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We study quantitatively the interplay between entanglement and non-stabilizer
resources in violating the CHSH inequalities. We show that, while non-stabilizer re-
sources are necessary, they must have a specific structure, namely they need to be both
asymmetric and (surprisingly) local. We employ stabilizer entropy (SE) to quantify the
non-stabilizer resources involved and the probability of violation given the resources.
We show how spectral quantities related to the flatness of entanglement spectrum and
its relationship with non-local SE affect the CHSH inequality. Finally, we utilize these
results - together with tools from representation theory - to construct a systematic way
of building ensembles of states with higher probability of violation.

1 Introduction

It is a well-known fact that the Clauser-Horne-Shimony-Holt (CHSH) inequality [1] can be
violated in quantum mechanics due to quantum entanglement. However, it has been recognized
more recently that entanglement alone is not sufficient: resources beyond stabilizerness - colloqui-
ally known as magic - are also necessary [2-6].

In this paper, we perform a theoretical and quantitative study of the interplay between the
entangling and non-stabilizer resources necessary to violate the CHSH inequalities. To this end,
we build a setting that does not arbitrarily separate the resources involved in state preparation
and measurement.

Non-stabilizer resources are also necessary, together with entanglement, to attain quantum
advantage [7-9]. More generally, quantum complex behavior rises from the interplay of both en-
tangling and non-stabilizer resources [10, 11]. In order to quantify non-stabilizerness, we resort
to the Stabilizer Entropy (SE), the unique computable monotone of non-stabilizerness for pure
states [12, 13]. SE is experimentally measurable [14] and efficiently computable by tensor net-
works methods [15-17].

The availability of a computable non-stabilizerness measure such as SE , has allowed to test
and quantify the role of non-stabilizer resources in several settings and scenarios, ranging from
quantum phase transitions [18-22] and quantum chaos [11, 23-26], to high-energy physics [27-
29], quantum-information [10, 30-41], and condensed matter [42-54].

In this paper, we detail what kind of structure entanglement and SE need to have in order to
violate the CHSH inequality. Counterintuitively, we prove that SE needs to be local in order to
obtain a violation: non-local SE [27] is shown to be detrimental to CHSH violations, bounding
the maximum expectation value of the Bell operator. Moreover, the resources must be asymmetric
between Alice and Bob. We use both Haar averaging and numerical techniques to compute the
probability of violations given the resources. Finally, we use the technique of isospectral twirling
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Figure 1: Plot of the expectation value of the rotated operator (By) (solid black line), the SE M3 of the
rotated Bell state W () |00) (dashed-dotted black line) and the non-stabilizing power My of the rotation
operator (dashed orange line). The dashed red lines represent the values of violation of CHSH inequalities and
the Tsirelson's bound.

to show how knowledge of the structure of entangling and non-stabilizer resources can be used
to improve the probability of a CHSH violation under imperfect control [55-57] or in satellite
experiments [58, 59].

2 Setting the stage

The Horodeckis” seminal work [60] establishes necessary and sufficient conditions on the state
preparation in order to violate CHSH inequalities by means of local measurements. However,
it was noted in [2] that one would need non-Clifford measurements. Because of the state-effect
duality, though, it is clear that one could just perform measurements that are neutral from the
stabilizer resources point of view if one prepares the state with the required resources. Let us
consider an example. We work in the Hilbert space of two qubits Hap = H 4 ® Hp and define the
‘resource free’ CHSH operator (we omit the tensor product symbol when not strictly necessary)

By =XQX+2)+Z(—-X+2)=XX+XZ-ZX+ZZ. (1)

The above operator is resource free because it describes four measurements that are both local
and within the stabilizer formalism, being Pauli measurements. A direct calculation shows that,
even preparing a Bell state (say |[®*) = |00) + |11) /v/2), these measurements will not lead to a
CHSH violation, as Tr(By®") = 2. On the other hand, if we prepare the state R, () ® I |[®1) =
exp[—ilY]®1|d) = (R,(0)®I)Cx(H®1)|00) = W(6)|00), one can violate the CHSH inequal-
ities for a certain range of the rotation angle 6, see Fig. 1, even attaining the Tsirelson’s bound for
0 = /4. Equivalently, one could have prepared ®* and used the CHSH operator R}, (6)BoR,(6).

One of the main points of this article is to take seriously the fact that effects and prepara-
tions are indeed dual. We thus adopt the scheme in which we always start with a resource-free
preparation wy = |00) (00| (as both stabilizer and factorized) and perform resource-free mea-
surements encoded in By. Then, all the resources are employed in the ‘“unitary state evolution’
wo = wy = UwoUT to obtain the expectation value

by := Tr[Bwy| = Tr[Bywo]. (2)

This is the conceptual scheme of quantum computation in which one always initializes the state in
all zeros, performs the computation by quantum operations, and finally measures in the compu-
tational basis [61, 62]. All the resources involved in the CHSH inequality have thus been encoded
in the quantum operation (here unitary) U. This work shows what structure U must have from
the resource-theoretic point of view in order to violate the CHSH inequalities so all that follows
can be shown for By as resource-free operator without loss of generality.
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3 Stabilizer Entropy

Consider a system of n qubits and the set of Pauli strings P,, = {I, X,Y, Z}®". The set P,, x
{£1, £i} is the Pauli group P,, and its normallizer within the unitary group is the Clifford group
C. The orbit of the Clifford group through any computational basis state is the set of pure stabilizer
states denoted by STAB. For a pure state |¢)) and P € P, the quantity Ep(|¢)) := d~}(Tr{Py})?
is a probability distribution over P,, with d = 2". The 2-SE M(|y)) is defined as the (shifted)
2—Rényi entropy

M([¢)) = —log [d > EPW)Q] = —log (d—l ) Tr4[wP]> = —logd Tr[QV)¥*'].  (3)

PeP, PeP,

where Q := d 23 ., P®. The 2-SE can be extended to generic mixed states by My (p) =
M;(p) — S2(p), where S3(p) = —log Tr[p?] is the 2-Rényi entropy of p. Free states, denoted as
STAB are those of the form x = d=1 Y peg PP, where G is an Abelian subgroup of the Pauli
group P, =P, x {£1,+i} and ¢p = £1 [8]. These are the (mixed) states that cannot be purified
in a stabilizer state and one can show that STAB, = {o € D(H) : My(c) = 0} [27]. The convex
hull of STAB is denoted by STAB; D STAB, D STAB.

The 2-SE M, is a good monotone for pure states [13], faithful with respect to the free states,
invariant pnder Clifford unitaries C' € C and additive under tensor product, i.e. Mg(p ®o) =
Ms(p) + Ms(o).

The SE is a probe in the computational complexity of a quantum state. Indeed, stabilizer
states can be simulated efficiently using only classical resources, and thus are useless in order to
outperform classical computation. On the other hand, non stabilizer states, i.e. states having a non
null stabilizer entropy, require exponential classical resources in order to be simulated. Moreover,
the SE quantifies the distinguishability of a state from a Haar random state [63], i.e. the larger the
SE of a state, the harder it is to distinguish it from Haar random.

As in this work we want to characterize the operations U from the resource-theoretic point of
view, we define the non-stabilizing power of a unitary U as the average 2-SE created by the action
of U on the orbit of stabilizer states:

1

Mz (U) := [STAB]| M;STAB Ma(U ) - (4)

For example, the non-stabilizing power of W () is

Ma(W(0) = 3 log (”8(49)) . (5)

In Fig. 1 we see how the magic power of W () follows closely the magic of the state W (6)|00).
Moreover the maximal CHSH violations coincide with the maxima of both M, and M.

Another related quantity characterizes the interplay between SE and entanglement: the non-
local non-stabilizerness first introduced in [27]. Given a bipartition AB of the Hilbert space, the
non-local non-stabilizerness My, is defined as:

My (1) = min Ma(Ua  Us [0)) (6)

This quantity measures the amount of non-stabilizerness that is non-local, i.e. that it cannot be
erased from the state by means of local unitary operations. As the non-local SE is obtained from
a minimization over local unitaries, it represents the amount of non-stabilizerness independent
from the choice of the local basis. Another consequence of the minimization procedure is that non-
local non-stabilizerness is solely dependent on the entanglement spectrum, and is thus considered
to be representative of the interplay between entanglement and non-stabilizerness, which is the
actual resource needed for quantum computation outperforming its classical counterpart. In [64]
an explicit expression for two qubit states is found: for any pure state |¢)) with entanglement
spectrum {cos?(6),sin?(¢)}, the non-local magic reads

7+ cos(89)>

- 7

My () = log(
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The state such that My (|¢)) = Ma(|y)) is |r(0)) := cos (0) |00) + sin (0) |11) with § € [0,7/2]
modulo local Clifford unitaries. With these definitions in play, we are now ready to show the
resource-theoretic structural elements of U involved in violations of CHSH.

4 Non-stabilizerness and violations of the CHSH inequality

In this section, we show some facts about the structure of entanglement and SE in the con-
text of the CHSH inequality. Informally, we show that in order to violate the CHSH inequality
i) both entanglement and SE are necessary; ii) the preparation unitary U must be asymmetric;
iii) non-local magic hinders the violation of locality (!); and iv) probes of the interplay between
entanglement and SE, like the capacity of entanglement, offer a valuable insight on the nature of
the violation (or lack thereof).

Let us start by showing that U must be both entangling and non-Clifford in order to violate
CHSH. We indicate with C the Clifford group (the normalizer of the Pauli group).

Theorem 1. Given an operator B = Pa®(Pp+Pp/)+Pa @(Pg—Pp/) with Pa g a g € {X,Y, Z},
a state wy = |00)X00| and a unitary Clifford operator C' € C, then:

|Tr [BCwoCT] | < 2. (8)

Moreover, the same holds if the preparation wg is a mized stabilizer state x (obtained by convex
combinations of pure stabilizer states): |Tr [Bx]| < 2.

Proof. We say that the operator B is degenerate if at least two terms in B are equal. One sees
that if B is degenerate, then it is of the form B = 2P, ® P and the result is obvious since
|Bo|l = 2 in this case and |Tr(Bow)| < ||Bol for all states 1. Hence, we can assume that B is
non-degenerate (A # A’ and B # B’). To prove the first statement of the theorem, let us first
note that ¥ = CwoCT is a pure stabilizer state and so is of the form

p=1 3 6rP ©)

Peg

where G is an abelian subgroup of the Pauli group of dimension four and ¢p = +1. Now note that
B is a sum of four Pauli strings. Using orthogonality of Pauli strings Tr [PP’] = dépps, we obtain

be =Tt [BCwoCT] = @pup + 0p, 0 + 0Py = 0Puy - (10)

At this point note that there can be at most two Pauli strings in B commuting with each other and
thus belonging to the same Abelian subgroup. To see this, note that when B is non-degenerate (A #
A’ and B # B'), P4 ® Pp and Py ® Pp/ always commute (different Pauli operators anticommute)
and any attempt to enlarge this set makes B degenerate.

As a consequence, at most two terms in Eq. (10) can be different from zero, from which the
theorem follows. As for the second part of the theorem, simply note that if x = >, p;x; with x;
pure stabilizer states and probabilities p; summing to one,

Te(BX) < 3 i TeBl| < 2. (11)

K2

O
Therefore, one cannot violate the CHSH inequality with either pure or mixed stabilizer states.

Corollary 1. If the initial preparation is o € STABy, then CoCT € STAB, and therefore Mo, () =
0= |Tr[By]| < 2.

Let us now show that if we restrict ourselves to the class of operators B € B that we call
symmetric, for which P4 = Pp and P4 = Pp/ (of which By is an example) and the unitary
preparation U is symmetric in A and B, there cannot be a violation either.
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Theorem 2. Let £ be a CPTP map € : L(Hap) — L(Hap) commuting with the swap operator Ty,
that is, € <T2pT2T) = ng(p)Tg; then, for the symmetric resource-free CHSH operator By, it holds

|Tr [(Bo& (wo)]| < 2. (12)

Proof. Since [wy,Ty] = 0, we have T5& (wo)Ti = E(TowoTy) = E(wp). This state must be of the
form £(wo) = PsymWsym + Pasym |V~ ¥~ |, where wsym is entirely supported on the symmetric
subspace 1/2(I4 ® I + T2)H ap and it is therefore of the form

Wsym = sz |¢’L> <¢Z| ) (13)

with |@), = a;|00) + b; [11) + ¢; |T), [¥T) = |01) + [10) /v/2 and |a|> + |b> + |c|*> = 1. The
anti-symmetric subspace is instead spanned by the state [p~) = [01) — [10) /v/2. By triangular
inequality we obtain |Tr [Bo&(wo)] | < Psym|Tr [Bo] Wsym| + Pasym|Tr [Bo |¥~ ¢~ |] |. Thus, in order
to prove our statement we need to bound both expectation values, the one on the symmetric
subspace, and the one on the anti-symmetric subspace. For the symmetric subspace, exploiting
again the triangular inequality, we have |Tr [(Bowsym]| < >, pi| Tt [Bo |$i)¢:]] | We need therefore
to bound this expectation value for an arbitrary pure state in the symmetric subspace. Direct
evaluation of the expectation value of B for symmetric resource free CHSH operators yields

[T [BUsgn 100) (0] U] | = {21l Ja+ b2, o — b2} < 2, (14)

where we used [|x||; < v2||x||2 for x = (a,b).
On the other hand, the state 1)) is a stabilizer state, so that by Theorem 1, its expectation
value is also bounded by 2. This concludes the proof. O

The above theorems show that Bob and Alice must measure in directions that are tilted with
respect to each other, and that this tilt must be a non Clifford rotation.

Finally, we show structural relations between non-locality and non-stabilizerness in the CHSH
violations. Since violations of the CHSH are connected with non-local behavior, one would
naively expect non-local magic to play a major role in CHSH violations. It turns out that not
only this is not the case, but it is actually the opposite: non-local magic is detrimental for the
maximal violation of CHSH inequality. Indeed, one can prove that non-local non-stabilizerness
bounds the maximal achievable violation, i.e. the larger Mt the lower the maximal violation.
Moreover, we are going to see that in order to violate the CHSH inequality, one needs the oper-
ator U to inject some local non-stabilizerness, defined as the difference between the total M5 and
the non-local one:

Mroc([)) := Ma(|¢)) = Mnw([¥)) = 0. (15)

These results provide an alternative view, in terms of quantum resources, of the necessary (known)
conditions needed to violate the CHSH inequality: while in the usual view one assigns non-local
properties to the state and local non-stabilizerness to the measurements, in this setting all re-
sources are assigned to the state, and characterized accordingly. Let us now prove that My,
bounds the maximal violation.

Theorem 3. For a general 2—qubit state |1(0)) with Schmidt coefficients cos () ,sin (6) and the
Bell operator B = Py @ (P + Pp/) + Par @ (Pg — Pp/) with Pap a g € {X,Y,Z}, it holds:

C6) = s 115 Buows FONrO)]] < 2v2 - 22

where By, ou, = (UI\ ® U;)B(UA ® Up) and Myy(0) = miny,gu, M2(Ua @ Up |r(0))).

Myr.(0). (16)

Proof. While the Bell operator B is defined in terms of specific Pauli measurements, the maxi-
mization over local unitaries Uy ® Up ensures that C'(f) corresponds to the maximal violation of
the CHSH inequality allowed by the state’s correlation matrix. By the Horodecki criterion [60],
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this value is a function solely of the Schmidt coefficients, allowing for a tight comparison with the
local-unitary invariant My, (). In particular:

C(0) = 24/1 + sin?(20). (17)
By defining the parameter ¢ := sin?(26) € [0, 1], we have:
Clt)y=2V1+t,  Myp(t)=—log(1—t+1?), (18)

where the expression for My, follows from Eq. (7). To determine the optimal coefficient o such
that the inequality:

C(t) < 2V2 — aMyp(t), (19)
holds for all ¢, we define the ratio:
2VI+t—2v2
> 2VIHEZEVE o, (20)

“= log(1l —t +t2)

We investigate the asymptotic behavior of g(t) in the limit of maximal entanglement (¢t — 1). By

defining t = 1 — € and applying a Taylor expansion for the logarithmic and square-root terms (see
App. A), we find:

o = ling (1) = 2. (21)

The sufficiency of the optimal coefficient, ensuring that the inequality remains satisfied across the
entire domain ¢ € [0, 1], is shown in App. A via a monotonicity study of the associated gap function,
alongside the complete algebraic derivation of the functional forms. O

Theorem 3 bears several consequences. First, as expressed by the following corollary, the pres-
ence of the smallest amount of non-local non-stabilizerness hinders the possibility of achieving
the Tsirelson bound.

Corollary 2. Given a state 1 such that My, # 0, then
ITr [By]| < 2v/2. (22)
Proof. 1t’s a trivial consequence of Theorem 3. O

Thus, injecting non-local non-stabilizerness is actually detrimental for non-local violations. More-
over, we also provide the optimal coefficient to bound the maximal expectation value of the Bell
operator B in terms of non-local non-stabilizerness.

To conclude, we now prove that local non-stabilizerness is necessary in order to violate the
CHSH inequality.

Theorem 4. If a unitary operator U does not inject any local magic, that is Mpoc(U |00)) = 0,
then

lbu| = |Tr [BUwUT]| < 2. (23)
Proof. If there is zero local magic, the state U |00) has the form [64]

U|00) = Cy4® Cp(cos(0)]00)+sin(0)[11)) = Cx @ Cr(|r(6))) (24)
= cos(0)|ss’) + sin (0) |55"), (25)

where {|s),|5)} is a basis for Alice of eigenstates of Pauli operators and similarly for Bob, and
Ca,Cp are local Clifford unitaries, which map |00) and |11) into the tensor product of eigenstates
of other single qubit Pauli operators. Since B = CL, ® C’L,BOCA/ ® Cpr, it is sufficient to check
the statement for By. One can then directly verify that for all possible combination of eigenstates
of {X,Y, Z} the inequality holds, proving the theorem. O
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4.1 Probes of magic and non-locality

Let us now show an example of the very rich interplay between entanglement Eyn(|¢)) =
S1(14), magic Mz (|))), non-local magic Mnr,(|#)), the possibility of violation of CHSH inequality,
and its maximum entity. Remarkably, non-local magic takes into account both entanglement and
non-stabilizerness as factorized states have obviously zero non-local magic. As evaluating non-
local magic is, in general, a daunting task, we also study the capacity of entanglement Cg as a
quantity that has some properties in common with it and can serve as a probe. Cg(|¢)) is defined
as

5(1) 1= ((logtha)?),,, — (log )2, =Tr [vs (loga)?| — (Trfalogwa)® . (26)

The entanglement capacity is a measure of how much the reduced state is non-flat, i.e. it measures
how much ¢4 deviates from being proportional to a projector [65-67]. Moreover, the entangle-
ment capacity, in contrast with the most common entanglement measures, such as the entangle-
ment entropy or the concurrence, is zero not only for separable states, but also for maximally
entangled states. Moreover, the maximum of the entanglement capacity is reached for partially
entangled states [68, 69]. The entanglement capacity is also a measure of the fluctuations of the
entanglement Hamiltonian [70]. Its connection with My, is in the fact that Cg(y)) = 0 iff ¢
has zero non-local magic [27]. The Cg has found applications in many-body systems, connect-
ing thermodynamic quantities and the Rényi entropies [71, 72], and the AdS/CFT correspon-
dence [27, 73, 74], where it has a relatively simple bulk interpretation given by metric fluctuations
integrated over the Ryu-Takayanagi surface, i.e. the entangling surface.
Let us start with the family of states defined by

lp) = /iF cos% ) 100) +

sin(§) 101)

+ 1J2rr6¢51n( ) 110) — \/%EWCOb( ) [11) (27)
= I lp)al0)p +4/FE lp-) 4 11)p (28)
withr € [0,1],6 € [0, 7], ¢ € [0,27) and
lp+) =cos(£)0) +esin () ]1), (29)
lp—) =sin(%)[0) — e cos (§)[1) . (30)

Setting § = 7/4 and ¢ = 7/3, we obtain
I+7-6 1 +

pa=Teplp)pl = —5— = lp+Xp+ —Xp-1, (31)
The evaluation of the figures of merit gives
Si(pa) = 1= [ Tog(1+7) + (1~ r)log(1 )] (32)
Colo) = = 1o (12T) (%)
MNE(p) = —log(1 —7? —|—7“4) (34)
Tr [Bo [p)pl] = g {(2 VOV -2+ 2\/5} (35)

The results are summarized in Fig. 2. First of all, we see how the qualitative similar trend (and
same values at the boundaries) makes Cg a good probe for Myz,. Unfortunately, for two qubits
they are not strictly monotone with each other. In this family one has maximal CHSH violation
for r = 0 while the non-local magic and the entanglement capacity are both zero. As r grows, the
expectation value of the Bell operator B, decreases, while the non-local magic increases, showing
how non-local non-stabilizerness may hinder the violation of the CHSH inequality. Beyond a
critical value of », CHSH violations are not observed anymore, as there is too much non-local
magic. Notice also that at the critical value of r for which violations are not observed anymore,
the state is still entangled, as shown by the entanglement entropy.

Accepted in {Yuantum 2026-09-04, click title to verify. Published under CC-BY 4.0. 7



3.0

PO (T Sl M) Toelson 3
— Glea) == (plBolp)
F2.5

Bo8{ T TTTT T T e e
R
0 <y r2.0
[ ~< classical boukd 2
S ~
@ 0.6 1 ‘\\\ =
g \\\ 1.5 g
5 |
B 0.4
c r1.0
g
£

0.2 los

0.0 T T T T 0.0

0.0 0.2 0.4 0.6 0.8 1.0

T

Figure 2: Plot of the entanglement entropy Si(pa) (magenta solid line), the capacity of entanglement
CE(pa) (dashed indigo line), the non-local non-stabilizerness M1, (p) (dotted orange line) and of

Tr[Bo |p)p|] as a function of r, having set 8 = w/4 and ¢ = w/3 (dotted-dashed green line). For r = 0 the
corresponding state is a combination of all four computational basis states, Mn1, = 0 as well as C'g, while
entanglement is maximum. Under these conditions, the CHSH inequality (dashed red line) is violated. One
can then observe the decrease of the CHSH violation as Cr and Mn1, grow, up to a point where no violation
is observed, in spite of the state being still highly entangled, as proven by the non-zero value of S;. Finally, for
r =1, both Mn1, and Cg are once again zero, but it is still not possible to violate the CHSH inequality
because of the missing entanglement, since S; = 0.

4.2 CHSH geometry

Let us now try to get some geometric understanding regarding the region of pure states that vi-
olate the CHSH inequality. We start by going to the eigenbasis of the operator By = >, \i|¢;) (¢,
where we ordered the eigenvalues as \; = {—2v/2,2v/2,0,0}. A generic pure state |¢) in this
eigenbasis reads [¢)) = ). 1;|¢;). The condition |(1)|By|¢)| > 2 does not identify a vector sub-
space. Indeed, it can be rewritten as:

|<¢| <;)\1|¢7><¢7|> [) > 2 < | <XZ: i 1/1,;|2> 2l S \%

Let us now write the state |¢) in this basis according to the Hurwitz parametrization [75] of a
general pure state:

> 26 [l10)f - l(@al)] (36)

{wi}?zl = ( cos (J3) , sin (J3) cos (¥2) ei?s,

sin (93) sin (92) cos (91 ) €92, sin (93) sin (V) sin (91 ) ei‘z’l) , (37)
where ¥; € [0,7/2] and ¢, € [0,27] are the six parameters describing a two qubit pure state.
Inserting this parametrization into Eq. (36) one obtains:

1
> \/5
Thus, in the end only two parameters enter the violation of the CHSH inequality, allowing for
a graphical representation, as shown in Fig. 3, where the density of states violating the CHSH
inequality is shown in the plane {6;,03}. The main message of this short digression is that the
region of pure states violating the CHSH inequality is non-trivial, and moreover the region of
maximal violation has very little weight as can be seen from Fig. 3.

|cos® (¥3) — sin® (3) cos® (92| (38)

Accepted in {Yuantum 2026-09-04, click title to verify. Published under CC-BY 4.0. 8



A L7
AT T
el

\

Figure 3: Density of states violating the CHSH inequality in the {62, 63} plane. The region of violation of the
Bell's inequality. Left panel: density plot, the color code corresponds to the density of states in this chart.
Right panel: 3D plot. Note that in these coordinates the maximal violation corresponds to the point

(62,03) = (0,7/2) and the line (62, 63) = (6,0) for 6 € [0, 7/2].

5 Random non-locality

In this section, we analyze the probability of violating the CHSH inequality when the state-
preparing unitary U is taken from an ensemble & of unitaries with respect to a measure dpuy .
The ensemble &y represents a lack of control on the preparation unitary U. Then we ask which
ensembles are more likely to provide a violation. The choice of the ensembles &y is of course
in principle experimentally motivated, however, within the same experimental capabilities one
could have access to different ensembles £;. The theorems and facts of the previous section
have shown that certain ensembles of unitaries would be useless: obviously, the ensemble of
factorized unitaries £y, v, the set of Clifford unitaries C, but also the symmetric unitaries Ugym
considered in Theorem 2 and the non-local unitaries that do not produce local magic &y, =
{U| Mroc(wy) = 0}. This suggests that we can improve the chances of violating the CHSH
inequality making use of the structure of U.

5.1 CHSH in the Hilbert space

We begin by considering £y as the full unitary group endowed with the uniform (Haar) mea-
sure dp . In this extreme case, one has zero control whatsoever on the state preparation. We are
asking what is the likelihood of violating the CHSH inequality for a completely random unitary
U. First, we can obtain a rough estimate of this probability using Chebyshev’s inequality, once the
mean and standard deviation of the distribution of b;; are known. For the mean, using standard
techniques [76], we obtain

1
(bv)v = (Tr [BoUwoU']),, :/ dpgTr [BoUwoU'] = 1T [Bo] =0. (39)
u

Thus, on average, using a random uniformly distributed unitary U, one obtains zero as a result
of the CHSH experiment. With the same techniques, one obtains for the variance Vary (by) = 4/5
and thus, by the Chebyshev inequality, Prob(|by| > 2) < 1/5. As we shall see, this upper bound
is very loose. Indeed, in case of the full unitary group equipped with the Haar measure, it is
possible to compute the probability of violating the CHSH inequality exactly using the results in
[77].

To this end, we need the probability distribution of obtaining a given outcome z in the CHSH
experiment, that is:

Pp, (&) = (6(by — @)}y, (40)

The probability of violation is simply obtained integrating this probability distribution over the
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values corresponding to a violation, that is:
Pviol = f|93|>2 deBO (Z‘) (41)

Notice that, as shown in [77], Pg, () is entirely determined by the spectrum of By, { —2/2,0,0,2v/2 },
including degeneracies. Hence, the result is the same for all the non-degenerate CHSH operators

in B as expected (as it is well known that they are isospectral). To obtain Pg,(z) one can use
the explicit formula Eq. (25) in [77] for degenerate eigenvalues or lift the degeneracy of the zero
eigenvalue to —e¢, +¢, use the more manageable Eq. (17) in [77], and send € — 0 at the end. The
result is

Pl )_3(2ﬂ+x)gsign(2ﬁ+x) +3(2ﬁ—x)2sign(2\/§—x) N
ol = 64v2 64v2 8"

% (3v2+1al (V21ol = 8)) 1505 (@), (42)

where 14(z) is the characteristic function of the set A. Computing the integral in Eq. (41) we
arrive to the following.

Proposition 1. Given a Haar random unitary U, the probability of the state |3p) = U |00) to violate
the CHSH inequality is:
10 = 7v/2
P = % ~ 0.0251 = 2.51%. (43)
Note that the estimate obtained using the Chebyshev’s bound is almost ten times larger than
the actual probability.
To obtain a more detailed understanding, we analyze numerically the probability of violating
the CHSH inequality given a fixed amount of resources contained in the state, let them be entan-
glement or non-stabilizerness. In practice, we compute numerically the conditional probabilities!

(6(bu —b)0(Yu — y))u
Py (y) 7

where Y is a given resource, and Py (y) its density. The probability of violation given fixed re-
sources Y = y is then

Ppy (b, y) =

(44)

Prob(violation|Y = y) = / db Pgjy (b, y) . (45)
[b|>2

We perform our analysis for ¥ equal to the entanglement entropy Evy, the non-local magic Mxyr,,

and the local non-stabilizerness M,oc. The results are shown in Fig. 4.

Fig. 4a expresses the known fact that one needs a finite amount of entanglement to violate
CHSH inequality. In Fig. 4b we show the conditional probability of violating the CHSH inequality
at given values of the non-local non-stabilizerness. The results shown in this plot, lead us to
observe the following fact.

Fact 1. States with large amounts of non-local non-stabilizerness are likely to violate the CHSH
inequality.

A naive interpretation of 1 would lead one to think of a contradiction with Theorem 2, since
the probability of violation increases with Myr,. However, this can be explained by the fact that
local and non-local magic of Haar-random states are not independent: states with high amounts
of non-local magic will also possess local magic, and so the probability of violation increases.
However, because of the presence of non-local magic, the violations are small, i.e. |by/| is slightly
above 2 and way below the Tsirelson bound. This interpretation is strengthened by the plot in
Fig. 4c where we show the density of states in the |by7|, Mnr, plane, leading to the next fact.

n general, to avoid situations like the Kolmogorov-Borel paradox, the conditional probability for continuous
variables, corresponding to events with probability zero, must be defined as a limiting procedure. This problem
does not arise in our discretized numerical simulations. On the contrary Eq. (44) can be seen as the limit of our
numerics when the number of samples — co and the size of the bins — 0.
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quantities.

(d) Probability of violating the CHSH inequality vs
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Figure 4: We sample 5 x 10”7 Haar-random two-qubit states and plot in blue the probability of violating the
CHSH inequality as a function of (4a) the entanglement entropy S1, (4b) non-local non-stabilizerness My,
and (4d) local non-stabilizerness. Red error bars indicate the standard error in each bin, while the marginal

probability distribution of the respective resources is shown in grey. In (4c), we plot the joint distribution of

|bu| and Mnr. Here, the maximum of |by| is seen to be monotonously decreasing in My, and the density of
states justifies the results of Fig. 4b, see discussion in main text.

Fact 2. For small values of My, there is a low density of states violating the CHSH inequality.

These can reach higher values of the violation. As Myy, increases, the maximum value of |by]
decreases, in accordance with Eq. (16).

Finally, in Fig. 4d we plot the probability of violations given Mjoc. One can observe that
the probability is non monotone with respect to local non-stabilizerness confirming the non-
trivial interplay between local and non-local magic, since states with high amounts of local non-
stabilizerness are constrained to have also large amounts of non-local non-stabilizerness, hinder-
ing the possibility of non-local violations. Note that, according to Theorem 4, P,i,; = 0 when

Mrioc = 0. The behavior of P(viol|Myoc) for small Myoc is detailed in Fig. 5 where it is con-
firmed that P,;,; — 0 when M1,oc — 0.

5.2 lIsospectral twirling and ensembles of unitary operators

Here we provide a systematic way to obtain a useful heuristic for the CHSH violation with
limited control. The strategy is the following: we compute analytically the first two moments
of the distribution of by given by duy. Using the Chebyshev inequality, we argue about the
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Figure 5: To understand the behavior of P(viol|Myoc) for small L, in Fig. 5a we plot the density of states in
the |bu|, Mn1 plane, and in Fig. 5b the probability of violations for states with small values of Myoc. One
can observe how states with high values of Mroc do not violate the CHSH inequality, because of the
contemporary presence of non-local non-stabilizerness. In Fig. 5b one can see that the probability of violations
tends to zero when Mpoc — 0.

most promising ensembles, i.e. those that, according to the inequality, give the largest probability
of violation. Then, numerically, we verify if the promising ensembles do indeed (mostly) pro-
vide a better likelihood for a violation. To this end, we will employ the technique of isospectral
twirling [25, 78, 79] that has been developed to model situations where one has good control over
the eigenvalues of a unitary U but limited control over its eigenstates. We use this technique to
construct ensembles £ of unitaries that provide higher probability of violating the CHSH inequal-
ities. We will construct the ensembles by utilizing insights given by structural properties of U in-
formed by the theorems of the previous sections. We first define the ensemble € = {¢'U.g|g € G}
associated to a core unitary U, and G C U(d) being a subgroup of the full unitary group ¥(d).
From now on, the unitary U, fixing the spectrum will be called the core and the group G will be
explicitly denoted in the average operation (-)g. Given the core operator U,, the ensemble £ con-
sists of operators with the same eigenvalues as U, but with eigenvectors determined by the action
of G on Uc. One can think that isospectral twirling mimics a situation where an experimenter tries
to prepare the core unitary U, and achieves in preparing the ensemble £ due to the effect of noise.
For each given G we will compute the mean and the variance of the distribution of by over €&,
namely (by)g and Varg(by). It turns out that, see [78]

(bu)g = Tr|Ta(By@wo)RS UM)] (46)
Varg(by) = (bir)g — (bu)g (47)

where b2, = Tr [T(13)(24)R(g4)(U ®22)(Ww§? ® 3?2)} and the isospectral twirling of order k of a
unitary operator U is defined as:

REV () ::/ngGGT@JQkU@k,kG@Qk’ (48)

where U®%F = U®* @ UT®* and the T, are operators for the permutations of 2k objects . In
practice, the isospectral twirling of order k of an operator U is the order 2k moment of the operator
U. The result of this operation is an operator whose spectrum is the same as that of U, where the
eigenvectors have been averaged over all elements of the group G. The details of the evaluation

of R(g%) (U) for several instances of G and U are given in B.2.
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We now provide some examples. First we consider as core operators a couple of Clifford
unitaries, a simple CNOT U, = Cx which leaves the state |00) invariant and U, = Cx(H ® I)
that prepares the maximally entangled state |®*). We also consider U. = W (f) that prepares the
maximal violating state for § = 7 /4. For the group G we consider both the full unitary group U
and the Clifford group C applied symmetrically on both qubits or only on qubit A or qubit B. In
view of Theorem 2, we expect that asymmetric twirling will give better results for the probability
of violation. The analytic expressions for the corresponding mean and standard deviation are
shown in Table 1. Note that the expressions for the mean coincide for the two groups, but differ
for the standard deviation due to the fact that the Clifford group is a 3-design but not a 4-design,
and so averages over C and U coincide up to the third moments [80]. In Figure 6 we plot the
means and variances for U, = W () as a function of 6.

(g Cx | Ox(H®I) W(6)
{buu 0.2 1/15 =(2sin(f) + 1)
Vary (by) 0.79 0.80 —22 Sir‘(9)+§§006>5(20)+5016
Vare(by) | 0.98 1.59 =64 sin(0) 1440 cos(0) +357 cos(20) +3937
Ov)u, | —2/3 1/3 1(sin(0) + 1)
Vary, (by) | 37/45 31/45 =7 sin(0) +con(20) +45
Vare, (bu) | 8/9 19/18 ~25in(0)—cos(20)+3
(bu)uts ! 2/3 2 (sin(0) + cos())
Vary, (by) | 0 37/45 5in(20)+57
Vare, (by) | 0 8/9 45in(9) cos(0)+8

Table 1: Summary of the isospectral twirling for the operators Cx = |0X0| ® Ig + |1X1]| ® X5 and

W(0) = (Ry(0) @ I)Cx(H ® I). The leftmost column indicates the quantity that is being averaged, together
with the group over which the isospectral twirling is performed. The other columns show the corresponding
value of the isospectral twirling when the argument of the twirling is the unitary operator indicated at the top
of the column. Notice also that the functions correponding to the rightmost column are plotted in Fig. 6.

Combining the results in Fig. 6 with the ones reported in Table 1 we observe the following.

Fact 3. The mean value of the expectation value over the CHSH operator (by)g is larger when
obtained by twirling asymmetrically on only one qubit as opposed to both qubits symmetrically.
The standard deviations tend to be larger, apart from a small range of € in Fig. 6¢, when using
the Clifford group instead of the full Unitary group.

This confirms once more that asymmetry is indeed a resource in order to violate CHSH, even
when one considers the average over unitary groups.

Based on Fig. 6 one can also make an educated guess of what are the best core unitaries U, and
groups G to obtain an ensemble of operators leading to a higher probability of CHSH violations.
One simply looks for situations where the mean |(by)g| is large and the fluctuations are also large,
so that CHSH violations are more likely.

In Table 2 we give the probabilities of violating the CHSH inequality in this setting. Together
with W (6 = 7/4) we also include results for § = 7/2,7/3,7/8 for comparison.

Based on the results of Table 2 we can draw several conclusions.

Fact 4. Twirling over both qubits symmetrically gives Pviol almost equal to the full Haar result
when using G = U, while it results in very small Py, when using G = C (of course probabilities
are exactly zero when the entire ensemble is made of Clifford unitaries because of Theorem 1)

Another interesting result is summarized in the following fact.

Fact 5. Despite the operator Cx preparing the |00) state, the effect of twirling over the control
qubit gives fairly large Pyio1, while twirling over the idler gives Pviol = 0.
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(b)

Figure 6: Plots of the average (bu)g and of standard deviations og := \/Varg(by) under isospectral twirling
over the groups G = U, C of the operator Uyioi. In every plot the solid line indicates the average, while the
dashed and dotted lines indicate the average standard deviation with respect to the unitary and Clifford group
respectively. Panel (a) shows the results when the average is performed over both qubit, while Panel (b) and
(c) show the results when the average is performed on only one of the two qubit.

Uc Pviol (u) Pviol (UA) Pviol (Z/IB) Pviol (C) Pviol (CA) Pviol (CB> M2(U)
Cx 2.2% 10.8% 0 0 0 0 0
Cx(H®I) | 25% 8.3% 10.8% 0 0 0 0
W(r/2) 2.2% 10.9% 10.8% 0 0 0 0
W(r/3) 2.3% 9.6% 17.2% 0.3% 4.2% 16.6% 0.240
W (r/4) 2.3% 8.7% 17.8% 0.3% 4.1% 16.7% 0.332
W(r/8) 2.4% 8.2% 16.1% 0.3% 4.0% 16.6% 0.154
Cx 2.2% 0 10.8% 0 0 0 0
Ox(I @ H) | 2.5% 10.8% 8.3% 0 0 0 0
W(—m/2) 2.2% 10.8% 10.9% 0 0 0 0
W(-n/3) 2.3% 17.2% 9.6% 0.3% 16.6% 4.2% 0.240
W(—m/4) 2.3% 17.8% 8.7% 0.3% 16.7% 4.1% 0.332
W(—m/8) 2.4% 16.1% 8.2% 0.3% 16.6% 4.0% 0.154

Table 2: Probability of violating the CHSH inequality via isospectral twirling. Pyio1(G) is the probability of
violation under isospectral twirling over the group G. Recall the definition for the core

W) = (Ry(0) ® I)Cx(H ®I) . The tilde operators are just the corresponding operators with the role of A
and B exchanged.

Fact 5 can be understood by looking at Table 1 since the values of the mean and variance are
large when twirling over the control qubit.

One can then observe that the highest value for P, is obtained using W (7 /4) as core operator.
This is to be expected, as this corresponds to a maximal injection of non-stabilizerness. However,
fairly large error in the angle 6 from the optimal value 7/4 produce similarly good results. This
leads us to the next fact.

Fact 6. The probability of violation does not strongly depend on the amount of non-stabilizerness,
but rather on the asymmetry in the twirling.

Then, by looking at the probability of violations when the twirling is performed over the
Clifford group, one can observe a similar behavior as the one observed for the full unitary group,
namely that asymmetric twirling leads to larger probabilities. However, we can further note
another fact.

Fact 7. Performing the isospectral twirling using the Clifford group on only one qubit gives a
probability of violation that is comparable with the one obtained by averaging over the full unitary

group.
Fact 7 is kind of surprising, as it implies that random Clifford operations are as efficient as
random unitaries when it comes to violate the CHSH inequality, provided the core operator has
the necessary non-stabilizer resources.
Summarizing, by means of the isospectral twirling we have shown how to build ensembles
of unitary operators with large probability of non-local violations. Our findings are of course
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consistent with the theorems we proved, namely that in absence of non-stabilizer resources it is
impossible to violate the CHSH inequality as well as the fact that resources must be asymmetric
with respect to the qubits.

6 Conclusions and outlook

The interplay between non-stabilizer and entanglement resources is fundamental for the vio-
lation of the CHSH inequality. In this paper, we showed the resources involved in such violations
as they are encoded in the quantum operations performed on the initial preparation before a
resource-free reference measurement.

We showed that, in order to obtain a violation it must be both entangling and have non stabi-
lizing power. Moreover, it must be asymmetric and - surprisingly - the non-stabilizer resource SE
must be local. We compute the probability of violation given the resources. Then, employing re-
sults from representation theory, we systematically prepare ensembles of unitary evolutions that
provide higher probability of violation. These techniques represent a modelization in quantum
control, where one has limited control over the evolution one can implement in the system.

In perspective, one would be interested in knowing how the proposed setting and techniques
can be employed to study higher dimensional systems and study other fundamental probes of
quantumness such as quantum discord and contextuality. Finally, we plan to study Hardy non-
locality [81], and possibly other settings of non-locality [82, 83], from the resource-theoretic point
of view by extending the proposed setting to general quantum operations.
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A Proof of Theorem 3

We provide the algebraic derivation of the functional forms for the maximal CHSH violation
C(t) and the non-local non-stabilizerness My,(t), with ¢ := sin?(26), and we prove that the opti-
mal coefficient in Eq. (19) is aopt = In(2)/v/2.

We first justify the restriction of the Schmidt parameter 6 to the interval [0, 7/4]. Since the
Schmidt decomposition is invariant under permutations of the Schmidt coefficients, the states
cos (#) |00)+sin (8) |11) and sin (#) |00) +cos (#) |11) are locally unitarily equivalent. Consequently,
any local-unitary invariant depending only on the Schmidt spectrum satisfies:

s
FO)=F (5 - 9) . (49)
In particular, this holds for both C(#) and My,(8). Therefore, every local-unitary equivalence
class admits a representative with 6 € [0, 7/4], and we may restrict the analysis to this interval
without loss of generality.

Since Eq. 19 becomes an equality at ¢ = 1, the largest admissible value of « is fixed by the
limiting behavior of g(t) as t — 1. Setting ¢t = 1 — € for e — 0™, we apply a Taylor expansion:

€

log(l —e+€*) = " +0(é?), (50)
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WIFTE-2/2=2V2 ¢—2/2= —\%+O(62). (51)

Evaluating the limit of the ratio:

. —e/V2  In(2)
fim g(t) = —¢/In(2) 2 ot (52

To prove that aqp: is sufficient for the bound to hold globally, we define the gap function:

ha(t) = 2V2 + alog(l —t + 1) — 21+ ¢. (53)

Since, by construction, hq, pt(1) = 0, it suffices to show that A
which implies A, (t) > 0 for all ¢ € [0, 1]. The derivative is:

ag (t) 1S NoON-increasing on [0, 1],

« 2t —1 1
h(t) = - ) 54
o(t) In(2) 1 —-t+1t2 1+t (54)
Substituting the optimal value apt:
/ 2t —1 1
(55)

g (1) = V2(l—t+2) I+t

For t € [0,1/2[, it holds 2t — 1 < 0, ensuring h_,(t) < 0. For t € [1/2, 1], by cross-multiplying, the
condition h,, (t) < 0 is equivalent to

(2t — VI +1 < V21—t +t%). (56)
Notice that the terms (1 — ¢ + ¢?) and /1 + ¢ are positive. Squaring both sides gives:
(2t — 1)2(1+1t) < 2(1 —t +t2)? = (42 —4at+1)(1+1t) <2(1 -2t +3t2 — 263 + 1)

= 43 -3t +1<2— 4t + 62 — 4¢3 + 2*
= 0< 2t =83+ 67—t +1=:At). (57)

To prove A(z) > 0, we examine its derivatives:
Al(t) =83 — 241 +12t — 1,  A'(t) = 12(2t> — 4t + 1). (58)

The roots of A" (t) are 1 + v/2/2. On [1/2,1], A" < 0, so A’(t) is strictly decreasing. Since at the
left endpoint it holds A’(1/2) = 0, it follows A'(t) < 0 on the interval. Therefore, A(t) decreases
toward A(1) = 0, confirming A(¢t) > 0. This implies that h;opt (t) < 0 throughout the interval
[0, 1], and therefore h,,, (t) is monotonically non-increasing. Evaluating the function at the right
endpoint yields:

oy (1) = 22 + 111\5;) log,(1) — 2v2 =0. (59)

Since the function decreases monotonically toward a minimum value of 0 at ¢t = 1, it follows that
hay,, (t) > 0 forall t € [0, 1]. This confirms that the bound of Eq. (19) is satisfied for all ¢ € [0, 1],
completing the proof of sufficiency for the optimal coefficient.

B Isospectral twirling

B.1 Fluctuations of by for the Haar measure

In order to obtain an estimate of the probability of violation through the Chebyshev inequality,
we need to compute also the fluctuations, as given by the variance Vary (by), of the expectation
value of By. This is defined as:

Varg (bu) = (T [BoUwoU']") = (Tr [BoUwoU"] )y, = (Tx [BolUwoU']") (60)
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so that we need to compute:
oy 12\ _ 112
B3V = <Tr [BoUuwoU'] >U - / dpu'Tr [BoUwoU']. (61)
u
We can rewrite the argument of the Haar average as:
b3 = Tr [BoUwoUT]* = Tr [BoUwoUT ® BoUwoUT] = Tr [BE2(US2w$?U1#?)] . (62)
Inserting this back in the average one gets:
/ dpy Tr [BOUwOUT / duy Tr [BS*(UP2w§?UT®?)| = Tr {3392 / duy (UP20$2UT®2) |
u
(63)

We can see that Vary (by) depends on the second moment of the state wy. The second moment of
an operator O is given by:

RY(0) = [(Tr[0] — d~'Tx [T20)) T + (Tr [T20] — d~'Tx [0]) T3] . (64)

d? -1
In case O is the two-fold copy of a state, i.e. O = w§?, one obtains: [,, duy (U®2wi?UT®2) = (I +
T»)/20. Putting this back into the trace we get (Tt [B*I] + Tr [B§*T3]) /20 = Tr [14] /5 = 4/5 so
that op, = 2//5.

Having the variance one can apply the Chebyshev inequality to obtain a first, rough, upper
bound to the probability of violating the Bell inequality. The Chebyshev inequality states that the
probability of a random variable X to differ from its average value X is bounded as P(|X — X| >
ko) < 1/k?. In our case the average value is 0, while 0 = 2/1/5 v/5, which means that in order for
Tr [BoUwoU] to be greater than 2 one has to set k = /5, so that:

1
P(|Tr [BoUwoU'] | > 2) < = (65)
B.2 Averages from representation theory
Let us now go back to the expectation value of By and rewrite it as:
Tr [BoUwoU'| = Tr [T2(BoU @ woUT)] = Tr [To(Bo ® wo) U], (66)

where we applied the swap trick Tr [AB] = Tr [T2(A ® B)]. Applying the isospectral twirling to
the expression above we get:

(bu)g = (Tr [BoUwoU'])g = Tr [ T3(Bo @ wo)RE (UF11))] (67)
We thus see that the average value of By depends on the & = 1 isospectral twirling, which cor-

responds to the second moment operator of U®!:1. We can then apply Eq. (64) and compute the
k = 2 moment operator of U®1!, which is given by:

R (UPLY) = [(Tr [U®YY] = d ' Tx [UEYY)) 1+ (Tr [TUHY] — d T [USY]) T)

d*—1
(68)
The two traces can be easily evaluated:
Tr [UY] = T (U] = Zuz uj, (69)
Tr [RUY] =T [UUT] = Tr [I] =d. (70)
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The function ¢, (U) is the two point spectral form factor of the unitary operator U, and as it can be
seen, it only depends on the spectrum of U. Plugging these expressions back into the one for the
isospectral twirling we obtain:

eU) =1, 16— (V)

2
Ri (W) = = 60

T. (71)

We can plug this expression back into the expectation value, obtaining:

%Tr [T (Bo ® wo)] =

CQ(U) —1

5 (72)

<bU>Z/{ ="Tr [T(12)<Bo ® wO)Rz{(U@)l’l)] =
This expression only depends on the 2 point spectral form factor, and can thus be trivially upper
bounded considering |c2(U)| < d* = 16, leading to

|{b)ul < 1. (73)

While this upper bound is still quite far from the one needed to observe violations of locality, two
points must be noted. First, the upper bound is anyway better than the value obtained with the
Haar averaged state. Second, this quantity only depends on the spectrum of U, and thus we can
hope that, in presence of large enough fluctuations, one can optimize the choice of the unitary U
in order to obtain a larger probability of violating the CHSH inequality.

To pursue this path we need to compute the isospectral twirling of the variance, as defined in
Eq. (60). In practice we need to compute

) = (T [BoUwoU']") | = (Tr [Tasyen U (i © B )y,

= T [TugeyRE U)W @ B§?)|. (74)

So, in order to compute the standard deviation under isospectral twirling we need to compute
the moment of order k = 4 of the unitary operator U®?2. At this point we must note that one is
not forced to average over the whole unitary group, but in principle it is also possible to perform
the isospectral twirling over the Clifford group. As the latter is known to form a 3-design [80], it
is clear that we are going to observe a difference only when computing the standard deviation,
which involves the fourth order average.

The fourth order average over the whole unitary group can be easily evaluated with the same
techniques used for the £ = 1,2 moment operators, leading to the final result:

1344 — 4CQ(U) + 52(U) +2 Re[03(U)} + C4(U)
1680 '

Tr | Thsyen Ry (U2?) (wf? © B§?)| = (75)

This expression once again depends only on the spectrum of U, but this time the expression
features also the three and four points spectral form factor, defined as:

& ((U) = Zu?u}g, es(U) = Zuﬂgui{ cey(U) = Z WU U UG - (76)
0,J .5,k 1,5,k ¢

The variance under isospectral twirling Vary(by) is then worth:

4 (41 — 28¢2) co + 15¢5 + 30 Re (c3) + 15¢4 + 20048
25200 '

Varu (bU) = (77)

Let us now turn to the Clifford average. The formula to perform this average has been already
derived [84], and it reads:

RV (U) = /C ducCIUP22c® = N W T [T,QUE*?) QT, + W, Tr [T,Q U2 Q* 1T,
T,0ES,

(78)
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where Q1 = I®* — @, and the Weingarten coefficients W+ can be computed in terms of the
characters of the symmetric group representations as:

B a3 xMmo)
ng—;(4!32 DE (79)

where A labels the irreducible representations of the symmetric group Sy, dy is the dimension
of the corresponding irrep, x» (7o) is the character of the corresponding permutation and Dy =
Tr [PAQ], Dy = Tr [PAQ™|, P, being the projector onto the irrep A.

One can then use Eq. (78) to compute the variance under isospectral twirling over the Clifford
group to obtain:

Varc(hu) = T+ P #2RelFe) Hlevlt v+ ey (=) 1>27 (50)
where we have defined:
lev* = 22|Tr PU]| ZZDe (s U i) |, (81)
lev2|? = 2Z|Tr [PUPU]|* = d~ 2ZZ|e—“¢z+¢J (DU gl Uls) 7, (82)
P i
Pepe = d’2ZTr PUT] Tr [PUPU]
= YN e 200 (6 U )| U [) (x] UT )2, (83)
P i,k
levri? = 22|Tr [PUPUT]|> =d~ QZDWW 29 (5| U |giX il UT g5) P, (84)
coutye = d_QZTr [UPUTPUPUT|
P
= d7PY > e OO0 (| U | N | U |k | U |de)del UT |i) . (85)
P 4,5kt

where we have written the unitary operator U as Y, e "% |¢;)(¢;| where |¢;) are eigenvectors of
U and e~* the corresponding eigenvalues. Notice that in contrast with the average over the
unitary group, in this case it is not possible to give a closed form of the standard deviation in
terms of the spectrum of U alone. Indeed, the isospectral twirling over the Clifford group does
depend on the matrix elements of U in the Pauli basis. This means that in order to evaluate the
standard deviation in this case we need the full expression of the unitary operator U.
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