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If a unitary transformation has a circuit representation with no directed path from
input a to output b, then a does not influence b through the overall unitary. Conversely,
if a unitary satisfies a number of no-influence conditions, it is natural to wonder whether
a circuit decomposition exists in which all of them are represented by absences of paths.
Such decompositions are known as causal decompositions; determining their existence
in general is a central open problem in the study of causal structure in quantum the-
ory. We present progress towards a general solution by considering the special case of
unitary causal decompositions, i.e. decompositions in terms of unitary circuits in the
traditional quantum circuit formalism that do not require the generalisation to ‘ex-
tended’ or ‘routed’ quantum circuits prompted by earlier research on this topic. We
identify a combinatorial condition that characterises precisely those sets of no-influence
constraints G for which any unitary transformation satisfying G admits a unitary causal
decomposition representing the constraints. Our approach, grounded in lattice theory
and finite-dimensional operator algebra, is systematic and offers hope for extensions to
more general (e.g. routed unitary) causal decompositions in the future.

1 Introduction
The tension between quantum correlations and classical causal explanations, exposed by Bell’s
theorem, has in recent decades led to a growing literature on causal structure in quantum theory and
the potential for quantum causal explanations (see for instance [1–5]). Throughout this literature
one encounters two qualitatively distinct kinds of structure imposed on quantum data. One is top-
down in nature, constraining global properties of quantum states or processes: think of no-signalling
or no-influence constraints on quantum dynamics, commutation between subalgebras, or statistical
independence relationships. The other is instead bottom-up and compositional, describing how a
state or process may be built out of local subprocesses composed into a circuit or network. A
full understanding of causation in quantum theory requires a grasp of the relation between these
two types of structural constraints. This relationship has been investigated in a number of works
(see e.g. [6–15]); one approach, which we develop further in this work, lies in the study of causal
decompositions of unitary transformations [13–17].

For a unitary transformation U whose input and output systems are labelled by the elements
of finite sets A and B, respectively, we will let the causal structure of U refer to a property of
the top-down type: it is the binary relation GU ⊆ A × B that specifies which outputs b ∈ B are
influenced by (i.e. are dynamically dependent on) which inputs a ∈ A given the dynamics U . A
quantum circuit C with the same inputs and outputs defines, on the other hand, a connectivity
relation GC ⊆ A × B, indicating the existence of directed paths connecting inputs to outputs. It
encodes one aspect of the circuit’s compositional structure. Causal and compositional structure are
related in one obvious way: the presence of a causal influence through U requires a path through
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its circuit representation that can mediate it. That is, if U admits a decomposition into a circuit
C, then GU ⊆ GC .

Conversely, as was shown in Refs. [7, 8], every unitary transformation that satisfies a no-influence
constraint of the form (a, b) /∈ GU admits a circuit decomposition C representing that property
by the absence of a mediating path, i.e. a circuit that satisfies (a, b) /∈ GC . A natural question is
whether also multiple no-influence constraints can be represented at once in the connectivity of a
single circuit representation. More precisely, if for a given unitary U and binary relation G ⊆ A × B
the causal constraint GU ⊆ G is satisfied, then it is appropriate to ask whether a circuit decom-
position C of U exists satisfying GC ⊆ G. In this case, the circuit C may be said to represent the
causal constraint GU ⊆ G, since the latter is implied by the chain of inclusions GU ⊆ GC ⊆ G. In
other words, C makes the no-influence conditions expressed by GU ⊆ G directly apparent by the
absence of paths. We call circuits achieving such a representational task causal decompositions;
they form a bridge between causal and compositional structure.

The existence of causal decompositions was first addressed in generality in Ref. [13], where
it was shown for a handful of relations G ⊆ A × B that any unitary U satisfying the causal
condition GU ⊆ G indeed admits a circuit decomposition with connectivity G.1 We will call such
relations G (compositionally) representable. Moreover, in Ref. [13] the shape of the circuits was
uniquely determined by G and independent of the unitary U . This type of result finds many
applications (see [15] for more details on some of these). First of all, compositional structure can
act as a powerful handle in proofs; and causal decompositions give access to this tool even when
the initial assumptions are in terms of causal structure alone (see e.g. [18–20]). Second, results
of the type above offer a constructive description of the entire class of unitaries U with causal
structure GU ⊆ G, parametrising it by the gates and wires in the circuit. These parameters may be
independently varied without leaving the class; in this sense they constitute a generalisation of the
autonomous causal mechanisms from classical causal modelling [21] and thereby find an important
application to the quantum causal modelling approach based on unitary causal influences developed
in [2, 3, 18]. Third, causal decompositions are instrumental in comparing the latter with other
approaches to quantum causal modelling such as those of Refs. [4, 5, 22, 23], which instead take
compositional structure as their starting point.

A fourth application lies in relativistic quantum information, where the existence of causal
decompositions can be leveraged to prove equivalence between the (top-down) condition of having
no superluminal influences and the (bottom-up) realisability of multipartite quantum channels in
a spacetime context. It is this connection to relativistic causality that in fact sparked the first
results in the spirit of causal decompositions in Refs. [6–8], where special cases of these two con-
ditions were called (semi)causality and (semi)localisability, respectively. The general case and the
precise role played by causal decompositions is investigated in detail in Refs. [15, 24] and upcom-
ing work. Finally, another application of causal decompositions arises from the perspective of
unitary channels not as transformations of physical systems over time but as passive transform-
ations (*-isomorphisms) relating different ways of partitioning the same overall quantum system
(C∗-algebra) into subsystems. From this viewpoint, causal decompositions clarify how one such
partitioning can be obtained from another by a sequence of fine-grainings and coarse-grainings [14,
25].

Despite this wealth of applications, the general existence of causal decompositions remains un-
known. For many of the motivations mentioned above it is natural, or even essential, to require
that the gates in the causal decompositions themselves be unitary, too; we refer to circuits sat-
isfying this requirement as unitary causal decompositions. Ref. [13] showed that not all causal
conditions G are representable in terms of unitary causal decompositions. The authors addressed
this issue by introducing a generalised kind of unitary quantum circuit that incorporates direct-sum
structure and non-factor algebras. This has been developed into the framework of routed quantum
circuits [16], which has since found significant relevance outside the study of causal decomposi-
tions as well. As far as causal decompositions are concerned, strictly more unitary transformations
admit them in terms of routed unitary circuits than in terms of traditional unitary circuits [13].

1Most results in Ref. [13] were in fact stated in terms of causally faithful circuit decompositions, meaning they
showed the existence of decompositions of unitaries saturating the causal constraint, i.e. satisfying GU = G. Their
proofs however only relied on no-influence conditions, not on influence conditions, and therefore also go through for
unitaries satisfying the constraint GU ⊆ G.
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The focus of this work will, however, be on decompositions into traditional, non-routed unitary
circuits—i.e. those whose wires represent tensor-product factors of Hilbert spaces and whose gates
are unitary transformations between them. Our main result is the identification of a combinatorial
condition on a relation G ⊆ A × B—the C3 exclusion property—which we prove is satisfied if and
only if G is representable in (non-routed) unitary circuits; that is, if and only if every unitary
U satisfying GU ⊆ G admits a non-routed unitary circuit decomposition C that has connectivity
GC ⊆ G. The C3 exclusion property amounts to the statement that G restricts nowhere to C3, a
particular relation between three inputs and three outputs. We make use of the ‘concept lattice’
construction studied in formal concept analysis [26, 27] that was shown in Ref. [17] to provide a
canonical shape LG for any circuit with connectivity relation GC ⊆ G. We also show that the C3
exclusion property can be characterised in terms of this canonical shape through various insightful
syntactic and diagrammatic properties—in particular, it corresponds to the requirement that there
be no more than one path between any given input and output.

The remainder of this paper is structured as follows. Section 2 introduces causal structure
GU and the connectivity relation GC using the order-theoretic formalism for circuit syntax from
Ref. [17] and recalls existing results about causal decompositions. In Section 3 we state our main
result, Theorem 3.2, and outline its proof. Section 4 deals with the purely syntactical, combinatorial
aspects of the proof, recalling the construction of the concept lattice LG, the canonical shape for
causal decompositions, and characterising the C3 exclusion property in terms of it (Theorem 4.9).
Section 5 combines these combinatorial results with relevant operator-algebraic ones, proven in
Appendix B, in order to show sufficiency of the C3 exclusion property for representability in
unitary circuits (the most important direction of our main theorem): that is, if G satisfies the C3
exclusion property, then any unitary transformation U satisfying the causal constraint GU ⊆ G
admits a unitary causal decomposition of the canonical shape that represents the constraint. Causal
constraints that fail the C3 exclusion property may still be representable in terms of routed unitary
circuits as in Ref. [13], and we believe that the lattice-theoretic approach employed in this work may
in the future offer insights into the existence of those more general decompositions as well. Finally,
Section 6 summarises and discusses our results; Appendix A explains the reason that this work
focusses on unitary transformations U , rather than generic quantum channels; and Appendix C
makes the connection to the related notion of causally faithful circuit decompositions.

2 Preliminaries and background
2.1 Quantum systems and transformations
We start with some terminology and notation. By a (quantum) system we mean the full algebra
A = L(HA) of operators on some positive- and finite-dimensional Hilbert space HA. The identity
operator is denoted by 1A, and the commutant of a subset X ⊆ A is the subalgebra

X ′ := {a ∈ A | ∀x ∈ X : ax = xa}. (1)

Given quantum systems A1 and A2, we will often denote the composite system A1 ⊗ A2 =
L(HA1) ⊗ L(HA2) ∼= L(HA1 ⊗ HA2) by A1A2, and, when clear from context, we will abuse
notation by letting A1 also denote the subalgebra A1 ⊗ {1A2} = {a1 ⊗ 1A2 | a1 ∈ A1} ⊆ A1A2.
Adopting this notation, we have A′

1 = A2.
We regard transformations in the Schrödinger picture: thus, (quantum) channels are linear

maps E : A → B between operator algebras A = L(HA) and B = L(HB) that are completely
positive and trace-preserving (TrB ◦ E = TrA). The latter condition is equivalent to unitality of
the Hilbert-Schmidt adjoint E† : B → A (that is, that E†(1B) = 1A), which would describe
the channel in the Heisenberg picture instead. We call E : A → B unitary if it is in fact a
*-isomorphism of the operator algebras; this is the case precisely if it is of the form U(·)U∗ for
some unitary map U : HA → HB, where U∗ is its adjoint with respect to the inner products on
HA and HB (see Proposition B.1).

Throughout the paper we will strive to keep a healthy separation between syntactic notions
(such as labels of quantum systems, relations between labels, shapes of circuits) and semantic
ones (such as quantum systems, unitary channels, commutation of subalgebras). The former are
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combinatorial objects, the latter operator-algebraic. We will often use a typewriter font for symbols
relating to syntactic notions and a bold font for semantic ones. On the syntactic side, our general
setup will consist of two finite sets A and B, whose elements should be viewed as labels of input and
output quantum systems, respectively. Semantically, meanwhile, we consider quantum systems Aa
labelled by a ∈ A and Bb labelled by b ∈ B. Given such a choice of quantum systems and a subset
α ⊆ A, we write

Aα :=
⊗
a∈α

Aa, and thus AA :=
⊗
a∈A

Aa; (2)

Bβ and BB are defined similarly. In particular, A∅ = B∅ = C, the trivial quantum system.
As above, we will often use the same notation Aα and Bβ to refer instead to the subalgebras
Aα ⊗ {1AA\α

} ⊆ AA and Bβ ⊗ {1BB\β
} ⊆ BB, respectively, whose commutants are then given by

A′
α = AA\α and B′

β = BB\β . (3)

Our main objects of study are the multi-input, multi-output unitary channels U : AA → BB.

2.2 Causal structure
The term causal structure is used for many distinct concepts across the quantum causality liter-
ature. In this work, we follow Refs. [2, 3, 13, 18, 19] and let the term refer to the collection of
influence relations between a unitary’s global inputs and outputs. Other works use it to refer to
a circuit or network notion of structure [4, 5, 22] that we instead call compositional structure and
which is the subject of Section 2.3.

Definition 2.1. Let U : AA → BB be a unitary channel and α ⊆ A and β ⊆ B. Say that the composite
input system Aα does not (causally) influence the composite output system Bβ through U , and
write Aα ↛U Bβ , precisely if

U†(Bβ) ⊆ A′
α = AA\α. (4)

Write Aα →U Bβ if this is not the case. In the case of singletons α = {a} and β = {b}, we simply
write Aa ↛U Bb or Aa →U Bb. The causal structure of U is the relation GU ⊆ A × B defined by

∀a ∈ A, b ∈ B : a GU b ⇐⇒ Aa →U Bb. (5)

(As customary for a binary relation G ⊆ A × B, we write a G b for (a, b) ∈ G.) �

A few remarks are in order. First, various alternative ways of formulating the condition of
no-influence Aα ↛U Bβ exist and appear in the literature; see e.g. [8, 19] for overviews and proofs
of equivalence. A commonly used one is the existence of some quantum channel D : AA\α → Bβ

so that TrBB\β
◦ U = TrAα ⊗ D—or, diagrammatically,

U =

BB\β

Aα

· · ·

· · ·

Bβ

AA\α

· · ·

· · ·

D

Aα

· · ·

Bβ

AA\α

· · ·

· · ·

. (6)

(Circuit diagrams are always to be read from bottom to top and the symbol denotes the partial
trace.) In other words, the marginal output on system Bβ is independent of the input state
prepared on Aα.

Second, Definition 2.1 may also be applied to generic quantum channels E : AA → BB, yielding
a notion usually referred to as (no) signalling, the terminology (no) influence being reserved for
the unitary case. We will discuss the relation between signalling and causal influence in more detail
in Appendix A and focus only on the unitary case in the main text.

Third, in the unitary case, multisystem influence relations are always completely determined
by the single-system ones, a fact that has been called causal atomicity. Though simple to prove,
this fact is noteworthy seeing as many properties of quantum systems do not reduce to properties
of their subsystems.
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Proposition 2.2 (Causal atomicity [3, 19, 28]). Let U : AA → BB be a unitary channel. For any
α ⊆ A and β ⊆ B, Aα →U Bβ if and only if there are a ∈ α and b ∈ β such that Aa →U Bb.

The assumption of unitarity is essential here; the analogous statement for signalling through
generic quantum channels does not go through (see Appendix A). In the unitary case, causal
atomicity allows us to focus on just the single-system influence relations, captured by the object
GU ⊆ A × B defined above.

2.3 Compositional structure
We begin by outlining the purely syntactical aspects of quantum circuits and their connectivity,
adopting the order-theoretic formalism from Ref. [17]. This approach will prove useful in Section 4
due to the connection with lattice theory discussed there.

Definition 2.3 ([17]). Let A and B be finite sets. A circuit shape with inputs A and outputs B is a
quadruple (C,≤, λ, µ) consisting of a finite set C, a partial order ≤ on C, and maps λ : A → C and
µ : B → C. We will often use C to denote this quadruple in its entirety. �

Each element of the partial order C is to be thought of as a box, and each edge in its Hasse
diagram as a wire in a circuit diagram.

Definition 2.4 ([17]). For p, q ∈ C, write p ⋖ q if p covers q from below: that is, if p < q and no r ∈ C
satisfies p < r < q. The Hasse diagram of the poset C is the directed acyclic graph on C that has a
directed edge from p to q iff p ⋖ q. The circuit diagram of a circuit shape (C,≤, λ, µ) is obtained
by adding to the Hasse diagram a vertex for each a ∈ A and b ∈ B, as well as directed edges from a
to λ(a) and from µ(b) to b. All vertices are arranged on the page such that edges point upwards;
the latter are then drawn as undirected edges, so as to look like wires connecting up boxes. See
below for an example. We refer to elements p ∈ C of a circuit shape using the syntactical term box,
reserving the term ‘gate’ for their semantic counterparts (i.e. quantum channels composed into a
quantum circuit). �

Definition 2.5 ([17]). Let C be a circuit shape with inputs A and outputs B. A path from a ∈ A to
b ∈ B through C is a sequence p1, p2, . . . , pn ∈ C such that λ(a) = p1 ⋖ p2 ⋖ · · · ⋖ pn = µ(b). Since
C is finite, there exists a path from a to b iff λ(a) ≤ µ(b). The (input-output) connectivity of C is
the relation GC ⊆ A × B satisfying

∀a ∈ A, b ∈ B : a GC b ⇐⇒ λ(a) ≤ µ(b). (7)
�

Example 2.6. Let A = {a1, a2, a3} and B = {b1, b2, b3} and let LC3 and BC3 be the circuit shapes
defined by the circuit diagrams below. Both of these circuit shapes have connectivity C3.

LC3 :=

s

b2 b3b1

p

q r

a2 a3a1

; BC3 :=

a1 a2 a3

b1 b2 b3

; C3 :=
a1 a2 a3

b1 b2 b3

. (8)

Explicitly, LC3 is the circuit (LC3 ,≤, λ, µ) whose underlying set is {p, q, r, s}, whose partial order
satisfies p < q < s, p < r < s, q ≰ r and r ≰ q, and whose input and output maps are given by
λ : a1 7→ q, a2 7→ p, a3 7→ r and µ : b1 7→ q, b2 7→ s, b3 7→ r, respectively.2

2In the literature on (quantum) circuits, the syntax of circuits is often modelled by directed acyclic graphs, rather
than partial orders. This allows one to distinguish, for example, the circuit shape LC3 as depicted in Eq. (8) from
a circuit shape that features an additional wire directly from p to s. For our purposes, however, this distinction is
not relevant: not to input-output connectivity nor to the class of channels that can be implemented by circuits of
these shapes. After all, any such wire from p to s can always be incorporated into either of the gates q and r. For
simplicity we therefore focus on circuits with transitively reduced graphs as in Eq. (8).
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As another example, the circuit shape

LG1 :=

a2

a1 a3 a4

b1 b2 b3

has connectivity G1 :=
a1 a2 a3

b1 b2 b3

a4

. (9)

We will see in Section 4 that LC3 and LG1 are special cases of a general construction of a circuit
shape LG with a given connectivity relation G (see also Proposition 2.8 below). Note that the
top box of LG1 serves not much purpose in the context of quantum circuits defined below (it
is always necessarily a discarding operation) and can be ignored; but it arises from this general
construction. �

A quantum circuit is a circuit shape equipped with quantum semantics. In the below we write

Pa(p) := {q ∈ C | q ⋖ p} and Ch(p) := {r ∈ C | p ⋖ r}. (10)

Definition 2.7. Let Aa for a ∈ A and Bb for b ∈ B be quantum systems. A (quantum) circuit C =
(C, {Zq

p}p⋖q, {Eq}q) with inputs {Aa}a∈A and outputs {Bb}b∈B is a circuit shape C ≡ (C,≤, λ, µ) on
A, B together with a choice of

quantum systems Zq
p for each p, q ∈ C so that p ⋖ q and (11)

CPTP maps Ep : Aλ−1(p)Z
p
Pa(p) → ZCh(p)

p Bµ−1(p) for each p ∈ C. (12)

Here λ−1(p) and µ−1(p) are the preimages of p under λ and µ, respectively, and Zp
Pa(p) :=⊗

q∈Pa(p) Z
p
q and Z

Ch(p)
p :=

⊗
r∈Ch(p) Z

r
p . The systems Zq

p may of course be trivial (one-dimensional).
Each quantum circuit C defines a quantum channel AA → BB obtained by composing all gates

Ep in the obvious way (i.e. by composing them along Zr
q systems, which each appear precisely once

as an input and once as an output of the gates Ep). A circuit decomposition of a unitary channel
U is a quantum circuit that so composes to U and a unitary circuit decomposition is one in which
each gate Ep is itself a unitary channel. Finally, the connectivity GC ⊆ A × B of a circuit C is the
connectivity of its underlying circuit shape GC. �

It will be useful to already mention the following result, which is a consequence of Ref. [17] and
will be considered in more detail in Section 4 (Theorem 4.4).

Proposition 2.8 ([17]). Let A, B be finite sets and let G ⊆ A × B. There exists a circuit shape LG

with connectivity GLG
= G such that every quantum channel that admits a circuit decomposition

C with connectivity GC ⊆ G also admits a circuit decomposition of shape LG.

2.4 Causal decompositions
Causal decompositions relate the causal and compositional structure of unitary transformations.
We start by noting the straightforward direction: the absence of a path through a circuit decom-
position implies absence of causal influence.

Proposition 2.9 (Soundness of no-connectivity for no-influence). If U : AA → BB is a unitary
quantum channel with circuit decomposition C, then GU ⊆ GC .

This is a consequence, amongst other things, of the assumption that all gates in a circuit de-
composition are trace-preserving. The formal proof is simple except for some involved bookkeeping
and is relegated to Appendix D.

A circuit decomposition can thus be regarded as a (possible) more fine-grained description of
the process giving rise to U in which the lack of causal influence between certain input and output
systems is made immediately clear by the lack of mediating paths. We now turn to the question:
when can causal conditions satisfied by a unitary channel be made apparent in that way?
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First of all, it is a special case of the result of Ref. [7] that any unitary channel U satisfying the
constraint Aa ↛U Bb for some a ∈ A and b ∈ B (i.e. (a, b) /∈ GU ) indeed admits a circuit decom-
position C with no path from a to b (i.e. (a, b) /∈ GC). More specifically, it can be decomposed
as

U =

BB\{b}

Aa

· · ·

Bb

AA\{a}

· · ·

V

Aa

W

BB\{b}
· · ·

AA\{a}

· · ·

Bb

Z . (13)

for some quantum system Z and quantum channels V : AA\{a} → ZBb and W : AaZ → BB\{b}.
V and W can in fact be chosen unitary [13].

Every individual no-influence condition (a, b) /∈ GU satisfied by U can thus be represented in the
compositional structure of an appropriately chosen circuit decomposition. Causal decompositions
address the more general problem of representing a given collection of no-influence conditions—
expressed by the inclusion GU ⊆ G for some relation G ⊆ A × B—at once in the compositional
structure of a single circuit.

Definition 2.10. Let G ⊆ A × B be a relation and U : AA → BB a unitary channel that satisfies the
causal constraint GU ⊆ G. We say that a circuit decomposition C of U represents this constraint
if its connectivity satisfies GC ⊆ G. After all, in this case it directly implies the causal constraint
GU ⊆ G by the chain of inclusions GU ⊆ GC ⊆ G, appealing to soundness (Proposition 2.9).
A causal decomposition is a circuit decomposition representing some given causal constraint; a
unitary causal decomposition is one all of whose gates are themselves unitary.

Moreover, we say that a relation G ⊆ A × B is (compositionally) representable if for each choice
of quantum systems Aa for a ∈ A and Bb for b ∈ B, every unitary channel U : AA → BB satisfying
the causal constraint GU ⊆ G admits of a circuit decomposition representing the constraint (or
equivalently, by Proposition 2.8, a circuit decomposition of shape LG). If the gates in this circuit
decomposition can always be chosen unitary, then G is (compositionally) representable in unitary
circuits. �

In most use cases for causal decompositions such as described in the introduction, one is given
no further information about the unitary U than the fact that it satisfies a causal constraint
GU ⊆ G. This makes the above concept of an abstract relation G being representable relevant,
and we will focus on it in the rest of this paper.

Specifically, our main result is a characterisation of those G that are representable in unitary
circuits. Our motivation for considering unitary circuits is twofold. First of all, unitary transforma-
tions U play a fundamental role in physics by describing the evolution of isolated quantum systems.
If the purpose of a circuit decomposition of U is to describe the physics of such an evolution on
a more fine-grained level, then it is natural to require that its constituent gates also correspond
to evolutions of isolated systems. Secondly, if G is indeed representable in unitary circuits, then
the systems Zq

p and unitary gates Ep constituting the unitary circuit decompositions with shape
LG parametrise the class of unitary channels U satisfying GU ⊆ G, thereby providing generalised
autonomous causal mechanisms for the quantum causal models of [2, 3], as described in the intro-
duction. For this application of causal decompositions it is of course crucial that any combination
of parameters in fact specifies a channel that belongs to the class—i.e. one that is, in particular,
unitary. Since inserting generic channels into the boxes of LG generally yields non-unitary channels,
it makes sense to focus on circuit decompositions with unitary gates only.

2.4.1 Causally faithful decompositions

In the above, we have regarded the abstract relation G ⊆ A × B as a ‘negative’ constraint on causal
structure: it specifies a set of input-output pairs between which influence is known not to occur, G
itself being the complement of that set. In the literature, the term ‘causal structure’ itself is often
interpreted in this purely negative sense: in a spacetime setting, for instance, relativistic causal
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structure imposes no-influence conditions between spacelike-separated systems while timelike sep-
aration does not necessitate influence. Similarly, compositional structure is best understood as
constraining causal influence negatively: an absence of paths through a circuit implies an absence
of influence (Proposition 2.9) but the presence of a path does, without any further assumptions,
in no way guarantee presence of causal influence through the overall implemented unitary.

The notion of causal influence from [2, 3, 13, 18, 29] and Section 2.2 however enables a more
positive notion of causal structure: ‘the’ causal structure GU of a unitary transformation, defined
in Definition 2.1, is a specification of precisely those input-output pairs between which causal
influences are actually present. Rather than as something imposed by an external causal framework
such as a relativistic spacetime or the topology of a circuit or network, this enables a more primitive
view of causal structure as a property of unitary dynamics itself, which is helpful in foundational
contexts (see e.g. [13, 30, 31]).

The following special type of causal decomposition, which was the focus of Ref. [13], then
becomes relevant.

Definition 2.11. A circuit decomposition C of U is causally faithful if GU = GC ; that is, if it
represents precisely all no-influence relations satisfied by U . We say that the relation G ⊆ A × B
implies (unitary) causally faithful decompositions if for each choice of quantum systems Aa for
a ∈ A and Bb for b ∈ B, every unitary channel U : AA → BB with causal structure GU = G
admits a (unitary) causally faithful circuit decomposition, or, equivalently, a (unitary) circuit
decomposition with shape LG. �

This condition on a relation G is subtly distinct from, but implied by the representability
condition of Definition 2.10. The focus of this paper is on the stronger notion of representability,
but in Theorem 3.2 and Appendix C we also comment on causally faithful decompositions.

2.4.2 Existing results and routed quantum circuits

The question now becomes: which relations G ⊆ A×B are representable in unitary circuits? Lorenz
and Barrett [13] proved a number of positive results, but also found counterexamples. A simple
counterexample, which will turn out crucial for the treatment of the general case in Section 3 and
onwards, is the following.

Example 2.12. Let A = B = {1, 2, 3} and consider the 3-qubit unitary channel

U3

B1 B2 B3

A1 A2 A3

:=

B1 B2 B3

A1 A2 A3

, (14)

consisting of two CNOT gates, where Ai
∼= Bi

∼= L(C2) for i ∈ {1, 2, 3}. The causal structure of
this unitary channel is GU3 = C3 from Eq. (8), which we reproduce here for convenience (and with
appropriate labels):

C3 =
1 2 3

1 2 3

. (15)

Indeed, it is clear that the no-influence relation A3 ↛U3 B1 holds since there is no path between
those systems in the circuit representation of U3 given above (cf. Proposition 2.9). Since the two
CNOTs commute, we also have A1 ↛U3 B3. There is influence between all other systems.

However, U3 does not admit a unitary circuit decomposition with connectivity C3. If it did,
then it would have to have one of the particular shape LC3 from Proposition 2.8. We will see in
Section 4 that this is the circuit shape already defined in Eq. (8). A unitary decomposition into
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this shape is however easily seen to be impossible, i.e.

B1 B2 B3

A1 A2 A3

̸= X Y

Z

W

C D

E F

B2 B3

A2 A3

B1

A1

, (16)

no matter the choice of systems C,D,E,F and unitary channels W,X ,Y,Z. Indeed: since A2 is
a qubit and W is unitary, either of the two systems C,D would have to be trivial, contradicting
the fact that U3 has influence A2 →U3 B1 as well as A2 →U3 B3.

C3 is therefore not representable in unitary circuits. �

It was however shown in [13] that the situation changes when considering an extended quantum
circuit paradigm that, in addition to tensor products and sequential composition, incorporates
direct sums. This extended paradigm has been formalised in the framework of routed quantum
circuits [16, 32], which turn out to naturally model phenomena outside the context of causal de-
compositions as well [16, 19, 20, 28, 30, 32, 33]. Routed circuits come with a graphical circuit
language in which the direct-sum structure is represented by indices on the wires. This circuit
language satisfies a notion of soundness of no-connectivity for no-influence analogous to Proposi-
tion 2.9 (see [13, App. A.10] and [16]). It therefore makes sense to consider causal and causally
faithful decompositions in terms of routed circuits as well, and in particular—for the same reasons
as above—in terms of unitary routed circuits. Lorenz and Barrett [13] showed that some unitaries
U admit unitary routed circuit decompositions of a given connectivity G even if they do not admit
unitary circuit decompositions with that connectivity in the traditional, non-routed circuit form-
alism: as an example, U3 from Eq. (14) admits a unitary routed circuit decomposition of the shape
in Eq. (16). In fact, they showed that every tripartite unitary channel U with GU ⊆ C3 does [13,
Theorem 3]: in other words, C3 is representable in unitary routed circuits even though (as we
showed above) the same does not hold for the traditional (non-routed) unitary circuit formalism.

It is worth noting that any unitary routed circuit may be converted into a traditional quantum
circuit of the same shape that expresses the same overall channel; however, in the process, one gen-
erally has to give up unitarity of the gates. Indeed, as far as causal decompositions are concerned,
the merit of generalising to routed circuits predominantly lies in preserving unitarity of the gates
in the decomposition. The generalisation makes much sense from a mathematical perspective, too:
traditional unitary quantum circuits can be regarded as decompositions of *-isomorphisms with
the special property that the intermediate C∗-algebras (inner wires in the circuit) are all factors,
while routed unitary decompositions allow for non-factor algebras, too.

Summarising, for each relation G ⊆ A×B and unitary channel U : AA → BB satisfying GU ⊆ G,
one may consider the statements

(i) U admits a unitary circuit decomposition with connectivity GC ⊆ G (i.e. into unitary gates
in the traditional, non-routed circuit setting);

(ii) U admits a unitary routed circuit decomposition with connectivity GC ⊆ G;

(iii) U admits a circuit decomposition with connectivity GC ⊆ G (i.e. into generic CPTP gates
in the traditional circuit setting).

We have (i) ⇒ (ii) ⇒ (iii) and, as witnessed by Example 2.12 and [13, Theorem 3], (i) ⇍ (ii).
Future work will show that also (ii) ⇍ (iii). Whether all U with GU ⊆ G satisfy (iii) is an open
problem.

In the rest of this work we shall not discuss routed circuits further and only focus on decom-
positions of type (i).
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2.4.3 Notes on further generalisations

Generic channels Even prior to the question of whether to allow the gates in causal decomposi-
tions to be generic quantum channels or only unitary ones, one might wonder why we require that
the overall channel U : AA → BB—that which is to be decomposed—be unitary to begin with. As
we discuss in detail in Appendix A, the notions of causal influence and causal decompositions as
defined above are not directly applicable in a meaningful sense to generic channels. Moreover, we
show that appropriate analogous problems about circuit decompositions of generic channels can
always be brought back to the unitary case by considering appropriate unitary dilations of the
channels. For these reasons, the rest of this work focusses on the purely unitary case.

DAGs and higher-order quantum maps In the literature on classical and quantum causality,
‘causal structure’ is usually expressed in terms of directed acyclic graphs (DAGs); this is also the
case for the quantum causal modelling framework based on causal influences through higher-order
unitary transformations developed in [2, 3, 18]. In this work, we essentially restrict our attention
to causal models on DAGs whose vertices happen to partition into a set A of ‘causes’ (vertices with
no incoming edges) and a set B of ‘effects’ (vertices with no outgoing edges). Indeed, any binary
relation G ⊆ A × B uniquely corresponds to such a bipartitioned DAG and vice versa.

One might wonder whether the study of causal decompositions of unitary channels U can be
generalised to an appropriate problem for quantum causal models on arbitrary DAGs not admitting
of such a partition. The answer is in the positive, and that crucially, the general problem completely
reduces to the one for unitary channels studied here. This reduction is detailed in [13, §7.3];
for our present purposes, suffice it to say that it is achieved by a procedure employed across
research on classical and quantum causality—known in different contexts as ‘splitting nodes’ [3,
18], constructing the ‘single-world intervention graph’ [34], ‘maximal interruption’ [35], or ‘plugging
SWAPs into the higher-order quantum map’ [19]—which converts any DAG-based causal model in
terms of higher-order quantum maps to one of the particular type we consider here.

3 Main result
In this paper, we characterise those relations G ⊆ A × B that are representable in unitary circuits.
Recall from Example 2.12 that C3 does not have this property. The general condition in fact turns
out to boil down to the absence of a copy of C3.

Definition 3.1. A relation G ⊆ A × B satisfies the C3 exclusion property, abbreviated (C3-EP), if it
restricts nowhere to the relation C3 from Eq. (8); that is, if for all a1, a2, a3 ∈ A and b1, b2, b3 ∈ B,
we have

G ∩ ({a1, a2, a3} × {b1, b2, b3}) ̸=
a1 a2 a3

b1 b2 b3

. (C3-EP)

�

Theorem 3.2. Let A and B be finite sets and G ⊆ A × B. The following are equivalent.

(i) G satisfies the C3 exclusion property.

(ii) G is representable in unitary circuits. That is, for all choices of quantum systems Aa for
a ∈ A and Bb for b ∈ B, every unitary channel U : AA → BB with causal structure GU ⊆ G
admits a unitary circuit decomposition C with connectivity GC ⊆ G.3

(iii) G implies unitary causally faithful decompositions. That is, for all choices of quantum sys-
tems Aa for a ∈ A and Bb for b ∈ B, every unitary channel U : AA → BB with causal
structure GU = G admits a unitary circuit decomposition C with connectivity GC = G.

3The statement obtained by substituting GC = G for GC ⊆ G is equivalent: one can always artificially increase
the connectivity of a circuit decomposition by adding trivial wires and (if necessary) trivial gates.
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Proof. (i) ⇒ (ii) is the focus of the rest of the main text and will be proven in Theorem 5.1.
An overview of the proof is given in Section 3.1 below. To prove that conversely ¬(i) ⇒ ¬(ii),
we can adapt the counterexample from Example 2.12 by padding it with trivial systems. More
precisely, assuming that G violates the C3 exclusion property, let a1, a2, a3 ∈ A and b1, b2, b3 ∈ B
be the system labels where G restricts to C3 (i.e. such that there is equality in Eq. (C3-EP)
above). To construct the required counterexample to (ii), let Aa1 ,Aa2 ,Aa3 ,Bb1 ,Bb2 ,Bb3 all be
qubits and let all other input and output systems be trivial, one-dimensional systems. Take for
U : AA → BB simply the tripartite unitary U3 from Eq. (14) uniquely extended to the remaining
(trivial) systems. This unitary satisfies the causal constraint GU ⊆ G, but it cannot be represented
in a unitary circuit: if it could, then U3 itself would have a causal decomposition representing the
constraint GU3 ⊆ C3, which we showed in Example 2.12 is not possible.

That (ii) ⇒ (iii) is immediate from their statements. It thus remains to prove that ¬(i) ⇒ ¬(iii).
This can also be done by constructing a counterexample based on U3; but since the counterexample
unitary is now required to satisfy the saturated causal condition GU = G, simply padding with
trivial systems won’t do. The proof is more involved and is given in Appendix C.

Remark 3.3. It is important to stress what Theorem 3.2 does not show. For one, it is not the case
that if G fails (C3-EP), then no unitary channel U with GU ⊆ G admits a unitary causal decom-
position representing that constraint. Indeed, there exist unitary channels with causal structure
GU = C3 that, in contrast to U3 in Example 2.12, do have a unitary causally faithful decomposi-
tion [13]: consider for example the circuit

Aa1 Aa2 Aa3

Bb1 Bb2 Bb3

(17)

consisting only of qubits and identity gates. It is a unitary causally faithful decomposition for the
unitary channel that it defines.

Moreover, Theorem 3.2 characterises which relations G are representable in non-routed unitary
circuits, specifically. As discussed in Section 2.4.2, every unitary with GU ⊆ C3 still admits a
routed unitary causal decomposition representing that constraint (i.e. of type (ii) in Section 2.4.2),
and therefore also a causally faithful decomposition into generic CPTP maps (i.e. of type (iii)). �

3.1 Overview of the proof of (i) ⇒ (ii)
Giving a causal decomposition of a unitary channel U involves providing its syntax, i.e. a circuit
shape with the appropriate connectivity G, as well as a semantics: an interpretation of its wires and
boxes as quantum systems Zq

p and unitary channels Vq so that the target unitary U is recovered.
However, there may be multiple circuit shapes with the same connectivity G, raising the question
which of these one should hope admits appropriate quantum semantics.

We address this problem—whose solution was already previewed in Proposition 2.8—in Sec-
tion 4. We recall a construction from lattice theory, studied in particular in formal concept analysis,
that takes any given binary relation G ⊆ A × B to a complete lattice [26, 27]. Together with two
natural maps λ and µ into it, this lattice defines a circuit shape LG whose connectivity relation is
G. Moreover, we recall from [17] that any circuit with connectivity GC ⊆ G can be rewritten into
this lattice shape LG using purely syntactical operations. As a consequence, if a unitary channel
has a circuit decomposition with this connectivity, then it also has a circuit decomposition of shape
LG (Proposition 2.8 and Theorem 4.4). We will therefore call LG the canonical circuit shape with
connectivity G. We have already seen the special cases LC3 and LG1 in Example 2.6.

This result goes through whether or not G satisfies (C3-EP). In Theorem 4.9 we show that
(C3-EP) however admits a natural reformulation in terms of properties of LG: in particular, G
satisfies (C3-EP) if and only if LG has no more than one path between each input a ∈ A and output
b ∈ B. Note that LG1 satisfies this property while LC3 does not, thus restating the facts that G1
satisfies (C3-EP) while C3 does not.
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In Section 5 we use these results to prove the direction (i) ⇒ (ii) in Theorem 3.2: we prove
that if a unitary U satisfies GU ⊆ G and G satisfies (C3-EP), then U admits a decomposition with
connectivity G. We do this by induction on the circuit shape LG, providing it with appropriate
quantum semantics from the bottom upwards. Each induction step relies on an operator-algebraic
result (Lemma 5.3 proven in Appendix B) about the representation of commuting subalgebras on
tensor-product factors; after all, a unitary transformation Vq is nothing but a refactorisation of
its input space into a tensor product of output systems. The canonical circuit shape LG turns
out essential here, telling us at each step which commuting subalgebras need to be considered.
Moreover, it is the combinatorial properties of LG implied by (C3-EP) from Section 4 that guarantee
the premises of the operator-algebraic Lemma 5.3, which in turn yields the desired decompositions
into tensor products of factor algebras—as opposed to direct sums over tensor products, which may
in some cases instead be used for routed circuit decompositions. Section 5 is the mathematical core
of the paper, where the lattice-theoretic and operator-algebraic results meet, together providing
the syntax and semantics of the quantum circuit, respectively.

4 The canonical circuit shape
Given a relation G ⊆ A × B, there generally exist many possible circuit shapes with connectivity G
(see e.g. Example 2.6). As shown in Ref. [17], all of them can however be rewritten into a particular
canonical shape that can be constructed directly from the relation G. This is therefore the shape
we should be looking for: if a unitary channel U has a causal decomposition, then it necessarily
has one of this canonical shape.

In this section we recall the construction of this circuit shape, which follows a construction in
lattice theory first presented by Birkhoff [26] and extensively studied in the field of formal concept
analysis [27]. We then rephrase the C3 exclusion property (C3-EP) in terms of this shape. Note
that this section is entirely syntactic (except for the statement of Theorem 4.4, since stating also
that result syntactically requires additional machinery from Ref. [17] we will not discuss); we will
consider the consequences for quantum semantics in Section 5 and Appendix C.

4.1 Construction of the canonical circuit shape LG

For a binary relation G ⊆ A × B, we write

G(a) := {b ∈ B | a G b} and G−1(b) := {a ∈ A | a G b}. (18)

In the construction below, an important role is played by intersections of sets of the form G(a)
and G−1(b). Let us start by giving some intuition for why these intersections are relevant when
constructing a circuit shape that is as general as possible. Imagine that C is a circuit shape with
connectivity G and consider a box q ∈ C.4 Let α ⊆ A be the set of overall input wires that lie to
q’s past; that is, the input wires from which q can be reached via upward-directed paths through
the circuit shape. Consider also the outputs β ⊆ B that lie in q’s future. Because of the fact that
C has connectivity G, we have a G b for each a ∈ α, b ∈ β: in other words, α ⊆

⋂
b∈β G

−1(b).
Denote the latter set by p(β). Suppose, now, that the inclusion α ⊆ p(β) is unsaturated: that
there is a′ ∈ p(β) \α. Then a′ G b for all b ∈ β. This means that adding a path from a′ to the box
q yields a circuit shape whose connectivity is still G. Doing this for all a′ ∈ p(β) \ α, we obtain a
new circuit shape C′ with respect to which α = p(β) and which is at least as general as C in terms
of the overall channels it can realise. By a dual construction, we can ensure that also the inclusion
β ⊆

⋂
a∈α G(a) =: c(α) is saturated. In agreement with this intuition, each box in the circuit shape

constructed below corresponds precisely to a pair α ⊆ A, β ⊆ B so that α = p(β) and β = c(α).
Formally, fix two finite sets A, B and an arbitrary relation G ⊆ A × B. Denote by P(A) and P(B)

4Recall that we use ‘box’ to refer to an element of a circuit shape, while reserving the term ‘gate’ for its semantic
counterpart (i.e. a quantum channel placed in the context of a quantum circuit).
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the powersets of A and B. As anticipated, we consider the maps

c : P(A) → P(B) :: α 7→
⋂
a∈α

G(a) = {b ∈ B | ∀a ∈ α : a G b} (19)

and p : P(B) → P(A) :: β 7→
⋂
b∈β

G−1(b) = {a ∈ A | ∀b ∈ β : a G b}; (20)

in particular, c(∅) = B and p(∅) = A. When P(A) and P(B) are ordered under inclusion, these maps
are order-reversing:

∀α, α′ ⊆ A : α ⊆ α′ =⇒ c(α) ⊇ c(α′)
and ∀β, β′ ⊆ B : β ⊆ β′ =⇒ p(β) ⊇ p(β′)

(21)

They also satisfy the relations

∀α ⊆ A : α ⊆ pc(α) and ∀β ⊆ B : β ⊆ cp(β). (22)

By definition, Eqs. (21) and (22) make the pair (c, p) into an (antitone) Galois connection between
the partially ordered sets P(A) and P(B).5 A direct consequence of these equations is that

pcp = p and cpc = c. (23)

For a set α ∈ P(A), we call pc(α) the closure of α and we say that α is closed if α = pc(α).
One can see from Eq. (23) that α is closed if and only if it lies in the image of p. We denote by
Pc(A) ⊆ P(A) the set of closed subsets of A. This set is closed under intersections: this follows
directly from the definition of p in Eq. (20).

Dually, we say that cp(β) is the closure of β ⊆ B, and that β is closed if β = cp(β), or,
equivalently, if there is an α ⊆ A so that β = c(α). We denote by Pc(B) ⊆ P(B) the set of closed
subsets of B; also this set is closed under intersections.

By Eq. (23), then, the maps c and p restrict to a pair of bijective, mutually inverse order-
reversing maps c : Pc(A) → Pc(B) and p : Pc(B) → Pc(A). The following combines Pc(A) and
Pc(B) into one object.

Definition 4.1 ([27]). Let G ⊆ A × B. The concept lattice LG is the set

LG := {⟨α, β⟩ ∈ Pc(A) × Pc(B) | α = p(β) and β = c(α)} (24)

ordered by
⟨α, β⟩ ≤ ⟨α′, β′⟩ :⇐⇒ α ⊆ α′ or, equivalently, β ⊇ β′. (25)

For an arbitrary element v ∈ LG, we will denote by αv and βv the closed subsets of A and B so that
v = ⟨αv, βv⟩.

Moreover, defining the functions

λLG
: A → LG, a 7→

〈
pc({a}), c({a})

〉
(26)

and µLG
: B → LG, b 7→

〈
p({b}), cp({b})

〉
, (27)

the tuple (LG,≤, λLG
, µLG

) forms a circuit shape in the sense of Definition 2.3, which we shall call
the canonical circuit shape with connectivity G ⊆ A × B. �

The partial order (LG,≤) is a complete lattice: that is, every subset has a greatest lower bound
and least upper bound. They are given, respectively, by

∧
i∈I

⟨αi, βi⟩ =
〈⋂

i∈I

αi, cp

(⋃
i∈I

βi

)〉
and

∨
i∈I

⟨αi, βi⟩ =
〈
pc

(⋃
i∈I

αi

)
,
⋂
i∈I

βi

〉
, (28)

where I is an arbitrary set and ⟨αi, βi⟩ ∈ LG for all i ∈ I.

5In categorical terms, this is to say that they form a dual adjunction between the orders P(A) and P(B) seen
as categories. Moreover, the composites cp, pc always form closure operators: they are (i) monotone (α ⊆ α′ ⇒
pc(α) ⊆ pc(α′), and similarly for cp); (ii) extensive (Eq. (22)); and (iii) idempotent (as a consequence of Eq. (23)).
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Example 4.2. It may be verified that LC3 from Example 2.6 is the canonical shape for C3 and LG1

for G1. Here we illustrate the construction of LG in a slightly more involved case. Consider the
relation between A = {1, 2, 3, 4} and B = {a, b, c, d, e} given by

G :=
1 2 3

a b c

4

d e

. (29)

We will abbreviate subsets like {2, 3, 4} ⊆ A by ‘234’. Recall that the closed subsets of A are those
of the form c(β) for some β ⊆ B; these are precisely the set A itself (in this case 1234), the sets
of the form G−1(b) for b ∈ B (12, 234, 34, and 4), and all their intersections (2 and ∅). Taken
together, we get Pc(A) = {∅, 2, 12, 4, 34, 234, 1234}. We can now obtain Pc(B) by applying the map
c to each of the closed sets α ∈ Pc(A); we get Pc(B) = {abcde, abc, ab, cde, cd, c, ∅}, respectively.

Ordering Pc(A) under ⊆ and Pc(B) under ⊇, these sets are represented by the Hasse diagrams

(Pc(A),⊆) =

12

∅

2

4

34

234

1234

and (Pc(B),⊇) =

ab

abcde

abc

cde

cd

c

∅

(30)

with p, c acting as mutually inverse order-isomorphisms between the two posets. The corresponding
concept lattice for G is therefore

⟨12, ab⟩

⟨∅, abcde⟩

⟨2, abc⟩

⟨4, cde⟩

⟨34, cd⟩

⟨234, c⟩

⟨1234, ∅⟩

. (31)

In order to go from the concept lattice to the corresponding canonical circuit shape we addition-
ally need the maps λLG

and µLG
providing the location of the input and output wires. To calculate

λLG
(3), for instance, one could explicitly compute the closure pc({3}) = p({c, d}) = {3, 4}, or use

the fact that λLG
(3) is the smallest element v ∈ LG so that 3 ∈ αv (cf. Proposition 4.3 below).

From Eq. (31) this is easily read off to be the pair v = ⟨34, cd⟩. Similarly, for b ∈ B, µLG
(b) is the

largest element w ∈ LG that satisfies b ∈ βw. The circuit diagram of the resulting canonical circuit
shape is

LG =

12, ab

∅, abcde

2, abc

4, cde

34, cd

234, c

1234, ∅

e

4

2

d

ca

1

3

b

. (32)

(See Remark 4.6 below for a comment about the bottom and top gates of this circuit shape.) �

The following lists some properties useful to have at hand and which are all manifested as
intuitive properties of the circuit diagram.

Proposition 4.3. Let G ⊆ A × B be a binary relation and LG the canonical circuit shape.
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(i) For all a ∈ A, b ∈ B, and v ∈ LG, we have

λLG
(a) ≤ v ⇐⇒ a ∈ αv and v ≤ µLG

(b) ⇐⇒ b ∈ βv. (33)

In other words, the inputs to the past of v = ⟨αv, βv⟩ are precisely αv; the outputs to its
future are βv. As a consequence, λLG

(a) = min{v ∈ LG | a ∈ αv} and µLG
(b) = max{v ∈

LG | b ∈ βv}.

(ii) LG has connectivity G.

(iii) For all v ∈ LG, we have
v =

∨
a∈αv

λLG
(a) =

∧
b∈βv

µLG
(b). (34)

(iv) For all v ∈ LG, we have

αv = λ−1
LG

(v) ∪
⋃

u⋖v

αu and βv = µ−1
LG

(v) ∪
⋃

w⋗v

βw. (35)

In other words, each b ∈ βv is either an output wire of the box v itself, or an output that can
be reached from v by a path passing through some w ⋗ v (and dually for a ∈ αv).

Proof. See e.g. [17].

4.2 Canonicity of LG

The reason for calling LG ‘canonical’ lies in a syntactical result from [17], which for us has the
following relevant semantic consequence. (This also holds for general quantum channels, but our
focus lies on unitaries.)

Theorem 4.4. If a unitary channel U has a (unitary) circuit decomposition C with connectivity
GC ⊆ G ⊆ A × B, then it has a (unitary) circuit decomposition with shape LG.

Proof. This is a direct consequence of [17], which introduces a notion of morphisms between cir-
cuit shapes that formalise syntactical circuit rewrites. It shows that any circuit shape C with
connectivity GC ⊆ G admits a circuit morphism (‘rewrite’) f : C → LG. Thus, if U has a circuit
decomposition with shape C, then applying the rewrite provided by f yields a circuit decomposition
of U of shape LG.

Example 4.5. Any circuit with shape as on the left can be rewritten into one with the shape on
the right by the syntactical operation of merging the highlighted pairs of boxes:

a1 a2 a3

b1 b2 b3

⇝

b2 b3b1

a2 a3a1

. (36)

The shape on the right is the canonical circuit shape LC3 for the relation C3 from Examples 2.6
and 2.12. What ‘rewriting’ formally means in this context is explained in [17]. �

Remark 4.6. The circuit shape LG may in some cases be simplified without impacting the validity
of Theorem 4.4 by removing its top and/or bottom gate. Equation (32) is an example: its top
gate ⟨1234, ∅⟩ has no output wires and is, when the circuit shape is provided with a quantum
semantics, therefore necessarily assigned a discard operation (the only trace-preserving quantum
channel with trivial output). The discard however tensor-factorises, meaning it could just as well
be absorbed into the two gates just below it. More generally, the top gate ⊤ := ⟨A, c(A)⟩ may safely
be removed from the circuit shape whenever it has no output wires and no overall input wires: i.e.
when λ−1(⊤) = µ−1(⊤) = ∅.
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Moreover, when specialising to unitary circuit decompositions, the same may be said about the
bottom gate ⊥ := ⟨p(B), B⟩: if λ−1(⊥) = µ−1(⊥) = ∅, as for the example in Eq. (32), then such a
gate does not add to the expressivity of the circuit shape. After all, the only unitary channel with
trivial input system is the identity channel between two trivial systems (i.e. a global phase).

That said, although it will in special cases yield slightly unusual quantum circuit shapes, we
will keep using the entire concept lattice LG as it does not hurt and saves us from making case
distinctions. �

Remark 4.7. The fact that the maximally expressive circuit shape with a given connectivity, LG,
turns out to be a lattice is natural from a physical point of view. To see this, consider the following
two simple circuit shapes with identical connectivity relation G2:

LG2 =

b1 b2

a1 a2

; C2 :=

a1 a2

b1 b2

; G2 :=
a1 a2

b1 b2

. (37)

LG2 is the canonical circuit shape with connectivity G2, and its underlying partial order is the
trivial one-element lattice. Its single box, call it p, is, informally speaking, a place where all four
systems can meet and interact: that is, it satisfies

λ(a1) ≤ p, λ(a2) ≤ p, p ≤ µ(b1) and p ≤ µ(b2) (38)

(in this case all equalities). In fact, any circuit shape with connectivity G2 and whose underlying
partial order is a lattice has a box p satisfying Eq. (38): indeed, having connectivity G2 implies
that µ(b1) and µ(b2) are both upper bounds to {λ(a1), λ(a2)}, so taking p to be the least upper
bound λ(a1) ∨ λ(a2) does the trick.

The circuit shape C2, on the other hand, does not contain a box p with this property, and is
consequently not a lattice (indeed, the set {λC2(a1), λC2(a2)} has no least upper bound). Classically,
this does not impact its expressivity: any bipartite stochastic channel admits a decomposition into
stochastic channels of shape C2 due to the possibility of copying classical information. Quantumly,
however, this is not the case: the two-qubit CNOT channel, for instance, cannot be expressed by a
circuit of shape C2—even when allowing all four gates to be general channels (for a proof, see [15]).6

The property of being a lattice thus guarantees the presence of certain interaction gates which
are relevant to quantum dynamics. This generalises: Ref. [17] shows that in fact any circuit shape
with connectivity G whose underlying partial order is a complete lattice is, like LG, maximally
expressive (with the concept lattice LG being the smallest such example). Whether the full gener-
ality of the concept lattice, with its potentially many layers of interaction gates, is always strictly
necessary to express certain quantum channels is however unknown. This question is tightly linked
to that of the relevance of intermediate latents in quantum networks: see e.g. [38]. �

Remark 4.8. It is a central result of formal concept analysis [27] that any complete lattice L may
arise as the concept lattice of some relation G ⊆ A × B. As a consequence, every finite lattice may
arise as the underlying partial order of the canonical circuit shape for some relation G ⊆ A × B. �

4.3 The C3 exclusion property in terms of the canonical circuit shape
The constructions in Section 4.1 and results in Section 4.2 go through whether or not G satisfies
the C3 exclusion property we introduced in Section 3. However, as we will see in the theorem

6Notably, the CNOT can be implemented by a circuit like C2 but with an additional resource of pre-shared
entanglement (i.e. by the circuit shape obtained by adjoining C2 with a minimum element). In fact any bipartite
quantum channel can be arbitrarily closely approximated (though not necessarily implemented exactly [36]) by
circuits of this more general form using nonlocal quantum computation protocols [37], which may thus be regarded
as substituting interaction for shared entanglement.
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below, the property manifests itself naturally in terms of properties of the canonical circuit shape
LG. It is useful to remind ourselves of C3 and its canonical circuit shape, which are

C3 =
a1 a2 a3

b1 b2 b3

and LC3 =

b2 b3b1

a2 a3a1

. (39)

In the below, an order embedding is a map φ : C → D between partial orders C, D satisfying
p ≤C q ⇔ φ(p) ≤D φ(q).

Theorem 4.9. Let G ⊆ A × B. The following are equivalent.

(i) G satisfies the C3 exclusion property (C3-EP).

(ii) The circuit shape LC3 does not embed into LG, in the following sense: denoting by ⊥,⊤ ∈ LC3

respectively the minimum and maximum of LC3 , there is no order embedding φ : LC3 → LG

such that both αφ(⊥) and βφ(⊤) are nonempty.

(iii) The circuit shape LG has, for each a ∈ A and b ∈ B, no more than one path from a to b.
(Recall Definition 2.5 of a path.)

(iv) For all v ∈ LG so that αv ̸= ∅ and distinct w,w′ ∈ Ch(v), βw ∩ βw′ = ∅: that is, the
union on the right-hand side in Eq. (35) is disjoint whenever αv ̸= ∅. (Equivalently, the dual
statement.)

Condition (ii) is closely analogous to the C3 exclusion property itself in that it asserts the
absence of a particular substructure, albeit now on the level of the canonical circuit shape. Condi-
tion (iii) is the condition that is graphically easiest to check.7 Note that since LG has connectivity
G, another way of phrasing (iii) is that LG has exactly one path between each a and b such that
a G b. Finally, condition (iv) is most directly useful for our proof in Section 5.

Proof. Most implications are most straightforwardly proven in their contrapositive form. To avoid
an overabundance of subscripts we shall write λ and µ for the maps λLG

and µLG
defined in

Definition 4.1, respectively.
Our proof for the direction ¬(i) ⇒ ¬(ii) builds on a general result in formal concept analysis [27,

Proposition 38] which states that if G ⊆ A × B, A′ ⊆ A, B′ ⊆ B, and G′ := G ∩ (A′ × B′), then the
concept lattice LG′ embeds into LG. One such order embedding is given by φ : LG′ → LG, v 7→
⟨pc(αv), c(αv)⟩. Here (c, p) is the Galois connection derived from G; the relation G′ comes with
its own Galois connection (c′, p′) between P(A′) and P(B′). For completeness we will show that φ
is indeed an order embedding. This amounts to demonstrating that for all α1, α2 ⊆ A′ that are
closed with respect to p′c′, we have

α1 ⊆ α2 ⇐⇒ pc(α1) ⊆ pc(α2). (40)

The left-to-right direction is immediate from Eq. (21). For the right-to-left direction, note that
pc(α1) ⊆ pc(α2) implies c(α1) ⊇ c(α2) (by Eqs. (21) and (23)), which in particular means that
c(α1) ∩ B′ ⊇ c(α2) ∩ B′. Since c′(−) = c(−) ∩ B′, which can be easily verified, this means that
c′(α1) ⊇ c′(α2), and therefore p′c′(α1) ⊆ p′c′(α2). But since α1, α2 were closed with respect to p′c′,
this just means that α1 ⊆ α2.

7Condition (iii) is also meaningful in the context of routed circuits. In a routed circuit, any nontrivial sectorial
correlations (repeated indices) created at a bifurcation in the circuit must later be recombined (see for instance
the circuits of Lorenz and Barrett [13]). If condition (iii) holds, no bifurcations are followed by recombinations in
the circuit shape LG, except possibly at trivial top and bottom gates as in Eq. (32)—and therefore routed unitary
circuits are in this case equally powerful to traditional unitary circuits. What this and Theorem 3.2 thus tell us
is that whenever the canonical circuit shape does allow for genuinely routed circuits (i.e. in case non-unique paths
exist), then traditional circuits do not suffice for representing the causal constraint. (In some such cases routed
circuits may suffice, but this has not been proven in general; recall Section 2.4.2).
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Now, assume ¬(i), that is, that there exist A′ := {a1, a2, a3} ⊆ A and B′ := {b1, b2, b3} ⊆ B so
that G ∩ (A′ × B′) = C3. To show ¬(ii), it remains to show that αφ(⊥) ̸= ∅ and βφ(⊤) ̸= ∅. For the
former, note (e.g. from the diagram for LC3 above) that α⊥ ̸= ∅; therefore the closure pc(α⊥) is
nonempty too and thus αφ(⊥) = pc(α⊥) ̸= ∅. For the latter, note similarly that c(α⊤) ⊇ c′(α⊤) =
β⊤ ̸= ∅, so that βφ(⊤) = c(α⊤) ̸= ∅ either.

Next, let us show that ¬(ii) ⇒ ¬(i). ¬(ii) tells us that there exist v, w,w′, x ∈ LG so that
αv ̸= ∅ ̸= βx, v < w < x, v < w′ < x, and w # w′ (the latter meaning w and w′ are incomparable
in the order ≤ on LG). Pick arbitrary a2 ∈ αv and b2 ∈ βx. We claim that it is possible to
pick a1 ∈ αw and b3 ∈ βw′ so that λ(a1) ≰ µ(b3). Indeed, if all a1 ∈ αw, b3 ∈ βw′ satisfied
λ(a1) ≤ µ(b3), then we would have

∨
a1∈αw

λ(a1) ≤
∧

b3∈βw′ µ(b3), which by Proposition 4.3(iii)
just means w ≤ w′, in contradiction with the assumption that w # w′. Similarly, it is possible to
pick a3 ∈ αw′ and b1 ∈ βw so that λ(a3) ≰ µ(b1).

Proving ¬(i) is now a matter of verifying that on the inputs a1, a2, a3 and outputs b1, b2, b3, G
restricts to the relation C3. First of all, a1 G b1 follows from the facts that LG has connectivity
G and that λ(a1) ≤ w ≤ µ(b1) (by Proposition 4.3(ii) and (i)). Likewise, a1 G b2 since λ(a1) ≤
w < x ≤ µ(b2). Meanwhile, we have ¬(a1 G b3) by construction. Similarly it can be shown that
a2 G bi for all of i ∈ {1, 2, 3}, and ¬(a3 G b1) while a3 G b2 and a3 G b3. This concludes the proof
of ¬(ii) ⇒ ¬(i).

We omit the proof of equivalence of (ii) and (iii), which is straightforward. Let’s prove equi-
valence of (iii) and (iv). To see that (iii) ⇒ (iv), let v ∈ LG be such that αv ̸= ∅ and suppose
w,w′ ∈ Ch(v) are distinct. Pick a ∈ αv. If there were b ∈ βw ∩ βw′ , then there would be two
distinct paths from a to b: one through v and w and another through v and w′.

Conversely, to show that ¬(iii) ⇒ ¬(iv), suppose that there are two distinct paths from a ∈ A
to b ∈ B in LG; denote them by {pi}s

i=1 and {p′
i}s′

i=1 ⊆ LG. Let k ∈ {1, . . . ,min{s, s′}} be the first
index where they diverge, so that pk = p′

k but pk+1 ̸= p′
k+1. Let v := pk = p′

k, w := pk+1, and
w′ := p′

k+1. Note that αv is non-empty, as it contains a. We also have w = pk+1 ≤ ps = µ(b),
meaning b ∈ βw; and similarly, b ∈ βw′ . This establishes ¬(iv).

We conclude this section by stating a consequence of (iv) above, which will be useful in Section 5.
Here we write G−1(β) :=

⋃
b∈β G

−1(b) for the relational preimage of β ⊆ B.

Lemma 4.10. Let G satisfy (C3-EP), let v ∈ LG be such that αv ̸= ∅ and let w,w′ ∈ Ch(v) be
distinct. We have G−1(βw) ∩G−1(βw′) = αv.

Proof. It suffices to show that for all b ∈ βw and b′ ∈ βw′ , G−1(b) ∩ G−1(b′) = p({b, b′}) = αv.
To do so, note first of all that αv ⊆ αw = p(βw) ⊆ p({b}); similarly, αv ⊆ p({b′}). This implies
that αv ⊆ p({b, b′}), that is, v ≤ x where x := ⟨p({b, b′}), cp({b, b′})⟩ ∈ LG. Suppose that v < x;
then there is w′′ ∈ Ch(v) so that v ⋖ w′′ ≤ x. We have w ̸= w′′ or w′ ̸= w′′; without loss
of generality, say that the former holds. By (iv) in Theorem 4.9, we must have βw ∩ βw′′ = ∅.
However, both βw and βw′′ contain b (b ∈ βw by assumption and b ∈ cp({b, b′}) = βx ⊆ βw′′),
yielding a contradiction. Therefore v < x cannot hold, and we must have v = x, or in other words,
αv = p({b, b′}).

5 Sufficiency of the C3 exclusion property
In this section we prove the direction (i) ⇒ (ii) in Theorem 3.2. Having previously introduced
the canonical circuit shape LG with connectivity G, the task now is to provide LG with suitable
quantum semantics that implements a given unitary channel U : AA → BB with causal structure
GU ⊆ G. For the theorem below, which achieves precisely that, recall the algebraic view on
quantum systems and our notation from Section 2.1; in particular, we write Bβ , for β ⊆ B, to
denote the tensor product

⊗
b∈β Bb (or C if β = ∅) but often also let it refer to the corresponding
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subalgebra Bβ ⊗{1BB\β
} of BB (C1BB if β = ∅). Furthermore, we write, for v ∈ LG (recalling (10))

Pa(v) := {u ∈ LG | u ⋖ v}, (41)
Ch(v) := {w ∈ LG | v ⋖ w}, (42)

↓ v := {u ∈ LG | u ≤ v}, (43)
↓* v := {u ∈ LG | u < v}, (44)

and we abbreviate λLG
by λ and µLG

by µ, as before. The theorem below is formulated in a
somewhat roundabout way to anticipate its inductive proof.

Theorem 5.1 (entailing (i) ⇒ (ii) in Theorem 3.2). Let G ⊆ A × B be a binary relation satisfying
(C3-EP), suppose that Aa for a ∈ A and Bb for b ∈ B are quantum systems, and let U : AA → BB
be a unitary channel whose causal structure satisfies GU ⊆ G. Let LG be the canonical circuit shape
from Definition 4.1. There exist quantum systems

Zw
v for all v, w ∈ LG such that v ⋖ w (45)

and unitary channels

Vv : Aλ−1(v)Z
v
Pa(v)

∼−→ ZCh(v)
v Bµ−1(v) for all v ∈ LG (46)

such that, defining VT , for any T ⊆ LG, to be the composition of {Vv | v ∈ T} along the systems
{Zw

v | v, w ∈ T, v ⋖ w}, we have that for all v ∈ LG,

Bb = V↓ vU†(Bb) for b ∈ µ−1(v); (47a)
Zw

v ⊆ V↓ vU†(Bβw ) for w ∈ Ch v. (47b)

As a result of Eq. (47a), the complete unitary channel VLG
is identical to U up to local unitary

channels on the output systems {Bb}b∈B. Therefore, U has a unitary circuit decomposition of shape
LG.

Remark 5.2. Given a relation G ⊆ A × B, recall from Section 4 that the canonical circuit shape LG

may contain either or both of ⟨∅, B⟩ (with no input wires) as minimum and ⟨A, ∅⟩ (with no output
wires) as maximum—see e.g. the minimum and maximum in Eq. (32). As noted in Remark 4.6,
bookkeeping is simpler if we leave those gates in the circuit shape LG even though in a unitary
circuit they necessarily correspond to identity transformations between trivial (one-dimensional)
quantum systems and could therefore in principle be removed. Indeed, the proof of Theorem 5.1
will automatically ensure that in the circuit decomposition of U with shape LG asserted to exist by
the theorem, the unitary channels V⟨∅,B⟩ and V⟨A,∅⟩ (if they exist) are identity channels on trivial
systems. If desired, these trivial gates can at the end be dropped from the obtained unitary causal
decomposition. �

We will prove Theorem 5.1 by induction on LG, providing it with a quantum semantics from
the bottom upwards. At each box v ∈ LG, we are given incoming systems Aλ−1(v)Z

v
Pa(v) which

need to be refactored into appropriate outgoing systems Z
Ch(v)
v Bµ−1(v) by making use of the fact

that GU ⊆ G. (All of these algebras may be trivial if v is LG’s minimal or maximal element.) Since
the latter can be expressed in terms of commutation relations between the sets of algebras {Aa}a
and {U†(Bb)}b, the proof of each induction step reduces to a problem of representing subalgebras
subject to commutation relations on appropriate tensor product factors. Specifically, we will rely
on Lemma 5.3 below. As this result exposes the operator-algebraic core of our methods, we
temporarily adopt the terminology of ‘finite-dimensional factor C∗-algebra’ and ‘*-isomorphism’
where we normally say ‘quantum system’ and ‘unitary channel’, respectively. This terminology is
also used in Appendix B, where Lemma 5.3 is proven.

Lemma 5.3. Let A,X1, . . . ,Xn be finite-dimensional factor C∗-algebras and let Bk ⊆ AX1X2 · · ·Xn

for k ∈ {1, . . . , n} =: [n] be unital factor *-subalgebras of their tensor product so that

(i) Bk ⊆ B′
l for all distinct k, l ∈ [n];
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(ii) Bk ⊆ AXk = (X[n]\{k})′ for all k ∈ [n]; and

(iii) A ⊆
∨

k∈[n] Bk, the C∗-algebra generated by the Bks.

Then there are finite-dimensional factor C∗-algebras Zk for each k ∈ [n] and a *-isomorphism

V : A ∼−→ Z1Z2 · · ·Zn (48)

so that, writing V for V ⊗ idX1···Xn
, for each k we have

V(Bk) ⊆ ZkXk and (49a)
Zk = V(A ∩ Bk). (49b)

Proof. See Appendix B. Each algebra Zk ends up being given by the relative bicommutant of
Bk ⊆ AX1X2 · · ·Xn within A, which can be understood as the algebra generated by the support
of Bk on the factor A.

Assumption (iii) is crucial here. Without it, a similar representation can be given, with the
exception that the right-hand side of Eq. (48) will generally be an algebra of operators on a direct
sum over tensor products of Hilbert spaces. Such a representation can be used, in some cases,
to provide proofs of the routed unitary circuit decompositions shown in Lorenz and Barrett [13].
The assumption of (C3-EP), however, allows us to focus entirely on cases where assumption (iii)
is satisfied, therefore yielding the tensor product factorisations in Eq. (48) required to construct
our (non-routed) unitary circuit. The resulting proof of Theorem 5.1 below forms, in a sense, the
core of this work, combining the combinatorial characterisation of (C3-EP) in Section 4 with the
operator-algebraic result of Lemma 5.3 to show the existence of unitary causal decompositions.

Proof of Theorem 5.1. We proceed by induction on LG. The base case—i.e. when v is the minimal
element of LG—separates into two cases, where αv = ∅ or αv ̸= ∅.

Suppose first that αv = ∅. In this case Aλ−1(v) = A∅ = C is trivial, as is each Bb for b ∈ µ−1(v),
since G−1(b) = αv so that U†(Bb) ⊆ Aαv

= A∅ = C. Therefore it suffices to set Zw
v := C for

each w ∈ Ch(v) and to let Vv be the trivial transformation between trivial systems. This choice
satisfies Eq. (47).

The base case where αv ̸= ∅ is covered by the induction case (apart from some of the algebras
below being trivial), which we turn to now.

So let v ∈ LG be arbitrary such that αv ̸= ∅; and assume that there exist systems Zu′

u for all
u, u′ ∈ LG such that u ⋖ u′ ≤ v and, for each u < v, a unitary channel Vu : Aλ−1(u)Z

u
Pa(u)

∼−→
Z

Ch(u)
u Bµ−1(u) such that V↓ u satisfies (47). Consider the composition of these unitary channels

Vu for u < v,
V↓* v : Aαv\λ−1(v) → Zv

Pa(v)W , (50)
where

W :=
⊗
u<v

ZCh(u)\↓ v
u Bµ−1(u). (51)

(In the base case, let V↓* v denote the identity channel on the trivial system Aαv\λ−1(v) = A∅ = C.)
From now on we will, abusing notation as always, let V↓* v denote instead the extended unitary

V↓* v ≡ V↓* v ⊗ idA\(αv\λ−1(v)) : AA
∼−→ Aλ−1(v)Z

v
Pa(v)WAA\αv

. (52)

We wish to construct systems Zw
v for w ∈ Ch(v) and a unitary channel Vv : Aλ−1(v)Z

v
Pa(v)

∼−→
Z

Ch(v)
v Bµ−1(v) so that Eq. (47) is satisfied for V↓ v. We will do this by an application of Lemma 5.3.

To this end, consider the following subalgebras of Aλ−1(v)Z
v
Pa(v)WAA\αv

:

B̃βw
:= V↓* vU†(Bβw

) for w ∈ Ch(v) (53a)
and B̃b := V↓* vU†(Bb) for b ∈ µ−1(v). (53b)

We prove the following claims necessary for the application of Lemma 5.3. Keep in mind that
Aλ−1(v)Z

v
Pa(v) is to be the input to the unitary Vv that we are looking to construct, and thus plays

the role of the factor A in Lemma 5.3.

Accepted in Quantum 2026-09-09, click title to verify. Published under CC-BY 4.0. 20



(i) All subalgebras defined in Eq. (53) commute pairwise:

B̃b ⊆ (B̃b′)′ for all distinct b, b′ ∈ µ−1(v); (54a)
B̃b ⊆ (B̃βw )′ for all b ∈ µ−1(v) and w ∈ Ch(v); (54b)

and B̃βw
⊆ (B̃βw′ )′ for all distinct w,w′ ∈ Ch(v). (54c)

(ii) We have

B̃b ⊆ Aλ−1(v)Z
v
Pa(v) =

(
WAA\αv

)′ for b ∈ µ−1(v); (55a)

B̃βw
⊆ Aλ−1(v)Z

v
Pa(v)AG−1(βw)\αv

=
(
WAA\G−1(βw)

)′ for w ∈ Ch(v), (55b)

where we again write G−1(βw) :=
⋃

b∈βw
G−1(b). Moreover, for any two distinct w,w′ ∈

Ch(v), the sets G−1(βw) \ αv and G−1(βw′) \ αv are disjoint. Therefore, the only tensor
factors of Aλ−1(v)Z

v
Pa(v)WAA\αv

on which more than one of the subalgebras from Eq. (53)
act non-trivially are Aλ−1(v)Z

v
Pa(v).

(iii) Our algebra of interest Aλ−1(v)Z
v
Pa(v) is generated by the subalgebras under consideration:

Aλ−1(v)Z
v
Pa(v) ⊆

 ∨
b∈µ−1(v)

B̃b

 ∨

 ∨
w∈Ch(v)

B̃βw

 . (56)

Once (i)–(iii) are established, Lemma 5.3 will give quantum systems Zw
v for w ∈ Ch(v) and

B̂b for b ∈ µ−1(v), as well as a unitary channel Vv : Aλ−1(v)Z
v
Pa(v) → Z

Ch(v)
v B̂µ−1(v). Eq. (49b)

entails that for b ∈ µ−1(v),

B̂b = Vv(Aλ−1(v)Z
v
Pa(v) ∩ B̃b) = Vv(B̃b) = V↓ vU†(Bb), (57)

where in the second equality we have applied Eq. (55a). This means in particular that B̂b ∼= Bb,
so we can choose B̂b and Vv so that in fact B̂b = Bb. This establishes the induction hypothesis
Eq. (47a).

To establish the other part (47b), note that according to Eq. (49b),

Zw
v = Vv(Aλ−1(v)Z

v
Pa(v) ∩ B̃βw

) ⊆ Vv(B̃βw
) = V↓ vU†(Bβw

). (58)

It remains to prove (i)–(iii) and the final statement of Theorem 5.1.

Proof of (i). Note that since V↓* vU† is a *-isomorphism, the algebras in Eq. (54) commute iff the
same holds for the respective algebras without tildes (see Eq. (53)), considered as subalgebras
of BB. It is clear that Bb ⊆ (Bb′)′ = BB\{b′} for distinct b, b′ ∈ µ−1(v), establishing (54a).
For (54b), it suffices to note that if b ∈ µ−1(v) and w ∈ Ch(v), then b /∈ βw. This follows from
Proposition 4.3(i), which entails that b ∈ µ−1(v) iff v is the largest element of LG so that b ∈ βv;
for any w ∈ Ch(v), we have w > v, which implies that b cannot be in βw. Finally, for Eq. (54c)
it suffices to show that βw ∩ βw′ = ∅ for distinct w,w′ ∈ Ch(v). This follows by assumption of
(C3-EP) and Theorem 4.9(iv).

Proof of (ii). If v is the minimum of LG, it is straightforward to verify (ii) by using that λ−1(v) = αv

and GU ⊆ G. Assume therefore that v is not the minimum. Recall that

W =
⊗
u<v

ZCh(u)\↓ v
u Bµ−1(u). (59)

First we show that
W ⊆ V↓* vU†(BB\βv

). (60)

Fix u ∈ LG so that u < v and αu ̸= ∅. (If αu = ∅ then Z
Ch(u)\↓ v
u Bµ−1(u) is trivial so need not be

considered.) It follows from the induction hypotheses (47) that

ZCh(u)\↓ v
u Bµ−1(u) ⊆ V↓ uU†

(
BβCh(u)\↓ v∪µ−1(u)

)
(61)
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where βCh(u)\↓ v :=
⋃

{βw | w ∈ Ch(u) \ ↓ v}. Now, V↓* vU† = V↓* v\↓ u ◦ V↓ u ◦ U†, but V↓* v\↓ u acts
trivially on Z

Ch(u)\↓ v
u Bµ−1(u). Therefore we also have

ZCh(u)\↓ v
u Bµ−1(u) ⊆ V↓* vU†

(
BβCh(u)\↓ v∪µ−1(u)

)
. (62)

To establish Eq. (60) it remains to show that

βCh(u)\↓ v ∩ βv = ∅ and µ−1(u) ∩ βv = ∅. (63)

The first statement relies on (C3-EP). Let w ∈ Ch(u) \ ↓ v. Let w′ be such that u ⋖ w′ ≤ v. By
(C3-EP), in particular the formulation of Theorem 4.9(iv), it follows that βw ∩ βw′ = ∅, and since
w′ ≤ v, we have βv ⊆ βw′ so βw ∩ βv = ∅ too. This holds for all w ∈ Ch(u) \ ↓ v, which implies
that βCh(u)\↓ v ∩ βv = ∅.

To show the second equation in (63), suppose that b ∈ µ−1(u). In this case, u is the greatest
element of LG satisfying b ∈ βu (see Proposition 4.3(i)). Since v > u, we can’t have b ∈ βv. This
completes the proof of (63) and hence of (60).

To show Eq. (55a), it suffices to show that B̃b, for b ∈ µ−1(v), commutes with W and with
AA\αv

. Commutation with W follows from Eq. (60) and the fact that b ∈ µ−1(v) ⊆ βv. To show
commutation with AA\αv

, note that since U has causal structure GU ⊆ G, we have U†(Bb) ⊆
AG−1

U (b) ⊆ AG−1(b) = Ap({b}) = Aαµ(b) = Aαv
. Applying V↓* v, which acts trivially on AA\αv

, to
both sides yields B̃b = V↓* vU†(Bb) ⊆ Aαv

, so B̃b must commute with AA\αv
.

Similarly, for Eq. (55b) we need to show that B̃βw
commutes with W and with AA\G−1(βw).

The first fact follows from Eq. (60) and the fact that βw ⊆ βv for w ∈ Ch(v). For the second fact,
note that since GU ⊆ G, U†(Bβw ) ⊆ AG−1

U (βw) ⊆ AG−1(βw). This implies that B̃βw commutes
with AA\G−1(βw) by an argument similar to the above.

The final claim that G−1(βw) \ αv and G−1(βw′) \ αv are disjoint for distinct w,w′ ∈ Ch(v)
follows directly from Lemma 4.10, which established that G−1(βw) ∩G−1(βw′) = αv.

Proof of (iii). Observe that by Eq. (35) in Proposition 4.3(iv), the algebra on the right-hand side
of Eq. (56) is just B̃βv

:= V↓* vU†(Bβv
). For each a ∈ λ−1(v), G(a) = βv and therefore Aλ−1(v) ⊆

U†(Bβv
). V↓* v acts trivially on Aλ−1(v), so we get Aλ−1(v) ⊆ V↓* vU†(Bβv

) = B̃βv
. It remains to

show that Zv
u ⊆ B̃βv

for u ∈ Pa(v). This follows from the induction hypothesis (47b) applied to
Zv

u and the fact that V↓* v\↓ u acts trivially on Zv
u.

Let us now prove the final statement of the theorem. Consider the unitary VLG
: AA → BB and

let b ∈ B. Note that VLG
= VLG\↓ µ(b) ◦ V↓ µ(b) and that VLG\↓ µ(b) acts trivially on Bb. Therefore,

by Eq. (47a),

VLG
U†(Bb) = VLG\↓ µ(b)

(
V↓ µ(b)U†(Bb)

)
= VLG\↓ µ(b)(Bb) = Bb. (64)

Let Wb : Bb → Bb be the *-automorphism defined by Wb :=
(

UV†
LG

) ∣∣
Bb

; then WbVLG
U†
∣∣
Bb

=
idBb . Since this holds for each b ∈ B, we have

(⊗
b∈B Wb

)
VLG

U† = idBB , so that(⊗
b∈B

Wb

)
VLG

= U . (65)

By construction VLG
has a unitary circuit decomposition of shape LG; by incorporating the local

unitaries Wb into the existing gates, we see that U itself also admits a unitary circuit decomposition
of the same shape, completing the proof.

6 Discussion
This work has studied causal decompositions of unitary transformations and, like Ref. [13], asked:
when does a causal constraint G ⊆ A × B—as a purely combinatorial object—imply the existence
of causal decompositions for all unitaries satisfying the constraint GU ⊆ G? Answering an open
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question from [13] we have fully characterised those structures for which traditional (non-routed)
unitary circuit decompositions suffice, that is, ones consisting only of tensor products and se-
quential compositions of unitary gates. Put into more algebraic terms, as is indeed natural when
studying causal decompositions, we have characterised the class of causal constraints that can be
explained by viewing the unitary as a sequence of re-factorisations of factor algebras into other
factor algebras. Appendix A considers decompositions of generic (non-unitary) quantum channels
and discusses our motivation for focussing on unitary channels in the main text.

The main results of this paper (Theorem 3.2 and Theorem 4.9) can be summarised by the
equivalence of the following four conditions for any given binary relation G ⊆ A × B.

(1) G satisfies (C3-EP), i.e. it restricts nowhere to the ‘forbidden’ relation

C3 =
a1 a2 a3

b1 b2 b3

.

(2) The canonical circuit shape LG contains no copy of LC3 , in the sense formally stated in
Theorem 4.9(ii). Equivalently, LG has no more than one path between each input and output.

(3) G is compositionally representable in unitary circuits. That is, every unitary channel U
satisfying GU ⊆ G admits a decomposition into a unitary circuit C with connectivity GC ⊆
G.

(4) Every unitary channel U satisfying GU = G admits a causally faithful unitary circuit decom-
position, i.e. a decomposition into a unitary circuit C with connectivity GC = GU (proven
in Appendix C).

Behind condition (2) is a central aspect of this work, which leverages a purely syntactic result
from Ref. [17] (cf. Theorem 4.4): a relation G induces a lattice LG, which in turn induces a
canonical, most expressive circuit shape with connectivity G; that is, one such that any circuit
with connectivity (at most) G can be rewritten into it. Being able to refer to the concept lattice LG

was instrumental in two ways. First, it allowed us to rephrase (C3-EP) in terms that are useful for
proving its sufficiency for (3) and (4). Second, together with the operator-algebraic Lemma 5.3, it
provided the very blueprint for the construction of a decomposition for any given unitary satisfying
the appropriate causal constraint.

Both of these two aspects are promising looking into the future, as they offer a view to a
systematic lattice-based treatment of causal decompositions more generally. We now have the right
kind of syntactic object, namely LG, in terms of which one can hope to identify a combinatorial
condition—a weakening of (C3-EP)—that is necessary and sufficient for G to be representable in
terms of routed unitary causal decompositions. This would provide a complete answer to the main
open question in Ref. [13]. Moreover, one can expect that also here the concept lattice does not
only provide the terms for such a condition, but also the syntax for the routed circuit and the
skeleton for an inductive proof of the existence of appropriate semantics, generalising the one for
sufficiency of (C3-EP) here. Indeed, the same result of Ref. [17] used here implies that all routed
unitary circuits can be rewritten into the concept lattice form; and one may verify that all routed
unitary causal decompositions thus far found in the literature [13, 14] have been of that form.8

Finally, we note that there are other lines of attack to make progress towards a complete
understanding of causal decompositions. Rather than studying classes of unitary channels with
a given causal structure or that satisfy a given causal constraint, as here and in Ref. [13], one
could investigate classes of unitary channels characterised by other properties that may imply the
existence of causal decompositions. An example of this kind is a result in Refs. [15, 24], showing
that any Clifford unitary—no matter what its causal structure happens to be—has a causally
faithful circuit decomposition, which however is in general not unitary as it relies on ancillary
systems that start out in an entangled state.

8The only exception is Theorem 8 in [13], which can however be simplified into the canonical form.
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A Decompositions of generic, non-unitary channels
The main text of this work focusses on circuit decompositions of unitary channels. One might
wonder whether an appropriate generalisation of causal decompositions exists for the case of generic
channels (CPTP maps) E : AA → BB. Indeed, many of the definitions given for unitary channels
in Section 2 have natural analogues for generic channels. For instance, Eq. (4) defines a notion
Aα ↛E Bβ usually referred to as no-signalling through E , with the terminology of no-influence
being reserved for the unitary case (following e.g. [2, 3, 13]). The signalling relations Aa →E Bb for
individual elements a ∈ A, b ∈ B define a relation GE ⊆ A×B that one might call the channel’s single-
system signalling structure. Additionally, one may consider circuit decompositions C of generic
channels (Definition 2.7) and their connectivity GC . By analogy to Proposition 2.9, absence-of-
paths is then sound for no-signalling; that is, if E has circuit decomposition C then GE ⊆ GC .
One might thus wonder whether, or in what special cases, there exist circuit decompositions C
of E that explain a given collection of no-signalling relations GE ⊆ G by factoring the inclusion
through as GE ⊆ GC ⊆ G.

One can generally however not expect such decompositions to exist. One reason is that sig-
nalling through generic channels is not atomic in the sense of Proposition 2.2: if E , for instance,
satisfies the no-signalling relations Aa ↛E Bb1 and Aa ↛E Bb2 for some a ∈ A and b1, b2 ∈ B,
then it may still exhibit signalling to the composite system Aa →E B{b1,b2}. An example is the
qubit channel

E
Aa

Bb1 Bb2

:=
Φ+

Aa

Bb1 Bb2

, (66)

where |Φ+⟩ := (|00⟩ + |11⟩) /
√

2 is the maximally entangled state. The connectivity of a quantum
circuit, on the other hand, is atomic, in the sense that the absence of paths from a to b1 and
from a to b2 through a circuit decomposition of E implies the absence of a path from a to the
joint system {b1, b2}—which in turn necessarily implies the no-signalling relation Aa ↛E B{b1,b2}.
Equality GE = GC for the example above can thus not be reached: any circuit decomposition C
satisfies the strict inclusion GE ⊊ GC .

A more fundamental understanding of this failure can be reached by considering unitary dila-
tions of E—unitary channels U : AAE → BBF satisfying E(−) = TrF U(− ⊗ ρ) for some state
ρ ∈ E—and their causal structure GU ⊆ (A ∪ {e}) × (B ∪ {f}). Note first of all the following, which
can be straightforwardly verified.
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Proposition A.1. If E has a unitary dilation U , then for any α ⊆ A and β ⊆ B, Aα ↛U Bβ implies
Aα ↛E Bβ. When specialising to singletons α, β, this entails that GE ⊆ GU ∩ (A × B).

In other words, the absence of influence on the fundamental, unitary level implies the absence of
signalling on the operational level. The converse however generally fails: influences on the unitary
level may become unobservable on the operational level due to a fine-tuned choice of dilation state
ρ. In fact, every unitary dilation U of the example channel in Eq. (66) satisfies the strict inclusion
GE ⊊ GU ∩ (A × B). Indeed, suppose that GE = GU ∩ (A × B), so that in particular Aa ↛U Bb1 and
Aa ↛U Bb2 ; causal atomicity, which does hold for U (Proposition 2.2), would then imply that also
Aa ↛U B{b1,b2}. This would in turn mean that Aa ↛E B{b1,b2} (Proposition A.1), contradicting
the definition given in Eq. (66).

Now, the connectivity of a circuit decomposition does in fact not only impose no-signalling
relations through E , but also tells us about no-influence relations through its unitary dilations:

Proposition A.2. If a channel E : AA → BB has a circuit decomposition C with connectivity GC ,
then it admits of a unitary dilation U : AAE → BBF that itself has a unitary circuit decomposition
CU whose connectivity relation GCU ⊆ (A ∪ {e}) × (B ∪ {f}) satisfies GCU ∩ (A × B) = GC . Overall,
then, we have

GE ⊆ GU ∩ (A × B) ⊆ GCU ∩ (A × B) = GC . (67)

Proof. For each p ∈ C, the circuit shape underlying C, dilate the gate Ep : Aλ−1(p)Z
p
Pa(p) →

Z
Ch(p)
p Bµ−1(p) to a unitary Up : Aλ−1(p)Z

p
Pa(p)Ep → Z

Ch(p)
p Bµ−1(p)Fp with dilating systems Ep

and Fp and dilation state ρEp
∈ Ep. Collect all dilating systems together into E :=

⊗
p∈C Ep

and F :=
⊗

p∈C Fp and define the state ρE :=
⊗

p∈C ρEp
. Let CU be the circuit consisting of the

unitary gates Up and U : AAE → BBF the unitary it implements; then U is a unitary dilation of
E and CU satisfies the required connectivity constraint.

The observation about the example E in Eq. (66) we made above—that every circuit decom-
position C of E necessarily satisfies GE ⊊ GC—can thus be understood as a consequence of the
combination of two facts: first, that all of E ’s unitary dilations satisfyGE ⊊ GU ∩(A×B), and second,
that the circuit decomposition C implies the existence of a unitary dilation with GU ∩(A×B) ⊆ GC .
More generally speaking, signalling and influence are notions that should not be conflated, and
out of the two, it is influence that is more closely related to compositional structure (see Eq. (67)).

Finally, even in cases where equality GE = GC cannot be reached, one may nevertheless be
interested in determining whether E admits a circuit decomposition with some other given con-
nectivity structure GC . However, as Proposition A.2 shows, the existence of such a decomposition
is equivalent to the existence of an appropriate circuit decomposition of one of E ’s unitary dilations.
It is for these reasons that this work focusses on the purely unitary case.

B Relative bicommutants and proof of Lemma 5.3
B.1 C∗-algebras and basic results
In Section 2.1 we defined a quantum system as the algebra of operators L(H) on a given finite-
dimensional Hilbert space. In what follows, an algebra-first approach is more useful, even though we
will stick to the finite-dimensional case throughout. Most C∗-algebraic texts focus on the intricacies
arising in infinite dimensions; see however Farenick [39] for a text on the finite-dimensional case.
Here we just recall the bare necessities.

In the finite-dimensional case a C∗-algebra is nothing more than a complex *-algebra A whose
involution (·)∗ : A → A is positive, meaning that ∀a ∈ A : a∗a = 0 ⇔ a = 0. (More precisely,
there is a unique norm making such a *-algebra into a C∗-algebra [39]). A *-subalgebra X of A is
a subalgebra closed under the involution, and a unital *-subalgebra is one that contains 1A. The
commutant of X, understood as a *-subalgebra of A, is X ′ := {a ∈ A | ∀x ∈ X : ax = xa}. The
centre of X is Z(X) := X ∩ X ′, and X is a factor if it has trivial centre: Z(X) = C1X . If A
itself is a factor and X is an arbitrary *-subalgebra of it, we have X ′′ = X. (For this latter fact
finite-dimensionality is essential.) A *-isomorphism is an algebra isomorphism that preserves the
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involution. Finally, for subsets S1, . . . , Sn ⊆ A, we write S1 ∨ S2 ∨ · · · ∨ Sn or
∨n

k=1 Sk for the
C∗-algebra generated by

⋃n
k=1 Sk—i.e. the smallest *-subalgebra containing all Sks.

Every algebra L(H) of linear operators on a finite-dimensional Hilbert space H forms a C∗-
algebra under the Hermitian adjoint, and conversely, every finite-dimensional C∗-algebra A is
*-isomorphic to a *-subalgebra of L(H) for some H (the finite-dimensional Gelfand-Naimark the-
orem). For the purposes of this paper we only need concern ourselves with factor algebras. A
is a factor algebra precisely if it is *-isomorphic to a full operator algebra L(K). Moreover, if
A ⊆ L(H) is a unital factor *-subalgebra then there are K,J and a unitary U : H → K ⊗ J such
that

UAU∗ = L(K) ⊗ 1J and UA′U∗ = 1K ⊗ L(J ). (68)

The following tells us that wherever we said ‘unitary channel’ in the main text, we could just
as well have said ‘*-isomorphism’.

Proposition B.1. A map between factors φ : L(H) → L(K) is a *-isomorphism iff is it of the form
φ(a) = UaU∗ for some unitary map U : H → K.

Proof. For U : H → K, write AdU : L(H) → L(K) for the mapping a 7→ UaU∗. It is clear
that this is always a *-isomorphism. For the converse direction, suppose φ : L(H) → L(K) is a
*-isomorphism, pick an arbitrary unitary map V : K → H and let ψ := AdV ◦φ, so that ψ is a *-
automorphism of L(H). Every *-automorphism of a factor is inner, i.e. is of the form ψ = AdW for
some unitary W ∈ L(H). A proof of this fact for the finite-dimensional case follows, for instance,
from [39, Proposition 5.5]. We now have φ = AdV ∗ ◦ AdW = AdV ∗W , where V ∗W : H → K.

Finally, the following correspondence between commuting factors and tensor products will be
useful.

Proposition B.2. Let H be finite-dimensional and M1,M2, . . . ,Mn ⊆ L(H) be unital *-subalgebras
that are factors and that commute pairwise. There is a *-isomorphism

V :
n∨

k=1
Mk

∼−→
n⊗

k=1
Mk (69)

such that for each k = 1, . . . , n,

V(Mk) = 1M1 ⊗ · · · ⊗ 1Mk−1 ⊗ Mk ⊗ 1Mk+1 ⊗ · · · ⊗ 1Mn
. (70)

Proof. We give the proof for n = 2; the general case follows by induction. By Eq. (68) and since
M1 ⊆ L(H) is a unital factor, there is an isomorphism H ∼= K1 ⊗ J1 under which

M1 = L(K1) ⊗ 1J1 and M2 ⊆ M ′
1 = 1K1 ⊗ L(J1). (71)

The fact that M2 is a unital factor in turn implies the existence of an isomorphism J1 ∼= K2 ⊗ J2
under which

M1 = L(K1) ⊗ 1K2 ⊗ 1J2 and M2 = 1K1 ⊗ L(K2) ⊗ 1J2 . (72)

Now it is clear that there exists an isomorphism

V : M1 ∨M2 = L(K1)⊗L(K2)⊗1J2
∼−→ L(K1)⊗1K2 ⊗1J2 ⊗1K1 ⊗L(K2)⊗1J2 = M1 ⊗M2 (73)

satisfying the required property (70).

B.2 Relative bicommutants
We will now build up to a proof of Lemma 5.3. Recall that the aim of the lemma is to decompose
the algebra A into subsystems in a way dictated by the pairwise commuting subalgebras Bk ⊆
AX1 · · ·Xn. The proof can be simplified by finding a way to restrict our attention to subalgebras
of A instead, allowing us to ignore the ambient algebras X1, . . . ,Xn. The relevant subalgebras of
A to consider are the relative bicommutants of the Bks within A, which we now discuss. Relative
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bicommutants have also been called support algebras in [10], where they were used for a similar
purpose. They also have a physical interpretation, in that they are the algebras of accessible
observables from [31, 40].

If C is some global C∗-algebra, A ⊆ C is a *-subalgebra and S ⊆ C is just any subset, the
relative commutant, relative bicommutant, and relative tricommutant of S within A are defined,
respectively, by

S′
A := S′ ∩ A = {a ∈ A : as = sa ∀s ∈ S}; (74)
S′′
A := (S′ ∩ A)′ ∩ A = {a ∈ A : at = ta ∀t ∈ S′

A} (75)
and S′′′

A := ((S′ ∩ A)′ ∩ A)′ ∩ A = {a ∈ A : at = ta ∀t ∈ S′′
A}. (76)

It is well-known that if C is a finite-dimensional factor and S is *-closed (i.e. closed under C’s
involution) then the absolute bicommutant S′′ coincides with the unital *-subalgebra generated
by S. This suggests that if A is a factor too, we can think of the relative bicommutant S′′

A as
the algebra ‘generated by S within A’. The following theorem makes that intuition more precise.
(Here we write X := A′, so that C ∼= A ⊗ X.)

Theorem B.3. Let A and X be finite-dimensional factor C∗-algebras and S ⊆ A ⊗ X a *-closed
subset. The following are identical as *-subalgebras of A:

(i) the relative bicommutant S′′
A := (S′ ∩ A)′ ∩ A;

(ii) the smallest unital *-subalgebra M ⊆ A such that S ⊆ M ⊗ X;

(iii) the support algebra of [10]: i.e. the unital *-subalgebra of A generated by the support of
S on A, seen as a vector space; that is, the *-algebra generated by 1A and a

(s)
j for all

j ∈ {1, . . . , dim(X)} and s ∈ S, where a
(s)
j are the unique A-elements occurring in the

expansion s =
∑dim(X)

j=1 a
(s)
j ⊗ xj for some fixed choice of basis (xj)j of X. The resulting

algebra is independent of this choice of basis;

(iv) the unital *-subalgebra of A generated by the ‘slices’ {(idA ⊗φ)(b) | b ∈ S, φ ∈ X∗}.

Proof. (i) ⊆ (ii): It suffices to show that S′′
A ⊆ M for any unital *-subalgebra M ⊆ A satisfying

S ⊆ M ⊗X. Since A is a finite-dimensional factor, von Neumann’s bicommutant theorem implies
that M = M ′′

A. Thus

S′′
A ⊆ M ⇐⇒ S′′

A ⊆ M ′′
A ⇐⇒ S′

A ⊇ M ′
A ⇐⇒ S′ ∩ A ⊇ M ′ ∩ A, (77)

so it remains to show that M ′ ∩ A ⊆ S′. This follows from the assumption that S ⊆ M ⊗ X,
since that implies S′ ⊇ (M ⊗ X)′ = M ′ ∩ X ′ = M ′ ∩ A.

(ii) ⊆ (iii): Denoting by N the support algebra defined in (iii), we have S ⊆ N ⊗ X; this is
immediate from the construction of N . M from (ii) being smallest, it must be contained in N .

(iii) ⊆ (i): Denote again by N the support algebra from (iii). We first show that

S′ ∩ A ⊆ N ′ ∩ A. (78)

Let a ∈ S′∩A and pick a basis (xj)j of X. An arbitrary s ∈ S can be expanded as s =
∑

j a
(s)
j ⊗xj .

We have

a ∈ S′ ∩A =⇒ ∀s ∈ S : [a, s] = 0 =⇒ ∀s ∈ S :
∑

j

[a, a(s)
j ] ⊗ xj = 0 =⇒ ∀s ∈ S∀j : [a, a(s)

j ] = 0.

(79)
Thus a commutes with all of N ’s generators, and therefore with all of N , too, establishing Eq. (78).
Taking commutants and intersecting with A gives

(S′ ∩ A)′ ∩ A ⊇ (N ′ ∩ A)′ ∩ A = N , (80)

where for the last equality we have used that N is a unital *-subalgebra of A.
The equivalence between (iv) and the rest is left to the reader; we won’t make use of it.
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Here are some fairly immediate but useful properties.

Proposition B.4. Let A,X be factors and S, T ⊆ A ⊗ X be *-closed subsets.

(i) S ⊆ T =⇒ S′′
A ⊆ T ′′

A.

(ii) S′′′
A = S′

A.

(iii) (S ∨ T )′′
A = S′′

A ∨ T ′′
A.

(iv) S ∩ A ⊆ S′′
A, and we have equality if and only if S′′

A ⊆ S.

Proof. Item (i) follows from definitions; Item (ii) from von Neumann’s bicommutant theorem
applied within the factor A. Because it’s fun, let’s prove Item (iii) by using the characterisation of
relative bicommutants as in Theorem B.3(ii) (alternatively one may use their original definition).
For the inclusion (S∨T )′′

A ⊆ S′′
A∨T ′′

A, note that by Theorem B.3(ii), S ⊆ S′′
A⊗X and T ⊆ T ′′

A⊗X.
This implies that S ∨ T ⊆ (S′′

A ∨ T ′′
A) ⊗ X. But Theorem B.3(ii) also tells us that (S ∨ T )′′

A is the
smallest M such that S ∨ T ⊆ M ⊗ X. Thus, (S ∨ T )′′

A ⊆ (S′′
A ∨ T ′′

A). The opposite inclusion
follows from monotonicity (i) and the fact that (S ∨ T )′′

A is an algebra.
For Item (iv), note first that S′ ∩ A ⊆ S′ and that this implies, by anti-monotonicity of the

commutant, that S ⊆ (S′)′ ⊆ (S′ ∩ A)′. Taking intersections with A on both sides yields the
inclusion S ∩ A ⊆ S′′

A. The equality condition follows immediately.

The following shows that relevant properties of the Bks in Lemma 5.3 are preserved once we
move to considering their relative bicommutants (Bk)′′

A. For this we need the additional assumption
that they ‘only overlap on A’.

Proposition B.5. Let A,X1,X2 be factors and S1 ⊆ AX1, S2 ⊆ AX2 be *-closed subsets.

(i) If S1 and S2 mutually commute (as subsets of AX1X2) then so do their relative bicommut-
ants [10, Lemma 8]:

S1 ⊆ S′
2 =⇒ (S1)′′

A ⊆ (S2)′′′
A. (81)

(ii) If A ⊆ S1 ∨ S2 then A = (S1)′′
A ∨ (S2)′′

A.

The obvious generalisations to more than two Sks and Xks as required for Lemma 5.3 follow
immediately.

Proof. The first statement is perhaps easiest to prove when treating the relative bicommutants in
the guise of support algebras (Theorem B.3(iii)); see [10, Lemma 8]. The second statement follows
from Proposition B.4(iii).

Remark B.6. A lot changes if we let go of the assumption that A and C are factors. Even when
it comes to absolute bicommutants, it is then no longer true that S′′ is the unital C∗-algebra
generated by S. (Instead, it is generated by S and the centre of the ambient algebra; see e.g. [14,
Prop. B.3].) �

B.3 Proof of Lemma 5.3
Recall from Section 2.1 that [n] := {1, 2, . . . , n}, that the notation Z1Z2 · · ·Zn or Z[n] refers to
the tensor product Z1 ⊗ Z2 ⊗ · · · ⊗ Zn, and that depending on the context, Zk may also refer to
the unital *-subalgebra Zk ⊗ {1Z[n]\{k}} ⊆ Z[n].

Lemma 5.3. Let A,X1, . . . ,Xn be finite-dimensional factor C∗-algebras and let Bk ⊆ AX1X2 · · ·Xn

for k ∈ {1, . . . , n} =: [n] be unital factor *-subalgebras of their tensor product so that

(i) Bk ⊆ B′
l for all distinct k, l ∈ [n];

(ii) Bk ⊆ AXk = (X[n]\{k})′ for all k ∈ [n]; and

(iii) A ⊆
∨

k∈[n] Bk, the C∗-algebra generated by the Bks.
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Then there are finite-dimensional factor C∗-algebras Zk for each k ∈ [n] and a *-isomorphism

V : A ∼−→ Z1Z2 · · ·Zn (48)

so that, writing V for V ⊗ idX1···Xn , for each k we have

V(Bk) ⊆ ZkXk and (49a)
Zk = V(A ∩ Bk). (49b)

Proof. For each k ∈ [n], let Zk := (Bk)′′
A be the relative bicommutant. By Proposition B.5,

assumptions (i) and (iii) imply that as subalgebras of A, all Zks mutually commute and generate
all of A:

Zk ⊆ Z ′
l for distinct k, l ∈ [n] and

∨
k∈[n]

Zk = A. (82)

These two conditions imply that each Zk is a factor algebra. Indeed, let k ∈ [n] and suppose that
m ∈ Z(Zk). Then m ∈ Zk ⊆ A; but also m ∈ Z ′

l for all l ∈ [n], and therefore m ∈ A′, so that
m ∈ Z(A). Concluding, Z(Zk) ⊆ Z(A) = C1A, since A is a factor; and hence Zk is a factor, too.

We can therefore apply Proposition B.2 and obtain a *-isomorphism

V : A → Z1 ⊗ Z2 ⊗ · · · ⊗ Zn (83)

so that for all k,
V(Zk) = 1Z1 ⊗ · · · ⊗ 1Zk−1 ⊗ Zk ⊗ 1Zk+1 ⊗ · · · ⊗ 1Zn

. (84)

Employing our usual abuse of notation, we write the right-hand side as Zk and write tensor
products as juxtaposition. Extending V to

V ≡ V ⊗ idX1···Xn
: AX1 · · ·Xn

∼−→ Z1 · · ·ZnX1 · · ·Xn, (85)

we see that
V(Bk) ⊆ V(ZkXk) = ZkXk, (86)

appealing for the first inclusion to Theorem B.3(ii) about relative bicommutants. This establishes
the first conclusion of the lemma, Eq. (49a).

It remains to prove Eq. (49b), which due to Eq. (84) is equivalent to Zk = A ∩ Bk. By
Proposition B.4(iv) this is in turn equivalent to

Zk ⊆ Bk. (87)

First, from assumption (iii) it follows that

Zk ⊆ A ⊆
∨

l∈[n]

Bl. (88)

For l distinct from k, we also have
Bl ⊆ ZlXl ⊆ Z ′

k, (89)

or in other words, Zk ⊆ B′
l. Combining this we get

Zk ⊆

 ∨
l∈[n]

Bl

 ∩
⋂
l ̸=k

B′
l. (90)

The right-hand side is just Bk; this is clear when regarding it under the isomorphism from Pro-
position B.2. This establishes Eq. (87) and concludes the proof of Lemma 5.3.
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C Causally faithful unitary circuit decompositions
This appendix concerns causally faithful circuit decompositions, which were introduced in Sec-
tion 2.4.1 and feature in Theorem 3.2(iii). In the main text we have shown that Items (i) and (ii)
of Theorem 3.2 are equivalent, and it is immediate that (ii) ⇒ (iii). Here, we finish by showing
that ¬(i) ⇒ ¬(iii). That is, we show that whenever G ⊆ A × B fails the condition (C3-EP), then
there exists a choice of quantum systems Aa for a ∈ A and Bb for b ∈ B and a unitary channel
U : AA → BB which has causal structure exactly GU = G, yet no unitary circuit decomposition
with connectivity G—that is, U has no causally faithful unitary circuit decomposition.

To see the challenge in proving this, recall for a moment our proof of ¬(i) ⇒ ¬(ii) on page
11. There, we simply considered the unitary U3 from Example 2.12, padded appropriately by
trivial systems. This padded unitary U satisfied the condition GU ⊆ G but had no unitary circuit
decomposition with GC ⊆ G, thus providing the required counterexample.

But to prove ¬(i) ⇒ ¬(iii), we need our counterexample unitary to satisfy the saturated con-
dition GU = G. Padding by trivial systems generally won’t do, since there is no influence between
trivial systems. In the proof below, we therefore pad U3 instead with some other, nontrivial unitary
V that already has the desired causal structure G. (Such a choice of V always exists for appropriate
choices of quantum systems; however, G may constrain the dimensions of these systems. See e.g.
Eq. (17) and Ref. [13, §7.2].)

Proposition C.1 (proving ¬(i) ⇒ ¬(iii) in Theorem 3.2). Suppose G ⊆ A × B fails (C3-EP); without
loss of generality, write A = {1, . . . , n} and B = {1, . . . ,m} so that G ∩ ({1, 2, 3} × {1, 2, 3}) = C3.
Let V : A1 · · ·An → B1 · · ·Bm be a unitary channel between quantum systems A1, . . . ,An and
B1, . . . ,Bm so that GV = G. In addition, let Āi = B̄i = L(C2) for i ∈ {1, 2, 3} be qubits and
U3 : Ā1Ā2Ā3 → B̄1B̄2B̄3 be the unitary channel

U3

B̄1 B̄2 B̄3

Ā1 Ā2 Ā3

:=

B̄1 B̄2 B̄3

Ā1 Ā2 Ā3

, (91)

Finally, define

U := U3 ⊗ V : (Ā1A1)(Ā2A2)(Ā3A3)A4 · · ·An → (B̄1B1)(B̄2B2)(B̄3B3)B4 · · ·Bm, (92)

regarded as a unitary channel with n inputs and m outputs:

B̄1 B̄2 B̄3

Ā1 Ā2 Ā3

B1 B2 B3

· · ·
B4 Bm

V

· · ·
A1 A2 A3 A4 An

· · ·

U
· · ·

Ā1A1 A4 AnĀ2A2 Ā3A3

B̄1B1 B4 BmB̄2B2 B̄3B3

:= U3
. (93)

Then U has causal structure G, yet no unitary circuit decomposition with connectivity G.

Lemma C.2. Let |ψ⟩ ∈ HX ⊗ HY be a bipartite state with marginals ρX := TrY |ψ⟩ ⟨ψ| and ρY =
TrX |ψ⟩ ⟨ψ|, supported on supp ρX ⊆ HX and supp ρY ⊆ HY , respectively. Then |ψ⟩ ∈ supp ρX ⊗
supp ρY .

Proof. Let |ψ⟩ =
∑r

i=1 ci |αi⟩ ⊗ |βi⟩ be the Schmidt decomposition, where all coefficients ci are
nonzero. Then supp ρX is the span of the vectors {|αi⟩}r

i=1 and supp ρY the span of {|βi⟩}r
i=1.

Clearly, then, |ψ⟩ ∈ supp ρX ⊗ supp ρY .

Proof of Proposition C.1. It is immediate from the construction that U (under the appropriate
grouping of systems) has causal structure G. Suppose, for contradiction, that U has a unitary
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causally faithful circuit decomposition: i.e. a circuit decomposition C with connectivity G. Then
C has, in particular, no path from Ā1A1 to B̄3B3, and no path from Ā3A3 to B̄1B1.

Now abbreviate Â4 := A2A4 · · ·An and B̂4 := B2B4 · · ·Bm and regard U as a four-input,
four-output unitary channel

U : (Ā1A1)(Ā2)(Â4)(Ā3A3) → (B̄1B1)(B̄2)(B̂4)(B̄3B3). (94)

The circuit C, now interpreted as a four-input, four-output circuit, then satisfies

GC ⊆ C ′
3 :=

1 2 3

1 2 3

4

4

. (95)

By Theorem 4.4, then, U also has a unitary circuit decomposition of the canonical shape LC′
3
. One

may compute this shape, much like LC3 in Eq. (39), to be

LC′
3

=

2 31

31

4

2 4

. (96)

In other words, there are quantum systems C,D,E,F and unitary channels W,X ,Y,Z so that

= X Y

Z

W
Ā1 A1 Ā3 A3

B̄3 B3B̄1 B1

C D

Ā2 Â4

B̄2 B̂4

E F

U

Ā1A1 Ā3A3

B̄1B1 B̄3B3

Â4Ā2

B̂4B̄2

. (97)

Recall that Ā2 = L(C2); moreover, let HÂ4
, HC ,HD be the finite-dimensional Hilbert spaces

so that Â4 = L(HÂ4
), C = L(HC), D = L(HD). Let d := dim HÂ4

. Our aim is to derive a
contradiction on the dimensions of the Hilbert spaces HC and HD.

Denote by {|0⟩ , |1⟩} the basis of C2 with respect to which the CNOTs in the construction
of U3 are defined. Also choose a basis {|j⟩}d−1

j=0 for the Hilbert space HÂ4
. For i ∈ {0, 1} and

j ∈ {0, . . . , d− 1}, define the states

ρij
CD := W

i j

C D

; ρij
C := TrD ρij

CD; and ρij
D := TrC ρij

CD. (98)

Let us first consider the states ρij
C on system C. We claim that for any j, j′ ∈ {0, . . . , d − 1},

the states ρ0j
C and ρ1j′

C have orthogonal supports, i.e. are perfectly distinguishable. To see this
intuitively, consider the qubits Ā1, Ā2, and B̄1. From the CNOTs in the definition of U in Eq. (93),
it is clear that if Ā1 is prepared in state |0⟩, the information about the computational degree of
freedom i of Ā2 ends up on B̄1. Since every path from Ā2 to B̄1 in Eq. (97) passes through C,
that information must also be perfectly recoverable from C.
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To see it formally, notice that, for any (irrelevant) choice for the unlabelled states,

X Y

Z

W
Ā1 A1 Ā3 A3

B̄3 B3

B̄1

B1

C D

B̄2 B̂4

0

X

W

i j

Ā1 A1

B̄1

B1

C

D

Ā2 Â4

0

E F

= = U
Ā3 A3Ā1 A1

0

B̄1

B1

=

i j
Ā2 Â4

i j
Ā2 Â4

i

= B̄1

i0
Ā1 Ā2

B̄1
B̄2

.

(99)
The circuit fragment enclosed in a dashed box on the left-hand side forms a CPTP map E : C → B̄1.
Being CPTP, E cannot increase distinguishability; in particular, if ρ0j

C and ρ1j′

C had non-orthogonal
supports, then E(ρ0j

C ) and E(ρ1j′

C ) would have non-orthogonal supports. In light of the right-hand
side of Eq. (99), the latter is obviously untrue; therefore, ρ0j

C and ρ1j′

C must have orthogonal
supports.

Let H0
C :=

(⋃d−1
j=0 supp ρ0j

C

)⊥⊥
⊆ HC be the subspace of HC spanned by the supports of ρ0j

C

for j ∈ {0, . . . , d− 1}. Moreover, let H1
C := (H0

C)⊥. It follows from the claim we just proved that
then

supp ρij
C ⊆ Hi

C (100)

for all i ∈ {0, 1} and j ∈ {0, . . . , d − 1}. By a symmetric argument concerning instead the states
ρij
D on D, we can construct orthogonal subspaces H0

D,H1
D ⊆ HD so that

supp ρij
D ⊆ Hi

D (101)

for i ∈ {0, 1} and j ∈ {0, . . . , d− 1}.
By Lemma C.2 and Eqs. (100) and (101) and the fact that ρij

CD is pure,

supp ρij
CD ⊆ Hi

C ⊗ Hi
D. (102)

Moreover, for fixed i, the d states ρi0
CD, ρ

i1
CD, . . . , ρ

i(d−1)
CD are all pairwise orthogonal by their con-

struction in Eq. (98) (and the fact that W is a unitary channel). These two facts imply that

dim(Hi
C ⊗ Hi

D) ≥ d (103)

for each i ∈ {0, 1}. We conclude that

dim(HC ⊗ HD) = dim H0
C dim H0

D + dim H0
C dim H1

D + dim H1
C dim H0

D + dim H1
C dim H1

D

≥ 2d+ dim H0
C dim H1

D + dim H1
C dim H0

D > 2d, (104)

which is in contradiction with the fact that W is a unitary channel and dim(C2 ⊗ HÂ4
) = 2d. U

can therefore have no causally faithful unitary decomposition.

D Proof of Proposition 2.9
Proposition 2.9 (Soundness of no-connectivity for no-influence). If U : AA → BB is a unitary
quantum channel with circuit decomposition C, then GU ⊆ GC .

This is a standard fact that has been noted many times; see e.g. [13, 41]. Our order-theoretic
approach allows for a compact (if perhaps tedious) way to state its proof formally.
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Proof. Let C ≡ (C,≤, λ, µ) be the circuit shape underlying the quantum circuit C and denote by
ET , for T ⊆ C, the channel obtained by composing C’s gates Ep for p ∈ T along the Zr

q systems they
share. Suppose that a ∈ A and b ∈ B are such that (a, b) /∈ GC ; we aim to show that (a, b) /∈ GU .
Consider the set

↓µ(b) := {p ∈ C | p ≤ µ(b)} (105)

of gates below output b and the two channels E↓ µ(b) and EC\↓ µ(b). Since ↓µ(b) is downward-closed
and C \ ↓µ(b) is upward-closed, the domains of these channels are

E↓ µ(b) : Aλ−1(↓ µ(b)) → ZBµ−1(↓ µ(b)) (106)
and EC\↓ µ(b) : AA\λ−1(↓ µ(b))Z → BB\µ−1(↓ µ(b)), (107)

where Z :=
⊗

p∈↓ µ(b);q /∈↓ µ(b);p⋖q Z
q
p . Since C is a circuit decomposition of U , we have U =

EC\↓ µ(b) ◦ E↓ µ(b):

U =
· · ·

· · ·

E↓ µ(b)

AA\λ−1(↓ µ(b))

· · ·

EC\↓ µ(b)

BB\µ−1(↓ µ(b))

· · ·

Aλ−1(↓ µ(b))

· · ·

Bµ−1(↓ µ(b))

· · ·

Z
. (108)

Note that since (a, b) /∈ GC ,

a ∈ A \ λ−1(↓µ(b)) and b ∈ µ−1(↓µ(b)). (109)

From the fact that EC\↓ µ(b) is trace-preserving, we get

U =

BB\µ−1(↓ µ(b))

AA\λ−1(↓ µ(b))

· · ·

· · ·

Bµ−1(↓ µ(b))

Aλ−1(↓ µ(b))

· · ·

· · ·

E↓ µ(b)

AA\λ−1(↓ µ(b))

· · ·

EC\↓ µ(b)

BB\µ−1(↓ µ(b))

· · ·

Aλ−1(↓ µ(b))

· · ·

Bµ−1(↓ µ(b))
· · ·

Z
=

E↓ µ(b)

AA\λ−1(↓ µ(b))

· · ·
Aλ−1(↓ µ(b))

· · ·

Bµ−1(↓ µ(b))
· · ·

Z . (110)

Taking the Hilbert-Schmidt adjoint of this equation and using Eq. (109) yields

U†(Bb) ⊆ U†(Bµ−1(↓ µ(b))) ⊆ Aλ−1(↓ µ(b)) ⊆ AA\a. (111)

By definition this means (a, b) /∈ GU , completing the proof.
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