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Quantum phase transitions reveal deep in-
sights into the behavior of many-body quan-
tum systems, but identifying these transitions
without prior knowledge of order parameters
remains a significant challenge. In this work,
we introduce a method for constructing phase
diagrams using the vector field of the reduced
fidelity susceptibility (RFS), and demonstrate
how information encoded in this vector field
can be used to discover observables corre-
sponding to order parameters. We apply our
approach to well-established models: the Axial
Next Nearest Neighbour Interaction (ANNNI)
model, a cluster state model, and a chain
of Rydberg atoms; and validate the discov-
ered order parameters using eigendecomposi-
tion and finite-size scaling analysis, confirm-
ing the expected universality classes. Our re-
sults demonstrate that the RFS vector field
offers a unified framework for phase charac-
terization and order-parameter discovery that
requires no prior knowledge of symmetry or
transition type, while relying only on reduced
density matrices of small subsystems.

1 Introduction
Quantum phase transitions (QPTs) in many-body
quantum systems pose considerable challenges for the-
oretical modeling and experimental observation. Un-
like classical phase transitions, which are driven by
thermal fluctuations, QPTs are induced by changes
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in external parameters such as magnetic fields or cou-
pling constants, altering the ground-state properties
of a system. The canonical framework for describ-
ing phase transitions is Landau–Ginzburg–Wilson
(LGW) theory [1, 2], which classifies ordered phases
by their broken symmetries and associated local order
parameters. However, LGW theory famously fails for
certain classes of transitions, most notably topologi-
cal quantum phase transitions, where no local order
parameter exists [3–5]

Within the LGW paradigm, the Renormalization
Group (RG) [6, 7] and Finite-Size Scaling (FSS) the-
ory [8] provide the standard machinery for charac-
terizing critical behavior: in formal terms, a QPT is
defined only in the thermodynamic limit as a non-
analyticity of the ground-state energy [2], and FSS
provides a systematic framework for extrapolating
finite-size data to this limit. For transitions that fall
outside the LGW classification, most notably topolog-
ical transitions, where no local order parameter exists,
complementary, order-parameter-agnostic diagnostics
are needed. Machine learning techniques have been
explored for this purpose [9–13], as have fidelity-based
probes, which we introduce next.

A particularly natural tool for detecting QPTs,
which does not require a priori knowledge of the order
parameter, is the quantum state fidelity [14]. The fi-
delity susceptibility [15–17] quantifies how sensitive
a quantum state is to perturbations in the Hamil-
tonian, exhibiting sharp maxima near critical points
where the ground state changes character most dra-
matically. Crucially, fidelity-based methods require
no knowledge of the order parameter or the sym-
metry of the transition. A parallel line of work re-
places the global overlap with the fidelity between
reduced density matrices (RDMs) of a subsystem.
This reduced (or partial-state) fidelity was connected
to renormalization-group flows in Ref. [18]; it was
shown to signal level-crossing transitions for which

Accepted in Quantum 2026-08-17, click title to verify. Published under CC-BY 4.0. 1

ar
X

iv
:2

40
8.

01
40

0v
5 

 [
qu

an
t-

ph
] 

 4
 S

ep
 2

02
6

https://quantum-journal.org/?s=Order%20Parameter%20Discovery%20for%20Quantum%20Many-Body%20Systems&reason=title-click
https://quantum-journal.org/?s=Order%20Parameter%20Discovery%20for%20Quantum%20Many-Body%20Systems&reason=title-click
mailto:nicola.mariella@ibm.com
mailto:tm763@cam.ac.uk
mailto:francesco.di.marcantonio@cern.ch
mailto:knajafi@ibm.com
mailto:sofia.vallecorsa@cern.ch
mailto:sergiy.zhuk@ie.ibm.com
mailto:enrique.rico.ortega@gmail.com
https://arxiv.org/abs/2408.01400v5


RFS
Characterisation

0.7

0.6

0.5

0.4

0.3

0.2

0.1
0.25 0.5 0.75

0.6

0.4

0.2

0.25 0.50 0.75

h h

0.6

0.4

0.2

0.0

0.2

0.6

0.5

0.4

0.3

0.2

0.1

0.8 0.9 1.0

h

1.1 1.2

|M
a
vg

 |

(a)

Phase Diagram
Construction

Order Parameter
Discovery  

OP Discovery 

Figure 1: Visualisation of the reduced fidelity susceptibility (RFS) uses: phase diagram construction of quantum systems and
order parameter discovery.

the global fidelity is ill-behaved [19]; and exact re-
sults for small subsystems established both its distinct
critical scaling, e.g., a (lnN)2 divergence of the two-
site reduced fidelity susceptibility in the transverse-
field Ising chain [20], an N2/3 scaling in the Lipkin–
Meshkov–Glick model [21], and a direct relation to
the second derivative of the ground-state energy in
chains with SU(2) and translation symmetry [22],
and its practical appeal: experiments typically ac-
cess subsystems rather than global states [21]; see Sec-
tion VI.B of the review [16] for a comprehensive ac-
count. Mixed-state fidelities and Bures metrics have
also been studied for thermal-state manifolds [23, 24],
a related but distinct setting. The present work builds
on the reduced-fidelity tradition and extends it to
two-dimensional parameter spaces, subsystems of ar-
bitrary small size k, and the discovery of explicit order
parameters.

Once a phase diagram is established, a separate but
equally important challenge is the identification of an
order parameter that characterizes each phase. [25]
proposed a systematic approach: given representative
RDMs from two phases, the observable that maxi-
mally distinguishes them is found by solving a simple
optimization problem. Our work builds upon and ex-
tends this approach in two key ways: first, we use the
RFS vector field to identify all phase boundaries si-
multaneously, without requiring prior selection of rep-
resentative states; second, we generalize the pairwise
optimization of [25] to simultaneously handle all pairs
of phase labels identified from the vector field, allow-
ing multi-phase order parameters to be discovered in
a single optimization step [26]. A schematic picture
of our method can be seen in Figure 1.

We describe the contributions of the present work.
We construct a vector field from the RFS defined on a
two-dimensional parameter space, and show that this
vector field encodes the full phase diagram: sources

correspond to phase transitions and sinks to the rep-
resentative ground states of each phase. We then for-
mulate an optimization problem that discovers Her-
mitian observables functioning as order parameters,
using the phase labels extracted from the vector field
as supervision. We demonstrate the efficacy of the
method on three models: the ANNNI model [27, 28],
the cluster Hamiltonian, and a Rydberg atom chain.
We provide a detailed analysis of the Rydberg ripple
features, supporting their physical origin as incom-
mensurate phase boundaries [29–31].

2 Preliminary
We begin by defining the set of Hermitian matrices of
order n, which is denoted by Sn := {M ∈ Cn×n|M =
M†}. We denote the identity matrix of order n by In
and the ith canonical basis vector for the vector space
Cn by ei.

Next, we introduce the concept of fidelity. Fidelity
measures the similarity between two quantum states,
and all its definitions embody the probability of dis-
tinguishing one quantum state from another.

Given mixed-states ρ, σ we define the Uhlmann-
Jozsa fidelity [14] by1

F (ρ, σ) :=
(

Tr
(√

ρ
1
2σρ

1
2

))2
, (1)

which, for the remainder of the work, will be referred
to as fidelity, unless otherwise specified. The latter
definition of fidelity is not unique, indeed, Jozsa [14]
obtained an axiomatic definition for a family of such
functions. However, the Uhlmann fidelity stands for

1Some literature defines the fidelity in (1) as the square root
of our F (e.g. [32]).
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its unique relation to the Bures distance

d2
B(ρ, σ) := 2

(
1−

√
F (ρ, σ)

)
, (2)

which is a quantification of the statistical distance
between density matrices. A relevant result is the
Uhlmann theorem [33], which expresses the fidelity in
terms of the maximum overlap over all purifications
of its arguments, that is

F (ρ, σ) =max
|ψρ⟩
|⟨ψρ|ψσ⟩|2 , (3)

where |ψσ⟩ and |ψρ⟩ denote some purifications of σ
and ρ, respectively.

Following our discussion on the fidelity, we next
consider a generic many-body parametric Hamilto-
nian H(λ) = H0 + λHI , with eigenvalue equation
H(λ) |ψk (λ)⟩ = Ek(λ) |ψk (λ)⟩, where the index k = 0
identifies the ground state. For clarity, we may omit
the dependence of the various objects from the pa-
rameter λ, when it does not result in ambiguity. In
a perturbative approach w.r.t. a small parameter δ,
the Taylor expansion for the fidelity reads

|⟨ψ0 (λ)|ψ0 (λ+ δ)⟩| =1− 1
2XF (λ)δ2 +O

(
δ3) , (4)

with the leading term (second-order) revealing the fi-
delity susceptibility XF (susceptibility for short) [17].
We note that the first-order term vanishes since the
fidelity reaches a maximum at δ = 0 for any λ. In-
formally, fidelity susceptibility quantifies how much
the fidelity (or overlap) between two nearby states
changes concerning a small change in a parameter
(such as an external field or coupling strength) that
defines the states. Let ρ0(λ) = |ψ0 (λ)⟩ ⟨ψ0 (λ)| be
the density matrix for the ground state of H(λ). Two
well-known formulations for the susceptibility2 are
given as;

XF (λ) =−
∂2
√
F (ρ0(λ), ρ0(λ+ δ))

∂δ2

∣∣∣
δ=0

(5a)

=lim
δ→0
−

2 ln
√
F (ρ0(λ), ρ0(λ+ δ))

δ2 , (5b)

where F is generalized to the Uhlmann fidelity in (1),
when the arguments are not pure states. The expan-
sion for the ground state of the perturbed Hermitian3

H(λ) is given as;

|ψ0 (λ+ δ)⟩ ≈ |ψ0 (λ)⟩+ δ
∑
k ̸=0

Kk,0

Ek − E0
|ψk (λ)⟩ , (6)

2The rightmost of (5a) is obtained by considering the Tay-
lor expansion of ln(1 + x) = x − x2

2 + O(x3), with x =
− 1

2 XF (λ)δ2 + O
(

δ3
)

from (4).
3This result is commonly known as the

Rayleigh–Schrödinger perturbation theory [34].

where Kk,0 := ⟨ψk (λ)|HI |ψ0 (λ)⟩. This leads to an-
other well-known formulation for the susceptibility

XF (λ) =
∑
k ̸=0

|⟨ψk (λ)|HI |ψ0 (λ)⟩|2

(Ek − E0)2 ≥ 0. (7)

As noticed in [35], the latter, which depends solely
on the spectrum, shows that the quantity XF is non-
negative and diverges when the energy gap closes.

3 Phase Diagram Construction
Building upon the previous section’s exploration of
fidelity susceptibility, we next introduce the reduced
fidelity susceptibility (RFS) vector field concept. In
doing so, we consider a general many-body Hamilto-
nian parameterized by the space X ⊆ R2, of which
its decomposition in terms of base and driving com-
ponents reads

H(λ) =H0 + λ1H1 + λ2H2, (8)

with control parameters (λ1 λ2)⊤ ∈ X . We antic-
ipate that choosing the two-dimensional parameter
space is convenient for the visual approach, but not
fundamental. Let |ψ0 (λ)⟩ ∈ H denote the ground
state of the Hamiltonian H evaluated at λ ∈ X , with
H denoting the underlying Hilbert space. The Hilbert
space H is assumed bipartite, that is H = HA ⊗HB,
for some subsystems A and B. In addition, we assume
the ground state is non-degenerate ψ0.

Choice of bipartition. The RFS is defined relative
to a bipartitionH = HA⊗HB of the full Hilbert space,
where ρ0(λ) = TrB(ψ0ψ

∗
0) is the RDM of subsystem

A. In practice, we choose A to consist of k contiguous
central sites of the chain, and the results are robust
to moderate changes in the location of A, provided
A is in the bulk. The choice of k is more important;
we propose the following practical criterion: increase
k until the phase diagram stabilizes. For the models
studied here, k = 1 or 2 suffices to reconstruct the
phase diagram, except for the cluster Hamiltonian,
which requires k = 5 to capture the non-local string
order. As a fail-safe, the indefiniteness condition on
the order-parameter solution (see Appendix B) signals
when k is insufficient for order-parameter discovery.

Let ρ0(λ) denote the reduced density matrix
(RDM) resulting from tracing out the subsystem B
for the ground state, so

ρ0(λ) = TrB (|ψ0 (λ)⟩ ⟨ψ0 (λ)|) . (9)

We consider a perturbative action in the parameter
space and define

f(λ, δ) =
√
F (ρ0(λ), ρ0(λ + δ)) ∈ [0, 1], (10)

for λ ∈ X and δ a perturbation in the latter space,
where F is the fidelity defined in (1). As a conse-
quence of the Uhlmann theorem (3), since the fidelity
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is the maximum over the overlap w.r.t. all purifica-
tions, then f(λ, δ) ≥ |⟨ψ0 (λ)|ψ0 (λ + δ)⟩|, that is, the
quantity in (10) is bounded below4 by the square root
of the overlap between the perturbed ground states.

Following this, we introduce one of the key func-
tions for our method5, that is

g(λ) :=−
(
∂2f(λ, δ)
∂δ2

1
+ ∂2f(λ, δ)

∂δ2
2

)∣∣∣∣
δ=0

. (11)

We call the terms ∂2f/∂δ2
k the reduced fidelity suscep-

tibility for the corresponding parameter λk. Indeed,
it can be noted that the terms of the latter take the
form of the fidelity susceptibility in (5a). Moreover,
as shown in (7), the susceptibility is a non-negative
quantity, then it is reasonable to consider a quantity
resulting from the summation of susceptibilities for
different directions (parameters). The adjective re-
duced is justified by the fact that we are considering
RDMs instead of pure states as in (4).

Susceptibilities of reduced states have been stud-
ied before: for ground-state RDMs, general formulas
and exact critical scaling were obtained for small sub-
systems [18–22] (see also Section VI.B of [16]), while
related Bures-metric constructions were developed for
thermal-state manifolds [23, 24]. Our g(λ) belongs to
the first setting: it is the trace of the Bures metric ten-
sor of the ground-state RDM manifold ( Appendix I
).

We also note that for the regular susceptibility, it is
clear that the linear term in the perturbative Taylor
expansion of f vanishes for δ = 0. In Appendix I we
expand on some key concepts in information geometry
and its connection to the definition in (11).

We next obtain the vector field P : X → R2 (under
sufficient smoothing assumptions) defined by;

P (λ) :=−∇λg(λ). (12)

We stress that the gradient in (12) is expressed w.r.t.
λ (parameters vector), whereas the Laplacian in (11)
is related to δ (perturbation). In addition, we obtain
a scalar function mapping the parameters λ to the
angles of the vectors in the image of P , that is

θ(λ) =Arg
(
e⊤

1 P (λ) + ıe⊤
2 P (λ)

)
, (13)

with Arg : C → (−π, π] denoting the principal ar-
gument6. The latter is defined on the subset of the
parameter space X ′ = {λ ∈ X |P (λ) ̸= 0}. We note,

4Alternatively, this can be inferred by casting the par-
tial trace as Kraus operator and by the monotonicity of the
Uhlmann Fidelity [36].

5Interestingly, we can obtain another function g propor-
tional to that in (11) by considering f defined in terms of the
squared Bures distance (2).

6Let z = x + ıy with x, y ∈ R, then the principal argument
of z is defined by Arg(x + ıy) = atan2(y, x), with atan2(y, x) =
limc→x+ arctan

(
y
c

)
+ π

2 sign(y) sign(x) (sign(x) − 1).

1

2

(a)

1

2

(b)

Figure 2: (a) Color-mapped visualization of the fidelity vec-
tor field angle θ(λ). (b) Quiver plot of the vector field P (λ)
at a phase transition line. We note that the angle (thus the
associated color) drastically changes at the phase transition
in (a), which corresponds to a source (arrows radiate out-
ward) in the vector field in (b).

as outlined in Appendix H , the function in (13) is
scale invariant in the proximity of QPT at λc, that is
θ((λ − λc)t) = θ(λ − λc) for some small t > 0. The
latter consideration is justified by the scaling behavior
of fidelity susceptibility in the vicinity of QPT [37].

The function g defined in (11) corresponds to a
notion of fidelity susceptibility. Moreover, the angle
given by θ(λ) in (13) is the direction of the steep-
est decline in susceptibility. Consequently, we expect
that phase transitions materialize as sources in the
vector field (12), that is, the loci where the suscepti-
bility is maximized. An example of this can be seen
in Figure 2. Furthermore, we note that the sinks are
the points where the susceptibility reaches the local
minimum. As the last step, if we map the co-domain
of θ : X ′ → (−π, π] to a cyclic color map, we expect
to obtain the phase diagram of the Hamiltonian in
(8). This process is depicted in the sketch shown in
Figure 2, where in panel (a) we plot the angle θ(λ),
and panel (b) represents the vector field with phase
transition depicted by a diagonal line. Both panels
suggest that in the proximity of a QPT, the gradient
in (12) changes heading abruptly. We elaborate on
this in Appendix G . The practical implementation
of the construction is expanded in Appendix A .

We conclude with a remark on extensions.
Constant-size RDMs are particularly effective for
phases characterized by local order parameters or
short-range entanglement. For phases with topologi-
cal order, where no local order parameter exists, the
relevant information is encoded in the global entan-
glement structure, and larger subsystems (capturing
string correlations) or nonlinear functionals of the
RDM (such as entanglement entropy or topological
entanglement entropy) must be used. The present
paper focuses on the case where k is kept small but
demonstrates, through the cluster Hamiltonian exam-
ple, that the method naturally adapts to non-local
order by increasing k.
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4 Order parameter discovery
Following the results obtained in the preceding sec-
tion, we next investigate whether it is possible to de-
termine an order parameter that captures the phase
transitions of a given Hamiltonian. Specifically, we
consider the class of order parameters that are deter-
mined by the expectation of a Hermitian observable.

To answer this question, we apply the protocol as
described in section 3, and move from susceptibility-
based identification of phases to determining the opti-
mal observable for distinguishing the phases, that is,
a local order parameter. A simpler method has been
proposed in [25], where a Hermitian operator is opti-
mized to distinguish two given RDMs. In the latter,
the distinction is given by the sign of the expectation
with respect to the optimal observable. Our contri-
bution, instead, aims at mimicking the behaviour of
order parameters.

We first note that the function θ(λ) ∈ (−π, π] in
(13) represents the point-wise angle of the vector field
(12). Also, as argued before, phase transitions are
likely to materialize as sources, and we assume that
adjacent phases are distinguished by π radians. In
other words, if the parameter λc ∈ X is proximal to
a critical point (for some Hamiltonian), and δ a per-
turbation in the same space, then the assumption is
that the corresponding gradient vectors have opposite
directions, that is |θ(λc)− θ(λc + δ)| ≈ π. Conse-
quently, there exists an optimal angle η such that

|sin (θ(λc) + η) + sin (θ(λc + δ) + η)| ≈ 0. (14)

Consider a parametric Hamiltonian on n spins with
ground state RDM ρ0(λ) defined as in (9). In addi-
tion, we assume that the RDM is small enough to be
handled classically. Given a finite set of parameters
{λi} in the neighbour of λc, we define a label yi ∈
[−1, 1] for each parameter λi as yi = sin (θ(λi) + η).
From (14), we see that distinct phases will be as-
signed opposite signs, sign(yi). We define the index
sets I+ = {i|yi > 0} and I− = {i|yi < 0}, partition-
ing the indices for the parameters {λi} determining
the ground states laying on the ordered and disor-
dered phases, respectively. Under the assumption of
non-degeneracy of the problem (see Appendix B for
more details), we devise the following (non-convex)
quadratically constrained quadratic program (QCQP)
[38],

min
M∈Sm

∑
(i,j)∈I+×I−

(
−⟨M⟩

2
i

pi
+
⟨M⟩2j
pj

)
,

s.t. ∥M∥2
F ≤ 1, (15)

with ⟨M⟩i := Tr(ρ0(λi)M) defining the expectation
of M at λi, and pi := Tr(ρ0(λi)2) the purity of the
same RDM. We denoted by Sm the set of Hermitian
matrices of order m, which is also the order of the
RDM ρ0(λi).

This is commonly known in optimization literature
as the trust region problem [39], which can be inter-
preted as a generalization of the minimum eigenvalue
problem. The problem is solvable efficiently (polyno-
mial time) even in the cases where the quadratic term
is not positive semidefinite (i.e. non-convex) [40].

The problem in Eq. (15) is solvable efficiently in
polynomial time in the dimension of M [40]. We note
that for a k-site RDM in a spin-1/2 chain, the matrix
M has dimension 2k×2k, so the storing cost scales as
O(4k) per optimization, which is completely tractable
for the values k = 1, 2, 4, 5 used in this work.

Informally, the optimization favors the non-zero
expectation ⟨M⟩i for the labels yi > 0 (ordered
phase), whereas the quadratic term ⟨M⟩2i penalizes
non-zero expectations for the labels yi < 0 (disor-
dered phase). In essence, this mechanism is mimick-
ing the order/disorder behavior of the order param-
eters, for all pairs of opposing (w.r.t. phase) RDMs
(ρ0(λi), ρ0(λj)), with (i, j) ∈ I+ × I−.

A special case of the problem in (15) arises when
we consider the reference density matrices ρ+ and ρ−,
each representing a phase (i.e. ordered vs disordered).
The formulation becomes

min
M∈Sm

− Tr (ρ+M)2

Tr
(
ρ2

+
) + Tr (ρ−M)2

Tr
(
ρ2

−
) ,

s.t. ∥M∥2
F ≤ 1. (16)

In Appendix C , it is shown that the objective of the
latter is the quadratic form of an operator connected
to the Gram-Schmidt process (GS) [41], a method re-
lated to the QR decomposition in linear algebra. For
a density matrix ρ, we define ρ̂ := ρ/∥ρ∥F its associ-
ated norm-1 PSD (positive semidefinite7). Also, for
Hermitian matrices A,B of the same order, we denote
by ⟨A,B⟩ their Frobenius inner product. The special
formulation leads to the close form solution

M = ρ̂+ − ⟨ρ̂+, ρ̂−⟩ ρ̂−√
1− ⟨ρ̂+, ρ̂−⟩2

, (17)

when ρ+ ̸= ρ−. The solution is Hermitian as it is
a real-linear combination of PSDs. One can immedi-
ately verify that Tr(ρ−M) = 0, whereas

Tr(ρ+M) =∥ρ+∥F
√

1− ⟨ρ̂+, ρ̂−⟩2 > 0, (18)

as expected. Geometrically, the solution in (17) can
be interpreted as subtracting from ρ̂+ its projection
on ρ̂−, hence the resulting Hermitian is orthogonal to
ρ− and has a non-zero overlap with ρ+ (when ρ+ ̸=
ρ−). Moreover, the latter provides an understanding
of the general problem. Specifically, the objective in
(15) corresponds to the sum of special objectives in
(16), for all pairs of opposing indices (i, j) ∈ I+× I−.

7That is, a Hermitian matrix with non-negative eigenvalues.
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In practical terms, we consider RDMs on a few
sites, thus the quadratic optimization problem can
be solved classically upon computation of the partial
trace on the ground states. Experimental results are
presented in section 5.2 and the details for the solu-
tion of the optimization are expanded in Appendix B
.

We remark, as discussed in [42], that the order pa-
rameter need not be unique, and any scaling operator
that is zero in the disordered phase and non-zero in
an adjacent (on the phase diagram), usually ordered
phase, is a possible choice for an order parameter.

5 Experiments
To demonstrate the potential of the fidelity vector
field in identifying QPTs and their corresponding or-
der parameters, we apply our above methods to the
cluster Hamiltonian and ANNNI models.

5.1 The ANNNI model
We first focus on the ANNNI Model [28, 43, 44], a
theoretical model commonly used in condensed mat-
ter physics to study the behavior of magnetic systems.
The Hamiltonian of such a system can be written as

H =− J1

N−1∑
i=1

σxi σ
x
i+1 − J2

N−2∑
i=1

σxi σ
x
i+2 −B

N∑
i=1

σzi ,

(19)

which we can rewrite in terms of the dimensionless ra-
tios κ = −J2/J1 and h = B/J1. The former is called
the frustration parameter while the latter is related
to the transverse magnetic field. With respect to the
general Hamiltonian in (8), the parameters λ1, λ2 are
now associated respectively to the parameters κ, h in
(19).

In this model, spins are arranged in a one-
dimensional lattice, with each spin existing in ei-
ther the |↑⟩ or |↓⟩ state. The inclusion of the near-
est neighbor and next-nearest-neighbor interactions in
this model introduces a type of frustration, where the
optimal alignment of neighboring spins is hindered
due to competing interactions. The transverse field
present, which represents an external magnetic field
perpendicular to the direction of the spins, also in-
duces quantum effects and modifies the overall behav-
ior of the system. It is the combination of these com-
plex interactions, which combine the effect of quan-
tum fluctuations (owing to the presence of a trans-
verse magnetic field) and frustrated exchange interac-
tions that lead to phenomena such as quantum phase
transitions. As a consequence, it is a paradigm for
the study of competition between magnetic ordering,
frustration, and thermal disordering effects [45].

The phase diagram can be seen in Figure 3, where
three phase transitions are present. The first is

the Ising-like transition between the Ferromagnetic
(FM) and Paramagnetic (PM) phases, the second is
the Kosterlitz-Thouless (KT) transition between the
paramagnetic and floating phase (FP), and the final
is the Pokrovsky-Talapov (PT) phase transition be-
tween the floating phase and antiphase (AP).

For more information on each of these phases and
the corresponding phase transitions and their ground
states see Appendix F .

Figure 3: (a) Phase Diagram of one-dimensional ANNNI
Model. Here the pink represents the Ferromagnetic Phase
(FM), where all spins are aligned along the x direction. The
grey area corresponds to the paramagnetic phase (PM), in
which the magnetic field dominates and all spins align along
the z direction. The antiphase (AP) corresponds to the green
region where the ground state takes the form of a staggered
magnetization pattern with period four. Both the PM and
AP are separated by the floating phase (FP). Here the spin
chain can be seen as a ladder of two spin chains as sketched
in the cartoon spin configurations.

Using the formalism as outlined in section 3, we first
obtain the ground states of the Hamiltonian using the
density matrix renormalization group (DMRG). Next,
we consider a two-site RDM and calculate the RFS
vector field and its corresponding angles. For details
on how the RDM was obtained or the DMRG algo-
rithm, see Appendix E . In Figure 4 (a), we plot
the color-mapped angle as given in (13), as well as
the numerical estimation for the Ising, KT, and PT
phase transition lines, obtained in [10, 46, 47] (ad-
ditional details given in Appendix F ). There is a
noticeable overlap between our approach and the lit-
erature. However, we cannot expect a perfect overlap,
because of the finite-size scaling effects. As predicted
in the method formulation, we have numerical confir-
mation from the vector field plotted in Figure 4 (b),
that sources indeed correspond to phase transitions.
This source and sink-like behavior, as seen in Figure 4
(b) corresponds to local maxima and minima of the
RFS in (11) and is further analyzed in Appendix G .

Additionally, it is worth noting that the fidelity vec-
tor field surpasses previous simulations in its ability
to capture intricate details that were previously unre-
solved in the floating phase [48]. Distinct ripples-like
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Figure 4: Phase Diagram obtained using the reduced fidelity susceptibility of the one-dimensional ANNNI Model. Dashed lines
indicate the known Ising, KT, and PT phase boundaries reported in Appendix F . Here a chain length of L = 50 spin sites
was used and a two-site RDM was used when calculating the gradient of the reduced fidelity susceptibility. (a) The angle of
the vector field given in (13) is plotted (b) the vector field given in (12) is plotted.

features are present, with the sources of the vector
field corresponding to each of these structures indi-
cating the presence of the phase transition between
the paramagnetic and floating phases, specifically the
KT transition. Future work will aim to explore the
structure and fully utilize the potential of the RFS
vector field in analyzing such complex phenomena. In
the subsequent section, we demonstrate how we ap-
ply this method to determine order parameters for a
given quantum system.

5.2 Order parameters discovery
Next, we experimentally demonstrate the validity of
the method used for order parameter discovery (sec-
tion 4), and in doing so, propose a method for un-
derstanding the structure of the optimal observable.
We proceed with the ANNNI model (19) by consid-
ering the phase diagram in the region (κ h) ∈ R =
[0.5, 2.1]× [0, 1.6] and begin with the use of the RDMs
of single spin sites. In other words, we focus on the
side of the diagram (see Figure 3) that lies on the
right of the vertical line through the Lifschitz point
at h = 0, κ = 0.5. Let M denote the optimal ob-
servable for the order parameter discovery problem in
(15), where the details concerning its solution are ex-
panded in Appendix B . Optimizing for a single site
observable, we find that M ≈ I − σx, which can be
interpreted as magnetization. While this observable
could be used as an order parameter for the Ising-like
transition, highlighted in green in Figure 4, it failed to
detect other transitions present in the ANNNI model,
including the KT and PT transitions, highlighted or-
ange and blue in Figure 4 respectively. As a result,

to capture more transitions one must make use of sec-
tion 4 and instead uncover a multi-site observable to
detect all phase transitions present.

For this, we expand our RDM to the two middle
spin sites of the chain of length L. The objective is
to obtain the order parameters for the paramagnetic
and the anti phases, which is highlighted in Figure 4,
where we plot the result for the phase diagram con-
struction (section 3) concerning the regionR, of which
was obtained in the previous section using the RFS
vector field.

In Figure 5 (a) we present the expectations of the
observable M applied to the RDMs ρ0(κi, hi), for a
finite lattice of parameters {(κi, hi)}, following the
optimization process of obtaining a relevant order
parameter M for this phase transition. We note
that in the optimization process, the entire region,
(κ h) ∈ R = [0.0, 2.1] × [0, 1.6], was used, which
included all phase transitions present.

To understand the structure of the obtained observ-
able, we next perform the eigendecomposition of M ,
that is

M =
m∑
i=1

αiM
(i) (20)

where M (i) are rank-1 projectors and αi the cor-
responding eigenvalues. Let |φ(θ)⟩ = cos(θ) |0⟩ +
sin(θ) |1⟩, we define the parametric Hermitian
B(θ1, θ2) as

B(θ1, θ2) := |φ(θ1)⟩ ⟨φ(θ1)| ⊗ |φ(θ2)⟩ ⟨φ(θ2)| . (21)

Such an operator can be interpreted as the orthogonal
projector (which is defined as a square matrix P such
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Figure 5: Experiments for the order parameter discovery on
the ANNNI model. Dashed lines indicate the known KT, and
PT phase boundaries. Here a chain length of L = 50 spin
sites was used and a two-site RDM was used when calcu-
lating the gradient of the reduced fidelity susceptibility. (a)
Expectation of the optimal observable M for the paramag-
netic phase. The expectations for the projectors M (1) and
M (4) of (20), are respectively in (c) and (b).

that P 2 = P = P †) generated by the state | ⟩, where
the angles of the spins are θ1 and θ2, respectively.

The component corresponding to the eigenvalue
with the greatest magnitude is the projector M (1) =
B(θ1, θ2) with θ1 ≈ 0.095π and θ2 ≈ 0.034π, that is
M (1) ≈ |↑↑⟩ ⟨↑↑|. In Figure 5 (c), we plot the ex-
pectation of the observable M (1). A comparison with
the plot in Figure 5 (a), shows that this is the main
component for the paramagnetic phase.

The component M (4), with ⟨M (4)⟩ depicted in Fig-
ure 5 (b), can be interpreted as the complementary to
M (1). The operator approaches the following form

M (4) ≈1
4
(
I⊗2
2 + σ⊗2

x

) (
I⊗2
2 − σ⊗2

z

)
=
∣∣Ψ+〉 〈Ψ+∣∣ ,

(22)

with |Ψ+⟩ = (|↑↓⟩ + |↓↑⟩)/
√

2 (Bell’s state), so the
ordered phase for M (4) is the antiphase. This can be
justified by the modulated structure of the antiphase
|· · · ←←→→ · · ·⟩ (see Appendix F for a compre-
hensive introduction to ANNNI). Indeed we see that
Tr
(
M (4) |φφ⟩ ⟨φφ|

)
̸= 0 for |φ⟩ = |←⟩ and |φ⟩ = |→⟩,

whereas Tr
(
M (4) |↑↑⟩ ⟨↑↑|

)
= 0 (paramagnetic).

The remaining two components of the decompo-
sition in (20) reveal an interesting structure. The
third eigenvector determines the projector M (3) =
B(θ1, θ2) with θ1 ≈ 0.381π and θ2 ≈ −0.331π. Its
expectation depicted in Figure 6 (a), appears to high-
light a section of the floating phase. The last projector
M (2), whose details are omitted, produces another de-
tail of the floating phase, which is depicted in Figure 6
(b).

Figure 6: Expectations of the projectors M (3) (a) and M (2)

(b) revealing the floating phase. Dashed lines indicate the
known KT, and PT phase boundaries . Here a chain length
of L = 50 spin sites was used and a two-site RDM was
used when calculating the gradient of the reduced fidelity
susceptibility.

5.3 Finite Size Scaling
Next, we validate that the obtained observable M
(section 5.2) is indeed an order parameter for the
ANNNI Model. We accomplish this by applying
finite-size scaling and verifying that the critical ex-
ponents match those expected for the Ising-like uni-
versality class. Finite-size scaling is a technique used
to study phase transitions by examining how phys-
ical quantities change with system size. It involves
scaling the system size and observing how properties
such as critical exponents converge to their thermo-
dynamic limits as the size increases. By applying this
method, we can extrapolate results obtained from fi-
nite systems to infer behavior in the infinite system
limit. To demonstrate this phenomenon, we thus
analyze the impact of chain length at the Ising-like
transition. We again use the RDM ρL for two-spin
site {L/2, L/2 − 1}. We calculate the expectations
of the observable M with the reduced density matri-
ces ρL(κ, hi) with κ = 0.001 and h ∈ [0.8, 1.2] with
coupling step δ = 0.001. In this parameter range, we
can consider the next-nearest-neighbor interaction as
a perturbation of the Ising model. Consequently, we
anticipate observing the critical exponents character-
istic of the 1D quantum Ising model.

From statistical mechanics (see e.g. Chapter 3 of
[49]), we know that

M̂ ∼
∣∣hLc − h∞

c

∣∣β (23)

χM̂ =dM̂

dh
∼
∣∣hLc − h∞

c

∣∣−γ (24)

where M̂ is the magnetization obtained as the first
derivative of the free energy df/dh, and consequently,
the magnetic susceptibility χM is its second deriva-
tive d2f/dh2. At criticality, the correlation length
diverges and its scaling ξ ∼

∣∣hLc − h∞
c

∣∣−ν . A direct
consequence of this law is that for a finite chain of
length L this relation saturates ξ ∼ L−ν . In Figure 7
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we plot the expectation (with observable M) and its
derivative, for various chain lengths L. We then pro-
ceed to determine the critical transition point hc by
analyzing the peak locations of the gradient of our
order parameter M with the assumption of behaving
like (24). From (24) and (23) inserting the saturated
correlation length just mentioned we arrive at

hLc =h∞
c + a

(
1
L

) 1
ν

(25)

M
(
hLc
)

=aL− β
ν + b. (26)

These two relations allow us to fit the quantities
shown in Figure 7 to perform finite-size scaling and
confirming the hypothesis of the observable M given
by our method of section 4 to be a valid order param-
eter for the Ising-like transition.
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Figure 7: The two-site observable obtained using the order
parameter discovery framework (a) and its gradient with h
(b) are applied to the ANNNI model’s Ising-like transition
for various chain lengths L. We set κ = 0.001 so that the
next-nearest-neighbor term can be treated as a perturbation
to the Ising model, which leads us to expect the system to
belong to the Ising universality class.

In Figure 8, we plot the fits attained from (25),(26).
In Figure 8.a we show a power law fit which collapses
to a quasi-linear one since the extracted critical value
of ν = 1.040 ± 0.032 is very close to one, that is, we
belong to the Ising universality class. As we fitted
the peaks location of dM/dh, the derivative of our
observable M , versus the inverse of the chain length
L, we can easily extract the peak location for the
thermodynamic limit L → ∞. Thus we extract a
critical transition point of h∞

c = 1.003 ± 0.003. Fur-
ther, in Figure 8.b, by applying the log function to
both sides of (26) we show a linear fit with slope
β/ν = 0.124 ± 0.017, perfectly in line with the the-
oretical value of βth = 1/8 for the Ising universality
class.

Repeating the fits while varying the DMRG bond
dimension, the parameter-grid spacing, and the range
of system sizes included changes the exponents by less
than 0.032, which we quote as the systematic uncer-
tainty.

By repeating the same method for a one-site rdm,
the observable reproduce the same results as expected

0.000 0.005 0.010 0.015 0.020
1/L
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hL c

gc = 1.0030 ± 0.0027
= 1.0401 ± 0.0323

(a)

4.4 4.6 4.8 5.0
log(L)
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lo
g(

M
(h

L c)
)

/ = 0.1242 ± 0.0172

(b)

Figure 8: (a) The peaks location relative to the maximum
value of the gradient of the one-site observable obtained
using the order parameter discovery framework is plotted
against 1/L. A linear relationship is observed, confirming
that the system remains in the Ising universality class. By
fitting (25), we report the critical coupling and the critical
exponent relative to the correlation length. In (b), we show
the log-log fit following (26). The slope of the linear fit cor-
responds to the critical exponent ratio β/ν.

since a valid order parameter for the TFIM is the mag-
netization per site. Therefore, near the Ising tran-
sition, our observable retains the critical exponents
characteristic of the Ising model, the latter coming
from the finite-size scaling analysis. Based on this
analysis, we conclude that the obtained observable M
functions as an order parameter.

5.4 The cluster Hamiltonian
Following the construction of the phase diagram for
the ANNNI model, we next demonstrate the versatil-
ity of the fidelity vector field method by applying it
to other models. Specifically, we apply the method
described in section 3 to the cluster Hamiltonian, de-
fined by the Hamiltonian:

H =− h
N∑
i=1

σzi −K
N−2∑
i=1

σxi σ
z
i+1σ

x
i+2, (27)

Concerning the general Hamiltonian in (8), the pa-
rameters λ1, λ2 are now associated with the param-
eters h,K. When the two parameters are equal, a
phase transition is expected between a trivial phase
(for h > K) and a Symmetry Protected Topological
(SPT) phase (for h < K). To distinguish between
these two phases, string order parameters (SOPs)
are commonly used, as they can reveal hidden or-
ders or symmetries within the system. In the case
of the cluster Hamiltonian, the system exhibits cer-
tain symmetries, denoted by Godd =

∏
k=0 Z2k+1 and

Geven =
∏
k=0 Z2k.

From [50, 51], a general SOP can be expressed as

SO
L,OR

Σ = lim
|j−k|→∞

〈
ψ0

∣∣∣∣∣∣OL(j)

 k−1∏
i=j+1

Σi

OR(k)

∣∣∣∣∣∣ψ0

〉
(28)
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where ψ0 is the state of the system,
∏k−1
i=j+1 Σi (in

our caseGodd orGeven) preserves the local symmetries
of the system, and OL/R are appropriately chosen to
detect the phase transition. In this particular system,
a typical order parameter used for the phase transition
is σx ⊗ σz ⊗ I ⊗ σz ⊗ σx, or another commonly used
one is σx ⊗ σy ⊗ σz ⊗ σy ⊗ σz as discussed in [52].

We begin by focusing on reconstructing the phase
diagram as discussed in section section 3. To deter-
mine the ground states of the Hamiltonian, we employ
DMRG, following the procedure described in Ap-
pendix E . We replicate the calculations outlined in
section 5.1 to construct the phase diagram for the
cluster Hamiltonian, which is presented in Figure 9.
The phase transition is visible, with a distinct bound-
ary separating the two phases.

Figure 9: Phase Diagram obtained using the five-site RDM
when calculating the gradient of the reduced fidelity suscep-
tibility of the one-dimensional cluster Hamiltonian, where (a)
the angle of the vector field given in (13) is plotted, (b) the
vector field given in (12) is plotted. We note that the phase
transitions correspond to a source in the vector field.

Next, we turn our attention to identifying an or-
der parameter for this phase transition by following
the method described in section 4. Using a five-site
RDM, we derive an order parameter that effectively
distinguishes between the different phases, as shown
in 10.

Although this order parameter is a linear com-
bination of various tensor products of Pauli opera-
tors, the two terms with the largest coefficients are
σx ⊗ σz ⊗ I ⊗ σz ⊗ σx and σx ⊗ σy ⊗ σz ⊗ σy ⊗ σz,
both of which reflect the symmetry of the SPT phase.
This suggests that our optimizer has correctly iden-
tified the appropriate SOP and effectively exploited
the system’s symmetries to distinguish between the
two phases.

It should be noted that similar calculations were
performed using different sizes of RDMs, specifically
one and two sites. However, these attempts failed
to detect the phase transition, indicating that these
smaller RDMs do not capture enough information
about the phases on their own.

To conclude, we have demonstrated that the RFS
vector field accurately reproduces the phase diagrams
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Figure 10: Expectation of the optimal observable M for clus-
ter Hamiltonian. Here, a chain length of L = 50 spin sites
was used, and a five-site RDM was used when calculating
the gradient of the reduced fidelity susceptibility.

of both the ANNNI and cluster Hamiltonians, show-
casing its robustness and reliability in capturing the
phase transitions of diverse systems. Furthermore, we
successfully identified an order parameter that lever-
ages each system’s symmetries to distinguish between
different phases, further validating our approach.

5.5 The Rydberg model spin chain

/

R b
/a

Z2

Z3

Z4

Figure 11: Schematic of the phase diagram for the Rydberg
Model as a function of the parameters ∆

Ω and Rb
a

(see the
main text for more details). The orange regions represent
the emergence of various crystalline quantum phases with
ZN order.

5.5.1 Model description

The Rydberg model is a quantum many-body sys-
tem that has attracted considerable interest, partic-
ularly in its role in experimental quantum simula-
tion platforms [53–56]. The system is composed of
a chain of atoms such that each atom can remain
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in its ground state or be excited to a highly ener-
getic Rydberg state, characterized by an electron oc-
cupying a very high orbital [57]. The model captures
the dynamics of strongly interacting systems, as the
atoms in Rydberg states exhibit long-range dipole-
dipole interactions, significantly affecting the collec-
tive behavior of the system. Using these interactions,
a variety of exotic quantum phases can be simulated,
including quantum phase transitions and spin-liquid
phases, making the Rydberg model an essential tool
for probing non-equilibrium phenomena in quantum
simulators [58].

Mathematically, the Rydberg model can be formu-
lated as a spin-1/2 system, where each site of the
chain represents an atom that can either be in the
ground state (represented by the spin state |0⟩) or in
the Rydberg state (represented by the spin state |1⟩).
The Hamiltonian of the Rydberg model is typically
expressed as

H = Ω
∑
i

σxi −∆
∑
i

ni +
∑
i<j

Vijninj , (29)

where σxi is the Pauli-x matrix acting on-site i, and
ni = |1⟩ ⟨1|i is the number operator that projects onto
the Rydberg state at site i. The parameters Ω and
∆ represent the Rabi frequency and detuning, respec-
tively, which control the driving field and the energy
offset of the system. The second term in the Hamilto-
nian describes the interaction between atoms in their
Rydberg states, with Vij(r) ∝ 1/r6 representing the
strength of the interaction between atoms at sites i
and j. For ∆ > 0, various spatially ordered phases
emerge due to the competition between two effects:
the detuning term, which favors a high population of
atoms in the Rydberg state, and the Rydberg block-
ade, which prevents the simultaneous excitation of
atoms that are closer together than the blockade ra-
dius Rb, where the interaction strength V (Rb) is equal
to the Rabi frequency Ω.

We define the distance between adjacent spins as
a, thus r = |i − j|a, and we also define the Rydberg
Radius as V (Rb) = Ω. Thus, the Hamiltonian can be
rewritten accordingly;

H =
∑
i

σxi −
∆
Ω
∑
i

ni +
(
Rb
a

)6∑
i<j

1
|i− j|6

ninj ,

(30)
We will vary the parameters ∆

Ω and Rb

a (which corre-
spond to λ1, λ2 in the general case in (8)) in the next
section.

In the limit of strong interactions, the Rydberg
blockade phenomenon becomes significant, where two
neighboring atoms cannot be excited to the Rydberg
state due to the high energy cost. This constraint
leads to the emergence of various quantum phases,
including crystalline phases with ZN symmetry (N
being an integer), which are characterized by periodic
arrangements of Rydberg excitations.

A schematic of the phase diagram is given in Fig-
ure 11.

5.5.2 Phase diagram construction

In previous studies, the phase diagram of the Ry-
dberg model has been explored using various tech-
niques such as entanglement entropy [29], machine
learning methods [59], and fidelity [30]. We obtain
the phase diagram, with the first result presented in
Figure 12. Here, we particularly focus on the Z2 and
Z3 crystalline phases, which are typically observed in
this model (See Figure 13 for a closer look at the Z3
crystalline phase). We considered a chain of length
L = 50, with long-range interactions truncated at the
fourth nearest neighbor. The 1/r6 interaction term
was approximated using an exponential form, as de-
scribed in [60].

Our results are consistent with the parameter
ranges for each crystalline phase in the phase dia-
gram, as reported in previous studies [60]. However,
a noteworthy observation is that our method captures
additional features that were not identified by earlier
approaches. Specifically, we observe ripple-like fea-
tures at high values of the parameters swept, which
may indicate the presence of a more complex phase -
a topic previously discussed in [30, 31, 61]. Addition-
ally, we identify a line within each crystalline phase
corresponding to the minimum of the reduced fidelity
susceptibility, or equivalently, the maximum of the fi-
delity.

Notably, due to the high resolution of our phase
diagram, we once again observe ripple-like features,
consistent with previous findings in [30].

These structures are consistent with the fidelity-
susceptibility analysis of Ref. [30], which character-
izes the boundary of the Z3 lobe as a commensurate-
incommensurate transition with an intermediate
floating phase, the analogue of the ANNNI floating
phase, of Berezinskii–Kosterlitz–Thouless type owing
to an emergent U(1) symmetry [62]. The sources of
the RFS vector field accumulating along this bound-
ary thus have the same physical origin as the features
reported in Ref. [30].

5.5.3 Order parameters

Next, we focus on the determination of an order pa-
rameter to detect each of these phase transitions. We
initially start with a one-site RDM to try to deter-
mine the different phases as seen in Figure 12. The
projectors from the determined order parameter can
be seen in Figure 14. As is evident that while it can
determine the difference between the ordered and dis-
ordered phases, it fails to differentiate the different
crystalline phases. Extending this to three sites re-
sults in the same projectors, which are unable to dif-
ferentiate the different crystalline phases.
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Figure 12: Phase diagram for the Rydberg Model obtained with a one-site RDM from a chain of length L = 50, with long-range
interactions truncated at the fourth nearest neighbor. The lower crystalline phase corresponds to the Z2 crystalline phase,
while the upper corresponds to the Z3 crystalline phase.
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Figure 13: Detail of the phase diagram for the Rydberg
Model around the Z3 crystalline phase using a one-site RDM
for the gradient of the RFS. Due to the high resolution of the
phase diagram, ripple-like features can be observed, which
signal a more complex phase to be determined.
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Figure 14: Rydberg model: The expectation for a one-site
observable that highlights the disordered phase versus the
crystalline phases Z2 and Z3. Notably, the two crystalline
phases cannot be distinguished using a one-site observable.

It is not until a four-site RDM is used that the dif-
ferent disordered phases, Z3, Z2 can be characterized.
This result is seen from the projectors of the observ-
able in Figure 15.

Firstly, for the Z2 crystalline phase, the projector of
the state |0101⟩ is used to detect this phase, showing
that the agreed state of alternating spin up and spin
down is evident in this phase, agreeing with previous
literature.

Δ/Ω Δ/Ω

R
b/a

R
b/a

1 2 3
3

2

3

2

1 2 3

Figure 15: Rydberg model: Highlights from the eigen de-
composition of the order parameter on a four-site RDM. The
plots present the expectations of the projectors that reveal,
respectively, the crystalline (a) Z2 and (b) Z3 phases.

Similarly, for the Z3 phase, the dominant projector
corresponds to the state |1001⟩, i.e., one Rydberg ex-
citation every three sites within the four-site window,
in agreement with the expected Z3 density-wave or-
der. Expanding the RDM to include additional sites
would make this symmetry more evident.
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6 Comparison with prior methods and
measurement strategies

In this section, we provide a detailed comparison
between the proposed RFS vector-field framework and
several existing approaches to phase detection and
order-parameter identification. We focus in partic-
ular on: (i) fidelity-based methods, including subsys-
tem fidelity approaches; (ii) operator-based discrimi-
nation methods such as Ref. [25]; and (iii) measure-
ment strategies based on Pauli operators and classical
shadow tomography.

6.1 Relation to fidelity and subsystem fidelity
approaches

The fidelity approach to quantum phase transitions
is based on the overlap between nearby ground states,
F (λ, λ+ δ) = |⟨ψ(λ)|ψ(λ+ δ)⟩|, and its associated fi-
delity susceptibility (χF (λ)), which captures the lead-
ing quadratic response. These quantities are known to
exhibit universal scaling behavior near critical points
and provide a basis-independent probe of phase tran-
sitions.

Global metrics identify critical points via non-
analyticities, but they are difficult to compute and
to measure for large many-body systems; moreover,
global overlaps concentrate exponentially with sys-
tem size [63], and they can be ill-behaved across level
crossings [19]. Fidelity ideas were extended beyond
pure global states along two distinct lines. Mixed-
state fidelity and the associated Bures metric were
studied for thermal-state manifolds by Zanardi and
collaborators [23, 24], primarily to generalize fidelity
criticality to finite temperature. Independently, the
reduced fidelity of ground-state RDMs was developed
as a probe of QPTs in its own right [18–22]; Sec-
tion VI.B of the review [16] gives a comprehensive
account. Partial trace preserves criticality signatures
through the monotonicity of the Uhlmann fidelity un-
der CPTP maps [36], and the reduced quantities re-
main accessible when global overlaps are not.

Our construction builds directly on this framework.
Two remarks delimit what is, and is not, new:

• Metric contraction: multi-parameter fidelity sus-
ceptibilities are standard through the quantum
geometric tensor [64] and the multivariate Fisher
information metric (see, e.g., Eq. (2) of Ref. [65]).
Our scalar g(λ) = −

∑
k ∂

2
δk
f(λ, δ)

∣∣
δ=0 is the

trace of the Bures metric tensor of the RDM man-
ifold, a specific, basis-independent contraction of
this known object ( Appendix I ), chosen because
it aggregates the susceptibilities of all parameter
directions into a single non-negative field suitable
for the gradient construction below.

• Vector-field structure: two-dimensional maps of
the fidelity susceptibility across a phase diagram

have been produced before, notably by the Clas-
siFIM approach [65, 66], which estimates the
Fisher information metric over a 2D parame-
ter space from single-basis measurements. Our
contribution is the construction built on top of
such a map: the gradient field P (λ) = −∇g(λ),
whose sources localize the phase transitions and
whose sinks identify representative states of each
phase, the scale invariance of the angle field θ(λ)
near criticality ( Appendix H ), and the use of
the angular labels as supervision for the order-
parameter optimization of Eq. (15). We note
that plotting the scalar Tr(hλ) = −g(λ) (e.g. see
left plot in Figs. 4-9-13) alone detects the main
phases, but nearby transitions merge into a broad
ridge; the vector field resolves them as distinct
sources, which is what permits the identification
of the floating-phase, SPT, and crystalline phases
in section 5.

In the ANNNI model, we find that:

• Global fidelity susceptibility (χF (λ)) and subsys-
tem fidelity both identify the primary Ising tran-
sition.

• The RFS-derived quantity (g(λ)) exhibits similar
enhancements but also resolves competing struc-
tures in multi-phase regions.

• The vector field (P (λ)) organizes these features
into a coherent flow pattern, enabling simulta-
neous identification of multiple transition lines
without specifying perturbation directions.

Scaling of the reduced susceptibility. For the global
fidelity susceptibility, the scaling L−dχF ∼ L2/ν−d

holds near criticality [37]. The reduced quantity gen-
erally obeys different, subsystem-dependent laws: the
two-site RFS of the transverse-field Ising chain di-
verges only as (lnN)2, so that its square root is
the quantity obeying standard finite-size scaling with
ν = 1 [20]; in the dimerized Heisenberg chain the two-
site RFS follows the square of the second derivative of
the ground-state energy [22]; and in the LMG model
its maximum scales as N2/3 [21]. We therefore do
not assume the global scaling relation for g(λ). Our
working hypothesis, supported by the numerics of sec-
tion 5, is that a k-site RDM with k comparable to the
range of the local terms of the driving Hamiltonian
captures the critical behavior of the corresponding
transition: this is verified for the Ising transition of
the ANNNI model in section 5.3 (ν = 1, β ≈ 1/8), and
it motivates the choice k = 4 for the Rydberg chain,
whose truncated van der Waals interaction couples up
to fourth neighbors.

When is the reduced construction advantageous?
The method requires only the k-site RDMs on a lat-
tice of parameter points; the DMRG ground states
used here are a data source, not an assumption. Any
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procedure yielding local mixed states—local tomog-
raphy on a quantum simulator, classical shadows re-
stricted to a k-site cluster [67], or simulations that
never produce a global pure state—provides valid in-
put. On experimental platforms only local measure-
ments are typically feasible, and the exponential con-
centration of global overlaps [63] makes the global fi-
delity impractical to estimate at scale, whereas the
k-site RDM requires at most 4k−1 Pauli expectation
values independently of the total system size. Em-
pirically, Figure 17 in Appendix E compares global
and reduced susceptibilities on all three models: the
two agree on the main transitions, the global quan-
tity exhibits an artifact for the cluster model that is
absent in the RFS, and the GFS resolves the Ryd-
berg Z2 lobe more sharply. This is expected by con-
struction. As mentioned in section A, we know that
f(λ, δ) ≥ |⟨ψ0 (λ)|ψ0 (λ + δ)⟩|, so the reduced fidelity
is an upper bound for the global fidelity. It follows
that the variations of the RF are upper bounded by
the variations of the GF, that is g(λ) ≤ XF (with XF
defined in (4)).

6.2 Comparison with operator-based ap-
proaches (Ref. [25])

Operator-based methods, such as Ref. [25], con-
struct observables that optimally distinguish between
two reduced density matrices (ρ(1)

A ) and (ρ(2)
A ), typ-

ically by maximizing a suitable distance or distin-
guishability measure.

The construction of Furukawa, Misguich, and Os-
hikawa [25] is the direct antecedent of ours: given two
representative RDMs, it finds the observable that op-
timally distinguishes them, and our closed-form two-
state solution, Eq. (17), is precisely of this type; for
the Ising transition both approaches recover an op-
erator closely related to the conventional order pa-
rameter. A grid of such pairwise comparisons be-
tween neighboring parameter points could, in prin-
ciple, also be used to chart a phase diagram—indeed
our fidelity-perturbation lattice (Figure 16) has ex-
actly this local pairwise structure. The differences
are threefold. (i) Aggregation: Ref. [25] yields one
discriminating observable per chosen pair, whereas
Eq. (15) is a single joint optimization over all pairs
(i, j) ∈ I+×I− induced by the RFS labels, producing
one observable whose eigendecomposition simultane-
ously encodes several phases (section 5.2). (ii) Label
origin: the labels supervising Eq. (15) are generated
from the same RFS data via the angular construction
of section 4, so no external identification of phases or
representative states is required. (iii) Diagnostics: the
indefiniteness condition on the matrix A ( Appendix B
) signals when the chosen subsystem size cannot sup-
port a discriminating observable. For KT and PT
transitions, where phases are not distinguished by

simple symmetry-breaking patterns, single pairwise
comparisons are less informative; the RFS framework
aggregates many local comparisons into the geometric
structure of parameter space, which is what resolves
these boundaries in practice (section 5.1).

Overall, the RFS approach can be viewed as a gen-
eralization of pairwise operator discrimination to a
global, geometry-driven setting.

6.3 Comparison with Pauli-based measure-
ments and classical shadows

An important practical question concerns how the
required quantities can be measured experimentally.

Classical shadow tomography, introduced by [67],
as well as related operator-structure measurements
discussed in [68], predicts many properties of quan-
tum systems from a few measurements and provides
an efficient framework for estimating expectation val-
ues of a large number of observables. In particular,
expectation values of all k-local Pauli operators can
be estimated with several measurements scaling as
O
(
k log(n)4k

ε2

)
, where n is the system size and ε the

target precision. In contrast, the RFS approach re-
quires access to the complete characterization of the
reduced density matrix of k-sites.

Experimentally, a k-site RDM can be re-
constructed from its Pauli expansion, ρA =
2−k∑

P∈{I,X,Y,Z}⊗k⟨P ⟩P , i.e., from up to 4k−1 non-
trivial Pauli expectation values; for the values k ≤ 5
used here this cost is independent of the total sys-
tem size, although exponential in k. We stress that
the numerical results in this work use RDMs obtained
exactly from DMRG ground states rather than finite-
shot measurement data, so experimental applicability
is currently a compatibility statement rather than a
demonstration; a systematic finite-shot study is left
for future work.

The relative measurement cost of the two ap-
proaches depends on the task and on the structure
of the observables required to distinguish the phases.
The RFS framework requires reconstruction of the
complete k-site reduced density matrix, correspond-
ing to the estimation of up to 4k − 1 non-trivial Pauli
expectation values. We therefore do not claim that
the RFS framework is generally more measurement-
efficient than classical-shadow approaches. When the
phases can be distinguished using a sparse set of low-
bodyness Pauli observables, shadow-based methods
may require substantially fewer measurements. The
distinction instead lies in the information produced
by the two workflows. The RFS framework uses the
reconstructed local states to construct a geometric
phase diagram and subsequently optimizes over the
complete Hermitian operator space of the selected
subsystem, yielding an explicit observable. Classi-
cal shadows provide an efficient measurement strat-
egy for simultaneously estimating many candidate ob-
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servables and could also be used to estimate the lo-
cal Pauli expectation values required to reconstruct
the RDMs used by our method. The two approaches
should therefore be regarded as complementary rather
than competing.

Two shadow-based approaches deserve explicit
comparison. First, Ref. [68] performs supervised
phase classification using Pauli shadows restricted to
the low-bodyness operator subspace: the informa-
tive low-weight Pauli operators are identified from
the labelled training data themselves, and the re-
sulting classifier defines a dataset-dependent discrim-
inating observable. When such a sparse set of low-
bodyness observables suffices, this is substantially
cheaper in measurements than reconstructing a com-
plete k-site RDM, and we make no claim of a gen-
eral measurement-efficiency advantage over it. The
distinction lies in the workflow and the optimiza-
tion domain: in our approach the phase labels are
constructed without supervision from the RFS vec-
tor field, and Eq. (15) then optimizes over the com-
plete Hermitian operator space of the k-site cluster—
a trust-region program whose global optimum is ob-
tained in time polynomial in the RDM dimension 2k,
with no heuristic operator selection and no training (
Appendix B )—and whose two-state case admits the
closed form of Eq. (17), an explicit separating observ-
able whenever the two reduced states differ. This con-
stitutes an advantage in optimization guarantees and
interpretability, not in measurement complexity. Sec-
ond, Huang et al. [69] use classical shadows to build
a similarity (shadow) kernel and apply kernel PCA—
unsupervised—or supervised kernel methods to clas-
sify quantum phases, with rigorous efficiency guaran-
tees for broad classes of gapped phases. Their pipeline
is measurement-efficient and provably efficient, and
returns a classifier in an implicit kernel feature space;
ours requires the complete k-site RDM but returns
an explicit Hermitian observable together with a geo-
metric phase diagram, with no kernel choice or train-
ing. The approaches are complementary: classical
shadows can supply the RDM estimates our method
consumes, and a quantitative benchmark against the
shadow-kernel pipeline of Ref. [69] is a natural next
step, which we leave to future work.

6.4 Summary of comparative advantages
The comparisons above highlight the distinctive

features of the RFS vector-field framework: (i) It re-
tains the universality and sensitivity of fidelity-based
approaches; (ii) It extends subsystem fidelity methods
by incorporating directional and geometric informa-
tion; (iii) It generalizes operator-based discrimination
to a global, data-driven setting; (iv) It is compatible
with modern measurement strategies, including classi-
cal shadows and local measurement protocols. These
properties make it a versatile tool for both theoreti-
cal and experimental investigations of quantum phase

structure.

7 Conclusion
We have developed a novel and broadly applica-
ble method for detecting quantum phase transitions
based on reduced fidelity susceptibility (RFS), requir-
ing only local reduced density matrices and no prior
knowledge of symmetries, order parameters, or the
nature of the transition. Applied to the axial next-
nearest-neighbor Ising (ANNNI) model, our approach
reveals subtle features of the phase diagram that elude
conventional techniques, demonstrating both its sen-
sitivity and efficiency. The RFS framework constructs
a vector field that offers intuitive visual and concep-
tual access to phase structure, making it a powerful
diagnostic for complex many-body phenomena. Look-
ing forward, we aim to extend this method to systems
exhibiting topological order—where traditional local
order parameters fail—by exploiting its compatibility
with non-linear functions of local reduced states (e.g.,
entanglement entropy) [3–5], thereby probing global
quantum correlations through minimal local informa-
tion.

Additionally, our framework demonstrates signifi-
cant promise for application in quantum hardware
environments. Utilizing the reduced density matrix
thermodynamic information, it circumvents the need
for full-function tomography while still capturing es-
sential characteristics of phase transitions.

Moreover, we extended our framework to devise a
method for discovering order parameters in systems
where they are unknown. The reversed method, ap-
plied to the ANNNI model, was validated through
the decomposition and finite-size scaling of the identi-
fied order parameter. This validation underscores the
framework’s potential to explore and analyze novel
systems, including unexplored phenomena such as
floating phases in a quantum system. We believe that
the proposed approach is an important milestone in
phase transition detection and order parameter dis-
covery, offering a robust tool for exploring the com-
plex landscape of quantum systems.
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A Construction of the phase diagram
Starting from results devised in section 3, we proceed
with the numerical construction of the phase diagram.
We consider a rectangular region of the Hamiltonian
parameters R ⊆ X . Given a step in the parameters

space h > 0, we construct a finite lattice of parameters
{λi,j} ⊂ R, such that

λi+di,j+dj
= λi,j + djhe1 + dihe2, (31)

with di, dj belonging to a subset of Z. Using the den-
sity matrix renormalization group (DMRG) [72, 73],
we obtain the RDM related to the ground state (for a
selected subsystem) for the parameter λi,j , which we
define as ρi,j0 = ρ0(λi,j), where the RHS is defined in
(9). In Figure 16 the lattice points for the RDMs ρi,j0
are represented by the symbol .

We proceed with the preparation of an approxi-
mation g̃ of the function g, that is the RFS defined
in (11). The latter is the Laplacian of the function
f(λ, δ) defined in (10). So, starting from the lattice
of parameters {λi,j}, we obtain the fidelity perturba-
tions

f(λi,j , djhe1 + dihe2) =
√
F
(
ρi,j0 , ρ

i+di,j+dj

0

)
,

(32)

for a fixed step h (which defines the lattice of param-
eters) and di, dj ∈ {−1, 0, 1}. We can immediately
verify the computational advantage of the approach
since adjacent lattice points share a fidelity perturba-
tion. For example f(λi,j , he1) = f(λi,j+1,−he1). In
Figure 16, the fidelity perturbations are represented
with the symbol and placed between adjacent lat-
tice points to emphasize the concept of sharing. By
considering the finite differences approximation of the
second derivative8, and by noting that f(λi,j ,0) = 1
(for all valid i, j), we obtain

g̃(λi,j) =
4−

∑
δ∈Ω f(λi,j , δ)
h2 , (34)

where Ω = {±he1,±he2} is the set of perturbation
displacements around λi,j . In practice, we omit the
factor 1/h2 (numerically convenient) which is irrele-
vant for the subsequent computations. We proceed by
adhering to the structure outlined in section 3. Ob-
tained the RFS approximation g̃, we continue with
the computation of its gradient. Before that, we need
to introduce a few concepts related to discrete signal
processing.

For a continuous function f : R2 → R2, we de-
fine the convolution at (x, y) ∈ R2 for discrete 2-
dimensional signals as

f(x, y) ∗ k :=
N∑

i=−N

N∑
j=−N

k(j, i)f(x− jh, y − ih),

(35)

8For a function f : R → R, under sufficient smoothing con-
ditions, we make use of the following approximation

d2f

dx2 ≈
f(x + h) + f(x − h) − 2f(x)

h2 , (33)

for some h > 0.
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where k is a convolution kernel with support N , that
is k(j, i) = 0 for |i| > N or |j| > N . Also, the scalar
h > 0 represents the step for the lattice of points
{(x y)⊤ + (jh ih)⊤|i, j ∈ Z}. We introduce a discrete
differentiation operator called the Sobel operator [74]
whose x component is given by the kernel matrix

Gx :=

−1 0 1
−2 0 2
−1 0 1

 . (36)

The Sobel finds applications mainly in computer vi-
sion and it was initially developed to obtain an
efficiently computable gradient operator with more
isotropic characteristics than the Roberts cross op-
erator [75].

Now, we define our kernel as k = Gx + ıG⊤
x ,

which corresponds to the approximation of the gra-
dient w.r.t. x on the real part and the y component
on the imaginary part.

We obtain an equivalent approximation of P in (12)
using the convolution

P̃ (λi,j) =− g̃(λi,j) ∗ k (37a)

=−
1∑

a=−1

1∑
b=−1

k(a, b)g̃(λi−a,j−b) ∈ C. (37b)

When the indices (i, j) of the lattice elements are be-
yond the limits of definition we define g̃(λi,j) = 0.

The first outcome of the process is a point-to-color
graph

λi,j 7→ c
(
Arg

(
P̃ (λi,j)

))
, (38)

where c(·) is a colormap which we introduce now. Let
C be a space of colors and let c : (−π, π] → C be a
mapping from the angle θ to a color in C. The func-
tion c is required to be smooth on (−π, π) and non-
constant, also it must be such that limθ→−π c(θ) =
c(π). The latter point is fundamental for dealing with
the discontinuity of Arg(·) in the non-positive real
axis. Colormaps fulfilling the latter conditions are
known as cyclic [76, 77]. In addition, the resulting
signal is upsampled by factor 2 using an interpolation
filter [78]. An example outcome obtained using the
present procedure is reported in Figure 4.

The final step of the diagram construction consists
of the plotting of the vector field in (12). The ap-
proach makes use of the Runge–Kutta method [79]
and our reference implementation is part of the func-
tion matplotlib.pyplot.streamplot of the software
package Matplotlib [77]. In the realm of differential
equations, the Runge–Kutta method is a well-known
algorithm for solving initial-value problems. In our
instance, the velocities on the lattice {λi,j} are given
by the gradient in (12). The initial values instead,
are the points on the boundary of the lattice. Fur-
thermore, a heuristic path of lattice points spiraling
toward the center is added to the initial values, to
improve the density of the streamlines.

B Solution of the order parameter dis-
covery problem
In this section, we expand on the solution of the order
parameter discovery problem defined in (15). Instead,
the special case in (16) is treated in Appendix C . We
restate the problem for clarity and convenience, so

min
M∈Sm

∑
(i,j)∈I+×I−

(
−⟨M⟩

2
i

pi
+
⟨M⟩2j
pj

)
,

s.t. ∥M∥2
F ≤ 1, (39)

with ⟨M⟩i := Tr(ρ0(λi)M) and pi := Tr(ρ0(λi)2).
We introduce the row-major vectorization operator

vecr(·) : Cn×n → Cn2
defined as

vecr(M) :=
n∑
i=1

M |i⟩ ⊗ |i⟩ , (40)

for any matrix M of order n in C. For matrices A,B
of order n we will be using the identity

Tr
(
AB†) = vecr(A)† vecr(B). (41)

We recall that we denoted Sm the set of Hermitians
of order m in C. We define the set of vectorized Her-
mitians of order m as

Ŝm := {vecr(M)|M ∈ Sm} . (42)

Let ρi = ρ0(λi), and let I be some finite index set.
Assume M ∈ Sm, then we have that∑

i∈I

⟨M⟩2i
pi

=
∑
i∈I

(Tr(ρiM))2

pi
(43a)

=
(41)

∑
i∈I

(
vecr(M)† vecr(ρi)

)2

pi
(43b)

=x†

(∑
i∈I

rir†
i

pi

)
x, (43c)

with x := vecr(M) and ri := vecr(ρ0(λi)). We note
that the vectors x and ri belong to the set of vector-
ized Hermitians Ŝm.

We use the result in (43a) to rewrite the optimiza-
tion problem in (15) in the equivalent9 form

min
x∈Cm2

x†Ax, (44a)

s.t. ∥x∥2
2 ≤ 1, (44b)

x ∈ Ŝm, (44c)

with

A :=− 1
|I+|

∑
i∈I+

rir†
i

pi
+ 1
|I−|

∑
j∈I−

rjr†
j

pj
. (45)

9Up to the positive constant (for the objective) |I+| · |I−|.
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This formulation confirms that the optimization is
a quadratically constrained quadratic program as
stated in section 4. The matrix A (determined by
data) is Hermitian, so the objective in (44a) is real and
well-defined (even in the absence of constraint (44c)).
We expand on the condition for the non-degeneracy
of the problem introduced in section 4. We impose
that the matrix A is indefinite [80], where the Hermi-
tian structure is fulfilled by the construction in (45).
In other words, we require the matrix A to have both
(strictly) positive and negative eigenvalues10.

Let (·) ≽ (·) denote the Loewner order [80], that is
the partial order on the cone of PSD (positive semidef-
inite) matrices. Specifically, for any pair of Hermitian
matrices X,Y we have that X ≽ Y if and only if
X − Y is PSD.

The optimization problem is non-convex since we
do not assume A ≽ 0, indeed A is required indefinite.
However, as anticipated in section 4, this optimiza-
tion problem can be solved efficiently even in the case
of the non-convexity of the objective (i.e., matrix A is
not PSD). Moreover, this is an exceptional case where
strong duality11 [38] holds, provided that Slater’s con-
straint qualification is fulfilled. That is, there exists
an x ∈ Ŝm such that the inequality constraint (44b)
holds strictly (i.e. not tight). In our case, an example
is x = vecr(Im)/

√
m+ ϵ for any ϵ > 0, so ∥x∥2

2 < 1.
Now, we consider the optimization problem con-

sisting of (44a) and (44b). We exclude the con-
straint in (44c), as we will prove being enforced im-
plicitly by the structure of the matrix A and the non-
degeneracy conditions. The Lagrangian function is
L(x, α) = x†(A + αIm2)x − α with the multiplier
α ∈ R+. Consequently, the dual function min

x
L(x, α)

takes the value −α when A + αIm2 ≽ 0 (i.e. PSD,
so the Lagrangian is bounded below in x), and it be-
comes unbounded otherwise. Let λmin(·) denote the
minimum eigenvalue of the matrix argument. The
Lagrange dual problem reads

max
α∈R+

− α, (46a)

s.t.A+ αIm2 ≽ 0, (46b)

then the constraint is fulfilled when α ≥ −λmin(A),
so the dual optimal is α⋆ = −λmin(A) > 0. The
space of the primal solutions is given by the eigenspace
corresponding to the minimum eigenvalue of A −
λmin(A)Im2 , that is the null space of the latter. Given
any matrix A, we denote the null space of A (i.e., the
set of solutions of the homogeneous equation Ax = 0)
by Null(A). Let

x⋆ ∈ Null (A− λmin(A)Im2) , (47)

10As a simple example, this condition is not met when the
sets I+ and I− are identical. However, this would be incoherent
since there is no distinction between the phases.

11Strong duality is equivalent to the duality gap is zero, that
is the difference between primal and dual solutions.

with ∥x⋆∥2
2 = 1, be an optimal solution12, we show

that if x⋆ = vecr(M), then M = M†. That is con-
straint (44c) is implied by the structure of matrix A.

The set Sm of Hermitian matrices of order m is
a real vector space, and if B is a basis for it, then
Bv := {vecr(K)|K ∈ B} is a basis for the vector space
of vectorized Hermitians. We verify immediately that,
by construction, the image of matrix A belongs to the
latter vector space. By the non-degenerancy assump-
tions (i.e. A is Hermitian indefinite), we have that
λmin(A) ̸= 0. Consequently, the solution x⋆ belongs
to the image of A, hence the matrix M such that
vecr(M) = x⋆ is Hermitian. In other words, we have
shown that the assumption that A is Hermitian indef-
inite implies that constraint (44c) is fulfilled. When
the non-degeneracy conditions are not met, the case
corresponds to the impossibility of obtaining an order
parameter (which could be conditioned on the size of
the observable). This is a situation we encountered in
section 5.2.

In (47) we have proved that the solution may not
be unique; however, this is consistent with the non-
uniqueness of order parameters stated in section 4.

We note that even in the case of 1-dimensional null
space in (47), the optimal observable M can be of
any rank since the solution x⋆ is a vectorization of a
Hermitian operator. For example, in the case of the
Ising model, we could have x⋆ ≈

(
1 0 0 −1

)⊤ (a
Bell’s basis vector) with the corresponding observable
being M = σz (full rank).

We summarize the procedure. Given a lattice of
RDMs for the ground states of a selected Hamilto-
nian, we obtain the vector field in (12). The labeling
of the phases is obtained using the trigonometric ap-
proach explained in section 4, so we derive the sets
I+ and I−. Subsequently to the instantiation of ma-
trix A given in (45), we use its eigendecomposition to
obtain, first, the verification that the non-degeneracy
conditions are met. Secondly, the eigenspace corre-
sponding to its minimum eigenvalue determines the
space of solutions (47).

We conclude this section with a clarification of the
contingency protocol integrated into our method. We
begin by assuming that a given QPT is identified via
the RFS, enabling the construction of the phase di-
agram. In accordance with our approach, data from
RFS is employed to formulate the optimization prob-
lem for the corresponding order parameter. In this
study, we focus on linear order parameters, which
may, in some cases, be insufficient to distinguish be-
tween phases (e.g., topological order). However, the
condition on the indefiniteness of the matrix in (45)
ensures a fail-safe mechanism. In other words, we can
detect when the linear model is inadequate to capture

12We note that the vectorization operator vecr(·) : Cm×m →
Cm2 is an isomorphism, so the expression x⋆ = vecr(M) im-
plicitly means that the matrix M is obtained uniquely from x⋆

using the inverse of vecr.
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the phase transition under investigation.
We add the following clarification on the practical

use of the indefiniteness condition. In practice, we
check that the matrix A (defined in Eq. (45)) has at
least one numerically significant negative eigenvalue
before proceeding with the optimization. If A is pos-
itive semidefinite (all eigenvalues ≥ 0), this signals
that the current choice of subsystem size k is insuf-
ficient to distinguish the phases under consideration,
and we should increase k. This condition was en-
countered in the Rydberg model when attempting to
distinguish Z2 from Z3 with k = 1 or k = 3, and was
resolved by increasing to k = 4.

C Special solution of the order param-
eter discovery problem
In this section, we obtain the solution for the special
case of the order parameter discovery established by
the problem in (16). The outcome is the closed-form
solution put forward in (17).

Fixed the density matrices ρ+, ρ− of order m, we
define the linear operator Ξ : Sm → Sm on the space
of Hermitian matrices, given by the rule

Ξ(K) :=− ⟨K, ρ+⟩
⟨ρ+, ρ+⟩

ρ+ + ⟨K, ρ−⟩
⟨ρ−, ρ−⟩

ρ−, (48)

with K ∈ Sm. Let C ∈ Sm be any non-zero Hermi-
tian, then the operator

K 7→ ⟨K,C⟩
⟨C,C⟩

C (49)

is a projection onto the 1-dimensional subspace
spanned by C. Consequently, the operator in (48) can
be related to the Gram-Schmidt process (GS) [41]. We
obtain the quadratic form for the operator Ξ, so for
K ∈ Sm

⟨K,Ξ(K)⟩ =− Tr (ρ+K)2

Tr(ρ2
+) + Tr (ρ−K)2

Tr(ρ2
−) ∈ R. (50)

The latter is the objective of the problem in (16), so
the optimization can be rewritten as

min
M∈Sm

⟨M,Ξ(M)⟩, (51)

s.t. ∥M∥2
F ≤ 1.

We obtain the solution of the latter problem by
means of the singular value decomposition (SVD) of
the operator Ξ, which is established by the following
result.

Theorem C.1. Let Ξ : Sn → Sn be the linear opera-
tor defined in (48). Assume that for the density ma-
trices ρ+, ρ−, defining Ξ, it holds that ⟨ρ̂+, ρ̂−⟩ ̸= 1.

Then,

Ξ(K) =∥V1∥F
〈
K, V̂1

〉
U1 + ∥U2∥F ⟨K,V2⟩ Û2 (52)

=
√

1− ⟨ρ̂+, ρ̂−⟩2 ·
(〈
K, V̂1

〉
U1 + ⟨K,V2⟩ Û2

)
(53)

is the reduced-SVD of Ξ, with non-zero singular values

s1 = s2 =
√

1− ⟨ρ̂+, ρ̂−⟩2, (54)

and unnormalized right Vi and left Ui singular vectors

V1 =ρ̂+ − ⟨ρ̂+, ρ̂−⟩ ρ̂−; U1 = −ρ̂+, (55a)
V2 =ρ̂−; U2 = ρ̂− − ⟨ρ̂+, ρ̂−⟩ ρ̂+. (55b)

Proof. We start by rewriting the operator Ξ defined
in (48) in the equivalent form

Ξ(K) =− ⟨K, ρ̂+⟩ ρ̂+ + ⟨K, ρ̂−⟩ ρ̂−. (56)

Consider the operator

P (K) = ⟨K, ρ̂−⟩ ⟨ρ̂−, ρ̂+⟩ ρ̂+, (57)

then adding and subtracting the latter to Ξ we obtain

Ξ(K) = (−⟨K, ρ̂+⟩+ ⟨K, ρ̂−⟩ ⟨ρ̂−, ρ̂+⟩) · ρ̂+ (58a)
+ ⟨K, ρ̂−⟩ · (ρ̂− − ⟨ρ̂−, ρ̂+⟩ ρ̂+)

= ⟨K, ρ̂+ − ⟨ρ̂−, ρ̂+⟩ ρ̂−⟩ · (−ρ̂+) + ⟨K,V2⟩U2

= ⟨K,V1⟩U1 + ⟨K,V2⟩U2,

with Vi and Ui defined in (55a). In general, we have
that ⟨ρ+, ρ−⟩ ̸= 0, so K can have a non-zero projec-
tion on both terms of (56). However, in (58a) we can
immediately verify that ⟨V1, V2⟩ = 0 and ⟨U1, U2⟩ = 0.
In addition, we verify that

⟨V1, V1⟩ =⟨U2, U2⟩ = 1− ⟨ρ̂+, ρ̂−⟩2 ∈ (0, 1], (59)

thus we can rewrite (58a) as stated in (53). Hence,
the expression in (53) is the reduced-SVD of Ξ, as
stated in the claim.

As the final step, we identify the close formulation
for the solution of the problem in (51), using the SVD
of the operator Ξ. We assume the conditions of The-
orem C.1. Then, by substituting the right singular
vectors into the quadratic form in (50) we obtain〈

V̂1,Ξ(V̂1)
〉

=1− Tr (ρ+ρ−)2

Tr(ρ2
+) > 0, (60a)〈

V̂2,Ξ(V̂2)
〉

=−
(
1− ⟨ρ̂+, ρ̂−⟩2

)
< 0. (60b)

Hence M = V̂2 (expanded in (17)) is the observable
that minimizes the objective in (50), subject to the
norm of the Hermitian M being 1. In Appendix D
we showcase the exact formula applied to the Ising
model.
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D Exact example for the order param-
eter of the Ising model
We consider the quantum Ising model in a transverse
magnetic field and the representative density matri-
ces ρ+, ρ− for its phases: if the interaction term dom-
inates or the magnetic field strength dominates, re-
spectively. We denote with σx, σy, σz the correspond-
ing Pauli matrices. Let ρ+ = I+σz

2 and ρ− = I+σx

2 .
Both ρ+ and ρ− are norm 1 orthogonal projections,
and ⟨ρ+, ρ−⟩ = 1

2 . We apply the formula for the op-
timal observable in (17) to get

M⋆ = I + 2σz − σx

2
√

3
= σz√

3
+ I− σx

2
√

3
(61)

which is a norm 1 Hermitian. Clearly, for the disor-
dered phase Tr(ρ−M

⋆) = 0, whereas Tr(ρ+M
⋆) =

√
3

2
for the ordered phase. Moreover, we note that M⋆ is
a linear combination of the orthogonal components σz
and I−σx. The σz operator is the local order param-
eter or scaling operator, while I − σx measures the
magnetization in the x-direction.

Now, let M = σz/∥σz∥F = σz/
√

2 (norm 1 as for
M⋆), that is the observable M is the magnetization in
the z-direction for present model. Then, Tr(ρ−M) =
0 and Tr(ρ+M) = 1√

2 , hence we confirm that

Tr(ρ+M) ≤ Tr(ρ+M
⋆). (62)

In other words, we have shown that the observable
M⋆ presents an increased gap between the phases,
when compared to the known magnetization M , or it
maximizes the value in the order phase.

E Experimental Methods
To calculate the ground states for the reduced fidelity
susceptibility, we use the density matrix renormal-
ization algorithm (DMRG) [81]. We use two differ-
ent software packages called Tensor Network Python
TeNPy [73] and Quantum Simulation with MPS Ten-
sor qs-mps [82]. In the case of the Rydberg model
instead, we use ITensor [83].

For the ANNNI model we span the region (κ, h) ∈
R = [0.01, 1.5] × [0.01, 1.5] while for the cluster
(K,h) ∈ R = [0.5, 1.5] × [0.5, 1.5]. We take n = 64
points for each axis, resulting in a 64 × 64 lattice of
parameters, with a maximum bond dimension χ = 64.
Both Hamiltonians in the top-left corner of their re-
spective regions R are dominated by the σz term and
thus the states will be a perturbation of the all-up
state |↑↑ · · · ↑⟩. To ensure the convergence of the
DMRG calculations we use the following strategy: we
begin from a product state corresponding to a sim-
ple, trivial phase, and then progressively vary the cou-
plings, using the previously converged ground state as
the initial guess for the next computation. To make

the procedure more robust near phase transitions,
where convergence may become difficult, we imple-
ment a backup strategy. In these regions, the ground
state obtained in the previous iteration may no longer
provide a good initial guess. Therefore, whenever the
computation time exceeds a certain threshold, defined
from the average runtime of previous calculations,
we restart the algorithm from a random state, which
may have a larger overlap with the true ground state
close to the phase transition. We note the most time-
consuming part of the calculation is solving the local
eigenvalue problem through the method eigsh from
the software package SciPy [84]. This procedure is
effective up until the point of a phase transition. At
that point, if the computation time exceeds a speci-
fied threshold (which can be set either arbitrarily or
adaptively), we shelve the calculation and proceed to
the next lattice point.

We perform a comparison between global and re-
duced fidelity susceptibility. In the former case, we
take the fidelity between the MPS representing the
ground state |ψ0(λ)⟩ for the Hamiltonian parame-
ters λ = (λ1, λ2), and |ψ0(λ + δ)⟩ for (λ1 + δ, λ2),
δ = (δ, 0). In the case of the RFS, we compute the
Uhlmann fidelity (10) between RDMs of k sites start-
ing from the ground states above mentioned.

Then, after obtaining the global and reduced fideli-
ties, we can use the second discrete derivative as de-
scribed in (33). To make the comparison fair, we do
not show the vector field in (12) or the angular scalar
function in (13) as in Figure 4. Hence, we show in
Figure 17 the three models studied in our manuscript:
ANNNI, Cluster, and Rydberg. The figure shows in
general that the two methods give comparable results.
The most noticeable difference between these plots
and the ones in the main text is that our method
relates the fidelity susceptibility to a geometric infor-
mation tool giving us clearer phase boundaries and
knowledge of the sources and sinks of the vector field.

F The ANNNI model
We first present the phase diagram for the ANNNI
Model, which is given in Figure 3, where a variety of
rich phase transitions are present. We initially begin
with small κ and h, where the interactions between
neighbors along the x-axis dominate, resulting in a
ferromagnetic phase where all spins align parallel to
one another, either as |→→ · · · →⟩ or |←← · · · ←⟩.
This ferromagnetic region is highlighted in purple in
Figure 3.

Upon increasing κ and h, a phase transition occurs
as the spins enter a paramagnetic phase (PM), pre-
sented in grey in Figure 3. Entering the paramagnetic
phase, the transverse magnetic field begins to domi-
nate, causing all states to align with the magnetic
field, resulting in the state |↑↑ · · · ↑⟩. This Ising-like
transition has been previously studied in [47] and the
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c) Rydberg model

b) Cluster model

a) ANNNI model

Figure 17: Comparison of global vs reduced fidelity suscep-
tibility. a) For the ANNNI model, we use a chain of L = 20
and a grid of (n × n), n = 30 points, and a two-site
RDM. They show the same features of ising-like transition
and the incommensurate-commensurate PT transition. b)
For the Cluster, model we use a chain of L = 50 and a grid
of (n × n), n = 64 points. Both methods capture the
symmetry-protected phase transition, but we notice that an
artifact is present in the case of global susceptibility. This is
probably due to a longitudinal term ϵ = 1e − 3 we have in
every tensor. c) For the Rydberg model, we use the chain
length L = 30 and a parameter grid of 64 × 64. We use a
four-site RDM so that we can capture both crystalline lobes.

transition line (which corresponds to the purple line
in Figure 3 is given in [10, 47] as;

hI ≈
1− κ
κ

(
1−

√
1− 3κ+ 4κ2

1− κ

)
. (63)

Increasing the parameters h and κ, a fur-
ther transition becomes evident in the phase di-
agram between the paramagnetic and floating
phases (FP). This incommensurate-incommensurate
Kosterlitz-Thouless (KT) phase transition [85–87]
(given in blue in Figure 3) has been approximated

in [46] to be

hKT (κ) ≈ 1.05

√(
κ− 1

2

)
(κ− 0.1). (64)

Such a transition corresponds to a change in the
modulation wave vector [62], leading to different in-
commensurate structures along the spin chain.

A further transition evident in this phase dia-
gram is the transition from the floating phase to
the antiphase (AP), where the states exhibit stag-
gered magnetization, as a result of the next-nearest
neighbor interactions dominating, corresponding to
|· · · ←←→→←← · · ·⟩. Such an incommensurate-
commensurate transition (given in green in Figure 3)
is described by the Pokrovsky-Talapov universality
class [85, 88], with the transition in this case given
by

hPT ≈ 1.05(κ− 1
2) (65)

as highlighted in [46] and corresponds to the green
line in Figure 3. We also note the presence of the
Lifshitz point, marked by a red dot in Figure 3. This
point represents a critical point, known as the Lif-
schitz point (LP), on the phase diagram of certain
magnetic systems, where a line of second-order phase
transitions meets a line of incommensurate modulated
phases [89]. Finally, we note the presence of a disor-
dered line in the ANNNI model, referred to as the
Peschel-Every (PE) line [90] within the paramagnetic
phase. This line serves as a reference point for under-
standing the characteristics of this specific phase.

We note this model also reproduces important fea-
tures observed experimentally in systems that can be
described by discrete models with effectively short-
range competing interactions [28]. These experimen-
tal findings include Lifshitz points [91, 92], adsor-
bates, ferroelectrics, magnetic systems, and alloys.
Conversely, the so-called floating phase emerging in
the model is appealing to experimental researchers to
explore. This critical incommensurate phase has been
observed very recently by using Rydberg-atom ladder
arrays [93].

G Vector field patterns
This appendix aims to highlight the patterns that
emerge in the plot of the vector fields. Specifically,
we focus on the "source"-like patterns observed at the
phase transitions and the "sink"-like patterns that be-
come evident. We demonstrate the conditions under
which these patterns appear in the plot of the vector
field P (λ) (defined in (12)).

Let g : X ⊆ Rn → R be a differentiable function
and define the level set [94]

L(k) := {x|x ∈ X , g(x) = k} (66)
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x1

x2

c(t)

c(t0)
c′(t0)

∇xg(c(t0))

Figure 18: Curve c(t) whose image belongs to a level set of
a function g : X ⊆ R2 → R, that is g(c(t)) is constant for t
in some open interval.

for some k ∈ R, as the subset of the domain of g whose
image under g is the constant k.

Consider a differentiable curve c(t) on the level set
L(k), that is c : I → L(k) for some open interval
I ⊆ R. Consequently, we have that g(c(t)) = k for all
t ∈ I. So, by the chain rule, we obtain

⟨c′(t),∇xg(c(t))⟩ = 0, (67)

where ⟨·, ·⟩ is the inner product on Rn. In other words,
if the vector arguments in (67) are non-zero, then they
must be orthogonal. So, the non-zero gradient of g at
a point c(t) is perpendicular to the tangent of the
curve c at the same point. A pictorial example of the
case is given in Figure 18.

We recall that the gradient is the direction of the
greatest rate of increase of a function. Then, the
source-like structures we observe on the plot of the
vector field P (λ) = −∇g(λ) (eg. see Figure 9) are
the local maxima of the fidelity susceptibility g in the
direction transversal to the phase transition. The lat-
ter is consistent with the manifestation of QPT as a
maxima of the susceptibility in finite-size systems.

H Scale invariance of the principal ar-
gument
We prove the scale-invariant property of the function
θ(λ) defined in (13), which is employed in the con-
struction of the phase diagrams.

We begin with a few concepts on the class of homo-
geneous functions. We call a function f : K ⊆ Rn →
R positive homogeneous (PH) of degree α when

f(tx) = tαf(x) ∝ f(x) (68)

for all scaling factors t > 0 such that tx ∈ K. The
term "positive" refers to the restriction on the scaling
factor t > 0, so the degree α can be any real number.
The power law x 7→ c|x|α is PH. The parameter α is
known as critical exponent in physics. Homogeneity

is preserved by differentiation, so for f : R→ R

∂f(tx)
∂x

=tf ′(tx) = tαf ′(x), (69)

(the right-most equality follows from the definition in
(68)) dividing by t we get f ′(tx) = tα−1f ′(x) so f ′ is
PH with degree α−1. The latter shows that the vector
field in (12) preserves PH. Instead, the angle of the
vector field defined in (13) is scale-invariant (when
the susceptibility follows the power law as we ap-
proach QPT). Indeed, by denoting the partial deriva-
tive gλi

= ∂g/∂λi of the function g defined in (11),
we have that

θ((λ− λc)t) = arctan
(
tα−1gx2(λ− λc)
tα−1gx1(λ− λc)

)
= θ(λ− λc),

(70)

when gx1(λ − λc) > 0 (the other cases for atan2(·, ·)
follow similarly), with λc denoting the critical value
for the QPT.

I Relation to information geometry
In this appendix, we discuss the fidelity susceptibil-
ities relationship to information geometry and the
Quantum Fisher Information (QFI). In (2) we intro-
duced the Bures distance as the statistical distance
between density matrices. The latter, when consid-
ered in terms of a small displacement dλ in the vector
of parameters λ, induces the Bures metric [95]

d2
B(ρ(λ), ρ(λ + dλ)) =

∑
i,j

hi,jλ dλi dλj , (71)

where hλ is the metric tensor at λ. In other words,
the Bures metric is a notion of distinguishability of
two density matrices that are infinitesimally close in
the coordinate system λ. In the realm of condensed
matter physics, the Bures metric is better known as
the fidelity susceptibility (introduced in section 2).
Thus, the singularities of the metric hλ, correspond
to the critical regions of the underlying model.

In quantum metrology, the quantum Cramér-Rao
bound [96, 97], is the quantum equivalent to the clas-
sical lower-bound [98] of the variance of the unbiased
estimator λ̂ (i.e. E[λ̂] = λ) for an unknown parameter
λ. The bound, in the case of a single parameter λ, is
given by

Var(λ̂) ≥ 1
NQ(ρ(λ)) , (72)

where N is the number of independent repetitions
and Q(ρ(λ)) is the QFI [95]. We consider a multi-
parameter estimator λ̂ the bound of the covariance
matrix becomes

Cov(λ̂) ≽ Q(ρ(λ))−1

N
, (73)
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where the relation (·) ≽ (·) is the Loewner order (i.e.
for n×nHermitian matricesA,B, we have thatA ≽ B
if and only if A−B is PSD).

There was consensus that, in the general case, the
fidelity susceptibility is proportional to the quantum
Fisher information [99], that is

XF (λ) ?=1
4Q(ρ(λ)). (74)

However, in [100] it is proved that at the points where
we have a rank change of the density matrix ρ(λ), the
two quantities are not the same and the QFI presents
a discontinuity. We note that the meaning and the
consequent violation of the Cramér-Rao theorem on
such singularities is still an active area of research
[101, 102].

Concerning our formulation, the function g(λ) de-
fined in (11), can be related directly to the trace of
the metric tensor, that is g(λ) = −Tr(hλ). The mi-
nus factor is used as a convention to make the phase
transitions appear as sources in the vector field result-
ing from (12). In regions of the parameter space X
where the rank of ρ(λ) is constant, it holds that g(λ)
is proportional to the trace of the QFI matrix. We
also note that the trace of hλ corresponds to the sum
of the susceptibilities for each coupling parameter λi.
The choice of the trace is also justified by the fact
that this operator is basis-independent.

The function g(λ) is the trace of the Bures metric
tensor of the RDM manifold, but distinct from the
global fidelity susceptibility computed from the full
state. Our g(λ) uses only the RDM, making it more
accessible experimentally and in DMRG. Our formu-
lation adds up contributions from all parameter direc-
tions λ, weighted by the Laplacian, and constructs a
vector field from the result.

For a comprehensive introduction to information
geometry and QPT, we refer to [103].
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