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Studies have shown that quantum states reside in a Hilbert space bundle. When a
quantum system depends on continuous external parameters, these parameters define
additional dimensions in the base space of the bundle. While much of the existing liter-
ature focuses on eigenstate subbundles, where geometric properties like Berry curvature
arise, this work considers the entire Hilbert space bundle. Although the Hilbert space
bundle has been found to be locally flat, suggesting that the system’s topology may
appear trivial, we revisit this assumption. Specifically, we examine how an arbitrary
quantum state evolves when transported along closed parameter loops, a phenomenon
characterized by holonomy. Our results demonstrate that nontrivial holonomy can
emerge in the presence of exceptional points. Consequently, exceptional points nat-
urally manifest as topological defects. Finally, we show that this nontrivial topology
manifests in physical, time-dependent evolutions, providing a simple experimental sig-
nature to detect exceptional points by comparing state transport along distinct paths.

1 Introduction

Non-Hermitian quantum systems are known for their fascinating and unexpected phenomena [1-9].
Nevertheless, a Hilbert space metric is essential to ensure self-consistency in the theoretical study
of non-Hermitian systems [10-18]. To extend the validity of the theory from pseudo-Hermitian
systems [19] to more general non-Hermitian systems, including EPs, the Hilbert space is naturally
generalized to a Hilbert space bundle [20-22]. In this framework, the Hilbert space becomes the
fiber space, and time serves as the base space, allowing the Hilbert space to evolve over time.

Interestingly, when the Hamiltonian depends on n independent continuous parameters, these
parameters can naturally introduce emergent dimensions in the base space [23]. As a result, the
base space extends from R, representing time, to R x M", where M" denotes the n-dimensional
parameter space manifold. The local curvature of the corresponding Hilbert space bundle vanishes
everywhere, indicating that the bundle is locally flat. This raises the question of whether the
Hilbert space bundle in which quantum states reside is globally trivial.

To answer this question, we turn our attention to exceptional points (EPs) [24-28], which are
widely regarded as the most exotic structures in the non-Hermitian regime.

One of the most remarkable phenomena involves encircling an EP in parameter space. Studies
have shown that the eigenvalues of the Hamiltonian can transition between different Riemann
sheets [29-37], resulting in a domain larger than that of the original parameter space. Many
studies suggest that this phenomenon arises from the underlying topology of the eigenstates near
an exceptional point [38-42].

We therefore study how states change when they evolve along closed paths. In a curved space,
a state does not necessarily evolve back to itself; however, in a flat space, we expect the state
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to return to itself, unless the topology is nontrivial (as illustrated in Fig. 1). The relationship
between a state evolved along a closed path and its original state is called holonomy. Therefore,
a nontrivial holonomy in the Hilbert space bundle suggests that the topological of the system can
be nontrivial, since the local curvature is zero.

(a) (b) ()

77

Figure 1: Parallel transporting a vector around a closed path under different geometries (and topologies). (a)
On a flat plane, a vector transported along the dashed path ends up unchanged. (b) On a sphere, a vector at
the north pole transported along the dashed path ends up pointing in a different direction from the original. (c)
On a flat Mébius strip, the vector flips its orientation after traveling along the dashed path due to the strip’s
nontrivial topology.

From the perspective of the Berry connection and curvature [43], special treatments are required
to describe the evolution of states around an EP. For instance, one must consider all relevant
eigenstates simultaneously and generalize the Berry connection to a non-Abelian one [44, 45].
Alternatively, one can enlarge the domain in which the eigenstates evolve, which leads to the
conclusion that the eigenstate swapping phenomenon is geometric rather than topological [46].
Nevertheless, the Berry connection is a projection of the Hilbert space bundle’s connection onto an
eigenstate. Similar to the case of a 2-dimensional sphere embedded in a 3-dimensional Euclidean
space, where the former has nonzero curvature while the latter is flat. This can lead to some
subtle differences in the discussion. Hence, rather than judging from the eigenstates, this study
considers the full Hilbert space bundle, which, as previously mentioned, is locally flat; therefore, a
trivial holonomy group (the collection of all holonomies) is expected if the topology of the bundle
is trivial. However, the nontrivial holonomy of eigenstates transported around a loop encircling an
EP strongly suggests that EPs may play an exotic role in the topology of the Hilbert space bundle.

Therefore, in this study, we demonstrate that in a seemingly simply connected space, the holon-
omy of a loop around an EP is indeed nontrivial, despite the fact that the local curvature vanishes
everywhere. This indicates that the EP acts as a defect in the topological space. Specifically, if
the parameter space of the Hamiltonian is denoted by M™, the full base space of the Hilbert space
bundle is given by (R x M"™)\ E, where E = {(t,m) € Rx M" | m is an EP of the Hamiltonian}.

2 A Quick Review of the Emergent Dimensions

In this section, we provide a brief review on how the states and the geometry depends on param-
eters (detailed derivations and discussions can be found in [21, 23]). The main idea is to allow
the geometry of the quantum states to be determined by the physical laws rather than being as-
signed arbitrarily. Consequently, the Hilbert space inner product is relaxed from the conventional

(@()[¥(D)) to
(e@)w () = (@) G(1) [¥(?)), (1)

where t € R denotes time (therefore, the base space is R), |U(t)) = [¥(¢)), (P(t)] = (P(¢)| G(t),
and G(t) is the Hilbert space bundle metric to be determined.

Nevertheless, for {(®(¢)|¥(¢)) to qualify as a proper Hilbert space inner product, the metric
G(t) has to be Hermitian [GT(t) = G(t)] and positive-definite [(x| G(t) |x) > 0 for any |x)]. To
find the governing equation for the metric, we turn our attention to the Schédinger equation in
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the covariant derivate form, namely,
Vi [¥(t) = [0, +iH ()] [¥(t)) =0, (2)

where V, is treated as a connection (or a covariant derivative) in the t-direction, and H(t) is the
Hamiltonian or time-evolution generator. By requiring the metric to be connection-compatible, we
obtain

0=V, (()[T()) = Ve ()| G(t) [¥(1)) (3)
=0=V,G(t) = 0,G(t) — iGt)H(t) + iH' (t)G(t). (4)

It is worth noting that, from Eq. (4), the conventional inner product, i.e., G(t) = 1, is recovered
only when the Hamiltonian is Hermitian.

(On a side note: the metric G is rigorously defined only when the corresponding Hilbert space is
finite-dimensional [19, 21].)

2.1 Single-Parameter Dependent Hamiltonian

In the case where the Hamiltonian also depends on a parameter ¢, i.e., H = H(t,q), the metric
G should depend on g, since it is determined by the Hamiltonian H(t, ¢). In other words, Eq. (4)
renders

0= atG(tv C]) - iG@? q)H(t7 C]) + iHT (tv Q)G(t7 q)' (5)

However, the assumption G = G(t, q) is not always valid. Since the base space is no longer R,
but rather R x M, where M is the parameter space, G may not necessarily be a function of ¢ and
¢, but may instead depend on the path taken. In other words, Eq. (5) should more accurately be
written as

0= 8,Gl] — iGN H(t,q) +iH (t, )G, (6)
where G[y] emphasizes the path dependence, and 7 is the corresponding path. For the sake of
brevity, we will omit explicit parameter and path dependence when no confusion is expected.

Utilizing the Hermiticity and positive-definiteness of GG, it can be deduced that the g-derivative
of G is formally

9,G = iGK —iK'G, (7)
although the operator K remains unknown. By assuming that a quantum state |¥) remains
physical along any physically allowed path taken, i.e.,

(THIenH) =1 (8)
for any path v in R x M, we obtain
0q | V) = —iK V), (9)
where K can be realized as the g-evolution generator, which still remains to be determined.
As a matter of fact, Egs. (6) and (9), like the t-evolution of the state and the metric, describe
parallel transport along the g-direction, i.e.,
0=V,G=09,G—iGK +iK'G. (10)
0=V, |¥) = (0, +iK)|D), (11)
Combining Egs. (2) and (11), it follows that [V, V,] = 0, which leads to
0=0,K —0,H +i[H,K]. (12)

In other words, the unknown generator K is related to the Hamiltonian H through Eq. (12). That
is, K can be determined by solving Eq. (12).

Building on the preceding discussion, we are now ready to introduce the curvature two-form,
which is defined as

1
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where
Fiy=—-Fu=—i[V, V. (14)
Since [Vy, V4] = 0, the local curvature two-form vanishes identically; in other words,
F=0. (15)

Therefore, when the full Hilbert space bundle is taken into account, it is locally flat. To avoid
potential confusion, we emphasize that the corresponding Berry curvature—defined through the
Berry connection, which is the projection of K onto a given eigenstate (i.e., a subbundle)—doesn’t
have to be flat.

Although, K cannot be uniquely determined from Eq. (12), different choices of K do not alter
the underlying physics (see Appendix B for details). To be more specific, it has been shown that
the non-uniqueness comes from the gauge degree of freedom in choosing the basis. Therefore, a
choice of gauge is required.

For a time-independent system, i.e., when 9; H = 0, it is much easier to find K by adopting the
gauge condition

[0 K, H] = 0. (16)
Imposing this condition and taking an additional ¢-derivative on both sides of Eq. (12) yields
0=0?K — 0,0,H +i[0H, K| +i[H,0,K]| = 0} K — 0,0H — i[ofk-H] = 07 K. (17)
In other words, this gauge condition ensures that K is at most linear in ¢, i.e.,
K=tK" + K, (18)

where K@ and K do not depend on ¢, and reduces Eq. (12) to a set of algebraic equations,
namely,

K® +4i[H, K" = 0,H

This means that the gauge in Eq. (16) reduces the differential equation to a set of algebraic
equations.

Therefore, with Eqgs. (11) and (16), we are equipped to study how quantum states evolve in
response to changes in the parameter q.

2.2 Multi-Parameter Dependent Hamiltonian

We now extend the discussion from single-parameter dependence to multi-parameter dependence.
Assume that the base space R x M™" is described by the parameters {¢° = t,¢',¢%, ..., ¢"}, where
M™ is an n-dimensional manifold representing the parameter space and the superscript in ¢* is
not the exponent of ¢ but as an index distinguishing the independent variables. As a result, we
obtain

0=V, |¥)= (0, +iK,)[¥), (20)
0=V,G=0,G—iGK, +iK]G, (21)
0
where p € {0,1,2,...,n}, 0, = Do’ and Ky = H.
q

Analogous to the single-parameter case, the local curvature two-form also vanishes everywhere,

ie.,

1
F = iFwdq" Adg” =0, (22)
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where
F/M/ =—1 [vuy vu] = 07 (23)

and Einstein summation convention is applied. Therefore, the Hilbert space bundle is, again,
locally flat. Moreover, from Eq. (23), we find that the operators K, satisfy the following relations:

0=0,K, —0,K, +i[K, K, (24)

To simplify the derivation of K;, where ¢ € {1,2,...,n} (we adopt the convention from general
relativity: Greek indices run from 0 to n, while Latin indices run from 1 to n), we can generalize
the gauge condition shown in Eq. (16) to

[0 K;, H] = [0:K;, H] = 0, (25)
so that when the Hamiltonian does not depend on t,
K =tK{" + K”, (26)

where KV and K are both ¢-independent operators.
From Eq. (23), the relationships between K", K", and H are

[K",H] =0

K" +i|H K] =0;H(q)

OKY — ;KD =i [KO, KO —i [KO, K"
T v J e LA
HK" — K" =i [K" K]

(27)

As a result, just as in the single-parameter case, the gauge conditions in Eq. (25) transforms
the differential equations in Eq. (24) into algebraic ones.

3 Holonomy from the Evolution Generators

Holonomy, roughly speaking, describes how a vector changes after being transported around a
closed path in the base space, relative to its initial value. In our case, it captures how the quantum
state evolves when the parameters in the Hamiltonian are varied along a path that eventually
returns to their original values. To study this, we examine the evolution of general quantum states
along closed paths in the combined time-parameter space R x M™.

Unlike the Berry connection, the connections defined in Egs. (9) and (20) are not limited to
Hamiltonian eigenstates, but can be applied to arbitrary physical states. We can therefore use
them to compute the holonomy associated with the vector bundle. Since the holonomy is defined
for the full vector bundle, the transformation of an arbitrary state is determined by the holonomy
operator U, namely, |Ps) = U |¥;). Nevertheless, this holonomy is not generally a pure scalar
phase (i.e., |P¢) o |¥;) in general), unlike the Berry phase in the Hamiltonian eigenstate case.

We begin with a formal discussion of a Hamiltonian that depends on n parameters and time ¢,
ie., H(q% q',...,q"), where ¢° = t. To find the holonomy associated with a closed path, we need
to understand how states evolve along a path.

By parameterizing the path +: [a,b] = R x M™ as

1(s) = (43(5),45(5), -, 45(5)) (28)

where qt;(s) denotes the value of the parameter ¢* along the path v at point s, the evolution of
the state |U[y]) satisfies

) = M, ) = -5 K, wh) (20)

We define the evolution operator U[v](s;a) along the path v by

[W[I(s)) = Uhl(s; a) [¥H(a), (30)
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where U[y](a;a) = 1 and satisfies the differential equation

d dg¥)
gU[’Y](Sv a) = _ZE

A side note: if the path « lies entirely along the ¢’-direction (i.e., the time direction), then U[v]
reduces to the standard time-evolution operator.

As a consequence, the evolution of the state is completely determined by the evolution operator
Uly]. Therefore, given a closed path 7, i.e., v(b) = v(a), the corresponding holonomy is determined
by U] (b; a).

It is worth noting that the collection of Uly], where v is a closed loop starting at a point
g € R x M", forms a group Holg, called the holonomy group (often simply denoted as Hol since
holonomy groups based at different points are isomorphic to each other). Additionally, since the
holonomy groups under different gauge choices (i.e., with different choices of evolution generators
{K}) are also isomorphic to one another (see Appendix C), it is sufficient to study the holonomy
under whichever gauge is most convenient.

K,Up)(s:a). (31)

4  Trivial and Nontrivial Holonomies

As discussed in Sec. 2, the Hilbert space bundle extended by the parameters is locally flat. This
implies that the holonomy group is trivial unless the vector bundle is nontrivial; that is, unless the
underlying base space contains defects. In other words, given a closed path v : [a,b] = R x M"
with (b) = v(a), we should expect U[v](b; ) = 1 unless the path encloses some topological defects.

In this section, we demonstrate that Ulygp](b; a) # 1 if the path vgp encircles an EP. In other
words, the EP behaves as a topological defect.

Consider a non-Hermitian Hamiltonian of the form

- (25, 1)

where x and y are real parameters. Since both x and y can take any real value, the parameter
space should therefore be M? = R?, which ostensibly suggests that the base space is R x R2 = R?,
which is simply connected. We will soon find that this is, in fact, not the case due to the existence
of nontrivial holonomies. Nevertheless, we proceed with this seemingly plausible assumption. In
the parameter space R2, there are two EPs located at 7+ = +é,. In the full base space, they
sweep out two lines £+ : R — R x R?, defined as ¢+ = {(t,7) € R x R? | ¥ = 71}, which can be
parameterized as ¢4 (t) = (¢, (£1,0)) (see Fig. 2). As we will soon see, this leads to a contradiction;
therefore, the base space should be R x R?\ (¢_ U/, ) rather than all of R x R2. To simplify
notation, we write (¢, (z,y)) € R x R? as (¢, z,y) provided no ambiguity arises.

To determine the evolution operator Uly], we need to find the evolution generators in the -
and y-directions, i.e., K; and K, in

0=, [0) = (9, +iK,) V). (34)

Hence, we impose the gauge conditions shown in Eq. (25), apply the determining equations shown
in Egs. (26) and (27), and obtain

L
1 —iz?t (1+iy) xt — il
Kp= g 1 +iy ’ (35)
(L+iy)” — 22 \ (1 +iy) at + 5 izt
1
1 (1+iy) xt i(1+iy)?t— —
(I+dy)” — 2% \ i (1 +dy) t+  —(+iy)at

Notice that there are two singularities in both K, and K, located at the two EPs 7 in the
parameter space R2. These singularities are, in fact, a feature of EPs, specifically, the evolution

generators are generally singular at the EPs [47-50]. This suggests that something nontrivial occurs
at the EPs.
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Figure 2: lllustration of the parameter space and base space of H(x,y). (a) The parameter space R*: Two
exceptional points are located in the x-y plane at 7+ = +é,. (b) The base space R X R2: The two exceptional
points become two lines in the base space, shown as the black solid lines. Although they appear as points in
the parameter space, when the time dimension is taken into account, they trace out lines ¢+ in the base space.
The parameter space shown in (a) can be thought of as a specific time slice (e.g., the ¢ = 0 slice) of the full
base space.

4.1 Holonomy Without Enclosing an EP

(a) (b)

<le
e
o~
i
\

Figure 3: Transport the state along the path 7o. (a) State evolution in the parameter space R? along
RO(G) =rcosf é; + rsinf é,, which is the projection of yo onto the parameter space. No EPs are encircled
by the closed path. (b) State evolution in the base space R X R2. The path does not enclose either of the lines
swept out by the EPs.

As a demonstration, we first discuss the case in which the state evolves around a region such
that no EP is enclosed by the closed path 7, : [0,27] — R x R? (see Fig. 3). To keep the discussion
concrete and simple, we choose the path to be

Yo(0) = (0,26(0),yo(0)) = (0,7 cos,rsinb), (37)

where r is a fixed value satisfying 0 < r < 1, chosen so that the loop does not enclose any EPs.
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From Eq. (31), we find that

b0 = —i (Sek, + Lo, ) b0 (3)
=ir (sinf Ky —cos Ky)|, Ulvol(6;0) (39)
e (0 Y en
_ i (r —isin#) So.S~1U 0] (6:0), (41)

2(1 =172+ 2irsing)

1 .
where o, is the Pauli Z matrix (for explicit definitions, see Appendix D) and S = ﬁ ( 1 l).

—i 1
By defining
Eo(6) = ST'U[10](6;0)S, (42)
the equation above becomes
d ir (r —isinf)
—= = ) . 4
- = 3a = o smey -0 (43)
Together with the condition
Uhol(0;0) =1 < Eo(0)=1, (44)
we obtain the solution
= [ o(0) 0
'—40(0) - < 0 )\0(9)—1 ’ (45)
1—7)(1+re
where Ao (6) = ((1 n 7')) El — re—wg] . Consequently,
1 1+ Xo(0)2  —i(1—Xo(0)?)
0;0) = —— | . . 4
Uhel0) =5 (T iy (46)

It is worth noting that the real part of the radicand in A, () is always positive for 0 < r < 1.
More precisely, the real part of the radicand is

(I-r

. (1+re=®) (1—r)(1—7r?*—2irsin0) (1-r)(1-7?)
(147

)
) (1 —rei?) = Re (I+7r)(1+7r2—2rcosf)  (1+7)(L+r%—2rcosh) > 0. (47)

Hence, A, (0) is single-valued, despite the presence of the fourth root. In particular, we can safely
conclude that A(27) = 1. Consequently, the evolution operator after completing a loop is

Ulyol(2m;0) = 1. (48)

As a result, the holonomy is trivial; in other words, every state evolves back to itself after being
transported along the closed path v,. This is expected from the fact that the Hilbert space bundle
is locally flat.

4.2 Holonomy with an EP Enclosed

Despite evolving during transport along 7, the state returns to its initial form at the end of the
loop. However, this does not necessarily mean that a state will evolve back to itself after completing
every closed-path evolution. In fact, if the path encloses an EP, the state generally does not return
to its original form.
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Figure 4: Transport the state along the path y_. (a) State evolution in the parameter space R? along
R_(0) = (=1 + pcosf) é. + psinf &,, which is the projection of v_ onto the parameter space. The EP at
7_ is enclosed by the loop. (b) State evolution in the base space R x R2. The closed path y_ encircles the
line £_ at t = 0, which is traced out in the base space by the EP 7_ in the parameter space.

To be more specific, as mentioned in Sec. 1, numerous studies have demonstrated that encir-
cling an EP causes eigenvalues to traverse between connected Riemann sheets [29-42]. Because
eigenvalues are directly associated with eigenstates, which are themselves special cases of general
quantum states, this transition strongly indicates that the holonomies surrounding an EP can be
nontrivial.

To show this explicitly, we find the evolution operator along the path v_ : [0,27] — R x R?
(see Fig. 4), where y_ is parameterized as

v—(0) = (0,2_(0),y—(0)) = (0,—1 + pcosb, psinh), (49)

where 0 < p < 2, so that only the EP £_ is enclosed by the closed path _.
The evolution operator U[y-](0;0) along this path y_ is then governed by

GUB-10:0 = i Sk + ek, UhI6:0) (50)
=ip (sinb K —cosf Ky)|, Uly-](6;0) (51)
_—(=pe™) .
= m%[]h—}(ao) (52)
= U=re™) o s 600 (53)

22— pe-0)°7* -\ L)
Once again, we let

E_(0) = STTUL-1(6;0)8, (54)

together with the condition U[y_](0;0) =1 (i.e., E_(0) = 1), we obtain

=Z_(0) = (A—O(e) N (09)_1> , (55)

) 92 _ —10 /4
where A_(0) = e—i0/4 <2p€p) . Clearly, as shown previously in Eq. (46),the evolution
operator is
1 1 + )\ 9)2 —i(1=x_(0)%)
_1(68;0) = —— .
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Interestingly, since

pre*wi?fpcosf)
Re 5, 2, > 0, (57)

for 0 < p < 2, A_(0) is also single-valued. Nevertheless, A_(27) = —i # 1. Hence,

vh-lemo = () o) =7 (59

so that states do not evolve back to themselves after completing the path v_ in general. Rather,
they need to wind around the EP four times in order to return to their original configuration.

To show that this effect indeed arises from encircling the line /_ swept out by the EP, we note
that U[y_](2m;0) in Eq. (58) does not depend on the radius p of the path v_ enclosing the line ¢_.
Therefore, the path can be taken arbitrarily close to £_ (i.e., p — 0T) without changing the fact
that the states fail to recover their initial configurations upon completing the loop. Therefore, £_
becomes a topological defect in the base space.

(a) (b)

Figure 5. Transport the state along the path .. (a) State evolution in the parameter space R? along
R(0) =(1—pcosh) é,+ psinb é,, i.e., a path encircles the EP at 7. (b) State evolution in the base space
R x R%. The closed path ~. encircles the line £, at t = 0.

Regarding the other line £ swept out by the EP at 7|, we can enclose it by the path v, :
[0,27] — R x R? (see Fig. 5) parameterized by

Y+ = (0,24,y4+) = (0,1 — pcosb, psinf). (59)
This path, in fact, leads to the following evolution operator equation:

_ e—ia
%U[%](@;O) = —WSUZSW[%](@;O), (60)

which is almost the same equation as Eq. (53), except for an overall minus sign. Hence, we can
deduce that

Uhalzm0) =1 = (1 ). (61)

without repeating all the steps for path ;. Alternatively, we can simply use the fact that z, =

—z_ and H(—z,y) = TH(z,y)T, where T = ((1) é), so that Ulyy](2m;0) = TU[y-](2m;0)T =
Z7! is expected. In other words, winding around 7, or _ once changes the state |¥) by a factor

of Z*1, depending on the orientation.
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4.3 Holonomy with Nontrivial Time Loop

In the previous cases, we focused on the holonomies on a specific time slice (¢ = 0). To further
demonstrate that the nontrivial holonomies are caused by the line swept out by the EPs, we
demonstrate a holonomy using curves with explicit time dependence.

In this specific example, we consider a path 5_ : [0, 27] — R x R? parameterized by

V- (0) = (T(0), 2(0),y-(0)) = (T(0), =1 + pcos b, psin ), (62)

where T'(0) satisfies T(0) = T'(2w) = 0. Although T'(6) could be piecewise smooth, we restrict our
attention to a smooth function for simplicity, which ensures that y_ forms a closed loop.

It is worth noting that despite the fact that function T'() is arbitrary, 7_ is a loop enclosing
line ¢_ (see Fig. 6 for an illustration of this loop).

Figure 6: Transport of the state along a time-dependent closed loop ¥_ enclosing ¢_ in the base space R x R?.
The resulting holonomy (closed-loop evolution) is independent of time.

Following Eq. (31), the evolution operator U[y_] is governed by

d .. . (dT dr_ dy_ -
U100 =i (i + Yk + Yok ) UB-0) (63)
= —i (T'H — psin0K, + pcos 0Ky)|,, Ulv-1(6;0), (64)

dr
with U[y_-](0;0) = 1, where 7" = TR
To prevent the detailed derivation from distracting from the main logic flow, we defer the
solution of Eq. (64) to Appendix D, presenting only the final result here:

UR-1(6;0) = e TOHE=Ou-ONy[y_(6;0), (65)

where is H(z_(6),y—(0)) the Hamiltonian evaluated at x_(0) and y_(6), and U[y_](6;0) is the
evolution operator on the t = 0 slice defined in Sec. 4.2.
This result is, in fact, easy to picture. The U[y_](;0) term says that it evolves from 0 to
0 on the t = 0 plane, after which the system undergoes additional evolution governed by the
Hamiltonian evaluated at (z_(0),y—(0)) for a duration of T'(8) (see Fig. 7 for an illustration).
Therefore, the holonomy along the nontrivial time loop 7_ encircling ¢_ is

U[F-](2m;0) = e~ TEOHE=Ow-0DyTy_|(27;0) (66)
= Up-](2m0) =T, (67)

which is precisely the holonomy found on the ¢t = 0 slice.

This “path-independent” result is, in fact, consistent with the “locally flat” property of the
Hilbert space bundle, namely, that only the endpoints of the path matter, provided no topological
defects are encountered.
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Figure 7: The evolution operator along path 71 is identical to that along path 72, where both paths lie in the
base space R x R?, where the latter proceeds along the t = 0 slice before evolving solely in time (see Appendix D
for the explicit calculation). This result is expected, as no obstructions exist between the two paths.

To summarize, the local flatness of the Hilbert space bundle, together with the presence of
nontrivial holonomy around ¢_ and ¢, suggests that /_ and ¢, serve as localized sources of
topological phase. The emergence of nontrivial holonomy upon encircling the line swept out by
an EP suggests that the EP acts as a topological defect. These facts suggest that the parameter
space is M? = R?\ {7}, which implies that the base space is R x R?\ (/_ U ¢, ) rather than the
naive guess of R x R?. Consequently, this topological structure implies that the holonomy group
contains at least a Z, subgroup, as indicated by Z¢ = 1.

5 Physical Signatures of the Topological Defect

Based on the discussion in the previous sections, EPs can be detected using the direct calculation
of holonomies, which involves closed loops in (R x M™)\ E. Here, R corresponds to the timeline,
M™ is the n-dimensional parameter space, and E is the defect caused by the EP (in our example
above, M" =R? and E = ¢, U/_, where {1 = {(t,7) e R x R? | 7= 7L4}).

Nevertheless, this “detection” is largely abstract, theoretical, or purely mathematical. In a
real physical system, parameter modulation requires finite time, making the physical realization
of a closed loop in the time-parameter space unrealistic, if not impossible. Consequently, it might
appear that the concept of holonomy holds no practical utility and that the underlying topological
defect is of little real-world consequence.

This can be done because the emergence of parameter evolution generators K is a direct con-
sequence of the mathematical properties of the metric G and the assumption that physical states
remain physical [most importantly, normalizability in Eq. (8)] [23]. In other words, no actual
physical processes or approximations are involved in the formulation. To make the discussion
more compatible with realistic physical systems, we should also take time into consideration, like
what has been done in Sec. 4.3, by introducing a linear dependence on time.

Specifically, if a system depends on n parameters besides time, say, {q!,¢?, ..., ¢"}, there should
be corresponding n parameter evolution generators {K1, K», ..., K, }. Together with time T and
the time-evolution generator H, the governing equation [Eq. (31)] for the evolution operator along
a specific path v can be written as

d dT dg’
) — ; =—H4+ 2
ZdSU[,Y](S?SO) <d$ + dS

K) Ulv](s; s0), (68)
where {T, qu} are the parameterization components of the path and are functions of the path
parameter s, and sg is the initial point of the path parameter. By choosing the path parameter to
be time itself (s = ¢), which identifies the time component as T' = ¢, the equation simplifies to the
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evolution equation

.d i
ZaUM(t; to) = (H +v'K;) U[y](t; to), (69)
where v¢ = ] is the rate of change of the parameters (or the “velocity” in the parameter space

M™). The expression in Eq. (69) provides a more transparent representation of the rate at which
the parameters change.

Figure 8: Although the paths 41 and ~2 are very different in the base space R x R?, the evolution along the
two paths is identical because their endpoints are the same, no EP (topological defect) lies between them, and
the Hilbert space bundle is locally flat.

defect

Figure 9: In a real physical system, parameter changes require finite time. Consequently, a physical path evolves
in the time direction and generally does not form a closed loop. However, as illustrated, a physical path ~pp
winding three times around the EP is equivalent to a 3-winding holonomy (ysw) followed by a pure time evolution
47 (where all paths lie in the base space R x R?). This total evolution differs fundamentally from a trivial,
pure time evolution due to the enclosure of the EP, highlighting the crucial role that holonomy plays in the full
dynamics.

However, as demonstrated in Sec. 4.3, because the Hilbert space bundle is locally flat every-
where, any two paths sharing the same initial and final points with no topological defects lying
between them can be continuously deformed into one another, resulting in identical time evolutions
(see Fig. 8 for illustration). In contrast, a quantum state encircling an EP (a topological defect)
cannot be continuously unwound. Consequently, the resulting time evolution generally depends
on the winding number and its holonomy even though the path does not form a closed loop in
a mathematical sense (see Fig. 9 for illustration). More precisely, the final state resulting from
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winding around an EP is generally different from a trivial evolution that does not encircle the
defect.

In other words, we can still “detect” the effect from the nontrivial holonomy caused by the
EPs in experiments. To be more specific, to determine if an EP lies between two evolutionary
paths, simply evolve a quantum state along both paths from the same starting point to the same
final endpoint; if subsequent measurements reveal different resulting states, a topological defect is
guaranteed to be enclosed between them.

On the other hand, by further understanding holonomies induced by the EPs, we can potentially
utilize their topological properties to precisely manipulate and control quantum states.

6 Conclusion

Rather than limiting ourselves to an eigenstate, which form a subspace of the whole space, we
examine the topology of the entire Hilbert space bundle. Specifically, we demonstrate that an
arbitrary quantum state traveling along a closed path does not necessarily return to the same state
if the path encloses an EP; hence, the Hilbert space bundle with EPs admits nontrivial holonomies.
Given that the bundle is locally flat, the presence of nontrivial holonomies suggests the existence
of underlying topological defect.

Furthermore, by considering the full Hilbert space bundle, our framework incorporates all
possible state configurations by construction. This eliminates the need for special treatments, such
as non-Abelian Berry connections or domain enlargement, and provides a unified description of
the evolution of quantum states, including around EPs, without requiring prior identification of
their presence or order.

Upon examining the holonomies more closely, we not only find that EPs can lead to nontrivial
holonomy, but also identify that this nontrivial holonomy specifically arises from encircling an EP.
Although a 2nd-order EP is explicitly demonstrated in this work, the movement of eigenvalues
across Riemann sheets when encircling EPs provides strong evidence that this behavior also occurs
for higher-order EPs, as discussed in Sec. 4.2. Therefore, EPs effectively act as topological defects,
inducing exotic behavior in quantum states when they are transported around these points.

This study demonstrates that EPs can serve as topological defects, offering an explicit example
of a 2nd-order EP where four complete windings are required for a quantum state to return to its
initial form. However, while the required number of windings for general Hamiltonian eigenstates
has been discussed in literature [51, 52], this study cannot determine how many windings are
required for a general quantum state around an arbitrary EP. Consequently, a comprehensive
classification of how EPs govern state topology remains to be established.

This phenomenon is not only of theoretical interest, but could also provide some practical
applications. One potential application is leveraging nontrivial holonomies to implement quantum
gates and manipulate qubits.

Therefore, this study marks the beginning of a broader exploration. Many important questions
remain open and await further investigation.
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Appendices

A Berry Connections from Projections

The Berry connection is a standard tool for understanding how states depend on parameters.
Nevertheless, a Berry connection carries information about the parameter evolution of a specific
Hamiltonian eigenstate, which can be viewed as a subspace of the full Hilbert space. In this
Appendix, we show that the Berry connection can, in general, be obtained by projecting the con-
nection of the full Hilbert space bundle onto the eigenstate under a specific gauge choice appearing
in Egs. (16) and (25) (discussed in detail in Appendix A.1).

Under the adiabatic approximation, we consider a quantum system whose full quantum state
[P, (t,{q})) evolves slowly as a set of Hamiltonian parameters {ql7 @, ... 7q"} (where ¢° denotes
the ith parameter, not the ith power of ¢) varies with time. Assuming the parameter rates of

d 3
change are negligible <;t ~ O), the state factorizes into a dynamical phase, a Berry phase, and

a Hamiltonian eigenstate,

Wa(t, {a}) = e Ce™ Oy, ({a})) | (A1)

¢
where 0, () = / h,({q(t")})dt" is the dynamical phase factor, 7,[C] is the Berry phase along

to
path C, |, ({q})) is an instantaneous eigenstate of the Hamiltonian H({q}) satisfying the time-

independent eigenvalue equation

H({q}) [¥n({a})) = hn({a}) [¥n({a})) (A.2)

with h,({q}) being the corresponding energy eigenvalue. In the Hermitian regime, the Berry
connection associated with state n is given by

A ({a}) = i (Wn{aD)l0i [vn({a}) , (A.3)

where 9; = 0/dq".
With this definition, the Berry phase mentioned above can be written simply as

7alC] = /C dg' A, (A1)

where C is a path in the parameter space.

For conciseness, we will omit the explicit parameter dependence (t,{q}) where no confusion
arises.

Nevertheless, when it comes to the non-Hermitian regime, ambiguity arises. In classical or
semiclassical systems, non-Hermiticity implies amplification or attenuation, which leads to a com-
plex Berry phase where the imaginary part is related to the gain or decay of the state [53-57].
However, in the fully quantum regime, the norms of quantum states should be preserved.

Therfore, to generalize the Berry connection to the non-Hermitian quantum regime, both left-
and right-eigenstates [14] are required in its construction [46, 58, 59], namely,

‘A;n) =1 L<¢n| ai |1/}n>Ru (A5)

where

L<7/}n| H= hnL<¢n| , and H |"/}n>R = hy, W}n>R (A'G)

This leads to the cancellation of the phases, which renders the norm invariant [60].
In fact, as will be shown later, the Berry connection can also be obtained from

A = (nl Ki [yn), (A7)

where K is the parameter generator in the g'-direction under the gauge condition given in Eq. (25).
The detailed derivation of this result, along with its geometric implications, is presented across
the following subsections.

Accepted in {Yuantum 2026-09-16, click title to verify. Published under CC-BY 4.0. 15



A.1 Adiabatic Gague

To derive the Berry connection in the form of Eq. (A.7), we first review the gauge condition given
in Eq. (25),

[0:K;, H] =0, (A.8)

following Ref. [23]. (See Appendix B for a review of gauge symmetry in the Hilbert space bundle.)
However, because Eq. (25) represents a multi-parameter generalization of the single-parameter
condition in Eq. (16),

[0k, H] =0, (A.9)

we focus first on the single-parameter case for simplicity. Its extension to multiple parameters
follows straightforwardly within this framework.

On the technical side, as derived in the main text, not only does this gauge condition render
the g-evolution generator K linear in time t,

K=tK" + K, (A.10)

but it also reduces the governing equation for K from a differential equation into a set of algebraic
equations, which reads

(K™, H] =0

KO 4i[H, K9] = 0,H (A-11)

0=0,K —9,H +i[H K| = {

In other words, this gauge condition is particularly easy to work with.
It is worth emphasizing that K® in Eq. (A.11) is not uniquely determined. Adding a AK to
K® yields another valid solution to Eq. (A.11), provided that

[AK, H] = 0. (A.12)

This result turns out to correspond to the gauge transformation of the Berry connection that will
be discussed later.

Beyond these technical advantages listed in Eq. (A.11), this gauge choice aligns naturally with
the Berry connection. As noted at the beginning of this Appendix, the Berry connection is con-
structed from derivatives of Hamiltonian eigenstates. More precisely, it measures the overlap be-
tween the same eigenstate evaluated at two nearby points in parameter space during an adiabatic
process.

Coincidentally, this gauge choice is compatible with adiabatic evolution. To see this, we begin
with the equation governing the parameter evolution of a quantum state,

9, |U) = —iK ) . (A.13)

To ensure that evolution in the ¢g-direction is compatible with adiabatic evolution, let |¥) be the
nth eigenstate of the Hamiltonian H(q) with eigenvalue h,(q), i.e.,

for all possible (¢, q).
Taking the g-derivative on both sides yields

0y(H W) = 0y (hn 9,))

(OgH) |0} + HOg (|¥n)) = (9ghn) [Wn) + hn (Og [¥n))
(O H — iHE) |U,) = (Dghn — ihn K) |¥,,)

(O H — iHE) |U,) = (Dghy, — iKH) |,

(aqH a [K, H]) |q’n> = (aqhn) |q’n>

(0K W) = (Oghn) [¥r) -

L
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That is, |¥,,) is not only an eigenstate of H with eigenvalue h,,, but also an eigenstate of 9, K = K"
with eigenvalue Ogh,.
Furthermore, if adiabatic evolution holds for every n, this implies that

[0:K, H] = 0, (A.21)

which is exactly the gauge condition appeared in Eq. (16).
On the other hand, multiplying an eigenstate by an arbitrary non-zero function yields another

eigenstate. In other words, replacing |¥,,) with ’\f/n> = fn|¥,) does not alter the condition in
Eq. (A.21). However, it modifies the explicit expression for K. . To be specific, setting

0q|Vn) = —iK |Vy,) (A.22)
gives
9, \'17”> = K ’\T/n> (A.23)
= (D) [W0) + (0 10)) = ~iK (fo [T (A24)
= (O ) W) — i fuK W) = —if K |T) (A.25)
SK|U,) —i(8,Inf,)|¥,) = K|¥,). (A.26)

Considering all states n simultaneously, we find

K=K+ ¢ [¥) (P, (A.27)

where ¢, = iln f,, and (D] is a left eigenstate of H satisfying (®,,|¥,,) = dmn. In other words,
for any arbitrarily chosen C,,, the second term on the right-hand side of Eq. (A.27) satisfies

[Z Co [W0) (@, H] =3 G0 (B H =S GuH [T,) (@) (A.28)
=3 Gallhn = ) [ ) (@] = 0. (A.29)

This result corresponds directly to AK appearing in Eq. (A.12).

For a system parameterized by n-dimensional parameters {¢',¢?,...,¢"}, the preceding 1D
derivation generalizes naturally to each coordinate component ¢°. By applying the parameter
derivative 0; to the eigenvalue equation H |¥,,) = h,, |¥,,) and defining the corresponding generator
0; |¥,) = —iK; |¥,), an identical sequence of commutator manipulations recovers Eq. (25), namely,

[0:K;,H =0 foralliel,...,n. (A.30)

Thus, each component K; independently satisfies the gauge requirement along its respective pa-
rameter direction.

Hence, the gauges provided in Egs. (16) and (25) are compatible with the discussion of the
Berry connections.

A.2 Berry Connection from Evolution Generators

Having established that the evolution generator K; under the gauge condition in Eq. (25) is com-
patible with the adiabatic process, the relation between the Berry connection and the evolution
generator in the full Hilbert space bundle arises naturally.
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By defining G =) |®,) (®,], it is straightforward to verify that it satisfies Eq. (6), namely,

0iG =0,y |®n) (®n] =Y [(8:|®0)) (Bn| + D) (s (@) (A.31)
= i [(H'®0)) (] + [} (@] H)] (A.32)
= —iHt (at > @) <q>n|> +1i (at > @) (<I>n|> H (A.33)
= —iH'G +iGH, (A.34)

where (®,,| is the nth eigenstate satisfying (®,,|V,,) = dpmp with |@,) = (@n“ as mentioned in the
previous section. Consequently, G serves as a metric for the Hilbert space bundle.

On the other hand, since |¥,,) is a right eigenstate of the Hamiltonian, the state |n); in Eq. (A.5)
can be chosen as [n)y = [¥,,), which renders (V,,| = (V,,| G = (®,|. Consequently, Eq. (A.5) can
be written as

'Agn) =1 L<¢n| 0; |¢n>ﬁ (A.35)
= (¥n| K; [¥n) - (A.37)

A subtle point: K; in the last expression is evaluated at t = tg, which is K; = toK® + K©,
However, because [K™, H] = 0, to K acts as a pure gauge contribution and can be eliminated
via a gauge transformation, namely AK = —tq K™ . This will become clear in the next subsection
during the discussion of the Berry curvature.

Alternatively, since

P, = |wn>> <<wn| (A.SS)

is the projection operator onto the nth eigenstate, the projection of the operator K; onto the nth
eigenstate is given by

P, K;P, = w)n» <<d)n| K; an» ((ZM = Ai")an- (A.SQ)

If only the nth eigenstate is considered, the projection operator P, can be omitted.
In other words, the Berry connection of the nth eigenstate can be interpreted simply as the
projection of K; onto that state.

A.3 Berry Curvature

Having established the relationship between the Berry connection and the full Hilbert space bundle
connection, it is straightforward to verify the independence of the Berry curvature from the residual
gauge freedom under the condition [0;K;, H] = 0.

Given that the Berry curvature is defined as

QP =04 — 9, A (A.40)
= i (U] K [ ) — 05 (n| K [9n) (A.41)
= i (Pnl [Ki, K] [¢n) (A42)

substituting K; = toK;” + K” and K; = ton(-l) + K}O) yields
O =i (Yal oK + KV, to KV + K [90n) (A.43)
=1 <<wn‘ [Ki(O)v KJ('O)] |wn>> . (A~44)

The final equality holds because [t,,)) and (¢,,| are simultaneous right- and left-eigenstates of K"
and K", as enforced by the commutation relations [KV,H] =0 = [K;”, H]. As promised in
the previous subsection, the time-dependent terms drop out of the Berry curvature expression.
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Furthermore, the term AK; in the gauge transformation

does not contribute to the Berry curvature because [AK;, H] = 0. This confirms that the choice
of the generators K; under the gauge condition [0;K;, H] = 0 does not affect the Berry curvature.

In summary, the Berry connection AE") is, in general, a projection of K; onto the nth eigenstate
|®,,). However, Eq. (A.5) assumes the eigenstates are functions of the Hamiltonian. Nevertheless,
when considering state evolution, an eigenstate may evolve into a different eigenstate if an EP
exists, thereby requiring additional treatments [44-46]. Consequently, it is more natural to study
the evolution of general states in the full Hilbert space rather than restricting the analysis to
Hamiltonian eigenstates; providing a unified framework for such general state evolutions is precisely
one of the purposes of this study.

B Gauge Degrees of Freedom

In this appendix, we review the gauge symmetry associated with the choice of the parameter
evolution generator K, following Refs. [21, 23].

It is well-established that quantum systems are described by the Schrédinger equation. Specif-
ically, the evolution of the quantum states is governed by

Vi | W) = (8, +iH) |¥) = 0. (B.46)

Therefore, the main assumption is that the Hamiltonian is an invariant quantity (i.e., we do not
consider picture changes [18] here).

B.1 Gauge Transformation

Nevertheless, even with the same Hamiltonian, the representation of the quantum state is non-
unique.

To be more specific, given two arbitrary states |¥), and |¥), (where the boldface subscripts 1
and 2 denote two different “choices of basis/gauges” to be clarified below), both satisfy the same
Schrédinger equation provided that

“II>2 = Tn_l [Py, (B.47)
where T,, = T,(t,q%, ...,q") is an invertible matrix depending on time ¢ and n parameters
{q',...,q"}, with the subscript n denoting the number of parameters, satisfying

T, +iH,T,] =0. (B.48)

To see this, let |U); be a physical state that satisfies the Schrédinger equation

10y W), = H|¥),. (B.49)

It follows that |¥), also satifies the same Schrédinger equation:
i0; | W)y = 0y (T, |W),) (B.50)
:i(atwal) (U); +iT, 10, [0), ( )
= T, (0T, Tt W), + T, H W), (B.52)
= T, [H TT, W)y + T H W), (B.53)
:HTn_1|\I/>1:H|\I/>2- ( )

Indeed, |¥), and |¥), are physically equivalent if we apply the transformations
|‘1’>1 - |\I’>2 = Tn_1 |‘I’>1

Gl — Gz = TJGlTn N (B55)
0O, — 0= Tn_lolTn

provided T,, satisfies Eq. (B.48), where Oy is an arbitrary operator in basis 1 and O is the
corresponding operator in basis 2. Consequently, the matrix 7;, allows us to map states and
operators directly from basis 1 to basis 2.
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B.2 Gauge Transformations and Evolution Generators

This subsection investigates the transformation properties of the evolution generators under the
action of T,, and vice versa.

For simplicity, we begin the discussion with just one parameter in addition to time . We now
show that the transformation 77 maps one parameter evolution generator to another.

Let ¢ be a parameter in the Hamiltonian H. In Basis 1, the state evolution along the g-direction
is governed by

0y W), = —ik1 |0), (B.56)
where, according to Eq. (12), the generator K satisfies
0 K1 =i[K1,H| + 0,H. (B.57)
Applying the basis transformation shown in Eq. (B.47), the state evolution in Basis 2 becomes

6q‘\11>2:8q (Tl_l‘\ll>1) ( )
= _Tl_l (8qT1)T1_1|\I/>1 +T1_18q|\1'>1 ( )
=Ty (0,Ty) Ty 1 | W), — Ty ' Kq | W), (B.60)
= _Tl_l (8qT1) |\I’>2 - iTl_lKlTl |\I/>2 ( )
= —iK3 |V),. ( )
Here, the evolution generator Ko in Basis 2 is related to K7 by

Ko =T KTy — T, (0,Th) - (B.63)

It is straightforward to show that

Ko =0y [Ty 'K1 Ty —iTy (0,T1)] (B.64)
= (O I7 ") KaTy + Ty (0, K1) Th + Ty ' K1 (0:Th) — i (915" (9,Th) (B.65)
— T 0,0, '
=T H, T T KTy + Tt (i K, H) 4 0,H) Ty — i1y P Kq [H, Th) (B.66)
+ T H, TR0, Ty — iTy 1 0,0,T) '
=~ HT 'K Ty + T, (0,H) Ty + 4T, 'Ky ThH + T, Y HO, Ty — HT; 19,y (B.67)
— T Y 0,H, Th] — Ty [H, 0,T] '
= —iH (T ' K1 Ty — Ty 0,1y ) + 0, H + i (Ty 'Ky Ty — i1y "o, Th) H (B.68)
= i[Kq, H] + 0,H, (B.69)
where we exchanged the order of differentiation, using 0,0,7% = 040,11 in passing from (B.65)
to (B.66). In other words, the validity of Eq. (12) for the evolution generator K; guarantees its
( y of Eq g g

validity for Ko, i.e.,
8tK1 :Z[Kl,H]+aqH =1 8tK2 :Z[Kz,H]+aqH (B70)

Conversely, for any pair of evolution generators Ky and Ko that satisfy Eq. (12), one can
construct the corresponding gauge transformation matrix 77 via Egs. (B.48) and (B.63), namely

0,1y = iTi Ky — iK1 T

In fact, the reverse direction is nontrivial, as it hinges on the commutativity of partial deriva-
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tives, 0,0,11 = 0;04T1. Nevertheless, applying (B.71) yields

0q0¢Th — 0.04Ty = 104[T1, H) — 10y (T1 K2 — K1) (B.72)
=i[0,T1, H| +i[T1,0,H] — i (0,T1) Ko — iT1 (0, K2) + i (0: K1) Th (B.73)
+1K4 (8tT1) '
=—[T" Ko — KiTh, H| +i[T1,0,H] + [Th, H K2 (B.74)
—iTy (0:K2) + i (0. K1) Ty — K1[T1, H] ’
=i (0 K1 —i[K1,H| — 0,H)Th —iTy (0t K2 — i[Ka,H| — 0,H) . (B.75)
Since K7 and K2 both satisfy Eq. (12), namely,
8tK1 :z[Kl,H]+6qH and 8tK2 ZZ[Kg,H]—FaqH, (B76)
the partial derivatives commute for 77, i.e.,
040,11 = 0.0,11. (B.77)

Therefore, given any two arbitrary evolution generators K7 and K3, they are related by a gauge
transformation.
Ezxtension to n parameters. The derivation for the multi-parameter case requires no new machinery
and simply repeats the two-parameter calculations. Applying the same method, we can show that
two sets of evolution generators, {K;} and {K!}, are related by a single gauge transformation
matrix 7T, satisfying

{ Ty, = i[Ty, H] (B.78)

0T, = iT k! — iKT,
(Recall that 9y = /0t and 9; = 9/9q".)

Similar to the one-parameter case, different choices of the evolution generators {K;} merely
correspond to different gauges.

C Gauge Invariance of the Holonomy Class

Following the discussion in Appendix B, the gauge covariance (or gauge equivalence) of the holon-
omy group is straightforward to establish.

To see this equivalence, let C, and Cp, be two loops parameterized by s € [0, 1] based at the same
point ¢ in the space-time parameter space R x M™, such that C,(0) = C,(0) = §. The product
loop C. = Cp, * C, is defined by

Ca(2s), 0< 1
Cc(s):Cb*Ca(s):{ Cal20) SIS (C.79)

which satisfies C.(0) = C.(1) = qG.
Under Gauge 1 (denoted by subscript 1), the states evolving along these loops satisfy
[W[Cal(s = 1))y = Ua [¥[Cal(s = 0))y,
(W[Cal(s = 1))y = Up [¥[Co](s = 0))y ,
(W[Cel(s = 1))y = Ue [W[Cc](s = 0))1 = Uy [¥[Co](s = 0))4
= UpUy |V[Co](s = 0)); = UpUq |Y[Cc](s =

(C.80)

0)15

where U,, Uy, and U, are the corresponding holonomies.
Similarly, under Gauge 2, the holonomies U, Uy, and U associated with the same loops based
at ¢ are defined by

[W[Cal(s = 1))3 = Ug [¥[Cal(s = 0))5,
W[Cal(s = 1))5 = Uy [¥[Col(s = 0))s, (C.81)
[W[C] (s = 1))y = Uz [P[Cc](s = 0)), = UpUq [W[Ce(s = 0)), -
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As shown in Appendix B.1, quantum states in Gauge 1 and Gauge 2 are related by
‘\mz = Trjl |‘Il>1 ) (C.82)

where T,, = T,(t,q",...,q") is the gauge transformation operator. Because C,(0) = C,(1) =
Cp(0) = Cp(1) = ¢ and T, is a single-valued function of position, T, takes the same value at all
endpoint base points. For brevity, we define T' = T,|;.

Combining Egs. (C.80), (C.81), and (C.82), the holonomies in the two gauges are related by a
similarity transformation, namely,

v =1"'v, T, U =T'U,T, and U.=T'U.T. (C.83)
Consequently, for any arbitrary loops C, and Cy,
vl =uvju, =17'u, 7T U, T = T U UT = T'UT (C.84)

demonstrating that the holonomies are related by a global similarity transformation. In other
words, the holonomy group elements under two different gauges are in one-to-one correspondence,
fully preserving the group structure under gauge transformations.

As a consequence, the holonomy groups under different gauge choices are isomorphic. Hence,
the holonomy class is invariant under gauge transformations.

D Evolution Operator for Nontrivial Time Loop

This Appendix provides the derivation of the solution U[y_] for Eq. (64) with the initial condition
U[7-](0;0) = 1, keeping these detailed calculations out of the main text.

To significantly simplify the calculations, we switch to the Pauli matrix basis. In this represen-
tation, the parameter evolution generators become

H=(1+1iy)o, —izo, = R0, (D.85)
; ; 2

K, = q j_ll;—)zy) xt . _é Z;; Zy_) —0y %@ (D.86)

R zg)fR)} & (D.87)

LG :_1;;21/)_ 270 T 1y ;Z/)z — 20 %% (D.88)

where R = (1+1y, 0, —iz), R> = R- R = (1 +iy)? — 2%, and o = (0,,0y,0), with o; being the
standard Pauli matrices:

0 1 0 —1 1 0
oz—(l O)’ 0y—<i O)’ and O'z—(o 1>. (D.90)

Boldface font denotes vectors in this representation to avoid confusion with the (¢, x,y)-vector in
Section 4.
From Eq. (64), the governing equation for U[¥_] is given by

jeU[ )(6;0) = (T’H+ Z—HK + jZK ) . U[F-](6;0). (D.91)

To solve Eq. (D.91), we employ the following matrix identities:
e = cos (r) 1 — iSinT(r) r-o, (D.92)
(r1-0)(ry-0)=r1-rl +i(ry xry) - o, (D.93)
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1/2

where r = (r - r)/2. Using these relations, direct calculations yield

iF-o d —iF.o

e @e
d F —sin Fcos F sin F'cosF [ d sin [\ 2 d
(7)== (50) - () # (wFﬂ g

= —1

(D.94)
and
eiF‘cr (Y 5 0') e—iF-a'
= [(cos F)? — (sin F)?Y + (8121?75)2 (F-Y)F + w (Y x F)} ‘o, (D-95)
where F = (F - F)"/2.
We then make the ansatz
U[7-](6;0) = e TORO o7 (g) = [cos (T(O)R(H)) 1 — iSin(TR(?e))R(e))R(e) : 0'] U(), (D.96)

where R = (1 +iy(0),0, —iz(0)) depends implicitly on 6. Substituting this ansatz into Eq. (D.91)
without specifying the explicit forms of x(6) and y(6), and multiplying by exp (iT'()R_(0) - o)
from the left, we obtain

TR (0)0 (de—iT(e)R—(H)-a) U(9) + i(7(9)

do do
)
D.97)
: At dx dy , _ (
— _ i 4T(O)R_(0)o - H K K iT(O)R_(0)-o U(o).
' (do Tt y);_e (©)
@

These numbered terms are highlighted for reference and will be utilized in the discussion below.
Noting that

dt dx dy
dt de [ R-(0.R) R x (0, R) dy [ R-(OyR) R x (0yR)
=<¢{—R+ — R — |t R .
{da 0 { R T or |Tw|lT R T R ”
(D.98)
and that R depends solely on = and y, this combination simplifies to
dt dx dy dt R-R Rx R

d
here R = —R.
where pT

Applying the identities in Egs. (D.94) and (D.95), a straightforward calculation shows that

_ ieiT(&)R, (9)~a’ <T’H + dﬁK$ —+ @K )

= K, o~ iTOR_(0)0 _ (deiT(G)R(G)-o->

do
- (D.100)
@ @

—(1—pe™™)
= 57— =i O
2(2 — pe=9)
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where R_(0) = (1+ipsin 0,0,i(1—pcos)), R_(0) = [R_(0) - R_(0)]"/> = e/2p1/2 (2 — pe=i%)'/?,

Note that these expressions match the respective components designated as © and @ in Eq. (D.97).
Consequently, Eq. (D.97) reduces to the differential equation

=20 = Maylj(a), (D.101)

which matches the differential equation given in Eq. (53).
The solution to Eq. (D.101) is thus given by

~ 1 L+A_(0)2  —i(1—M_(0)
U(G) = U[’)/_}(&O) - m (Z (1 _ /\_(9)2) 1(_|_ /\_(9)2 )> ) (D.102)

where both U[y_](6;0) and A_(0) are defined as in Sec. 4.2.
Substituting this back into the ansatz yields the final solution for Eq. (D.91) renders

U7-](6;0) = /TOR-O)o 7 (g) (D.103)

= 2)\,1(9) cos(T(O)R_(O)1 —i—————R_(0) - a‘] [(1+X-(0))1

+ (1 - /\—(9)2) Uy] (D.104)

A0 (2 pe i +A_(0)%pe)
=0 cos (T(O)R_(0))1 — SR (0 (0) sin (T(0)R_(0)) o,
- 2 10 _ )\ (0)2pei?
+ (12)\/\__(2?)) cos (T(O)R_(6)) o, + (2-» T 9)1_%; P") in (T(O)R_(8)) 0.

(D.105)

This confirms that the evolution along paths 71 and 7 (see Fig. 7) yields identical results.
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