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Robust self-testing in non-local games allows a classical referee to certify
that two untrustworthy players are able to perform a specific quantum strategy
up to high precision. Proving robust self-testing results becomes significantly
easier when one restricts the allowed strategies to symmetric projective max-
imally entangled (PME) strategies, which allow natural descriptions in terms
of tracial von Neumann algebras. This has been exploited in the celebrated
MIP*=RE paper and related articles to prove robust self-testing results for
synchronous games when restricting to PME strategies. However, the PME
assumptions are not physical, so these results need to be upgraded to make
them physically relevant. In this work, we do just that: we prove that any
perfect synchronous game which is a robust self-test when restricted to PME
strategies, is in fact a robust self-test for all strategies. We then apply our
result to the Quantum Low Degree Test to find an efficient n-qubit test.

1. INTRODUCTION

In a non-local game G, two cooperating but distant players respond to questions drawn
from a known distribution to satisfy a known winning condition determined by a referee.
A quantum strategy allows the players to share an entangled state and perform local
measurements, often leading to a higher winning probability than classically achievable.
Remarkably, certain non-local games exhibit an even stronger guarantee: they admit
a unique optimal quantum strategy, making it possible to certify the underlying quan-
tum state and measurements solely from the observed statistics. This is the essence of
self-testing, a concept whose roots trace back to foundational work by Summers and
Werner [SW8T], Popescu and Rohrlich [PR92], and Tsirelson [Tsi87], and was later intro-
duced by Mayers and Yao [MY04] from a cryptographic perspective.
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Self-testing is arguably the strongest form of device-independent quantum certification,
where one aims to classically verify the behaviour of a quantum device without making
any assumptions about its internal workings. This idea has found impactful applications
in device-independent cryptography [BSCA18a; BSCA18b], verifiable quantum delega-
tion [RUV13; CGJV19; BMZ24], and quantum complexity theory, including the recent
breakthrough MIP* = RE [INVWY22].

Due to inevitable noise and imperfections in real-world implementations, the strategy
executed in an experiment may only win the given non-local game near-optimally. As a re-
sult, all the aforementioned applications require self-tests to be robust: any near-optimal
strategy must be close—under a suitable notion of distance—to the unique optimal strat-
egy. We say that a game G k-robustly self-tests an ideal optimal strategy S for a class of
employed strategies C if every e-optimal strategy in C is x(¢)-close (up to local isometries)
to S. Here, k : Rsg — Rsq satisfies k(e) — 0 as ¢ — 0 and is called the robustness of
this self-test.

To mathematically prove that a game is a robust self-test, one typically imposes ad-
ditional assumptions on the class C of employed strategies. These assumptions simplify
the analysis because the resulting strategies often admit nice algebraic forms. For in-
stance, the existing self-testing results typically assume that the employed strategies
S = (|¢),{Az},{B/}) are projective, meaning that the players’ measurement opera-
tors {A%}, {B}/} are projection-valued measures (PVMs). In this setting, strategies for
a game with n questions and m answers correspond to representations of the group
algebra C[Z:" x Z:"']. Another common assumption is that the employed strategies
S =([v),{A%},{B}/}) are full-rank, in the sense that the shared entangled state |¢)) has
full Schmidt rank. Such strategies are centrally-supported [PSZZ24], so for every mea-
surement operator A? of Alice, there exists some operator AZ" acting on Bob’s registers
such that A* @1 [¢)) = 1® A? |[¢)). However, from a device-independent perspective, such
assumptions limit the scope of security and soundness guarantees provided by self-testing.
For example, in quantum key distribution, an adversarial device might deviate from the
assumed behaviour, potentially compromising the protocol; in quantum interactive proof
systems, these assumptions may fail to capture the behaviour of general malicious provers,
thereby weakening soundness. This gives rise to a trade-off: stronger assumptions make
robust self-testing results easier to prove but less generally applicable. A central question
is, therefore, how to lift such assumptions while preserving the robustness of self-tests.

Recent progress has been made on this front. In particular, [PSZZ24] establishes that for
binary output games and synchronous games, self-testing for projective strategies implies
self-testing for general POVM strategies. This was later extended in [Bap+23], where the
authors show that the projectivity assumption and the full-rankness assumption can both
be lifted in robust self-testing, provided that the non-local game has an optimal strategy
that is simultaneously projective and full-rank.

In this work, we focus on synchronous games [PSSTW16] and robust self-testing for
their perfect quantum strategies. Such games exhibit a rich algebraic structure. To each
synchronous game G one can associate a x-algebra A(G)—known as the synchronous
algebra—whose tracial states correspond to perfect strategies within different mathemat-
ical models for entanglement [KPS18; HMPS19]. This algebraic framework plays a central
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role in the recent developments connecting quantum interactive proofs to operator alge-
bras [JNVWY22; MNY22; NZ23].

One of the essential building blocks of synchronous games is the class of PME strategies,
where the players share a maximally entangled state and perform projective, symmet-
ric measurements. It is well-known that any perfect strategy for a synchronous game
is a convex mixture of PME strategies [PSSTW16], and recent results [Vid22; Pad25]
demonstrate that any near-perfect strategy is close to a convex mixture of PME strate-
gies. This has been further extended to infinite-dimensional models [MS23; Lin24]. PME
strategies are also particularly tractable in the context of self-testing: if we assume em-
ployed strategies are PME, then the robustness is closely related to the stability of the
synchronous algebra in the normalised Hilbert-Schmidt norm. Therefore, it is often more
straightforward to prove that a synchronous game is a robust self-test for PME strategies,
using techniques from approximate representation theory (see e.g., [CVY23]). However,
perfectly maximally entangled states are not physically realisable in practice. Meanwhile,
noise on maximally entangled states can significantly reduce the power of quantum inter-
active proof systems [QY21; QY23; Don+24]. This motivates our central question about
lifting the PME assumption in synchronous self-testing.

Question 1.1. If a synchronous game robustly self-tests a perfect strategy S for PME
strategies, does it follow that it robustly self-tests S for general POVM strategies?

1.1. Main results. We answer the above question affirmatively and quantitatively.

Theorem 1.2. Let G be a synchronous game. If G' k-robustly self-tests a perfect quantum
strateqy S for PME strategies, then G k'-robustly self-tests S for general POV M strategies,
where k' is polynomially related to k.

The precise relationship! between k and &’ is established in Corollary 5.5. Crucially,
this relationship is independent of the size (i.e., the number of questions and answers) of
the game; it depends only on the synchronicity of G, which quantifies how frequently the
referee checks the players’ consistency by sending them the same question.

This notion of synchronicity is also closely tied to another fundamental aspect of ro-
bust self-testing: the probability distribution over question pairs. A non-local game is
defined with respect to such a distribution v, determining how often each type of ques-
tion is asked. Separately, when evaluating the closeness between an employed strategy
and the ideal optimal strategy, a second distribution 7 can be used to weight the “dis-
tance” (see Definition 2.1). Historically, most robust self-testing results assume that the
game distribution v and the distance distribution # coincide. However, in many natural
scenarios—especially when certain questions only exist to enforce the desired structure of
optimal strategies on the other questions—it is useful to consider the more general case
where v # 1.

'We remark that the results in [Zha24] and [Kar25] show that for any perfect synchronous game G,
both robust self-testing for PME strategies and robust self-testing for general strategies are equivalent to
the uniqueness of amenable tracial state on the synchronous algebra A(G). However, their results do not
establish a quantitative relationship between the robustness of the two cases.
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To capture such situations, we define a game to be a (k,7)-robust self-test if every
e-optimal strategy (with respect to the game distribution v) is k(e)-close to the ideal
strategy with respect to © (see Definition 2.3). Most of the results in this paper are
stated and proved with respect to this generalised notion of robustness. This framework
is particularly useful in the analysis of the Quantum Low Degree Test [CVY23], which is
one of the key ingredients in the MIP*=RE proof. Within this generalised notion of robust
self-testing, we show that this test can be used to verify that the players approximately
have access to maximally entangled qubits and Pauli operators acting on those qubits.

Theorem 1.3 (Precise statement in Corollary 6.3). Performing the Quantum Low Degree
Test and a synchronicity test with equal probability k'-robustly self-tests the maximally
entangled state on n qubits together with a generating set of Pauli operators on those
qubits. Here k' depends polynomially on k, the robustness of the Quantum Low Degree
Test restricted to maximally entangled states.

1.2. Comparison to other results. A well-informed reader may wonder whether our
main result, Theorem 1.2, follows directly from Vidick’s result [Vid22], which shows that
an almost synchronous strategy S can be approximated by a convex combination of PME
strategies Sy, A € R, each with their own state [¢))). More precisely, after decomposing
the reduced density p used in § into spectral blocks p), one obtains PME strategies S, on
these blocks whose measurements (on average) approximate the original measurements
with respect to the state |1,).

This result suggests a natural roadmap for proving our theorem. Suppose the syn-
chronous game is a PME robust self-test with ideal perfect strategy S. Given a near-
perfect strategy S, one could try to apply PME robust self-testing to each PME block
S», and then use the closeness of each Sy to S to conclude general robust self-testing.

However, this approach faces several obstructions. For a robust self-test, closeness of
measurement operators is measured with respect to the employed state |¢). Vidick’s
result guarantees closeness of measurement operators with respect to [¢,), but this is
not sufficient to guarantee closeness with respect to [¢) in a vacuum. This is a problem
particular to robust self-testing; Vidick’s result is well suited for transferring correlation
estimates, consistency estimates, or algebraic relations from PME strategies to almost
synchronous strategies, as illustrated in [Vid22, Section 4] as “rigidity” properties. A
second, more technical obstruction is that robust self-testing requires closeness up to
a single pair of local isometries. PME robust self-testing gives you a good pair of local
isometries for each PME strategy Sy, but combining them is arguably not straightforward.

Nonetheless, Vidick’s result is an important ingredient in our proof, and much of Section
4 is devoted to overcoming the obstructions described above. Below we outline our proof
approach and technical contributions.

1.3. Proof approach and technical contributions. Our main result—that robust
self-testing for PME strategies implies robust self-testing for general strategies—is proved
in three steps, corresponding to Section 3, Section 4, and Section 5, respectively.

We begin by formulating PME strategies—more generally, any strategy employing a
maximally entangled state—using tracial von Neumann algebras. We adapt the notion
in [CVY23] of distance between families of unitaries to define a ‘von Neumann distance’
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between PME strategies (see Definition 3.1). Our first main technical contribution is to
show that this von-Neumann distance is equivalent, up to a constant-factor trade-off, to
the standard distance defined in the Hilbert-space formalism (Lemma 3.2). Therefore,
we can reformulate robust self-testing for PME strategies in the von Neumann algebraic
language. This algebraic formulation allows us to exploit the symmetry of PME strategies
by working with the algebra generated by a single player’s measurements and reduced
state, and it enables us to connect our results to the main result from [CVY23].

As an intermediate step toward proving Theorem 1.2, our second main technical con-
tribution is to show that x’, the robustness for general strategies, is controlled by the
robustness x for PME strategies and the spectral gap of the ideal perfect strategy S
(Theorem 4.6). Here, S having spectral gap A means that any strategy S that uses the
same measurements as S but employs a quantum state orthogonal to the maximally en-
tangled state in § can achieve a winning probability of up to 1 — A. Intuitively, such a
strategy S is “far from” S, so a small spectral gap indicates poor robustness in self-testing.

Our last step is to show that, perhaps surprisingly, if a synchronous game G k-robustly
self-tests an ideal perfect strategy S for PME strategies, then the spectral gap of S
admits a lower bound that is polynomially related to x (Theorem 5.4). As a result, in
Theorem 1.2, the robustness «’ is controlled by—indeed, polynomially related to—the
original robustness k. In the case of Quantum Low Degree Test based on a linear code of
relative distance d, we explicitly compute its spectral gap to be d/2 (Theorem 6.1), which
further yields our second main result Theorem 1.3.

1.4. Acknowledgement. MV is supported by the NWO Vidi grant VI.Vidi.192.018
‘Non-commutative harmonic analysis and rigidity of operator algebras’. YZ is sup-
ported by VILLUM FONDEN via QMATH Centre of Excellence grant number 10059,
Villum Young Investigator grant number 37532, and an ERC grant (QInteract, Grant
No 101078107). The authors would like to thank Martijn Caspers for reading an earlier
version of this work and identifying some inaccuracies. The authors would also like to
thank Michael Brannan, William Slofstra and the Institute for Quantum Computing in
Waterloo for allowing MV to do a research visit there, where this project was conceived.

2. PRELIMINARIES

2.1. Non-local games and strategies. In this paper, given a Hilbert space H, we
denote by B(H) the algebra of bounded operators on H. We write 1y for the identity
operator on H, and simply 1 if the underlying space is clear from the context. We also
use 1 for the identity element of a von Neumann algebra. A collection of operators
{P}t., C B(H) is a positive operator-valued measure (POVM) if every P, > 0 and
Zf:l =1

A two-player (commonly called Alice and Bob) non-local game G is specified by a tuple
G=(X,Y,v,A B,D), where X, ), A, and B are finite sets, v is a probability distribution
onXx)Y,and D : X x Y x AxB — {0,1} is a predicate. Alice and Bob know all the data
in G and they can strategise together before the game begins, but they are not allowed
to communicate once the game starts. During the game, Alice and Bob receive questions
x € X and y € Y respectively from a referee with probability v(z,y), and they return
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answers a € A and b € B respectively. Based on the predicate D, the referee determines
whether they win (D(a,b|z,y) = 1) or lose (D(a,blz,y) = 0). In some cases, the sets of
feasible answers are determined by questions. When this happens, we think of A and B as
collections A = {A(z) : x € X} and B = {B(y) : y € V}), where for each question z € X
and y € Y, Alice and Bob can only return some a € A(z) and b € B(y) respectively.

In quantum mechanics, the strategy Alice and Bob employ for a non-local game G =
(X, Y, v, A, B, D) is described by a tuple

S=(lw) € Ha® Hp, A= {AZ}, B = {B}})
where

(i) Alice and Bob share a quantum state (unit vector) |¢)) € Hy ® Hp, and

(i) for each x € X (resp. y € Y') Alice measures her register using a POVM {A? : a €
A} on Hu (resp. Bob measures his register using a POVM {B} : b € B} on Hp),
and we shorten {{AZ},ca|z € X} to {A*} (resp. {{B} }resly € YV} to {B!}).

By Born’s rule, if the players employ a strategy S = (1)) , A, B), then the probability
that they response a € A and b € B upon receiving x € X and y € ) is given by

(21) Cx,y,a,b = W‘ Az ® Bll;/ W> .

The collection C' = {Cyyap} € RY*YxAXB ig called the correlation induced by S. The
winning probability of C' for G = (X, Y, v, A, B, D) is given by

w(G;C) = B 5 D(a,z,y)Cryas
) a,b

where E -=3, v(z,y)-is the expectation with respect to v. The winning probability

(z,y)~v
w(G; S) of a strategy S for a game G refers to the winning probability of the correlation
induced by §. When the game G is clear from the context, we just write w(S) for w(G; S).
In this paper, we assume all strategies employ finite-dimensional systems. We denote
by Cy(X,Y, A, B) the set of correlations induced by strategies through Equation (2.1).
The quantum value w,(G) of a non-local game G is the supremum of w(G;C) over all
C € C,. A strategy S or a correlation C is said to be optimal for G if its winning
probability achieves the quantum value w,(G). When w,(G) = 1, we replace “optimal”
with “perfect”. We call a game perfect if it admits a perfect (finite-dimensional) strategy.
Given a strategy S = (|¢) , A, B), we refer to the element

TG’,S = IE;’ ZD(CL,MZ’,Q)AZC@Bg
Y a,b

(z
in B(Hy ® Hg) as the game polynomial of S for G. The winning probability of any
strategy &’ = (|¢') , A, B) for G is equal to (¢'| Tgs [¢). We will be particularly inter-
ested in the spectral gap of 7T; s, which is the difference between the largest and second
largest eigenvalues of T s, accounting for multiplicities. This means that any self-adjoint
operator has spectral gap equal to zero if the largest eigenvalue has multiplicity larger
than one.
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If a POVM {P; : 1 <i <k} on H consists of mutually orthogonal projections in the
sense that P? = P, and P;P; = 0 for ¢ # j, then it is called a PVM. Any k-outcome PVM
{P, : 1 <i <k} corresponds a unitary U of order k via the Fourier transform

U= iexp@r“_ )pj

and vice versa via spectral decomposition. A strategy S = (|¢), A, B) is said to be
projective if {A% a € A} and {B/,b € B} are PVMs for all z € X,y € Y. In this case,
we often specify the measurement operators {A* : a € A} and {B} : b € B} using their
corresponding unitaries U(A*) and U(BY).

Given two finite-dimensional Hilbert spaces H4 and Hp, every vector |¢)) € Hy @ Hp
has a Schmidt decomposition

k
= Ailow) ®[8;)
=1

where the Schmidt coefficients \;’s are positive real numbers, and {|a;) : 1 < i < k} and
{18;) : 1 < i < k} are orthonormal subsets of H4 and Hp respectively. A unit vector
|Y) € Hy ® Hp is maximally entangled if dim(H,) = dim(Hp) =: d and [¢)) has a
Schmidt decomposition

Z\/—’O‘z ® |Bs) -

A strategy S = (|¢), A, B) is said to be maximally entangled if |¢)) € Hy ® Hp is a
maximally entangled state.

If X =Y and A = B in a non-local game G = (X,Y,v, A, B, D), then we write
G = (X,v, A, D). It is often convenient to work with symmetric games and symmetric
strategies. A non-local game G = (X, v, A, D) is symmetric if

(i) v(z,y) = v(y, ), and
(ii) D(a,blz,y) = D(b,aly,z) for all a,b € A and x,y € X.

A strategy S = (|¢), A, B) for a non-local game G = (X, v, A, D) is symmetric if
(i) Ha= Hp = H,

(i) 1) = 3 Vi |us) @ Ju;) where \; > 0 for and {|u;)}; is an orthonormal basis for H,
and

(iii) A? = (B®)T for all @ € A and z € X, where the transpose is taken with respect to
the basis {|u;)}.

Note that in this case, the reduced density matrix p of [¢)) on Alice and Bob’s sides are
both >; A\; |w;) (u;], and we have

WS @T|Y) = Te(Sp'*T"p'/?)
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for S, T € B(H), which is called Ando’s formula. Since Bob’s measurements are com-
pletely determined by Alice’s measurements, we write any symmetric strategy as & =
(J),A). Given any strategy S = (|¢0), A, B) with Schmidt decomposition given by
1) = S8, Niag) ® |B:), we define its associated symmetric strategies Sy = ([14), A)
and S = (|¢) , B) where [4) = Sy A [as) ® Jas) and [vp) = S0, A |8) @ [8;).

Let S = (J¢) , A) be a symmetric strategy. If |¢)) is maximally entangled, we call S an
ME strategy. If an ME strategy is projective, we call it a PME strategy. Note that, given
a symmetric strategy S = (|10), A), Ando’s formula tells us that choosing a different
symmetric state [¢)') with the same reduced density matrix gives rise to an equivalent
strategy &’ = (|¢0') , A), in the sense that they are related through a unitary on Bob’s
side. This may seem strange at first, but this happens because the transpose depends on
the state, so the operators for Bob will also change if one changes the state. In particular,
this means that for any two maximally entangled state |¢) and [¢)’), the strategies (|¢) , A)
and (|¢') , A) are equivalent.

In this paper, we focus on synchronous games and synchronous correlations. A sym-
metric game G = (X, v, A, D) is synchronous if v(z,z) > 0 and D(a,d’|z,z) = 0 for all
x and a # o'. Given § € (0,1), we say a game G = (X, v, A, D) is S-synchronous if it is

synchronous and
v(z,z) > B> v(z,y)
yeX
for all x € X. A correlation C' € Cy (X, X, A, A) is said to be synchronous if C; 5 40 =0
for all z and @ # a’. We use C;(X,.A) to denote the set of synchronous correlations
in Cy(X,X, A, A). As shown in [PSSTW16], a correlation C' € Cy (X, X, A, A) is syn-
chronous if and only if there is a finite-dimensional unital tracial C*-algebra (<7, 7) and

PVMs {E? :a € A}, x € X in & such that
Cayap = T(EGEY)

for all z,y € X and a,b € A.

Any ME strategy S = (]¢) , A) induces a tracial state 7 on the algebra generated by
AZ’s via 7(o) = (Y| a ® 1 |¢p). Furthermore, (| A ® By |¢)) = 7(A*A}). This gives an
alternative way to describe ME and PME strategies in terms of tracial von Neumann
algebras.

A tracial von Neumann algebra (M, 7) is a von Neumann algebra M together with
a normal faithful tracial state 7 on M. The corresponding trace-norm (or so called 2-
norm) |- on M is given by |a|, := \/7(a*a). For example, (M,(C),tr) is the von
Neumann algebra of n X n matrices with the normalised trace tr(a) = £Tr(a). We also
work with Schatten p-norm in M,(C) for p € [1,00]. In particular, || X|; = Tr(|X]),
| X |2 = /Tr(X*X), and || X || is the largest singular value of X.

Any ME (resp. PME) strategy S for a game G = (X, v, A, D) can be specified by a
tuple (M, 1, A) where M = B(H) for some finite-dimensional space H, 7 is the normalized
trace on M, and A = {{A%},ea C M|z € X} are POVMs (resp. PVMs) in M. The
correlation induced by & = (M, 7, A) is given by

Coyap = T(AgAY)-
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In fact, any such triple S = (M, T, A) gives rise to a strategy in this way, even if M
is a finite dimensional von Neumann algebra that is not of the form B(H) for some
finite-dimensional Hilbert space H. One can recover the usual formulation of a strategy
S = (j¢),A,B") on Hy ® Hp using the GNS construction. Let M C B(H). Then
Hyo=Hp=H, A=A B = AT and |¢) is the cyclic vector corresponding to the GNS
construction by identifying B(H) (equipped with the Hilbert-Schmidt inner product) with
H® H. Since M C B(H), the cyclic vector becomes a vector in H ® H. Note that while
H ® H and B(H) are naturally isomorphic, H and H are not. One needs to specify a
basis to identify B(H) and H ® H and to take the transpose in B’ = AT. Consequently,
a triple S = (M, 7, A) defines S = (o)), A’, B') up to unitary equivalence on Bob’s side.
We call the state |¢)) obtained in this way a GNS state for (M, 7), and it satisfies

T(X) = @|(X @ 1)¥) = ¥ (1®X") |[¢)

for all X € M.

Note that not all strategies S = (|¢) , A, B) can be written in von Neumann algebra
terms. A strategy is of the form (M, 7, A) if and only if it is a classical convex combination
of ME strategies, intuitively meaning that each round an ME strategy is selected based
on classical shared randomness.

Definition 2.1 (Local dilation). For two strategies S = (1), A, B) and S = (|9}, A, B),
we say that S is a local (e, v)-dilation of S for some € > 0 and distribution v on X x )
if there are isometries V4 : H4 — H4 @ K4 and Vg : Hp — Hp ® K5 and a unit vector
lauz) € K4 ® Kp such that

[(Va ® Vi) [0 — ) @ |auz)|| <,

1/2
(E SI(Va® V) (AL @ 1) |w>—((Ai®ﬂ>\zﬁ>)®lau:c>ll2> <e

TvA

1/2
(yLEDB Y I(Va® Ve)(1 @ BY) [v) — ((]1 ® By) \1/1)) ® |aux>]|2> <,
b
where v, and vg are marginal distributions of ¥ on X and Y respectively.

Remark 2.2. The above definition is different from [Vid22, Definition 2.4], where the
last two inequalities are replaced by the single inequality

z,Y)~v

1/2
(( B ZZ;HWA@VB)(A;”@BE)M—((Ag@gég)h/?))@]amm?) <e

The reason we choose this different definition is that we need to relate local dilations
in this framework to local dilations in the von Neumann algebra framework, as will be
defined in Definition 3.1. This is only possible using our definition of a local dilation. We
will now show that a local (e, v)-dilation in the sense of Definition 2.1 is a local (3¢, v)-
dilation in the sense of [Vid22, Definition 2.4, but that the reverse implication does not
hold for any constant trade-off for POVM strategies. We do not know if such a separation
exists for projective strategies as well.
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Let S = (|¢), A, B) be alocal (e, v)-dilation of S = (|)) , A, B) in the sense of Definition
2.1. Using the fact that
2 (VBBVE)* < 1,3 (A7) < Tand 3 (A7 @ VeBY) (4] @ VeBY) < 1,
b a a,b

it follows from the inequalities of Definition 2.1 that

1/2
( E > I(Va® Ve)(AL @ BY) [v) — (AL @ 1k, ® VeBIVE) ) ® \au:c>|]2> <e,

()~ 43

1/2
((x EENVZII (A®V, @ VBY) [¢) — ((Ag ® BY) |¢j>> ® |aux>||2> <e

and

1/2
(@ LEN,,ZH (A2 @ VeBY) ((Va @ 1) W) — (Lgax, ® Vi) [0) ® auz) ) ||2) <e

Using the triangle inequality now yields

1/2
((:c ZEENVZH (Va® Vi)(AZ @ BY) [v) — (A @ BY) [¥)) ) @ |aua:)||2) < 3e.

To disprove an implication with constant trade-off in the converse direction, let S =
(|1), A, B) be a local (e, v)-dilation of S = (|¢) , A, B) in the sense of [Vid22, Definition
2.4]. Consider now the families of strategies {S,,}n>1 and {S, }n>1, given by

1 1
Sn = (W% n) B ) (A(n)) = 7Ai7 (B(n))b - 7By and
n

’L

§u = (), AW, BO), (AW);, = &g, (B >1=}lés

for answer sets A, = A x {1,...,n} and B, = B x {1,...,n}. We see that S, is a local
(¢/n,v)-dilation of S, in the sense of [Vid22, Definition 2.4]. On the other hand, if S is
a local (8, v)-dilation of S in the sense of Definition 2.1 for some optimal § > 0, then S,
is only a local (0/+/n,v)-dilation of S, in the sense of Definition 2.1, proving that it is
impossible to universally bound § from above by Ce for some constant C'.

Definition 2.3 (Self-testing). Given a non-local game G = (X, Y, v, A, B, D), a class of
strategies C, an S € C that is optimal for G, a probability distribution 7 on X x ) and
a function k : Ry — Rs( such that x(e) — 0 as ¢ — 0, we say that G (k, ?)-robustly
self-tests S for the class C if for any € > 0 and S € C with w(G; ' S) > wy(G) — ¢, Sisa
local (k(€), D)-dilation of S. We say that G r-robustly self-tests S for class C if ¥ is equal
to v, the distribution used in the non-local game.

The optimal strategy S in the above definition is usually referred to as the ideal optimal
strategy for G. In this work, we are primarily interested in the class of all PME strategies
Cpy e and the class of all strategies Cyy. We simply say that G (k, )-robustly self-tests S
(or G is a (k, D)-robust self-test) if G (k,0)-robustly self-tests S for C,;. We say that G
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(1, 7)-PME-robustly self-tests S (or G is a (x, )-PME-robust self-test) if G' (, #)-robustly
self-tests S for Cprg.

In Section 2.1 the perhaps somewhat uncommon notion of a -synchronous non-local
game was introduced. If one views robust self-testing from the viewpoint of certifica-
tion protocols, the S-synchronous condition is not significantly stronger than being syn-
chronous. This is captured in the following definition and lemma.

Definition 2.4. Let G = (X,v, A, D) be a synchronous game, let v4 be the marginal
distribution of ¥ on X and let § € (0,1). Let v/ be the probability distribution on
X x X defined by V'(x,y) = Bra(x)dsy + (1 — B)v(x,y). Then we call (X,1, A, D) the
[-synchronised version of G.

Lemma 2.5. Let G = (X, v, A, D) be a synchronous game and let § € (0,1). Let U be
a probability distribution on X x X and let G' be the B-synchronised version of G. If G
(k, D)-robustly self-tests an optimal synchronous strateqy S for class C, then G' (K/,D)-

robustly self-tests S for class C with r'(e) = li(ljﬁ).

Proof. This is immediate after realising that for any strategy S we have the implication

W(@38) —w(@:8) <€ = w(GS) —w(G:S)| < — 5 O

Historically, robust self-testing has been studied in the case where the probability distri-
bution of the game equals the probability distribution used in the local dilation. However,
one can conceive situations where one wants to verify that some parts of a strategy match
the ideal one, and that the other questions are merely present to ensure this behaviour.
We will encounter an example of this behaviour when we come to the Quantum Low
Degree Test in Section 2.3.

Definition 2.1 is about measuring the “distance” between two strategies. As we will
discuss in Section 3, for ME strategies, their distance can be described in the framework
of von Neumann algebras. So we provide more background on von Neumann algebras
for subsequent use. We use ¢*(N) to denote the Hilbert space of sequences in CN that
are convergent in the Euclidean norm and we use {|e;) : i € N} to denote the standard
basis. The trace Tr on the von Neumann algebra B(¢*(N)) of bounded operators on
(%(N) is given by Tr(z) = Y ,cn (€]  |e;). In general, the tensor product of two tracial
von Neumann algebras is viewed as a tracial von Neumann algebra by taking the spacial
tensor product and equipping it with the tensor product of the traces. For any tracial von
Neumann algebra (M, ™), we denote by M> the von Neumann algebra M®B((*(N)),
i.e. the o-weak closure of M ® B((*(N)) equipped with the trace 7°° = 7™ @ Tr. Let I),
be the projection onto the 15 coordinate in CN. We usually identify M with M ® I,; in
M and write I, for 1® I, € M. For any projection P € M, an operator V € M*P
is an isometry if V*V = P.

2.2. Almost synchronous correlations. To demonstrate that a game is a robust self-
test, we need to study strategies that are nearly optimal. In particular, we consider
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correlations and strategies that are almost synchronous. Given a distribution v on X,
the asynchronicity of a correlation C' € C, (X, X, A, A) with respect to v is

5sync(C V = E zszab_l_xE anrxaa
a#b

The asynchronicity dsyne(S;v) of a strategy S = (|¢) , A, B) refers to the asynchronicity
of the correlation induced by S. If S = (M, 7, A) is an ME strategy, then

(2.2) Soyne(S; V) = EZ A”Al’_l—EZ ((42)?).
From Equation (2.2), it is easy to see that the asynchronicity of any PME strategy is 0.

Lemma 2.6. Let G = (X, v, A, D) be a B-synchronous game and let v4 be the marginal
distribution of v on X. Then

(.U(G, C) S 1 - ﬁésync(o; VA)

for any correlation C'.

Proof. Since G is [-synchronous, we have
v(z,2) > B v(z,y) = Bra()
for all z € X. So '
8 = Geyne(Cva) = 1 — Z va(z) Z Craaa > 1— ;Z v(2,7) ) Cosaa-

a a

It follows that

1-w(GC)=>v(z,y) D, Ciyap

z,y D(a,b|z,y)=0

Z Z I/((L’, I‘) Z Cx,x,a,b
D(a,b|z,x)=0

- Z v\x,r Z Cz V50,0
a#b

> Z 6VA Z Cx ,Z,a,b
a#b

— 36,

This proves the inequality. O

Lemma 2.7. Let § = (|), A, B) be a strategy and let Sy and Sp be the associated
symmetric strategies. Then for any distribution v on X,

(23) 11— sync S V \/1 sync(SA; V)\/l - 5sync(SB7 V)7
(2.4) Osync(Sa; V) < 204ync(S; V), and
(2.5) Seyne (S5 V) < 264yme(S: 1),
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Proof. Equation (2.3) was proved in [Vid22, Corollary 3.2]. Since \/1 — Osync(Sp, V) < 1,
1-— 5sync<8; v S \/1 - 5sync SAa V)\/l - 5sync(SBa V)

1
< \/1 sync SA, ) < 1 - iésync(SA;V)-
This proves Equation (2.4). Equation (2.5) holds similarly. O

The following “replacement” lemma is similar to [Vid22, Lemma 2.10]. For the sub-
sequent use, we provide specific constants instead of big-O in the asymptotic analysis.

Lemma 2.8. Let S = (|[¢), A, B) be a strategy for a symmetric game G = (X, v, A, D).
Let vy be the marginal distribution of v on X, and let pa and pp be the densities of 1))
on Hy and Hg respectively. If A = {A*} is a family of POVMs on Hy and B = {B}} is
a family of POVMs on Hg with

va:= E ZTr(Aw Aﬁ)QpA);

TV A

vg:= E ZTr(By éf)QPB),

Y~rva

then
z ;E’;y Z’Cx,y,a,b - Cx,y,a,b’ S 126sync(8; VA) + 4\/ YA + 4\/ VB,
’ a,b

where C' and C are the correlations induced by S and S = ([0 , A, B), respectively.

Proof. Let S4 and Sp be the associated symmetric strategies of S, and let " be the
correlations induced by the strategy (|¢), A, B). Then by [Vid22, Lemma 2.10], we have

E Zlcryab a:yab’ < 355ync(SA7VA> +4\/ YA,

T, Yy~v

z}./EQuZ' zy,ab J:,y,a,b| < 355ync(SB; VA) + 4\/ VB-

The rest follows from the triangle inequality and Lemma 2.7. [

Let S be an almost synchronous strategy. Lemma 2.8 implies that small perturbations
on the measurement operators will result in small perturbations on the correlation. This is
particularly useful when we want to orthogonalize the measurements (i.e., find a projective
strategy nearby).

Lemma 2.9. Let § = (|¢), A, B) be a strategy for a symmetric game G = (z,v, A, D)
with reduced densities pa and pp on Hy and Hp, respectively. Let vy be the marginal of
v on X and let § = dsync(S,va). Then there exists a projective strategy S = (|) , A, B)

such that & := 5Sync($’, va) = 0(5%)7
T Az\2 —
(2'6) :JcE?A Za: 1r (<Aa Aa) pA) 0(5

e

),
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(2.7) E ZTr(Bx B2)pp) = O(57),

T~V A
and

(2.8) E ZICwab Cryasl < O(5%),

Ty~
where C and C are the correlations induced by S and S, respectively.

Proof. Let S4 and Sp be the associated symmetric strategies of S. Lemma 2.7 implies
that 4 = dsync(Sa,v4) = O(0) and 6p = dsync(Sp, v4) = O(J). Then by [Vid22, Lemma
3.4], there are PVMs A = {A?} on H 4 such that

JE ST (45 - A)pa) = O(6)) = O(64)

This proves Equation (2.6). The existence of PVMs B and Equation (2.7) follows similarly.
Since every BY and A? are measurement operators,

a1 =B, 3 (1wl 4z @ B2 ) - (ol Az @ B2 )
~ LB, X (s - Ay e B2 + (ol A o (52 - B )
R 1/2 R 1/2
(ot o)) " (2, (- o)
— 05",
Hence 6 = O(6'/%). Then Equation (2.8) follows by Lemma 2.8. O

Equation (2.8) in the above lemma says that the correlations induced by S and S are
close. The following lemma further demonstrates that for any non-local game G, the
winning probabilities of S and S are close.

Lemma 2.10. Suppose C' and C" are correlations that are induced by two strategies S
and §', respectively, for a non-local game G = (X, Y, v, A, B, D) such that

K Z’nyab ;,y,a,b| S €.

T, y~v
Then |w(G;S) —w(G;S")| <.

Proof. Since every D(a,b|z,y) is either 1 or 0, this lemma is an immediate consequence
of the Holder inequality. ]

We call the collection of positive operators {A; : 1 < i < m} an incomplete POVM if
™, A; < 1. It can be completed to a POVM {4, : 1 <i < m+1} by adding an outcome

m + 1 where A,,.1 =1 — ( LA ) The following lemma gives an upper bound of the
“distance” between any two incomplete POVMs.
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Lemma 2.11. Let {4, : 1 <i <m} and {4; : 1 <i < m} be two collections of positive
operators on some Hilbert space H such that Y"1 A; < 1 and >0 A; < 1. Then

So(Ai— A

i=1

<A4.

o0

Proof. We assume without loss of generality that {4;} and {A;} are POVMs, as complet-
ing them can only increase the norm. We start by considering just the sum and expanding
the square to find that

0SS (A= A2 =S A4 A2 — AA - Aidi <2 (z A + fL-A,-) |

i1 =1 i—1
having used that 0 < A;, A; < 1, so A2 < A; and A? < A;. Consequently,

(2.9) ST(A =AY <2+2|D A4
i=1 o i=1 0o

By the Cauchy-Schwarz inequality for inner product C*-modules [RW98, Lemma 2.5], we

know that *
(i AML-) (i AZAZ) < f:Af i;l? <1
so by the C*-identity \Z;V:el have = =1 00 i=1
i AA| <1
Plugging this into Equation (2.9) pl‘OZV:els the leoomma. O

We now describe the results in [Vid22, Section 3]. These are essential for our proof of
Theorem 4.2. However, we need to use the explicit constructions and results in the proofs
of Vidick’s main theorems, instead of the final results. For this reason, we combine the
results we need in the appropriate form in the following theorem. In this theorem, and in
the rest of this paper, we say that z < poly(e) if there exist universal constants C,c > 0
such that x < Ce.

Theorem 2.12 (Vidick). Let X' and A be finite question and answer sets and v be a
measure on X X X with marginal va on the first entry. Let S = (|¢) , A, B) be a projective
strategy on Ha ® Hp and 6 = 6sync(S,va). Let pa be the reduced density of |¢) on Ha,
let Py = x>x(pa) be its spectral projections for X > 0 and let Hy = P\H4. Then the
following are true:

(i) The strategies Sx = (|t\) , PxAP)) are ME strategies, where |1y) is the maximally
entangled state on Hy ® H).

(ii) Let py be the mazimally mized state on Hy. Then

pa :/0 padp(N),
where p is the probability measure defined by du(X) = Tr(Py)dA.
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(iii) The strategies S\ provide an approximate decomposition of S as a convex sum of
mazimally entangled strategies in the following sense:

INVAZ/ Tl“ (A2 — PAZP))? PA) du(X) < V24,

(iv) Let C be the correlation of S. The correlations C* of Sy satisfy

Caas = || Chyandi(N)| < poly(6).

7 )NV

(v) There exist PME strategies Sy = (|105) , A*) such that (iii) and (iv) hold with Sy,
P\AZPy and /20 replaced by Sy, AN and poly(0), respectively.

Remark 2.13. The main omission from the results in [Vid22, Section 3] is that similar
results with worse dependence on ¢ hold for non-projective strategies S. Furthermore,
one should note that this theorem can also be applied to the B-side of the strategy S.

Remark 2.14. Note that

1
Tr( )||A$P)\ — P)\A:EHQ = 2Tr ((Az — PAAip)\y p)\> s

so the above theorem also shows that

T T||2 <
WAZ/ Tropy MR — PATIBdO) < 2v25,

which is the form we will use in our proofs.

2.3. Quantum low degree test. A kind of strategy that we would like to self-test in
particular is strategies that use the spectral projections of elements of the Pauli group and
the maximally entangled state on the corresponding number of qubits. After making this
statement more precise, we present the recently discovered Quantum Low Degree Test,
which is a PME-robust self-test.

Let £ € N and let X, Z € My(C) be the corresponding Pauli matrices. For a prime
power ¢ we let F, denote the finite field with ¢ elements. For an a € F5 we denote the
operator ®§:1 X% by 0% (a) and ®§:1 Z% by oZ(a). The Pauli group on k qubits, Py, is
then given by

P, = {(-=1)“0c%(b)o?(c)|a € Fa,b,c € F5}.
Informally, having access to P, means that you have access to k qubits, since it is a basis
for B((C?)®*) [CRSV17], so a qubit test should in some sense verify that you have access
to the Pauli group. In the non-local game setting, a qubit test verifies that both Alice
and Bob have access to k qubits, and that those qubits are maximally entangled. The
definition was introduced in [CVY23], where they only consider PME strategies. Here,
we will include the class of strategies in the definition.

Definition 2.15. Let k£ € N,k : [0,1] — R, and C be a class of strategies. A (k,x) —
C—qubit test is a synchronous game G = (X, v, A, D) such that there exist

o two sets Sx, Sz C F% that each span F5,

Accepted in { Yuantum 2026-09-07, click title to verify. Published under CC-BY 4.0. 16



« an injection ¢ : ({X} xSx)U({Z} xSz) — X such that A(¢(X,a)) = A(p(Z,b)) =
Iy for alla € Sy, be Sy,

and the following hold:

« (Completeness:) There exists a strategy S = (|)) , A, B) for G on (C* @ H,)®(C*'®
Hp) for some Hilbert spaces H4 and Hp such that w(S) = 1, U(A*W2)) = oW (a)
for every W € {X, Z} and a € Sy and Trg, g, (|¢) (¢|) is maximally entangled on
C2" @ C2". Here U denotes the Fourier transform defined in Section 2.1, which maps
a PVM to the corresponding observable.

e (Soundness:) Let v/ be the renormalised restriction of v on the image of ¢. For any
strategy S = (|v) , A, B) in the class C with w(S) = 1 — € for some € > 0, we have
that S is a local (e, 2/)-dilation of S. In other words, G' (k,v')-robustly self-tests S
for the class C.

We now turn towards the Quantum Low Degree Test, which was introduced in [CVY23].
This test is based on linear codes, so we will first briefly introduce this. More details can
be found in [CVY23].

Let n,k,d € N and ¢ a prime power. An [n, k, d],-linear code C' C IF}! is a k-dimensional
subspace such that for all z # 0 the number of non-zero elements of = (called the Hamming
weight) is at least d, the distance of the code. We call d/n the relative distance. A parity
check matrix for a code C' is a matrix h € Fy*™*" such that ker(h) = C. It is an r-local
tester if the Hamming weight of each row is at most r. A generating matrix for a code C
is a matrix £ € F’;Xk such that the rows of E form a basis for C. One example of a code
is the binary version of the Reed-Muller code Crye, which is an [28m+D ¢(d + 1)™, D],-
linear code with D > 1(1 — 28)2/(m*1) and an (d 4 2)-local tester with 2/"™2(1 + m)
rows [CVY23].

From the code Cgryo and a generating matrix E for this code one can construct
the Quantum Low Degree Test Gqar = (Xqdts Vquats Aquat, Daiat), for which we refer to
[CVY23]. This non-local game is a (k, k)-Cppp-qubit test with x(e) = poly(m,d,t) -
poly(e,27") and k = t(d + 1)™. One can choose m, d and t such that the non-local game
has 2PV 10s(k)) questions and #(€) = poly(log(k)) - poly(e). As Gqa; is a PME-qubit test,
there exists a renormalised restriction of v4q; on the image of ¢ as in Defintion 2.15, which
we denote by 1)y, The main properties we need is that this game is symmetric, that
Sx = Sz = {(Ey)k 4|1 < j < n} where n = 2"+ the length of the code Crye and
that the ideal strategy does not use auxiliary Hilbert spaces.

3. SELF-TESTING IN THE VON NEUMANN ALGEBRA PICTURE

For a large part of our analysis it is necessary to work with the measurement operators
of a single party and with the reduced density matrix of the state for that party. In this
case, Definition 2.1 is not a convenient way to view local dilations. Instead, we would like
a formulation in terms of the measurement operators on Alice’s side and the reduced state
for Alice. This is not possible for all strategies, but it is possible for strategies that are
classical convex combinations of ME strategies, i.e. the strategies that can be described
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as a triple (M, 7, A) for a tracial von Neumann algebra (M, 7) and a family of POVMs A
in M.

Definition 3.1. Given two strategies S = (M, 7", A) and S = (N, 7V, A), a distribution
von X, and an € > 0, we say that S is a local (e, v)-vNA-dilation of S if the following
statements hold. There exist a finite dimensional von Neumann algebra M, with tracial
state Mo a projection P € (M ® My)*™ of finite trace such that N = P(M ® My)>*P and
7 = 7°°/7°°(P), and a partial isometry W € P(M ® My)®Iygu, such that

(31) xINE,,ZHA§ ® Iny — W*AzW”qz-M‘X’Mo <€
and
(3.2) NP = WW*) < e, MM ([0 n — W) < e

The above definition is modelled on the notions of closeness of strategies and soundness
of a qubit test in [CVY23, Definition 5.3 and 5.6] in the sense that soundness in the qubit
test implies that the corresponding strategies are approximate local vNA-dilations. The
following lemma shows that for ME strategies, there is a square dependence between the
notions of local dilation and local vNA-dilation, with constants that are independent of
the question and answer sizes.

Lemma 3.2. Let G = (X,v, A, D) be a symmetric game, ¥ a symmetric probability
distribution on X x X with marginal distribution U4 on X, and let S = (M, ™ A) and
S = (N, 7V, A) be two ME strategies for G, where M = B(H) and N = B(H) for some
finite-dimensional spaces H and H.

a S is a local (e, D)-dilation of S, then S is a local (1700€2, 4)-vNA-dilation of S.
IfS local dil fS, then S local (1700€? NA-dil fS

(b) If S is an local (¢, 04)-vNA-dilation of S, then S is a local ((4 + /2)\/€, P)-dilation
of S.

Remark 3.3. We prove this lemma in the appendix because it takes quite some effort.
This is mainly due to the fact that an auxiliary state in a local dilation does not have
to be maximally entangled, even if both § and S are ME strategies. As we want to
obtain a tracial state on M ® My, this is a problem. We get around this by proving
that the auxiliary state can always be taken to be maximally entangled (see Lemmas A.2
and A.6), but this comes at a price in terms of the constant for the approximate local
dilation, which is the reason why the constant 1700 appears in the theorem. It is good
to note that the auxiliary state is not required to be fully maximally entangled if the
auxiliary von Neumann algebra M is not a factor, i.e. B(H) for some Hilbert space Hy.
Unfortunately, it is unclear how this freedom can be exploited.

We now formulate the first lifting result for robust self-testing, where we show that we
can use robust self-testing for the class of PME strategies to say something about almost
synchronous ME strategies as well. Note that the most natural case is when 7 = v, but
to apply this result to the Quantum Low Degree Test, we need this more general version.
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Lemma 3.4. Let G = (X,v, A, \) be a symmetric game with the marginal distribution
va on X and let U be a symmetric probability distribution on X X X and ¢ > 1 such that
D4 < cva, where Dy is the marginal distribution of U on X. Suppose S = (M, TM,A) 18
a PME strategy that is optimal for G and G (k,0)-PME-robustly self-tests S. Then for
any ME strategy S = (N, 7V, A) with 6 = dsync(S,va) and w(G;S) > w(G,S) —¢€, S is a
(K'(€,0),0)-local dilation of S, where K'(€,d) = K (24\/3—1— e) + 9¢d.

Proof. Let 6, = 1— 3,7V ((A§)2) for all z € X. Then the asynchronicity of S is
d = Osync(S;va) = E §,. By [dIS22a, Theorem 1.2], there is a family of PVMs P =
T~UA

{P?:a € A}ex in N such that
SNAL — P2y < 96,
for all z € X. So
(3.3) v:= E ZHA”*” P2y < 96.

U4

Consider the PME strategy &' := (N, 7V, P). Since deync(S’,v4) = 0 and both S and &’
are symmetric, by Lemmas 2.8 and 2.10,

W(G;S) — w(G; S| < 87 = 24V/5.

Hence, w(G;S') > w(G;S) — e —24V0. Let A = e +24V0. Let [¢) € H® H and
1Y) € H® H be GNS states for (N,7V) and (M, M), respectively. Since G (r, #)-PME
robustly self-tests S there are isometries V4, : H - H ® K4 and Vg : H - H ® K and
a unit vector |aux) € K4 ® Kp such that

I(Va @ Vi) W) = ) @ |auz)l| < 5 (A),

1/2
(xEAZII (Va®Ve)(Py @ 1)) - (Ao 1)|d)) ® |aua:>||2) <k,

1/2
(y E SI(Vaw Ve)(Le (B [4) - (Lo (@) 1) e |au:c>||2) <k(N).

Since V4 ® Vg is an isometry, together with Equation (3.3) and the fact that 04 < cvga,
we have

1/2
(B, SIVa V) az 1) 16) - (@ 1) & awa)|?) < w(3) + 905
and by symmetry
1/2
(E SIVa© Va1 (A1) 14) (1 (A7) 15)) & |aux>|r2) < K (N) + 900

As X = 24V/0 + ¢, we conclude that S is a (Fd (24\/3 + e) + 9¢9, ﬁ)—local dilation of S. [

The next lemma shows that local (e, v)-vNA-dilations can equivalently be defined in
terms of the distance between the measurement operators in N instead of in M ® Mj.
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Lemma 3.5. Let S = (M, 7™ A) and S = (N, 7V, A) be strategies and € > 0. Suppose
that there exist a finite dimensional von Neumann algebra M, with tracial state 7™, a
projection P € (M ® My)>® of finite trace such that N = P(M ® My)*P and 7™V =
7°°/7°°(P), and a partial isometry W € P(M @ My)*Iyem, such that

NP - WW*) < e, 7M™ ([yop, — WW) < e.
Then for all x € X we have
~ 1 ~
DAL ® Iy = W AW [Faiony < 26+ 1= D IW(AT ® L) W™ = A2 and

2€
1 —

N 1 ~
DWW (AT @ gy )W™ = AZ|17x < i > IIAZ ® Lntg — W ATW 2 are,

Proof. Let x € X be arbitrary. Let us identify }iﬁ ® 1 and flﬁ. Note that

<

S (WWATW WAL — (A7)?%)

S (WwWATW W AL — Azw*w[xz)|

+ > (Arw W AT — (A7)?%)

<7*(Inrem, — W*W)HZ(Aﬁ)ZHoo
+ 7 (Insnt, — WD AZW WAL

<2e.

Therefore, we have
50O (A~ WA ) = 507 (AR W AW WAS
_ AW AT — W*Agwflg)
<9+ Y7 (W*W[lgW*Wflﬁ - (AP = zAgw*Agw)
e S =Py (WA - A7)’

and analogously
- 2¢ 1 =
N AZW* — A% 2) <« M®Mo Ar * A® 2 '
P (WAW - 4)) < S+ T o (AL - WAy

Since 1 — e < 7°(P) < (1 —¢)~! by Lemma A.7, we have shown the desired result. [

4. ROBUST SELF-TESTING BASED ON THE SPECTRAL GAP OF THE GAME POLYNOMIAL

In this section we show that a PME-robust self-test whose game polynomial has spectral
gap is automatically a robust self-test. The proof consists of three steps. First, we show
that any almost perfect strategy S for a PME-robust self-test can be approximately
decomposed into ‘orthogonal’ symmetric maximally entangled strategies S; with high
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winning probability. Next, we use the PME-robust self-testing properties of the game
to find partial isometries from S; to the ideal strategy and combine and extend them to
obtain isometries from S to the ideal strategy. The spectral gap of the game polynomial
then allows us to conclude that these isometries form a local dilation.

In the first step of the proof, we will use [Vid22, Theorem 3.1], presented as Theorem
2.12 in this paper, and intermediate results of its proof to construct the decomposition into
the strategies S;. One of these intermediate results provides a bound on the commutator
of the measurement operators of S and the spectral projections of its reduced density
matrix. To make proper use of this, we need the following lemma, which records its
consequences.

Lemma 4.1. Let {A?} be a collection of PVMs on Hy and v a symmetric probability

measure on X X X with marginal va on X. Let v > 0 and let R be a projection on H 4
such that ]

E _

£ Tm)

If |4y € (RHA) ® (RH) is a mazimally entangled state, then

1
Ogme(S,va) = E 3 ™ R>\Tr(RA§> — Tr(RA*RA?)

T~UA
a

1AGR — RAZ|IS <.

<57

N | —

for the ME strategy S = (|¢) , {RAZR}).

Proof. Observe that

(4.1) Tr(A*R — A"RA®R) = ;HAﬁR — RAZ|5.
Since

1
Sne(S,va) =1= E S (AT @A) ) = E Tr(R)(Tr(RAg) — Tr(RAJRA?))

by Ando’s formula, we immediately see from Equation (4.1) that dgne(S,v4) < 37. O

We will now prove the main theorem of this section. Because the proof requires many
computations, we will include several claims in the proof to guide the reader. They
serve as announcements of the next step in the proof and indicate the general flow of the
argument. For the remainder of this section and the next, we will be working with two
probability distributions on X x X; one determining the winning probability and one for
the local dilations. The most natural situation is when both distributions are identical,
but the Quantum Low Degree Test requires us to treat the case with distinct distributions.

Theorem 4.2. Let S = (|[¢), A, B) be a strategy for a perfect symmetric non-local game
G = (X,v, A, D) with winning probability 1 — €. Let ps and pp be the reduced density
matrices on Ha and Hp, respectively, va the marginal of v on X and 0 = dsync(S,va).
Let © be a symmetric probability distribution on X x X with marginal U4 on X and ¢ > 1
such that 0 < cv. Suppose that G (k,7)-PME-robustly self-tests the optimal strategy
S=([¢),A B) on Hy® Hg. Then there exist Hilbert spaces K, and Kp and isometries
Va:Ha— Hi® Ky and Vg : Hg — Hg ® Kp such that for the game Gy = (X,0,A,D)
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the strategy S = ([) , Vi (A1, )Va, Vi(BR1k,) Vi) has winning probability w(Gy; S) >
1- O((c -id + k) (2€ + poly(5))), and
- 2
E:ZT(@g—mug®hgm)M):@@am+@%mwa+%n,

xT~D m

E ST (( — Va(BE © 1i,) Vi) pB) — O ((e-id+ K)2(poly(s) + 2¢)) .
b

Proof. Let &' = (|v)), A’, B') be the projective strategy, obtained from S, using Lemma,

2.9 and let 0" = dgync(S’, v4). By Lemma 2.9, we know that ¢’ = O(8%). Let the measure

on R, the projections Py of H4 onto H, and the family of strategies Sy = (|¢\) , PAAP))

on Hy with reduced density matrix py be as in Theorem 2.12. Let C, ¢’ and C* be the

correlations of S, §" and S, respectively. Let

xg%l/Z|O~’Cyab / myabdlu“ |—Oé

and

B [ AP PAT () = 5.

Claim 4.3. The set A C R, defined by

A={A>0w(S) >1—Va PAY; < \f}

satisfies W(A) > 1 — /o — /.
By Theorem 2.12(iv), Lemma 2.9, Lemma 2.10 and the triangle inequality, we know

that o < poly(8') + O(65) < poly(d). Lemma 2.10 tells us that for any ¢ > 0 we have
that

TUA )

WA > 0lw(S\) > 1 —e—t}) > 1— %
Here we have used the observation that
(42) t(AFO) = s} < [T F ).

Next, Theorem 2.12, Remark 2.14 and Lemma 2.9 state that 5 < 2v/26’ < poly(d), and
we also have for every s > 0 that

p({A =0 E Z Tr( >||A’$PA —PATE<sh) > 1— f

T

by Equation (4.2). Choosing s and ¢ is a trade-off between the strength of the bound and
the measure of the set for which the bound holds. We choose s = /3 and t = y/«, but
many choices are possible here. If we define

A={A>0w(S\)>1-+va—cand E Z

ToUA )

PAZ|2 < \/8),
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we find that u(A) > 1 — \/a — /3. From now on we will purely work with Sy for A € A.
For A € Ry \A the crudest estimates will suffice.
This proves Claim 4.5.
The strategies Sy for A € A give an approximate decomposition of the strategy S. How-
ever, this is not the right decomposition for us when we want to construct isometries. In
essence, the current decomposition is a decomposition into smaller and smaller strategies.
What we need is an approximate decomposition into ‘orthogonal’ strategies, so our next
aim is to construct this. Note that the projections Py are ordered; A < X implies that
P\ > Py, so the dimensions of the Hilbert spaces H) are also ordered. We recursively
define a partition {A;}¥_; of A by setting A\; = min(A),

A, ={) € A|ldim H,, > dim H, > 5 dimHAi} and \;y1 = min(A\ (J A;),
j=1
where k € N is such that A = [J;_ " Aj. Since Py, > Py, we can define projections
Qi = P\, — Py, where 1 <1 < k—1and @, = P, and set H; = Q;H,. Let
|v;) € H; ® H; be a maximally entangled state. We first aim to prove that the strategies
Si = (|ti), Q;A'Q;) have high winning probability. An intermediate step is to show that
Q); almost commutes with A" in an averaged sense.

Claim 4.4. For 1 <i <k the Q; and S; constructed above satisfy

Ezﬂ<ﬂw@—jwm<f+wf

T~UA

and

dsync(Si, va) < (\/_—i—l) \/B and w(S;) > 1—26—2\/_—6\/E 8\/—1—7\/_\/7

Let 1 <i <k —1. Since \;, \j11 € A, we know that

5 Zm 40P~ PATIE < /6

T~UA

for A € {\;, \iy1}. From this we get

(B, Tz - Quizh) < (P 5 + TP o
< (V2+ ) Te(Qi) /5

by using the triangle inequality in the first inequality and the fact that dim H,, >
2dim Hy,,, in the second. Taking y/Tr(Q;) to the other side gives us

(43) (B, % g - @w@ < W3+ 1B

By Lemma 4.1, we find that

68Ync(817VA) (\/_;_ 1) \/E
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Using Equation (4.3) and the fact that w(S),),w(Sx,,) = 1 —a — €, we are now
ready to show that w(S;) > 1 — /o —e — (1 + 2/2)y/B. We will do this by showing
that the winning probability of Sy, is close to the winning probability of the strategy
(1¥n) s QiAQi+Py,, APy, ). Since Py, > Py, ,, we have that Q); and P, , are orthogonal.
We compute

i+1

1
x,]E)A Z WTY ((P/\iAIaIPAi - QlA:le - P)\i+1A:sz)\i+1)2p>\i>

Tr <P>\iAizzP>\iAZc - QZAizzQZA:zx z+1Al$P/\z+1AZC>’

1
= E
SR

Using Lemma 4.1 for each of the three terms, we find that

1
mEAZ TI‘(P)\ )Tl"((P)\ A’:cP)\ — Q AIQZ P)\HIA;QUP/\HJ?P)\Z.)

( + \/_ \/> Z ‘Tl“ (PMA;I - QlAf - P>\i+1A;m)
- (5 + \/5)\/%

By Lemma 2.8 and Lemma 2.10, we conclude that

0S3) — (¥} QuAQ: + Puo AP )| < 6/ + 82 + V3B,

TrO, Te(Py..,
S92 QA + Py APs) = D8l S) + e s wlSh,)

since it is a classical mixture of strategies, we find that

w(S;) > Tr((]a))(l ¢ —Va) - TT(PMI —6y/8 - 8\/7+\/_\/7

> 12 —2v/a—6/8 - 8\/—+\/_\/>

Note that this proof works for 1 < i < k — 1. However, Q; = Py, and Sy = S),, so in
that case the result holds immediately since \; € A.

As

This proves Claim 4.4.
For convenience, we define the constant

5
=2e+2 - 24
v =2+ \/&+6\ﬁ+8\/2+\/_\/ﬁ
going forward.

Having obtained our approximate decomposition into orthogonal strategies that have
high winning probability, we are in a position to use the PME-robust self-testing properties
of G. Our goal will be to construct a single partial isometry W that works well for each
set of measurement operators Py, AP,,. Let 1 <¢ < k. Recall that H; = );H 4, consider
(B(H;), tr;), where tr; is the normalised trace on B(H;), and let §; = dsync(Si, va). Since
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S and S; are ME strategies, We can view them in the von Neumann algebra picture as
strategies (M, 7 LAY and (N;, 7V, Ay), respectively. Since G is a (k, 7)-PME-robust self-
test for S, we know by Lemmas 3. 2 and 3.4 that S is a local (0;, 74)-vNA-dilation of S;,

with

This means that there exists a finite dimensional von Neumann algebra M;, a corre-
sponding von Neumann algebra (M ® M;)*> with trace denoted by 77°, a projection
R; € (M ® M;)*™ of finite trace such that N; & R;(M ® M;)*R; and tr™i = 7°/77°(R;),
and a partial isometry V; € R;(M ® M;)*>° Iy, such that

1
03 r(Q; — V;Vi") = V(R — V;Vi*) < 0, 77 (Tneons, — Vi'Vi) < 6;
and
(4.4) (QA’IQZ VALV)Q:)
xT~D A 2
Ty * 9
= E Y (( VAV>><29+1_9

by Lemma 3.5. Note that we have identified B(H;) = N; and R;(M®M;)>* R;, leading us to
identify Q; and R;. We have also identified A* € M and A*® 1y ® Lpemy) € (M®M;)>,
and we will continue to do so in the rest of thls proof. Lastly, remark that the expectations
in Equation (4.4) are with respect to 7,4 instead of v4. From now on, we will mainly need
expectations with respect to 74. We will freely use that we can obtain estimates on
expectations with respect to 74 by multiplying expectations with respect to v4 by ¢, as
I?A S ClA.
Define
k k
M=PM, M=(MeM)*and R=3 R,

i=1 i=1
We observe that RMR = B (H),), and we are now ready to define our desired partial
isometry V' by

k
V= ZV; S RM[M@M'
i=1
The definition of the A; allows us to compute that

T
To(Py, — VV*) = ( ZTr WG*)SZTE(J?)

TI"(PM)
Let us define

6 = 1700 (n(24(1 - ;\/i)g‘/ﬁﬂ) + Z(\/§+ 1)%\/5)27

so 0; < @ for all i. We also have that Zfzj Tr(Q;) = Tr(Py,) for all 1 < j <k, so we find
that

1
—Tr(P\. — ) < 4.
Tr(Py,) B, — VYV <
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If X € A, then it follows from this equation that

1 1
Te(Py — VV*PVV*
Ty WV = Spy

where we use the cyclicity of the trace in the first step and Holder together with Tr(Py;) <
2Tr(Py) in the second.

Next, we set out to show a relation between A* and VAV*. Our goal is to prove the
following claim.

(4.5) Te((Py, — VV*)P)) < 26,

Claim 4.5. The partial isometry V' is a ‘good’ partial isometry on each subspace Hy with
A €A, in the sense that

Tr (A = VAIV)?R) < (V2 +1)° e/ + 40 + 20

1
E
Ty za: Tl”(P)\) 1—-06

By the way V is constructed, we have
VAIV*Q; = VATV Q.
Let A € A and let 1 < j < k be such that A € A;. By decomposing P, into Py —
P)\j+1, QjJrl, . Qk7 we find that

E S Te((AF - VAV R) = E > Tr ((AF = VALV (P — Py,Ly))
T~DA 2 xT~D A 2

+ E Y Z Tr (A = VIAZV)?Qi) -

T~y @ iejt1
Since (AF — VAIV*)2 is positive and Py < P,,, we have the estimate
E ZTr ( (A ‘/]Aivj*f(P)\ - P)\j+1>) < xl%A > Tr ((A;x _ VJAZ“‘/;*)QQJ) ’

Dy
SO

E ZTr(A"” VAV)P) < E ZZTr(A’m VALV Qi) -

T~ip anig
Note that V;*@); = V;*. Using this knowledge, expandiilg the inner term of the right hand
side gives
Tr (A7 = VATV Q) = Tr (A0Qi — ALVAIV, — VATV AT 4 VATV VAIVY).
Note that
dsync(Si,0a) = E Z

T~DA p

Tr (AZQ; — AFQ; AT Q,).

By using Claim 4.4 and Lemma 4.1, we ﬁnd

. 2+1)? =
B S T((Ar - v re) < ) 0 G B Sleare - Ak

T~D A o

Summing the first term on the right hand side gives

ZT Q) <‘f+ b N Tr(P,\j)(\/ig_l)zc\/E < Te(P)(V2 + 1)%ey/B.
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Summing the second term we use Equation (4.4) and an analogous summation estimate
to see that

0, A i 0
E ZZH AT Qi — VATV 3 < 2Te(Py) <29 + 1_@)
a i=j

All in all we conclude that

. 2
Tr ((Agc - VA;CV*)QPA) < (V2 + 1)%\@ + 40 + 1_99

E

T~UA ; TI"(P)\)

by pulling Tr(Py) to the other side.
This proves Claim 4.5.
We are now ready to finish the proof of the theorem. What is left to do is to pad
V by an arbitrary partial isometry which has full support on the kernel of V. This
only introduces a small error because u(R,\A) < /a + /B by Claim 4.3 and because
Te(Py, — VV*) < 0Tx(Py,). Let P+ = 1pp,) — VV*, Rt € M a projection such that
R'MR' = PLB(H,)P' and RR* = 0. We identify PLB(H,)P* and R*MR* and let
M+ € M®B(f*(N)) be a von Neumann algebra and V+ € RYM1I,,,1 a partial isometry
such that V+(V4)* = Rt and [, M+ 1, = {0}. Let W =V + V<t € M1y vramsy- First,

observe that
loa=VV VI <[ padiNllit [ loa=VV YV lidn(3) < vay/8+20
AER;\A AEA

by construction of A and Equation (4.5), and
ID (AT = WAoo < 4
by Lemma 2.11. This allows us to compute that
E 3 Tr ((AF — WAIW?)?p4)
T~Dy o

<4(Va+\B+20)+ E Y

zvDa T JAeA

Tr (A — WAIW)PVV p,VV*) dpu(N)
20
<4\/_+\/E+26 (V24 1)%¢ \ﬁ+4e+m.

By the construction of &’ using Lemma 2.9, the triangle inequality and the fact that the
estimate becomes trivial if § > 0.28, we obtain

E Za:Tr (A2 = WAZW)?pa) = O(va + /) + 150,

showing that W is a good isometry. Now define V4 = W, and by repeating the proof for
the B-side, we obtain an isometry Vz with the correspondlng properties. The spaces K4
and Kp are found by taking the Hilbert space upon which M @ M* acts. We now define
the strategy S = (|9}, VaAV:, VgBV}). For an estimate on the success probability of S,

we can just use Lemma 2.8 to show that w(Gp; S) =1 — ce — O(8 + \/\/54- cv/B+0), so
w(Gp; ) =1— O((c -id 4+ k) (poly(d) + 26)). O
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Theorem 4.6. Let S be a strategy for a perfect symmetric non-local game G = (X, v, A, D)
with winning probability 1 —e. Let v4 be the marginal of v on X and let 6 = Osync(S,va).
Let © be a symmetric probability distribution on X x X with marginal U4 on X and ¢ > 1
such that ¥ < cv. Define Gy, = (X,0, A, D). Suppose that G (k,V)-PME-robustly self-
tests a strategy S and that the game polynomial Ty s has spectral gap . Then S is a

local <O(\}a\/c -id + k(2 + poly(é))), 19) -dilation of S.

Proof. Let the optimal strategy S be given by S = (|¢)) , A, B). Because S and G satisfy
the requirements of Theorem 4.2, we know that there exist Hilbert spaces K4 and Kp
and isometries Vy : Hy — Ha® K4 and Vi : Hp — Hp® K such that S = (i), Vi(A®
i, )Va, Vi(B®1x,)Vps) has winning probability w(S) = 1 — (’)((c -id+k)(2e+ poly(é)))
and

(4.6) E YT (A7 = Vi AZVA)pa) = O((c - id + k)*(poly(d) + 2¢)),
(4.7) E > Tr ((Bf = V3BiVi)’pp) = O((c-id + £)*(poly(6) + 2¢)).

Here we have identified A* € B(H,) and A*® 1k, € B(H4 ® K4) and B} € B(Hp) and
B! ® 1k, € B(Hg ® Kp), and we will continue to do so in this proof. From the winning
probability estimate it follows that

(V] (Z p(x,y) > D(a,bla,y)(Va ® Ve)* (A7 @ B))(Va © VB)) |¥)

.y a,b
> 1 - O((c-id + )(2¢ + poly(8))),
which implies that
W] (Va@ Vi) (T, 5 ® Licsorcs)(Va @ Vi) [10) > 1= O((c+id + k)(2€ + poly(d)) ).

Let P € B(ﬁA®ﬁB®KA®KB) be the projection onto the 1-eigenspace of T; s®@ 1, 0K
which is the largest eigenvalue since G is perfect. Then we have

W] (Va®@Vp) (1=P)(Tg, s 0k, (1= P)(Va®Vp) [) < (1—a)[|(1-P)(VacVp) [¥)|°
and
W] (Va® Vp)*P(Tg, 5 @ Lk ,ok,) P(Va© Vp) [¢) = |P(Va @ Va) [)]|?,

(W (Va® VB)(Tg, s ® Lraer,)(Va® Ve) [¥) <1 —al(1— P)(Va® Vs) [¥)]*
This directly implies that
1 .
[(1=P)(Va® Ve) )| < (’)(\/a\/c -id + Kk(2e + poly(é))).
Since the 1-eigenspace of Tf; ¢ is one-dimensional, we know that there exists a state
lauz) € K4 ® Kp such that
1

IP(Va® Vi) [¥)]]

P(Vya® Vg) ) = 1) ® |auz) .
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By the triangle inequality, we find that

1(Va ® Vi) [10) = [§) @ |aua)|| < O(—=Ve-id + k(2e + poly(9))).
Next, note that
(4.8) Tr((AZ = VALV pa) = ||(Va(AZ = ViAIVA) © Vis) [0

since V4 is an isometry. Moreover, observe that

(4.9) DI(VAVIAL ® 1g1,00,)(Va © Vi [¢) — ) @ |auz)) |

< I(Va® V) [¢) — [) @ |auz)|?,

5~

using the fact that V4V is a contraction and

a

Consequently, our goal will be to provide an estimate for
SIVAVAAL = AD) © Lgpe,) [0) © lauz)||?.

First, we get rid of the sum over a. Let m = dim(H,). Since |¢) is maximally entangled,
we have

D I(VAVAAT = A7) @ Lz 0nc,) [9) @ |aua) ||

=T ((VaViAL = A (VaVEAL — AD) @ 1, 00c,) 1) @ |auz) (P ® (aux])
= ;ZTT (((VAVX/E — AN (VaVEAL — AD) @ 1g,,) (1, ® |aux) (aua:]))

1 * * *
< T ((VAVE = Ligon) (VaVE = Liryor,) © L) (L, © fous) {aual)

= I(VaVi = La,ex,) © Liger,) 1) ® lauz)|?,

where we use the cyclicity of the trace, the fact that TrHB(W) ()]) = L14,, and the
standard estimate (4.10) for the inequality. By adding 0 in a clever way, we find

I(VaVi = Laaex,) © Liger,) 1) ® lauz)|?
=((VaVi = T,er,) @ Liger,)([¥) @ |auz) = (Va @ Vi) [¢))
+((VaVi = Lier,) ® Liger,)(Va ® Ve) [9)]]*.
Since V is an isometry, ViVa = 1z o, s0 the second term is zero. Furthermore,

SO
Consequently,

I(VaVi = Li,0,) @ Liger,) 19) @ laua) || < ([(Va @ Vi) ) — [$) ® |au)]|.
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This equation, together with Equations (4.8) and (4.9), the starting estimate (4.6) and
the triangle inequality yields

E (TI0Va® Va)(A7 © Ly [0} — (B30, 19) @ laua)] )

< O(\/la\/c T T R(2e + poly(9)).

By doing the analogous proof for the B-side, which gives us the same |auz), we have
obtained the three inequalities that show that S is a local ((9(04’1/2\/0 -id + K(2€ +

poly(&))), v)-dilation of S. O

Corollary 4.7. Let G = (X,v, A, D) be a perfect 3-synchronous non-local game (k,7)-
PME-robust self-testing S and let G, = (X, 0, A, D). Suppose that the game polynomial
Ty, 5 has spectral gap o and U < cv for ¢ > 1. Then G is a (K',D)-robust self-test for

K'(€) = O(a™?\/c-id + k(poly(5~te)).

Proof. This is immediate from the previous theorem after realising that the asynchronicity
is bounded above by 5~ !¢ for a B-synchronous game as shown in Lemma 2.6. n

Remark 4.8. The constants hidden in O and poly are universal and do not depend on
any property of the game.

5. SPECTRAL GAP FOR ROBUST SYNCHRONOUS SELF-TESTS

In the previous section we proved that every S-synchronous PME-robust self-test whose
game polynomial has spectral gap is a robust self-test. This raises the question whether
the spectral gap condition is necessary. Are there examples of such games for which the
spectral gap can be arbitrarily small, or is there some lower bound on the spectral gap? It
turns out that a lower bound exists if the non-local game is a k-PME-robust self-test, i.e.
if the probability distribution for robust self-test is the same as the probability distribution
of the game. This is a consequence of several elements of the proof of Theorem 4.2 under
the additional assumption that the Hilbert space Hy ® Hp for a strategy S equals the
Hilbert space H ® H 4 for the strategy S self-tested by the game. We rely on a dimension
estimate, given in Lemma 5.1, to prove Lemma 5.2, stating that a PME strategy exists
with high winning probability such that its reduced density matrix is close to the one of
S. From there we are able to prove the desired theorem.

Lemma 5.1. Let [¢) € H® H and |¢) € H ® H be mazimally entangled states on
Hilbert spaces such that dim(H) < dim(H) and € > 0. Suppose that there exist isometries
Va:H—H®Kyand Vg : H— H® Kg and a state |aux) € Ky @ Kg such that

H(fo ® Vp) [¢) — [¢) @ |auz)|| < e.

Then dim(H) > (1 — ¢*) dim(H).

Proof. Let n = dim(H) and m = dim(H), so we know that n < m. Let d = dim(H ® K )
and

d d
(Va® V) [) = DN fui) ® |vi) and [¢) @ |aua) = pilas) @ |5;)

i=1 =1
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be Schmidt decompositions, where Ay > Ay > -+ > Ay and pg > g > -+ > pg. Since |1))

is maximally entangled on H ® H, we know that Ni=1/y/nifi<n and Ai = 0 otherwise.

Since [¢)) is maximally entangled on H ® H, we know that p; < 1/y/m. Consequently,
m-n _ m-—n

1 2
1(A:)i = (Mz)||2>n(\/— \/—) =

Combining this with Lemma A.1, we conclude that
m~(1—62)§n§m. O

Lemma 5.2. Let S = (|¢0), A, B) be a strategy for a perfect symmetric non-local game
G = (X,v, A, D) with winning probability 1 — €. Let py be the reduced density matriz on
Hy, va the marginal of v on X, and § = Osync(S,va). Let U be a probability distribution
on X x X. Suppose that G (k, 1/) PME-robustly self-tests the optimal PME strategy S =
(W} A) on Hy ® HA and that dim(H,) = dim(H,). Then there exists a PME strategy

Sa=([0),A) on Hy C Hy with reduced density matriz pa, such that
(5.1) loa = pall < O(k(e + poly(8))? + poly(d) ) and
(5.2) w(G;84) > 1 — e — poly(d).

Remark 5.3. In both the above and the subsequent lemma, © does not affect the con-
clusions. This happens because the condition that G is a (k,?)-PME-robust self-test
is slightly stronger than necessary, since we do not need the equations in the definition
of a local dilation concerning the measurement operators. As we are not aware of any
use of the slightly more general statement, we refrain from introducing the nomenclature
required to formally state this more general statement.

Proof. Let &' = (|¢),A’, B') be the projective strategy given by Lemma 2.9 and let
0" = Osync(S’,v4). By Lemma 2.9, we know that ¢’ = O(8%). Let the probability measure
p on R, the projections Py of Hy onto Hy and the family of strategies S5 = (|y), A%)
on H, with reduced density matrix py be as in Theorem 2.12. Let C, ¢’ and C* be the
correlations of S, §" and S5, respectively. Let

ngF;QuZ'nyab / yabd:u |—C¥

By Theorem 2.12(v), Lemma 2.9 and the triangle inequality, we know that o <
poly(6') + O(65) < poly(d). Lemma 2.10 tells us that for any ¢ > 0 we have that

A Z 0w(S) = 1—e—#}) > 1-

As in the proof of Theorem 4.2, choosing t is a trade-off between the strength of the
bound and the measure of the set for which the bound holds. We choose ¢t = /a, but
many choices are possible here. If we define

A={\>0w(S) >1—Va—c¢l,
we find that p(A) > 1 —/a.
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Let A € A and let m be the dimension of H,. Since w(S}) > 1 — y/a — € and G is
a (k,?)-PME-robust self-test, we know that S is a local (k(y/a + €), ?)-dilation of S;.
Consequently, there exist isometries Vy : Hy — Hy ® K4 and Vg : Hy — H4 ® Kp and
a unit vector |auxr) € K4 ® Kp such that

I(Va® Vp) [1ha) — [¥) ® lauz)|| < K(va +e).
By Lemma 5.1, we know that dim(Hy) > (1 — k(y/a + €)*)m.

Let P, be the projection of H4 onto Hj, so p) = Tr(PA)_lpA. The P, are constructed
in Theorem 2.12 as the spectral projections of pa, so Py = x>a(pa). This implies that
P\, < Py, if and only if \; > XAy. Let A\g = min(A), which exists because A is closed.
Using the estimate of dim(H)) and the order on the projections Py, we now calculate that

1 1
123 =23l HTr(PA) A Tr(Py,) ol
= - Pili + =——=—||P,— P
> (TI(PA) TT(PAO)> “ A“l + TI(PAO) H A )\0||1

1 1 — (1 — 2
<1 . m+m(1 (1 — k(e ++/a)?)
m \ 1 — k(e ++/a)? m(1 — k(e + /a)?)
2k(e + Va)? 2

= <4
1 —k(e++a)? — wle+va),
if k(e++/a)? < 1/2. By directly estimating that ||px—px, |1 < 4k(e++/)? if k(e++/a)? >
1/2, we know that

lox = prolls < 46l + Var)?
always holds. Since u(A) > 1 — /o and

pa :/0 padp(N),

it follows that [|pa — palli < 4k(e + va)? + /a. Since o, 8 < poly(d), this shows
Equation (5.1). Note that we automatically satisfy Equation (5.2) since \g € A, so the
proof is complete. O

Theorem 5.4. Let G = (X,v, A, D) be a B-synchronous non-local game and let U be a
probability distribution on X x X. Suppose that G (k,?)-PME-robustly self-tests a perfect
strateqy S. There exists universal constants Cy,Cs,( > 0 such that the spectral gap of the
game polynomial Tg.s is at least CyB((id + k2)71(C))C.

Proof. Let & = (|1g) , A) on Ha ® Ha be the perfect strategy for G, n be the dimension
of Hy, T'=Tg,s and A its spectral gap. Let |¢)1) be a state in H4 ® H4 orthogonal to
|to) such that (1| T [1;) =1 — A. Our goal is to use [¢) and |¢) to construct a state
|vb) with high winning probability, but whose reduced density matrix on H4 is not close
to the normalised identity. Lemma 5.2 allows us to relate this to x, from which we can
derive the theorem. Note that we have the freedom to multiply |¢;) by a phase, which
we will use later.
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Let |uj> , be an orthonormal basis of H4 such that

|¢0 \/—Z |uj |u]

and let (S;i);x be a matrix such that

1) = Sjk Juy) |u) -

ik
Define 1 1

) = ﬁ |0) + ﬁ V1)
SO

- > (S + =0 ) )

First note that the winning probability of (|i), A) is given by
1 1
W), A)) = @IT ) = Sl T o) + | T'[n)) = 1 = A,

and that this probability does not depend on the phase of |1)1). Next, we calculate its
reduced density matrix p. For a state |¢), given by

Z ik [ug) lug)

the reduced density matrix on H4 is given by

Trp(|0) (9]) = Y FinFju e [ug) (wje] =D (FF*) 5 Juj) (uy| .

Jki'k’ Jg’

Consequently, we find that

1 1 1,
= §(S+ ﬁ)(SﬂL %)
with respect to the basis |u;). Therefore,
1 1T 1 1 1
”n P”l Hn 2(S+ \/ﬁ)(S_‘_ \/ﬁ) Hl H2 S 2\/—( + )”1

If we consider the state [¢'), given by

1 1
|¢> = ﬁ |¢0> - ﬁ W1>

and its reduced density matrix p’, then we have that

1 * _ - * - *
H*—plll—llf—*( S+ )8+ ) ||1—H2 SS + \/—(S+5)II1-

Using the triangle inequality, it follows that

1 1 1
— IS+ S < |- — .
RIS+ S <l = ol I = ol

Accepted in { Yuantum 2026-09-07, click title to verify. Published under CC-BY 4.0. 33



We will now use our freedom in the phase of |¢1) to assume some properties of S without
loss of generality. It holds in general that ||A + iB|3 = ||A||3 + || B]|3 for self-adjoint
matrices A and B, so we can assume that [|S + S*||3 > 2, since ||S||3 = Tr(SS*) =1 and
S 4 S* is twice the self-adjoint part of S. Next, we can possibly multiply S by —1 to
assume that

1 1

—— S+ S5 < ||- = .

s IS+ S <l ol
We now claim that at least one of

1 1 1
< S+ S d -85
16+12\/§_2\/ﬁ” I an 8+6\/§_2Hn I

holds. Let ();)7_; be the eigenvalues of S + S* and define the sets

8}“} dA<={1§j§n||/\j|<8+\/6—\/_}

Z)\?Zlor ZA?EL

JEAS JEA<
In the first case, we use that the sequence of eigenvalues of 455* majorises the squares
of the eigenvalues of both the positive and negative parts of S + S* [Bha97, Theorem
111.5.1], SO

” Sz 3 21>Z A3 A2 . 1 2
P \8 n) T a8 136+96v2) T8 136+96v2 8+ 6v2

In the other case we find that

A= {1<j<nllN] >

Now we have that

8+6f
1§Z)\ XA: \/— j7
JEA<

JeEA<

0 (84 6v/2)||S + S*||1 > /n. This shows the claim. Since
1 1.1
— - > —||l— =851 — S+5*
I = ol 2 5 = S5 = 5 =15+ 5,
we can now conclude that

(5.3) !

1
_ >7>7
1% = el = 16 + 122 ~ 33

in either case of the claim. We have now constructed a state [¢)) with high winning
probability such that the reduced density matrix is not close to the normalised identity.

We are now in a position to use Lemma 5.2. Note that the winning probability controls
the asynchronicity by Lemma 2.6 since G is S-synchronous, so 5Sync((|¢> A) <A / (20).
Using Lemma 5.2 we obtain a maximally entangled strategy & = (|1) , A) on H ® H with
reduced density matrix p such that w(S) > 1 — poly(A/S) and

lo— plh = o<ﬁ<poly<§>>2 T poly@)).
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By the (k,?)-PME-robust self-testing of G and Lemma 5.1, we know that dim(H) >
(1 — k(poly(A/fB))?)n. From this it follows that

A]l—imA L1 n—imAlmoé2
1=l = i) (s = ) =i < 2 (ol (5

SO

))-

| >

1 A
o =1l = Ols(poly(7))” + poly(
By Equation (5.3), we have now shown that

313 = O(/i(poly(?))2 + POIY(?»‘

Inverting this inequality shows that there exist constants C7,Cy, ¢ > 0 such that
A > CiB((id + &%) 7H(Cr))S,
proving the theorem. O]

Corollary 5.5. There exist universal constants C,Cy, Cs,(1,(s > 0 such that every (-
synchronous k-PME-robust self-test is a k'-robust self-test with

W(e) < o, YOG

'B((id + #2)71(Cy))&

6. SPECTRAL GAP OF THE QUANTUM LOwW DEGREE TEST

In Corollary 5.5, we have found that every x-PME-robust self-test is also a robust
self-test with a related robustness. However, it is not known that the Quantum Low
Degree Test is a (K, vqat)-PME-robust self-test. Using the notation in Definition 2.15,
we only know that the Quantum Low Degree Test is a (k,')-PME-robust self-test. We
are therefore forced to explicitly compute a lower bound for the spectral gap for this
distribution. In fact, we are able to calculate the exact spectral gap.

Theorem 6.1. Let Gqar = (Xqat, Vqats Aqdt, Daat) be the Quantum Low Degree Test for
k qubits with optimal strategy S and let G’ = (Xqiat, Vias, Aqlats Daiae) - Let d be the relative
distance of the code used in the Quantum Low Degree Test. Then the spectral gap of the
game polynomial T¢y s is g.
Proof. For an element a € Fy let @ =1 —a. Let B = {|¢w) |a,b € Fa} be the Bell basis
of C? ® C? given by
1
) = 5 (I0) + (=1)" 1))

for all a,b € Fy. For a,b € F% define

k
i=1

Note that
(Yab| X ® X |thap) = (=1)" and (Yap| Z @ Z [thap) = (—1)"
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for all a,b € s, so

(6.1)  (Yan| 0™ (€) ® 0™ () [than) = (—1)” and (vap| 07(c) @ 0%(c) [ap) = (—1)™°
for all a,b,c € F5.

The game polynomial T¢r s is given by

Tors = > Dqai(a, bz, y) AL @ (A})T,
(= 7y) Vqldt ab

where {A”},cx,,, are the measurement operators of the ideal strategy. Let E be the
generating matrix for the code Crye used in the construction of the Quantum Low Degree
Test, so Sx = Sz = {(E;;)¥_4|1 <j <n}, and let n be the length of the code. For each
W e {X,Z} and a € Sy there are two questions zyy, and zf,, in Xga; such that

U(AY) =" (a) for y € {x%vva,x%,v’a}.
Moreover,
/ 1 2 / 1 111
Vqldt<xI/V,a7 :EVV,a) = Vqldt(xI/V,m xW,a) = 2 9 W
where this propability is obtained by multiplying the probability that this W is chosen,
the probability that question 1 goes to Alice and the probability that a is chosen from
Sw. For these questions, Alice and Bob win if they give the same answer. Since

m :B2 $1 .T 1
A3 @ (A7) + A @ (A7) = 2 (140" (a) © 0" (a))

this implies that
1 1

TG’S—§+E oo > V(a)®d¥(a),

We{X,Z}acSx
where the factor arises from the fact that we are considering both W = X and W = Z
and the observation that both orders of questions give the same expression.
By Equation (6.1), the above inequality tells us that

1 1 . .
(Yab| Ter,s |tab) = st > ((—1)ac + (—1)bc) :
n
ceSx
Therefore, the question we need to answer is for given a € F¥, how many ¢ € Sx are there
such that a-c = 17 For this, we need to recall how to calculate the physical representation
apnys € FY of a logical code word ajegie € F4. This connection is defined by the generating
matrix and is given by

Aphys = Z Qlogic,i * 2] ? 1-
Another way to represent this is by descrlblng each aphys;, which gives
Qphysi = Aogic * (Bij)i_1-
This means that the number of ¢ € Sy, i.e. the number of columns of E, for which

a - ¢ = 1 precisely equals the number of ones in the physical representation of the logical
code word a. By the nature of the code, this is at least dn if a # 0. Consequently,

d
(Yab| Ter s |ab) <1 — 3
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unless a = 0 = b. Since the Quantum Low Degree Test is perfect and the distance in a
code is attained, this shows that the spectral gap is g. O

Remark 6.2. The above proof is closely related to [d1S22b, Example 1.2]. Since a +—
W(a) ® 0" (a) is a unitary representation of F%, [d1S22b, Example 1.2] tells us that the

operator
~ Z o' (a)
aeSx
has spectral gap 2d, if you do not account for multiplicities. Doing this for both W = X
and W = Z and arguing that T s only has a one-dimensional eigenspace for eigenvalue
1, using much of the proof above, also yields 6.1.

Corollary 6.3. The 1/2-synchronised version of the Quantum Low Degree Test is a
(k, poly(log(k)) - poly(e))-qubit test.

Proof. This is the consequence of combining Corollary 4.7, Theorem 6.1 and Lemma 2.5
after observing that vy, < 4vqu;- O

A. PrROOF OF LEMMA 3.2

In this appendix, we prove Lemma 3.2. The proof relies on several technical lemmas
that we outline below.

Lemma A.1. Let [¢)) and [¢)) be two unit vectors in C*@C® with Schmidt decompositions
1) = S0 N ) @ |v;) and |9) = S0, s @) @ |:), where Ay > Ao > - > Ay > 0 and
py > pp > -0 > pg > 0. Then the (y-distance of the sequences A = (Ay,...,Aq) and
p= (1, .. .pa) is bounded above by the norm-distance of 1) and |¢)). That is,

(A1) 1)i = (a)illa < M) = [)]]-

Proof. Let ag := Re ( (ug|tg) (Uk|17@>) for all 1 <k, ¢ < d. We first show that there exists
a bistochastic matrix X = (2x¢)x¢ such that agy < zy, for all k, ¢. For any ¢,

d d
cp = z_: ap < 2_: (ug|tig)| - [(ve|e)|
_d - 1/2
< (Z|<uk|ae>|2) - (z|<vk|@e>|2)
k=1 k=1

=[l[ae)|l - lloe)[l = 1.
The second line follows from the Cauchy-Schwartz inequality. The third line holds because
{lug) : 1 <k < d} and {|vg) : 1 < k < d} are orthonormal bases for C¢. Similarly,

1/2

d
Ty -— Z(IMS 1
(=1
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for all k. So

T .= ZCLM:ZCg:ZTk Sd
k.t k

¢
If T'=d, then ¢, = r, = 1 for all k, ¢ and hence (ay)k,; is a bistochastic matrix. Now
assume T < d. Then
(1 —co)(1 =)

bre == ToT >0
for all £, ¢, and
d d (1— d—T
Z(akg + bkg) =cyp+ M(l — Cg) =cyp+ 7(1 — CZ) =1

b d-T

for all £. Similarly, S%  (ap; + bre) = 1 for all k. Hence (ap + bre)ke is a bistochastic
matrix. We conclude that (age)x is entrywise smaller than some bistochastic matrix X.
By Birkhoff-von Neumann theorem, X = 6, P; + --- + 6, P, is a convex combination of

d-T

some permutation matrices Pi,..., P;. It follows that
1
Re ( W’@) = Z AkfbeQre = (/\1 T )\d) (aké)k,f
Wt Hd
1 ¢ H1
< )X =00 e M) B
Hd = Hd
t H1 d
<30 (M M) =" Mot
i=1 k=1

Ha
The last line follows from the rearrangement inequality. This implies

» 5 d
l[w) = [ =2 = 2Re ((W[v) ) > 223 e = | A — g3

k=1

So Equation (A.1) follows. O
Lemma A.2. Let S = ([¢)),A,B) and S = (|4) , A, B) be two mazimally entangled
strategies on HA® Hp and Hs® Hp such that S is a local (¢, v)-dilation of S for somee > 0
and distribution v on X x Y with isometries Vy and Vg and unit vector |aux) € K, ® Kp.
Let va and vg be the marginal distributions of v on X and ), respectively. Then there exist

subspaces Ky C Ky and K C Kg and a mazimally entangled state |aux’) € Ky @ K
such that

1(Va® Vp) [4) = [¢) @ |auz’)|| < 3e,

1/2
(W@MEZHaapangAg®ﬂHf)wo—-«Ag®nHBH¢>)@MaufHP> <3¢

1/2
<y@B§:WV4®L%M1HA®£ﬁHw>—(mﬁA®z%)w»)®|quw> < 3c.
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Proof. Let
(V4@ Vp) ) = Z)\ lu;) [v;) and |[¢) @ |auz) = Zfiz |@;) |0;)

be the Schmidt decompositions of (V4 ® V) 1) and 10) @ |auzx), where A = ()\;); and
Kk = (k;); are decreasing sequences. Because S is a local (e, v)-dilation of S, we know that

IXN =&l < I(Va® Va) ) — [¢) @ |auz)|| < e

by Lemma A.1.
Since [¢) is maximally entangled, we know that there exists an m € N such that
A = ﬁ for 1 <i<mand )\ =0 for 2 > m. On the other side we know that the

multiplicity of each value in & is divisible by n = dim(H4). We want to show that there
exists a sequence k' of Schmidt coefficients which takes exactly one non-zero value, has
multiplicities divisible by n and is close to k. First suppose that m > n. In this case, A
would be a good candidate, but the multiplicity of \; does not have to be divisible by n.
To remedy this, we define

K — {\/1% i< |[5nor (L%Jn<@§ [(2 +1)]n and &; > ﬁ)
0 il D)nor ([B)n<i< (5 +1))nand i <

//H

1
)
and observe that ||k” — k|js < ||[XA — k||2. Unfortunately, ||&”||2 # 1 in general. However,
by the triangle inequality, 1 — e < ||K”||2 < 1 + ¢, so defining &’ as the normalisation of
" gives us the desired sequence with ||k’ — k|2 < 2¢. For the case where m < n, we

immediately define

0 1>n
which is normalised and satisfies ||k’ — k|2 < ||A — Kl]s <e.
Let
Jau) = 3 i ) )
be the Schmidt decomposition of |auz). Having obtained the sequence k' with the desired
properties, we can now define

laua’) =3 v/ns,; Jw) [w))
The state [¢) ® |aua’) is then given by
1) ® |aua’) Z K5 ) [0;)

and therefore we have ||[¢)) ® |auz’) — [¢) @ |aux)||; < 2¢. By the triangle inequality, we
find that

1(Va® Vi) [9) — [¢) ® |aua’) || < 3e.
Next, observe that
SI(AZ @ 1g,) 1) @ (Jaua') — |auz))|]> = D" (D] (A2 @ 15,)° |[¥) |laua’) — |auz)|*.

a
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Since A is a POVM, we know that
S WAL @1, [9) <D (@ (AL @1g,) 1) =1,

so we find that . 3
D I(AE @ 1g,) [¥) @ (Jaua') — |aux))|]? < 4€*.

We have

1/2
( B ST(Va® Va)(AZ @ ) [9) — (A2 @ 15,) 1)) @ \aux>u2) <

T~VA

since S is a local (¢, v)-dilation of S. Combining these equations using the triangle in-
equality for the vector space

PHIs@Hp® Ks® Kp

with norm given by

-

2
)

ol = (L&, Zlhwal?)

we obtain
) ) 1/2
(LB, 00 & V)47 L) ) (4 & 14, 19)) @ o)) < 3c
The other inequality can be proved analogously. O

Theorem A.3 (Polar decomposition, [Conl0, Theorem VIIL.3.11]). Let A € B(H) for
some Hilbert space H. There is a partial isometry W with ker(W) = ker(A) and ran(W') =
ran(A) such that A = W|A|, where |A| := (A*A)Y/? is defined by the functional calculus.
Here (W, |A|) is called the polar decomposition of A.

Remark A.4. If A: H — K is a bounded linear map between Hilbert spaces, one can
also take the polar decomposition by viewing A as element of B(H & K).

Lemma A.5. Let V : H — H' be an isometry, let P € B(H') be a projection and let
X = W|X]| be the polar decomposition for X = PV. Then
(VWY (V = W) < 2(V — PV)(V — PV).

Proof. We start by expanding the left hand side, which gives us
V-V -w)=vVVvV-VWw-wV+Www
=VV -V'PW -W*'PV +W*W
=VV - | XIWW - WW|X|+WW
=V'V - |X| - |X|+W'W
Because ||| X|||cc < 1 and W is a partial isometry, we have the inequalities
—|X*| < —|X** and W*W < 1y = V*V.
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Consequently, we have
(V=W)"(V-W)<V*V—|XP - X+ V'V
=VV — | XIWW|X|— | XIWW|X|+V*V
=2(V*V = V*PV)
=2(V - PV)*(V - PV). O
Lemma A.6. Let |¢) € Hy @ Hp,|vb) € Hy ® Hpg be states such that |1) is mazimally
entangled, let va be a probability measure on X and let A, A be POVMs on Hy and Hy,

respectively. Let Vi, : Hy — His® K4 and Vg : Hg — Hgp @ Kg be isometries and
lauz) € Ky ® Ky C K4 ® Kp such that

I(Va® V) [¥) — [4) @ |auz)|| < e,

1/2
(zlE;A SI(Va @ V)AL @ 1) [9) — (AT @ 1) W) ) ® |au$>|‘2> “e

Then there exist partial isometries Vi : Hy — H, @ K'y and Vi - Hg — Hp @ Ky such
that

(A.2) (VA @ Vi) [4) = ) ® |auz)|| < (14 2v2)e,
a3 (B DIz v - (e 14,)10) @le)?) < 1+ 1v2)
(A.4) 1= (V4@ L) [9)|I” < 4€?,

(A5) L= ((VA)" ® Ligyen, ) 19) ® lauz)|* < €.
Moreover, if 1) @ auz) is mazimally entangled on (Hs @ K'\) @ (Hg ® KY), then
(A.6) [(Ma, @ Va) [9) = (VA ® Tipen,) [0) ® au) < Te.

Proof. Let n = dim(H4). Let P4 and Pg be the projections onto Hy ® K, and Hpg ® K,
respectively. Because P4 and Ppg are contractions, we have

(A7) [(Va® V) |¥) = (PaVa® V) [)| < 2,
(A.8) |(Va® Vg) ) — (Va® PgVp) |)|| < 2¢ and
(A.9) |(Va® Vp) [¢) — (PaVa ® PpVp) |[¥)]| < 2¢

by the triangle inequality, using the estimate ||(V4 ® Vi) [¢) — [¢)) @ |auz)|| < e. Now
let Xy = PaVa, Xp = PpVp and let X4 = V4| X 4| and X = V}|Xg| be the polar
decompositions of their adjoints. By Lemma A.5, we have that

I(Va®@ Vi) [¥) = (VA VE) [9)|I° < 21[(Va ® Vi) [¥)) — (PaVa @ PsVi) [0)].
Using the triangle inequality, this implies that

(VA @ Vi) [¥) — [§) @ |aua’)|| < (1+ 2V2)e,
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proving Equation (A.2). Next, let @) be the projection onto the orthogonal complement
of the kernel of X 4. We see that

I(VA® La,) [O)II* = (1(Q ® L) W) > (W (X5Xa® Lpgy) [W0) = [[(PaVa ® Vi) [¥)1*.

Since V4 and Vp are isometries, the Pythagorean theorem combined with Equation (A.7)
tells us that
I(VA® Liy) [0)1* 2 [(PaVa @ Vi) [9)1* = 1 — 4¢?,

proving Equation (A.4). Similarly, we compute
(VA ® Laem,) 19) @ lauz)]| = [ (IXal(VA) @ Lg,ax,) [) © lauz)]|

= | (VXPA ® ]lHB®KB) ) ® |auz)]|

= |(VaVi ® Lipex,) 19) @ lauz)].
Note that 17, .5, — VaV} is a contraction and (17, ¢, — VaVi)Va = 0, so we have
(A10) 1((Liyoer = VAVA) © Liyorc, ) 1) @laua)] < (Va@Va) [0} — ) @laua)] < e
These things combine to yield equation Equation (A.5), i.e.

L= (VA ® Lper,) 1) ® Jauz)|* < €.

For the other estimates of this lemma, we need to use that |¢) is maximally entangled.
First, note that for any partial isometry wg : Hg — Hp ® K3 we have

I((Va = Va) @ wg) (A7 @ Lap) V)| < [[(Va = Va) ® Lap ) (A7 © Lag) 9],

since 1y, o5, ® wp is a contraction. Consequently,

D M((Va = V) @ VE) (AT © L) [9)]°
<D (W[ AT(Va = V) (Va — VA)AT ® Ly, 1)

=> Tr g, 0k )0H, ((VA — V)AL @ 1y, [0) (Y| AZ(Va = V4) @ ﬂHB)

1 *
= > T, (Va = VA) AL L, AL (Va = VA)*)

1 .
< T, (Va = V) (Va = VA)')

(0 - )

= I((Va = V) ® Tu, ) [9)]1%

where we used in the third step that [¢)) is a maximally entangled state. An analogous
calculation yields

1(Va ® Vi) |¢h) — (PaVa © Vp) [)|I° = 7%LTI"HA (Va = PaVa)*(Va — PaVa)),
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so by Lemma A.5, we have
1((Va = V) ® L, ) [0 < 2V2,

and
Y I((Va = V3) @ V) (AL © Ta) [9)[|* < 8€%.

Analogously, we get
(A-11) |(Ly ® (Vs — Vi) [9)]] < 2v/2€ and
D_MI(Va® (Vs = V) (AL @ L) [9)I” < 8",

This in turn implies that

(AE; D NVa® Ve = Vi@ Vi) (Ag @ Luy) |¢>||2> < 4v/2

by the triangle inequality, and another application of it yields Equation (A.3).
Now assume that 1)) ® |auz) is maximally entangled. Let m = dim(H4 ® K,). Then
forany X : Hqy — H4 ® K4 we have

I(X ® L) )P = Tt o smmy (X ® L) [90) (] (X ® L))
1
= ETI.HA(@KA (XX™)

m

> Trjercueisers (XX © Lo, (0) © laur) (0] © (aua]))

m . ~
= (X" @ Lo, ) [0) © laua)|*

To use the above result, we will need an estimate relating m and n. Let A and p be the
sequences of Schmidt coefficients of |¢) and [¢)) ® |aux), respectively. By Lemma A.1,
observing that local isometries preserve the Schmidt coefficients, and the assumptions in
Lemma A.6, we know that

~ > A pll
Since both [¢) and [¢) ® |aux) are maximally entangled on Hilbert spaces of dimension
n and m, respectively, we find that (see also the proof of Lemma 5.1)

m—-n n—m
A= a3 > max( I,

o(l—em<n<(1—€e)'m.
Consequently,
(A12) [((Vi=(VA)) @100, ) [0)@laua)]| < ;
So for the “Moreover” part, we have
(e, @ V) [) = (VA ® Liggony ) 19) ® lauz))|
< (Vi = (Vo)) @ Ligper,) 9) @ laua)|

2/ 2¢

1—e

Ezn((vA—v,;)@ﬂHB) ) <
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1V ® Lgyare) (Va @ Vi) [1) = [9) ® Jauz) )|
+1(1a, @ (Vs = Vi) 19)]

24/2
§(1+2\/§+1_\c2>e,

using that V is a contraction, together with Equation (A.11) and Equation (A.12). Since
the above estimate becomes trivial if € > 0.29, we conclude that

(T, ® V) [8) = (VA ® Tipen, ) 16) @ lauz)|| < Te,
proving Equation (A.6). ]

Now we are ready to prove part (a) of Lemma 3.2.

Proof of Lemma 3.2, part (a). Let |@ € HRH and |¢)) € H® H be maximally entangled
states such that 7 (z) = (Y| x @1y [¢) forallz € M C B(H) and 7V (z) = (|2 @15 [¢)
for all z € N C B(H). Since S is an (¢,v)-local dilation of S, by Lemma A.2, there are
isometries V4 : H - H ® K4 and Vg : H - H ® Kp and a maximally entangled state
lauz) € Ky ® Kj; C K4 ® Kp such that

1(Va ® Vi) [¢) = [¢) @ |auz)|| < 3e,

1/2
(B, Divae vz e v - (Ao 1))@ ) <3
Then by Lemma A.6, there exist partial isometries Vi : H — H® K, and V}, : H —
H ® K such that
I(VA® V) [9) = [$) ® lauz)l| < (3+6v2)e,

U4

1/2
( E YI(Vio VA AL 0 1n) 1) — (A2 @ 1) [9)) @ |aux>||2) < (3+12v2)c,

(1 @ VB [8) = ((VA)" @ Lag, ) [4) ® laua)| < 21e,
L= [[(V5 @ 1) [)[|* < 362,
L= (V) @ Liger ) 19) @ laua) || < 9¢*

Let My := B(K';) C B({*(N)) and P € (M ® M) be a projection such that N =
P(M ® My)*P. After identifying N and P(M ® My)>®P, we define W = (V})* €
P(M @ Mp)*Inson,. ]

Since ) ® |auz) is an maximally entangled state in H ® K’;, and [¢) is a maximally
entangled state in H ® H, we have

V(P —=WW*) =1~ [(Vi®1n)[)|* < 36¢,
TMEM (Iyjgnsy = WW) = 1= [[(VA)" ® Lax, ) 1) ® [auz)|* < 9%,
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and

1/2
( E SO|A @ Iy, — W*AgWHiM@MO)

U

1/2
- ( SI(VAAL(VA) © Lo, ) [9) ® lauz) — (A2 © 1) 14) ) @ |aux>||2)

1/2
< ( E ZH(V/@Ai 2 V/B) ) — ((flﬁ ®1g) |@L>) ® |aux>||2> + 21e

TV A
<(24 +12V2)e,

where the first inequality uses that 3, A%(V})*V4A* < 1. We conclude that S is a local
((24—1— 12v/2)%¢2, VA>—VNA—dilation of S. Rounding (24 + 12v/2)? to 1700 gives the desired
results. O

For the proof of the second part of Lemma 3.2 we first need the following lemma.

Lemma A.7. Let M and N be von Neumann algebras with tracial states ™ and 7V.

Suppose that there is a projection P € M with finite trace such that N = PM*P and
™ = (7°°(P))~'7° after identification of N and PM>P. If there exist a 6 < 1 and a
partial isometry w € PM> 1y, such that

™Iy —w*w) < § and ™ (P — ww*) < 6,
then 1 —§ < 7°(P) < (1—0)"%.
Proof. We show that (1 — ) < 7°°(P). The other inequality is analogous. We compute
§ > (I — ww)

=1—7"°(w"w)

=1—7°(P)rY (ww")
=1—71°(P) 4+ 7°(P)™™ (P — ww")
Z - TOO(P)v
so (1 —=9) < 72(P). O

Proof of Lemma 3.2, part (b). Let |i) and [¢) be GNS states for (M, 7™) and (N, V),
respectively. Since S is a local (e, v4)-vNA-dilation of S, there exist a finite dimensional
von Neumann algebra M, with tracial state 720, a projection P € (M ® M;)™ of finite
trace such that N & P(M ® My)®P and 7™V = 7°°/7°°(P), and a partial isometry
W e P(M & My)*Iygn, such that

(A.13) xEAZHAﬁ@fMo — W AW | 2rsensy < €
and
(A.14) NP = WW*) < e, 7MMo([y1on — W) < e
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Our first step is to turn W* into an isometry. Let P, = P — WW™* and let M, C
(1 — Iniongy ) (M @ M) (1 — Ingag,) be a finite dimensional von Neumann algebra of the
form M ® B(H;) such that dim P,NP; < dim M,. Let M, = B(H;). We can now choose
a partial isometry Wy € Pi(M ® My)>1Iy; such that W, Wy = P. Define V.= W* + Wy,
which now satisfies P = V*V. Observe that

TMEMo () = 7°°((Injeons, + L) e Ivens, (Inen, + 1y,)) for & € M @ My and
1
™(z) = () 7°((Inenty + Lig )V aV* (Inent, + 1yy,)) for © € P(M ® My)™P.

If we now perform the GNS construction using the state

X — TOO([MIIIMI)
on M, we obtain a cyclic vector |¢) € (H ® Hy) ® (H ® H;) such that
(L, wlyy,) = (0] (2 @ Lop,) [6) = (0] Lggm @ 27)|9).

Note that |¢) is not a unit vector, but we will still use bra-ket notation for convenience.
Let |1) € Hy ® Hy be a GNS state for (Mg, 70). All in all, this means that

7(2) = (] @ (Yol +(8])(= @ Lig(mem))(19) @ o) +6))
for all z € M ® (My @ M;). Since
7o (P (V@ V) (8 Lagmen) (V@ V) [¥)
and
= (0] @ (ol + (8]) (VV*2VV" @ 1 ggmesmm)) (1) ® [o) +16))
implement the same positive linear functional on M ® (M, @ M;) and both
VeV [}, (VV* @ Lygmgsm) ) (19) ®1to) +10) € (H® (Ho® H)) @ (H @ (Hy® Hy)),

we know by the uniqueness of the GNS construction that there exists a unitary U €
B(H ® (Hy @ Hy)) such that

(Lassonm) ®U) (VOV)[¥) = (VV* ® Lggmen) (18) @ 1) +16))-

We now aim to show that (VV* ® ]1H®(HO®H1)) (J) @ [o) + |@)) is close to |1h) @ |to).
Note that
VVe =W+ W)W + W) = W*W + W;Wi.

Furthermore, we have

(W ® lfi@(HoEBhﬁ ) ’¢> =0= (Wl ® ]1H® Ho®H, ) ‘w> ® |¢0>
SO

(VV* @ Laguen) (19) ® ldo) +16)) = (W*W @ Ligmen) ) 19)  [vo)
(Wl Wl ® :H‘H(X) Ho@Hl )

We then compute
@ (VWL © Liogmen)) 10) = T(W;Wh)
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= 7°(P)rN (W, W5)
= 7(P)y7¥(P = WW*) < 7°(P)e

and
<¢| ® (Yo (( H®(Ho®H1) — W W) & 1o mywm, ) |¢> ® o) = 7 ((Inen, — WW)?)
<e.
Consequently,

(2 ogyem) @ U) (VO V) 1) — ) @ [o)|| < Ve +/m(P)e < 3ve,
where we use Lemma A.7 for the last inequality. Define V4 =V and Vg = UV, so
1(Va® Va) [) = [4) @ [o)l| < 3vVe.
By the introduction of |) and |iy), Equation (A.13) becomes
1/2
(B, T 0 © L) 100 8 o)~ VAW @ L) 1B ) < v
Since
S(WHAIW)? < 1,

we know that

1/2
(E]KW”AﬂV@Wﬁ@m@mQ(WO®LMD—(V4®V%H¢»W) < 3v/e.
The last step is to find an estimate for
D IWFAIWV, — VaAL) @ V) [0)1?
= SV (W AWV = Vad) (W ATW Vi = VadD) ).
We compute
WW%WMVMM$W@WW:ﬂomW£WW£WW+£UWM
—%UW%WW—WW%WW%)
=N (W AW AL 4 (A7)
—%WW%WM”JMWMWW%@
=7 ((A7)? = WW"ATW W™ A7)
NP = WW)(A7)?)
+ 7N (P — WW*)ASWW* AZ)
<orN (P = WW")(AD)?) .
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Consequently,

Za:H

(W ATWVy = VaAZ) @ Vi) [0)[> <23 7% (P — WIW™)(47)?)

<2rN(P —WW*) < 2e.

By the triangle inequality, we have shown that

U

1/2
( E I(A: @ Ly ® Lign,) [9) @ [to) — (Vads ® Vi) |¢>||2> < (4+V2)ve

Analogously, we obtain

T~vA

1/2
(E Z\|ﬂg®Ho®<<Az>T®ﬂHo>w>®|wo>—<vA®vB<Az>T>w>H2) < (44 VIV

proving the lemma. O]
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