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The study of real time dynamics of nuclear systems is of great importance
to provide theoretical predictions of cross sections relevant for both terrestrial
experiments as well as applications in astrophysics. First principles simula-
tions of these dynamical processes is however hindered by an exponential cost
in classical resources and the possibility of performing scalable simulations us-
ing quantum computers is currently an active field of research. In this work
we provide the first complete characterization of the resource requirements for
studying nuclear dynamics with the full Leading Order (LO) pionless EFT
Hamiltonian in first quantization employing simulation strategies using both
product formulas as well as Quantum Signal Processing. In particular, we show
that time evolution of such an Hamiltonian can be performed with polynomial
resources in the number of particles, and logarithmic resources in the number
of single-particle basis states. This result provides an exponential improvement
compared with previous work on the same Hamiltonian model in second quan-
tization. We find that interesting simulations for low energy nuclear scattering
could be achievable with tens of millions of T gates and few hundred logical
qubits suggesting that the study of simple nuclear reactions could be amenable
for early fault tolerant quantum platforms.
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1 Introduction
Accurate simulations of dynamical properties of nuclear systems are of central im-

portance for the description of a large number of precesses in low-energy nuclear physics
ranging from fusion reactions of light elements in stellar nucleosynthesis [2, 3, 99], to
precision experiments for fundamental physics tackling problems like neutrino proper-
ties [4, 24, 42, 74] and neutrino-less double beta decay [22, 72]. A prominent role in
the field is played by ab-initio approaches to nuclear physics where a clear link is main-
tained between the low-energy Hamiltonians describing the interactions among nucleons
and the underlying theory of Quantum Chromodynamics (QCD) [29] allowing for a sensi-
ble quantification of the theoretical uncertainties [25, 30]. The past decade has witnessed
a remarkable progress in the development of ab-initio techniques to study the structure of
atomic nuclei and the static properties of nuclear matter with a large part of the nuclear
chart now amenable to an ab-initio description [28, 41].

The ab-initio description of reactions involving nuclei has also seen a similar blossoming
of computational techniques [45, 57, 70] with, for example, the description of quasi-elastic
scattering in atomic nuclei having made important steps in recent years [6, 7, 11, 61, 62,
73, 75, 85, 86]. The complexity of the full reaction problem is however still hindering the
availability of general, controllable and scalable simulation strategies for ab-initio nuclear
dynamics in all the regimes relevant to experiments.

In recent years, the prospect of employing quantum computing to simulate nuclear
systems in a scalable way has motivated an increasing number of research groups around
the world to develop quantum algorithms to study both structure and dynamics of nuclear
systems(see [8, 13, 15, 23, 54] for recent reviews). Given the great success of classical
computations to study a variety of static properties of atomic nuclei, it is reasonable to
expect that the most important near term impact of quantum simulations will be on the
study of dynamical processes involving nucleons.

In this work we develop a quantum-simulation protocol for studying nuclear processes
at small energies by considering a system of interacting nucleons in pionless effective field
theory [48, 94]. This theory is appropriate for nuclear systems with typical momenta
smaller than the pion mass, and has been successfully employed to describe both the
structure and reactions of light nuclei (see [39] for a recent review). In this framework, nu-
cleons are described as non-relativistic point particles with both spin and isospin quantum
numbers while the strong force between nucleons is modeled by contact interactions and
their derivatives. At leading order, and assuming Wigner’s SU(4) symmetry [100], nucleons
interact through two and three-body interactions according to the following Hamiltonian
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[58]

H = T + V2 + V3

= −
η−1∑
i=0

ℏ2∇2
i

2µ + 1
2

η−1∑
i=0

η−1∑
j ̸=i

Cδ(r⃗i − r⃗j) + 1
6

η−1∑
i=0

η−1∑
j ̸=i

η−1∑
k ̸=j ̸=i

Gδ(r⃗i − r⃗j)δ(r⃗j − r⃗k)
(1)

where T is the kinetic energy, µ the nucleon mass, V2 the two-body potential, V3 the three-
body potential and we have denoted with η the number of particles in the system. An
explicit potential term that distinguishes singlet and triplet spin pairs, and thus breaks the
SU(4) invariance of the model down to SU(2), can be added in the two-body potential.
In this first work we do not explicitly include this term but describe the general strategy
to extend our construction in Appendix. E.

The model Hamiltonian in Eq. (1) requires a regularization of the contact terms, the
standard approach is to introduce an ultra-violet (UV) cutoff to smear the delta functions.
This can be done in continuous space using explicit regulators [29, 66] but in this work we
choose instead to work on a spatial lattice as in Lattice EFT [56, 58]. In this case the role
of this UV cutoff is played by the lattice spacing a. As a result of the regularization, the
low energy constants C and G will acquire an explicit a dependence and will need to be
renormalized in order to describe low energy nuclear physics correctly. The single particle
basis in the calculation is formed by taking a regular lattice in d spatial dimensions and
associating 4 separate spin/isospin states for every site. We will consider a lattice with
periodic boundary conditions and M sites per direction, leading to a total number of single
particle states given by Ω = 4 ·Md. In order to study nuclear reactions we need to prepare
the initial nuclear states and then perform time-evolution generated by the Hamiltonian
in Eq. (1), in this work we focus on the second step only. The total spatial volume of the
lattice V = (aM)d needs to be sufficiently large to be able to extrapolate the simulated
results to cross sections in the continuum. Notably, in the nuclear physics context the
limit V → ∞ is considered by fixing lattice spacing a first and then taking M → ∞. The
UV cutoff dependence is then controlled by performing the procedure for multiple separate
lattice spacings. Since the relevant nuclear Hamiltonians, including the one from Eq. (1),
conserve the total number of particles η and for nuclear reactions η is fixed by the process
being studied, these calculations are then performed in the dilute limit η/Ω ≪ 1. This is
to be contrasted with physical simulations of bulk systems where instead the ratio η/Ω is
kept fixed as the volume is increased.

The time evolution generated by the pionless Hamiltonian considered here has been
already studied in detail using second quantization in Refs. [78, 97]. These works found
that the total gate cost to approximate the time-evolution operator eitH for a fixed total
time t and error ϵ scales at least linearly in the volume as O(Ω). In particular, using
a second order product formula the authors of Ref. [97] have shown that the number of
T -gates required for the simulation with a given number of particles η scales as

O

(
t3/2η1/2

ϵ1/2 Ω log
(
tηΩ
ϵ

))
, (2)

which is sublinear in η and linear in Ω. In addition, since in second quantization the
number of qubits scales with the size of the single particle space, the required number
of qubits scales as O(Ω), irrespective of the number of particles η in the system. We
note that quantifying the computational cost of a quantum algorithm in terms of non-
Clifford gates, like the T gate, is a common choice for fault-tolerant compilation due to the
obstructions imposed by the Eastin-Knill theorem [27] which make the implementation of
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these operations particularly expensive using standard error correcting codes. The recent
discovery of efficient protocols for T -gate synthesis like magic state cultivation [35, 80]
have significantly reduced the cost of these operation. In this work we will use the T -
gate complexity as a proxy for the total gate cost for two main reasons: first, this choice
makes it possible to more easily compare with the available literature; second, we expect
in practice that the number of Clifford gates required will scale similarly to the number
of T -gates.

The linear scaling with Ω poses an important challenge for simulations of nuclear
processes in the early fault-tolerant era since, even for light nuclei with small η, spatial
lattices with at least M ≈ 8 − 10 are typically required in order to obtain controllable
results [65, 67]. In second quantization this requirement translates into at least 2048
qubits with a memory efficient encoding such as Jordan-Wigner [47] and to 3072 qubits
with a local encoding such as the Verstraete-Cirac [95] employed to obtain the gate count
of Eq. (2) above [97]. These substantial memory requirements have motivated the use
of a representation of the nuclear system in first quantization for the triton toy model
introduced in Ref. [78] and employed in the first demonstrations on current quantum
hardware [12, 51, 78]. Quantum simulation methods in first quantization have a long
history in quantum chemistry [1, 9, 32, 46, 49, 91]. The first proposal of a quantum
simulation of nuclear dynamics in first quantization was introduced recently in Ref. [98].
The total number of qubits required for the algorithm scales as O(η log(Ω)) while they
provide an implementation of a single Trotter step in a pionless EFT without three-body
interactions with a gate count scaling as O(η2 log(Ω)). In this work we provide the first
complete characterization of the resource requirements for studying nuclear dynamics with
the full Leading Order (LO) pionless EFT Hamiltonian employing simulation strategies
using both product formulas [60, 93] as well as Quantum Signal Processing [63, 64] and
Generalized Quantum Signal Processing [68]. In particular we find that indeed the gate
cost scales polynomially in η and poly-logarithmically in Ω. For example, a second order
product formula implementation has a T-gate cost scaling as

Õ

(
t3/2η3/2

ϵ1/2 log
(
tηΩ
ϵ

)(
η2 + log

(
tΩ
ϵ

)))
, (3)

which is exponentially better in the volume Ω than the second quantization result in
Eq. (2) at the expense of being polynomially worse in the number of particles η.

This is achieved by associating a qubit register of size log2(Ω) qubits to every particle
out of which: d log2(M) qubits are used to encode the position, and 2 qubits encoding
the 4 possible states of spin and isospin. In first quantization, the total wave function
carries the statistics of particles, which means that it has to be initialized to be anti-
symmetric with respect to the exchange of two fermions. Once the system is initialized
in the right symmetry sector, since the Hamiltonian commutes with the permutation
operator, the statistics will be preserved. The cost of antisymmetrizing the wavefunction
is O(η log η logM) (see e.g. [16]), but it has to be done only once at the beginning of
the algorithm. In this work we consider this antisymmetrization step to be included
in the initial state preparation which is not considered in our explicit gate counts. For
completeness, we also provide in Sec. 3 some additional considerations on the expected cost
of this procedure and summarize the scaling of three schemes proposed in the literature
in Table 1. The only algorithm maintaining a logarithmic scaling in Ω is the one from
Ref. [44] which relies on a basis of NB ≪ Ω localized function to express the single particle
orbitals. A complete summary of the results obtained in this work is provided in Table 2
where we quote the scaling of the T gate count C and total number of qubits Q for
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cost Ref.

C = O (ηΩ) Q = O(η) [10]

C = O
(
η2√

Ω
)

Q = O
(√

Ω
)

[81]

C = O
(
η2N

3/2
B log(Ω)

)
Q = O

(
η log(η) +

√
NB

)
[44]

Table 1: The T -gate count C and the number of qubits Q required to prepare an anti-symmetric initial
state in first quantization by a variety of quantum algorithms. The number of particles in the system
are η and the size of the single particle space Ω (proportional to the spatial volume). For the method
of Ref. [44] NB denotes the number of Gaussian basis functions used to represent the single particle
orbitals.

different time-evolution algorithms. We note in particular that the advantageous scaling
from Eq. (3) above is maintained if one goes to higher order product formulas and for
QSP.

The organization of the paper is as follows: in Sec. 2 we first introduce in more detail
the representation of the Hamiltonian H from Eq. 1, which is defined in the continuum, in
our discrete single particle basis, we then discuss the implementation of the time evolution
operator with product formulas in Sec. 2.1 and Sec. 2.2 and present our construction
of a QSP based simulation in Sec. 2.3. We provide a discussion of the cost of state
preparation for initial states relevant to study nuclear reactions in Sec. 3. We then present
some numerical result employing realistic parameters in Sec. 4 and conclude in Sec. 5.
Many of the more technical details and proofs are left for the Appendices. In order to
facilitate the use of our results, we also provide code implementing the cost estimates in
Python in Ref. [89].

2 First quantization algorithms
In this section, we will provide a detailed derivation of algorithms that approximate the

time evolution operator for the Hamiltonian defined in Eq. 1 in a discrete first quantization
encoding. As discussed in the introduction, the single particle basis we employ here
corresponds to considering, for the spatial part, a finite lattice with spacing a and using
periodic boundary conditions while the spin/isospin part is encoded into two qubits. For
example, in a system with d = 3 spatial dimensions, the single particle basis is spanned
by states of the form

|r⃗, s, t⟩ = |rx⟩ ⊗ |ry⟩ ⊗ |rz⟩ ⊗ |s⟩ ⊗ |t⟩ , (4)

where |rk⟩, for k = x, y, z (in d = 3), encode the coordinates of a nucleon in register of
m = ⌈log2(M)⌉ qubits, while the spin |s⟩ and isospin |t⟩ are both encoded into registers
with one qubit each. From here on we will assume that the number of lattice sites per
spatial dimension M is chosen as a power of 2 and remove the explicit ceiling in the
definition of m. For a system with η nucleon we therefore require a register with

Q = (dm+ 2)η , (5)

qubits to encode the state of the entire system.
We can now proceed to encode the full Hamiltonian which was presented in Eq. (1)

for a continuous system on our lattice basis. As mentioned above in the introduction, we
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Encoding Method cost Ref.

2nd quant. PF(2)
C = O

(
t3/2

ϵ1/2 η
3/2Ω2 log (tΩη/ϵ)

)
Q = Ω

[78]

2nd quant. PF(2)
C = O

(
t3/2

ϵ1/2 η
1/2Ω log (tηΩ/ϵ)

)
Q = O(Ω)

[97]

2nd quant. PF(2p)
C = O

(
t1+1/(2p)

ϵ1/(2p) η1/(2p)Ω log (tηΩ/ϵ)
)

Q = O(Ω)
[97]

2nd quant. QSP
C = Õ ((Ωt+ log (1/ϵ)) Ω log (tΩ/ϵ))

Q = O(Ω)
[78]

1st quant. PF(2)
C = Õ

(
t3/2

ϵ1/2 η
3/2 log (tΩη/ϵ)

(
η2 + log (Ω)

))
Q = Õ

(
η log(Ω) + log2(Ω) + log (t/ϵ)

) (this work)

1st quant. PF(2p)
C = Õ

(
t1+1/(2p)

ϵ1/(2p) η1+1/(2p) log (tΩη/ϵ)
(
η2 + log (Ω)

))
Q = Õ

(
η log(Ω) + log2(Ω) + log (t/ϵ)

) (this work)

1st quant. QSP/GQSP
C = O

((
ηt+ log

(
ηt
ϵ

))
log(Ω)

(
η + log

(
ηt log(Ω)

ϵ

)))
Q = O (η log(Ω) + log (t/ϵ))

(this work)

Table 2: The T -gate count C and the number of qubits Q required by a variety of quantum algorithms
for time evolution with the pionless EFT Hamiltonian Eq. (1). The total time is t, the target error ϵ, the
number of particles η and the size of the single particle space Ω (proportional to the spatial volume).
In all of these we consider the number of spatial dimensions d = O(1).
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employ here Periodic Boundary Conditions (PBC) for our spatial lattice which implies
that the particle momenta are quantized in units of

2π
V 1/d = 2π

aM
= 2π
a2m , (6)

where a is the lattice spacing and V the total volume. For a single particle, the kinetic
energy is therefore mapped to a diagonal operator in momentum space

−ℏ2∇2

2µ → ℏ2

2µa2

(
QFT⊗d

)†
(∑

p

Ek(p⃗) |p⃗⟩ ⟨p⃗|
)(

QFT⊗d
)
, (7)

where
(
QFT⊗d

)
and

(
QFT⊗d

)†
denote the d dimensional Quantum Fourier Transform

(QFT) and its inverse while Ek(p⃗) is the energy of a plane wave state with momentum p⃗.
Since the standard QFT on m qubits maps states in the interval [0, 2m − 1] into states on
the same interval, but we want to describe momenta with components in [−2m/2, 2m/2−1],
we use the periodicity to introduce for each direction w = x, y, z the components

qw =
{
pw 0 ≤ pw ≤ 2m−1 − 1
pw − 2m 2m−1 ≤ pw ≤ 2m − 1

(8)

such that the full kinetic energy can be written as

T = K
(
QFT⊗dη

)† η−1∑
i=0

d−1∑
w=0

2m−1∑
p=0

q2
wΠw,i(p)

(
QFT⊗dη

)
, (9)

where the overall numerical coefficient K is given by

K = ℏ2

2µa2

( 2π
2m
)2

, (10)

the full QFT now act on all d × η registers of the system and we denoted the projector
in the state |p⟩ on the w register for particle i with Πw,i(p). Note that the contribution
to the energy given by q2

w can be computed by squaring the right-most m− 1 bits on the
momentum register.

The potential energy contribution in our basis can then be written as

V = V2 + V3

V2 = C

2

η−1∑
i=0

η−1∑
j ̸=i

∑
r⃗i,r⃗j

δr⃗i,r⃗j
Πi(r⃗i)Πj(r⃗j)

V3 = G

6

η−1∑
i=0

η−1∑
j ̸=i

η−1∑
k ̸=j ̸=i

∑
r⃗i,r⃗j ,r⃗k

δr⃗i,r⃗j
δr⃗i,r⃗k

Πi(r⃗i)Πj(r⃗j)Πk(r⃗k) .

(11)

In the expressions above, the sum over r⃗a, for a = i, j, k, run over all the 2dm momentum
states and we used the following compact notation for projector on particle states and
Kronecker delta for vectors

Πi(x⃗) =
d−1∏
w=0

Πw,i(xw) δx⃗,y⃗ =
d−1∏
w=0

δxw,yw . (12)
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These potential operators and the kinetic term are diagonal matrices in the position
and momentum basis respectively. This property is useful for performing the time evolu-
tion operator in first quantization on quantum computers, as was realized early on (see
e.g. [49]) and it is also the main motivation to use these two basis sets. In general it is
also possible to only work in coordinate space and approximate differential operators using
finite differences. This is the typical setup used in classical Lattice EFT calculations [58]
and in the first implementations of pionless EFT on quantum computers [78, 97]. Efficient
schemes to employ finite differences for quantum simulations in first quantization have
already appeared in the past (see e.g. [52]) but for this first work we don’t explore the
possibility further.

2.1 Exponential of Hamiltonian terms
In this section we provide results for the direct approximation of the exponentials of

both the kinetic energy T and the total potential energy V = V2 + V3. In particular our
aim is to design unitaries UT (t) and UV (t) such that∥∥∥e−iT t − UT (t)

∥∥∥ ≤ ϵT
∥∥∥e−iV t − UV (t)

∥∥∥ ≤ ϵV . (13)

We note in passing that, since V2 and V3 commute with each other, their exponentials
could be implemented separately even though, as we will see below, there might be more
efficient strategies.

We begin with the following result for the implementation of the unitary UT .

Lemma 1 (Exponential of Kinetic Energy). Consider the kinetic energy term of Eq. (9)
for a system with η particles on a d dimensional lattice with M = 2m sites per direction. Let
λT ≥ ∥T∥ an upper bound on its spectral norm. For any t ∈ R and ϵ > 0 we can construct
a quantum circuit implementing a unitary operator UT (t) such that

∥∥∥UT (t) − e−iT t
∥∥∥ < ϵ

with a number of T gates given by:

TT (ϵ, t) = dη

(
2TSQU (m− 1) + TDIAG

(
ϵ

3dη , t
)

+ 2TQFT
(
m,

ϵ

3dη

))
= Õ

[
ηm

(
m+ log

(
tηλT
ϵ

))] (14)

and a total number of ancilla qubits given by

bQFT + bDIAG + max (2bQFT − 1, bDIAG,m(m− 1)) , (15)

where we have defined

bDIAG =
⌈
log2

(6dηtλT
ϵ

log2

(6dηtλT
ϵ

))⌉
bQFT = min

(
m− 1,

⌈
log2

(3dηm
ϵ

)⌉)
+ 1 .

(16)

The explicit definition of the various gate counts are in Lemma 6 and Theorems A.1 and
A.2 in the Appendix.

Proof. As shown in Eq. (9) in Fourier space T is a diagonal operator with K∥q∥2 on the
diagonal. That matrix can be implemented by using Lemma 6, where the oracle Obλ

is
the operator such that Obλ

|p⟩ |0⟩bλ
= |p⟩

∣∣p2〉
bλ

. This means that the oracle Obλ
is nothing

but a circuit that performs the multiplication of a bitstring of size (m− 1) with itself, and
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its cost is given by TSQU (m−1) in Theorem A.1 and uses a total of (m−1)(m−2) ancilla
qubits. Since this operation is performed for one direction at a time, the result can be
stored into a register with bλ = 2m− 2 qubits.

From Lemma 6 it follows that, including the cost of the 2 QFTs and repeating the
circuit for every particle in the system and for every spatial dimension, we need a total
number of T gates equal to

TT (ϵ, t) = dη (2TSQU (m− 1) + TDIAG(ϵ1, t) + 2TQFT (m, ϵ2)) (17)

where TQFT (m, ϵ) is given in Theorem A.2, and dη(ϵ1 + 2ϵ2) = ϵ. For simplicity we can
choose ϵ1 = ϵ2 = ϵ/(3dη) even if, in general, one should take the minimum cost evaluated
over all possible choices of ϵ1 and ϵ2. With this choice, and since we are computing the
eigenvalues exactly, we can use the expression in Equation 160 from Lemma 6 to estimate
the size of the phase register leading to

bDIAG =
⌈
log2

(6dηtλT
ϵ

log2

(6dηtλT
ϵ

))⌉
, (18)

together with a number of T gates given by

TDIAG

(
ϵ

3dη , t
)

= 8bmin
(⌈2m− 1

2

⌉
, wH

)
, (19)

where wH is the Hamming weight of the constant γ = tλV /(2π) approximated with 2m
bits. For implementing the QFT instead we need a phase register of size

bQFT = min
(
m− 1,

⌈
log2

(3dηm
ϵ

)⌉)
+ 1 . (20)

As for the number of qubits we need

1. (m− 1)(m− 2) + bλ = m(m− 1) qubits for squaring and storing the eigenvalue

2. bDIAG qubits to apply the diagonal unitary using Lemma 6

3. 2bQFT − 1 qubits to implement the approximate QFT using Theorem A.2

plus two phase registers of sizes bDIAG and bQFT respectively. Since we can reuse the ancilla
space for the different steps the overall number of ancilla qubits needed to implement this
circuit is

bQFT + bDIAG + max (2bQFT − 1, bDIAG,m(m− 1)) (21)
where we have also included the space needed for the two phase registers, one for the QFT
and one for the diagonal gate.

A simple expression for a suitable upperbound on the norm of T is for instance

∥T∥ ≤ λT = dKη22m−2 = ℏ2

2µa2dηπ
2 . (22)

For this choice of λT , and using the fact that m = log2(M) = O(log(Ω)), the T gate cost
of evolving under the kinetic term scales as

TT (ϵ, t) = Õ

[
η log(Ω) log

(
tΩη
ϵ

)]
. (23)

We now turn our attention to the potential energy term. The first result we obtain is
the following.
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r⃗i

r⃗j

X RZ(2Ct) X

Figure 1: Circuit implementation of the exponential of a single two body term for m = 1 and d = 3.

Lemma 2 (Exponential of Potential Energy). Consider the two and three-body potential
terms of Eq. (11) for a system with η particles on a d dimensional lattice with M = 2m sites
per direction. For any t ∈ R and ϵ > 0 we can construct a quantum circuit implementing
UV2(t) and UV3(t) such that

∥∥∥UV2(t) − e−iV2t
∥∥∥ < ϵV2 and

∥∥∥UV3(t) − e−iV3t
∥∥∥ < ϵV3 with a

number of T gates given by:

TV2(ϵV2) = η(η − 1)
2 TMCRZ

( 2ϵV2

η(η − 1) , dm− 1
)

TV3(ϵV3) = η(η − 1)(η − 2)
6 TMCRZ

( 6ϵV3

η(η − 1)(η − 2) , 2dm− 1
) (24)

where TMCRZ(ϵ) is given in Theorem A.5. The number of ancilla qubits needed is equal
to the number of ancilla needed to implement MCRZ from Theorem A.5.

Proof. The action of the two-body potential V2 and the three-body potential V3 is the
following:

e−iV2t |r⃗i, r⃗j⟩ = e
−iCtδr⃗i,r⃗j |r⃗i, r⃗j⟩

e−iV3t |r⃗i, r⃗j , r⃗k⟩ = e
−iGtδr⃗i,r⃗j

δr⃗j ,r⃗k |r⃗i, r⃗j , r⃗k⟩
(25)

Let us start with the 2-body potential for simplicity. We have to apply a phase e−iC0t if
and only if the two particles are in the same position. This can be done with a Z rotation

RZ(2Ct) =

1 0

0 e−iCt

 (26)

that has to be applied on a qubit which is 1 if and only if the two positions are equal. This
can be easily done summing the two position registers and then using a multi-controlled
RZ gate. We show an explicit construction for this circuit in Fig. 1 for a simple case where
m = 1 and d = 3, so that every particle position is represented by registers composed by
3 qubits, one for each spatial dimension.

The summation of two dm-qubits registers will require 2dm CNOTs, while the cost of
a (dm − 1)-controlled Z-rotation is TMCRZ(ϵ, dm − 1), given in Theorem A.5. Since we
have η(η − 1)/2 pairs, we will need to apply this circuit for every one of them, thus the
total number of T -gates required to apply V2 is

TV2(ϵV2) = η(η − 1)
2 TMCRZ

( 2ϵV2

η(η − 1) , dm− 1
)

(27)
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For the 3-body potential, we can generalize the V2 construction. This time we need to
check r⃗i = r⃗j and also r⃗j = r⃗k, which means that we will need a C2dm−1RZ(θ) gate for
every triplet of particles (which are in total η(η−1)(η−2)/6). This means that the number
of T -gates needed to implement V3 are:

TV3(ϵV3) = η(η − 1)(η − 2)
6 TMCRZ

( 6ϵV3

η(η − 1)(η − 2) , 2dm− 1
)

(28)

As mentioned above in the beginning of this section, it is actually advantageous to
combine the two potential terms together. In addition, we can apply the Z rotations on
ancillas instead saving a factor of two in the rotation count. Putting all together we have
the following result

Lemma 3 (Compact Exponential of Potential Energy). Consider the full potential V from
Eq. (11) for a system with η particles on a d dimensional lattice with M = 2m sites per
direction. For any t ∈ R and ϵ > 0 we can construct a quantum circuit implementing a
unitary UV (t) such that

∥∥∥UV (t) − e−iV t
∥∥∥ < ϵ with a number of T gates given by:

TV (ϵ) = 4η(η − 1)(η − 2)
3 + Γ

(
2TMCX(dm) + TROT

(
ϵ

Γ

))
= O

[
η3
(
m+ log

(
η

ϵ

))] (29)

where Γ is defined as follows:

Γ = η(η − 1)(η − 2)
6 + η(η − 1)

2 , (30)

TMCX and TROT are given in Theorems A.3 and A.4, and a number of ancilla qubits equal
to dm+ 1.

Proof. Consider the implementation of V2 and V3 described in Lemma 2. Instead of
implementing them separately, we can merge the two implementation, and apply V2 for free
while applying a modified version of V3. Consider 3 particles, on which we want to apply
the 3-body potential. In Lemma 2, after doing the proper summation between registers
corresponding to particle positions, we applied a (2dm − 1)-controlled Z-rotation, which
is equivalent to evaluate δr⃗i,r⃗j

δr⃗i,r⃗k
directly. Now, consider the variation where instead we

save δr⃗i,r⃗j
and δr⃗i,r⃗k

individually in two ancilla qubits. We can then use the circuit shown
in Fig. 2 to perform the evolution corresponding to the first delta term δr⃗i,r⃗j

.
This will be repeated for every pair (i, j) so that we can apply the two-body potential

with the rotation on the ancilla qubit. Then, we can add a subroutine to this circuit to
evaluate the three-body potential. An example of the full circuit, for m = 1 and d = 3, is
shown in Fig 3. With this implementation we can apply the three-body potential with, as
in the two body case, a single rotation on the ancilla qubit. To gain intuition about the
full scheme employed here, we first note that the diagonal matrix element of the two- and
tree-body potentials can be written as follows

V2(r⃗0, . . . , r⃗η−1) = C
η−1∑
i<j

δr⃗i,r⃗j
(31)
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r⃗i

r⃗j

|0⟩ RZ(2Ct)

Figure 2: Alternative implementation of the exponential of a single two body term for m = 1 and
d = 3.

r⃗i

r⃗j

|0⟩ RZ(2Ct)

r⃗k

|0⟩
|0⟩ RZ(2Gt)

Figure 3: Circuit implementation of the exponential of a single two body term, for the pair (i, j), and
a single three-body term, for the triple (i, j, k), for m = 1 and d = 3.
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V3(r⃗0, . . . , r⃗η−1) = G
η−1∑
i<j<k

δr⃗i,r⃗j
δr⃗j ,r⃗k

= G
η−1∑
i<j

δr⃗i,r⃗j

η−1∑
k>j

δr⃗j ,r⃗k

 . (32)

The circuit in Fig. 2 is used to apply the evolution corresponding to δx⃗i,x⃗j
and by re-

peating it for every pair i, j with i < j we compute the evolution undet the full sum∑η−1
i=0

∑η−1
j>i δr⃗i,r⃗j

appearing in both V2 and V3. In order to deal with the full three-body
term, for every one of those circuits we need then to also compute the inner sum over k.
For a fixed k, the inner delta is computed by the portion of circuit we added when going
from Fig. 2 to Fig. 3. To do the sum over k we can repeat that inner portion of the circuit
but we do not need to compute again the delta between i, j every time.

Schematically, the algorithm is as follows:

1. for each pair (i, j) store |1⟩ in an ancilla if r⃗i = r⃗j . This can be done, as sown in
Fig. 2 above, using dm CNOT gates and a single CdmX gate with the ancilla as
target

2. apply a rotation gate RZ(2Ct) to the ancilla to apply the two-body potential

3. for each k > j do the following:

• store |1⟩ in a new ancilla if r⃗j = r⃗k using dm CNOT gates and one CdmX gate
• apply the rotation for the three body potential. To do that, we can either apply

a controlled-rotation between the ancilla storing δr⃗i,x⃗j
and the one storing δr⃗j ,r⃗k

,
or apply a Toffoli gate controlled by the two ancillae and a simple rotation on
a third ancilla, target of the Toffoli gate that will have to be uncomputed

• uncompute the state of the second ancilla using dm CNOT gates and one CdmX
gate

The total cost of this circuit will be the cost of the circuit in Fig. 2 (used to store δr⃗i,r⃗j

and apply the two-body potential) times the number of pairs in the system, plus the inner
portion of the circuit in Fig.3 (used to store δr⃗j ,r⃗k

and apply the three-body potential)
times the number of triples in the system:

TV (ϵV ) = 8η(η − 1)(η − 2)
6 + Γ

(
2TMCX(dm) + TROT

(
ϵV
Γ

))
(33)

where we used the strategy from Ref. [33] to implement each Toffoli with 4 T gates and
we introduced

Γ = η(η − 1)(η − 2)
6 + η(η − 1)

2 . (34)

As for the number of ancilla qubits, we will need 3 ancilla plus the ones required to apply
the multi-controlled X operation. Considering that we can use the same ancilla many
times, the maximum number of ancillae that we need at the same time is dm+ 1.

2.2 Product formula implementation
Using the implementation of the unitaries UT (t) and UV (t) in the previous subsection,

we are now ready to implement the full time evolution using product formulas. In order to
bound the errors in the product formulas for a fixed number of particles we use fermionic
semi-norms. This idea is not new, for instance it was called physical norm in Ref. [78] that
studied the current nuclear model in second-quantization, while in Ref. [92] the fermionic
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semi-norm was formally defined by considering projectors onto the particle-preserving
subspace in second quantization. In Appendix C we define an equivalent fermionic semi-
norm in first quantization. In this setting operators trivially conserve the number of
particles, while they do not carry the fermionic statistics since that is encoded instead in
the wave-function. The equivalence with the second quantization formulation is then done
by considering projectors onto the anti-symmetric subspace. Here we briefly show the
calculation for the commutator of the first-order product formula using this construction,
while in Appendix C we provide the full definition of this new semi-norm, followed by the
calculation of the various upper bounds that will be used in all the product formulas.

First, we can define the fermionic semi-norm of an operator O as ∥O∥A = ∥ΠAOΠA∥,
where ΠA is the projector onto the anti-symmetric subspace (its explicit definition can
be found in Appendix C.1). As a first example we can start by calculating the following
quantity

max
i

∥∥∥∥∥∥
η−1∑
j ̸=i

Vij +
η−1∑
j ̸=i

η−1∑
k ̸=i,j

Vijk

∥∥∥∥∥∥
A

, (35)

where we have denoted with Vij the pair potential from V2 acting on the pair of particles
(i, j) and with Vijk the three-body potential from V3 acting on the triplet (i, j, k). For a
fixed particle i, the norm of the potential will depend on how many particles are occupying
the same site as particle i. Due to the fact that we are considering anti-symmetric states,
and that in our system there are only 4 types of fermions distinguished by the spin and
isospin quantum numbers, we will have a maximum of 4 fermions in the same site at a
time. This means that we can enumerate all possible arrangements of particles directly.
In Table 3 we enumerate the number of pairs and triples in which particle i is involved
simultaneously, in terms of how many fermions there are in that site.

fermion occupation pairs triples

1 0 0

2 1 0

3 2 1

4 3 3

Table 3: Number of pairs and triples on a spatial site as a function of the fermion occupation.

We can then directly bound the quantity from Eq. (35) by maximizing over all possible
arrangements:

max
i

∥∥∥∥∥∥
η−1∑
j ̸=i

Vij +
η−1∑
j ̸=i

η−1∑
k ̸=i,j

Vijk

∥∥∥∥∥∥
A

≤ max
{∣∣∣∣C2

∣∣∣∣ , ∣∣∣∣C + G

3

∣∣∣∣ , ∣∣∣∣3C2 + G

∣∣∣∣} . (36)

The first term corresponds to a state with occupation 1 on the site, the second with
occupation 2 and the last with 3. Of course if only the i-th particle is on the site the
contribution is zero.

Considering the kinetic energy, in the same way, we could say that there are at most
4 fermions with the same momentum at a time. A simpler bound can be found directly
noticing that, for a fixed i, we will have

max
i

∥Ti∥A ≤ dK22m−2 = λT /η , (37)
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where we set the momentum of particle i at its maximum possible value of π/a for each
cartesian direction. We are now ready to compute the norm of the commutator between
the kinetic and potential energy:

∥[T, V ]∥A ≤ 2
η−1∑
i=0

(
max
i

∥Ti∥A
)max

i

∥∥∥∥∥∥2
η−1∑
j ̸=i

Vij + 3
η−1∑
j ̸=i

η−1∑
k ̸=i,j

Vijk

∥∥∥∥∥∥
A


≤ 2λT max {|C| , |2C + G| , |3C + 3G|} .

(38)

with λT from Eq. (22). For the full calculation, refer to Appendix C.2.
Then, for simplicity, we will define α1 as half of the bound we just computed

α1 = λT max {|C| , |2C + G| , |3C + 3G|} = O(η) , (39)

so that ∥[T, V ]∥A ≤ 2α1. For the second and fourth order Trotter, we will define the upper
bound to the error with α2 and α4 respectively, and their expressions are given at the end
of Appendix C.2.

Theorem 1 (First-order Trotter). Consider a system with η particles on a d dimensional
lattice with M = 2m sites per direction described by the pionless Hamiltonian H = T + V
with the kinetic and potential terms given in Eq. (9) and Eq. (11). For any t ∈ R and
ϵ > 0 we can construct a quantum circuit implementing a unitary operator U(t) such that∥∥∥U(t) − e−iHt

∥∥∥ < ϵ with a T -gate count equal to

T
(1)
tr (ϵ, t) = r

(
TT

(
ϵ

3r ,
t

r

)
+ TV

(
ϵ

3r

))
= O

[
t2η2

ϵ

(
m+ log

(
ηt

ϵ

))(
η2 +m

)] (40)

where TT and TV are given by Lemma 1 and Lemma 3 respectively. The number of ancilla
qubits needed is

bQFT + bDIAG + max (2bQFT − 1, bDIAG,m(m− 1), dm− 1) , (41)

where we have defined

bDIAG =
⌈
log2

(18dηtλT
ϵ

log2

(18dηtλT
ϵ

))⌉
bQFT = min

(
m− 1,

⌈
log2

(9dηmr
ϵ

)⌉)
+ 1 .

(42)

In all expressions, r =
⌈

3t2
ϵ α1

⌉
and α1 is defined in Eq. (39). For the asymptotic behavior

in Eq. (40) we used the bound λT from Eq. (22) for the spectral norm of the kinetic energy.

Proof. Consider the first order Trotter formula, so that

U(t) = UT (t)UV (t) (43)

where UT (t) and UV (t) implement eitT and eitV with error ϵT and ϵV respectively. Then,
we can write the total error of the Trotter formula as:∥∥∥∥eitH −

(
U

(
t

r

))r∥∥∥∥ ≤ r
(
ϵ
(1)
Trotter + ϵT + ϵV

)
≤ ϵ (44)
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where r is the number of Trotter steps and ϵ
(1)
Trotter an upperbound on the Trotter error

at the first order given by (see Appendix C.2 for the full calculation of the norm of the
commutator):

ϵ
(1)
Trotter =

(
t

r

)2 ∥[T, V ]∥
2 ,

∥[T, V ]∥
2 ≤ α1 = λT max {|C| , |2C + G| , |3C + 3G|} .

(45)
For simplicity, let us assume now that ϵT = ϵV = ϵ/3r, so that the error inequality
becomes:

rϵ
(1)
Trotter ≤ ϵ

3 (46)

From here we can find r by setting it equal to the minimum possible value it can assume:

r =
⌈

3t2
ϵ
α1

⌉
(47)

Now that we have the number of oracle calls, we can evaluate the cost of the algorithm.
The oracle U(τ) = UT (τ)UV (τ) will be applied r times, and τ = t/r. So the total number
of T -gates is equal to:

T
(1)
tr (ϵ, t) = r

(
TT

(
ϵ

3r ,
t

r

)
+ TV

(
ϵ

3r

))
(48)

The number of ancilla qubits needed to implement this algorithm is equal to the
maximum between the number of ancilla qubits required to implement every single piece
(assuming we can use many times the same set of ancilla qubits). It then follows that the
number of ancilla qubits required is:

bQFT + bDIAG + max (2bQFT − 1, bDIAG,m(m− 1), dm− 1) , (49)

where the size of the phase register bDIAG for the diagonal unitary is now given by

bDIAG =
⌈
log2

(18dηtλT
ϵ

log2

(18dηtλT
ϵ

))⌉
, (50)

while in order to implement the QFT using Theorem A.2 we require a phase register of
size

bQFT =
⌈
log2

(9dηmr
ϵ

)⌉
+ 1 . (51)

Using the same implementations of the exponential of the kinetic and potential energy
from Lemma 1 and Lemma 3 we can also devise higher order Trotter decompositions. In
particular for second and fourth order we have the following

Theorem 2 (Second and fourth-order Trotter-Suzuki). Consider a system with η particles
on a d dimensional lattice with M = 2m sites per direction described by the pionless
Hamiltonian H = T+V with the kinetic and potential terms given in Eq. (9) and Eq. (11).
For any t ∈ R and ϵ > 0 we can construct a quantum circuit implementing a unitary
operator U(t) such that

∥∥∥U(t) − e−iHt
∥∥∥ < ϵ with a T -gate count equal to

T
(2)
tr (ϵ, t) = r2TV

(
ϵ

4r2

)
+ (r2 − 1)TT

(
ϵ

4r2
,
t

r2

)
+ 2TT

(
ϵ

8r2
,
t

2r2

)
, (52)
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and
T

(4)
tr (ϵ, t) = 5r4TV

(
ϵ

12r4

)
+ 6r4TT

(
ϵ

12r4
,
t

r4

1
4 − 41/3

)
, (53)

where TT and TV are given by Lemma 1 and Lemma 3 respectively. The number of steps
for the two implementations are

r2 =


√

4t3
ϵ
α2

 and r4 =


(

12t5
ϵ
α4

)1/4
 , (54)

with α2 and α4 from Eq. (217) and Eq. (221) respectively. The number of ancilla qubits
required is given by

b
(k)
QFT + b

(k)
DIAG + max

(
2b(k)
QFT − 1, b(k)

DIAG,m(m− 1), dm− 1
)
, (55)

where k = 2 or k = 4 for the two implementations respectively, and

b
(2)
DIAG =

⌈
log2

(24dηtλT
ϵ

log2

(24dηtλT
ϵ

))⌉
, (56)

b
(4)
DIAG =

⌈
log2

(6dηtλT
ϵ

12
4 − 41/3 log2

(6dηtλT
ϵ

12
4 − 41/3

))⌉
, (57)

b
(k)
QFT = min

(
m− 1,

⌈
log2

(12(k − 1)dηmr
ϵ

)⌉)
+ 1 , (58)

Proof. See Lemma 7 and Lemma 8 in Appendix D.

Using the spectral norm upperbound estimate λT from Eq. (22) and reintroducing the
size of the single particle basis Ω we have then found that the gate count scales as

T
(k)
tr (ϵ, t) = Õ

(
t1+1/kη1+1/k

ϵ1/k
log

(
tηΩ
ϵ

)(
η2 + log (Ω)

))
, (59)

where k = 1, 2, 4 for the first, second and fourth order product formula respectively. For
all of these implementations, the total number of qubits needed scales as

Q(t, ϵ) = Õ

(
log

(
t

ϵ

)
+ η log(Ω) + log2(Ω)

)
. (60)

We can in principle generalize the results presented above to any product formula
of even order 2p. By defining S2p(t) the 2p-th order oracle, it can be shown that (see
Ref. [21]) ∥∥∥e−itH − S2p(t)

∥∥∥ ≤ t2p+1δ2p (61)

where δ2p is a linear combination of norms of commutators between the kinetic energy T
and the potential energy V . Since there is always at least one T in these commutators, and
since T is a one-body operator, one can show in general that δ2p = O(η). By introducing
the time discretization we can find the number of oracle calls needed in terms of the
maximum admitted error ϵ∥∥∥∥e−itH − S2p

(
t

r

)r∥∥∥∥ ≤ r

(
t

r

)2p+1
δ2p ≤ ϵ ⇒ r = O

 t1+ 1
2p η

1
2p

ϵ
1

2p

 (62)
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The cost of this algorithm will be r times the cost of implementing e−itT and e−itV and
we then recover the same asymptotic scaling from Eq. (59) for any k = 2p for integer p.
However, it is important to notice that the prefactor in the gate count is proportional to
the number of times the oracle S2p contains e−itT and e−itV , and this grows exponentially
in the order p. Therefore the cost of product formulas will have a minimum, which usually
is around order 4, and that’s why we stopped at the fourth order.

2.3 Quantum Signal Processing implementation
In this section we present our implementation of the evolution operator for pionless

EFT on a Lattice using Quantum Signal Processing [63, 64] and we will use the ”Linear
Combination of Unitaries” (LCU) method to block-encode the Hamiltonian [20, 37, 64].

We start by providing our implementations of the block encoding of both the kinetic
energy and the potential energy. For the kinetic energy operator T we use the same
strategy employed in Ref. [91]. We start by writing the kinetic energy term T as follows

T = K
(
QFT⊗dη

)† η−1∑
i=0

d−1∑
w=0

2m−1∑
p=0

m−2∑
r=0

m−2∑
s=0

2r+sprpsΠw,i(p)
(
QFT⊗dη

)
, (63)

where, in constrast to Eq. (9) we have explicitly written out the squared momentum
in terms of the bits of p, denoted with pr and ps. We then aim at preparing a state
proportional to

|+⟩b
η−1∑
i=0

|i⟩f
d−1∑
ω=0

|ω⟩g
m−2∑
r=0

2r/2 |r⟩h
m−2∑
s=0

2s/2 |s⟩k . (64)

Using this state, we can then implement a block-encoding of T by flipping the b register
state to |−⟩b unless the r and s bits of the ω component of the momentum of particle i
are both equal to one. In this way we have effectively turned the (non unitary) projection
operators Πw,i(p) from Eq. (63) into controlled Z operations on the b ancilla and can thus
now perform a LCU. We thus have

Lemma 4. (LCU Kinetic Energy) Consider the kinetic energy operator T of Eq. (63).
We can construct a quantum circuit implementing a block encoding UT of T such that
∥a⟨0|UT |0⟩a − T/λT ∥ < ϵ for

λT = dKη22(m−1) , (65)

using Qa = η + 2m+ 6 qubits for the block encoding, and additional

br + bQFT + max (2bQFT − 1,m+ 6) with bQFT = min
(
m− 1,

⌈
log2

(4dm
ϵ

)⌉)
+ 1 ,

(66)
ancilla qubits, including the bQFT qubits needed to store the phase-gradient state used to
implement the QFT using the construction from Theorem. A.2. The gate count in terms
of T -gates is instead given by:

TLCUT (ϵ) = 2dTQFT
(
m,

ϵ

4d

)
+ 24nη + 32br + 18m+ 4(2η − 1)dm− 4d− 68 , (67)

where TQFT is defined in Theorem. A.2 in the Appendix and we introduced

nη = ⌈log2(η)⌉ br =
⌈

1
2 log2

(
9π2

ϵ

)⌉
. (68)
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Proof. As a first step we describe how to prepare the state in Eq. (64) with a high success
probability following Ref. [91]. The |+⟩ state in register b can be prepared with a single
Hadamard. The rest can be prepared with a large success probability following the same
construction as in Sec.II.B of Ref. [91] using a total of η+2m+6 qubits, out of which 4 are
flagging the successful preparation being in |0⟩, and two are used for rotations and left in
|0⟩ upon success. The small failure probability in the preparation of the h and k register
leads to an increase in the normalization of the block encoding which becomes [91]

λT = dKη22(m−1) , (69)

upon success of the other state prep. The total number of Toffoli required for this state
preparation is 3nη + 4br + 2m − 16, where nη = ⌈log2(η)⌉, and we can choose the bits of
precision br for rotations in order to control the final error in the block encoding due to
subnormalization. Using the bound on the failure probability from Appendix. J of Ref [91]
we can choose

br =
⌈

1
2 log2

(
9π2

ϵ

)⌉
(70)

in order to guarantee that we commit an error less then ϵ in block-encoding T/λT provided
the error for SELECT is also bounded by ϵ/2. The SELECT operation ST instead acts
as

ST |+⟩b |k⟩f |w⟩g |r⟩h |s⟩i |pw⟩ = Zqw,rqw,s⊕1 |b⟩b |k⟩f |ω⟩g |r⟩h |s⟩i |pw⟩ (71)

and can be performed by applying the following steps (see Ref. [91] for additional details)

• controlled on the register f we swap the register of particle 1 with the one of particle
i using (η − 1)dm controlled SWAP gates (since we can skip the case corresponding
to i = 0 that requires no SWAP). The total cost is then (η − 1)dm Toffoli gates.

• we apply a m-bit QFT on the d registers for the first particle

• controlled on the value w on register g, we copy the leftmost m− 1 bits of pq,0 in an
ancilla. This costs d(m− 1) Toffoli gates

• controlled on the h register, we copy the r bit of the momentum in an ancilla bit for
a cost of m− 1 Toffoli

• controlled on the k register, we copy the s bit of the momentum in an ancilla bit for
a cost of m− 1 Toffoli

• controlled on the last two ancilla bit, as well as anticontrolled on the 4 ancilla bits
used to flag success in the state preparation, apply a Z gate to the a register unless
both ancilla are 1. This can be done applying first a Z gate without controls and
then a C6Z gate. Using Theorem A.3 this requires 20 T gates and 5 additional
ancilla qubits

• uncompute all the m+ 1 ancilla bits employed during the previous steps. This can
be done with measurements and Clifford gates

• we finish by undoing the QFT and the controlled SWAP

The full SELECT protocol is depicted in the circuit in Fig. 4, where the uncompu-
tation of the ancilla in the next to last step is indicated with a RST operation. The 4
flag qubits used to denoted a successful state preparation are denoted by |f⟩f , |f⟩g, |f⟩h
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...

η

d

m−1

m−1

dm

dm

m−1

|f⟩f
|i⟩f
|f⟩g
|ω⟩g
|f⟩h
|r⟩h
|f⟩k
|s⟩k
|x0⟩

SN

QFT⊗d (QFT⊗d)†

SN †

|xη−1⟩
|0⟩ RST

|0⟩ RST

|0⟩ RST

|+⟩b Z Z

Figure 4: Circuit implementation of the SELECT unitary for the kinetic energy operator.

and |f⟩k. With a slight abuse of notation we denoted as simple controls even controls
on registers with multiple qubits, this has to be understood by doing a unary iteration
on the individual qubits of the control. In order to be more explicit, we give a direct
implementation of the controlled SWAP network in Fig. 5 which is implemented with the
controlled SWAP circuit from Fig. 6.

The total number of ancilla qubits required is thus η + 2m + 6 for the PREPARE
while for the SELECT we need

bQFT + max (2bQFT − 1,m+ 6) with bQFT = min
(
m− 1,

⌈
log2

(4dm
ϵ

)⌉)
+ 1 , (72)

ancilla qubits, including the bQFT qubits needed to store the phase-gradient state used to
implement the QFT using the construction from Theorem. A.2. Accounting for the need
to apply the PREPARE and its inverse, for the gate count instead we need a number of
Toffoli gates given by

6nη + 8br + 4m− 32 + 2(η − 1)dm+ (d+ 2)(m− 1) (73)

which when converted into T gates and added to the cost of 2d QFT and the C6X gate
gives a total of

TLCUT (ϵ) = 2dTQFT
(
m,

ϵ

4d

)
+ 24nη + 32br + 18m+ 4(2η − 1)dm− 4d− 68 (74)

Before continuing with the discussion of our implementation for the block-encoding
of the potential V we want to first point out that, at least for the SU(4) symmetric
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|i⟩f
|x0⟩

SN|x1⟩
|x2⟩

=

|i⟩f

|x0⟩

|x1⟩

|x2⟩

Figure 5: Circuit implementation of the controlled SN unitary for a case with η = 3 and dm = 3.

|a⟩
|b⟩
|c⟩

=

|a⟩
|b⟩
|c⟩

Figure 6: Circuit implementation of a controlled SWAP with a single Toffoli gate.

interaction in Eq. (11), we can express the diagonal matrix elements of the potential in
the following form:

V (r⃗0, . . . , r⃗η−1) = C

2

η−1∑
i=0

η−1∑
j=0
j ̸=i

δr⃗i,r⃗j
+ G

6

η−1∑
i=0

η−1∑
j=0
j ̸=i

η−1∑
k=0
k ̸=i
k ̸=j

δr⃗i,r⃗j
δr⃗i,r⃗k

= C

2

η−1∑
i=0

η−1∑
j=0
j ̸=i

δr⃗i,r⃗j
+ G

6

η−1∑
i=0

η−1∑
j=0
j ̸=i

δr⃗i,r⃗j

η−1∑
k=0
k ̸=i

δr⃗i,r⃗k
− G

6

η−1∑
i=0

η−1∑
j=0
j ̸=i

δr⃗i,r⃗j
,

(75)

where we used the fact that δr⃗i,r⃗j
δr⃗i,r⃗k

= δr⃗i,r⃗j
if j = k. From here, we can write the

potential as follows:

V (r⃗0, . . . , r⃗η−1) =
(
C

2 − G

6

) η−1∑
i=0

η−1∑
j=0
j ̸=i

δr⃗i,r⃗j
+ G

6

η−1∑
i=0

η−1∑
j=0
j ̸=i

δr⃗i,r⃗j


2

(76)

Using this expression to evaluate the matrix elements the potential energy operator would
take the form

V =
(
C

2 − G

6

) η−1∑
i=0

η−1∑
j=0
j ̸=i

∑
r⃗i,r⃗j

δr⃗i,r⃗j
Πi(r⃗i)Πj(r⃗j) + G

6

η−1∑
i=0

∑
r⃗i

Πi(r⃗i)

η−1∑
j=0
j ̸=i

∑
r⃗j

δr⃗i,r⃗j
Πj(r⃗j)


2

.

(77)
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In order to employ this efficiently as a basis for a block encoding, we first introduce the
following oracle

Umatch |0⟩S |r⃗0⟩ · · · |r⃗η−1⟩ =
∣∣∣∣ η−1∑
j=1

δr⃗0,r⃗j

〉
S

|r⃗0⟩ · · · |r⃗η−1⟩ := |Λ⟩S |r⃗0⟩ · · · |r⃗η−1⟩ . (78)

The integer value Λ counts the number of particles present on the same site as the one
where we have the first particle i = 0.Since we only have 4 types of fermions, on any site
we can at most have 4 particles which means Λ = 0, 1, 2, 3 and we only need S = 2 qubits
to store its value without risking overflow. In order to implement the potential we first
SWAP the coordinates of particle i, flagged by the value in unary in the f register with
η qubit, with those of the first particle using the cSN unitary used also for the kinetic
energy (and given explicitly in Fig. 5), apply Umatch and then SWAP back at the end.
Using this oracle, the potential V can then be written directly as

V =
η−1∑
i=0

3∑
Λ=0

(
−
( |C|

2 + G

6

)
Λ + G

6 Λ2
)
U †
matchcSN |i⟩f ⟨i||Λ⟩⟨Λ|cSNUmatch , (79)

where we used that C < 0 while G > 0. If we make then explicit the bit sums as we did
in Eq. (63) we have

V = −
( |C|

2 + G

6

) η−1∑
i=0

3∑
Λ=0

1∑
u=0

2uΛuU †
matchcSN |i⟩f ⟨i||Λ⟩⟨Λ|cSNUmatch

+ G

6

η−1∑
i=0

3∑
Λ=0

1∑
u=0

1∑
v=0

2u+vΛuΛvU †
matchcSN |i⟩f ⟨i||Λ⟩⟨Λ|cSNUmatch ,

(80)

We aim then to prepare a state given by

|ΦV ⟩ = |+⟩b

 1
√
η

η−1∑
i=0

|i⟩f

 |ϕ⟩l |κ⟩p |κ⟩q , (81)

where the b and f registers we can reuse those initialized for the kinetic energy, on l we
have

|ϕ⟩l =
√

6
3|C| + 2G

√G

6 |0⟩l +

√
|C|
2 + G

6 |1⟩l

 (82)

while on the p and q register we have

|κ⟩ = 1√
3

(
|0⟩ +

√
2 |1⟩

)
. (83)

We prepare all three of these states with arbitrary rotation synthesis using Theorem A.3.
The SELECT is then implemented in a similar way as for the kinetic energy by applying
a Z gate to the b register unless the correct bits of Λ are set. We then have the following
result

Lemma 5. (LCU Potential Energy) Consider the full potential energy V with 2 and 3-body
operators V2 and V3 from Eq. (11). We can construct a quantum circuit implementing a
block encoding UV of V such that ∥a⟨0|UV |0⟩a − V/λV ∥ ≤ ϵ for

λV = η
3|C| + 4G

2 (84)
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using the state preparation employed for the kinetic energy, additional dm+4 ancilla qubits
and a T -gate count equal to:

TLCUV (ϵ) = 16(η − 1)dm− 8η + 44 + 6TROT (ϵ/12)

= O

(
ηm+ log

(1
ϵ

))
.

(85)

Proof. Assuming that we have already performed the state preparation for the kinetic
energy, we only need to prepare the states |ϕ⟩ from Eq. (82) on register l and two copies
of the state |κ⟩ from Eq. (83) on registers p and q. Since the SELECT will be done
exactly and the uniform superposition on the f register comes already with an error ϵ/2,
we perform the 3 rotations needed for these states with target error ϵ/12. The resulting
one norm we can use for the potential energy is thus given by

λV =
(3|C| +G

6 3 + G

6 9
)
η = η

3|C| + 4G
2 (86)

For the SELECT we first need to implement the unitary Umatch from Eq. (78). The
control on the label i for the particle can be done controlling a SWAP network on register
f as we did for the kinetic energy. In order to implement Umatch we perform, for all the
(η−1) particles not in the first register a sequence of dm CNOT gates with controls on the
coordinate register of the first particle and targets of those of the other particle. We now
perform (η − 1) incrementers on a register S with two bits controlled on the coordinate
bits of all the other particles, one at a time. We can set one ancilla bit with a, zero
controlled, CdmX gate, we then add this to the two qubit register using a two qubit adder
for 4 T gates and using an additional ancilla and finish with a CdmX gate. Since for the
first controlled incrementer the S register start in |0⟩S , we can replace a full incrementer
with just a CNOT and the total cost for implementing Umatch is then 4(η − 2) T gates
plus 2(η − 1) CdmX gates. It also requires 2 additional ancilla qubits, one for the adder
and one for flagging equality. We show a complete circuit implementation of Umatch in a
simple case with η = 3 and dm = 3 in Fig. 7.

After having applied Umatch we can finish the SELECT using

• we apply a Z gate to the register b

• controlled on the p register we copy the first or second bit of Λ in an ancilla a1 using
2 Toffoli

• controlled on the q register we copy the first or second bit of Λ in an ancilla a2 using
2 Toffoli

• apply a CNOT with control on the l qubit and target on the b qubit in order to get
the negative sign for the first term in Eq. (80)

• in order to finish applying the first line of Eq. (80) we apply a Z gate to b but now
controlled on the success flag for the state in the f register being |0⟩, on the state of
the l register being |1⟩ and the a1 ancilla being |1⟩. This requires a C3X gate plus
Clifford

• in order to apply the second line of Eq. (80) we apply a Z gate to b but now controlled
on the success flag for the state in the f register being |0⟩, on the state of the l register
being |0⟩ and the a1 and a2 ancillas being |1⟩. This requires a C4X gate plus Clifford
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|x0⟩

|x1⟩

|x2⟩

|0⟩
|0⟩S0

|0⟩S1

Figure 7: Circuit implementation of the unitary Umatch for a case with η = 3 and dm = 3. We use the
same notation as Ref. [33] for the computation of the logical-AND of two qubits in an ancilla.

• we uncompute the a1 and a2 ancilla qubits with Clifford and measurements

• we undo the Umatch gate

We report the schematic implementation of this SELECT unitary as a circuit in Fig. 8
using the same notation and conventions used in Fig. 4 above.

Summarizing we need 8η T gates, where we include those coming from the 4 Toffoli
used for a1 and a2 and for two Umatch, 4(η− 1) CdmX gates, one C3X and one C4X gate.
For the last two we can reuse the ancilla employed for the CdmX gates. The total cost,
including the two controlled SWAPS we could reuse from the kinetic energy when doing
the full Hamiltonian, is then

16(η − 1)dm− 8η + 36 + 6TROT (ϵ/12) + 8(η − 1)dm (87)

T gates and a total of dm+ 4 ancilla, including those for state preparation.

Combining these two results we finally arrive at

Theorem 3. (LCU for Pionless-EFT) Consider the full Pionless-EFT Hamiltonian H =
T + V2 + V3 where the kinetic and potential terms are given in Eq. (9) and Eq. (11).
We can construct a quantum circuit implementing a block encoding UH for H such that
∥a⟨0|UH |0⟩a −H/λH∥ ≤ ϵ using a number of T gates given by:

TLCU (ϵ) =2TP (ϵ) + TS(ϵ)

=O
(
m

(
η + min

[
log

(
m

ϵ

)
,m

])
+ log

(1
ϵ

))
,

(88)

where

TP (ϵ) = 12nη + 16br + 8m− 64 + 4TROT
(
ϵ

32

)
.

TS(ϵ) = 24(η − 1)dm+ 4(d+ 2)(m− 1) + 16 + 2dTQFT
(
m,

ϵ

4d

)
− 8η + 52

(89)
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η

dm

dm

2

|f⟩f

|i⟩f

|ϕ⟩l

|κ⟩p

|κ⟩q

|x0⟩

SN
Umatch U †

match
SN †

|xη−1⟩

|0⟩S

|0⟩a1 RST

|0⟩a2 RST

|+⟩b Z Z Z

Figure 8: Circuit implementation of the SELECT unitary for the potential energy operator.

and the one-norm λH is given by

λH = η

(3|C| + 4G
2 + dK22(m−1)

)
. (90)

The number of ancilla qubits employed for the block-encoding is a = η + 2m+ 10 and
we need an number of ancillas given by

br + bQFT + max (2bQFT − 1, (2d+ 1)m+ 6) , (91)

where

br =
⌈

1
2 log2

(
18π2

ϵ

)⌉
and bQFT = min

(
m− 1,

⌈
log2

(4dm
ϵ

)⌉)
+ 1 (92)

including the br and bQFT qubits needed to store the phase-gradient states.

Proof. Let us start by defining the PREPARE operator. First of all, we need a qubit
to distinguish between T and V , and use it to give them the right coupling constants.
Calling that qubit as |·⟩a, we will need the following superposition:√

λT
λT + λV

|0⟩a +
√

λV
λT + λV

|1⟩a , (93)

with the one-norms λT and λV from Lemma 4 and Lemma 5 respectively. This can be
prepared with a single-qubit rotation that can be approximated with TROT (ϵR) T -gates
up to error ϵR. The uniform superposition in the f register will introduce an error ϵU
when using a phase gradient state of size

br =
⌈

1
2 log2

(
9π2

4ϵU

)⌉
, (94)

Accepted in Quantum 2026-07-14, click title to verify. Published under CC-BY 4.0. 25



|·⟩l

|+⟩ Z

=
|·⟩l Z

|+⟩ Z

Figure 9: Relation for quantum circuits: exploiting the fact that we know the state of the second qubit,
we can remove the CNOT by adding a single-qubit gate.

while the 3 rotations needed for the PREPARE of the potential energy will add an error
3ϵR if we use TROT (ϵR) T -gates each. We aim for the total error in the PREPARE to be
ϵ/4 so that we can afford an error ϵ/2 in the SELECT. We therefore need to choose the
individual errors such that 4(ϵU + 4ϵR) = ϵ. Here we take ϵU = ϵ/8 and ϵR = ϵ/32.

Then, the PREPARE requires η + 2m+ 9 qubits, for both T and V together, with a
number of T gates given by

TP (ϵ) = 12nη + 16br + 8m− 64 + 4TROT
(
ϵ

32

)
, (95)

where the phase gradient state uses a numbr of qubits given by

br =
⌈

1
2 log2

(
18π2

ϵ

)⌉
. (96)

As for the SELECT , we need to apply the select operators for V and T , adding a
single control on the qubit |·⟩a. This additional control can be implemented by adding
one more control to the multi-controlled gates that act on the b register: we have one for
T and 2 for V . In addition, the CNOT controlled on l and with target b, that we used to
get the right sign for the two body potential, will now need to be converted into a Toffoli.
This can however be avoided exploiting the relation in Figure 9, substituting the Toffoli
with 2 control-Z operations. Additionally, in order for this block encoding to be easy to
use with QSP later on, we would like the full SELECT to be self-inverse. The individual
SELECT of T and V already are but they do not commute since the Quantum Fourier
Transform and Umatch both act on the coordinate register of the first particle. Since,
as shown in Fig. 7, within Umatch this register has only controls, we can make the two
individual SELECT commute if we keep separate the m + 6 qubits used as targets and
perform the QFT on a copy of the register holding |x0⟩, which can be done adding dm
ancilla qubits and 2dm CNOT gates. Reusing the SWAP circuit for both T and V the
total T -gate count for SELECT becomes then

TS(ϵ) = 24(η − 1)dm+ 4(d+ 2)(m− 1) + 16 + 2dTQFT
(
m,

ϵ

4d

)
− 8η + 52 (97)

T gates. We also need 6 + (2d + 1)m ancilla qubits in addition to the qubits required to
perform the QFT and store its phase gradient state for a total of

br+bQFT+max (2bQFT − 1, (2d+ 1)m+ 6) with bQFT = min
(
m− 1,

⌈
log2

(4dm
ϵ

)⌉)
+1 .

(98)
For the full block encoding we need then a number of T gates equal to

TLCU (ϵ) = 2TP (ϵ) + TS(ϵ) (99)
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We can now use the block encoding of the Hamiltonian from the previous Theorem to
simulate time evolution generated by it using Quantum Signal Processing (QSP) [37, 64].
Here we briefly review the main steps required to use QSP. Consider the block-encoding
of the Hamiltonian UH as a product of a PREPARE unitary P and a SELECT unitary
US as follows

a⟨0|UH |0⟩a = a⟨0|
(
P † ⊗ 1s

)
US (P ⊗ 1s)|0⟩a ≡ a⟨P |US |P ⟩a , (100)

where a is the register containing the ancillas for the block encoding and s is the system
register. Then we construct two operators W and Vφ as follows

W = ((2 |P ⟩ ⟨P | − 1)a ⊗ 1s)US (101)

Vφ =
(
e−iφZ/2 ⊗ 1s

)
V0
(
eiφZ/2 ⊗ 1s

)
(102)

where V0 = |+⟩ ⟨+| ⊗ 1s + eiπ/2 |−⟩ ⟨−| ⊗W . The unitaries Vφ can be implemented using
the following circuit

|+⟩

Vφ|P ⟩a

|ψ⟩s

=

|+⟩ Rz(φ) H S H Rz(φ)†

|P ⟩a
W

|ψ⟩s

(103)

where the S gate is used to get the right phase of ei
π
2 . For the controlled W operation

instead we can use

|+⟩

|P ⟩a
W

|ψ⟩s

=

|+⟩

|P ⟩a
US

P † P

|ψ⟩s

(104)

By repeatedly applying Vφ and its inverse for Q times each, with possibly different rotation
angles φ0, . . . , φ2Q, we can implement a large variety of polynomials of order Q in the
Hamiltonian [37, 64]. The total circuit is therefore of the following form

· · ·

|+⟩

Vφ1 V †
φ2+π Vφ3 V †

φ2Q+π

|+⟩

|0⟩a P P † |0⟩a

|ψ⟩s e−iHt |ψ⟩s

(105)

Note that this construction requires the unitary W to be a reflection implying that, for the
construction in Eq. (101) to work, the SELECT unitary US needs to be self-inverse. The
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US unitary of the block encoding of Theorem 3 was constructed explicitly to satisfy this
condition. For a fixed polynomial order Q, the circuit in Eq. (105) requires 2Q controlled
US , Q + 1 uses of both P and P †, 2Q + 1 arbitrary Z rotations and 2Q multi-controlled
Z gates for the reflections.

Theorem 4 (QSP for Pionless-EFT). Consider a system with η particles on a d di-
mensional lattice with M = 2m sites per direction described by the pionless Hamiltonian
H = T + V with the kinetic and potential terms given in Eq. (9) and Eq. (11). Then for
any t ∈ R and 1

2 > ϵ > 0 we can construct a quantum circuit implementing a unitary
operator U(t) such that

∥∥∥U(t) − e−iHt
∥∥∥ < ϵ with a one-norm equal to

λH = η

(3|C| + 4G
2 + dK22(m−1)

)
= O(η) (106)

using a number of T gates given by

TQSP (ϵ, t) = 2Q
(
t,
ϵ

2

)(
TS

(
ϵ

4λH |t|

)
+ 2TP

(
ϵ

4λH |t|

)
+ 3

)
+ TP

(
ϵ

4λH |t|

)
+ 2

(
Q

(
t,
ϵ

2

)
+ 1

)
TROT

(
ϵ

4
(
Q
(
t, ϵ2
)

+ 1
))

= Õ

((
ηt+ log

(1
ϵ

))(
ηm+m log

(
mt

ϵ

))) (107)

where we introduced the total number of repetitions

Q(t, ϵt) =
⌈
2λH |t| + 3 log

( 6
ϵt

)⌉
. (108)

and used TS(ϵ), TP (ϵ) from Theorem 3. The quantity TROT is instead defined in Theo-
rem A.3. Finally, the algorithm requires a total number of qubits given by

η+(2+d)m+12+br+bQFT+max (2bQFT − 1, dm+ 6, η + 2m+ 9) = O

(
η +m+ log

(
t

ϵ

))
,

(109)
where we have defined

br =
⌈

1
2 log2

(
72π2λH |t|

ϵ

)⌉
and bQFT = min

(
m− 1,

⌈
log2

(16dλH |t|m
ϵ

)⌉)
+ 1 ,

(110)
in addition to the ns = ηdm qubits used to encode the system.

Proof. To compute the cost of the algorithm, we first recall from Lemma 57 of Ref. [36]
that using the Jacobi-Anger expansion we can build a polynomial PQ(t) of order Q such
that ∥∥∥eit − PQ(t)

∥∥∥
[−1,1]

≤ 2
∞∑

q=Q+1
|Jq(t)|q , (111)

where Jq are Bessel polynomials of the first kind. Using a similar calculation than the one
used in Ref. [36] we have the following sequence of bounds

2
∞∑
q=K

|Jq(t)|q ≤ 2
∞∑
q=0

(|t|/2)K+q

(K + q)! ≤ 2(|t|/2)K
K!

∞∑
q=0

2−q = 4(|t|/2)K
K! ≤

√
8
πK

∣∣∣∣ et2K

∣∣∣∣K .

(112)
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We now take r(t, δ) such that δ = (t/r(t, δ))r(t, δ) and for K = Q + 1 ≥ r(e|t|/2, δ) we
have

2
∞∑
q=K

|Jq(t)|q ≤
√

8
πK

∣∣∣∣ et2K

∣∣∣∣K ≤ 2√
π

∣∣∣∣ et2K

∣∣∣∣K ≤ 2√
π
δ . (113)

If we want an error ϵP for this approximation then we can just take

Q =
⌈
r

(
e|t|
2 ,

√
π

2 ϵP

)
− 1

⌉
. (114)

After the truncation of the Jacobi-Anger expansion the resulting polynomial PQ(t) satisfies
the requirements for being implementable with QSP only approximately. In particular

1 − 2ϵP ≤ |PQ(t)|2 ≤ 1 + 2ϵP + ϵ2P , (115)

instead of |PQ(t)|2 = 1, while PQ(0) = 1 as it should. Following the construction from
Lemma 14 of Ref. [64] we can however find an implementable polynomial P̃Q(t) of the
same degree such that ∥∥∥eit − P̃Q(t)

∥∥∥
[−1,1]

≤ 3ϵP + ϵ2P ≤ AϵP , (116)

for a parameter A > 3 to be determined later. We note that the same would hold for the
polynomials that need to be built for applications of the generalized QSP as derived in
Ref. [17].

Now we can notice that, using Theorem 3 for accuracy ϵH , our block encoding of H
satisfies ∥∥∥H̃ −H

∥∥∥ ≤ ϵHλH where H̃ = λH a⟨0|UH |0⟩a . (117)

If we then choose ϵH = ϵt/|2λHt| we can use QSP to build a unitary Ũ(t) such that∥∥∥Ũ(t) − eitH̃
∥∥∥ < ϵt/2 which will also be an approximation to the evolution operator eitH

with
∥∥∥U(t) − eitH

∥∥∥ < ϵt. For this purpose we will need a polynomial of order

Q ≥
⌈
r

(
eλH |t|

2 ,

√
π

4A ϵt
)

− 1
⌉

(118)

to use in QSP. However, for every q ∈ R we have

r

(
eλH |t|

2 ,

√
π

4A ϵt
)

− 1 ≤ eq
eλH |t|

2 + 1
q

log
( 4A√

πϵt

)
− 1

≤ eq
eλH |t|

2 + 1
q

log
( 4A
eq

√
πϵt

)
≤ 2λH |t| + 3 log

( 6
ϵt

)
,

(119)

where we chose A = 3.5, which satisfies Eq. (116) when ϵP ≤ 1/2, and q = 1/3. The final
polynomial order we choose for the decomposition is therefore given by

Q(t, ϵt) =
⌈
2λH |t| + 3 log

( 6
ϵt

)⌉
. (120)

Remember from Theorem 3 that the number of ancillas in the register for block en-
coding is

na = η + 2m+ 10 , (121)
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so that the total cost for reflections done using CnaX gates amounts to

8Q(t, ϵt)(na − 1) = 8Q(t, ϵ)(η + 2m+ 9) (122)

T gates. Since we alternate between controlled W and controlled W † we can cancel a P
with a P † every pair resulting in a total of at most 2(Q(t, ϵt) + 1) uses of P and P † for a
T gate cost of

2(Q(t, ϵt) + 1)TP
(

ϵt
2λH |t|

)
, (123)

where we used an error ϵH = ϵt/|2λHt| as determined above, while TP (ϵ) is defined in
Theorem 3. For the SELECT instead, accounting for the 3 more Toffoli gates required
for controlling it, we have a total cost in T gates of

2Q(t, ϵt)
(
TS

(
ϵt

2λH |t|

)
+ 3

)
(124)

where again TS(ϵ) is defined in Theorem 3.
In summary, the total T gate count for the algorithm so far is given by

TW (ϵt) = 2Q(t, ϵt)
(
TS

(
ϵt

2λH |t|

)
+ TP

(
ϵt

2λH |t|

)
+ 3

)
+ 2TP

(
ϵt

2λH |t|

)
(125)

Finally, since we also need 2(Q(t, ϵt) + 1) rotations for the full algorithm we can do
those such that the total accumulated error is below ϵ/2 and therefore choose ϵt = ϵ/2
above. The total gate cost, adding everything together, is given by

TQSP (ϵ, t) = TW

(
ϵ

2

)
+ 2(Q(t, ϵt) + 1)TROT

(
ϵ

4(Q(t, ϵt) + 1)

)
= Õ

((
ηt+ log

(1
ϵ

))(
ηm+m log

(
mηt

ϵ

))) (126)

The total ancilla cost is then na + 2 = η + 2m+ 12 qubits for the full block encoding
of the evolution operator, together with an additional register of size

br + bQFT + max (2bQFT − 1, dm+ 6, η + 2m+ 9) , (127)

where we defined

br =
⌈

1
2 log2

(
72π2λH |t|

ϵ

)⌉
and bQFT = min

(
m− 1,

⌈
log2

(16dλH |t|m
ϵ

)⌉)
+ 1 ,

(128)
which includes the space to store the phase gradient states for the PREPARE and the
QFT, plus an additional register of dm qubits to perform the QFT in a separate register
so that the SELECT is self-inverse.

The QSP-based scheme just presented can be further improved by a factor of ≈ 2 using
the Generalized Quantum Signal Processing algorithm of Ref. [17].

Theorem 5 (G-QSP for Pionless-EFT). Consider a system with η particles on a d di-
mensional lattice with M = 2m sites per direction described by the pionless Hamiltonian
H = T + V with the kinetic and potential terms given in Eq. (9) and Eq. (11). Then for
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any t ∈ R and 1
2 > ϵ > 0 we can construct a quantum circuit implementing a unitary

operator U(t) such that
∥∥∥U(t) − e−iHt

∥∥∥ < ϵ with a one-norm equal to

λH = η

(3|C| + 4G
2 + dK22(m−1)

)
= O(η) (129)

using a number of T gates given by

TGQSP (ϵ, t) = Q

(
t,
ϵ

2

)
TS

(
ϵ

4λH |t|

)
+ 2

(
Q

(
t,
ϵ

2

)
+ 1

)
TP

(
ϵ

4λH |t|

)
+ 3

(
Q

(
t,
ϵ

2

)
+ 1

)
TROT

(
ϵ

6
(
Q
(
t, ϵ2
)

+ 1
))+ 2Q

(
t,
ϵ

2

)
TMCX(η + 2m+ 10)

= O

((
ηt+ log

(1
ϵ

))(
ηm+m log

(
mt

ϵ

)))
(130)

where we introduced the total number of repetitions

Q(t, ϵt) =
⌈
2λH |t| + 3 log

( 6
ϵt

)⌉
. (131)

and used TS(ϵ), TP (ϵ) from Theorem 3. The quantities TROT and TMCX are instead
defined in Theorem A.3 and Theorem A.4 respectively. Finally, the algorithm requires a
total number of qubits given by

η+(2+d)m+13+br+bQFT+max (2bQFT − 1, dm+ 6, η + 2m+ 9) = O

(
η +m+ log

(
t

ϵ

))
,

(132)
where we have defined

br =
⌈

1
2 log2

(
72π2λH |t|

ϵ

)⌉
and bQFT = min

(
m− 1,

⌈
log2

(16dλH |t|m
ϵ

)⌉)
+ 1 ,

(133)
in addition to the ns = ηdm qubits used to encode the system.
Proof. In this generalized version of QSP, we can define a new operator Vα,β:

|+⟩

Vα,β|P ⟩a

|ψ⟩s

=

|+⟩ R(α, β)

|P ⟩a
W † W

|ψ⟩s

(134)

where the operation R(α, β) introduced in the circuit is a generic SU(2) single qubit gate.
The full circuit required to implement a polynomial of order Q will require Q applications
of this Vα,β operator with different angles, plus one last rotation. However, note that we
can exploit the following relation:

W † W
=

P P †

S

P P †
(135)
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where we used the fact that control-U times anticontrol-U is just U . On the other hand,
when concatenating multiple Vα,β, one P and one P † simplify. This means that the total
cost of implementing the time evolution is: 2Q+1 applications of P or P †, Q applications
of S, and Q+ 1 SU(2) rotations, that can take up to 3 RZ rotations and Hadamard gates,
and finally 2Q reflections on the a = η + 2m+ 10 qubits where P acts. The total number
of T -gates is:

TGQSP (ϵ) = Q

(
t,
ϵ

2

)
TS

(
ϵ

4λH |t|

)
+ 2

(
Q

(
t,
ϵ

2

)
+ 1

)
TP

(
ϵ

4λH |t|

)
+ 3

(
Q

(
t,
ϵ

2

)
+ 1

)
TROT

(
ϵ

6
(
Q
(
t, ϵ2
)

+ 1
))+ 2Q

(
t,
ϵ

2

)
TMCX(η + 2m+ 10)

(136)

Where the value of Q
(
t, ϵ2
)
, the errors, and number of qubits are the same as in

Theorem 4. We also used TS(ϵ), TP (ϵ) from Theorem 3, TROT from Theorem A.3 and
TMCX from Theorem A.4.

3 Cost of state preparation
Our main focus in this work is to provide an accurate estimate of the computational

resources, gates and memory, required to perform time evolution with the simplest nuclear
Hamiltonian. This is a key subroutine to enable the study of dynamical properties of
nuclear system on digital quantum computers but another, equally important, component
is the procedure to prepare low energy nuclear states describing the reagents in the collision
process. For example, in a typical lepton-nucleus reaction the goal is to prepare a good
approximation of the ground-state of the target nucleus.

In the most general case determining the ground-state energy, and thus also preparing
the ground state, for a k-local qubit Hamiltonian is known to be extremely hard, QMA-
complete in fact [50], for any k ≥ 2. The main source of this complexity is the possibility
that the ground state energy gap becomes exponentially small in system size. When
preparing the ground state of a target with choice of basis of single particle we do not
expect to be in this since the ground state energy gap will only go to a constant as we
make the linear size of the simulation box larger while keeping the lattice spacing fixed.

Since the pioneering work by Dumitrescu et. al [26], a variety of techniques has been
developed and applied to nuclear systems (see e.g. [8, 31, 83] for recent reviews). The over-
whelming majority of these works uses a second quantized encoding for the full fermionic
Fock space and only recently are state preparation techniques being applied to nucleons in
first quantization [90, 98]. An accurate cost estimation for state preparation is hindered
by two main factors. The first is technical: many popular algorithms rely on heuristic
optimization schemes to prepare approximate ground states making cost estimates diffi-
cult to obtain. The second has to do with physics: different nuclear targets will have very
different ground states depending on the constituent nucleons and the nuclear interaction
being used. For example, closed shell nuclei like 16O or 40C tend to have larger energy gaps
to their excited states than an open shell nucleus like 40Ar. The resources required for the
initial state preparation required for simulations of nuclear reactions will then strongly
depend on the process being studied. A comprehensive study of these costs is beyond the
scope of the present work which focuses instead on the Hamiltonian evolution part of a
nuclear reaction simulation.
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In order to put the results shown in the next section into perspective, we can estimate
the cost of preparing an initial Hartree-Fock state in our nuclear lattice model assuming
access to an oracle that prepares the η single-particle orbitals we want. Using the strategy
of Ref. [10] the Hartree Fock state could then be prepared in first quantization using O(ηΩ)
T gates and O(η) ancilla space. An alterative strategy proposed recently in Ref. [81] allows,
for large lattice sizes, to trade T gates for space achieves O(η2√

Ω) gate complexity while
requiring O(

√
Ω) ancilla space. The authors of Ref. [81] estimated that of the order of

O(105) T gates would be needed for preparing a simple Hartree-Fock state on a 64×64×64
lattice with up to η ≈ 70. Compared to the cost of time evolution described in more detail
in the next section, this would constitute only a small fraction of the overall cost of the
simulation. Finally we want to point out that, for sufficiently well localized spatial orbitals,
it could be possible to initialize an Hartree Fock state with a logarithmic cost in Ω using
the protocol proposed in Ref. [44] which achieves a T complexity in O(η2 log(Ω)) with a
prefactor that depends on the number of localized basis functions used to obtain the single
particle orbitals.

4 Results
In this section, we present numerical results for both the gate count and the number of

qubits using realistic model parameters. In particular, we use the coefficients reported in
Tab. 4 which are the same used in previous publications on pionless EFT [78, 97]. These
correspond to a SU(4) symmetric contact interaction with a lattice spacing a = 1.4 fm
and a nucleon mass µ = 939 MeV. We provide resource estimates for consider two separate
situations

• simulations for a time tcross comparable to the time it would take a nucleon with
energy E = 10 MeV to cross the full lattice (as introduced in Ref. [97])

tcross(L) = aL

ℏc

√
µ

2E , (137)

where L = 2m is the dimensionless linear size of the lattice.

• simulations for a time tr(∆ω) required to reconstruct the nuclear response with a
resolution of ∆ω

t =
(⌈∆H

∆ω

⌉
− 1

) 2π
∆H (138)

where ∆H = ∥T∥ + ∥V ∥ + 18η (see Ref. [78] with the norm estimates is in Appendix
C. In these calculations we consider ∆ω = 100 MeV.

The first type of calculation gives an idea of the effort required to study nuclear col-
lisions or (semi-)-exclusive processes where nucleon propagation needs to be taken into
account. The second type of calculation is more amenable to study nuclear cross sections
within linear response [40, 76, 77, 87, 88].

ℏ2

2µa2 [MeV] C [MeV] G [MeV]

10.58 −98.23 127.84

Table 4: Hamiltonian parameters for a lattice spacing a = 1.4 fm extracted from Ref. [79].
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As in the main part of the paper above, we will use Ω to denote the number of possible
single-particle states, which will be 4 (due to spin and isospin) per site of the lattice,
meaning Ω = 4 · 2dm = 4Ld, where d = 3 is the number of spatial dimensions, and m is
the number of qubits used for every spatial dimension.
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Figure 10: The left (right) panel shows the T-gate (qubit) count as a function of the number of nucleons
for the crossing time tcross in Eq. (137) in a 8×8×8 box. The red curves correspond to a second-order
product formula in first quantization, the green and black curves correspond to the QSP and GQSP
methods in first quantization and, finally, the blue curves are the second-order product formula as
implemented in Ref. [97]. For each method we show results for the time tcross from Eq. (137) and
two different target errors: ϵ = 10−1 (solid line), and ϵ = 10−3 (dashed line).

We start from the first type of calculations and show in Fig 10 the T -gate and qubit
counts in terms of the number of nucleons η in the system for m = 3, corresponding to a
8 × 8 × 8 box. We show two different target errors corresponding to ϵ = 10=1 (solid lines)
and ϵ = 10−3 (dashed lines). In this figure we compare three methods: the second-order
product formula in either first quantization (red) or second quantization (blue) as well as
the QSP and GQSP methods in first quantization (green and black respectively). The
implementation for the second quantization scheme follows the previous work by Watson
et al. Ref. [97]. We start by noticing that, as expected, the number of qubits required
for simulations in first quantization is always smaller than in second quantization, even
accounting for the additional ancilla space required to perform the former scheme. For a
medium mass nucleus with η = 40 first quantization requires around 420 qubits while in
second quantization one need 3072 qubits regardless on the number of particles. The gate
cost shows instead a more interesting behavior: for the Trotter method the gate cost in
second quantization grows more gently with η and becomes the preferred scheme for all
but the smallest nuclei. This was expected since, as summarized in Tab. 2, for fixed time,
error and box size we have

C1st = Õ
(
η7/2 log(η)

)
C2nd = O

(
η1/2 log(η)

)
, (139)

for the first and second quantization product formula respectively. On the other hand, the
GQSP simulation in first quantization appears to outperform the other techniques for all
nuclei considered (up to η = 294) even for the largest error tolerance ϵ = 10−1. For large
enough systems the O(η2) of QSP/GQSP can start to favor Trotter in second quantization,
at least for large error tolerances. In our calculations this happens only for QSP where
second-quantized Trotter starts to be preferred at η = 255. Thanks to their logarithmic
scaling with the error ϵ, QSP and GQSP will progressively become advantageous as the
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Figure 11: The two panels show the T-gate count as a function of the size of the single particle space
Ω = 4 · 8m for 3 ≤ m ≤ 12. The left panel shows simulations up to tcross from Eq. (137) while the
right panel is for simulations up to tr(∆ω) from Eq. (138) with ∆ω = 100 MeV. The color coding is
the same as in Fig. 10 but here the solid line correspond to a sytem with η = 16 while the dashed line
to η = 40. In all cases we set ϵ = 10−2.

target error ϵ is reduced. As we can see on the right panel, this does not come with
an appreciable change in the number of qubits required with QSP requiring more logical
qubits than the algorithm in second quantization only for η ≥ 276. In the right panel
we have a single line for both QSP and GQSP since they bothy require exactly the same
number of qubits. We can conclude that, with the parameters we used (ϵ = 10−1, 10−3

and a small m = 3 lattice in three spatial dimensions), the GQSP algorithm in first
quantization is the preferred scheme since it requires fewer gates, fewer qubits, and it
allows us to easily go to smaller errors.

Of course, the main appeal of formulating this problem in first quantization is the
favorable scaling of the cost with the size of the single particle space Ω. To show the
impact of this, we present on the left panel of Fig 11 the gate count as a function of the
number of single-particles states Ω = 4 · 2dm for d = 3, total time equal to tcross, target
error ϵ = 10−2 and two separate nuclei with η = 16 (solid lines) and η = 40 (dashed
lines). The results span a range going from m = 3, corresponding to the 83 lattice used
for the previous results, to m = 12 which correspond to a 40963 lattice. For reference,
for the first quantization algorithms we reach the same qubit register need for the second
quantization scheme for m = 24 at η = 40 and at η = 16 for m = 54 (a 1016 cubed lattice)
. It is important to notice that the time tcross used to produce these results grows with
the single particle space size as tcross ∝ Ω1/3 in d = 3 spatial dimensions. Using then the
results from Tab. 2 we see that, for fixed error and particle number the gate cost scales as

C1st = Õ
(
Ω1/2

)
C2nd = Õ

(
Ω3/2

)
CQSP/GQSP = Õ

(
Ω1/3

)
, (140)

where C1st and C2nd refer to the second-order Trotter in first and second quantization
respectively. From the results shown in the left panel of Fig. 11 we clearly see this trend
with the GQSP method outperforming all the others. On the right panel of Fig. 11 we
show instead the T gate count for η = 16 (solid lines) and η = 40 (dashed lines) but for
the total simulation time tr(∆ω) with ∆ω = 100 MeV which is largely independent on η
and approximately given by tr ≈ 0.063 MeV−1. The difference between methods is now
stronger as we expect, from Tab. 2, the following scaling

C1st = Õ
(
log(Ω)2

)
C2nd = O(Ω log (Ω)) CQSP/GQSP = O

(
log(Ω)2

)
. (141)
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The logarithmic scaling with Ω of the gate cost is now apparent with for instance the gate
cost for the η = 16 system in QSP/GQSP changing by less than a factor of 5 when Ω
increases by more than 8 orders of magnitude. We can now also clearly see that the second
quantization method has a linear scaling in the size of the lattice.

In summary, we conclude that for a purely pion-less nuclear model the second quanti-
zation approach brings an advantage only in the limit of high η and small m, which is the
case of a lattice system where the majority of sites is full. When considering scattering
simulations, we are mostly interested in the opposite limit, since we have few particles, at
most hundreds of nucleons, and very large lattices. In this setting, the first quantization
approaches appear to be cheaper both in T -gate and qubit count in every parameter range
(given η/Ω ≪ 1). In particular, the QSP/GQSP algorithm brings a significant advantage
in the gate count even in regimes where both target errors are not overly small or total
times overly large. In order to provide a more concrete resource assessment, we provide
in Tab. 5 both T gate and logical qubit counts for a minimal simulation in a 8 × 8 × 8
spatial lattice with error ϵ = 0.1 and two systems with η = 16 and 40 respectively. For
all instances GQSP provides the best gate count at the price of a modest increase in the
required number of logical qubits. The results shown for GQSP approaching values that
suggest these simulations are reaching an efficiency that could make them candidates for
early fault-tolerant regimes.

Method η T-count [tcross] qubits [tcross] T-count [t∆ω] qubits [t∆ω]

Trotter 2nd order 16 3.64 · 109 3072 2.15 · 108 3072

2nd-quantization [97] 40 5.89 · 109 3072 3.47 · 108 3072

Trotter 2nd order 16 1.3 · 109 196 8.2 · 107 190

1st-quantization 40 3.3 · 1010 416 2.1 · 109 410

QSP 16 7 · 107 235 1.12 · 107 234

1st-quantization 40 4 · 108 500 6.4 · 107 498

GQSP 16 3.75 · 107 235 5.99 · 106 234

1st-quantization 40 2.11 · 108 500 3.38 · 107 498

Table 5: Summary of the gate and qubit cost for simulations up to tcross (columns 3 and 4) and t∆ω

(columns 5 and 6) for four methods and two different numbers of particle η = 16 and η = 40. All
estimates use a 8 × 8 × 8 lattice and target error ϵ = 0.1.

5 Summary and conclusions
In this work, we compared various algorithms for the simulation of nuclear dynam-

ics at low energies using a minimal model of the nuclear Hamiltonian based on pion-less
Effective Field Theory. When formulated on a spatial lattice, this model shares many sim-
ilarities with the standard Fermi Hubbard model but it includes more fermionic species
and three-body interactions. The other main difference with simulations of the Hubbard
model, or the electron gas, is that for those models one is often interested in keeping the
particle density fixed as the volume is made larger while when studying nuclear reactions
we are instead interested in studying systems with a fixed particle number in the limit
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of large volumes. This provides a great opportunity for a formulation of the problem
in first quantization where the memory requirement scales only as the logarithm of the
volume. In our first two main results, Theorem 1 and Theorem 2, we provided a com-
plete resource estimation for first, second and fourth order product formulas. We achieve
this by proposing an efficient strategy to apply the evolution under the potential energy
operator using an equality testing approach in Lemma 3 and by carefully estimating the
commutator bounds for product formulae using a generalization of fermionic semi-norms
in first quantization. We have also provided a full block encoding of the pionless EFT
Hamiltonian in Theorem 3 using a standard approach from Ref. [91] for the kinetic energy
but develop a novel block encoding for contact interactions that exploits the fermionic
nature of the system allowing for an efficient implementation with only O(η) gate cost
even in the presence of two and three-body interactions. This block encoding is then used
together with Quantum Signal Processing in Theorem 4 to provide a complete resources
estimation for simulations of time evolution of pionless EFT in first quantization with a
near optimal simulation method. In terms of the number of gates, the scaling is nearly
linear in time as Õ(t), polylog in error as O(log(1/ϵ)2) and at most quadratic in the num-
ber of particles η. A full comparison of the gate and logical qubit scaling of a various
techniques for the simulation of time-evolution in the pionless EFT model is provided in
Tab. 2 above. For a fixed total time t and target error ϵ, the main difference between first
and second quantization schemes is the scaling with the system size: a product formula
of order 2p requires Õ(η1/2p Ω) T-gates and O(Ω) logical qubits while in first quantiza-
tion these become Õ(η1+1/2p log(Ω)(η2 + log(Ω))) and Õ(log(Ω)(η+ log(Ω))) respectively.
Using QSP in first quantization brings the gate cost down to Õ(η2 log(Ω) on O(η log(Ω))
logical qubits. All gate costs presented here are expressed in terms of T -gate count. We
expect however this to be a good estimate for the overall scaling when considering also
entangling Clifford gates.

In order to go beyond a study of the asymptotic scaling, in Sec. 4 we compared directly
the cost of the second order product formula in both first and second quantization as well
as QSP in first quantization for system parameters appropriate for a minimal simulation
of nuclear scattering at low energies. The results show that consistently formulating the
problem in first quantization not only requires exponentially fewer qubits to encode the
system, but it also requires fewer T -gates to be implemented. Due to a stronger dependence
on the number of particles η of the first quantization methods we expect that there is a
regime where second quantization would be preferred. From our estimations, even for a
small 83 lattice, the 2nd order formula in first quantization becomes more expensive than
the second quantization version for η ≈ 10 − 20 while the crossing point for QSP happens
only for large systems with η ≈ 200.

The cost estimates reported in Tab. 5 suggest that early studies of low energy nuclear
scattering on simple targets could be performed with around 107 T gates on a few hun-
dred logical qubits (e.g. 212 for 16O) which is possibly within reach for early fault-tolerant
quantum devices. As a comparison, this is about one order of magnitude more expensive
in terms of non-Clifford gates than Quantum Phase Estimation on the Fermi Hubbard
model [19], one of the paradigmatic early fault-tolerant applications of quantum simula-
tions. Using the second quantization based implementation of Ref. [97] will require for the
same systems at least one order of magnitude more T gates and logical qubits and is then
more comparable to ground state simulation of molecules [38, 59] or factoring of 2048-bit
RSA integers [34].

It is important to note that the estimates presented here deal only with the time evolu-
tion portion of the scattering simulation. The progress that we were able to demonstrate
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calls now for a full end-to-end resource estimation for nuclear scattering problems to assess
the practical viability of studying these physical process in the early fault-tolerant era. Fu-
ture steps towards this goal will need to include the cost of state preparation of the initial
nuclear target and an estimate of the number of circuit repetitions required to extract
physical observables. We have provided in Sec. 3 a short discussion about the possible
strategies that can form a starting point for future work on costing the state preparation
part,at least in cases where one is interested in the linear response of the nuclear target.
The number of circuit repetition will also significantly depend on the specific observables
that are targeted in the simulation. For general exclusive processes with many particles
involved in the reaction the number of final states becomes rapidly too large to allow for
accurate quantification of the individual cross sections and more research will be needed
to better understand which measurable observables could be computed efficiently for these
processes. For inclusive cross sections instead, one possible strategy would be to measure
directly either the Chebyshev or the Fourier moments of the response function as described
e.g. in Refs. [51, 76, 88]. For typical applications in nuclear physics, the improved estima-
tors from Ref. [40] suggest that O(103) Fourier moments would be sufficient. Measuring
these moments individually to a percent level precision would require O(104) repetitions
for each moment but in the fault tolerant regime it could be possible to trade repetitions
for additional gate depth using strategies like the one proposed in Ref [43]. It will be also
important to explore the implementation of improved Hamiltonians with more complex
interactions which are needed for higher accuracy and for higher collision energies [39].
Even though the results presented here are specific to the SU(4) invariant Hamiltonian
from Eq. (1), the construction we follow can be readily extended to more accurate models
that also include an SU(4) breaking term that distinguishes the spin singlet and triplet
states (see Appendix. E).

Several further optimization are still available to reduce the final gate costs of the
methods presented here. For instance, the exponentiation of the potential energy operator
can be sped up from O(η3) to O(η2) using a variant of the trick used to construct the block
encoding in Lemma 5 where we use the expression in Eq. (76) for the potential matrix
elements and store the inner sum over j in a two qubit register for each particle i and
finally perform a phase kickback with its value. This scheme will incur in an increase
in ancilla space of O(log(η)) and we didn’t fully pursue it here because from preliminary
estimates the QSP-based scheme was still performing better. Of course this could change
if better bounds on the Trotter error are pursued [14, 19, 84]. The choice of kinetic energy
operator will play a role in this: here we used a QFT based implementation of the kinetic
energy T but since we are working with finite UV regulators anyway it is also possible to
use finite differences approximations which could lead to smaller Trotter errors [97] and
might still be implemented efficiently even at high orders [52].

In addition, our main focus in this has been the optimization of the total number
of T -gates but for practical early fault-tolerant calculations it might be helpful to also
minimize the gate depth. For instance, for the block encoding of the potential energy we
use the f register in Eq. (64) in unary and employ the swap network construction shown
in Fig. 5 which uses η ancilla qubits, and (η − 1)dm controlled-swap gates. In order to
achieve the same task we could have used instead the f register in bit encoding and use
a swap network with an ancilla register of ⌈log2 η⌉ qubits, and 2⌈log2 η⌉dm controlled-swap
gates [52]. The alternative circuit could cost a factor of 2 more than the previous one,
but it would save ancilla qubits (from η to ⌈log2 η⌉), and reduce the depth from O(η) to
O(log η). For the Trotter evolution of the potential we have to perform a large number
of rotations with fixed angles, O(η2) per step for the two body and O(η3) per step for
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the three body. By parallelizing the application of these rotations, which will also reduce
the gate depth, we can then leverage techniques like Hamming Weight Phasing [33, 53]
to reduce the non-Clifford cost of implementing the rotations. As a final example,in our
algorithm, we use many N -controlled Toffoli gates, which with the implementation we
considered (see Theorem A.4 in Appendix A) have linear depth. A recent proposal from
Ref. [71] would require instead a single ancilla qubit and reduce the depth to logarithmic
in N . We want to conclude by noting that the focus in our resource estimation has been
concentrated solely on minimizing T gates, as these operation become cheaper and other
quantum error correcting besides the surface code receive increased attention [18, 101, 102]
future work in design of quantum algorithms for nuclear reactions could take a different
approach for optimizing the overall cost.
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[70] Petr Navrátil, Sofia Quaglioni, Guillaume Hupin, Carolina Romero-Redondo, and
Angelo Calci. Unified ab initio approaches to nuclear structure and reactions. Phys-
ica Scripta, 91(5):053002, apr 2016. DOI: 10.1088/0031-8949/91/5/053002. URL
https://dx.doi.org/10.1088/0031-8949/91/5/053002.

Accepted in Quantum 2026-07-14, click title to verify. Published under CC-BY 4.0. 45

https://doi.org/https://doi.org/10.1146/annurev-nucl-102419-033316
https://doi.org/https://doi.org/10.1146/annurev-nucl-102419-033316
https://doi.org/https://doi.org/10.1146/annurev-nucl-102419-033316
https://www.annualreviews.org/content/journals/10.1146/annurev-nucl-102419-033316
https://www.annualreviews.org/content/journals/10.1146/annurev-nucl-102419-033316
https://doi.org/10.1016/j.ppnp.2008.12.001
https://doi.org/10.1016%2Fj.ppnp.2008.12.001
https://doi.org/10.1103/prxquantum.2.030305
https://doi.org/10.1103/2Fprxquantum.2.030305
https://doi.org/10.1103/2Fprxquantum.2.030305
https://doi.org/10.1126/science.273.5278.1073
https://www.science.org/doi/abs/10.1126/science.273.5278.1073
https://www.science.org/doi/abs/10.1126/science.273.5278.1073
https://doi.org/10.1103/PhysRevC.97.022502
https://link.aps.org/doi/10.1103/PhysRevC.97.022502
https://doi.org/10.1103/PhysRevX.10.031068
https://link.aps.org/doi/10.1103/PhysRevX.10.031068
https://doi.org/10.1103/PhysRevLett.118.010501
https://doi.org/10.1103/PhysRevLett.118.010501
https://link.aps.org/doi/10.1103/PhysRevLett.118.010501
https://link.aps.org/doi/10.1103/PhysRevLett.118.010501
https://doi.org/10.22331/q-2019-07-12-163
https://doi.org/10.22331/2Fq-2019-07-12-163
https://doi.org/10.22331/2Fq-2019-07-12-163
https://doi.org/https://doi.org/10.1016/j.physletb.2019.134863
https://www.sciencedirect.com/science/article/pii/S0370269319305775
https://doi.org/https://doi.org/10.1016/j.physrep.2011.02.001
https://www.sciencedirect.com/science/article/pii/S0370157311000457
https://www.sciencedirect.com/science/article/pii/S0370157311000457
https://doi.org/10.1103/PhysRevLett.132.062501
https://link.aps.org/doi/10.1103/PhysRevLett.132.062501
https://link.aps.org/doi/10.1103/PhysRevLett.132.062501
https://doi.org/10.1038/s41534-020-0257-5
http://dx.doi.org/10.1038/s41534-020-0257-5
http://dx.doi.org/10.1038/s41534-020-0257-5
https://doi.org/10.1088/0031-8949/91/5/053002
https://dx.doi.org/10.1088/0031-8949/91/5/053002


[71] Junhong Nie, Wei Zi, and Xiaoming Sun. Quantum circuit for multi-qubit toffoli
gate with optimal resource, 2024. URL https://arxiv.org/abs/2402.05053.

[72] S. Pastore, J. Carlson, V. Cirigliano, W. Dekens, E. Mereghetti, and R. B. Wiringa.
Neutrinoless double-β decay matrix elements in light nuclei. Phys. Rev. C, 97:014606,
Jan 2018. DOI: 10.1103/PhysRevC.97.014606. URL https://link.aps.org/doi/
10.1103/PhysRevC.97.014606.

[73] S. Pastore, J. Carlson, S. Gandolfi, R. Schiavilla, and R. B. Wiringa. Quasielastic
lepton scattering and back-to-back nucleons in the short-time approximation. Phys.
Rev. C, 101:044612, Apr 2020. DOI: 10.1103/PhysRevC.101.044612. URL https:
//link.aps.org/doi/10.1103/PhysRevC.101.044612.

[74] Hyper-Kamiokande Proto-Collaboration, K. Abe, et al. Physics potential of a long-
baseline neutrino oscillation experiment using a j-parc neutrino beam and hyper-
kamiokande. Progress of Theoretical and Experimental Physics, 2015(5):053C02, 05
2015. ISSN 2050-3911. DOI: 10.1093/ptep/ptv061. URL https://doi.org/10.
1093/ptep/ptv061.

[75] N. Rocco and C. Barbieri. Inclusive electron-nucleus cross section within the
self-consistent green’s function approach. Phys. Rev. C, 98:025501, Aug 2018.
DOI: 10.1103/PhysRevC.98.025501. URL https://link.aps.org/doi/10.1103/
PhysRevC.98.025501.

[76] A. Roggero. Spectral-density estimation with the gaussian integral transform. Phys.
Rev. A, 102:022409, Aug 2020. DOI: 10.1103/PhysRevA.102.022409. URL https:
//link.aps.org/doi/10.1103/PhysRevA.102.022409.

[77] Alessandro Roggero and Joseph Carlson. Dynamic linear response quantum algo-
rithm. Phys. Rev. C, 100:034610, Sep 2019. DOI: 10.1103/PhysRevC.100.034610.
URL https://link.aps.org/doi/10.1103/PhysRevC.100.034610.

[78] Alessandro Roggero, Andy C. Y. Li, Joseph Carlson, Rajan Gupta, and Gabriel N.
Perdue. Quantum computing for neutrino-nucleus scattering. Physical Review D,
101(7), apr 2020. DOI: 10.1103/physrevd.101.074038. URL https://doi.org/10.
1103%2Fphysrevd.101.074038.

[79] A Rokash, E Epelbaum, H Krebs, D Lee, and U-G Meißner. Finite volume effects
in low-energy neutron–deuteron scattering. Journal of Physics G: Nuclear and Par-
ticle Physics, 41(1):015105, dec 2013. DOI: 10.1088/0954-3899/41/1/015105. URL
https://dx.doi.org/10.1088/0954-3899/41/1/015105.

[80] Emma Rosenfeld, Craig Gidney, Gabrielle Roberts, Alexis Morvan, Nathan Lacroix,
Dvir Kafri, Jeffrey Marshall, Ming Li, Volodymyr Sivak, Dmitry Abanin, et al.
Magic state cultivation on a superconducting quantum processor. arXiv preprint
arXiv:2512.13908, 2025.

[81] E. Rule, I. A. Chernyshev, I. Stetcu, J. Carlson, and R. Weiss. Recursive algo-
rithm for constructing antisymmetric fermionic states in first quantization mapping.
Quantum, 10:2056, 4 2026. ISSN 2521-327X. DOI: 10.22331/q-2026-04-08-2056.
URL https://doi.org/10.22331/q-2026-04-08-2056.

[82] Yuval R. Sanders, Dominic W. Berry, Pedro C.S. Costa, Louis W. Tessler, Nathan
Wiebe, Craig Gidney, Hartmut Neven, and Ryan Babbush. Compilation of fault-
tolerant quantum heuristics for combinatorial optimization. PRX Quantum, 1:
020312, Nov 2020. DOI: 10.1103/PRXQuantum.1.020312. URL https://link.
aps.org/doi/10.1103/PRXQuantum.1.020312.

[83] Savage, Martin J. Quantum computing for nuclear physics. EPJ Web Conf., 296:
01025, 2024. DOI: 10.1051/epjconf/202429601025. URL https://doi.org/10.
1051/epjconf/202429601025.

Accepted in Quantum 2026-07-14, click title to verify. Published under CC-BY 4.0. 46

https://arxiv.org/abs/2402.05053
https://doi.org/10.1103/PhysRevC.97.014606
https://link.aps.org/doi/10.1103/PhysRevC.97.014606
https://link.aps.org/doi/10.1103/PhysRevC.97.014606
https://doi.org/10.1103/PhysRevC.101.044612
https://link.aps.org/doi/10.1103/PhysRevC.101.044612
https://link.aps.org/doi/10.1103/PhysRevC.101.044612
https://doi.org/10.1093/ptep/ptv061
https://doi.org/10.1093/ptep/ptv061
https://doi.org/10.1093/ptep/ptv061
https://doi.org/10.1103/PhysRevC.98.025501
https://link.aps.org/doi/10.1103/PhysRevC.98.025501
https://link.aps.org/doi/10.1103/PhysRevC.98.025501
https://doi.org/10.1103/PhysRevA.102.022409
https://link.aps.org/doi/10.1103/PhysRevA.102.022409
https://link.aps.org/doi/10.1103/PhysRevA.102.022409
https://doi.org/10.1103/PhysRevC.100.034610
https://link.aps.org/doi/10.1103/PhysRevC.100.034610
https://doi.org/10.1103/physrevd.101.074038
https://doi.org/10.1103%2Fphysrevd.101.074038
https://doi.org/10.1103%2Fphysrevd.101.074038
https://doi.org/10.1088/0954-3899/41/1/015105
https://dx.doi.org/10.1088/0954-3899/41/1/015105
https://doi.org/10.22331/q-2026-04-08-2056
https://doi.org/10.22331/q-2026-04-08-2056
https://doi.org/10.1103/PRXQuantum.1.020312
https://link.aps.org/doi/10.1103/PRXQuantum.1.020312
https://link.aps.org/doi/10.1103/PRXQuantum.1.020312
https://doi.org/10.1051/epjconf/202429601025
https://doi.org/10.1051/epjconf/202429601025
https://doi.org/10.1051/epjconf/202429601025


[84] Ansgar Schubert and Christian B. Mendl. Trotter error with commutator scaling for
the fermi-hubbard model. Phys. Rev. B, 108:195105, 1 2023. DOI: 10.1103/Phys-
RevB.108.195105. URL https://link.aps.org/doi/10.1103/PhysRevB.108.
195105.

[85] J. E. Sobczyk and S. Bacca. 16O spectral function from coupled-cluster theory:
Applications to lepton-nucleus scattering. Phys. Rev. C, 109:044314, Apr 2024.
DOI: 10.1103/PhysRevC.109.044314. URL https://link.aps.org/doi/10.1103/
PhysRevC.109.044314.

[86] J. E. Sobczyk, B. Acharya, S. Bacca, and G. Hagen. Ab initio computation of
the longitudinal response function in 40Ca. Phys. Rev. Lett., 127:072501, Aug
2021. DOI: 10.1103/PhysRevLett.127.072501. URL https://link.aps.org/doi/
10.1103/PhysRevLett.127.072501.

[87] J. E. Sobczyk, W. Jiang, and A. Roggero. Spin response of neutron matter in
ab initio approach. Phys. Rev. Lett., 134:192701, May 2025. DOI: 10.1103/Phys-
RevLett.134.192701. URL https://link.aps.org/doi/10.1103/PhysRevLett.
134.192701.

[88] Joanna E. Sobczyk and Alessandro Roggero. Spectral density reconstruction with
chebyshev polynomials. Phys. Rev. E, 105:055310, 5 2022. DOI: 10.1103/Phys-
RevE.105.055310. URL https://link.aps.org/doi/10.1103/PhysRevE.105.
055310.

[89] Luca Spagnoli, Chiara Lissoni, and Alessandro Roggero. Code for quantum simula-
tion of nuclear dynamics in first quantization, 5 2026. URL https://doi.org/10.
5281/zenodo.20041384.

[90] Ionel Stetcu. Antisymmetrization of composite fermionic states for quantum
simulations of nuclear reactions in first-quantization mapping. arXiv preprint
arXiv:2512.16138, 2025.

[91] Yuan Su, Dominic W. Berry, Nathan Wiebe, Nicholas Rubin, and Ryan Babbush.
Fault-tolerant quantum simulations of chemistry in first quantization. PRX Quan-
tum, 2:040332, Nov 2021. DOI: 10.1103/PRXQuantum.2.040332. URL https:
//link.aps.org/doi/10.1103/PRXQuantum.2.040332.

[92] Yuan Su, Hsin-Yuan Huang, and Earl T. Campbell. Nearly tight trotterization of
interacting electrons. Quantum, 5:495, jul 2021. DOI: 10.22331/q-2021-07-05-495.
URL https://doi.org/10.22331%2Fq-2021-07-05-495.

[93] Masuo Suzuki. General theory of fractal path integrals with applications to many-
body theories and statistical physics. Journal of Mathematical Physics, 32(2):400–
407, 02 1991. ISSN 0022-2488. DOI: 10.1063/1.529425. URL https://doi.org/
10.1063/1.529425.

[94] U. van Kolck. Effective field theory of short-range forces. Nuclear Physics
A, 645(2):273–302, 1999. ISSN 0375-9474. DOI: https://doi.org/10.1016/S0375-
9474(98)00612-5. URL https://www.sciencedirect.com/science/article/pii/
S0375947498006125.

[95] F Verstraete and J I Cirac. Mapping local hamiltonians of fermions to local hamil-
tonians of spins. Journal of Statistical Mechanics: Theory and Experiment, 2005
(09):P09012, sep 2005. DOI: 10.1088/1742-5468/2005/09/P09012. URL https:
//dx.doi.org/10.1088/1742-5468/2005/09/P09012.

[96] John Watrous. Frontmatter, pages i–iv. Cambridge University Press, 2018.
[97] James D. Watson, Jacob Bringewatt, Alexander F. Shaw, Andrew M. Childs,

Alexey V. Gorshkov, and Zohreh Davoudi. Quantum algorithms for simulating
nuclear effective field theories, 2023. URL https://arxiv.org/abs/2312.05344.

Accepted in Quantum 2026-07-14, click title to verify. Published under CC-BY 4.0. 47

https://doi.org/10.1103/PhysRevB.108.195105
https://doi.org/10.1103/PhysRevB.108.195105
https://link.aps.org/doi/10.1103/PhysRevB.108.195105
https://link.aps.org/doi/10.1103/PhysRevB.108.195105
https://doi.org/10.1103/PhysRevC.109.044314
https://link.aps.org/doi/10.1103/PhysRevC.109.044314
https://link.aps.org/doi/10.1103/PhysRevC.109.044314
https://doi.org/10.1103/PhysRevLett.127.072501
https://link.aps.org/doi/10.1103/PhysRevLett.127.072501
https://link.aps.org/doi/10.1103/PhysRevLett.127.072501
https://doi.org/10.1103/PhysRevLett.134.192701
https://doi.org/10.1103/PhysRevLett.134.192701
https://link.aps.org/doi/10.1103/PhysRevLett.134.192701
https://link.aps.org/doi/10.1103/PhysRevLett.134.192701
https://doi.org/10.1103/PhysRevE.105.055310
https://doi.org/10.1103/PhysRevE.105.055310
https://link.aps.org/doi/10.1103/PhysRevE.105.055310
https://link.aps.org/doi/10.1103/PhysRevE.105.055310
https://doi.org/10.5281/zenodo.20041384
https://doi.org/10.5281/zenodo.20041384
https://doi.org/10.1103/PRXQuantum.2.040332
https://link.aps.org/doi/10.1103/PRXQuantum.2.040332
https://link.aps.org/doi/10.1103/PRXQuantum.2.040332
https://doi.org/10.22331/q-2021-07-05-495
https://doi.org/10.22331%2Fq-2021-07-05-495
https://doi.org/10.1063/1.529425
https://doi.org/10.1063/1.529425
https://doi.org/10.1063/1.529425
https://doi.org/https://doi.org/10.1016/S0375-9474(98)00612-5
https://doi.org/https://doi.org/10.1016/S0375-9474(98)00612-5
https://www.sciencedirect.com/science/article/pii/S0375947498006125
https://www.sciencedirect.com/science/article/pii/S0375947498006125
https://doi.org/10.1088/1742-5468/2005/09/P09012
https://dx.doi.org/10.1088/1742-5468/2005/09/P09012
https://dx.doi.org/10.1088/1742-5468/2005/09/P09012
https://arxiv.org/abs/2312.05344


[98] R. Weiss, A. Baroni, J. Carlson, and I. Stetcu. Solving reaction dynamics with quan-
tum computing algorithms. Phys. Rev. C, 111:064004, Jun 2025. DOI: 10.1103/vs78-
kwgz. URL https://link.aps.org/doi/10.1103/vs78-kwgz.

[99] M. Wiescher, C. A. Bertulani, C. R. Brune, R. J. deBoer, A. Diaz-Torres, L. R.
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A Subroutines
In this Appendix we provide a collection of useful results from other works that we

will use repeatedly in our derivations.

Theorem A.1 (Squaring, Lemma 7 [91]). Consider an N -qubit register. The cost in T
gates to compute its square in a (2N)-qubit register is given by

TSQU (N) = 4N2 − 4N (142)

and requires N(N − 1) ancilla qubit.

Theorem A.2 (Approximate Quantum Fourier Transform, [69]). Let us denote with QFT
the matrix implementing the Quantum Fourier Transformation on N qubits, and let U be
a unitary such that ∥QFT − U∥ ≤ ϵ. The cost in number of T gates of implementing U
for N > 2 and ϵ < 3/4 is given by

TQFT (N, ϵ) = 7N − 11 +
N−1∑
n=3

(
8 min

(⌈
log2

(
N

ϵ

)⌉
, n

)
− 15

)
= O

(
N min

(
log

(
N

ϵ

)
, N

)) (143)

The algorithm also requires the availability of a phase-gradient state over b = (min(N −
1, ⌈log2(N/ϵ)⌉)+1) qubits which needs to be implemented only once, employing O(b log(b/ϵ))
T gates, and can be reused. The total number of ancilla required is 3b− 1.

Theorem A.3 (Z Rotations, [55]). Let RZ(θ) = e−iθZ/2. A 1-qubit gate UZ(θ) can be
implemented such that ∥RZ(θ) − UZ(θ)∥ ≤ ϵ with a T -gate cost of:

TROT (ϵ) = 0.57 log2

(1
ϵ

)
+ 8.83 (144)
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Theorem A.4 (Multi-controlled Toffoli). It is possible to implement an N -controlled
Toffoli gate (which appies an X gate if and only if all N controls are in state 1) with a
T -gate count of

TMCX(N) = 4(N − 1) (145)

and N − 1 ancilla qubits

Proof. Let us assume to have N − 1 clean ancilla qubits. We can decompose the N -
controlled Toffoli in a ladder of N − 1 Toffoli gates, each having a different ancilla qubit
as target. Then, we could use the Gidney construction [33] to decode all ancilla qubits.
This would mean that the N -controlled Toffoli requires N − 1 Toffoli gates, and each of
them can be done with 4 T gates. It follows that we need a total number of T -gates equal
to

TMCX(N) = 4(N − 1) (146)

and N − 1 ancilla qubits.

Theorem A.5 (Multi-controlled Z Rotation). It is possible to implement an N -controlled
RZ(θ) gate up to error ϵ by using two N -controlled Toffoli gates and two rotations. Using
Theorem A.4 and Theorem A.3 this amounts to a total number of T gates equal to

TMCRZ(ϵ,N) = 8(N − 1) + 2TROT
(
ϵ

2

)
(147)

where TROT (ϵ) is given in Theorem A.3. The required number of ancilla qubits is N − 1.

B Phase kick-back method
The phase kick-back method is a standard procedure to implement diagonal unitaries

when the phase can be calculated efficiently (see e.g. [46, 49]). This method requires
using one quantum Fourier transform (QFT) at the beginning of the simulation and a
single oracle call per step to a unitary QH defined below. Let us consider a general qubit
register with b qubits. We initialize the register state as the Fourier transform of the
|0 · · · 001⟩b state, leading to:

|1̄⟩b = 1
2b/2

2b−1∑
j=0

e
−i 2πj

2b |j⟩ . (148)

Performing the bitstring addition 1̄ ⊕ K (modulo 2b) to this state, with K an arbitrary
integer, results in

|1̄ ⊕K⟩ = 1
2b/2

2b−1∑
j=0

e
−i 2πj

2b |j ⊕K⟩ = e
i 2πK

2b

2b/2

2b−1∑
j=0

e
−i 2πj

2b |j⟩ = e
−i 2πK

2b |1̄⟩ . (149)

The goal is to approximate the evolution for a time t under the diagonal Hamiltonian
H = ∑

m|m⟩λm⟨m|, where we assume the eigenvalues are ordered as λm ≤ λm+1 for all
m. In order to simplify the analysis, we will assume that λm ≥ 0 (this can always be
ensured by adding a global phase). The goal is then to find a unitary QH acting on both
the system register and the b ancillae such that∥∥∥e−itH − ⟨1̄|QH |1̄⟩

∥∥∥ ≤ ϵ . (150)
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Using the fact that H is diagonal in the computational basis, we can then use a controlled
unitary adder

QH |m⟩|z⟩ =|m⟩ |z ⊕Km⟩ , (151)

with a b-bit integer Km chosen such that∣∣∣∣tλm − 2π
2b Km

∣∣∣∣ (mod 2π) ≤ ϵ . (152)

This is a direct consequence of the zeroth-order bound ∥eiX + 1∥ ≤ ∥X∥, valid for any
Hermitian bounded operator X. This can be achieved if we select Km to be

Km =
⌊

2b
2π tλm

⌉(
mod 2b

)
, (153)

so that the error is bounded by

ϵ ≤ 2π
2b+1 . (154)

We can then choose the precision as

b ≥
⌈
log2

(
π

ϵ

)⌉
. (155)

A slight generalization of the construction is the situation where the eigenvalue λm
itself is being approximated by a bλ-bit integer lm so that

max
m

∣∣∣∣2bλ
λm
Λ − lm

∣∣∣∣ < 1 , (156)

for some Λ ≥ maxm λm = ∥H∥. A naive way of proceeding in this case would be to first
approximate the constant γ = tΛ/(2π) using bγ bits, then form the multiplication µm =
2b−bλγlm and finally add the result to the b-bit register. As pointed out already in recent
work [82], a more efficient strategy is to use instead the fact that the bit representation of
the classical constant γ is known to simply add directly the integer lm, with the appropriate
shift, for every non-zero component of γ into the ancilla register containing the |1̄⟩. We
can then show the following result

Lemma 6 (Phase kickback with approximate eigenvalue). Let t > 0, 0 < ϵ < 1, H a
q-qubit diagonal Hamiltonian and Λ ≥ ∥H∥ an upperbound on its spectral norm. Let also
Oλ;bλ

be an oracle that performs

Oλ;bλ
|m⟩q|0⟩bλ

=|m⟩q|lm⟩bλ
, (157)

with |m⟩ a q-qubit input state and |lm⟩ a bλ-qubit state satisfying Eq. (156). We can
implement a QH oracle that can be used, together with a b-qubit phase register initialized
in |1̄⟩ as in Eq. (148), to approximate U(t) = exp(−itH) with error less than ϵ choosing

b =
⌈
log2

(3tΛ
ϵ

log2

(3tΛ
ϵ

))⌉
, (158)

qubits for the phase register and

bλ =
⌈
log2

(3tΛ
ϵ

)⌉
, (159)
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qubits of precision for the Oλ;bλ
oracle. If the eigenvalue can be represented exactly with

bλ bits, then one can choose instead

b =
⌈
log2

(2tΛ
ϵ

log2

(2tΛ
ϵ

))⌉
, (160)

The algorithm requires one call to Oλ;bλ
, one to O†

λ;bλ
together with

TDIAG = 4bmin
(⌈

bλ + 1
2

⌉
, wH

)
= O

(
log2

(
tΛ
ϵ

))
, (161)

T gates and b ancilla qubits. Here wH is the Hamming weight of γ = tΛ/(2π) written with
bλ bits.

Proof. We first write the constant γ = tΛ/(2π) as

γ =
∞∑
k=1

γk2dγ−k, (162)

with γk = {0, 1} and dγ = ⌈log2(γ)⌉. We then have

µm = 2b−bλγlm =
∞∑
k=1

γklm2dγ+b−bλ−k = µ̃m +
∞∑

k=n+1
γklm2dγ+b−bλ−k , (163)

where we have introduced µ̃m as the approximation obtained by truncating the binary
expansion of γ to only n bits of precision. The error can be bounded as

|µm − µ̃m| =
∞∑

k=n+1
γklm2dγ+b−bλ−k

<
∞∑

k=n+1
γk2dγ+b−k

<
∞∑

k=n+1
2dγ+b−k = 2dγ+b−n .

(164)

Finally, we perform the multiplication by truncating lm/2bγ to b bits of precision and add
that to the b-bit ancilla register containing |1̄⟩. We therefore introduce

˜̃µm =
n∑
k=1

γk2dγ ⌊2b−bλ lm⌋ , (165)

whose error in approximating µ̃m is bounded by

∣∣∣µ̃m − ˜̃µm∣∣∣ =
n∑
k=1

γk2dγ

(
2b−bλ lm − ⌊2b−bλ lm⌋

)
< n2dγ .

(166)

We can now sum all the errors together using∣∣∣∣∣ 2b2π tλm − µm

∣∣∣∣∣ = γ2b
∣∣∣∣λmΛ − lm

2bλ

∣∣∣∣ < γ2b−bλ , (167)
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and also the errors from truncations∣∣∣µm − ˜̃µm∣∣∣ < 2dγ

(
n+ 2b−n

)
< γ

(
n+ 2b−n

)
. (168)

If we then use Km = ˜̃µm in the unitary QH from Eq. (151) the total error in the phase
kickback approximation is∥∥∥e−itH − ⟨1̄|QH |1̄⟩

∥∥∥ < 2π
2b γ

(
n+ 2b−bλ + 2b−n

)
= tΛ

2b
(
n+ 2b−bλ + 2b−n

) (169)

At this point, in order to guarantee a total error below ϵ it is sufficient to make the
following choices

bγ = n =
⌈
log2

(3tΛ
ϵ

)⌉
, (170)

together with a phase register of size

b =
⌈
log2

(3tΛ
ϵ

log2

(3tΛ
ϵ

))⌉
. (171)

This can be easily seen by noticing that, for this choices,

n+ 2b−bλ + 2b−n < 1 + log2

(3tΛ
ϵ

)
+ 2b 2ϵ

3tΛ . (172)

In summary, the complete implementation of the phase kickback scheme proceeds then
as follows:

1. we use the oracle Oλ,n on a target register of size n =
⌈
log2

(
3tΛ
ϵ

)⌉
to produce

Oλ;n|m⟩q⊗|0⟩n =|m⟩q⊗|lm⟩n . (173)

2. we precompute classically an approximation to γ = tΛ/(2π) with n =
⌈
log2

(
3tΛ
ϵ

)⌉
bits of precision

γ̃ =
n∑
k=1

γk2dγ−l , (174)

with dγ = ⌈log2(γ)⌉.

3. for every non-zero bit in the above binary expansion of γ we add to the b-qubit phase
register the corresponding bit shifted version of the integer lm into the phase register.
This requires a number of b-bit adders given by the Hamming weight wH = ∑n

k=1 γk
of γ̃. Using Gidney’s adder [33], this can be done using less than 4wHb T gates, b
ancillas and additional Clifford gates. Finally, if the Hamming weight wH is larger
than ⌈(n+1)/2⌉ one can use the strategy described in Appendix A of [82] to requiring
exactly this number of additions and subtractions.

4. we complete the procedure by uncomputing the eigenvalue using O†
λ,n to restore the

ancillas.

The total gate and ancilla cost follows by adding all the contributions described above.
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C Norms
In the following section we will prove the upper bounds to the norm of the commutators

and operators that are used in the implementation of Product Formulas in Sec. 2.2. We
start by defining the ”fermionic semi-norm”, which is the usual norm for operators with
the difference that it is evaluated on the anti-symmetric part of the Hilbert space, not on
the total Hilbert space. We will prove that it has the right properties and it satisfy the
usual inequality relations. With the notion of this norm, we then proceed by setting upper
bounds to the kinetic energy, the potential energy, and their commutators.

C.1 Fermionic Semi-norm
The fermionic semi-norm was defined in second quantization by Su et al.[92]. It was

used to quantify the error of the product formula algorithm, exploiting that the consid-
ered Hamiltonian was particle-preserving. This was done by evaluating the norm on the
subspace of the Fock space with fixed particle number. In first quantization, every opera-
tor is particle-preserving, thus we do not have such a problem. However, the operators do
not explicitly consider the statistics of the system. In fact, the statistics are encoded in
the wavefunction, which is symmetric by exchange if the system is composed of bosons,
and it is anti-symmetric if the system is fermionic. We want to extend the fermionic semi-
norm in first quantization, and to do it we can follow an equivalent procedure to the one
done in second quantization by Su et al.[92], by substituting the projectors on the fixed
particle-number subspace, with the projectors on the anti-symmetric subspace.

Let’s consider a single-particle Hilbert space H1, and consider its orthonormal basis
{|ϕ⟩}. An η particle Hilbert space Hη is tensor product of single-particle Hilbert spaces
Hη = ⊗η

n=1 H1, and its orthonormal basis is {
⊗η

n=1 |ϕ⟩n}. In general, a Hilbert space can
be divided into symmetric and anti-symmetric subspace Hη = HS ⊕ HA. Let’s consider
the permutation operator Pπ, for each permutation π ∈ Sη in the symmetric group of all
permutations of the set {1, ..., η}, which act as (see e.g. [96])

Pπ
(
|ϕ⟩1 ⊗ · · · ⊗ |ϕ⟩η

)
= |ϕ⟩π−1(1) ⊗ · · · ⊗ |ϕ⟩π−1(η) (175)

on any state |ψ⟩ = |ϕ⟩1 ⊗ · · · ⊗ |ϕ⟩η in Hη. The symmetric and anti-symmetric subspaces
are defined as

HS = {|ψ⟩ ∈ Hη : Pπ |ψ⟩ = |ψ⟩ for every π ∈ Sη} (176)
HA = {|ψ⟩ ∈ Hη : Pπ |ψ⟩ = sign(π) |ψ⟩ for every π ∈ Sη} (177)

and we will denote the corresponding states as |ψS⟩ ∈ HS and |ψA⟩ ∈ HA. Consider a
η-tuple c = (a1, ..., aη), with ai ̸= aj for every i, j, we can write the unnormalized states

|ψcS⟩ =
∑
π∈Sη

Pπ
(
|ϕa1⟩ · · ·

∣∣ϕaη

〉)
, (178)

|ψcA⟩ =
∑
π∈Sη

sign(π)Pπ
(
|ϕa1⟩ · · ·

∣∣ϕaη

〉)
, (179)

Since |ψS⟩ and |ψA⟩ span the entire physical Hilbert space, every |ψ⟩ ∈ Hη can be written
as a linear combination of them.

Let’s focus only on fermionic systems because we are interested in them in this work.
We can define the projector operator onto the anti-symmetric subspace HA as (see e.g. [96])

ΠA = 1
η!
∑
π∈Sη

sign(π)Pπ (180)
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which has the following properties:

• ΠA = Π†
A,

• PπΠA = sign(π)ΠA,

• for every distinct indices i, j ∈ {1, ..., η}, P(ij)ΠA = −ΠA = ΠAP(ij), with (ij) being
the permutation that swaps only i and j.

On a symmetric wave function, it acts as

ΠA |ψS⟩ = 1
η!
∑
π∈Sη

sign(π)Pπ |ψS⟩ = 1
η!
∑
π∈Sη

sign(π ∈ Sη) |ψS⟩ = 0 (181)

since for η > 1 there are as many odd permutations as even ones, while on an anti-
symmetric state

ΠA |ψA⟩ = 1
η!
∑
π∈Sη

sign(π)Pπ |ψA⟩ = 1
η!
∑
π∈Sη

sign(π)2 |ψA⟩ = |ψA⟩ . (182)

Therefore, on a general |ψ⟩ = ∑
i αi |ϕA⟩i + βi |ϕS⟩i ∈ Hη, with αi, βi ∈ C, it acts as

ΠA |ψ⟩ =
∑
i

αi |ϕA⟩i , (183)

and we will call ΠA |ψ⟩ = |ψA⟩ which is the anti-symmetric part of |ψ⟩. Let’s now consider
a η-tuple c = (a1, ..., aη) for which there exist two indices i, j ∈ {1, ..., η} for which ai = aj ,
then

ΠA |ψcA⟩ = ΠAP(ij) |ψcA⟩ = −ΠA |ψcA⟩ thus

ΠA |ψcA⟩ = 0,
(184)

and as expected the Pauli exclusion principle is satisfied.
Let’s define the fermionic semi-norm for an operator O symmetric under particle per-

mutation, that is such that [O,Pπ] = 0 for all π ∈ Sη, as follows

∥O∥A = max
|ψA⟩,|φA⟩

|⟨ψA|O |φA⟩| . (185)

The fermionic semi-norm has the following properties, for a pair O,O′ of permutation
invariant operators

1. ∥λO∥A = |λ|∥O∥A with λ ∈ C,

2. ∥O +O′∥A ≤ ∥O∥A + ∥O′∥A,

3. ∥OO′∥A ≤ ∥O∥A∥O′∥A,

4. ∥1∥A = 1

5. ∥UOU ′∥A = ∥O∥A for U,U ′ permutation invariant unitaries,

6.
∥∥∥O†

∥∥∥
A

= ∥O∥A

Accepted in Quantum 2026-07-14, click title to verify. Published under CC-BY 4.0. 54



In order to show these results we will follow the same procedure described in Ref. [92].
In particular, we will prove the third property, as the remaining follow directly from the
definition of the fermionic semi-norm. Let’s consider∥∥OO′∥∥

A = max
|ψA⟩,|φA⟩

∣∣⟨ψA|OO′ |φA⟩
∣∣

= max
|ψA⟩,|φA⟩

∣∣⟨ψA|OΠAΠAO
′ |φA⟩

∣∣
≤ max

|ψA⟩

∥∥∥ΠAO
† |ψA⟩

∥∥∥ max
|φA⟩

∥∥ΠAO
′ |ψA⟩

∥∥
(186)

using the Cauchy-Schwarz inequality. Now consider an arbitrary state |ϕ⟩ ∈ Hη

max
|ψA⟩

∥∥∥ΠAO
† |ψA⟩

∥∥∥ = max
|ψA⟩

max
|ϕ⟩

∣∣∣⟨ϕ| ΠAO
† |ψA⟩

∣∣∣
= max

|ψA⟩
max

|ϕ⟩
∥ΠA |ϕ⟩∥

∣∣∣∣ ⟨ϕ| ΠA

∥ΠA |ϕ⟩∥
O† |ψA⟩

∣∣∣∣
≤
∥∥∥O†

∥∥∥
A

= ∥O∥A

(187)

assuming ΠA |ϕ⟩ ̸= 0 because the case ΠA |ϕ⟩ = 0 never leads to maximality. If we also
consider

∥O∥A =
∥∥∥O†

∥∥∥
A

= max
|ϕA⟩,|ψA⟩

∣∣∣⟨ϕA|O† |ψA⟩
∣∣∣

= max
|ϕA⟩,|ψA⟩

∣∣∣⟨ϕA| ΠAO
† |ψA⟩

∣∣∣
≤ max

|ϕ⟩,|ψA⟩

∣∣∣⟨ϕ| ΠAO
† |ψA⟩

∣∣∣ = max
|ψA⟩

∥∥∥ΠAO
† |ψA⟩

∥∥∥
(188)

so that max|ψA⟩

∥∥∥ΠAO
† |ψA⟩

∥∥∥ = ∥O∥A, and also max|ψA⟩ ∥ΠAO
′ |ψA⟩∥ = ∥O′∥A, proving

the third property.
We can also prove that the fermionic semi-norm is a projected spectral norm. There-

fore, that for any operator O such that [O,Pπ] = 0 for all π ∈ Sη, it holds that

∥O∥A = ∥ΠAOΠA∥. (189)

Let’s prove it. Consider

∥O∥A = max
|ϕA⟩,|ψA⟩

|⟨ϕA|O |ψA⟩|

= max
|ϕA⟩,|ψA⟩

|⟨ϕA| ΠAOΠA |ψA⟩|

≤ max
|ϕ⟩,|ψ⟩

|⟨ϕ| ΠAOΠA |ψ⟩| = ∥ΠAOΠA∥.

(190)

On the other hand,

∥ΠAOΠA∥ = max
|ϕ⟩,|ψ⟩

|⟨ϕ| ΠAOΠA |ψ⟩|

= max
|ψ⟩

∥ΠA |ψ⟩∥ max
|ϕ⟩

∥ΠA |ϕ⟩∥
∣∣∣∣ ⟨ϕ| ΠA

∥ΠA |ϕ⟩∥
O

ΠA |ψ⟩
∥ΠA |ψ⟩∥

∣∣∣∣
≤ max

|ϕA⟩,|ψA⟩
|⟨ϕA|O |ψA⟩| = ∥O∥A

(191)

always assuming ΠA |ϕ⟩ ̸= 0 and ΠA |ψ⟩ ̸= 0 since other choices do not lead to maximality.
Then

∥O∥A = ∥ΠAOΠA∥ (192)
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We can specialize the result to our fermionic system, where a single particle wave
function is composed of spatial, spin, and isospin parts. The space is discretized on a
spatial lattice, the spin can be up or down as well as the isospin. Hence, a lattice site can
host at most 4 fermions. If we consider a total wave function |ψA⟩ where there are more
than 4 fermions in the same lattice site, then ΠA |ψA⟩ = 0, as in Eq. (184). This behavior
agrees with the Pauli exclusion principle.

C.2 Fermionic semi-norm of operators in the Hamiltonian
We can use the fermionic semi-norm to evaluate ∥H∥A where H = T + V2 + V3 is the

pionless EFT Hamiltonian of our system with individual terms defined explicitly in Eq. (9)
and Eq. (11) in the main text. We can remember that

∥H∥A ≤ ∥T∥A + ∥V2 + V3∥A ≤ ∥T∥A + ∥V2∥A + ∥V3∥A (193)

and so let’s estimate the fermionic semi-norm for each term of the Hamiltonian. Regarding
the kinetic energy, we can go into the momentum space without changing the norm, due
to the fact that the Quantum Fourier Transform on all d cartesian components and for
all the η is a permutation invariant unitary operator. The kinetic energy is diagonal in
the momentum space, and its maximum possible value is obtained when the momentum
of each particle is the maximum possible p2

i,max = d
(
π
a

)2
. Therefore we get

∥T∥A = max
|ψA⟩

∣∣∣⟨ψA| (QFT⊗dη)†T (QFT⊗dη) |ψA⟩
∣∣∣ ≤ ηd

ℏ2

2µ

(
π

a

)2
= dKη22m−2 , (194)

where a is the lattice spacing and K is the total strength of the kinetic energy defined in
Eq. (10). The potentials are diagonal in the coordinate space, so we can say that

∥V ∥A = max
|ψA⟩

|⟨ψA|V |ψA⟩| . (195)

The maximum eigenvalue of the three-body potential can be evaluated as

∥V3∥A = max
|ψA⟩

∣∣∣∣∣∣⟨ψA|
η−1∑
i=0

η−1∑
j ̸=i

η−1∑
k ̸=i̸=j

∑
r⃗i,r⃗j ,r⃗k

G

6 δr⃗i,r⃗j
δr⃗i,r⃗k

Πi(r⃗i)Πj(r⃗j)Πk(r⃗k) |ψA⟩

∣∣∣∣∣∣
= |G|

6 max
|ψA⟩

∣∣∣∣∣∣⟨ψA|
η−1∑
i=0

η−1∑
j ̸=i

η−1∑
k ̸=i̸=j

∑
r⃗

Πi(r⃗)Πj(r⃗)Πk(r⃗) |ψA⟩

∣∣∣∣∣∣ .
= |G|(max number of ordered triplets)

(196)

To find the maximum, we must maximize the number of triplets for a given η. Since we
consider 4 fermionic flavors, we cannot have more than 4 particles in the same site due to
the Pauli exclusion principle. Therefore we can arrange particles in quadruplets, triplets,
couples, and single particles. These two last cases can be ignored for the three-body
potential because they give a null contribution. Given η particles, they can arrange in at
most

⌊η
4
⌋

quadruplets, or in at most
⌊η

3
⌋

triplets. Noticing that each quadruplet contain

4 triplets, if we consider to have x ∈
[
0,
⌊η

4
⌋]

quadruplets and
⌊
η−4x

3

⌋
single-triplets, the

total number of triplets is

Nt = 4x+
⌊
η − 4x

3

⌋
. (197)
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We can see that it is maximized when x is maximum. Therefore, the maximum number
of triplets is

Nt =
{

4
⌊η

4
⌋

+ 1 if η = 4n+ 3
4
⌊η

4
⌋

otherwise
(198)

with n integer. Noticing that Nt ≤ η for every η, the three-body potential norm is bounded
by

∥V3∥A ≤ η|G|. (199)

For the two-body potential, instead, we can have groups of 2, 3, or 4 particles on the
same lattice site. In this case, we must evaluate the maximum number of couples. Every
quadruplet contains 6 couples, every triplet 3, and every couple 1. We must find the

x ∈
[
0,
⌊η

4
⌋]

integer and the y ∈ [0,
⌊
η−6x

3

⌋
] that maximizes

Nc = 6x+ 3y +
⌊
η − 6x− 3y

2

⌋
(200)

Following the same idea as before, we maximize the number of quadruplets, and then the
number of triplets. The maximum number of couples the system can form is

Nc =


6
⌊η

4
⌋

+ 3 if η = 4n+ 3
6
⌊η

4
⌋

+ 1 if η = 4n+ 2
6
⌊η

4
⌋

otherwise

(201)

with n integer. Noticing that Nc ≤ 3η/2 for every η, the two-body potential norm is

∥V2∥A ≤ 3
2η|C0| (202)

A better bound on the potential can be found by realizing that the potential constants C
and G have opposite signs, so their contribution partially cancels. Therefore we want to
evaluate ∥V2 + V3∥A, but in this case, it is not for granted that the division in quadruplets
maximizes the norm. In fact, it strongly depends on the value of the potential constants
and on η. If we put together Eq.(197) and (200), we get

∥V2 + V3∥A ≤ maxx,y |NcC0 +NtG| ≤ max {a0, a1, a2} . (203)

where

a0 = |C0|
⌊
η

2

⌋

a1 =
{

|3C0 +G|
⌊η

3
⌋

+ |C0| η = 2 mod 3
|3C0 +G|

⌊η
3
⌋

otherwise

a2 =


|6C0 + 4G|

⌊η
4
⌋

+ |C0| η = 2 mod 4
|6C0 + 4G|

⌊η
4
⌋

+ max(|C0|, |3C0 +G|) η = 3 mod 4
|6C0 + 4G|

⌊η
4
⌋

otherwise

(204)

Commutator bounds Let us call Pq(t) the q-th order oracle for the product formulas.
We can then define the following general formula:∥∥∥e−iHt − Pq(t)

∥∥∥ ≤ tq+1δq (205)
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where

δ1 = 1
2∥[T, V ]∥A

δ2 = 1
12∥[V, [V, T ]]∥A + 1

24∥[T, [T, V ]]∥A
δ4 = 0.0047∥[T, [T, [T, [V, T ]]]]∥A + 0.0057∥[T, [T, [V, [V, T ]]]]∥A + 0.0046∥[T, [V, [T, [V, T ]]]]∥A+

+ 0.0074∥[T, [V, [V, [V, T ]]]]∥A + 0.0097∥[V, [T, [T, [V, T ]]]]∥A + 0.0097∥[V, [T, [V, [V, T ]]]]∥A+
+ 0.0173∥[V, [V, [T, [V, T ]]]]∥A + 0.0284∥[V, [V, [V, [V, T ]]]]∥A

(206)

We reported here the definition of δq for simplicity, but one can find their full derivation in
[21]. From this relations we can see the norm of which commutators we have to estimate
to find an upper bound to the total error of the product formula. Let us call αq that
estimate, which will be an upper bound to the real value of the errors δq (so that δq ≤ αq
for every q). The full expressions for αq can be found in Eq. (212) for α1, Eq. (217) for
α2 and Eq. (221) for α4.

Let us start by computing α1. In order to compute the bound for the commutators
between kinetic and potential energy, we can exploit the fact that the potentials are
symmetric by the exchange of two particles and that the kinetic energy of a given particle
i will not commute only with the potential terms where i is involved. Hence, we have the
following properties: [Ti, Vij ] = [Ti, Vji], and [Tk, Vij ] ̸= 0 only if k = i or k = j due to the
commutation relation of position and momentum. This means that we can simplify the
commutator as

[T, V2] =

η−1∑
n=0

Tn,
η−1∑
i=0

η−1∑
j ̸=i

Vij

 =
η−1∑
i=0

η−1∑
j ̸=i

([Ti, Vij ] + [Tj , Vij ]) = 2
η−1∑
i=0

η−1∑
j ̸=i

[Ti, Vij ] , (207)

while for the 3-body potential a similar argument gives

[T, V3] =

η−1∑
n=0

Tn,
η−1∑
i=0

η−1∑
j ̸=i

η−1∑
k ̸=i,j

Vijk


=

η−1∑
i=0

η−1∑
j ̸=i

η−1∑
k ̸=i,j

([Ti, Vijk] + [Tj , Vijk] + [Tk, Vijk])

= 3
η−1∑
i=0

η−1∑
j ̸=i

η−1∑
k ̸=i,j

[Ti, Vijk] .

(208)

By computing the fermionic semi-norm, we can use the triangular inequality to get the
following expression:

∥[T, V ]∥A ≤

∥∥∥∥∥∥2
η−1∑
i=0

η−1∑
j ̸=i

[Ti, Vij ] + 3
η−1∑
i=0

η−1∑
j ̸=i

η−1∑
k ̸=i,j

[Ti, Vijk]

∥∥∥∥∥∥
A

≤ 2
η−1∑
i=0

max
i

∥Ti∥A max
i

∥∥∥∥∥∥2
η−1∑
j ̸=i

Vij + 3
η−1∑
j ̸=i

η−1∑
k ̸=i,j

Vijk

∥∥∥∥∥∥
A

(209)

So now we simply have to compute the maximum of the kinetic and potential terms.
Starting with the kinetic energy, maxi ∥Ti∥A is reached when particle i has the maximum
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possible momentum, thus
max
i

∥Ti∥A = dK22m−2 (210)

For the potential term, if we fix a particle i, the interaction will depend on how many
particles there are on that same site. The calculation is similar to the one done before
to estimate ∥V2 + V3∥A, but since the sum over i is outside the norm there are small
differences. If we have 0 or 1 particles, the potential energy is zero. If there are 2 particles
we will have one couple, with 3 particles we have 3 couples and 1 triplet, but the particle i
will be part of only 2 couples and 1 triplet. Finally, with 4 particles, the i-th particle will
be part of 3 couples and 3 triplets. Moreover, the two and three-body coupling constants
C0/2 and G/6 include already factors to account for double counting but then we need to
consider unordered triples which are twice as many as we counted before. In the end, we
have:

max
i

∥∥∥∥∥∥2
η−1∑
j ̸=i

Vij + 3
η−1∑
j ̸=i

η−1∑
k ̸=i,j

Vijk

∥∥∥∥∥∥
A

≤ max {|C0| , |2C0 + G| , |3C0 + 3G|} (211)

Putting all together, the bound for the norm of the commutator becomes:

1
2∥[T, V ]∥A ≤ ηdK22m−2 max {|C0| , |2C0 + G| , 3 |C0 +G|} = α1 . (212)

In the same way, we can estimate the commutators for the second order Trotter for-
mula:

[T, [T, V ]] =
η−1∑
l=0

Tl, 2 η−1∑
i=0

η−1∑
j ̸=i

[Ti, Vij ] + 3
η−1∑
i=0

η−1∑
j ̸=i

η−1∑
k ̸=i̸=j

[Ti, Vijk]


=

η−1∑
i=0

4

Ti, η−1∑
j ̸=i

[Ti, Vij ]

+ 9

Ti, η−1∑
j ̸=i

η−1∑
k ̸=i̸=j

[Ti, Vijk]


=

η−1∑
i=0

Ti,
Ti, 4 η−1∑

j ̸=i
Vij + 9

η−1∑
j ̸=i

η−1∑
k ̸=i̸=j

Vijk


(213)

∥[T, [T, V ]]∥A ≤ 4
η−1∑
i=0

(
max
i

∥Ti∥A
)2

max
i

∥∥∥∥∥∥4
η−1∑
j ̸=i

Vij + 9
η−1∑
j ̸=i

η−1∑
k ̸=i,j

Vijk

∥∥∥∥∥∥
A

≤ 4η
(
dK22m−2

)2
max {|2C0| , |4C0 + 3G| , |6C0 + 9G|}

(214)

[V, [V, T ]] =
η−1∑
i=0

2
η−1∑
j ̸=i

Vij + 3
η−1∑
j ̸=i

η−1∑
k ̸=i,j

Vijk,

2
η−1∑
p̸=i

Vip + 3
η−1∑
p̸=i

η−1∑
q ̸=i,j

Vipq, Ti

 (215)

∥[V, [V, T ]]∥A ≤ 4
η−1∑
i=0

max
i

∥Ti∥A

max
i

∥∥∥∥∥∥2
η−1∑
j ̸=i

Vij + 3
η−1∑
j ̸=i

η−1∑
k ̸=i,j

Vijk

∥∥∥∥∥∥
A

2

≤ 4ηdK22m−2 (max {|C0| , |2C0 + G| , |3C0 + 3G|})2 .

(216)

This means that the upper bound to the error of the product formula will be:

α2 =4η 1
24
(
dK22m−2

)2
max {|2C0| , |4C0 + 3G| , |6C0 + 9G|}

+4η 1
12
(
dK22m−2

)
(max {|C0| , |2C0 + G| , |3C0 + 3G|})2

(217)
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In order to simplify the notation, let us define the quantity M(s) as the upper bound
to the potential term with modified coupling constants

max
i

∥∥∥∥∥∥2s
η−1∑
j ̸=i

Vij + 3s
η−1∑
j ̸=i

η−1∑
k ̸=i,j

Vijk

∥∥∥∥∥∥
A

≤ max
{∣∣∣∣2sC0

2

∣∣∣∣ , ∣∣∣∣2sC0 + 3sG3

∣∣∣∣ , ∣∣∣∣2s 3C0
2 + 3sG

∣∣∣∣} = M(s)

(218)
Since we have that maxi ∥Ti∥A = dK22m−2 the commutators for the fourth order

becomes:

∥[T, [T, [T, [T, V ]]]]∥A ≤ 24∑
i

(
max
i

∥Ti∥4
A

)
M(4)

∥[T, [T, [V, [V, T ]]]]∥A ≤ 24∑
i

(
max
i

∥Ti∥3
A

)
M(3)2

∥[T, [V, [V, [V, T ]]]]∥A ≤ 24∑
i

(
max
i

∥Ti∥2
A

)
M(2)3

∥[V, [V, [V, [V, T ]]]]∥A ≤ 24∑
i

(
max
i

∥Ti∥A
)
M(1)4

(219)

Furthermore, due to our method to bound those norms, it does not matter the position
of T and V but only how many T and V are inside the norm. In particular, our upper
bounds hold uniformly for every element in the following sets of commutator norms

S3T2V = {∥[T, [T, [V, [V, T ]]]]∥A, ∥[T, [V, [T, [V, T ]]]]∥A, ∥[V, [T, [T, [V, T ]]]]∥A}
S2T3V = {∥[T, [V, [V, [V, T ]]]]∥A, ∥[V, [T, [V, [V, T ]]]]∥A, ∥[V, [V, [T, [V, T ]]]]∥A} .

(220)

With those relations, we can explicitly write the expression of α4 as

α4 = 24η (0, 0047)
(
dK22m−2

)4
M(4) + 24η (0, 02)

(
dK22m−2

)3
M(3)2

+ 24η (0, 01883)
(
dK22m−2

)2
M(2)3 + 24η (0, 0284)

(
dK22m−2

)1
M(1)4

(221)

D Higher order Trotter-Suzuki formulas
In this section we will present the proof of Theorem 2 in the main text.

Lemma 7 (Second-order Trotter-Suzuki). Consider a system with η particles on a d
dimensional lattice with M = 2m sites per direction described by the pionless Hamiltonian
H = T + V with the kinetic and potential terms given in Eq. (9) and Eq. (11). For any
t ∈ R and ϵ > 0 we construct a quantum circuit implementing a unitary operator U(t)
such that

∥∥∥U(t) − e−iHt
∥∥∥ < ϵ with a T -gate count equal to

T
(2)
tr (ϵ, t) = rTV

(
ϵ

4r

)
+ (r − 1)TT

(
ϵ

4r ,
t

r

)
+ 2TT

(
ϵ

8r ,
t

2r

)
. (222)

where TT and TV are given by Lemma 1 and Lemma 3 respectively. The number of ancilla
qubits will be

b
(2)
QFT + b

(2)
DIAG + max

(
2b(2)
QFT − 1, b(2)

DIAG,m(m− 1), dm− 1
)

(223)

with
b

(2)
DIAG =

⌈
log2

(24dηtλT
ϵ

log2

(24dηtλT
ϵ

))⌉
, (224)
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b
(2)
QFT = min

(
m− 1,

⌈
log2

(12dηmr
ϵ

)⌉)
+ 1 ; (225)

b(2) + max
(
b(2),m(m− 1), dm− 1

)
with b(2) =

⌈
log2

(24dηtλT
ϵ

log2

(24dηtλT
ϵ

))⌉
.

(226)
where r =

⌈√
4t3
ϵ α2

⌉
and α2 can be found in Eq. (217).

Proof. Consider the error bound on the second order Trotter formula from Ref. [21]

∥∥∥eitH −
(
ei

t
2r
T ei

t
r
V ei

t
2r
T
)r∥∥∥ ≤ t3

r2

( 1
12∥[V, [V, T ]]∥ + 1

24∥[T, [T, V ]]∥
)

= rϵ
(2)
Trotter (227)

For simplicity, let us write

ϵ
(2)
Trotter ≤ t3

r3α2 (228)

where α2 is a constant whose value depends on the coupling constants C,D and the number
of particles η. As for the explicit calculation of α2, see Appendix C.2 and in particular
Equation (206). Taking into account that we have access to oracles that only approximate
eiT t and eiV t up to a finite error, we get∥∥∥∥eitH −

(
U

(
t

r

))r∥∥∥∥ ≤ r
(
ϵ
(2)
Trotter + 2ϵT + ϵV

)
≤ ϵ (229)

For simplicity, let us assume that ϵT + ϵV = ϵ/4r, which leads to:

rϵ
(2)
Trotter ≤ ϵ

4 (230)

from which we can set r as

r =


√

4t3
ϵ
α2

 (231)

The total cost will be the number of oracle calls to UT times its cost, plus the number of
oracle calls to UV times its cost. The oracle UV will be called r times and its cost will be
evaluated at time t/r. The oracle UT instead, will be called r + 1 times, and its cost will
be evaluated r − 1 times at time t/r and 2 times at t/2r.

T
(2)
tr (ϵ, t) = rTV

(
ϵ

4r

)
+ (r − 1)TT

(
ϵ

4r ,
t

r

)
+ 2TT

(
ϵ

4r ,
t

2r

)
. (232)

In order to keep a single phase register for the diagonal part when implementing the
exponentials of the kinetic energy, we choose instead to perform the initial and final
evolution for time t/2r using a target error of ϵ/8r. The cost of this implementation is
then

T
(2)
tr (ϵ, t) = rTV

(
ϵ

4r

)
+ (r − 1)TT

(
ϵ

4r ,
t

r

)
+ 2TT

(
ϵ

8r ,
t

2r

)
. (233)

As for the number of ancilla qubits, we can assume to apply one oracle at a time between
UT and UV , and to be able to use the same ancilla qubits as many times as we want. This
means that the number of ancilla qubits required for this algorithm will be the maximum
between the number of ancilla qubits required for every oracle taken alone, which is equal
to:

b
(2)
QFT + b

(2)
DIAG + max

(
2b(2)
QFT − 1, b(2)

DIAG,m(m− 1), dm− 1
)

(234)
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where the size b(2)
DIAG of the phase register needed for Lemma 6 is given by

b
(2)
DIAG =

⌈
log2

(24dηtλT
ϵ

log2

(24dηtλT
ϵ

))⌉
, (235)

while the size of the register needed for the Quantum Fourier Transform is

b
(2)
QFT = min

(
m− 1,

⌈
log2

(12dηmr
ϵ

)⌉)
+ 1 . (236)

Lemma 8 (Fourth-order Trotter-Suzuki). Consider a system with η particles on a d
dimensional lattice with M = 2m sites per direction described by the pionless Hamiltonian
H = T + V with the kinetic and potential terms given in Equations 9 and 11. For any
t ∈ R and ϵ > 0 we construct a quantum circuit implementing a unitary operator U(t)
such that

∥∥∥U(t) − e−iHt
∥∥∥ < ϵ with a T -gate count equal to

T
(4)
tr (ϵ, t) = 5rTV

(
ϵ

12r

)
+ 6rTT

(
ϵ

12r ,
t

r

1
4 − 41/3

)
, (237)

where TT and TV are given by Lemma 1 and Lemma 3 respectively. The number of ancilla
qubits will be

b
(4)
QFT + b

(4)
DIAG + max

(
2b(4)
QFT − 1, b(4)

DIAG,m(m− 1), dm− 1
)

(238)

where r =
⌈(

12t5
ϵ α4

)1/4
⌉
, α4 can be found in Eq. (221), the phase register size is

b
(4)
DIAG =

⌈
log2

(6dηtλT
ϵ

12
4 − 41/3 log2

(6dηtλT
ϵ

12
4 − 41/3

))⌉
, (239)

and the register for the number of ancilla qubits needed for the QFT is

b
(4)
QFT = min

(
m− 1,

⌈
log2

(36dηmr
ϵ

)⌉)
+ 1 . (240)

Proof. The oracle for the fourth order Trotter formula can be found in Appendix M of
Ref. [21]:

S4(t) = e−ita6T e−itb5V e−ita5T e−itb4V e−ita4T e−itb3V e−ita3T e−itb2V e−ita2T e−itb1V e−ita1T

(241)
where the definitions of ai and bi are, again, in Appendix M of Ref. [21]. If we denote the
fourth-order Trotter error by ϵ(4)

Trotter, we will have that∥∥∥eiHt − S4(t)
∥∥∥ ≤ ϵ

(4)
tr ≤ t5α4 (242)

where α4 can be found in Appendix C.2 and in particular in Eq. (221). Moreover, let us
call U(t) the implemented unitary obtained by taking S4(t) and substituting eiT t and eiV t
with unitaries UT (t) and UV (t) respectively such that

max
k={1,...,6}

∥∥∥UT (tak) − e−itakT
∥∥∥ < ϵT and max

k={1,...,5}

∥∥∥UV (tbk) − e−itbkV
∥∥∥ < ϵV . (243)
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Then, we can say that
∥S4(t) − U(t)∥ ≤ 6ϵT + 5ϵV (244)

and by discretizing the time interval we get the following total error∥∥∥∥eiHt − U

(
t

r

)r∥∥∥∥ ≤ r(ϵ(4)
tr + 6ϵT + 5ϵV ) ≤ ϵ (245)

For simplicity, we can assume ϵT = ϵV = ϵ/(12r), so that we can solve for r obtaining

r ≥
(

12t5
ϵ
α4

) 1
4

(246)

The cost for the implementation of the evolution under the kinetic energy operator using
Lemma 1 depends on the evolution time. In order to be able to use a single phase register
for all the different times corresponding to the various values of the coefficients aj we
prepare and use a phase register for the longest of these times and use it for all of them.
From Ref. [21] we have

2a1 = a2 = a5 = 2a6 = 1
4 − 41/3 and a3 = a4 = 1 − 3a2

2 , (247)

so that maxj |aj | = a2. The cost of this implementation will then be bounded by

T
(4)
tr (ϵ, t) = 5rTV

(
ϵ

12r

)
+ 6rTT

(
ϵ

12r ,
t

r

1
4 − 41/3

)
. (248)

As for the number of ancilla qubits, we can assume to apply one oracle at a time between
UT and UV , and to be able to use the same ancilla qubits as many times as we want. This
means that the number of ancilla qubits required for this algorithm will be the maximum
between the number of ancilla qubits required for every oracle taken alone. As explained
above, the size of the phase gradient register needed for Lemma 6 is obtained using the
largest one corresponding to the longest times (a2 and a4) , which is equal to:

b
(4)
DIAG =

⌈
log2

(6dηtλT
ϵ

12
4 − 41/3 log2

(6dηtλT
ϵ

12
4 − 41/3

))⌉
, (249)

while the size of the register for the QFT is

b
(4)
QFT = min

(
m− 1,

⌈
log2

(36dηmr
ϵ

)⌉)
+ 1 , (250)

leading to a total number of ancilla qubits required equal to

b
(4)
QFT + b

(4)
DIAG + max

(
2b(4)
QFT − 1, b(4)

DIAG,m(m− 1), dm− 1
)
. (251)

E Including SU(4) symmetry breaking
An important feature of nuclear interactions is that the SU(4) Wigner symmetry is

only approximate and a more realistic model is required to distinguish singlet and triplet
states of spin and isospin. At leading order, pionless EFT includes an explicit symmetry
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r⃗i

r⃗j

X RZ(2C0t) X

si
exp(−iC1tσ⃗i · σ⃗j)sj

Figure 12: Circuit implementation of the exponential of a single two body term for m = 1 and d = 3
with explicit SU(4) symmetry breaking.

breaking term for the spin part at the two body level resulting in a pair interaction that
can be written as

V LO
2 = 1

2

η−1∑
i=0

η−1∑
j ̸=i

∑
r⃗i,r⃗j

δr⃗i,r⃗j
Πi(r⃗i)Πj(r⃗j) (C0 + C1σ⃗i · σ⃗j) , (252)

with C1 ≪ C0 and where the spin operators σ⃗i = (Xi, Yi, Zi) act on the spin register of
the i− th particle. The exponential a single two body term can be implemented following
a similar strategy to the one used in Sec. 2.1 of the main text. The difference is that
one now as to act directly on the spin registers of particle i and j as shown in Fig. 12.
In the circuit diagram, si and sj are the two qubits associated to the spin of the two
interacting particles. The exponential of the symmetry breaking term shown in the figure
can then be implemented using 2 T gates, two arbitrary rotations around the y axis, a
triple controlled RZ and one Toffoli with four controls plus Clifford gates (see eg. Eq.24
in Ref. [5]). A major difference with respect to the protocol described in Lemma 2 is that
now with the addition of the symmetry braking terms the individual terms in Eq. (252)
no longer commute with each other generating an additional source of Trotter error that
must be taken into account when costing the full implementation with product formulae.

On the other hand, the implementation of the block encoding of the potential in
Eq. (252) does not incur necessarily in a significant overhead. To see this we first use the
fact that

C0 + C1σ⃗i · σ⃗j = C0 + C1 (2SWAP − 1) = (C0 − C1) + 2C1SWAP , (253)

where SWAP is a swap operation on the two registers containing si and sj . The diagonal
part can then be implemented following exactly the same strategy used in Lemma 5 by
setting C = C0 −C1. The off-diagonal part instead will need to be implemented separately
but one can exploit the fact that SWAP is already a unitary to find a compact LCU
expansion to block encode that part. A direct optimization for this last part is beyond
the scope of the present paper and left for future work.
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