2509.12109v3 [quant-ph] 3 Sep 2026

arxiv

Spatial structure of multipartite entanglement at measurement

induced phase transitions

James Allen! and William Witczak-Krempal23

1Département de Physique, Université de Montréal, Montréal, QC, Canada H3C 3J7
2Centre de Recherches Mathématiques, Université de Montréal, Montréal, QC, Canada H3C 3J7
3Institut Courtois, Université de Montréal, Montréal, QC, Canada H2V 0B3

September 4, 2026

We study multiparty entanglement near mea-
surement induced phase transitions (MIPTs),
which arise in ensembles of local quantum cir-
cuits built with unitaries and measurements. In
contrast to equilibrium quantum critical tran-
sitions, where entanglement is short-ranged,
MIPTs possess long-range k-party genuine mul-
tiparty entanglement (GME) characterized by
an infinite hierarchy of entanglement exponents
for k>2. First, we represent the average spread
of entanglement with “entanglement clusters”,
and use them to conjecture general exponent re-
lations: 1) classical dominance, 2) monotonicity,
3) subadditivity. We then introduce measure-
weighted graphs to construct such clusters in
general circuits. Second, we obtain the exact
entanglement exponents for a 1d MIPT in a
measurement-only circuit that maps to perco-
lation by exploiting non-unitary conformal field
theory. The exponents, which we numerically
verify, obey the inequalities. We also extend the
construction to a 2d MIPT that maps to classi-
cal 3d percolation, and numerically find the first
entanglement exponents. Our results provide a
firm ground to understand the multiparty entan-
glement of MIPTs, and more general ensembles
of quantum circuits.

1 Introduction

Genuine multipartite entanglement (GME) occurs in a
multipartite system where all parties contribute to the
quantum correlations. It is a very powerful resource
for many quantum algorithms [1-4], but is generally
more elusive than its bipartite counterpart. It turns
out that GME is generally fragile in subregions of quan-
tum many-body systems (such as spin chains) when
one spatially separates the parties [5-8], or under time-
evolution following a quantum quench [9]. This “fate of
entanglement” even holds in quantum critical systems

in equilibrium [8]. However, GME is also known [10, 11]
to persist at longer range (i.e. with a power-law decay)
in certain non-unitary systems. Important examples of
these systems are random quantum circuit (RQC) en-
sembles in the presence of measurements [12-16]. These
circuits in general have many interesting features, from
their potential as error-correcting codes [17] to their use
in demonstrating quantum supremacy [18, 19], but one
of the most important properties is the presence of a
phase transition when the measurement rate reaches a
certain threshold [20-27]. The critical point of the mea-
surement induced phase transition (MIPT) provides the
long-range GME.

At criticality, the non-unitary system will have k-
party entanglement with power-law scaling at some ex-
ponent ay. That is, given a function Fy(Ayq, ..., Ax) that
measures ensemble-averaged k-party GME over the re-
duced density matrix (RDM) of subregions Ay, ..., Ay in
a larger system, if all distances between subregions are
scaled by a factor A > 1 (without changing the sizes of
the subregions themselves), we expect Ej to asymptot-
ically scale as:

1
Ej ~ \on (1)

The key to understanding GME in these ensembles lies
in the behaviour of the entanglement exponents «y.

In this paper, we will first claim that the entan-
glement exponents «j, follow some general guidelines.
Firstly, we consider an equivalent exponent for the k-
party mutual information, ai/ﬂ, which measures both
quantum and classical multiparty correlations. If such
an exponent exists, it must always be at most ay. Sec-
ondly, ay is monotonically increasing with k. Our last
and strongest claim is that oy is subadditive in k - which
guarantees, for example, that these systems will not
have an abnormally suppressed higher-party GME. We
present our arguments for these guidelines in Section 2,
using a heuristic picture of entanglement in terms of
cluster connection conditions.

We will test our claims with numerical simulations
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System T}:f;:ry a9 Qs oy as
1+1D 2k 4.01(5) 6.2(3) 8.2(4) 10.1(8)
2+1D 3k7 6.2(3) 9.3(8) 10-15 -
System | o}l il i o ol
1+1D k/3 0.67 0.99 1.31 1.64
2+1D | 0.97k | 2.05(10) 2.96(4) 3.92(4) -

Table 1: Measured values of the k-party entanglement power
law exponent oy, and the mutual information power law expo-
nent ak’”, for 141D and 2+1D systems, compared to theoret-
ical predictions (shown in the second column). The oy = 3k
prediction for 2+1D systems is a hypothetical extension of the
1+1D theory. The theoretical value of o' for the 241D theory
is derived from the anomalous scaling exponent of Ref. [42].

of a class of RQC ensembles known as measurement-
only circuits (MOC). Most RQC ensembles are difficult
to simulate classically [19, 28-30], unless there exists
a comprehensive set of stabilizers that can remove the
exponential cost in system size [31-33], and it is difficult
to determine the k-party GME of a generic mixed state
in a way that is both efficient and accurate [33-37]. The
MOC of the projective Ising model [38—41], consisting
of nothing but single-site X measurements and nearest-
neighbor ZZ measurements, is simple enough that all
of these difficulties are mitigated, while still providing
an interesting entanglement structure typical of critical
non-unitary systems, due to its mapping to 2D bond
percolation.

Ref. [10] previously measured bipartite GME in this
system, obtaining as = 4 both numerically and the-
oretically through the CFT of the percolation model.
We extend the theoretical result in Section 3 to show
that oy = 2k for general k, and numerically verify this
in Section 4 up to k = 5, also showing classical domi-
nance and monotonicity of entanglement exponents in
this regime. We cover the 241D version of this circuit
in Section 5, which maps to the analytically unsolved
3D bond percolation model. Our measured and pre-
dicted values of the entanglement scaling exponent oy
and the mutual information scaling exponent akMI can
be found in Table 1. Both circuits easily satisfy classi-
cal dominance and monotonicity of ay, and the 141D
circuit saturates subadditivity, with the numerical ev-
idence of the 241D circuit suggesting exponents that
are near additive as well.

2 Overview of k-party Entanglement
We begin with a review of GME. A bipartite state is

entangled if there exist correlations between the parties
that are not classical. Unentangled states are classical

mixtures of product states, and belong to the set of sep-
arable states pa, 4, = Zj PjPA,; ® pPAay,j, where Aq]Ay
are the two parties in the system. A state over these
parties is still correlated through the mixing variable
j, and therefore can have nonzero mutual information,
but cannot be used as a quantum resource.

A general density matrix over multiple parties has
GME if it cannot be written as a biseparable state
p= Zm\m,j Dm,jPm,j @ Pm,j, Where the sum is now over
partitions of all parties Ay, ..., A; into two subsets m|m.
The set of biseparable density matrices includes states
that may be bipartite entangled along some parties but
not all of them, as well as classical mixtures of such
states. Like in the bipartite case, GME measures differ
from the k-party mutual information, which measures
all the information shared by the parties, classical or
quantum.

In order to define Fj, we need to choose a specific
function to measure the GME of a particular state.
There is no single “perfect” measure of GME - instead,
there is a diverse set of different measures such as the
genuine multiparty negativity [43] or the geometric en-
tanglement [44] which satisfy some desirable properties
but not others. A typical choice for the entanglement
measure Fi (A, ..., Ar) is a monotone - it must be zero
for all biseparable states, and nonincreasing under oper-
ations local to a single party or classical communication
(LOCC). We will assume that Fj, is a monotone for the
rest of this paper.

A A;

t
\—> x
Figure 1. A pictorial representation of 2-party entanglement
between subregions A, A2 in a 1+1-dimensional system. x
indicates the spatial direction while t is the time direction. In
order for there to be large k-party entanglement through a clus-
ter 7y, there should be high entanglement regions (blue) through

the bulk of v and low entanglement regions (red) between ~
and the complement of A = A; As.

2.1 Cluster Picture of Entanglement

We can construct a heuristic picture to quantify k-party
entanglement in RQCs, and their ensembles, through
entanglement clusters. Similar clusters were studied in
the context of monitored Clifford circuits in Ref. [45]
through connected components of a graph state - here,
we consider a general monitored RQC and extend the
clusters into the circuit history, or “bulk”, of the system.
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Let us consider an RQC that prepares final states over
a probability distribution. We want to know whether
parties Aq --- Ay in the final state share GME. In order
to maximise GME, the circuit needs to generate strong
entanglement within A = (J; A;, and to limit entan-

glement between A and its complement A. The latter
follows from the monogamous nature of entanglement.
The starting point of our construction is the “minimal
spanning graph” [11]: the shortest subgraph connect-
ing the k parties, where dis-entangling operations (like
single-site measurements) correspond to removing an
edge between qubits in the graph representation of the
quantum circuit. The strength of GME within A is
limited by the monogamous property of entanglement:
entanglement between A and A should be low. This
amounts to limiting “parasitic” edges between A and
A. This construction suggests the following generalisa-
tion: the entanglement can be described by a cluster
~ that connects the subregions A; - -+ Ay through the
bulk, with high entanglement inside the cluster, but low
entanglement on the boundary of the cluster. An illus-
tration of such a bipartite cluster is given in Fig. 1. As
a physical analogy, we can assign a free energy cost to
high entanglement regions, which then acts as an effec-
tive tension on 7. On the other hand, the free energy
cost of low entanglement regions acts as a repulsion be-
tween v and the complement of A on the surface.

In the following subsection, we will present several
conjectures on the nature of the scaling exponents ay in
systems with long-range GME, with arguments in their
favor based on the cluster picture. In Section 4, we
introduce an explicit construction, the entanglement-
weighted graph, that allows us to identify entanglement
clusters in numerical simulations of quantum circuits.

2.2 Entanglement exponent relations

At a critical point, an ensemble of circuits will possess
k-party GME that scales as (1). Likewise, k-party mu-
tual information is expected to scale as )\_O‘lkvu, where
we introduced the mutual information exponent o}
We make the following conjectures for the GME entan-

glement exponents:

ap > ap! (2)
kg1 > O (3)
Qg+ ap > Qg (4)

which represent dominance of classical correlations over
entanglement, monotonicity of entanglement, and sub-
additivity of entanglement exponents, respectively.
The arguments for classical dominance and mono-
tonicity are relatively simple. Because k-party mutual
information does not suffer from a monogamy condi-
tion, the requirements for a cluster « yielding k-party

MI are relaxed. In particular, the low-entanglement
condition between v and the surface complement does
not have to be as strong. Any entanglement between
v and the surface complement becomes a correlation
with a random variable when the surface complement is
traced out, which harms quantum correlations between
the subregions connected by v but not classical corre-
lations. Therefore, instances of k-party MI are more
abundant than k-party entanglement.

For monotonicity, we start with a k 4+ 1-party entan-
glement condition on subregions Ay, ..., Ax41. By bring-
ing the last two subregions A, Ap+1 together, we must
increase k + 1-party entanglement, as distances between
subregions have only been reduced (Fig. 2). Therefore,
by combining the two subregions together into a larger,
new subregion A, we must have

Eyi1(A1, .o, Ag1) < Eg(Aq, .., Ag1, A)

where Y., A;_; have the same centers as
Aq,...,Ag_1, but with width scaled by |A}|/|Axl
If the subregions are equal width, this width scale
is exactly 2 - therefore, by invoking scale invariance,
this is equivalent to a k-party cluster with subregions
of the same width as Ay, but separated by half the
distance, and therefore has entanglement equal to
2%t Ey.(Ay, ..., Ag). Hence, the k-party entanglement
between subregions Aj,...,Ax upper bounds the
k + 1-party entanglement, up to a constant.

A A, Az —A, Ay Ay A A AJ' éé

Figure 2: Entanglement monotonicity in the £ = 3 case - a
4-party cluster of expected entanglement Es(A1, As, As, A4)
can have its two last subregions As, A4 merged, then each
other region doubled, to obtain a 3-party cluster with double
the subregion width. In each step, the expected entanglement
increases.

To argue for subadditivity, let us consider the case
k = /¢ = 2. We will start with independent 2-party
cluster conditions v4,7vgB,Yc that entangle A; < Ao,
B; < Ba, and [A] < [B] respectively (where [4] is
the entire space from the middle of A; to the middle
of As, likewise for [B]). Using these clusters, we can
construct a 4-party entanglement condition v4pc that
combines all the two-party entanglement conditions to-
gether (Fig.3). Wherever conditions intersect, we relax
one of the conditions - this could be from e.g. removing
the corridor of low entanglement between v4 and vp
in place of the high entanglement condition in the bulk
of v¢, or removing the parts where ¢ is close to the
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surface in place of the low entanglement conditions of
Ya or YB.

Ay A, B, B,

()

A, A, B, B
oy i ® 4

Figure 3: Combining 2-party clusters va, B, yc into a 4-party
cluster yapc (right). In the process, the top parts of v¢ are
replaced by va,7vB, while the region between v4 and 7B is
replaced by ¢ - these both correspond to a relaxing of condi-
tions.

Because of these relaxations, satisfying the combined
condition y4pc is easier than satisfying the original
three conditions v 4,vg, v¢ independently. Two of those
conditions (ya,7vp) correspond to two-party entangle-
ment between subregions with width w, which we take
to be small, w — 0. The third condition (y¢) corre-
sponds to two-party entanglement between subregions
[A], [B] of width 1, so the difficulty of satisfying this
condition does not scale with w. Therefore, we have
obtained a 4-party entanglement condition v4pc whose
difficulty scales no worse than two generic 2-party en-
tanglement conditions (plus a constant), implying a4 <
2ai5. The argument can be readily generalized to larger
kL.

3 Multipartite entanglement in a
measurement-only stabilizer circuit

The projective Ising model measurement-only circuit
family consists of circuits C' acting on sites .S, consisting
of d alternating layers of single-site X; measurements
with probability 1 —p and two-site Z;Z; measurements
with probability p. The initial state is a product state
of +1 eigenstates of X; at each site. Unlike the stan-
dard area-law to volume-law transition, measurement-
only circuits of this form are known to contain a phase
transition between two topologically distinct area-law
phases [40, 41]. Therefore, while the critical point re-
tains logarithmic entanglement entropy scaling, the spa-
tial structure of its entanglement - especially its GME
- is unique among measurement-induced phase transi-
tions.

Because each circuit is a member of the Clifford
group, its entanglement can be determined from the sta-
bilizers alone [46]. Additionally, the extra restrictions
on the stabilizers leads to a very simple condition for

|b)356

Figure 4: Obtaining the loop and percolation models of a re-
alization of a 14+1D measurement-only stabilizer circuit. (a)
A particular realization C' of the ensemble, consisting of alter-
nating layers of X and ZZ measurements. (b) The percolation
model Ps 4(C) of the circuit realization, in red, overlayed on
top of the original circuit. From this model we can see that
sites {1,2} form a cat state with 2-party entanglement, and
sites {3, 5,6} form a cat state with 3-party entanglement, while
site 4 is unentangled with any neighbor.

GME. Specifically, we consider the percolation model
Ps 4(C) on d layers, where each layer is a copy of the
complete graph on S. Each intralayer bond is open if a
Z;7; measurement was applied to the bond’s vertices at
that particular layer, and each interlayer bond is open
if no X; measurement was applied to the corresponding
site at that layer (see Fig. 4b for an example of Pg 4(C)
on the 141D circuit of Fig. 4a). We consider the cluster
surfaces of that model, i.e. the intersection of any par-
ticular connected cluster in Pg 4(C') with the final layer.
The output of C is a product of cat states [10, 38, 39]

4
V) = ® |¢i>j;‘...ji(i) (6)
i=1

over every cluster surface {ji... jé(i)} (see Appendix A
for a derivation of this result, based on the stabilizers
of the circuit). Each cat state over sites ji...jx is an
equal-amplitude superposition of two site-wise orthog-
onal product states:

1 _ _
91 = 5 (f0rds, = Jowd, = 1), 0, ) ()

such that (v;|T;) = 0 for all j. As we can transform
any cat state on sites ji, ..., jr to a k-qubit GHZ state
on the same sites using local unitaries [46], the amount
of k-party entanglement shared by those sites under any
entanglement monotone Fj is always equal to that of
the GHZ state. We can therefore define the degree of
k-party entanglement between sites ji,...,jr in a ran-
dom circuit ensemble as being exactly the probability
that those sites form a cluster surface on a given circuit
realization. We will refer to this probability as the hit
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chance from now on. Generalizing from sites jp, ..., jk
to subregions A, ..., Ag, it remains true that any cat
state with support in each subregion and nowhere else
can be converted to a k-qubit GHZ using unitaries local
to each subregion. Therefore, we can define the k-party
entanglement as the average number of cat states with
support in each subregion, and nowhere else.

The percolation model of MOCs offers an exact ver-
sion of the cluster picture from before, as we can directly
identify those clusters with the percolation model’s con-
nected components. High-entanglement conditions on
a cluster v simply become crossing conditions between
the ends of =, while low-entanglement conditions be-
come prohibitions against crossing - the probability of
these conditions being satisfied can then be expressed
in terms of Cardy’s crossing probabilities [47].

Technically, the quantity we have defined is not the
total GME but the genuine network multipartite entan-
glement [48]. The total GME would also count cases of
indirect k-party entanglement, where the output of the
circuit does not contain a k-party cat state over the sub-
regions, but each subregion is nonetheless connected to
the others by some lower-party state. These connections
can be consolidated into a single k-party cat state us-
ing measurements and classical communication between
the parties. However, all such cases of indirect entan-
glement decay more rapidly over distance than direct
entanglement, and therefore do not change the value of
ay. We cover the case of indirect k-party entanglement
and its scaling in Appendix 5.

We will now focus on the measurement-only stabi-
lizer circuit from Refs. [38] and [39], which is on a one-
dimensional lattice of N qubits with periodic boundary
conditions (Fig. 4a). It is known from the quantum
Fisher information [49] that these circuits exhibit large
entanglement, although this does not necessarily mean
that entanglement exists between local subregions - the
quadratic QFI at low measurement rates, for example,
corresponds to percolation configurations that are too
open to host such structures. The percolation model
corresponding to this circuit is precisely the bond per-
colation model on the 2D square lattice, with a critical
point at p = 1/2. All conditions of k-party entangle-
ment or mutual information can be approximated to
correlation functions of different operators in the cor-
responding CFT. For example, Ref. [10] connected the
2-party entanglement condition to the correlation func-
tion of 2 fields with the same scaling dimension as the
stress-energy tensor. In Appendix B, we generalize this
argument to cover entanglement at all parties; the k-
party entanglement condition will always correspond to
the correlation function of & fields, each with the same
scaling dimension as the stress-energy tensor, yielding
Qp = 2k.

4 Numerical simulation of the 141D
measurement-only circuit

a) 107 g arty, 4 = 4.01(5) b)
10-2{ ¢ 3-party, a3 =6.2(3)
¢ 4-party, as =8.2(4)
1073 ¢ 5-party, as = 10.1(8)
-1
o107 o0
©10-5 o©
S10 2 e
I 10—5 I
_ 102 ; ¢ 2-party (a} =0.67)
10 ~ ¢ 3-party (@¥' =0.99)
10-8 ¢ 4-party (af'=1.31)
10-5] ¢ S5-party (al = 1.64)
103 102 107t 10° 1072 1071 10°
n n

Figure 5: (a) k-party entanglement up to 5 parties over the
generalized anharmonic ratio 7. Subregions are 2-16 sites long,
with separations up to 48 sites, and darker-colored points cor-
respond to larger width subregions. (b) k-party mutual infor-
mation over 7, for width 8 subregions.

In Figure 5a, we measure the k-party entanglement,
for 2 < k < 5 subregions of equal width and even spac-
ing, for a 512-site circuit of depth 1024, for 4 x 109 cir-
cuit iterations. As indirect k-party entanglement would
only exacerbate short-range effects, and therefore make
any fitting of scaling exponents less accurate, we only
count cases of direct k-party entanglement. For 2 par-
ties, the distance scale to plot the entanglement over is
the conformal cross-ratio n = "2 where w; is the
width of interval 4, z;; is the distance from the left end-
point of interval i to the left endpoint of interval j,
and y;; is the same for right endpoints. All distances
Zij, Yi; and widths w; are given in terms of chord lengths
ch(z) = L sin (Z£), due to the periodic boundary con-
ditions. In this form, i acts like the square of the ratio
between the geometric mean of the subregion widths
and the geometric mean of the subregion distances. We
therefore generalize n to k subregions by maintaining
this rule:

(I1; wi)*
(qu mw) e (Hi<j yij)

Over the effective distance scale A, we have 77 ~ A2
therefore the entanglement scales as 7 =+ = = ¥ in the
17 — 0 limit.

Given a successful instance of k-party entanglement
between subregions Ay, ..., Ag, we can also record what
features of the circuit realization led to that entangle-
ment. Generically, we start with a method to describe
different circuits in an ensemble {e} by a graph G. The
vertices in this graph correspond to degrees of freedom
at specific points in time, while edges correspond to cir-
cuit elements and have realization-dependent weights

’[”:

2
R(k—1)
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W, representing the strength of correlations between
neighboring vertices. For the MOC, our graph is the
square lattice, and the weight of each edge is the bond
openness in the equivalent 141D percolation model - a
vertical edge will have weight 0 if an X measurement
was performed there, 1 if there was no measurement,
and vice versa for horizontal edges and ZZ measure-
ments. In order to impose some homogeneity between
the two different edges, we perform a convolution by
averaging the weight of each horizontal edge with the
average weight of the two nearest vertical edges on the
next layer, and similarly for the vertical edges. For a
more general RQC with measurements, W, could sim-
ply be an indicator function that detects measurements
on a particular site and layer.

From W, we can define a k-party entanglement-
weighted graph

_ (Ep(Ar, ooy Aple) - W)
WE] (A1, ..., Ax) ?Ek(Ah ...,kAk\e»E

(®)

The idea is to use the entanglement measure Ej as a
statistical weight for W, which in turn captures lo-
cal entangling/dis-entangling properties of the circuit
realization . In this way, the k-party entanglement-
weighted graph describes the local structure of the av-
erage circuit realization that has k-party entanglement
between specific subregions. In Fig. 6, we show exam-
ples of W[Ey] for k = 2,3,4 in the MOC. Remarkably,
this graph looks very similar to the clusters described in
Section 2. We conjecture that W can be used to show
the connected clusters leading to k-party GME (or any
other measure of correlations, including k-party MI) in
other systems as well.

4.1 k-party mutual information

The k-party mutual information can be defined! over
subregions Ay, ..., Ay as

k
Le(Av, s Ag) =) (17T > §(By..By).

j=1 Bi,..,BjC{A1,..., Ak}
9)

If a cat state contains support on every subregion, as
well as the exterior, then S(B;...B;) = In2 for every set
of subregions Bj...B;. This will always contribute In 2
to the overall mutual information, and forms its dom-
inant component. Additionally, there is a correction

IThere are alternative definitions [50, 51] of the k-party mu-
tual information, however, this is the only common definition that
does not include any lower-party correlations. For example, if the
density matrix is factorizable over a single nontrivial bipartition
of the subsets, this is the only measure of k-party mutual infor-
mation that equals zero.

from cat states living exclusively in the subregions (this
is in contrast to the k-party GME, where the only con-
tributions come from these types of cat state). For these
states S(A;1...Ax) = 0 instead of In2. By (9), the over-
all contribution to the mutual information from these
states is 21n 2 for even k and zero for odd k.

The fact that connected clusters in the equivalent
percolation model are allowed to extend outside the
subregions and still contribute to the mutual informa-
tion makes its behavior significantly different from that
of GME. The MI-weighted graph W/[I;] has a more
trivial structure, as all low-correlation conditions have
been relaxed (Fig. 7). In addition, the correlation func-
tions governing k-party mutual information use differ-
ent fields than those governing k-party entanglement.
Based on previously determined correlation functions of
the underlying CFT [47, 52], we expect the k-party mu-
tual information to be governed by a correlation func-
tion of 2k copies of a boundary operator that is equiv-
alent to the minimal model field ¢ 2(x). This operator
corresponds [47] to an exchange in boundary conditions
between free and fixed, so there is one operator at the
beginning and end of each subregion. The two copies
of ¢1 2(z) at the edges of each subregion are then con-
verted, through the operator product expansion, into
one copy of ¢ 3(z) for each subregion (as well as a
unit operator which only counts clusters that connect
on the complement on the subregions [52]). The ¢; 3
field has a scaling dimension of h; 3 = 1/3. Therefore,
we expect [53] a boundary field correlation function that
scales as £ —%/3. This prediction is also the proportional
generalization of o) =d — 2 + )|, where d = 2 is the
model dimension and the anomalous surface-to-surface
scaling exponent 7, is 2/3 in 2D percolation [54]. The
numerical results of Fig. 5b, run on an N = 4096, depth
8192 circuit, confirm this prediction, with akMI ~ 0.33k.

5 Multiparty entanglement in a 2+1D
measurement-only circuit

In order to make a 241D measurement-only circuit that
maps to the cubic 3D bond percolation model, we start
with an array of qubits in a square lattice with peri-
odic boundary conditions in both the horizontal and
vertical directions. On each layer, we apply a ZZ mea-
surement with probability p to each bond on the square
lattice, then apply an X measurement with probability
1 — p to each site (Fig. 8a). This way, the stabilizers of
the circuit, and hence the entanglement, are determined
by connected clusters in the cubic 3D bond percolation
model, which reaches a critical point [55] at approxi-
mately p = 0.248812.

We measure k-party entanglement for the 2+1D
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Figure 6: Entanglement-weighted graph W[Ey], given entanglement between k subregions (indicated by the boxes at the top of
each figure) of width w = 4 and different spacings A. The weights W, correspond to the average bond openness in the equivalent
percolation model (i.e. the density of ZZ measurements and/or the sparsity of X measurements), convolved over a ZZ and X

measurement layer.
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Figure 7: Ml-weighted graph W[Ix], given an instance of
nonzero mutual information between k = 2,4 subregions of
width w = 4 and spacing A = 12. W, is calculated the same
way as in Fig. 6.

measurement-only circuit at the critical probability,
over an L x L square lattice to depth 2L, with 48 <
L < 256. For each lattice distance r < \/ﬁ, we consider
the circular subregion centered at the origin (0,0) with
radius r consisting of all points fully contained in the
interior of the circle. We measure the entanglement be-
tween this subregion and k—1 others of the same shape,
displaced by vectors (z,y) and (—y,z) (see Appendix 2
for details on the exact position of each subregion).
We find evidence that the entanglement has an emer-
gent radial symmetry in the long-distance limit - con-
tours of equal entanglement tend to be circular even if
the subregion itself does not have a circular shape (see
Fig. 13 in Appendix 1). The actual definition of the
distance scale is complicated by the two-dimensional
periodic boundary conditions. We define 7 using the
Euclidean distance over chord lengths on the torus:

B ch(2r)?
= ch(z)? + ch(y)?

where ch(z) = £ sin (22) is the chord length over a sin-

gle dimension. With this metric, graphs of hit rates over

7 at specific subregions tend to vary little over angle,
making the angle-averaged hit rate (see Appendix 3 for
the precise definition of this quantity) have relatively
little statistical error (Fig. 8b).

The k-party angle-averaged entanglement for each
subregion size appears to follow a power law over 7,
with the prefactor (i.e. the n — 1 limit of the power
law) varying over subregion radius. This is expected, as
there are slight differences in the shape of the subregion
at each radius, determined by the set of lattice points
enclosed by each subregion. A finite size scaling analy-
sis (see Appendix 4) suggests that as ~ 6.2 £0.3, a3 ~
9.3 £ 0.8 in the limit of infinite system size.

While the 3-party entanglement exponent appears to
be slightly superlinear compared to the 2-party expo-
nent, the range of n that we fit the 3-party entanglement
over was far narrower than the range of the 2-party
entanglement fit. Fig. 8b,c) shows that entanglement
tends to decay more rapidly over distances at shorter
ranges, resulting in a steeper curve at large 1. There-
fore, there is a reason to expect that the shorter range
of 3-party entanglement leads to a consistently overesti-
mated exponent. The 4-party entanglement is an even
more extreme example of this bias.

We can also numerically measure the k-party mutual
information between different subregions. Using (9),
this corresponds to the rate of percolation clusters inter-
secting the surface at all of the specific subregions, even
if they intersect the surface outside of those subregions.
For 3D percolation, the anomalous surface-to-surface
scaling exponent 7, which gives a prediction of the 2-
party mutual information of o}t = d—2 +1),|, has been
measured at 0.95(1) [42, 45]. Our k-party mutual infor-
mation exponents (Fig. 9) are o = 2.05(10), a3 =
2.96(4), o}t = 3.92(4), using the difference between the
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Figure 8: (a) Two layers (a ZZ measurement layer and an X
measurement layer) of the 24-1D measurement-only circuit. (b)
Graph of angle-averaged hit rates for all parties, at all subre-
gion radii above \/2, for the L = 256, depth 512 MOC. Darker
points indicate larger radii, and shaded areas indicate statistical
error from shot noise and performing the angle average. oy, val-
ues are taken from fitting data at all subregions. Fitting is only
done over n < 0.2,0.4,0.6 for 2, 3 and 4 parties respectively,
to avoid short-distance effects. (c) Graph of angle-averaged hit
rates of all parties for the subregion inside radius v/8 (i.e. the
21-site subregion). (d) Estimate of ay for each subregion of
a specific radius. «y values (dark dotted lines) are taken by
averaging the estimates at the five largest radii.

lowest and highest measured exponents at each sub-
region radius as our error bar. These values appear
to be consistent with the proportional generalization

apt = £(d—2+m)) ~ 0.974k.

6 Conclusion

We have obtained theoretical and numerical evidence
that the critical 1+1D measurement-only circuit of
Refs. [10, 38, 39] contains genuine k-party entanglement
with power-law exponent «j = 2k. These exponents
easily satisfy the classical dominance (2) and mono-
tonicity (3) conjectures from Section 2.2, while saturat-
ing the subadditivity conjecture (4) in the 141D sys-
tem. We also have numerical evidence that the natural
2+1D extension contains genuine k-party entanglement
with power-law exponent oy = ck, where c is approx-
imately between 3 and 3.5. As far as we can tell, this
specific property has not been measured for the 3D per-
colation model yet, so the results of this study may be
relevant to future works on the 3D percolation model,

a) e 2 party, ab =2.03 b) 5.0 -e-2 party (aj" =2.05)
e 3 party, a} =2.96 -e-3 party (af =2.96)
1071 ° 4 party, aj" =3.92 4.5 o4 party (a¥ = 3.92)
4.0
S N
Lo 3.5
3.0 ===
2.5

1073

1.0 1.5 2.0 25 3.0 35
Subregion radius

Figure 9: (a) 2-4 party angle-averaged mutual information on
the L = 256, depth 512 MOC, for the subregion inside radius
V/8. The estimate of a%’”, derived from the fit, is in parentheses.
(b) Estimates of a}" for each subregion of a specific radius. o}
values (dark dotted lines) are taken by averaging the estimates

at the five largest radii.

beyond the specific problem of k-party entanglement.

Do the entanglement exponents of other monitored
random circuit ensembles - such as the Clifford and
Haar circuits - behave in a similar manner? These sys-
tems have some similarities to the percolation model -
for example, monitored Clifford circuits can be repre-
sented as entangled clusters of qubits through a graph
state representation [45, 56], while Haar-random cir-
cuits map to a local percolation model either through
the zeroth Renyi entropy or under the limit of infinite lo-
cal Hilbert space dimension [23, 24], although any finite
local Hilbert space dimension changes the CFT. How-
ever, they are also known to have far greater exponents
for 2-party entanglement [10, 11]. Therefore, their en-
tanglement cannot be equal to a correlation function
of k stress tensors like in the measurement-only cir-
cuit. In fact, if these systems have strictly subadditive
exponents, as the numerical evidence of Refs. [11, 57
suggest, they cannot be represented by a correlation
function of k£ copies of the same field at all. It would
therefore be useful to know what correlation functions
actually correspond to genuine k-party entanglement in
these ensembles, and what connections they have to the
percolation model.

The shorter-range entanglement of the Clifford and
Haar ensembles at low k also raises the question of
whether the measurement-only circuit has the longest-
range bipartite or tripartite entanglement of any ensem-
ble that is not fine-tuned. In Appendix D we provide
two random circuit ensembles based on simple general-
izations of the MOC that have oy < 2k, but are more
fine-tuned than the original MOC. They are not scale
invariant and make concessions to their structure or the
nature of their gates that could be hard to justify. How-
ever, they still leave the possibility that a different ver-
sion of the circuit ensemble can achieve longer-range
entanglement without making such compromises.
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Finally, we are interested in expanding and improving
the entanglement clusters of section 2 in future work,
such as by studying entanglement-weighted graphs out-
side the critical point of a system. In addition, the
cluster model suggests that genuine k-party entangle-
ment between different subregions in a circuit can be
described in terms of connections that extend from the
top layer into the bulk. This implies there could be a
measure for how subregions at different layers can be
connected with each other, such that entanglement be-
tween subregions on the same layer can be described in
terms of combinations of these off-layer measures. In
the MOC this measure is clear: two points at different
layers are connected if they are connected in the perco-
lation model. A proper general description of this off-
layer measure for general systems can help strengthen
the entanglement cluster picture.
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A Output of the measurement-only circuit

We will start with some definitions of the percolation model, given a circuit C on sites S of depth d consisting of
alternating ZZ and X measurements:

Definition 1. For a set of sites S and integer d, define the complete graph cylinder G4(S) as the graph whose
vertices are d copies of S (we will refer to each copy as a layer in the graph), consisting of intralayer edges forming
a complete connection of all sites within each layer, and interlayer edges connecting a site in a particular layer to
its counterparts in adjacent layers.

Definition 2. The corresponding percolation model of circuit C, Pg 4(C), is the bond percolation model on G4(S)
where each intralayer edge is open if a Z;Z; measurement was applied to its vertices at that particular layer, and
each interlayer edge is open if no X measurement was applied to the corresponding site at that layer (see Fig. 4).

The percolation model Ps 4(C) gives rise to clusters in the bulk of G4(S) connected by open edges. We next
consider the intersection of these clusters with the top layer. Specifically,

Definition 3. For a circuit C' with percolation model Pg 4(C') on graph G4(S), a cluster surface of C' is any subset
of sites in S corresponding to the intersection of a connected cluster in Pg 4(C) with the final layer of the graph.

As the circuit C belongs to the Clifford group, its stabilizers will consist of some variety of Pauli strings. We can
connect those stabilizers to the percolation model Pg 4(C) and its cluster surfaces as follows:

Lemma 4. The stabilizers of the circuit C' are generated by the following operators:
e Two-site operators Z;Z;, where i and j are any two sites in a cluster surface of C,
o Multi-site operators X;,...X;,, where iy...1; is equal to a specific cluster surface of C.

For each such operator, either the operator itself or its negation is the valid generator, depending on the measurement
outcomes of the circuit.

Proof. We can prove this lemma through induction, by analyzing how the stabilizer group evolves (i.e. which sets
of operators become valid or invalid generators of the stabilizer group) after applying an X, or Z;Z; measurement.
Our initial state has stabilizers (X;) = +1V i, consistent with N unconnected sites in the percolation model.

After applying an X; measurement on site i, we have that +X; itself is now a valid stabilizer (depending on the
value of the measurement), while +7;7; cannot be a valid stabilizer, for any site j. This is consistent with breaking
up any clusters connecting site ¢ in the percolation model.

On the other hand, if we apply a Z;Z; measurement on sites 7,7, then +7;7; itself immediately becomes a
valid stabilizer (again depending on the value of the measurement). For an operator +£X,,...X,, to remain a valid
stabilizer, that operator must commute with Z;Z; - therefore, the set {a;...ax} must either contain both ¢ and j,
or neither. If we had two distinct clusters {aj...ax}, {b1...b¢} such that ¢ € {a;...ar},j € {b1...b¢}, with X, ... Xq,
and Xy, ...Xp, being valid stabilizers before the measurement, then neither X,,...X,, nor X ... X}, remain valid
stabilizers after the measurement, but their product X,,...X}, remains a valid stabilizer. This is consistent with
merging two percolation model clusters {aj...a}, {b1...b¢} through an open bond.

Because both measurements are consistent with their respective operation in the percolation model, we obtain
the two sets of stabilizers from the lemma. If a cluster in the percolation model touches the top layer at k sites,
that gives us & — 1 independent stabilizers of the form Z;Z;, and 1 independent stabilizer of the form Xj, ...X;,.
Therefore, the number of independent generators defined by the cluster is equal to its size on the top layer, so the
number of independent generators defined by the lemma over the whole product state is equal to |S|. Hence, these
generators form the entire stabilizer group. O

We can immediately identify the states that must be stabilized by such operators as precisely the cat states over
each cluster surface, where the precise nature of each cat state (i.e. the |v;) states and the superposition phase)
depends on the measurement outcomes.
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Figure 10: Obtaining the loop model of a realization of a 14+1D measurement-only stabilizer circuit. (a,b), as in Fig. 4, cover
the original circuit realization C' and its percolation model Ps 4(C). In (c), the percolation model Pg 4(C') (red) is mapped to a
loop model generated by the Temperley-Lieb algebra (purple), using the pictorial conversions of X measurements (yellow) and ZZ
measurements (blue) to < symbols, while identities become )( symbols.

B CFT description of k-party entanglement

The percolation model of the system (Fig. 10b) can be converted [10, 58] to a loop model (Fig. 10c) where each
cluster is enclosed in loops that are generated by = and )( symbols. The loop model can be formalized in terms of
the Temperley-Lieb algebra [59, 60]. This algebra is generated by elements e; and weight 7 such that

e? =Te; ejee; =e; for|i—jl=1 eie; =eje; for i —j| >1 (10)

We can identify e; as the =< symbol, and 7 is the weight of one loop, which is equal [61] to the square root of the
number of states () in the equivalent Potts model.

The Temperley-Lieb algebra gives a method to convert cluster surface conditions into correlation functions of =
operators. Specifically, for k parties, the quantity

k

d Z(fl)k*J Z <X2a1 Xgaj> = % <(X2i1 71) (XQik 71)> (11)

dr , ¢
T=1Jj=1 ay...a; €{i1...ik} =1

is nonzero iff i1, ..., i, form a cluster surface of C. The proof of this claim is in subsection 1. Next, we can relate the
correlation function of Temperley-Lieb algebra operators to a correlation function of fields on the CFT. Ref. [60]
defines a quantity t; related to the stress energy density in the continuum limit:

t1 ~ —(=g9; + =2j_1) + constant (12)

We show in section 2 that the k-party entanglement between sites i1, ...,7; has the same long-distance scaling as
a product of k factors of ¢t; — (¢1), and therefore has the same long-distance scaling as a product of k factors of
the stress-energy tensor. As the stress-energy tensor has scaling dimension 2, if we sort the sites i1 < ... < i; and
there is some characteristic distance scale A such that 7,1 —¢; is proportional to A, then the k-party entanglement
between sites iy, ..., 45 goes as A™2¥; hence oy, = 2k.

If we replace each site by an interval, and instead define A as the ratio of interval spacing over interval width, the
A~2k scaling should still hold, due to the OPE of boundary stress tensors at ¢ = 0:

T'(a1) n

T(a1)T(az) — (a2 — a1)?

(14)

Using this, given k intervals A, B, ... with endpoints (a1, as), (b1,bs), ... respectively, we can reduce a 2k-point corre-
lation function of the form (T'(a1)T(a2)T (b1)T'(b2)...) to a k-point correlation function of the form (T'(a;)T'(b1)...)
up to factors of the subregion widths |a; — as|, |b1 — ba|, etc.

1 Connection between Temperley-Lieb correlation function and entanglement

Here we will review the claim that for k parties, the quantity

k

d Z(fl)k*J Z <X2a1 Xgaj> = % <(X2i1 71) (XQik 71)>

dr , o
T=1Jj=1 ay...a; €{i1...ik} =1
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is zero for all® loop model configurations, except the ones satisfying the connection condition [i;...ix]. Firstly, from
Ref. [10], we have that the correlation function derivative

d

E <X]1 XJ£> (15)

T=1

is equal to the expected number of loops gained by adding =, ... <, to the end of the model. Each new loop
that could potentially be created by the =, ... <;, operators corresponds to a connection condition - if a circuit
obeys a connection condition [i;...i%], then that connection condition will contribute a unit to the expression (15)
iff {iq...ix} C {Jy... T}

Suppose the state satisfies a connection condition [j1...5¢]. If the set {j1,...,7¢} is not completely contained in
{i1, ..., ix }, the connection will provide no contributions to the correlation functions at all. Therefore, we will assume
that {j1,...,J¢} C {é1,..., ik}, and define the (possibly empty) set {h1,..., A} = {1, ...y i} \ {J1, s Je}-

Then, under the connection condition,

4 m
d d
3| (Ren 1) (e 1) = <H =aj, —1) [ ] (=on, =) > (16)
=1 =1 \a=1 b=1
d y4 m i
] (T T e |0 0 S |0
7=1 \c=0 frofeC{ii.ge} d=1 91---9aC{h1...hm } ]
J4 m i
m d —C
e L <z<1>f S Capean) [0 F | )09
7=1 \e=0 froofeClj1.. 50} d=1 g1---9aC{h1...hm} ]
4 m d
™+ Z (1)2(71)m7d Z <6c€+ s <(x291 ngd») (19)
C:O f ~feC{ir.ge} d=1 -9aC{h1...hm =1

oo (3) S (O (2] ()
B <b=1 =on, —1) >> (21)

2 Relation of Temperley-Lieb algebra operators to stress-energy tensors

::S I

= ()" [ )7 = ()] (- (f

which all cancels out to zero, unless m = 0.

We will show that the entanglement between sites i1, ...,%7; has the same long-distance scaling as a product of k
factors of t; — (t1), where ¢; is a discretized element of the stress energy tensor component Ty, — T),,. Therefore, k-
party entanglement has the same long-distance scaling as a product of k£ factors of the stress-energy tensor. Firstly,
we prove the following:

Lemma 5.
d d
. (=1, =(=0)(=1, =(=1))) = . (=1, =1)-(=1, =1)) (22)
=1 =1
Proof. Expanding the product on the LHS,
d d k )
E <(X11 _<X11>)“‘(x1k _<xlk>)> = E Z(_l)k_J Z <XA1 xA]‘> H <XB> (23)
r=1 r=1j=0 Ay Aje{l.. I} B¢{A;...A;}

2This also includes unphysical loop model configurations that are not planar.
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Because (<, ... <j,)r=1 = 1 for any set of < operators, applying the product rule gives, for k > 2:

k
d .
LHS = — STy (<4, - =a)+ > (=B)
=1 75=0 Ay Aje{l. I} B¢{A;...A;}
d k k—j u k—j _]
== > (=1 > (=4 =a)+ ) (-1 > (=B)
7=17=0 Ar. Aje{l. I} j=0 Be{h T}
d = —1
| (e e () S
=1 Jj= J Be{I...11}
d _
=4 (=n, =Dec(=p, —D)) + (D" =1 Y (=p)
=1 BE{Il...Ik}
d
= dr <("I1 _1) "(Xlk _1)> (24)
T=1

The k-party entanglement E(i1,...,4;) is equal to the LHS of Lemma 5. Next, we separate even operators =<s;
from odd operators =<g;1:

Lemma 6. Assuming we are in the limit of large distances (i.e. |iq —ip| > 1 for all1 < a,b < k),

diT <H (=2, + =ai;41 —(=24;) — <X2ij+1>)> =
=1 \j=1
d K k
e <H (xzz’j —<X21‘j>)> + <H (Xgl’j_;'_l —<X2ij+1>)> (25)

Proof. We take the limit of large distances to ensure all (xzi]. + =i 41 —(X24;) — <x2ij+1>) terms commute, and
therefore can be applied to the top layer simultaneously. Therefore, for the rest of this proof we assume that any
two operators of the form =y; (11), X2, (+1), With a # b, commute.

We start with an observation on the nature of the Temperley-Lieb algebra: if a loop is closed by applying some
set of <; operators at the top layer, then all the j’s must be of the same parity. In other words, if we apply a group
of =<, operators to the top layer, then the loops that get created can be separated into those that were closed with
only even-parity operators and those that were closed with only odd-parity operators:

L(ngl e K2 20141 - ngerl,’LU) = L(ngl ijk,w) + L(X2[1+1 Xz(gm+1,’w> (26)
Therefore,
d d
s (Xajy e X2 =24y 41 o Xop,,41) = o (Xaj; - X2j,) + (K20, 41 - X20,,41)
=1 T=1
d
=3 (Xajy e X2, ) (K241 - X220, 41) (27)
T=1
Likewise,
d
I (Xaj, —(Xa2j1))-(X2jp — (K25 )) (Raey 41 — (K2, 41))-- (K20, 41 —(X20,,+1))
=1
d
= — (Xaj, —(Xa2j1))-(X2j, —(X25,)) ) (K211 — (K20, 41)) - (K2, 41 — (=20, 41)) (28)
dr
=1
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In fact, this term should be zero as long as both k£ > 0 and m > 0, as

<Xa1 Xac> = <TL(a1...ac,w)> =1
T=1 T=1
(=~ ~=ad))| = (=1 =0 (29)
=1
for all ¢ > 0. Returning to the LHS of (25),

d k d k

dr <H (=2i; + =2i;41 —(=2i;) — <X2i.7‘+1>)> ~dr Z <H (=24;+5, _<X2ij+bj>)> ) (30)
r=1 \j=1 T=1pe{0,1}¢ V=1

we therefore have that every term in the sum over b must be zero, unless either all the b;’s are zero, or all the b;’s
are one, yielding the RHS of (25). O

In the large distance limit, the quantities dd—T|T=1 <H§:1 (=2, —(xzi].>)> and & ’T=1 <H?:1 (=2i,4+1 —<x2ij+1>)>
have the same scaling laws, and both quantities are nonnegative, so either term must have the same scaling law
as the sum. Since the former term is E(iy,...,i;) and the sum is the expectation value of k copies of t; — (¢1),
that means E(iq, ..., i) has the same scaling law as the expectation value of k factors of the stress-energy tensor.
Therefore, for sites separated by distances proportional to x, E(iy, ...,4x) should go as x~2F.

C Extra details on simulation algorithms

1 Simulating the 2+1D percolation model

As the loop model does not exist in 241D percolation, we cannot use it to simplify our algorithm, and must rely
on a more general percolation algorithm.

At each site, we store the index of the cluster in the percolation model it is currently a part of. We note that
there is at most N clusters on a particular layer, so with some index recycling we can bound our cluster indices
by an O(N) quantity, which we will call C(N) - for our algorithm we set C(N) = 2N. When a measurement
merges clusters together, the sites in both clusters should adopt the lower cluster index. Each layer consists of a
layer of nearest-neighbor ZZ measurements, where clusters may be merged together but not created, and a layer
of single-site X measurements, where new clusters may be created.

Throughout the ZZ measurements we store two auxiliary objects. The first is a C'(IV)-sized “in-use” array which
specifies which cluster indices were either not being used when the ZZ layer was applied, or which will be merged
out by the ZZ measurements. This object is assembled in the ZZ layer and then used to determine recyclable
cluster indices in the X measurement layer, with both operations contributing an O(N) cost towards the layer.

The second is a set of cluster-merging trees, where each tree contains the indices of all clusters that must be
merged into the index at the root of the tree, due to ZZ measurements connecting each cluster in the tree with
its parent. This is again represented by a C'(IV)-sized array whose entries are the cluster index of the immediate
parent of the node - or, if the cluster should not be merged out, the array’s entry is the cluster index itself. When
a ZZ measurement is applied to two sites of different clusters, the node of the larger cluster index gets assigned to
the node of the smaller cluster index. If the node of the larger cluster index already has a different parent, however,
we must merge the trees of both parents together, by tracing both trees to their root and comparing the cluster
indices of the roots. After all ZZ measurements have been taken, we officially merge all clusters by assigning each
cluster index to the one at the root of its respective tree.

There are two opportunities for this process to acquire a superlinear cost in N - firstly, when two trees need
to be merged (a process that might be called ©(N) times over a single layer), the action of tracing both trees
to the root takes a cost equal to the sum of the tree depths. Therefore, an average tree depth of w(1) implies a
superlinear contribution to the computational cost per layer. Next, the process of assigning each cluster to its root
may be superlinear in N, although it only has to be called once per layer. While it is difficult to determine the true
average cost of either process, we can still measure the costs numerically. In Fig. 11, we graph the approximate
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per-site operational cost of both parts of the algorithm over IV, as well as the per-layer, per-site time cost of the
whole algorithm. This evidence implies that for large N, the per-site operational cost of the processes approaches
a constant, or a quantity that is almost constant.
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Figure 11: Time and operational cost analysis of the percolation cluster algorithm used for the 241D model. We plot the average
time cost per site of updating a single layer (orange) and the approximate operational cost of all potentially superlinear processes
(blue) over system size N, for L x L systems, with 6 < L < 48.

Figure 12: Subregions to detect entanglement on in the 2+1D measurement-only stabilizer circuit. We check if the circular
subregion centered at the origin of a given radius has 2-party entanglement (blue) with the subregion centered at (x,y), 3-party
entanglement (orange) with the subregions at (z,y) and (—y, ), or 4-party entanglement (green) with the subregions at (z,y),
(—y,z) and (z —y,z +y).

2 Measuring k-party entanglement on the 2+1D MOC

Like in the 141D case, the necessary and sufficient condition for k-party entanglement to exist between k disjoint
subregions is that a cluster surface exists in the equivalent percolation model, i.e. a cluster intersects the surface
inside each of the subregions, and does not intersect the surface anywhere else.

While in the 141D case we had to arrange each interval on a line, in 241D space we can position our subregions
anywhere on the 2D surface of the system. As long as all distances in the system are governed by a single scale
z, the entanglement should have the same scaling law over x. In our case, we choose to measure up to 4-party
entanglement by arranging our subregions on corners of a square.

Specifically, for each distance vector (z,y), we measure the 2-party entanglement between the subregions centered
at (0,0) and (x,y), the 3-party entanglement between (0,0), (z,y) and (—y, ), as well as the 4-party entanglement
between (0,0), (z,y), (—y,x) and (z — y,z + y), effectively filling out a square of side length /a2 + y? with each
additional subregion (Fig. 12). To make sure the subregions do not intersect, we only look at the case z2+y? > (2r)?2,
roughly corresponding to n < 1.

3 Angle-averaged entanglement

As can be seen from Fig. 13, the k-party entanglement Nj(n) exhibits a rough circular symmetry, which gradually
forgets the original shape of the subregion as the distance is increased. This symmetry allows us to define a specific

“average” entanglement at each n value using our data.
2
Given a specific value of n and angle 6 € [0,27), we define z(n,0) and y(n,d) such that n = % and
tanf = Egz; This specifies a coordinate in the original, non-periodic geometry, where we have determined Ny (3, j)
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for every lattice point (i, j). We can therefore extend this data to an estimate of N (7, 8) using bilinear interpolation.
Finally, we average over 6 to obtain Ng(n).

The error in our estimation comes roughly from two sources. Firstly, there deviations in N (n, ) over 6, both
from statistical fluctuations and systematic artifacts of the original shape of the subregions or lattice. Secondly,
there is the shot noise error in our measured values Ng(i,7), which will be reflected in the interpolated value of
Ni(n,0). While Ny(n,0) is a weighted average over measurements at each lattice point:

Nie(n,0) = > wi;(n, 0)Ni(i, 5) > wij(n,6) =1 (31)
ij ij
we make the conservative assumption that all lattice point measurements N (%, j) have positively correlated fluctu-
ations, contributing an error of

5 iy () ANGG 1) = 3w (. 0)) VL) (52)
ij ij
where (2 is the number of iterations of the circuit.

As shot noise fluctuations form part of the deviations in Ng(n,0) over 6, these two errors share the same source
to some extent, so assuming that they are instead independent should overestimate the overall error. We make this
assumption, and add the errors from the two sources in quadrature.

4  Finite size scaling

The value of «y, varies over subregion radius (Fig. 8d). This is most likely due to finite-size effects, as the variation
becomes less extreme when L is increased (Fig. 14). A small system size prevents large-radius subregions from
reaching the limit of large relative separation: as can be seen from Fig. 8b,c, the apparent entanglement exponent
tends to be steeper at shorter distance scales, biasing large-radius estimates upwards. Moreover, the effects of
periodic boundary conditions become more apparent, which the chord length-based metric might not completely
compensate for. Extrapolating the curves of Fig. 14 to the 1/L — 0 limit is difficult due to the ambiguous convexity
of each curve, but it appears that the 2-party limit is somewhere between 5.9 and 6.5, while the 3-party limit is
between 8.5 and 10.1.

5 Indirect k-party entanglement

If subregions A;...Aj are a single qubit each, they exhibit k-party entanglement in the MOC if and only if they
belong to a k-qubit cat state. This condition gets relaxed if the subregions become larger than a single qubit, due
to the freedom of local operations we can apply to each subregion. For example, suppose subregion Ay consists of
2 qubits, one of which forms a Bell state with a site in Ay, while the other forms a Bell state with a site in As.
Because a ZZ measurement on those qubits in Ay would yield a 3-party cat state over all three subregions, which
can be converted into a 3-qubit GHZ once the ZZ measurement outcome has been classically communicated to the
other parties, we are forced to conclude that those subregions have 3-party GME, despite the lack of a 3-party cat
state in the initial output.

This indirect k-party entanglement complicates any measurement of k-party GME, but does not affect the en-
tanglement exponents «y. This is because all cases of indirect entanglement must have harsher scaling than direct
entanglement in the percolation model. In fact, any system with subadditive oy should be determined by genuine
network multipartite entanglement in the long distance limit, with indirect entanglement being a subleading or
marginal term. The above example, where simultaneous 2 + 2-party entanglement yielded indirect 3-party entan-
glement, would have a scaling exponent at least as bad as 2ay (and may be significantly worse than that, due to the
requirement of those events happening simultaneously without merging into direct entanglement - this is formalized
in the BKR inequality [62, 63]). The discrepancy between the scaling of direct and indirect entanglement for the
141D measurement-only circuit can be seen in Fig. 15.

D Measurement-only stabilizer circuits with longer range entanglement

In this section we will provide alternate examples of measurement-only circuits and ask whether the 141D alternat-
ing ZZ/X architecture offers the longest-range entanglement possible. That is, we ask if it is possible to construct
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a random circuit ensemble on a system with some definition of locality and natural distance scale x, consisting of
local two-site ZZ and single-site X measurements, such that a; < 2k. In addition, we require that the k-party
entanglement between different subregions does not go to zero with system size - this rules out ensembles like the
global Haar distribution where «y, is effectively 0, but any local collection of sites are almost completely unentangled
with each other.

There is an absolute lower bound on the decay rate of k-party entanglement in these circuits, derived from
entanglement monogamy (which, with our class of stabilizer circuits, simply means that each site can only belong
to one possible cat state). Suppose that the entanglement of k sites i1 < ... < iy has a lower bound

k—1
k . Lo
o8 I Vijn — 5177, (33)
j=1

that is, ax = y(k—1). Then the probability that site ¢; forms the leftmost endpoint of any k-site cat state is clearly
lower bounded by

PRt (34)

thus, in order for this probability to be bounded by 1, we must have v > 1, with p(()k) bounded by Wl)k_l

(Alternatively, specifying € =y —1 > 0, we have ar = (kK —1)(1 +¢)).

This bound is far more generous than the «; = 2k scaling we found before, and in fact, there is very little
stopping us from reaching this bound in a handful of layers on the right system. As long as the system geometry is
wide enough to allow percolation clusters to cross each other (e.g. a ladder geometry of two parallel 1D systems),
any product of cat states is the upper face of some percolation model. Therefore, for any distribution of products
of cat states, we can define a random circuit ensemble that generates it, by directly relating each product state to
a circuit that generates it.

Of course, there is no guarantee that such an ensemble will exhibit any desirable qualities, such as a locally
defined gate distribution or a connection to a CFT. In the rest of this section, we will present some ensembles that,
while less artificial in construction than the example above, exceed the oy = 2k scaling in different ways.

1 Hyperbolic circuit

This circuit acts on an N = 2™-site system with periodic boundary conditions, using the same 1D geometry of
the original circuit. Firstly, we“cut” the periodic BC at an arbitrary site chosen from the uniform distribution,
setting that as our leftmost endpoint. This ensures that, while the circuit we create is not translation symmetric,
the resulting ensemble is.

The hyperbolic circuit consists of n — 1 layers such that the mth layer from the top are connected by gates of
size 2. While these gates can be arbitrarily large, they can all be constructed by taking specific local X and ZZ
measurements to finite depth.

At the core of each gate is a ZZ measurement over all of its 2" active sites. From there, we assign:

o Left transmission: A & probability, with p < 1, of applying X measurements to the left half of the output,
o Right transmission: A ¥ probability of applying X measurements to the right half of the output,

e Branching: A q < 1 — p probability of applying no X measurements at all,

o Reflection: A 1 — p — q probability of applying X measurements to the entire input.

This system exhibits power law entanglement decay because, while the weight of a specific string is exponential
over its length, the length of the string is effectively logarithmic in the distance it covers on the boundary, due to
the hyperbolic geometry we are borrowing. Specifically,

Claim 7. The probability that sites A1 < Ag < ... < Ay form a generalized cat state is bounded below by

- (#/2)" _kiog,(2
qk 2(1*10*61)W17 Flogx(3,) (35)

where x = |Ar — A4].
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The first two terms of the bound comes from the necessity of k — 2 branching gates and 1 reflection gate to form
the path required to connect all k sites, while the third term is a factor that comes from the translational invariance
condition we applied to the ensemble. The final term comes from the requirement that all k£ branches of the path
reach their required destination - each branch consists of O(log(z)) edges, as that is the approximate tree depth of
the whole path, and each edge must select the correct transmission gate with probability £. Taking p to be 1 — ¢
and ¢,1 —p — g to be ©(e), this probability bound roughly goes as eh—1gp—h(te),

The exponent is only a lower bound, because there is still the probability that a trajectory gets stopped, com-
pletely and prematurely, on its way down by reflection nodes. While this probability is already accounted for
whenever we require a trajectory to reach the end of a tree, it means that unwanted branching gates might not
spoil the k-party entanglement if the unwanted trajectory gets stopped. At the large depth limit, this probability
becomes s = min(1, =2 — 1). This means that branching nodes might behave like transmission nodes instead if
the unwanted branch ends prematurely - this effectively adds an extra gs term to both transmission probabilities,
shifting the exponent to klogz(r%wg). This is assuming the branching node is always sufficiently deep to have
stopping probability approximately equal to s, which might not be the case.

While this system has longer-range entanglement than the original MOC for all &, it has little connection to
a CFT (at least in the original Euclidean geometry) due to the increasingly larger gates breaking the depthwise
translation symmetry, and the sitewise translation symmetry only holding because of the decision to randomly move
the entire circuit by some amount of sites.

2 Dyck word circuit

Our next ensemble consists of only local, translation-symmetric gates, with even longer range 2-party entanglement
than the hyperbolic circuit. At each layer, for each nearest-neighbor pair of sites i, j, we choose, with probability
p, to measure ZZ;;, then X; and X;, then ZZ,; again. With probability (1 — p), we swap the two sites - though
an equivalent to this gate can be constructed with measurements as well, provided we double the number of qubits
at each site, or alternatively work on a ladder geometry. These circuits have similarities to a type of dual-unitary
circuit with measurements, where each measurement forces the gates on its light cone to swaps [64].

The resulting percolation model produces a distribution of string trajectories that travel around the bulk, and
which are capable of changing direction vertically (from the ZZ, X, X, ZZ measurement) but not horizontally. On
the boundary, this produces a distribution of 2-site cat states, where sites A and B are part of the same cat state
if they are connected by a trajectory string. For p = %, the weight of each possible string that connects A and B
is 277, where x is the distance between the two sites. The number of such strings is equal to the number of Dyck
words of length %‘H, which is the %“th Catalan number

z+1

42
(=) V7

~ 3 (36)

Q

Cz+1
2

Therefore, the probability that A and B are entangled goes as x~3/2 for large z. All values of p produce the exact
same scaling (Fig. 16a), with the only difference between the distributions being the constant prefactor, balanced
by the probability of having a nearest-neighbor cat state.

The entanglement distribution of this ensemble has no connection to a CFT, as there is no multipartite entan-
glement beyond k = 2. Moreover, there is no asymptotic scale-invariance: the entanglement between different
subregions is not solely a function of the anharmonic ratio n even at large distance scales (Fig. 16b). Nonetheless,
it is interesting that we can create an ensemble with such long-range entanglement, with robustness in at least one
circuit parameter, just from a local, translation-invariant gate distribution.
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Figure 13: a) 2-party entanglement on the 2+1D measurement-only circuit with single-site subregions. Subregions are given in
blue, with the red dotted circle indicating the distance beyond which neighboring subregions are not reduced in size due to overlaps
with other subregions. Contours are given for every half an order of magnitude, while the entanglement has been extended beyond
the lattice points (black) using bilinear interpolation. The contours at intermediate distances are circular, implying that they are
governed by a Euclidean distance metric. b-d) Entanglement on the 241D measurment-only circuit with circular subregions of

radius v/13, for 2-4 parties.

Accepted in { Xuantum 2026-08-25, click title to verify. Published under CC-BY 4.0. 22



r=1.000 r=1.414 r=2.828 r=3.606

10 A 10 4 10 A 10 A
91 9 9 9
81 8 81 81
] ] H“"/"‘/’ " "
ol dab 44 6] 6]

0.000 0.605 0,610 0.615 0.620 0.000 0.605 0.610 0.615 0.620 0.000 0.605 0.610 0.615 0.620 0.000 0,605 0.610 0.615 0,620
r=1.000 r=1.414 r=2.828 r=3.606

134 131 134 134
124 12 4 124 124
114 114 114 114
104 101 104 104
9 A 9 9 9
0.000 0.605 0.610 0.615 OAC"ZO 0.000 O.dOS 0.610 0.615 0.620 0.000 0.605 0.610 0.615 0.620 0.000 0.605 0.610 0.615 0.620
/L 1/L /L /L

Figure 14: Fitted values of a2 and a3 for subregions of radius 1,v/2, v/8 and v/13 (corresponding to 1, 5, 21 and 37 lattice points
respectively).
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Figure 15: Indirect entanglement on the 512 qubit 141D measurement-only circuit, compared to direct entanglement, for subregion
widths 1-16.
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Figure 16: (a) String chance in the Dyck word circuit over p and distance. (b) Dyck word hit chance over 7 for different subregion
widths.
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