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We present a universal framework for simulating N-dimensional linear 1t6
stochastic differential equations (SDEs) on quantum computers with additive
or multiplicative noises. Building on a unitary dilation technique, we establish
a rigorous mapping from the general linear SDEs

J
dX; = At X dt + > Bj(t) X dW}
Jj=1

to stochastic Schrédinger equations (SSE) on a dilated Hilbert space. Crucially,
this embedding is pathwise exact in that the classical solution is recovered as
a projection of the dilated quantum state for each fixed noise realization. We
demonstrate that the resulting SSEs are naturally implementable on digital
quantum processors, where the stochastic Wiener increments are encoded di-
rectly by preparing the ancillary qubits. Exploiting this physical mapping,
we develop two algorithmic strategies: (1) a trajectory-based approach that
uses sequential weak measurements to realize efficient stochastic integrators,
including a second-order scheme, and (2) an ensemble-based approach that
maps moment evolution to a deterministic Lindblad quantum master equation,
enabling simulation without Monte Carlo sampling. We provide error bounds
based on a stochastic light-cone analysis and validate the framework with nu-
merical experiments.
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1 Introduction

Stochastic differential equations (SDEs) are ubiquitous models for dynamical systems sub-
ject to fluctuating environments [1]. Their applications span asset pricing in quantitative
finance [2|, particle dynamics and turbulence in statistical physics [3, 4], continuous-time
state estimation via Kalman filters [5, 6], and, more recently, generative modeling in ma-
chine learning [7]. In practice, the usefulness of these models relies on efficient numerical
integration [8]. As the system dimension N increases, classical methods frequently en-
counter the curse of dimensionality: the cost is amplified both by the high-dimensional
linear algebra and by the need to sample sufficiently many trajectories to resolve statis-
tics of interest. Related stochastic trajectory representations also arise in auxiliary-field
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quantum Monte Carlo: a Hubbard—Stratonovich transformation expresses the interacting
imaginary-time propagator as an average over stochastic one-body evolutions in auxil-
iary fields, with fluctuating walker weights, providing a direct bridge between many-body
ground-state calculations and linear stochastic dynamics [9].

Meanwhile, quantum algorithms have made significant progress on deterministic linear
dynamics. For linear ODEs and related evolution problems, one can leverage quantum
linear systems methods [10] and Hamiltonian simulation techniques [11-15]|, to design
efficient simulation algorithms. More generally, the Schrodingerisation paradigm maps
linear ODE systems to time-dependent Schrédinger equations, enabling the use of standard
Hamiltonian-simulation primitives [16]. These developments motivate a parallel question:
can one obtain an equally native quantum representation for linear stochastic dynamics?

A central difficulty is structural. The natural evolution of a quantum system is unitary,
or, for Markovian open systems [17]|, described by Lindblad master equations and their
stochastic unravellings, also known as the stochastic Schrodinger equations, where the noise
amplitude and dissipation are exactly balanced. General classical SDEs do not inherently
satisfy these constraints. In fact, the mismatch is already visible for linear It6 systems: the
drift matrix in a classical SDE is typically non-Hermitian without possessing the specific
dissipative form required by an SSE.

1.1 Problem setup: linear 1t6 SDEs

We consider an N-dimensional complex-valued process X; € CV satisfying the linear It6
SDE

dX; = (A()X; + D(t) dt+z ()X +C(1)dW],  XoeCV. (1)

Here {W’ _, are independent Wiener processes. We assume standard regularity con-
ditions (e. g Lipschitz continuity and linear growth bounds) guaranteeing existence and
uniqueness of a strong solution with finite second moments |1, 8].

Without loss of generality, it suffices to treat the homogeneous case (linear multiplica-

tive noise),
J

dXy = A(t) X, dt + > Bj(t) X dW, (2)
7j=1
since additive terms can be embedded by augmenting the state with an auxiliary variable
X =1 and lifting (1) to a homogeneous system in dimension N + 1.

1.2 1t6 SDEs versus stochastic Schrodinger equations

A natural quantum analogue of (2) is the stochastic Schrodinger equation (SSE) describing
Markovian quantum trajectories [17]:

J

Jj=1 j=1

where H (t) is Hermitian and Vj(t) are coupling operators. The It6 correction —% > V]TVJ
is not optional: it enforces the characteristic open-system structure, e.g. norm preservation
in expectation for physical unravellings.

Comparing (2) and (3) reveals the obstruction. In general, the drift A(¢) in a classical
SDE (2) cannot be decomposed into —iH (t) — & > V;(t)TV;(t). Equivalently, Eq. (2) only
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has the same structure as Eq. (3) if the Hermitian matrix

J

K(1) = 5 (AW + AW+ Bi(0)B;(1)) @)

J=1

is zero. Consequently this term quantifies the failure of (2) to be compatible with a
standard SSE drift. In general it is neither generically small nor sign-definite, and therefore
prevents a direct identification of general linear SDEs with quantum stochastic models.

1.3 A dilation viewpoint: compiling linear SDEs into open quantum dynamics

In this work, we resolve the structural mismatch by treating Eq. (2) as a template for
linear stochastic dynamics rather than as a physical model. The key idea is a unitary
moment-matching dilation: we embed the system into a larger Hilbert space Hane ® Hsys
and construct a dilated SSE whose coefficients are chosen so that the original classical
solution is recovered by a fixed projection of the dilated trajectory, pathwise for each noise
realization.

This work should be viewed as a stochastic extension of the moment-matching dilation
framework introduced in the earlier work [18|. There, a general linear ODE was embedded
into a unitary evolution on an enlarged Hilbert space, allowing the original non-unitary
dynamics to be recovered through a fixed projection. The present paper extends this
paradigm from deterministic linear systems to linear It6 SDEs by constructing a dilation
into a stochastic Schrodinger equation (SSE), and consequently into a Lindblad evolution
for second moments.

This dilation viewpoint has two immediate consequences that shape the rest of the
paper. First, it converts generic linear stochastic dynamics Eq. (2) into native primitives
of open quantum systems: quantum trajectories, which can be simulated via repeated
interactions and measurements, and ensemble evolution, governed by Lindblad dynamics
for second moments. Second, it enables a finite-ancilla implementation with provable
control via a light-cone property, supporting long-time simulation through segment-wise
evolution and ancilla refresh, which has recently been constructed in [18] for deterministic
problems.

1.4 Our Contribution: Quantum Simulation via Moment-Matching Dilation

We resolve the structural mismatch between general linear 1t6 SDEs (2) and physical
quantum evolutions (3) by embedding (2) into a standard stochastic Schrodinger equation
(SSE) on a dilated Hilbert space Hanc ® Hsys. Building on moment-matching dilation
for deterministic linear systems [18], we construct a dilated Hamiltonian and coupling
operators so that the classical solution is encoded in the dilated trajectory |y (w)) satisfying
an SSE system (3) and is recovered pathwise by a fixed linear readout:

Xi(w) = ({1 @) [¢h(w)) - ()

This embedding enables two complementary quantum simulation routes, aimed at different
output tasks.

Algorithm I: second-moment weak simulation. = Many target quantities are quadratic,
e.g., IE[X:TFOXT} = tr(OXr) with ¥r = IE[XTX;H. The dilated second moment p; =
E[|)s) (1¢]] satisfies a deterministic Lindblad master equation on Hane @ Hsys. As a quan-
tum channel, the solution p; can be efficiently simulated using existing Lindblad simulation
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algorithms. Consequently, quadratic statistics can be estimated by simulating this Lind-
blad dynamics (without sampling trajectories), followed by a single observable estimation
on the final state. To reach long times T', we use segmentation of length 7 = O(1/Kpax)
with Kpax being the norm of the matrix in Eq. (4), together with ancilla refresh, via OAA
on a window projector, and amplitude tracking through segment-wise growth factors.

Algorithm II: pathwise trajectory simulation. For applications requiring sample
paths or expectations of general nonlinear functions, we directly simulate the dilated SSE
(3) as a repeated-interaction circuit. In each time step, we presample a discrete approxi-
mation of the Wiener increment, encode this choice into the ancilla state, and apply a fixed
interaction unitary. The output is a single (unnormalized) quantum state proportional to
Xr(w) for the chosen noise realization. As in the Lindblad route, long-time simulation
uses segmentation with ancilla refresh and the non-unitary trajectory scaling is tracked by
estimating growth factors from each segment.

Throughout the paper we treat Lindblad simulation and trajectory simulation as black-
box primitives. The quantities Cz 7 and Cirajr denote the cost of implementing the
corresponding dilated evolution under any chosen simulation framework. Consequently,
our complexity estimates characterize the additional overhead introduced by the dilation,
segmentation, refresh, and amplitude-tracking procedures, independently of the particular
oracle or block-encoding model used to represent the operators A(t) and Bj(t).

Theorem (Informal complexity: Algorithm I (Lindblad/second moments)). Let Cgr
denote the cost of simulating the dilated Lindblad dynamics for total time T (including
segmentation and refresh), and let Kyax = supy |[K(t)|| so that the number of segments
satisfies L = O(T Kyax). Let Ap := tr(37).

For segment m, define the segment trace-growth factor

tr(Et +1) = 1
= D Zme) po_ . 6
IS ) 2 ©)

Then one can estimate p = tr(X70) to additive error € using total cost scaling as
~ A
o(czer),
€
up to polylogarithmic factors and constant refresh overhead.

Theorem (Informal complexity: Algorithm II (trajectory generation)). Let Ciaj 1 denote
the cost of implementing the presampled weak-integrator trajectory circuit up to time T,
with L = O(T Kpax) segments of length 7 = ©(1/Kpax). Let M) denote the (random,
presampled) linear segment map on [ty tm+y1]| acting on the system state.

Define the segment growth factor as the ratio of squared amplitudes,

1M [, |12 L1 |
G = e ml L= —, Dyi=>» —. 7
IESIE VT L T g, Q

Then the algorithm outputs a single trajectory state proportional to Xp(w) for a presampled
notse realization w, together with estimates of its amplitude, with overall cost scaling as

(5<Ctraj,T [Pl + 5 Ctraj,T {Fl + SD .
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1.5 Related works.

Deterministic linear dynamics. Quantum algorithms for deterministic linear ODE/PDE
systems are by now well developed, typically reducing time propagation to block-encodings
and Hamiltonian simulation primitives (via LCU/QSVT), or to quantum linear-systems
subroutines in time-discretized formulations. Representative examples include [19-23] and
more recent refinements that improve precision dependence and broaden the class of imple-
mentable (generally non-unitary) linear maps. Closest in spirit to our dilation viewpoint is
Schrédingerisation, which maps general linear evolution to a time-dependent Schrédinger
equation on a larger Hilbert space |16, 24|, as well as linear combination of Hamiltonian
simulation [25, 26] and moment-matching dilations for non-unitary linear dynamics [18].
These techniques motivate the present work: our goal is to extend such dilations from
deterministic linear dynamics to stochastic linear It6 systems while retaining a physically
standard quantum-mechanical form.

Quantum algorithms for SDEs via time discretization and PDE reformulations. One line of
work treats SDE simulation by first discretizing time (e.g. Euler-Maruyama or higher weak
schemes) and then reducing the resulting random time-stepping to a deterministic quantum
evolution after the Brownian increments are presampled [27]. In contrast, our formulation
is intrinsically continuous-time: we embed the SDE into a SSEs, i.e. a quantum-trajectory
model, making explicit connections to the theory of open quantum systems.

A different route replaces the SDE by a deterministic PDE for a probability density,
i.e., the Fokker—Planck (Kolmogorov forward) equation. This approach enables the use
of quantum PDE solvers [28|, but the resulting complexity typically involves the PDE
discretization, and hence can inherit polynomial dependence on the SDE dimension /N in
generic settings.

Complexity-theoretic perspective and nonlinear /noisy dynamics. Beyond algorithmic con-
structions, recent work indicates that SDE simulation captures the full power of quantum
computation in a precise complexity-theoretic sense. Bravyi et al. study quantum simula-
tion of noisy classical nonlinear dynamics and establish BQP-completeness for the SDEs
simulation tasks. They propose a bosonic-operator encoding to achieve favorable dimension
dependence in structured regimes [29].

Relation to quantum trajectories and unravellings. Our trajectory algorithm also connects
to the longstanding quantum-jump/quantum-trajectory literature, where Lindblad evolu-
tion is unraveled into stochastic pure-state evolutions (SSEs) implemented by repeated
interactions and measurements; see, e.g., the review [30] and foundational developments
in wave-function Monte Carlo methods. The key distinction is that we use the SSE as
a computational representation of a classical linear SDE via our moment-matching dila-
tion, thereby turning generic linear stochastic dynamics into a standard open quantum
system model that is amenable to modern Lindblad simulation and trajectory-generation
algorithms.

Quantum algorithms for the Lyapunov equation. The second moment of the SDEs (2)
satisfies a Lyapunov equation for the covariance X(t). Benedetti et al. [31] propose a
probabilistic quantum algorithm to prepare a mixed state proportional to the steady-state
solution of the Lyapunov equation. In contrast, our approach embeds the time-dependent
second-moment dynamics induced by the SDE into a Lindblad evolution via a moment-
matching dilation, enabling transient covariance estimation as well.

The remainder of the paper is organized as follows. In Section 2, we introduce the
preliminaries for moment-matching dilation and the setup for mapping to SSEs. In Sec-
tion 3, we present a specific dilation using a finite-dimensional tight-binding model and
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prove the finite-time accuracy. In Sections 4 and 5, we elaborate on the implementations
of the algorithms on digital quantum devices. Numerical results that validate the error
estimates are provided in Section 6.

2 Dilation of Stochastic Differential Equations

2.1 Preliminaries: moment-matching dilation for ODEs

We recall the deterministic dilation from our earlier work [18] on non-unitary linear ODEs.
Here, we only state what we need for the stochastic extension. Consider the linear ODE
on CV

&(t) = L{t)x(t), LeCV*V,

L can be uniquely decomposed as L(t) = —iH(t) + K(t) whereas both H and K are
Hermitian.

Definition 1 (Moment-matching dilation). Let H 4 be a complex ancillary Hilbert space.
A triple (F,|r), (l|) with
F:Hy— Ha, F'=_F,

1s called a moment-matching dilation of order oo if
(|F*|ry =1,  VkeN,. (8)

To clarify the notation, let H be the original Hilbert space, let I be the identity matrix
on H, and let 14 denote the identity on the ancilla Hilbert space H 4. Specific examples
of moment-fulfilling families can be found in [18].

Theorem 1 (Deterministic moment-matching dilation). Let L = —iH + K and let
(E,|r),(l]) be a moment-matching triple. Define the dilated Hamiltonian on Ha @ H
by

H=I,93H+iF®K. (9)
Then, for allt > 0,

Tels MO _ () @ Te Jo T (1) & 1), (10)

.t T ’
The proof is purely algebraic: expand ’Te_zfo HE)d o Dyson series in ¢, use that each
factor I ® H +iF ® K is a polynomial in F', and then use (8) to replace each k-fold F' and
I4 by the scalar 1 in the matrix element (({| ® I)(-)(|r) ® I), thus recovering the Dyson

t / /
series of 'Tefo LY orm by term.

2.2 The exact-mapping theorem for SDEs (2)

We now extend the dilation technique for simulating ODEs to the simulation of SDEs.
To guarantee the existence of unique strong solutions and the validity of the higher-order
stochastic expansions used in our derivation, we impose the following regularity conditions.

Assumption 1 (Regularity of Coefficients). The drift operator A(t) and noise opera-
tors Bj(t) are uniformly bounded and continuously differentiable functions of time on the
interval t € [0, T]. That is, there exists a constant C > 0 such that for all t and j:

IA@I +11B; )l < € and  [A@)I| + [1B;(#)]| < C.

Accepted in { Yuantum 2026-09-06, click title to verify. Published under CC-BY 4.0. 6



Under Assumption 1, the linear SDE (2) satisfies the standard global Lipschitz and
linear growth conditions. This ensures the existence of a unique strong solution X; adapted
to the filtration F;, satisfying supte[oj]IE||X,5||2 < oo [8, Thm. 4.5.3]. Furthermore, the
C'-regularity ensures that the stochastic Taylor expansion converges in the mean-square
sense.

We summarize the stability properties of the exact solution below [32].

Proposition 1 (Mean-Square Stability and Growth). Let X; be the solution to (2) under
Assumption 1. Define the Hermitian Lyapunov matriz:

1 J
K(t) =5 (A(t) + AW+ ZBj(t)TBj(t)) : (11)
j=1
Then, the second moment evolves according to the differential equation
d 2
B |I1X]1?] = 2B [(X, K (1) X1)). (12)

Consequently, the growth of the system is strictly controlled by the maximal eigenvalue of
K(t). If K(t) < ~y(t)I for a scalar function v(t), we have the a priori bound:

B[0P < exp (2 [ ) ds) & [1017). (13)

In particular, if K(t) is uniformly negative definite, the system is exponentially mean-
square stable.

We now elaborate on the dilation procedure. Starting from the SDE (2), we fix an
ancillary space H 4 and a moment-matching triple (F,|r),(l|) as above. We start by
defining,

J
L@y:A@)+%§:Byogxw (14)
j=1

from the drift and noise coefficients in the SDE system (2).
Next we split the operator L(t) by defining the Hermitian matrix H and K by,

L(t) := —iH(t) + K (2). (15)

One can verify that the hermitian part here is the same as that in Eq. (4). Importantly,
when L(t) is skew-Hermitian, or equivalently K(t) = 0, the original SDE system (2)
coincides with the stochastic Schrodinger equation in Eq. (61). To be able to simulate the
case when K (t) # 0, we extend the dilation method, by extending the operators in dilated
Hilbert space as follows,

H=I,0H()+iF @ K(t). (16)

We now extend the operators Bj; by a direct dilation,
Vi(t) =1a® Bj(t), j=1,---,J. (17)

For the convenience of the presentation, we also define,

P
Vo(t) = —ifl = 5 3 V]V, (18)
j=1
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which will become the non-Hermitian part of the SSE (3).
We will show that under the moment conditions (8), the dilation of these operators
yields an SSE of the form,

J
d i) = Vo(t) [} dt + > V;(t) [abr) dWY, (19)

J=1

which has the same structure as (3).
We set the initial condition of the dilated SSE (19) to

|tho) = |r) ® Xo, (20)
which can be easily prepared as a factored state.

Theorem 2 (Exact recovery of the linear SDE). Let X; be the unique strong solution of
the linear SDE (2) and |1;) be the strong solution of the dilated SSE (19) with initial data
(20). Under the assumptions on the coefficient matrices A(t) and Bj(t) in Assumption 1,
and that (F,|r),(l]) is a moment-matching triple according to Eq. (8), for everyt > 0 the
following identity holds almost surely:

Xe=({U1)[¢r) - (21)

Equivalently, for each fized sample path w € Q, the projected process t — ({I| @ )iy (w) is
the exact solution of (2) with the same Wiener trajectory.

The proof is presented in Section A.

3 Finite-dimensional tight-binding dilations for SDE systems

The result in Theorem 2 relies on exact moment-matching conditions (8) which are usually
fulfilled by an infinite-dimensional ancilla space. Many choices are available [18], but for
practical purposes, we consider the following tight-binding type of dilation, which was
derived from an infinite-dimensional dilation using a differential operator F' = pd, + % on
the interval p € [0, 1].

In the continuous setting, this generator F' is skew-Hermitian on the Hilbert space
Ha = H}(0,1), equipped with the inner product

(f,9) = /01 f*(p)g(p) dp,

and homogeneous boundary condition f(1) = ¢g(1) = 0. The moment-matching construc-
tion, however, is formulated on the larger space H'(0,1), which contains H}(0,1) as a
subspace. For any 6 > 0, OF fulfills the moment condition (I| (§F)* |r) =1 for all k > 0
by choosing the right vector as the eigenfunction |r) oc p? with 8 = 1/ — 1/2, which be-
longs to H'(0,1) but not necessarily to H3(0,1) since it does not satisfy the homogeneous
boundary condition. The left functional (| is defined by point evaluation,

(U] f o< f(ps),

for some p. € (0, 1], acting on functions in H'(0, 1), where point evaluation is well defined.
To obtain a finite-dimensional realization suitable for digital quantum simulation, we
partition [0, 1] into M intervals with grid points {p;}},. The integration by parts that
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ensured the skew Hermitian property can be extended to the discrete level using summation
by parts (SBP). Following [33, 34|, we let h; := p;j41 — p; and define the SBP trapezoid
weights

W = diag(wo, ..., war), wo = 3ho, wj=3(hj1+h;) (1 <j<M=1), wy = 5ha 1.
22)

N[ =

Let @ be the tridiagonal matrix for a centered difference operator with
(@)jj1=3% (Q)jr1,=-3 Qoo=—3 Qum=+3, (23)
and set D := W~1Q. Then the diagonal-norm SBP identity holds:
WD+ D'W =Q+ Q' = B := diag(—1,0,...,0,1).

This implies that for all grid functions w,v, (u,Dv)w + (Du,v)w = upvy — Ul
with weighted inner product (z,y)w := ='Wy, thus mimicking the integration by parts
property, and thus automatically maintains the skew property after the discretization.
Specifically, let P := diag(po, ..., pn) and define the (Hamiltonian) split form

Fy:=YPD+DP)-w='BP,  F,:=WVF,w 2 (24)

The SBP property automatically guarantees that Fj, is skew-Hermitian and tridiagonal,
while F, is skew with respect to the W—inner product.
Explicitly, the SBP discretization on the geometric grid with § = 2 is given by,

p;j =exp[—h(M —j)], j=0,1,..., M, (25)

where h > 0 is a grading parameter (typically h =~ 1), yields a tridiagonal matrix Fj with
zeros on the diagonal. The off-diagonal entries f; := (F},); j+1 = —(Fh)j+1,; take a uniform
value in the bulk of the grid, simplifying the implementation:

VIte, j=o,

L, 1<j<M-2 (26)
Viteh, j=M-1.

This nearest-neighbor connectivity allows F}, to be efficiently mapped to a quantum circuit.

For example, the operator ¢F}, corresponds to a hopping Hamiltonian. It admits a simple
2-local representation using Pauli operators:

1

15 = Temh(hy)

M-1

. 1
iFy, = ~5 S (XY - YiX ), (27)
=0

where X;,Y; are the Pauli matrices acting on the j-th qubit of the register. This structure
is amenable to standard Trotterization or block-encoding techniques on digital quantum
Processors.

For the eigenvectors |r), we choose § = 2 so f = 0. In addition, we choose the
components according to the weights w;:

| M M 1/2
|Th) = 7 S vawiliy, Zn= (Z wj) : (28)
j=0 Jj=0
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One can show that

(2F) |rn) — |rn)) o< [M). (29)

Namely, the residual error is zero for all the interior nodes. This is due to the SBP
discretization. For the evaluation operator, we set it to,

Zh j* ) j*
<lh‘:FZ\/wj|j>7 P*:ija
* =0 j=0

to satisfy (l|rp) = 1. Here j, is an index that we pick to post-select the solution, and its
choice will be discussed in the next section.

Remark 1. It is necessary to distinguish three levels of the dilation construction used in
this paper. First, Theorem 2 is formulated abstractly in terms of a moment-matching triple
(F,|ry, (l|) satisfying the condition (8). At this level, no specific realization of the ancillary
space or operator F' is required. Second, the differential operator F' = pd, + % provides
an infinite-dimensional realization of such a moment-matching triple. This continuous
construction serves as a conceptual model that motivates the finite-dimensional approxi-
mation. In this setting, F' is understood as an unbounded operator acting on a suitable
function space satisfying the stated boundary conditions, while the reference state and eval-
uation functional are chosen so that the moments in FEq. (8) are well defined. Finally, the
quantum algorithms developed in Sections 4 and 5 use only the finite-dimensional SBP
discretization Fy,. The matrices F},, together with the corresponding discrete vectors |ry)
and (lp|, constitute the actual objects implemented in the simulation algorithms.

3.1 Error Analysis and Stochastic Light-Cone Property

While the continuous dilation is exact, the finite-dimensional truncation introduces errors
due to the discretization of F' and the imposition of artificial boundary conditions at p = 1.
To quantify this, we first notice that by introducing a boundary impurity potential at the
edge of the chain:

Fy o= Fy+a|MYM|, a:= = — LT (30)

we have 0F}, |r,) = |rp,) is an exact eigenstate. Thus, (Iy| (0F},)F |r,)=1,Vk > 0.

The resulting operator, known as a moment-locking closure (MLC) [18], in light of The-
orem 2, leads to an exact dilation of the SDEs. To leverage this, we let the corresponding
dilation be,

H =140 H(t)+i0F, ® K(t). (31)

Similarly, we define the modified drift term,

J

N 1
Wo(t) == —iH — 3 Z VjTVj, (32)
j=1
and let |¢;) be the solution of the SDEs
A~ J -
d|¢r) = Vo(t) [n) dt + D V() |en) dWY, (33)
j=1

with the same initial condition ¢(0) = |r1,) ® Xo. Since the dilation using F}, is exact, we
have
¢t) = |rn) ® X (34)
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As a result, the error |x¢) = |10;) — |¢:) encodes the error from the finite-dimensional
dilation: using (lp|rn) = 1, we have

(Inl @I |xt) = (nl @1 [thy) — X3

Furthermore, we notice that y; satisfies x(0) = 0 and a driven SSE:

J
dIxe) = Volt) [xe) dt + ) V;(t) [xe) W7 +|Sy) dt, (35)
j=1
where the source term |S;) = —af (M|ry) |M) @ K(t)X; is localized entirely at the right
boundary of the ancilla register (site M).

The critical observation is that the error propagates from the boundary into the interior
solely through the "hopping" term Fj, ® K (t) in the drift operator. The noise terms I ® B;
are diagonal in the ancilla basis and do not induce spatial transport. This leads to a strong
light-cone bound that depends principally on the norm of the dissipative coupling K (t).
The following theorem establishes a finite propagation speed that depends explicitly on
the tight-binding chain with grading A and the dissipative norm K ax.

Theorem 3 (Stochastic Light-Cone). Let |xr) be the error state at time T arising from
the boundary truncation of the ancilla. Let j, be an interior ancilla site, and m = M — j,
be the distance from the boundary j = M. Let Kyax = sup, || K(t)||. If the parameters h
and m satisfy the condition:

o eOK paxT
= 4(M — j,) sinh(h/2)

<1, (36)

then the mean-square error projected onto site j. decays exponentially with distance:

2m

e
(1-0)?

where C is a constant depending on X (T') and grid boundary weights.

E [[I(Gal @ 1) xr) IIP] <€ (37)

We defer the proof to Section B.

Since our bound applies to the mean-square norm of the state error vector E[||xr||?], this
result establishes strong convergence of the dilated quantum simulation. This implies that
for any single noise trajectory, the output state |¢)1) is physically close to the exact solution,
encoding X7 with high probability, not just consistent in ensemble average. This result
establishes a fundamental speed for error propagation in the stochastic dilation framework.
Importantly, this speed depends only on the norm of the dissipative operator K(t). It is
entirely independent of the magnitude of the Hamiltonian drift H(t) or the strength of the
noise Bj(t). As a result, the dimension of the ancilla required scales logarithmically with
the precision € and linearly with the “dissipative complexity" Kpax1. This is analogous to
the Lieb-Robinson bounds in many-body physics, where information propagates at a finite
velocity determined by the interaction strength.

Remark 2. The moment-locking closure operator ﬁ’h is introduced solely as an auxiliary
comparison operator. Since it satisfies OF), |rp) = |ry), it is no longer skew-Hermitian
and therefore does not generate the physical Hamiltonian dilation used in the algorithm.
Instead, ﬁh defines an exact reference evolution, from which the error equation is derived
by comparison with the physical evolution generated by the skew-Hermitian operator Fy,.
Throughout the remainder of the paper, only the Hermitian dilation constructed from Fy,
is implemented in the quantum algorithms.
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4 Implementation via Lindblad Simulation Algorithms

A key advantage of the dilation framework is that it enables ensemble statistics of the linear
SDE (2) to be computed by simulating a deterministic quantum master equation, rather
than sampling individual trajectories. While Theorem 2 provides a pathwise embedding
Xi(w) = ({{| ® I) |4 (w)), many quantities of practical interest are quadratic in the state;
in particular, for any observable O on H,

E[X]OX)] = tr(%0), % =E[XX]], (38)

where ¥; is the second-moment (covariance) matrix. Crucially, ¥; evolves deterministi-
cally and satisfies a closed second-moment equation. Our dilation lifts this deterministic
evolution to a quantum master equation on an enlarged Hilbert space, which constitutes a
completely-positive and trace preserving (CPTP) dynamic map. As a result, the estima-
tion of tr(X;0) can be reduced to the estimation of a single observable on the output of a
quantum channel.

Throughout this section we assume || Xp|| = 1 without loss of generality, so that
tr(Xo) = || Xol|*> = 1 and oo = |Xo) (Xo| is already a normalized rank-one state. Since
the second-moment equation and all target observables are linear in Y, the result for a
general initial condition X is recovered by multiplying the final estimate by HXOH2.

4.1 The Dilated Master Equation

Let |¢¢) be the solution of the dilated SSE (19). Define the corresponding density matrix
on Hq®H,
pr = Ellehe) (4] (39)

A direct application of Itd formula to |¢;) (14| yields a Lindblad master equation for p;
(see, e.g., [17]), a universal description of CPTP quantum maps [35, 36].

Lemma 1 (Lindblad equation for the dilated second moment). The density matriz p;
satisfies

J
G = Lo Lulpr) = ~ilH .0 + 3 (VO30 = SOV (0).01} ), (40

with initial condition pg = (|r,)(rn|) ® oo, where oo := | Xo)(Xol| /|| Xo||? 4s the normalized
rank-one second-moment seed (Thus, tr(pg) = 1 due to ||ry|| = 1). Here H(t) is the
Hermitian dilated Hamiltonian (16) and V;(t) = I14® B;(t) are the dilated noise operators.

Simulating the Markovian quantum dynamics governed by (40) is a central primitive
in quantum algorithms. Early approaches had a polynomial dependence on the precision
[37], while more recent algorithms achieve near-optimal scaling by exploiting higher-order
expansions and block-encoding reductions [38—41]. For our purposes, it is especially con-
venient to use a simulator that outputs a purification of pr (e.g. [39]), since expectation
values of observables can be estimated by standard block-encoding/measurement routines
[42].

To relate the quadratic statistics of the original SDE (2) to the density matrix pr,
recall that 3 := E[X;X/]. For the tight-binding dilation, with ||r|| = 1, one can recover
the second moment as follows (up to the light-cone error),

S~ (nl @ 1) pr (1) @ 1). (41)
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Hence, for any observable O on the system, one has,
t(20) = tr(p (M, ®0)), T, = [ln) (Il (42)

Estimating this expectation value via amplitude amplification and block encoding requires
O(1/¢) rounds of preparations of p; [42].

4.2 Segment-wise evolution and ancilla refresh

Due to the finite-dimensional implementation, (42) remains accurate on each segment up to
the controlled light-cone error. One can directly extend Theorem 3 to the second moment
>, as follows,

Proposition 2 (Light-Cone for the covariance). Assume the hypothesis of Theorem 3,
i.e., m= M — j,, and
eOK naxT
0:

T im sinh(h/2)
Define the ji-localized blocks from the Lindblad equation Eq. (40) as

< 1.

P2 = (Gl ® 1) pr (1) @ 1.

Writing v := (j«|rn), then the second-moment error on the interior site obeys the trace-

norm bound
() 9 o¥m 0"
[0 el < 20lyuEnyJegtog + gty (43)

We defer the proof to Section C.
The covariance matrix ¥ associated with Eq. (2) satisfies a matrix differential equation,

d
5& =Di(3), o= 0, (44)

where D, is a generator for a dynamic map that need not be trace-preserving. Without loss
of generality, we assume tr(3y) = 1, since ¥; may be rescaled by the linearity of Eq. (2).

Although the exactness of this dilation is guaranteed for any simulation time 7', the
light-cone analysis indicates that in order to maintain a finite success probability to post-
select out Y7 using Eq. (41), we must choose T' such that

T=0(Kpey), Kmax = max |K(t)]. (45)
t€[0,T]
This issue can be circumvented by a segment-wise simulation, and upon the completion
of each segment, an oblivious amplitude amplification (OAA) [38, 43| can be applied to
restore the ancilla so that the algorithm can be repeated for the following segment. Toward
this end, we fix the segment length

1 T
=0 L=|—|=0(TK . 46
’ (Kmax> ’ ’77——‘ ( max) ( )
Define the time segments t,, := m7 for m = 0,1,..., L (with t;, > T’; one may shorten the

last step without affecting the discussion). Let the exact segment evolution from Eq. (44)
be

Em =T exp( /t o, ds), (47)
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so that the ideal final state can be written as the composition
ET = (5L_1 o---0 51 o 50)(20). (48)

Notice that Eq. (44) does not necessarily produce a density matrix. Let us introduce
the scalar trace
Am =tr(X,) form=1,---L, Ag:=1,

and the normalized covariance, which can be regarded as a density matrix, becomes

Dy
Om = f;”, tr(opm) = 1.
To apply a Lindblad simulation algorithm, we define the dilated input at the beginning
of segment m,

Pt = Tn)rn| @ om,  tr(pm) = 1, (49)

which is the algorithmic working state, without knowing the factors Ay,.
Denote &, as the CPTP segment channel induced by the dilated Lindbladian (40) on
[tm, tm+1], and it evolves the system into a pre-refreshed state,

Pt = Em(ptn)- (50)

Meanwhile, Theorem 2 ensures that the (unnormalized) covariance update over the
segment is extracted by the fixed readout

mi1 = (] ® 1) phy (Jn) ® 1), (51)

which (up to the controlled light-cone / simulation errors) satisfies X7, .| = En(om). We
thus define the segment trace-growth factor using the unnormalized projector from Eq. (42)

gm = tr(S4) = tr(P;nH (1L, ®I))7 (52)

and update the normalized covariance and the scalar trace by

/
Om+1 = Lﬂa )‘erl = Amgm? (53>

9m
so that the algorithm can proceed to the next time segment. Here g,, can be estimated by
repeated preparations of p, | followed by measuring II;, on the ancilla.
Iterating (53) yields

L-1
Av= ][] 9m: Sr=Apow, (tr=T). (54)
m=0

Consequently, for any system observable O,

L-1
tr(X70) = tr(AoO) = A tr(o,0) = ( H gm> tr(o0). (55)

m=0
Before proceeding with the same algorithm to the next time segment, another important
step is to restore the ancilla to |r;,) so that the initial density matrix for the next segment
takes the same form as Eq. (49). By the light-cone property, the restriction of the ancilla
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to the prefront window win = {0, 1,...,j.} remains accurate (up to an € error) over any
segment of length subject to the choice of 7 in Eq. (46), the overlap

Pyin = Z |<]’7’h>|2 (56)
JEWIn

is a constant lower bound with appropriate choice of h [18], and without loss of generality
we may assume Pyi, > 1/4. Let us define the corresponding projector and the truncated
ancilla mode, respectively,

Mo = ( D 1) G1) @ Irwn) = D2 1) Gilra)- (57)
JEWIND JEWIN
In particular, Pyin, > 1/4 ensures that the following trace-decreasing CP map succeeds
with constant probability on the relevant states:

Wiin (Hwinp Hwin) W\I/in

Ruilp) = ==y

(58)

where Wy, is any fixed isometry on the ancilla register satisfying Wyin |[Twin) /||Twin|| =
7h).

Operationally, one can realize Ry, either by literal postselection on Ilyi, (repeat-
until-success), or coherently via oblivious amplitude amplification (OAA), which restores
the ancilla without restarting the segment evolution.

More precisely, suppose the Lindblad simulator for segment m outputs a purification
of py,, 1. There exist an isometry (implemented by the simulator) Uy, and an environment
register F such that, for some purification |®,,) of p,,

|¢m+1> =Um |(I)m> € H.A ® Hsys & HE7 trg W]m—&-l><¢m+1‘ = p;n+1‘
Define the window projector on the full space (acting trivially on E')

(full) | (Full

Hyin = win ® g, G = (Gt | TS 1) = o (Tinplyy1)-

By the light-cone property and the choice of 7, we have g, & Pyin; in particular, ¢, = Q(1)
(e.8. ¢m 2 1/4). Here to distinguish the quantum registers, we use Hgys for the workspace
of the SDEs X7, and H g for the additional ancilla for OAA.

Decompose the post-segment state into its “good” (in-window) and “bad” components:

full full
[Wm1) = |G} +1Bu) . [Gn) = g fomr) |Bon) o= (1 = 1)) [dmn)
so that (Gp|Bm) = 0 and ||Gu||> = ¢m. A direct postselection on Iy, would succeed
with probability ¢, and produce the normalized in-window state |G,,) /\/Gm.-
A more efficient approach is to use OAA, which implements this postselection coherently
via two reflections:

Ryin =T -2 Ro= 2(jr) (rp| @ Lygs ® Ig) — I

Both reflections are ancilla-controlled, and R, depends only on the fixed reference mode
|rn). Define the Grover iterate

Qm = — R, U;rn Ryin Unpy.
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Restricted to the two-dimensional invariant subspace span{|Gp,),|Bm)}, Qm acts as a
rotation that amplifies the weight on the “good” subspace. Applying Q,, for ©(1/,/Gm)
iterations boosts the in-window amplitude to ©(1); since g, = Q(1), this requires only
O(1) uses of Uy, and U, per segment.

Finally, once the state is supported in win, we deterministically map the truncated
ancilla mode back to the reference by an ancilla-only unitary extension of the isometry.
Concretely, let |ryin) := Iwin|rn) and choose any unitary (or isometry extended to a
unitary) Wyin on H 4 such that Wyin [win) /||7winl| = [rn). Applying Wyin @ Isys ® Ig
completes the refresh and yields an output whose H 4-marginal is restored to |rp) (up
to the same O(g) light-cone leakage), enabling the next segment to start again from the
canonical form (49).

4.3 Amplitude estimation for the growth factors

We now discuss how to estimate the growth factors g,,. Write 8 := |||i)|| and define the
normalized vector and the associated projector,

=g, 1, = [ ().

Here we note that 8 = |||in)]| = v/ Pwin = Q(1).
We define the segment success probability

P tr[p;mH (I1;, ®1)} e [0,1], (59)

l~h>)L} and

recording the ‘ZNh> outcome. By construction of the recovery functional, the covariance

which can be estimated by measuring the dilation ancilla in the basis {‘fh> ) (

trace update on segment m satisfies

9m = 52 dm, >\m+1 = )\m Im- (60)
We look for an estimator §,, with relative error

|Gm — gm| £
AL ALY g 1= —
9n 7 7 2L

so that the product A = an;lo Jm satisfies D‘L/)\L -1l < el¥s — 1 = O(e). BEquivalently,
we require an additive estimate ¢, obeying

£

|(jm - Qm| < 5pa 5p = 59 gm = m dm-

We further scaled the error by Az, because the expectation tr(370) carries a normalizing
factor Ar. The ability to restore the density matrix without rerunning the previous segment
leads to the following complexity bound.

A straightforward method for estimating g,, is to apply AA [42] after each segment. Let
Cr,r denote the cost of simulating a single Lindblad segment of duration 7. Consequently,
estimating g,, requires O(mL/¢) rounds of Cr . Because the evolution must be restarted
from ¢ = 0 for each estimation, the total complexity accumulates to O(L? /) times Cy .

It is also possible to avoid restarting the evolution from ¢t = 0 for each segment by
employing a coherent mean-estimation (amplitude estimation) routine [44] applied to the
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two-outcome measurement {th I, I— H[h ® I}, followed by uncomputation to restore
the purification of pj .

In contrast, the naive approach estimates the growth factor of segment m by repeatedly
preparing pgm L.+ Tequiring the evolution to be rerun from ¢t = 0 to t,,11 for each repetition.
The coherent procedure instead performs the estimation reversibly. After estimating the
success probability, the ancillary workspace is uncomputed, recovering the purification of
. ..+ The restored state can then be used directly as the input to the next segment, rather
than being regenerated from the initial condition. Consequently, each segment evolution is
performed only once (up to the overhead of amplitude estimation), yielding the complexity
stated in Theorem 4.

This latter approach is more efficient, and its overall complexity is summarized as
follows,

Theorem 4 (Segment-wise Lindblad complexity). Fiz T = O(1/Kmax), L = [T/7] and let
Apr = tr(X7). Assume: (i) for each segment, there is a Lindblad simulator that implements
the CPTP map &, for time T with cost Cr » and diamond-norm error at most O(e/(ArL));
(ii) the light-cone/window condition holds so that Py, > 1/4; (4i) ||O] < 1, and we
estimate v = tr(opO) from the final normalized state oy, using a standard expectation-
estimation routine for observables [42], to additive error O(e/Ar).

Then there is an algorithm that outputs an estimate fi of p = tr(X70) satisfying

| — p| < e with constant success probability, using a number of segment-simulation calls

scaling as
~(ArL AL 1
O( = 2=y )

€ € =0 Vam

up to polylogarithmic factors in L, 1/¢ and the dimension N. Here qn, is defined in
Eq. (59).

The term O(ArL/e) comes from estimating the final normalized expectation v =
tr(orO) to additive error O(e/Ar), which requires repeated segment-wise Lindblad simu-
lations to prepare the purification of pr. The other term accounts for amplitude tracking:
to reconstruct the overall scale A\ = H{;ﬁb_:lo gm with sufficient accuracy for an e-additive es-
timate of = Apv, we estimate each segment success probability ¢, = tr {p;m o (H[h 1 )}
to the required precision using coherent mean-estimation with state restoration.

Near-optimal Lindblad simulation algorithms typically achieve Cr» = O(||£||7) (up to
polylogarithmic factors), and in our dilation setting a coarse bound is

€] < ma (1AW + 3 1B5)1°).
J
In this case, C¢ L = ||L||T.

5 Implementation by quantum trajectories

Recall that our dilation scheme reduces the linear SDE (2) to an It6 stochastic Schrodinger
equation system

1 J
Al = | i (t QZ HVi(t) | ) dt+ZV ) ) AW, (61)
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where H(t) is from Eq. (16) and is Hermitian, {W/ 3»]:1 are the same independent Wiener
processes in the original SDEs (2).

The goal of this section is to address an alternative simulation task: rather than esti-
mating tr(3X70) via a Lindblad simulator, we aim to generate a single sample trajectory
(pathwise output) at time 7', i.e.: a quantum state proportional to the random vector Xrp.

The operational realization we use is a repeated-interaction scheme, in which the system
interacts sequentially to create random paths of the SSEs [45-47].

5.1 Quantum trajectories for linear SSEs: a first-order weak scheme

We start with one noise channel (time index suppressed) and no Hamiltonian term:
dli) = VIV i) di+ V7 i) W, (62)
A first-order weak It6—Taylor step, also known as the Euler-Maruyama method, is
Yipar & (I — %VTV + VAWt)wt-

For weak order 1, it suffices to replace AW; by any random variable whose mean and
variance match those of AW, [8]. We use a Rademacher approximation, i.e.:

¢ e (+VAL —VAL,  P(¢ = +VAH) = P(¢ = —V/AF) = % (63)

so that
reae~ (1= BVIV €V ). (64)

A trajectory corresponds to a single run with a specific realization of the discrete noise
path & Accordingly, we presample the Rademacher signs s, ; € {+1,—1} (equivalently
énj = sn,j\/g) before running the quantum circuit, and then coherently implement the
corresponding conditional update at each time step. Operationally, the ancilla measure-
ment serves to select the chosen realization.

The goal of the remaining subsection is to construct a quantum circuit whose effective
action reproduces the weak-order-1 update in Eq. (64). Rather than implementing the
non-unitary map directly, we realize it as a postselected branch of a larger unitary evo-
lution acting on the system and a single ancilla qubit. The ancilla measurement encodes
the presampled stochastic increment, and the resulting Kraus operator coincides with the
FEuler—-Maruyama weak step up to higher-order terms.

5.1.1 One-step interaction realization with a single qubit

We now construct a one-qubit interaction circuit whose effective Kraus operator reproduces
the weak-order-1 update Eq. (64). This provides the basic building block for trajectory
generation.

Define the anti-Hermitian block generator

_yt
Q= VAL (3 (‘)/ ) . Ol =-q, (65)

and the interaction unitary U := e® acting on a (single-qubit) ancilla and the system.
Applied to |0) ® |¢), a second-order expansion gives

_ Atyst
U @) _ (<I E‘;;)d’) + OB, (66)
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Starting from |0) ® |+)), apply the interaction unitary U = 2. For s € {41, —1}, define
the one-qubit unitary Wy by its action

Ws [0) = [s) Ws 1) = |=s),, (67)

where |4) = (|0) & [1))/+/2 are the X-eigenstates. Postselecting on (0| produces a Kraus
branch
My = (0| WU [0}, [¥) = M;lv), (68)

and a second-order expansion of U gives
M) oc (I=5VIV)[0) + sVALV [9) + O(AE2), (69)

which matches (64) exactly with £ = sv/At. Since the target state is |0), we can apply
OAA to coherently evolve the system to ;4 a¢-

Multiple channels and drift. Including the Hamiltonian drift and J channels can be
done by operator splitting over one step: apply e (tn)At on the system and then apply
the above interaction (and X-basis measurement) sequentially for Vi (ty,), ..., Vy(t,). This

yields the weak order 1 splitting

J ~
Pt rar & (H (I = 5V (ta)Vi(ta) + én,ﬂfj(tn))) e HI)ALy, (70)

J=1

up to higher-order weak error terms.

5.1.2 Segmented evolution with ancilla refresh

As in the Lindblad simulation approach in Section 4.2, we exploit the light-cone property:
for times up to 7 = O(1/Kpax), boundary reflections remain outside the prefront window
win = {0,1,...,7.} (up to the controlled light-cone error, achieved by choosing a suitable
tight-binding chain length M). We therefore partition the evolution into segments of length
7 and perform an ancilla refresh at each segment boundary, in analogy with the Lindblad
simulations. Concretely, the refresh is implemented as an isometry that (i) flags whether
the ancilla lies in win (i.e., projects with Ily;,) and (ii) conditionally applies a fixed ancilla-
only isometry Wyin mapping |rwin) /||7winl — |7n). OAA involves two reflections: one
about the “good” subspace (equivalently, Ry, := I — 2Ilyi,) and one about the prepared
flag/ancilla initialization subspace. Since the light-cone guarantee implies Py, > 1/4, for
the relevant pre-refresh states, only O(1) OAA iterations are needed to boost the refresh
success probability to a constant.

5.1.3 Estimating amplitudes

Because the linear SSE is not norm-preserving pathwise, we represent the unnormalized
trajectory state by a normalized quantum state and a classical weight:

Yr) = Vanlon),  llén) =1, X 20. (71)

Estimating the stepwise factors g, at every fine step At is expensive. Instead, we decouple
the estimation timescale from the integration timescale by estimating products of growth
factors over coarse blocks. For notational alignment with the ancilla refresh in the previous
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section, we take the block length to be one refresh segment, 7 subject to (46). For simplicity,
we choose 7 = kAt.

Let M,, denote the one-step linear map of the chosen weak-1 integrator on [t,, ty+1]
for the presampled increment(s) at step n. Define the segment map

M = Mogar - M(m—1)ks1)a0s
and the segment growth factor

2
I

Im = |’Mg)‘¢(mfl)k> (72)

Thus, g, is exactly the product of the normalized stepwise growth factors inside segment
m, but it can be estimated once per segment. In particular, the mth segment admits an
implementation

Un(]0) ® ‘¢(mfl)k>) =0) ® (M,(;)

o)) + 1)@ (), (73)

where the flag success probability is exactly ¢,,. Applying (fixed-point) OAA to (73) with
the known projector |0)(0| prepares the normalized post-segment state

M)

¢(m71)k>
N

with failure probability exponentially small in the number of OAA rounds [15, 48, 49].
The corresponding overhead is O(1/,/gm,) uses of U, and U}, (typically constant when g,
fluctuates around 1).

‘ébfnk> =

Theorem 5 (Segmented trajectory generation with amplitude tracking). Let Y de-
note the random output at time T produced by weak order 1 integrator with presampled
Rademacher increments, implemented segment-wise, where each segment contains k inner
steps.

Assume:

(i) For each segment m, it is implemented as,
Un(10) ® [61,,)) = 10) @ (MG |61,.)) + 1) @ (---),

whose success probability is g, = ||M§,TL) |p,.) ||?, and each call to U, (or U},) costs
Chraj,r- The per-segment simulation error in the normalized post-segment state is at
most O(e/L).

(ii) The light-cone/window condition holds so that Pyin > 1/4, and the ancilla refresh
at each segment boundary has failure probability and induced state error at most

O(e/L) (using O(1) rounds of fized-point OAA).

(iii) Each segment growth factor g, is estimated in-line (with coherent state restoration)
to relative accuracy O(e/L).

Then the algorithm outputs, with constant success probability, a normalized final state ‘$T>

and a scalar A such that the reconstructed unnormalized trajectory

Vr == \ar (@ D)|ér)
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satisfies the algorithmic pathwise error bound
IYr —Yr| = O(e),

and, for any sufficiently smooth test functional f with polynomial growth, the total weak

error obeys N
[ELf(Y7)] - E[f(X7)]| < CrAt + O(e),

where Cr is the standard weak-1 constant.
Moreover, the total number of calls to the segment primitives {Un,, Ul } scales as

/L=l
O B
(m:(] gm mz:o 9m>

and hence the total gate/query complezity is

1

ctraﬂzi ii}n
o [, 7 + £

Im

up to an additional additive overhead 6(L) for the L refresh operations (constant-factor
in the regime Pyin = Q(1)).

The first term ), @(1/~ /gm) s the cost of state propagation: to realize the non-unitary

segment map ./\/l,(ﬁ) coherently and output the normalized post-segment state ’gbt_ - 1> x

]qﬁtm} without restarting, we apply fixed-point OAA to the segment heralding flag,
Wthh costs O(1//gm) uses of {Up,, Ul } on segment m. The second term £ = Dom O(1/gm)
is the cost of weight tracking.

5.2 Second-Order Weak Scheme via Weak Measurement

We develop a weak order-2 one-step approximation for quantum trajectories of the linear
It6 SSE with scalar noise

d ) = A(t) [¢he) dt + V(t) [¢r) dWr, t €[0,T]. (74)

Again, we consider a single noise channel, where A(t) = —%VT(t)V(t). The coherent term
from H and multiple jump operators can be treated by generalizing Eq. (70) to a symmetric
trotter splitting.

We emphasize that the goal is weak accuracy: the one-step map should reproduce
expectations of smooth functionals up to O(At?) local weak error (and hence O(At?)
global weak error).

Besides the Brownian increment AW,, := W;
[t6 integral

wi1— Wt,, weak order 2 requires the second

tni1 tht1l S
AZ, = / (Wy — Wy, ) ds = / AW, ds, (75)
tn t’ﬂ

tn

and the related iterated integrals [8]

tnt1 S tnt1 [S
Iy = / dW,. dW, = ((AWR)Z—At), Lo = / drdWs = At AW, —AZ,.
tn tn tn tn

(76)
The identity for Iy;,, follows from Ité isometry, while the relation for I1¢,, is a direct It
integration by parts.

1
2
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A weak Ito—Taylor expansion of order 2.0 [50] gives the one-step local expansion

1) = [T+ At A(ta) + V(tn) AW, + V() T

+ (V(tn) + V(tn)Atn)) Tio + (Altn)V(tn)) AZy (77)
B ta) + A ) + Ou(A8),

where Oy, (At?) denotes a remainder whose contribution to weak local error is O(At?)
under standard boundedness and regularity assumptions on A(-), V(-). In particular, for
smooth test functionals f one obtains a global weak error bound of the form

[BLf([r)] — Elf([ow )] < Cr A, (78)

with Cp depending on T" and on uniform bounds for A,V and the derivatives required by
the weak-2 theory [50].
To streamline subsequent circuit constructions, we evaluate coefficients at the midpoint

thpt =ty + At/2:

Amid = Aty 1), Viia = Vtp1),  Viia = Vit 1). (79)
For example, for smooth A(-) we have the Taylor relation

At .
Amid = A(t) + gA(tn) +O(AR),

so the combination At A(t,,) + ATtQA(tn) appearing in (77) is absorbed into At Apiq up to
O(At3). Moreover, replacing A(t,) by Apiq in the quadratic term A(t,)? changes it only
by O(At), hence contributes O(At?) after multiplication by At?. Therefore, (77) can be
rewritten (without an explicit A term) as the midpoint weak-2 expansion

[ns1) = [T+ At Apia + Viwia AWy + Vg I

. AtQ
+ (Vinid + VinidAmid) D100 + (AmidVinid) AZ, + —— 5 mld:| [Yn) + Ow(At?).

(80)
This is the form we will discretize and then implement via weak measurement.
The pair (AW, AZ,) forms a centered Gaussian vector with the following covariance

structure:
AW, AW, At 1AL
Cov (AZ ) . KAZn> (aw. Az )] ( A2 Tap )
A convenient representation is obtained by Cholesky factorization and introducing inde-
pendent standard normal variables &; ,,, &2, ~ N(0,1) and setting

At3 /2 1
AW, = VAL, AZy == (&1 ﬁ@,n). (81)
As a result,
At3/2 1
Il(),n = At AWn - AZ, = 51 n 752,71 ’
2 V3 ) (82)

Iin = 5 (AW, — Af) = 7(53,1 —1).
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Substituting (81)—(82) into (80) and collecting powers of At yields the compact local form
[ns1) = 2 [n)

At?
F7g2) =14+ At Apiqg + — 5 mld + VA §1 n Vimid + —- (fl n 1)‘/vrr21id

At3/ 2 ) A 3/2 .
{1 n ( mldeid + Vmid + VmidAmid) \f §2 n ( mldeid - Vmid - VmidAmid>~
(83)
It is convenient to package the At3/2 operators as
1 .
Bmid ::§(Amidvmid + Vmid + VmidAmid)a
(84)

1 .
Chid :=—= (AmidVimid = Vimid — VimidAmia)-
d=3 \/§< aVmid d dAmid)

On the other hand, for weak order 2 it is sufficient to replace the Gaussian &i.5,,&2,,
by discrete random variables that match moments up to order 4. We therefore use the
Kloeden—Platen three-point law:

fn € 0.4VB),  BGn=0)=2, Pl.=+)=g ke{l2), ()
so that E[¢] = 0, E[¢?] = 1, E[¢’] = 0, E[¢*] = 3. Under (85), the squared variable 7,

takes only two values:

wilno

2 1
2 2 2

gl,n € {073}7 P(ﬁl,n = O) = ga P(Sl,n = 3) - g

For circuit design it is convenient to treat this as an explicit “control variable” for the Vn%id
term. We therefore introduce a mean-zero random variable,

L =61, —1€{-1,2}. (86

Note that &3, is centered and pairwise uncorrelated with & ,,: E[é3 ] = 0 and E[§; €3 5] =
E[¢},] —E[£1,n] = 0, although (&1, £3,n) are not independent.
With this notation, the weak-2 one-step update can be written in a compact form:

~—

F? = 1+ At Amid+A2 Az HVALG n( Vinia + At Bmld) FAB2 e, mld+ fM 2

(87)
where Bpid, Cmia are given in (84). Eq. (87) is the target algebraic form for our second-
order weak-measurement step.

The following theorem, as motivated by the construction in [40|, summarizes the im-
plementation of Eq. (87) using a repeated interaction scheme with two ancilla qubits.

Theorem 6 (Two-qubit weak-measurement realization of the weak-2 step). Consider a
two-qubit ancilla with basis {|00) ,]10),]01),|11)} and define the anti-Hermitian generator

Q= Y ([a)00[®Gapn — [00)(a] ©GL,),  Uni=e®. (88)
a€{10,01,11}

Let led,Amld,Bmld,Cmid be as in (79) and (84), with the noise-block choice Apiq =
V Viia. Choose

mid
Gro. = G i= VAL Vigig + At/? (Bmid + %VmidVrLideid)’

\/’ m1d7

G117n = G37n = At3/ Cmid-

Goin = Gop i=
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For each presampled pair (&1p,&2,) drawn from (85), set &3, 1= fin — 1 and define
the ancilla state

(&1, E2,0)) = W(\omm,ﬂ rlo>+fjg 0D +&2al11) ), lérn Eon) (>9 (()))
Let the post-selected effective one-step map be

= L <m(€1,na£2,n>| Un ’00>

Fn(’gl,na ’52,11) = <m(§17n7 §2,n)’00> (91)
Then, for any system state |iy,),

Fol1ns€20) [9n) = FP [n) + Ow(A%), (92)

i.e., the update reproduces the weak It6—Taylor step (87) with local weak error O(At3).

We present the proof in Section D.

Multiple channels and drift. Including the Hamiltonian drift and J channels can be
done by operator symmetric splitting over one step:

—iH(tn)At/2 T o) (At T (At —iH(tn)At/2
Vro4ar e 0" I £ <2> II 7y (2) A S (5))
Jj=1 j=0

)

up to higher-order weak error terms. Here FT(L,2

S Is the corresponding F7S,2) for each noise
channel V; in Eq. (87).

6 Numerical Simulations

In this section, we present numerical results that verify our quantum simulation framework
through three representative tests.

In the first numerical test, we demonstrate the recovery of the non-unitary evolution
operator for linear SDEs via moment-matching dilation in Theorem 2. We consider the
example in [51, Example 5.2|, a three-dimensional SDE system

X1 (t) ~1 10 0\ [X1(t) s (v 0 0 /x100) ‘
d{ X)) | =0 -1 10| [Xo@)|dt+d> | 0 F 0 ||Xat)]| dW{. (94)
Xa(t) 0 0 -1) \X3(t) =ilo 0 =) \Xs0)

V3

We apply the dilation using Eqs. (26) and (27), and we examine the choice of j, used
to post-select the solution, as highlighted by the condition (36) in Theorem 3. Specifically,
we simulate the dilated SDE (19) corresponding to Eq. (94) and then apply the localized

readout
1

(Jelrn)
to |¢) to extract an approximation of X;. Fig. 1 shows that this localized projection yields

a more accurate approximation over a longer time interval when p, = p;, is closer to the
origin, consistent with the light-cone property encoded in (36).

(Ul ® 1)
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Figure 1: Moment-matching dilation for Eq. (94) with ¢ = 1. Both panels compare trajectories from
Eq. (94) with the projected dilated SSE Eq. (19), driven by the same Brownian motion. Choosing an
evaluation site closer to the origin improves the accuracy and extends the time horizon over which the
projected dynamics remain reliable. In particular, the approximation deteriorates earlier for p, = 0.4
(Fig. 1a) than for p, = 0.1 (Fig. 1b).

In the second numerical test, we verify the expected error scaling of our second-order

weak trajectory scheme (83) by two examples. We pick B € R3*3 from a randomly
generated matrix,

—0.79312248 0.24057128 —1.89632635
B =] 139577171 0.63829474 —0.29204749
—0.31194933 0.30383537 —0.2676603

We then consider the linear SDE,

1 T
dX, = —;B'BX,dt + BX,dW,, X0 =11 1), (95)

which was discussed in Sections 5.1 and 5.2.
We do another numerical verification with two noise channels and a small drift term,

dX; = AX,dt + B1 X dW}! + By X dW2, (96)

where
—1.9250645 —3.01879523 1.15446315

By = 156278191  1.32951737 —0.4295925
—0.07288832 —0.29154696 1.36824268

)

0.87196735  0.05837772  0.70812363
By =] 1.36030603  0.37452505 —1.08551679
—0.07479491 —0.42665655 —1.59184729

1 0 0 . .
A=005[0 —05 0 |- 5BIBl - 5Bng.
0 0 025

Y

To assess weak convergence, we test the smooth function f(x) = cos(z; + z2 + 23) and
define the weak error at final time T by

err(At) = [E[f(Y7,a¢) — E[f(X7)]]],
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(a) The weak convergence performance for single chan- (b) The weak convergence performance for two noise
nel Eq. (95). channels with a small drift term Eq. (96).

Figure 2: Weak error err(At) = |E[f(Y7,a:) — E[f(X7)]]| for the second-order scheme applied to
Eq. (95) with f(z) = cos(z1 + 22 + 23) at T = 1.0. The number of samples is Nyamp = 5000000.

In Fig. 2b, we implement the symmetric splitting for the Hamiltonian term e’iﬁm, Eq. (93). In the
dilation on the geometric grid Eq. (25), we use M=50, and h = 2.

where Y7 A is computed by the proposed second-order weak scheme (87) with step size
At, and X7 is a reference solution computed with the Euler—-Maruyama method using a
much smaller step 6t = 274 over 107 realizations. Fig. 2 plots err(At) versus At on a
log—log scale. A linear fit of the data reveals an empirical rate close to 2, confirming the
global weak second-order convergence predicted by the analysis.

In the last numerical test, we validate the recovery of the second moment for a stochas-
tic PDE (SPDE) after dilation and transformation into a Lindblad equation (Lemma 1).
Specifically, we consider an It6 SPDE, a stochastic advection-diffusion-reaction equation
in [52, Example 4.2], on (0,7] x (0, 27) with periodic boundary conditions:

du = Ke + %0% cos2(x)> Ou + <ﬁ sin(z) — ia% sin(2x)> 8xu} dt
+ o1 cos(x)Opu dW,! 4 oou dWE, u(z,0) = sin(z).

(97)

Let Dy, Dy € RVYXN be the first- and second-order finite difference discretizations using
central differences on N grid points . Denoting the semi-discrete solution vector by X; €
RY | the SPDE reduces to a linear system of multiplicative-noise SDEs,

dX; = AX;dt + B1 Xy dW}! + Bo X dW7, (98)
where
A =diag (E + 307 COSQ(x)) Dy + diag ([3 sin(z) — 107 sin(2x)) Dy, (99)
B, =diag(o cos(x))D1, (100)
By =051 (101)

The associated second-moment equation for Eq. (98) is

d¥y

=A%+ S AT+ BBl + Bony B, B = E[X,X]). (102)
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Figure 3: Recovery of quadratic statistics for the SPDE (97). Parameters are ¢ = 0.1, § = 0.5,
o1 =0.5, 09 = 0.3, and T = 1.0. The evaluation site is p, = 5 x 1076, The recovered second moment
closely matches the reference solution over the simulated time interval.
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Figure 4: Pointwise comparison of the second moment obtained from the second-moment equation
and from the dilation-based recovery. Here p, = 5 x 107%. The agreement improves as p, decreases,
consistent with the localization effect of the projection.

We use Eq. (102) as a deterministic reference, and then recover the same quadratic statistics
(41) using the dilation-based Lindblad simulation described in Lemma 1. Figs. 3 and 4
show that the second moment of the SPDE can be accurately recovered by solving p; in
(40), as expected.

7 Summary and discussions

This work presents an exact mapping from general linear stochastic differential equations
(SDEs) to stochastic Schrodinger equations (SSEs) through a finite-dimensional dilation
framework. A key structural feature is that the dilation can be realized by a nearest-
neighbor (tight-binding) hopping operator on the ancilla register, so the resulting circuits
are ancilla~efficient and hardware-friendly: the nontrivial ancilla dynamics reduce to local
couplings (plus simple boundary terms), and the overall implementation admits a stream-
lined gate-level construction.

More broadly, it provides a coherent route for recasting classical stochastic dynamics
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into quantum-native primitives. By representing the same underlying SDE either as (i) a
deterministic Lindblad evolution governing ensemble moments, or as (ii) a measurement-
driven quantum-trajectory process generating pathwise realizations, we obtain comple-
mentary algorithmic building blocks for stochastic simulation, filtering, data assimilation,
forecasting, and sampling. In regimes where these tasks are bottlenecked by repeated
propagation of trajectories or by the evolution of high-dimensional moments, quantum im-
plementations can accelerate the dominant inner loops by enabling long-time propagation
through structured dilations and by permitting direct estimation of application-specific
observables from the prepared quantum state.

A notable application is the simulation of open quantum systems in the non-Markovian
regime. Several established trajectory-based methodologies represent non-Markovian ef-
fects by embedding the dynamics into an extended (often higher-dimensional) stochastic
model, including hierarchical constructions and Markovian embeddings [53-55]. Our di-
lation framework interfaces naturally with these embeddings: once the dynamics are ex-
pressed in an extended linear SDE form, the corresponding second-moment evolution is
deterministically captured by a Lindblad equation on the dilated space. This avoids the
explicit generation of individual stochastic realizations when only ensemble-level quantities
are required, while still retaining the ability to recover trajectory-level information via the
SSE route when needed.

The present paper focuses on Brownian-driven dynamics. Extending the framework
to SDEs driven by jump processes, or more generally by Lévy noise, is a natural next
step and will be pursued in future work. Finally, we note that the trajectory-generation
capability (Algorithm II) is particularly relevant to the sampling bottleneck in modern
generative models. By mapping the reverse-time SDEs of diffusion models to a dilated
quantum evolution, our framework provides a rigorous pathway to accelerate the sampling
of high-dimensional distributions beyond the capabilities of classical solvers. To translate
this framework into a practical quantum advantage for applications such as diffusion-model
sampling, several additional ingredients remain to be developed. These include efficient rep-
resentations of the problem-specific drift and noise operators, optimized implementations
of the resulting Lindblad and trajectory simulators, and a careful end-to-end complex-
ity analysis comparing the full quantum workflow against state-of-the-art classical solvers.
We view the current work as providing the mathematical and algorithmic foundation upon
which such application-specific quantum accelerations can be built.
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Proof. We begin with the integral form of the SDE for X;:
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0 . 0
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Introducing the notation By(t) = A(t), dZ° = dt, and dZ! = dW} for j = 1,...,J, we
rewrite this compactly as:

J . ,
Xe=Xo+ ) / B;(s)XsdZ?. (104)
j=0"0

Iterating this integral equation yields the Dyson series expansion:

X =3 ( 3 /0/02 Ba, (sk) - Ba, (51) X0 dzgll...dzg;) . (105)

k=0 \a€f0,...,/}*

Under the boundedness assumptions on A, B;, this series converges in L?(2) uniformly on
compact time intervals [50].

Similarly, the dilated state |t;) evolves according to Eq. (19) starting from |[¢g) =
|r) ® Xo. Its Dyson expansion is:

|wt>=2( 3 /Ot---/OSQVak(sk)...Val(sl)ﬂr)®X0)dZ§‘11...ngkk). (106)

k=0 \a&{0,...,J}*

We now apply the operator ({{| ® I4) to the series Eq. (106). By linearity, it enters the
sum and integrals. To evaluate the term-wise action, we separate the vector X from the
ancilla |r) using the identity |r) ® Xo = (|r) ® I)Xo:

(<l’ ® I) (Vak e Voq) (‘T> ® XO) = (<l‘ ® I) (Vak e Val) (|T> ® I)XO' (107)

Now we use the properties of the moment-matching triple. The sandwiching of the dilated
operators yields the original operators:

(@ I)(Ia® B;j(t)(|r) @ I) = (I[ La|r) @ B;(t) = B;(1), (108)
(e DVo(t)(Ir) @ 1) = (| (F = 1a) |r) ® K + (l|lr) ® A = A(t). (109)

Applying this recursively to the product sequence, we obtain,
(U@ DV, -+ Vo (Ir) @ I)] Xo = (Bay, - - - Bay ) Xo- (110)

Substituting this back into the expansion Eq. (106), we see that the projection of the
quantum state series is exactly Eq. (105).
O

B Proof of the light cone property

Proof. We proceed in four steps: (1) defining the error dynamics as a driven SSE, (2)
expanding the solution using a Dyson series, (3) identifying the non-vanishing terms based
on grid locality, and (4) estimating the magnitude of the stochastic integrals.

A crucial property of any SSE (19) is that it preserves the norm of the state on average.
If £(t, s) is the propagator for the homogeneous part, then for any state ¢:

E[IE(t, 5)9]1%] = llg|I*. (111)

This "mean-square unitarity" simplifies our analysis significantly, as we do not need to
worry about the stability of the background evolution.
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To isolate spatial propagation, we split the homogeneous drift into a “local” part and
the nearest-neighbor hopping term,

Bot) = BO®) +V(t), V() =0F,®K(),

where E(()O) (t) is diagonal in the ancilla basis (and contains the local drift together with the
It6 correction), and V (¢) is the only term that transports amplitude along the tight-binding
chain.

Let &y(t, s) denote the propagator of the local homogeneous SDE obtained by setting
V =0 (i.e., keeping E(()O) and all noise terms EJ) Then the full propagator £(t, s), using
the variation of constants for SDEs [56, Theorem 3.1] repeatedly, admits a Dyson-Duhamel
expansion in V', a sum of nested time-ordered integrals

IxT) = i ]x¥)>7 (112)
k=0

with the k-hop contribution given by the (k+1)-simplez integral

>(k) = 80(T, tk) V(tk) 50(tk,tk_1) s V(tl)go(tl,s) |Ss> ds dtl c 'dtk.

(113)

’XT /
0<s<ty <--<tp<T

Equivalently, one may write the same expression as an iterated integral:

|XT><’C>:/OT</ST.-- ! 50(T,tk)V(tk)5o(tk,tk_1)..-V(tl)go(tl,s)dtk..-dt1> 1S,) ds.

tk—1

(114)

In Eq. (113)-Eq. (114), & is the propagator of the “local” dynamics (diagonal in the
ancilla basis), which includes E(()O) (t) and all noise terms Ej(t) dwy.

We are interested in the projection ((j«| ® I)|x7). On our nearest-neighbor grid, the
hopping operator V can move an excitation by at most one site. The source |S) starts at
site M. To reach site j,, we must apply V at least m = M — j, times. Therefore, all terms
in the Dyson series with order k¥ < m vanish identically. We only need to sum terms with
k> m.

For k > m = M — j,, recall the simplex representation (113):

™ = [ Eo(T, )V (t) 0t 1) -+ V(1) E0(t1, 5) [S5) ds it - de
O<s<ty <--<tp<T
Fix (s,t1,...,t;) and define the random vector

Y (s,t1,....tk)) = Eo (T, i)V (te)Eo(tk, t—1) - - - V(t1)E0(t1,5) |Ss) -

We bound E {H ]XT>(k) ||2} by applying (i) Cauchy-Schwarz in the time variables and (ii)

the mean-square isometry of & (-, ) stepwise using conditional expectations.

First, since &y (¢, u) is the propagator of the homogeneous “local” SSE (with drift in
the SSE form and noise terms Bj), it is mean-square norm preserving in the following
conditional sense: for v <t and any JF,,-measurable random vector (,

E[& )P | F] = ¢ as. (115)
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(Equivalently, E||&(t,u)¢||> = E||¢||? by taking expectations.) Identity (115) follows from
Itd’s formula applied to ||7;]|? for the homogeneous local SSE and the fact that the Brow-
nian increments on (u, t| are independent of F,.

Next, we simplify the nested integral using this isometry. Define

G =V (te)Eo(thstu—r) - - V(t1)Eo(t1, 5) |Ss)

which is F;, -measurable. Applying (115) with (t,u) = (T, t) yields

E[|[1Y (s, t1, -, ) 1P| Fo] = E[I1E6(T )Gl | Fo| = el

Taking expectations gives
El[Y (s, t1, o ti)) 12 = E G

Now define (i1 := V (t5—1)E0(tk—1,tk—2) - - - V(t1)€o(t1, s) | Ss), which is F, | -measurable.
Since (x = V (tx)Eo(tk, tk—1)Ck—1, taking conditional expectation with respect to F, | gives
us

E|[Gel? = E[E(IIV(t)€o(ths te—1)Gh1 1| F )]
< V@I E[ Bl te1)Ch1]? | For )]
= |V (t)I” Ell e,

where in the last line we used (115). Iterating this argument yields the “propagator
peeling” bound

E[Y (s, t1,.- to) |* < (H IV (te) H2> El[€o(t1,5) [Sa) 1% (116)

(=1

Finally, applying (115) once more with (t,u) = (t1, s) gives E||E(t1, 5) |Ss) [|> = E|| |Ss) [|*-
Therefore,

E[[Y(s,t1,...,t6) |I* < (H 1V (L H2> E| |Ss) [I>. (117)
=1
Finally, using ||V (¢)]| < 0 Fa | |K(0)]] < 02C,ria Kunax, where
V1+eh
Cyria 1= sup —— € <1,

>1 L sinh(h/2)

With direct computation, we can show that E|| |Ss) [|? < 2K2,, X (T) assuming

max

X(T) := A E || X%, (118)

can come from the stability estimates Proposition 1.
Inequality (117) implies
Y (s,t1, .. 1) |12 < (0CymiaKmax) " K2

max

X(T).
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Applying Cauchy—Schwarz in the time variables gives
2

Ell [xr)® |2 =E|

[ Wt dist ot
Ap+1(T)

<A@ [ B Pt t),

where A1 (T) ={0<s<ty < - <t < T} and |Ayy1(T)| = T /(k +1)!. Hence

k+1 kE+1

(k) 12 2 op [ TFT ?
Ell xr)™ [I7 < Kfax X (T) (0Crid K max) (M) : (119)
Using Stirling’s approximation (k+1)! > (kjl)kﬂ, we obtain the geometric decay for
k>m:
(k) 12 2 eecgrideaxT 2k T 2 9 ok
]EH ’XT> || < KmaxX(T) - 1.1 ’ KmaxX(T)Q )

€ ecgrldeax

where ¢ := pon

(k)

The different hoppmg orders ‘ X7 > are not necessarily orthogonal in L?(2), so we
do not sum the squared norms directly. Instead, we apply Minkowski’s inequality before
squaring:

2
(]EH IxT) H ( HZ‘XT ) Skg (E||‘ch)>”2>1/2.

Using the per-order estimate above gives

(Blx) 12)"* S K X(@) igk_KmX X1 2
k=

1—po

Therefore,
2m

e

(1—0)*

for a constant C depending on Ky,ax, X (7T), T, and grid boundary constants. This proves
the claimed light-cone decay without assuming orthogonality between different hopping
orders.

Elxr)I*<cC

O]

C Proof of the light-cone property for the covariance

Proof. Let |¢) = |rn) @ X be the ideal dilated state (solution to the SDE embedded in the
dilated space). Let |1¢) be the actual dilated state evolving under the dilated SSE. The
error state is defined as |x:) = |1+) — |¢). We aim to bound the trace distance between

the actual projected density matrix, p(T‘*), and the ideal covariance block, |y|?>Sr.
The full density matrix is defined as pr = E|¢r) (¢7|. Substituting |¢r) = [¢1)+|x7),
we expand the outer product:

pr = E(l¢T) + [x7))(b7| + (XT])
= El¢r) (¢r| +Elér) (xr| + El[x7) {(¢7[ + Elx7) (X7| (120)

Ideal Term Cross Terms Quadratic Error
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Let Pj, = (j«| ® I be the projection operator onto the ancilla site j.. We analyze the
projection of each term separately.
We first look at the ideal term. Recalling that |p7) = ) ® Xr and v = (j«|rn). We
have
P Elér) (¢r|P], = E((alra) X1)((Galra) XF) = WPEX7X] = 4257

Now we evaluate the bound for the error terms. Let the projected state vectors be
denoted as |¢); = Pj, |¢r) and |x) Pj. |xr). The error in the projected density
matrix is:

g T
P = P21 = Elg);, ;. +EIN);, (9L, +EIN);, (121)

We apply the trace norm ||-||; and the triangle inequality:

. (122)

|69 = 2o, < 2|Eig);, xl;. 1

B, s,

We obtain the following inequality by using Jensen’s inequality and the property that
lw) (llly = l[ullllvll,

[E1e),. x|, < E[lo),. o), = E|le.| - I |] - (123)
We further apply the Cauchy-Schwarz inequality for expectations,
i), - [ [] < VEJion, [ - yVE[o | (124)

Note that H|¢>j* H = |7|||X7||, combining with the result from Theorem 3, we get

E|lw),. | = RIVEIXrI? = by, (125)
Vel | < feq s (120)

Thus, the contribution of the cross terms is bounded by

2Elol. ., <2 by et (127)

Since |x) i (x| ;. Is positive semi-definite, its trace norm equals its trace, we obtain

2m

2 Y
<C——.
} (1-0)?
(128)
The proof is completed by summing up the bounds in Eq. (127) and Eq. (128). O

[ERa,. .|, =t (BR,. ) =B [ex(00,. .. )] = E [

D Proof of the weak order 2 dilation

Proof. Write K := ,, U := U,, and abbreviate G, := G . A direct computation using
orthogonality of |10),]01),|11) yields, for any |¢),

K00y [) = > la)@(Galy)), (129)
€{10,01,11}
K*(j00) ® ) = —[00) ® (R*[¢)),  R*:= > GlGa. (130)

@€{10,01,11}
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Iterating gives the standard even/odd pattern K29(|00)® 1)) = (—1)?|00) ® (R?? |[+))) and
K20H1(100) @ |9) = (—1)132, |a) @ (GoR? 1b)). Therefore the first column of U = e
admits the truncated series

Uooy @ ) =00 @ [¢)+ Y )@ (Gah [9)) +R [, (131)

ae{10,01,11}

where Q== I— 3R>+ LR A:=1—1R? and |R|| = O(At%/?) because ||G1|| = O(At/?),
|Gall = O(AY), [|Ga]| = O(AL*?2).
Now fix presampled (£1,&2) and set &3 = €2 — 1, |m) := |m(&1,£2)). By construction,

(m[10) (m|01) _ &3 (m|11)

= s = —=, = . 132
mf00y =S Gmloy ~ V2 (mloo) (1%2)

Project Eq. (131) with (m| and divide by (m|00) to obtain
K=0Q+&GA+ ‘5—3G2A+§2 GsA + Oy (AL?). (133)

V2

It remains to expand each term to the weak- 2 relevant orders. First, R? = GTGl +
O(A2) = At V! ldeld + O(A#?), hence Q = I — StV Vg + O(A2) = T + At Apia +
O(At?), and A =1 — &t Vrlideld + O(At?). Usmg the choice (89), we then obtain

& GiA = &1 (VAL Viia + AP (Buia + §Vinia Vil Viwia) ) (1 = 42V,

mldeid) +O(A/?)
= VAL & Vinia + A2 &4 Biia + O(A/?),

where the %Vmideldeld term cancels the —= mldeldeid contribution induced by A.
Similarly,

&3 53 At At o 3 3/2 3
—_— GQA —_—— rn1 (I+0O(AL)) = — &3 Vi +O0u (AL°), &9 G3A = At/ &5 Chnig+0w (A7),

Finally, the deterministic O(At?) contribution produced by (comlng from the —fR2
and 5;R* terms, and from the O(At?) part of R?) matches 2 A2 up to an Ow(At3)

mid
weak remainder; this is precisely the same weak-2-preserving mldpomt simplification used

in passing from Eq. (77) to Eq. (80). Collecting all terms gives Eq. (92). O
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