
the Hamiltonian of spinor BECs, and the 2DVM
are known to coincide under general conditions
in the mean-field limit [36, 50]. As we have seen
above, the exact mapping between spinor BECs
and the 2DVM also holds beyond the mean-field

approximation.

Moreover, systems of spinor BECs provide high
flexibility in the preparation of states as well as
the controllability of the parameters. Experimen-
tal techniques analogous to homodyne detection
have been developed for spinor BECs [51, 52],
and spin-coherent states (8) can be prepared with
high fidelity [3]. Also, the quantum phase transi-
tion in ground and excited states have been suc-
cessfully studied [1, 8, 10, 50, 53-56].

4  Coherent molecular states in phase
space

The coherent state (8) expresses the molecular
configuration in phase space and reveals the re-
lation between the coordinates x,y of the centre
atom. For simplicity, we now focus on states with
y = 0, but it is straightforward to extend the dis-
cussion to the case of x # 0 and y # 0 by rotat-
ing 7, accordingly. The coherent state (8) with
y = 0 fixed has support in the subspace where
only the modes 0,z are populated and can be

rewritten as
N 0 0
sin™ — cos™¥ " —
Ny 2 2

|ng, N —ng,0)

9) =10) = >

Ne=0

Ty’
(16)

where the position x € (—o00, 00) is expressed by
0 € [0,7] through » = tan$ and s 0, My )
is the number state basis of the modes x,0,y.
At 6 = 0, m, this state corresponds to |0, N, O)xy
or ]N,0,0)xy, respectively. To study the phase
space of mode x we introduce the quadratures
X = (£, +71)/2 and Px = (7, — #])/2i. The
average displacement (X) = (¢|X|¢) of the co-
herent state (16) is given by

N

(X) = (tan g) Z A(0)VN —k, (17)
k=0
where C% (9) = (]Z) Sin2k g Cosz(N_k) g and

SN oci(0) = 1. Note that the coherent state
|¢) has vanishing average momentum,

(Px) = (6| Px|¢) =0. (18)

Figure 3 shows a plot of (X)/v/N as a function
of 0 for different N. The function (X)/v/N is
concave and yields zero for § = 0,7 for any N.
For small 6, the function (X)/v/N is independent
of N since the state is close to the vacuum state
|0). The position of the maximum approaches
0 = 7 for larger N. Furthermore, the asymptote
at @ = 7 is V/N(—0 + m)/2 (the dashed line at
6 = m). Thus, the function is discontinuous at
= 7 in the limit N — oo.
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Figure 3: Displacement (X)/v/N of the coherent

state (16) for N = 10,50,100,1000 as a function of
0. The dotted lines are the asymptotes of (X)/v/N at
6 = 0,7. The one going through 6§ = 0 is /2, and
the one going through 0 = 7 is VN(—0 + m)/2 for
N = 1000.

5 Quench dynamics of molecular

bending in spinor BECs

Here, we consider quenching such coherent
states (16) which express the molecular configura-
tions in two cases: bending a linear molecule and
straightening a bent molecule. The former case,
where the system is prepared in a bent state and
evolves under the linear Hamiltonian, can be re-
garded as a warm-up exercise and is presented in
Appendix C. It shows a simple harmonic oscilla-
tion of the centre atom under the quench dynam-
ics. In the present section, we focus on the lat-
ter case, where the Hamiltonian parameters cor-
respond to a bent molecular configuration while
the system is prepared initially in a linear config-
uration (see Fig. 4(a)). To this end, we prepare
the coherent state (16) for 6 = 0, i.e. [0,N,0),,,
as the initial state and let it evolve under the
Hamiltonian (15) for v > .. Initially, only mode
0 is populated, and then particles are distributed
to other modes through collisions. In the follow-
ing we study the ensuing time evolution from the
point of view of the bending vibration.

In principle, it is possible to construct the
Wigner quasiprobability distribution of three
modes [57], but this representation is difficult to
analyse since it requires a four-dimensional sur-
face. However, the essence of the dynamics can
be extracted after a projection onto two-mode
states, which are explained in the next subsec-
tion.

We first remark that the low-depletion approxi-
mation that is often used in situations where most
of the atomic population remains in the mp =0
mode is unable to describe the phase transition

between linear and bent configurations (see Ap-
pendix D for details). Instead, as we will explain
in the following, a suitable path towards exploring
the phase transition is achieved by a mean-field
approximation after projecting the spinor Hamil-
tonian (15) onto the mode-x subspace.

5.1 Mean-field approximation in mode = sub-
space

Consider the basis |n;, ng, ny)xy of a three-mode
system with a total particle number N = n, +
no +ny. For fixed ny, the basis |ng, no, ”y>xy can
be regarded as a basis |ng,ng), of a two-mode
system with total particle number N — n,. In
this representation, a spin-1 system with N par-
ticles can be decomposed into a collection of spin-
1/2 systems with different total particle numbers

M=0,1,...,N as
Sy =81 @511/2@"‘@‘3{\;27 (19)

where we denote these Fock-space sectors with
the total particle number M as S{\;IQ (SM). We

focus on the subspace S{\/fz and project the system
onto it. Note that this subspace corresponds to
the space LMG model expands, which is one of
the bosonic two-level pairing models.

To observe the sharp features of the phase tran-
sition we consider the mean-field limit and study
the structure of phase space in the N — oo limit.
Similar analyses have been done in Refs. [58-60]
and particularly in a related model in a spinor
system [7, 50]. Specifically, we determine the ex-
pectation value of the Hamiltonian (15) on the
spin-coherent state in mode x subspace, defined
as

3) = I, 6)
1 0 0 _.\Y
= TN (@Isin2 + 6Tcos2ew> |0,0),,

(20)

where |ng,ng), is the number state basis of
mode z,0 with ¢ € [0,2r) and 6 € [0,7].
The angles ¢, 0 are set such that <<Z3‘XX q3> =
(N/2)sin 6 cos @, <¢~5‘Xy‘q~$> = (N/2)sinfsin p,
and <¢~)‘XZ ¢~>> = (N/2)cosf. For ¢ = 0, this

spin-coherent state |¢) corresponds to the spin-

coherent state |¢) defined in Eq. (16) which de-
scribes the configuration of stationary molecules.
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Figure 4: (a) Sketch of straightening a bent triatomic molecule. (b) Trajectories on the mean-field model (21) with
fixed energy density n for v = 0.5. The black curve represents the separatrix at = —(1 — 7y), and the green curves
and the orange curves show the trajectories below and above the separatrix respectively. The red dots represent the
stationary points (see text). (c) Time evolution of the Wigner quasiprobability distribution in mode x subspace for

v =0.5and N = 50.

By taking the limit N — oo, the energy density
Ry = <¢’Hépin-1’¢> /N is given by

N |

(I+s)—7 (1 - s2> cos? ¢,
(21)

mf=—(1=7)

where s = cosf and s € [—1,1]. The maximum
value of hy, ¢ is always 0 for s = —1, and the
minimum value of hY 7 is given by the following
three points:

S 1 (1/v—1)/4
cos ¢ any +1

~ 0<y<1/5 1/5<y<1

mp | (A=) | =By +1)%/16y

This is consistent with the previous result for the
energy density (10) that has different minima, de-
pending on whether ~ is larger or smaller than
ve =1/5 [31].
The equations of motion for conjugate variables
(p, s) are obtained as
|

Y= 27$cos2cp— —

§ =2y (1 — 32> sin @ cos .

(22a)

(22b)

The position of stationary points can be found
by solving (¢, ) = (0,0) and are given by the
following table:

s 1 (1/v—1)/4 | any
cosp | £y/1/y—1/2 +1 0
y 1/6<y<1 [1/6<y<1|~v=1

While for v < 1/5 the energy density hfnf does
not have stationary points, for 1/5 < v < 1 three
stationary points appear. One of the points is
placed at s = 1 and corresponds to the initial
state |0, N),. The other two points are at the
minimum of the energy density hfnf and corre-
spond to bent configurations.

We have plotted the trajectories (¢, s) that give
level sets of hY, s With energy density 7 fixed for
v = 0.5 in Fig. 4(b). The black line is the tra-
jectory at n = —(1 — ) and divides two types
of trajectories. It is called the separatrix and ex-
ists only for v > . = 1/5. The three stationary
points are marked with red dots, and the initial
state is located at the intersection of the separa-
trix. Even though the initial state is stationary
in the mean field limit, for finite N the quantum
fluctuations of the initial state extend over differ-
ent types of classical trajectories. States on such
different trajectories evolve in different directions,
leading to a dynamical instability.

We stress that Eq. (21) is obtained after re-
stricting the dynamics to the x subspace and tak-
ing the mean-field limit at zero angular momen-
tum. In this reduced sector, the effective classical
Hamiltonian has the same structure as in LMG-
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type two-level bosonic models [50]. The phase-
space trajectories are properties of this reduced
one-degree-of-freedom quench dynamics, rather
than of the full 2DVM. Our main result, how-
ever, concerns the exact mapping between the
spin-1 BEC and the essential 2DVM Hamiltonian
beyond mean field, with the molecular interpre-
tation inherited from that mapping, and it is ex-
pected that long-time dynamics of our Hamilto-
nian deviate from those of LMG-type two-level
bosonic models, which will be studied in the next
subsection. Important differences between one-
and higher-dimensional two-level bosonic models
have been discussed in Ref. [41].

5.2 Exact dynamics beyond mode x subspace

Based on the result of the mean-field model, we
move on to the exact time evolution under the
full Hamiltonian (15), i.e. beyond the reduced
sector S{\/[Q. For simplicity, we restrict to the

A

zero-magnetization subspace, i.e., (J,) = 0 and
(AJ.)? = 0, where the variance for any opera-
tor O is defined as (AO)? = (0?) — (0)2. This
is due to the fact that magnetization J. is con-
served because of [j27ﬁépin—1] = 0 and that the
magnetization of the initial state vanishes. We
compute the exact time evolution and project it
onto mode z subspace to construct the Wigner
quasiprobability distribution on the Bloch sphere
for v = 0.5 and N = 50 (see Fig. 4(c)). The dis-
tribution expands along the separatrix, becomes
squeezed, and shows negativity in certain regions.

To characterise the squeezing and the creation
of the entanglement, we employ the squeezing pa-
rameter, which is defined as [3, 61, 62]

2 N (AXM)Z
F=—5—3 (23)
(Xn,)?
and the quantum Fisher information (QFI) [63,
64], which for pure states is given by

Fo | X,,| =4 (AXM)Z, (24)

where X'nj is the spin operator along the direc-
tion n; in mode x subspace (see Eq. (56) in Ap-
pendix B) and nj, ng, ng are three mutually or-
thogonal directions. Sufficient criteria for entan-
glement are given by [3, 65]

£ <1, (25)

and
2= L <1. (26)
Fo [Xm}

Spin-squeezed states, which satisfy Eq. (25), ex-
hibit quantum fluctuations below that of a collec-
tion of N identically prepared independent spin
systems, while at the same time maintaining a
large mean spin length oriented in a direction
perpendicular to these fluctuations. The condi-
tion (26) is satisfied by a wider class of metrolog-
ically useful entangled states and this condition
follows from the convexity and the additivity of
QFTI of separable states, together with the fluctu-
ation limit for a single spin 4 (Aé,,)* < 1 [66].
Furthermore, the inequality ¢? < &2 holds as
the QFI captures the full metrological sensitiv-
ity of a quantum state, while spin squeezing can
be seen as a Gaussian approximation [65, 67].
The maximum value of the QFI, Fp [Xm}, is

N2, and thus 1/N < (2 < €2 [65]. To detect
entanglement thoroughly, we optimise the direc-
tions {n1,n2,n3} such that ¢ and ¢? are min-
imised. The initial state occupies only mode
0 and thus maximises X, ie., <X’z> = N/2,
and the expectation values of other directions re-

main invariant under the dynamics, (X,) = 0
and (X,) = 0, for all the times. Therefore,
we take n; = 2z and choose ny,n3 on the xy

plane such that the variance (AX,,)? is max-
imised or minimised. This can be done by us-
ing the eigenvalues of the renormalised covariance
matrix ¥; ; = 2((X; X, + X; X;) — 2(X:)(X;))/N,
where <XZ> = 0 for all 7 in our case. Denoting the
eigenvalues of ¥; ; with A4, the optimal squeez-
ing parameter and the optimal inverse QFI are
given by [68]

N2\
ot = 27
fopt 4<Xz>2 ( )
and
1
2
Copt = I (28)

The entanglement criteria fgpt, Cgpt are plot-
ted for v = 0.1 and v = 0.3 in Fig. 5(a). For
v = 0.1 < 7., the optimal squeezing parame-
ter fgpt and the optimal inverse QFI Cgpt both
drop below the classical limit of 1 and match each
other closely over a long time span, indicating the

Accepted in {Yuantum 2026-09-18, click title to verify. Published under CC-BY 4.0. 8



(& fory =03
- = Gy fory=01

--== g fory =03
........ {gpt for y=01

log fgpt ,log ngt

(%)
N/2
0
0 10 20 30
t/to
Figure 5. (a) Entanglement criteria &2, (27) and

2. (28) over time for N = 1000 and v = 0.1,0.3

opt
in the logarithmic scale. Values below the classical limit

(log 1 = 0) given by the dotted line indicate the presence
of entanglement. (b) Time evolution of the components
of the optimal squeezing £2,., A and (X.)/(N/2) for
v=0.3.

presence of Gaussian entanglement. On the other
hand, for v = 0.3 > v, the optimal inverse QFI
Cgpt becomes smaller than the optimal squeezing
parameter fgpt at some point. This indicates the
non-Gaussian nature of the time-evolved state.
Moreover, the stronger violation of the classical
bound indicates the presence of multipartite en-
tanglement among larger sets of spins [69-71].
Now, we turn our attention to the fact that, for
v = 0.3 > 7., the entanglement criteria Cgpt, ggpt
take extreme values at some points of time such
as t/ty ~ 7. We note that the reason why the op-
timal squeezing parameter §§pt reaches a peak is

not just that the expectation value (X.) shrinks
but also that the eigenvalue A_ of the covariance
matrix ¥;; grows (see Fig. 5(b)). In addition,
the optimal inverse QFI Cgpt keeps declining. A
local maximum of the difference §§pt - Cgpt arises
when §§pt is maximal and Cgpt is minimal, and
such local maxima of the difference appear peri-
odically. This is also observed for other values
of v > 7.. We have plotted the maximal dif-
ference maxy[£3, — (3] as a function of ~ for
different N (see Fig. 6(a)). The scaling changes
at v = 7. = 0.2 (see panel (b)). This is because
for v < 4. the two quantities {gpt and Cgpt remain
comparable, whereas for v > v, the contribution
of €2, dominates the difference. This leads to

o»

i

anu‘ ]|]

\*]

o

log[max; [£,,¢

o]
/]

log[max; [Eop

log[max; €

Figure 6: (a,b) Maximal difference &3, — (2, between
criteria of entanglement detection Egs. (27) and (28)
over time for N = 500,1000,2000 (see text). The
time frame taken is ¢t € [0,1000] with the number of
points 10000. In (b), the range of v is zoomed into
[0.18,0.22], and linear fittings for v > ~. are added.
The inset shows the slopes of the fittings as a function
of N. (c) Maximal difference &2, — (2, divided by N
for N = 500, 1000, 2000, 3000 for ~ € [0.2,0.3]. Notice
that the vertical axis is the logarithmic scale.

different scalings below and above v = .. In the
region of v < 7., the maximal differences for dif-
ferent N coincide (see panel (a)). On the other
hand, for v > 7., the maximal differences grow
with N, and after a transient regime close to the
critical point 7. the scaling becomes linear in N
(see panel (c)). These results, shown in Fig. 6, im-
ply a non-smooth behavior of max, €2, — (2] /N
in the thermodynamic limit N — oo, revealing
the underlying quantum phase transition.
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5.3 Interpretation of the dynamics in terms of
bending vibration

Up to now, we have projected the system to
mode x subspace to study trajectories with fixed
energy in the mean field limit and analyse the
dynamical instability. Here, again we focus on
the same subspace Sf\;Q which is spanned by the
basis {|ng, N —ny,0),,}, and relabel the basis
Ing, N —ng,0),, to the single mode basis |ng).
This enables us to work on phase space (X, Px)
and provides a more visual connection with the
behaviour of a triatomic molecule. To this end,
we transform the trajectories and the Wigner
quasiprobability distribution on the Bloch sphere
to phase space.

First, we map the coherent state (20) to phase
space (X, Px) by binomially expanding Eq. (20),

‘<5> = XN: <N> sin"® gcosN_”z g

ne=0 Nz
e N2y (29)

which corresponds to Eq. (16) for ¢ = 0. The
Cartesian coordinates of the coherent state on
phase space are given by

<QE‘X‘$> =cosp (tang iV: VN — k:c%(&)) ,
k=0
(30a)

and

<(Z~>’]5X‘¢~>> =siny <tang i\f: VN — kci(&)) .
. (30b)

Equations (30) inform us about the average
position and momentum of the state (29) in
phase space. The phase ¢ indicates the
azimuth on phase space, and the function
tan & SV o VN = ke (0) can be regarded as the
radius of phase space. This radius corresponds
to Eq. (17), and thus the relation between the
radius and N, is displayed in Fig. 3. Note
that Eqgs. (30) coincide with Egs. (17) and (18)
if ¢ = 0, and thus the coherent state (29) is an
extension of Eq. (16) with non-zero momentum.

One can convert the set of trajectories with
fixed energy on the Bloch sphere in mode = sub-
space depicted in Fig. 4(b) to the phase space
(X, Px) by using Egs. (30). A caveat is that

Py

0.6

/ 0.4
Py /// 0.2
0.0
-6 . : i—0.2
Figure 7: (a) Trajectories on the mean-field model with
fixed energy  mapped to phase space (X, Px) for N =
50 and v = 0.5. (b) Time evolution of the Wigner

quasiprobability distribution in phase space (X, Px) for
N = 50.

the radius of Egs. (30) is dependent on N while
the set of trajectories are obtained in the limit
N — o0o. However, the radius is insensitive to IV
in the region of 6§ < Opax for large N with 6pax
the maximum point according to Fig. 3. Thus,
the conversion of the trajectories poses no issues
up to 6 < Opax for large N, and Fig. 7(a) displays
the trajectories on phase space for v = 0.5 and
N = 50. The three red dots represent the station-
ary points. One of them is located at the origin
(X, Px) = (0,0) and indicates a linear molecule.
The other two points are on the X axis and corre-
spond to bent molecules. As expected, the figure
shows that the dynamics are unstable (stable) if
the initial state corresponds to a linear molecule
(a bent molecule). If the initial state is close to
the linear molecule but has non-vanishing mo-
mentum or is even slightly bent, the centre atom
shows trivial rotation that follows the orange or
green trajectories in the figure.

Furthermore, we have computed the Wigner
quasiprobability distribution on phase space
(X, Px) (see Fig. 7(b)), and it provides a phase-
space representation in terms of the position and
momentum of the centre atom. The probabil-
ity develops symmetrically and becomes squeezed
along the separatrix, leading to entanglement
Recall that the
molecule configuration is interpreted from a clas-
sical point of view according to the description
of bent and linear molecules by coherent states
given by Egs. (16) and (29). Once the state con-
sidered deviates far from the coherent state, it
is not straightforward to describe the molecule
configuration, and rather one needs to employ vi-
brons, quantised excitations in two dimensions.
Nevertheless, since the Gaussian approximation

generation among vibrons.
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is valid at the beginning of the dynamics, this
squeezing can be interpreted as the emergence of
a bent configuration with non-zero momentum,
growing along with the separatrix. At later times,
the time-evolved state becomes too strongly non-
Gaussian to employ this simple interpretation.
This is further underscored by the appearance
of negativity of the Wigner quasiprobability that
cannot be understood classically. We note that
dynamical consequences of ESQPTs in Wigner
quasiprobability distributions in phase space have
also been investigated in a squeeze-driven Kerr
oscillator [72].

6 Experimental accessibility

Finally, we comment on the experimental accessi-
bility of the results we have obtained. The entan-
glement criteria used to characterise the quench
dynamics are expressed in terms of expectation
values and variances of spin operators and are
commonly studied in experimental systems [3].
For realistic systems, described by mixed states,
measurements of the QFI cannot be done directly
from the variance; nevertheless, a variety of meth-
ods are available to access this property in atomic
systems [73].

We used the Wigner quasiprobability in the
dominant subspace to simulate the centre atom
of a triatomic molecule. However, the main fea-
tures of the molecular configuration are already
observable from the average values of the quadra-
tures, (X), (Px), that can be readily accessed in
atomic systems with techniques analogous to ho-
modyne detection |51, 52|. Even the reconstruc-
tion of a Wigner quasiprobability from experi-
mental data is feasible [74, 75]. With a collec-
tion of Wigner quasiprobabilities in different sub-
spaces given in Eq. (19), it is even possible to
build the full Wigner quasiprobability of a spinor
BEC [57].

Furthermore, we have shown the dynamical
detection of the ground state phase transition,
but also a method to detect the ESQPT in a
spinor system has been proposed and demon-
strated [7, 8]. Such experimental flexibility makes
spinor BECs a promising simulator platform, and
our results have shown that spinor BECs can pave
the way toward a deeper understanding of the dy-
namics of triatomic molecules.

7 Conclusions

We have shown how spinor BECs can be em-
ployed as analog simulators of the 2DVM for
polyatomic molecules.
molecular systems, spinor BECs allow one to
change the control parameter continuously, pre-
pare states of interest, and observe dynamical
signatures such as squeezing. Using numerical
simulations of BEC systems, we have studied the
quantum dynamics associated with the quantum
phase transition from linear to bent molecular
configurations. Information about the molecular
configuration is reflected in the atomic Wigner
quasiprobability distribution, which contains in-
formation about quadrature observables. We
have found that the dynamical instability asso-
ciated with the evolution of a linear molecule
in a bent potential leads to the production of a
significant amount of atomic spin entanglement
that can be captured with metrological tools such
as the QFI and its Gaussian approximation, the
squeezing parameter. Remarkably, the crossing
of the critical parameter is heralded by an abrupt
increase of the non-Gaussian metrological entan-
glement. The change in scaling with the system
size leads to an observable witness of the bending
transition in the atomic system.

In contrast to actual

Our work opens up a path towards exploring
the quantum dynamics of molecular bending dy-
namics under controlled conditions with access
to nonclassical quantum states. This flexibility,
combined with tools from quantum information
science, allows us to study the production of en-
tanglement, squeezing, and to pinpoint the quan-
tum phase transition in a quantum simulator.
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operators and can be written as:
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We can distinguish two possible subalgebra
chains within the Lie algebra, starting from
U(3) and ending in SO(2), that conserve two-
dimensional angular momentum:

(I) U3) D U(2) DSO(2)
(I1) U(3) D SO(3) D SO(2).

(32a)
(32b)

The subalgebra U(2) consists of the four gen-
erators {7, I, Q+,Q_}, while O(3) is generated
by three elements {IA)JF, D_, i}, which have simi-
lar commutation relations to angular momentum,
([,Di] = +Dy and [Dy,D_] = 2I. Lastly, the
algebra O(2) consists of {I} which is the angular
momentum in two dimensions, in z direction on
the z,y plane. Note that the generators of O(n)
coincide with those of SO(n) which is why we do
not make a distinction in the notation here.

To construct a Hamiltonian that reflects ei-
ther one of the two chains, the starting point of
the algebraic approach is the Casimir operators
for each of the subalgebras, i.e., those operators
that commute with all generators. These opera-
tors may exist as linear, quadratic or higher-order
functions of the generators. A generic algebraic
Hamiltonian then consists of a linear combination
of all Casimir operators. By taking into account
up to quadratic terms, we obtain the following
form, which encompasses both chains (I) and (II):

H = Ey+ eC1[U(2)] + aCs[U(2)]
+ BCL[0(2)] + AC[O(3)]
= Ey+en+an(n+1)+ B2+ AW?, (33)

where (o is the linear or quadratic invariant

Casimir operator for a subalgebra of U (3)

A A

ColU2)] =n(n+1) (34)

~ 1/~ = A A
W2 =2 (DyD_+D_Dy)+12 (35)

Note that there is no linear Casimir operator for
O(2) and U(3) in the two-dimensional case.
A.1 Chain (I)

In the subalgebra chain (I) in (32a), the basis is
determined by the quantum numbers as

U@3) = N (36a)
U2) > n (36b)
0(2) = L. (36¢)

These numbers characterise the states in this
chain and have physical meaning. Here, N is
the total number of bound states, n is the vi-
brational quantum number, and [ is the value of
the angular momentum along the z-axis. These
quantum numbers are bounded by the quantum
number of the upper group, i.e. n=0,1,..., N
and [ = —n,—n+2,...,n — 2,n. The Hamilto-
nian with the dynamical symmetry is given by

A

HD = By +en+an(n+1)+ B2, (37)
with eigenvalues
ED = Ey+en+4an(n+1) + BI% (38)

This Hamiltonian describes oscillations in two di-
mensions, particularly vibrations of linear poly-
atomic molecules. The same spectrum is ob-
tained by solving the Schrodinger equation with
the Poschl-Teller potential

V)= e (39)

where = and y denote the transverse coordi-
nates and z is the molecular axis (see Fig. 1),
r = /22442, and a is a bond length which is
normalised into 1 in this work. This potential
takes the minimum at » = 0 implying that a lin-
ear configuration minimises the energy.
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A2 Chain (II)

In chain (II) in (32b), we identify the following
quantum numbers:

U@3) = N (40a)
0(3) = w (40D)
0(2) = 1. (40¢)

The quantum numbers are bounded in a similar
way to chain (I): w=0,2...,Norw=1,3...,N
for even or odd N and | = —w,—w+1,...,w —
1,w. For the sake of convenience, we introduce
v = (N —w)/2 instead of w, and v is the vibra-
tional quantum number of chain (II) and can be
interpreted as the number of excitations of the
displaced oscillator. The quantum numbers are
givenby v =0,1,...,(N—1)/2 or N/2 for odd or
even N and [l = —(N—-2v), —(N—2v)+1,...,N—
2v — 1, N — 2v. The Hamiltonian with the corre-
sponding dynamical symmetry is given by

AUl = By + g% + AW? (41)
with eigenvalues
EUD = By 4+ B2 + Aw (w+1) (42)
= Ey+AN(N +1)
— 44 [<N+ ;) v— vz} + BI2.

This Hamiltonian describes rotation and vibra-
tion of an atom of a bent molecule, and the en-
ergy spectrum corresponds to that of the two-
dimensional Morse potential,

V(r) =V (e—”/“ - 2e—T/a) . (43)

This potential has its minimum at » = a, which
means that the atomic configuration is stable
when the molecule is bent.

A.3 Intermediate regime chain | and chain Il

The intermediate regime between these two
chains can be studied by diagonalising the gen-
eral Hamiltonian (3). Nevertheless, the phase
transition between the two chains is captured by
only two terms. The Casimir operator for O(2)
is shared by both chains and thus does not con-
tribute to the phase transition. The linear and
quadratic Casimir operators for U(2) can be di-
agonalised in the same basis, and therefore we

can limit our attention to the linear term. Thus,
the essential part for the phase transition is given
by

A N Y A2
H=(1- - W 44
(1 =)A= = (44)

where 7 is a control parameter and the factor
1/(N — 1) is introduced considering that 7 is a
one-body operator that scales with N and W2 is
a two-body operator, scaling with N(N — 1).

B Spin-1 algebras

We summarise the operators of spin-1 algebras
used in the text. The SU (3) group is spanned by

8 generators {Jz,Jy,JZ,Qng,QyZanxay Dmy}
defined as

|
h=— (6%7 + ot +#lo+416),  (45)
J, = \;5 (w6t + ot +7lo—#6), (46)
Jo=4lry —417 (47)
Qxy =1 (A-];- Sl A+) ) (48)
~ 7 . R A b
R 1
Q=75 (—&T%, — 6+ 716 4 6 A+) , (50)
SR SO U Sta
Y = 7 (7'+7'+ +7l 7 —26 0) , (51)
Dy =217 4412, (52)
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The mapping between the SU(3) operators and
those given in Eq. (31) is straightforward:

Ny = s, (53)
N = f + g,

~ 1 -~ ~

2= 5By + R-),

~ 7 A ~

y = 5(B-— Ry),
Az:lAv

~ 1 ~
szzi(D-&—"i_D—)v
~ 7 A ~
Qyz = §(D+ - D*)’

~ 7 ~ ~
Qxy — ﬁ(@— - Q+)7
~ 1 ~ ~
D,y = — +Q_),
Yy \/i(Q-‘r Q )
N 1
Y = —(n — 2ny)

%

The SU(3) algebra contains SU(2) as a subalge-
bra. The paradigmatic constructions of SU(2)
subalgebras are based on symmetric and anti-
symmetric subspaces, with bosonic annihilation
operators defined as

£, = ﬂ\; (54a)
RS

= 54b
=" (54b)
Here we use the subspaces of mode = and of mode
y, respectively. As a reminder, their annihilation
operators are given by

A —r
=T 55a
7 7 (55a)
p= it (55b)

V2

These operators are similar to the symmetric and

antisymmetric operators as 7, = —7, and 7, =
—1Ts.

The SU(2) subalgebra of mode x is then gen-
erated by

ATA A-I-A A
N o', +7lo
Xp= :—Q;z, (56a)
ATA _ A-|-A o
N o'Ty o
X, =+ w7 Y 56b
y 22 27 ( )

while the mode y subspace is spanned by

514 At s A
N o'Ty +T,0
Vo= —24 Y~ — XV 57
5 = (57a)
T4 _ 215 7
N o'ty — 1,0 Jz
= = —— 57b
515 — ~Ta Y >
N olo— 77, —/3Y —
¥, = vy _ VY = Day

For completeness, we introduce one more subal-
gebra,

At A PN N A
~ T+ 7 D
Ly=-—* 5 * = ;y, (58a)
At A At A A
A T_ —T'7 Q
L,= T R b
R AT A ata i
=TT e (58¢)

Note that the operators JAQC7 jy, J, have the follow-
mg relation with these qua81 sp1n—1 /2 operators,
Jy = —2Yy, Jy = —2Xy, J. = 2L,. These oper-
ators XZ, YZ, L; are also related to each other via
collective unitary transformations, for instance
UtX,U = Y; for i = {x,y,z} for some unitary
transformation U.

C Bending dynamics under the linear
Hamiltonian

As a complement to Sec. 5, we also consider a lin-
ear triatomic molecule and move the centre atom
(see Fig. 8(a)). This provides a simple illustration
of how the coherent state describes the evolution
of the molecule. To this end, we take the co-
herent state (16) for § = 7/2 as the initial state
and observe the time evolution according to the
Hamiltonian for a strictly linear molecule. It cor-
responds to —Np according to Eq. (7) for v = 0.
We observe the Wigner quasiprobability distribu-
tion to understand how it reflects the movements
of the centre atom of the molecule. We assume
—ozNo for the simulator Hamiltonian and nor-
malise time with ¢, = 1/a. Figure 8(b,c) shows
the displacement (X > and the Wigner quasiprob-
ability distribution on phase space (X, Py ) over
time for N = 50. As expected, we observe a sim-
ple harmonic oscillation of the centre atom along
the = coordinate.
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Figure 8: (a) Sketch of displacing the centre atom of a linear triatomic molecule. Time evolution of (b) displacement

~

(X) and (c) the Wigner quasiprobability distribution on phase space (X, Px) for N = 50. The simulator Hamiltonian

is given by —aNy, and time is normalised by ¢{ = 1/c.

D Low-depletion approximation

A frequently used description of the spinor BEC
dynamics is based on the low-depletion approxi-
mation. However, as we will see, this approxima-
tion renders the Hamiltonian independent of the
parameter v that controls the quantum phase of
the system and thus makes it impossible to ob-
serve the bending transition. The low-depletion
approximation reflects the experimental limita-
tions, particularly related to phase noise |79], that
limits the observable time evolution to the early
times where the particle number Ny in mode 0 is
significant [14, 15, 80]. The approximation thus
is based on the assumption that Ng ~ N > 1 and
one replaces 7y, %g with v/N [12, 13, 50]. Under
this approximation, the motion in « and y decou-
ples, as the Hamiltonian reads

Hpp

~ H, + 1
75 + A, (59)

where constant terms are dropped and

flj = —2Nj + 7A'j2 + 72;2 for j =x,y.  (60)
Each of the f[x, ]:Iy expresses a single-mode
squeezing operator and generates entanglement.
In the remaining quantum modes, the initial state
is the vacuum state |¢) = [0), ® |0),. Since
[H,, H,] = 0, the time-evolved state remains a
product state as e—iflat 0), ® e~iflyt 10),-

Although the low-depletion approximation pre-
dicts entanglement generation in the mode z,y
subspaces, which may be simulated and explored
in its own right, it drops the y-dependency. The
phase transition of the Hamiltonian (15) occurs
at 7 = 7. as mentioned in Sec. 2, but the ap-
proximated Hamiltonian (59) is insensitive to this
transition. We therefore avoid the low-depletion
approximation in our study of the phase transi-
tion.

E Stability of the mean-field ground
state for finite NV

We have considered dynamical changes such as
bending a linear molecule and straightening a
bent molecule. Here, we consider more subtle
cases for complement. First, we consider quasi-
linear molecules, characterised by 0 < v < ~..
For v = 0, the lowest energy state is the vacuum
state |0, 0,0) for any N. Even for v # 0, the vac-
uum state |0, 0, 0) is the lowest energy state in the
mean-field limit as long as v < ~. as mentioned in
Sec. 2. However, that is not the case for finite N
exactly. As shown in Fig. 5(a), if the initial state
is 10,0,0) and evolves according to the Hamilto-
nian (15) for v = 0.1 < 7, slight entanglement is
generated. Nevertheless, it is much weaker than
that of v = 0.3 > ~..

As mentioned in Sec. 2, the bending degree is
given by 7o, Eq. (11), in the mean-field limit when
v > 7., and the lowest energy state is given by
the coherent state (8) with r = ro. However,
this is also not true for finite N. As an exam-
ple, we consider v = 0.3 > 7, and the coherent
state (8) for x = 79 and y = 0 as the initial
state and observe the time evolution according
to the Hamiltonian (15). Figure 9(a) shows the
time evolution of the Wigner quasiprobability in
phase space (X, Px) for N = 10, where a sig-
nificant amount of the negativity appears. This
indicates that the initial state is not the ground
state in this case. Such mismatch between the
finite N case and the mean field limit is expected
to be less visible for larger N. For instance, by
increasing N to 50, the negativity becomes less
significant (see Fig. 9(b)).
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Figure 9: Time evolution of the Wigner quasiprobability
distribution in phase space (X, Px), where the initial
state is given by the coherent state (8) for x = ro,
y=0,and y=0.3. In (a), N =10 is used, and in (b)
N =50 is used.
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