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Atomic scale qubits, as may be realized in ni-
trogen vacancy (NV) centers in diamond, offer
the opportunity to study magnetic field noise
with nanometer scale spatial resolution. Us-
ing these spin qubits, one can learn a great
deal about the magnetic-field noise correla-
tions, and correspondingly the collective-mode
spectra, in quantum materials and devices.
However, to date these tools have been es-
sentially restricted to studying Gaussian noise
processes—equivalent to linear-response. In
this work we will show how to extend these
techniques beyond the Gaussian regime and
show how to unambiguously measure higher-
order magnetic noise cumulants in a local, spa-
tially resolved way. We unveil two protocols
for doing this; the first uses a single spin-
qubit and different dynamical decoupling se-
quences to extract non-Markovian and non-
Gaussian spin-echo noise. The second proto-
col uses two-qubit coincidence measurements
to study spatially non-local cumulants in the
magnetic noise. We then demonstrate the util-
ity of these protocols by considering a model
of a bath of non-interacting two-level systems,
as well as a model involving spatially cor-
related magnetic fluctuations near a second-
order Ising phase transition. In both cases, we
highlight how this technique can be used to
measure in a real many-body system how fluc-
tuation dynamics converge towards the cen-
tral limit theorem as a function of effective
bath size. We then conclude by discussing some
promising applications and extensions of this
method.

1 Introduction

Over the last few decades, a large and sustained effort
has been made in developing qubits for the purposes of
quantum information processing and computing. As a
result, significant advances have been made not only
towards isolating, but also controlling and manipu-
lating qubits across a number of solid-state platforms
ranging from superconducting qubits to color-center
defect spins. These capabilities also make solid-state
defect spins, such as nitrogen-vacancy (NV) centers in
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diamond, particularly well-suited for advanced quan-
tum sensing applications. By utilizing the high sen-
sitivity and small spatial extent of such solid-state
spin qubits, small magnetic fields can be studied on
nanometer length scales.

An emerging application of these nanoscale spin-
qubits is their ability to also measure magnetic-field
noise spectra [1], allowing them to probe magneti-
zation dynamics as well as statics. This modality
of operation, known as noise magnetometry, essen-
tially operates the spin-qubit as a spatially local probe
of the magnetic noise bath through the induced ef-
fect of the magnetic noise on the qubit’s energy-
and phase-relaxation times (7} and Ts). Theoretically,
noise magnetometry has been proposed to be a use-
ful tool for sensing a wide range of interesting phe-
nomena in condensed matter physics including super-
conductors [2, 3, 4, 5, 6, 7], spin-liquids and mag-
netic insulators [8], Landau levels [9], Wigner crys-
tals [10], semimetals [11], dynamical critical phenom-
ena [12, 13, 14, 15], as well as strongly-correlated
electron systems [16, 17, 18]. Experimentally, these
techniques have recently been successfully applied
to a number of interesting systems including met-
als [19], topological antiferromagnets [20], ferromag-
nets with signatures of magnon hydrodynamics [21],
critical points of magnetic systems [22], and strongly
current biased graphene junctions [23]. Recently ef-
forts have started to push towards using multiple spin-
qubits in tandem in order to measure spatial correla-
tions in magnetic noise across a wider range in dis-
tance [24, 25], or prepare correlated states of these
spin-qubits via their shared magnetic bath [26, 27].
In the context of bulk diamond, dense of ensembles
of NV centers have also been used to probe quantum
many-body dynamics [28, 29, 30, 31].

While this has been a fairly successful program, it
fundamentally explores only the second moment of
the magnetic noise and therefore is essentially limited
to probing linear response functions (via application
of the fluctuation dissipation relation). While the sec-
ond moment of the magnetic field, which can essen-
tially be captured by an effective Gaussian model for
the field fluctuations, holds a large amount of infor-
mation about the nature of collective excitations in a
material, it is expected that the complete description
of the magnetic field fluctuations should not be able to
be captured by any effective Gaussian model. A par-
ticularly striking example is that near a second-order
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phase transition large fluctuations in the order param-
eter lead to violations of the central limit theorem [32].
However, these violations of the central limit theorem
are not directly visible unless the higher-order corre-
lation functions are measured. This then raises the
pressing questions of (i) whether we can access these
higher moments using local noise magnetometry, and
(ii) if so what information can we discern from them?
We will answer both of the these questions in this
work, and in doing so show that NV center spin-qubits
are ideally suited for exploring many-body correla-
tions in quantum materials.

In principle, it is known that many systems exhibit
nontrivial higher order counting statistics; an early
example is the Hanbury Brown and Twiss (HBT) in-
tensity interferometer, which measures correlations in
the intensity of light and has been used to great suc-
cess in measuring the angular size of distant stars [33].
Such intensity correlation functions, and in particular
the second-order optical coherence function ¢(®) (1) =
(: I(7)1(0) :)/((I(0))\(I(7))), where I(7) is the quan-
tized intensity operator for the light field and is itself
second order in the electric field operator E‘(T), have
since played a central role in the development of quan-
tum optics. An important example was the observa-
tion of photon antibunching [34], which roughly cor-
responds to measuring ¢(®(0) < 1, and implies that
measuring a photon at time ¢ = 0 precludes the obser-
vation of a second photon at short times 7 — 0. This is
known to only be possible if the incident light arrives
in discrete units and therefore confirms the quantum
nature of light; functionally, measuring ¢ (0) < 1 is
important in confirming that the emitting light source
can operate in the “single-photon” regime.

In systems of ultracold atomic gases HBT and
higher-order correlations have been measured in both
bosonic [35] and fermionic [36] gases, wherein noise
correlations have been used to reveal signatures of
many-body correlations [37] such as Cooper pair-
ing [38] or to directly compare particle statistics [39].
The full distribution function of interference fringes
in a one-dimensional Bose-Einstein condensate has
also been measured [40], with the dynamics of non-
Gaussian correlations having even been extracted [41].
In solid-state physics however, the situation is much
less developed. While theoretically it has been pro-
posed that measuring the full counting statistics of
charge conductance in a one-dimensional channel can
be measured [42, 43, 44] and used to reveal the physics
of e.g. Luttinger liquids [45], measuring this in a solid-
state system has been challenging. More recently, it
has been proposed that HBT-type optical coherence
functions could be used to probe higher-order cor-
relations in quantum materials which interact with
detected photons [46, 47, 48, 49, 50], however these
techniques are expected to be diffraction limited to
essentially zero momentum-space resolution, and op-
erate at relative high frequencies.

If in a similar manner, the higher cumulants of the
magnetic noise could be extracted using a nanoscale
local spin-qubit such as an NV center, it could poten-
tially unearth a great deal of information about the
nature of magnetic excitations and their interactions
in quantum materials where it is otherwise inconceiv-
able to obtain the level of detail that can be seen in
quantum simulators and ultracold atom systems. For
instance, were it possible to obtain such a degree of
spatial resolution in a condensed matter material sys-
tem, it might be possible to study braiding and frac-
tionalization in spin-liquid systems [51, 52, 53], a task
which has been notoriously difficult through existing
probes.

In this work we will propose a number of proto-
cols which can be implemented in local spin-qubit
systems such as NV centers in order to isolate higher-
order (i.e. non-Gaussian) noise cumulants, very much
in the spirit of the original proposal by Levitov, Lee,
and Lesovik [42]. It has long been known that non-
Gaussian noise processes can have a particularly detri-
mental effect on the coherence of qubits, leading to
the vexing “two-level system noise” which can limit
the coherence times of superconducting qubits [54, 55,
56, 57, 58, 59]. Concomitantly, it has been proposed
that qubits may be useful for measuring non-Gaussian
noise correlations [60, 61, 62, 58, 63, 64, 65], as re-
cently demonstrated in the case of single supercon-
ducting qubits [66], single NV-centers [67, 68, 69, 70],
and trapped ions [71]. However, the utility and ap-
plication of these protocols for sensing non-Gaussian
correlations in quantum material settings has been
limited and relatively unexplored. Similarly, a few
protocols for using multiple qubits in order to ex-
tract spatial correlations in noise [63] have been
demonstrated in quantum-dot spin qubits [72], super-
conducting qubits [73], and recently NV centers as
well [24, 74]; however, these protocols have been so
far restricted to Gaussian noise correlations. For in-
stance, Ref. [75] comprehensively studies the second-
order cross-correlations between two NV centers in
great detail, but does not explore the higher order
cumulants. Ultimately, despite these significant ad-
vances, a comprehensive set of protocols which can be
used to systematically isolate and probe non-Gaussian
noise correlations in quantum materials has remained
elusive.

In this work we present a simple, comprehensive,
and extensible set of protocols which can be applied
to NV center spin-qubits in order to extract non-
Gaussian noise cumulants from magnetic field noise
across a variety of length scales. Building on the spin-
echo protocols of Refs. [60, 61, 62, 58, 64], our pro-
tocols fundamentally hinge on the novel capabilities
offered by the local, scanning nature of atomic spin-
defects like NV centers which makes them ideally
suited for studying non-Gaussian noise correlations in
quantum materials and devices. In the case of a single
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spin-qubit, we will show how dynamical decoupling
spin-echo sequences can be combined with local noise
magnetometry in order to study scale-dependent
non-Gaussian correlations in a material system. We
also address multi-qubit systems [75, 76], such as the
one recently implemented in Refs. [24, 74, 76, 77],
and show that either coincidence measurements or en-
tangled “Bell-state echo” techniques (similar to those
employed in Refs. [72, 73, 74, 77]) can be used to
isolate spatially non-local multipoint correlations in
non-Gaussian magnetic noise. This is particularly ex-
citing given the demonstration of two-photon interfer-
ence effects [78], and more recently of entanglement
between two NV centers and the usage of this entan-
glement as a resource for measuring noise [74, 77].
Finally, we consider applying these techniques to spe-
cific examples of interesting magnetic systems which
may exhibit non-Gaussian magnetic noise. First, we
consider an ensemble of independent bath spins ex-
hibiting a random telegraph noise process and show
how by varying both the spin echo-time and qubit-
sample distance, non-Gaussian correlations can be ex-
tracted from the magnetic noise in a paramagnetic
system and how, in the thermodynamic and long-time
limit Gaussianity is recovered, as anticipated from the
central-limit theorem. We then show how this tech-
nique can be used to study the non-Gaussian nature
of fluctuations at a critical point, where spatial cor-
relations become important; specifically, here we will
consider the case of a second-order Ising-type mag-
netic phase transition and show how this technique is
able to measure the scale-dependent correlated mag-
netic noise. While critical noise has been a subject of
intense study [12, 13, 14, 46, 48, 32], here we will argue
that local noise probes offer new and valuable insights
into the growth of spatial correlations. Finally, we con-
clude by offering a number of fascinating perspectives
on how these new techniques may be implemented in
solid-state systems in order to probe new aspects of
quantum many-body physics in real material systems.

The remainder of this paper is organized as fol-
lows. In Sec. 2 we provide a brief review of how noise
spectroscopy works in the case of Gaussian noise pro-
cesses, and why it is difficult to extract higher cu-
mulants. Then in Sec. 3 we show how spin-echo se-
quences can be used to isolate non-Markovian non-
Gaussian higher noise cumulants. In Sec. 4 we provide
two protocols useful for extracting spatially non-local
non-Gaussian noise cumulants which are amenable to
multi-qubit setups. Then, in Sec. 5 we provide exam-
ples of how higher-order cumulants can be extracted
from model systems and highlight the novel capabili-
ties offered by local noise spectroscopy when studying
these nonlinear noise correlations. Finally, in Sec. 6 we
conclude and offer a perspective on further uses and
applications of this technique for studying quantum
materials.
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Figure 1: (a) Basic Ramsey sequence for duration ¢tz in the
presence of fluctuating level splitting A(t). (b) Resulting
density-matrix coherence plotted as a function of Ramsey
time g for both white noise (dashed black) and correlated
noise with correlation time 7. (solid blue).

2 Gaussian Noise Spectroscopy

While there are already comprehensive formal theo-
ries of noise spectra in open quantum systems [79, 60,
61], these theories remain very complex and difficult
to implement experimentally. Here we recast these
analysis in order to present simple, intuitive, and ex-
tensible protocols for extracting specific higher noise
cumulants. It will be helpful to first briefly review how
typical Ramsey spectroscopy works. We first consider
the case of a single qubit with Hamiltonian

H(t) = 5A()s-, (1)

where A(t) is a fluctuating time-dependent splitting
which, in the case of the spin-qubit is given in terms
of the magnetic field at the qubit location B(ryv,t)
by A(t) = gupn - B(rny,t), where gup is the spin
magnetic moment and n is the spin quantization axis
of the NV spin. We will consider the case where A(t)
is fluctuating in time with zero mean, which can also
be accomplished by passing to a rotating frame. Fur-
thermore, we will assume the fluctuations of A(t) is a
classical time-translation invariant stochastic process;
the general theory of quantum dephasing processes
and their unravelling and characterization using mul-
tispectra has been worked out [79, 60]. Details of how
our specific protocols can be generalized to quantum
processes can also be found in Appendix A.

In order to probe the noise spectrum we will per-
form a Ramsey spectroscopy sequence, illustrated in
Fig. 1(a). Here and throughout we will assume the
qubit is decoupled from the system for t < 0; in
reality this is not true, but rather it is expected
that qubit will be in an unpolarized mixed state of
p(—o0) = $1. Then, at time ¢ = 0 the qubit is ini-
tialized in the |+) = %(|0) + |1)) state using a /2
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rotation around the y-axis, enacted by the unitary
operator ?,,/2 = (1 +46,)/v/2. The qubit is then al-
lowed to evolve under the Hamiltonian in Eq. (1) for
a time 7 (the Ramsey time), at which point a sec-
ond 7/2 rotation is applied and the qubit population
is measured. At time 7r just before measuring, for a
particular realization (unravelling) of A(t), the state
of the qubit is

1

p(rp) = [ﬂ + cos X6 + sin X6, ], (2)

[\]

where the phase acquired is

X = /0 NG 3)

As this is a fluctuating over realizations of the noise,
the density matrix must be averaged over the bath
in order to predict the behavior of a measurement.
We denote here the bath averaging by the symbols
(), which averages the enclosed functional over the
distribution of A(t).

Averaging and measuring the qubit population
gives access to

(62) = {cos X)) = Re{(e™"). (4)

Note that, in particular this measurement protocol de-
scribed gives access to {(cos X)). If the noise processes
has reflection symmetry such that odd cumulants van-
ish, this will be equivalent to the full function (e ~**)).
If this is not the case, then one must be careful of the
fact that in this case the quantities measured are all
missing information about the odd cumulants. Here
we will not dwell on this distinction and assume we
can deal with the full cumulant function {(e~**)) un-
less otherwise specified.

We then find the standard result that the coher-
ence of the density matrix dephases over time, and is
characterized by the decoherence function

Cx = log((e™)). (5)

Within a Gaussian, but potentially non-Markovian,
approximation for the correlations of A(t), we find
that the coherence function generically decays as

Cx = =5 (X*).

1 TR TR
! /O it /0 dts(A(t)A(E))e- (6)

Here we introduce the notation that {(X™)). is the
connected correlation function for X", obtained by
subtracting lower order cumulants of X. This is illus-
trated schematically in Fig. 1(b), which shows typical
decay profiles for the Ramsey coherence both in the
case of Markovian white noise (dashed black curve),
which exhibits purely exponential decay, as well as

exponentially correlated noise (solid blue curve), with
correlation function

(At)A(t2)) = eIl (7)

27c
which leads to the well-known Kubo lineshape deco-
herence function [80, 81]

_ e—m/n} ] (8)

Here 7. is the correlation (memory) time of the bath,
whereas T5 is the resulting dephasing time (valid for
Ramsey times longer than the correlation time). More
generally, we find the well-known result [80, 81] that
in terms of the bath spectral function, defined by

(A)A(L)) = / e

L Iwem B, ()

the decoherence function is given in the Gaussian ap-
proximation as

Cx = / d?w% sin? <w%) . (10)

Therefore, by studying the time-dependence of the de-
phasing it is possible to infer properties about the
noise correlation function, such as the amplitude of
the noise as well as the correlation time.

In the case of the spin-qubit this allows us to inter-
rogate the properties of the magnetic field noise (and
therefore spectrum) at the qubit location, which can
be controlled and manipulated with nanometer spa-
tial resolution. For instance, the spectrum of magnetic
field noise (projected onto the z axis) at a distance z
above a two-dimensional sample can be related to the
near-field s-polarized reflection coefficient r,(q)  of
the sample via (see Ref. [16])

N2 (w, 2)

0 d
= %coth <,82w> Im/0 ﬁq%s(q)efzzq. (11)

We can then therefore learn about the dispersion of
collective excitations in the material by studying how
this noise depends on the distance z and Ramsey time
Tr, which in turn control the momenta and frequen-
cies sampled via ¢ ~ 1/z and w < 1/75.

2.1 Difficulty in Extracting Higher Moments

It is important here to remark that ultimately, the
insights gained through this protocol are based on the
Gaussian approximation that

1

log{(e ™) & =5 {(X*)e. (12)

In the non-retarded limit of w < ¢/z. In general, this will
also involve p-polarized reflection coefficients which become ap-
preciable once retardation and electrodynamic effects become
relevant.
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It is the main goal of this work to show how to sys-
tematically go beyond this approximation, so that in
addition to the second moments of the noise distribu-
tion, further higher-order moments can also be char-
acterized. This would potentially be of great inter-
est, as these higher moments may uncover a wealth of
information not only about the collective excitations
of a material, but also their interactions, potentially
their statistics, and finite-size and mesoscopic fluc-
tuations. In the spirit of the fluctuation-dissipation
relation, this is also equivalent to probing the non-
linear response functions of the system by virtue of
their imprint on the non-Gaussian fluctuations.

In principle, it is clear why it is possible to obtain
these moments; this relies on the simple observation
that the decoherence function Cx is in fact nothing by
the cumulant function of the phase, which in general
admits an expansion beyond Gaussian order in terms
of higher-order cumulants (up to a phase) as

Cx = Z;)Cni'

For a Gaussian process with zero mean, this expansion
truncates at second order, justifying the approxima-
tion in Eq. (12). However, for a general non-Gaussian
process this expansion will not terminate, and higher-
order cumulants are known to characterize deviations
of the distribution from Gaussianity (such as the so-
called kurtosis which is related to the fourth moment
of the distribution).

The main difficult thus far has been in isolating
these higher order cumulants unambiguously. This is
ultimately due to the fact that, for a particular Ram-
sey time Tgr, one can only measure the decoherence
function Cx at one argument. It is in principle always
possible to use this to reconstruct the lowest second-
order moment (which may still be non-Markovian),
but without more knowledge about the distribution of
the phase it is not possible to reconstruct the higher
moments unambiguously. Put differently, in order to
extract the higher-moments one must in fact know the
cumulant generating function, defined in terms of
a parameter A

(13)

Cx(N) = log(lexp (—AX)) = 3 Gl

The n'" cumulant is then obtained by differentiating
with respect to A (not 7g) n times; physically how-
ever, we only ever have access to A = 1 and there-
fore it is not possible to obtain the necessary deriva-
tives to extract more than one cumulant (which is
typically taken to be the lowest non-trivial cumulant
arising from Gaussian noise). In the next section, we
will show how by using a set of multiple different
pulse sequences, it is possible to circumvent this is-
sue and systematically probe higher-cumulants of the
magnetic noise.

3 Single-Qubit Non-Gaussian Echo
3.1 Simple Model

In order to solve this problem, it is first instructive to
consider a simpler example. Suppose we have random
variables X; and X5, and we wish to characterize their
higher moments. For instance, these may be thought
of as corresponding to the phase accumulated by the
qubit during two successive time intervals [—7, 0] and
[0, 72]. Then, the cumulant functions may be used to
characterize X; and X5 via

Cx, = log({e™™*1))
Cx, = log{le™™2)).

(15a)
(15Db)

If the variables are drawn from the same distribution
(as we have assumed here), then these two cumulants
will be the same. Motivated by the observation that
if X1 and X5 are both Gaussian variables, then X +
X, are also Gaussian, we then can also consider the
cumulant functions for these variables, which are

) (16a)

(16b)

Cxytx, = log{(e™
CXz*X1 = log«e_i(xz_XZ)»'
Now, let us consider first consider the case that the
variables are Gaussian distributed. In this case the
cumulant functions are known in closed form as they
truncate at quadratic order, and read

Cx, =€ = (X2 (17a)
Cx, =€) = S (X). (17h)
Cxarn, =€, x, = 5 {2+ X)) (170)
Cxyx, =C) g, = 5 (X2~ X))o (170)

2

Here we have indicated the truncation of Cx to the
second order cumulant by Cg?) which we again point
out is exact in the case where the variable X is Gaus-
sian distributed.
In this case, we note that these quantities are not
independent, but instead satisfy the relation
0=Cx,+x, +Cx,—x, —2Cx, — 2Cx,. (18)
This is simply seen by expanding out the cross-terms
in the covariances. We then see this immediately gives
us a diagnostic for determining if X; and X, are
not Gaussian since we can simply check whether
the quantity

I—‘X1,X2 = CX2+X1 + CXz—Xl - 2CX2 - 2CX1

= log [ (e (X2 X)) (e X=X / (e X0 e X))
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deviates from zero. For instance, in the case where the
distribution of the variables X; and X5 can be char-
acterized by both quadratic and quartic moments 2
(i.e. the cumulant function truncates at fourth order
without skewness), we can directly compute

I = Z(X2X3).. (20)

This therefore gives us direct access to at least some of
the higher order correlation functions. In fact, as will
be important later, the echo spectroscopies described
here naturally give access to the real-part of the coher-
ence, {(cos X)). As a result, we find that even if there
is a nonvanishing third cumulant, it is not extracted
using this protocol, and the leading contribution to
I'x, x, will still be due to the fourth cumulant.

We also remark here that in fact, this diagnos-
tic is much stronger than simply probing the non-
Gaussianity. Indeed, while it is evident that if X; and
X, are Gaussian distributed, then I' = 0, the con-
verse is not true. This is easily seen by noting that if
X and Y are arbitrarily distributed but statistically
independent then

eI = e iKap(eFiXa)  (21)

and as a result, the cumulant functions will remain ad-
ditive even if they are not quadratic. As such I'x, x,
will also be identically zero in this case. Therefore this
diagnostic is in fact a very powerful probe for the dis-
tributions as it is non-zero only if X; and X, are
correlated and non-Gaussian variables. Finally,
we will mention that this protocol can in principle be
extended to extract higher order cumulants as well.
As an example which is illustrative of the more gen-
eral framework, see Appendix B, which shows how to
extract sixth-order cumulants.

3.2 Application to Qubit Dephasing

By making use of our original analogy, we should
then be able to probe the non-Gaussian correla-
tions in the magnetic noise provided we can mea-
sure the four different cumulants corresponding to
X1, X9, X9 + X1, X5 — X1. We will here consider the
case where the two periods of the echo sequence may
have unequal durations, of 7 and 75 respectively, with
the phases acquired over these echo times indicated by
X1 and Xg.
If we consider

0
A(t)dt

—T1

T2
X, = / At)dt,
0

X, = (22a)

(22b)

2We will reserve the notation of I'*) for the case where we
have expanded I'x, x, up to fourth order.

X, 10)—Yzn Y0 A
: A(r) :

X, 10) & Yon— A

X, + X, 10) —¥z Von—
LA i

X, - X, 10) =Y, X, Y o— A
L a—

Figure 2: Pulses used to isolate non-Gaussian correlations
of signal. Accumulated phases X;, X2 and X2 + X; are
measured by three Ramsey sequences of duration 71,72 and
71 + 72. The difference phase X2 — X3 is acquired using a
Hahn echo sequence with echo at time ¢ = 0, which essen-
tially reverses the phase acquired before the 7-pulse, obtain-
ing X2 — Xl.

we then see that Cx, and Cx, simply correspond to
regular Ramsey sequences of duration 7,7 respec-
tively. Likewise, the additive cumulant Cx,4x, cor-
responds simply to the Ramsey sequence of duration
71 + T2 by the additivity of integrals. The only new
ingredient needed is therefore the cumulant Cx,_x, .
In order to obtain this, we need obtain the phase evo-
lution with an effective time-reversal applied at ¢ = 0.
In fact, this is also not difficult to obtain, and corre-
sponds to a simple Hahn spin-echo. These four com-
binations are illustrated in Fig. 2.

The Hahn echo sequence we will employ is very sim-
ilar to the Ramsey sequence. After preparing the ini-
tial state and evolving for time 71 we have again the
density matrix

1

5 [L+ e 0]+ o)A (23)

p(07)
Now we perform a 7 rotation around z, which imple-
ments the Hahn echo protocol. This acts by )A(,r =6,
on the left-and right of the density matrix and there-
fore swaps the coherences so that immediately after-
wards we have

S+ e o) (1] + X 1y(0])

(24)
Now, we proceed to further evolve for a time 75 before
applying a second 7/2 rotation to arrive at the final

density-matrix

p(0") = 6,p(07)6, =

171, ) )
prs) = 5 [1+ e XX oy 4 XD ().
(25)
We see that the phases before and after the echo ac-
quire opposite signs. If we now perform the final step
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of the Hahn echo protocol and measure the popula-
tion of the density matrix (which again must be bath

0
Cx, = log{(exp (—i

—T1

cXng«xp<5Amduuw)»

Cx,+x, = log(lexp (-i

We can then use this to compute the diagnostic
I'x, x, . If we again assume the distributions have only
second and fourth moments we can relate this to the
fourth moment of the magnetic field noise as

1 0 T2 T2
o[ an | dw [ dn [
2 —T1 1 0 0

) ’
(At1)A(t2)A(ts)Alta))e-

(28)

This then allows us direct access to the fourth order
moments of the magnetic field noise, and in turn the
higher moments of the magnetization or currents that
generate this correlated noise.

It is worth commenting that here we have shown
how, by using different Ramsey and Hahn echo se-
quences, it is possible to isolate a particular non-
Gaussian noise cumulant. However, in a realistic set-
ting, the efficacy of this procedure may be diluted by
typical static inhomogeneous broadening mechanisms
which are expected to also affect such NV center spin
qubits. These mechanisms can be viewed as sources
of magnetic noise that is extremely low frequency
and therefore essentially static but varies shot-to-shot.
These lead to a broadening of the linewidth however
can be rephased using the echo sequence, since over
the duration of the echo experiment the noise is essen-
tially static. As a result, this can lead to a highly non-
Gaussian (if the distribution of the level broadening
is also non-Gaussian) noise cumulant which is how-
ever fairly uninteresting. This has been remedied in
the context of Gaussian (linear) noise spectroscopies
by replacing Ramsey sequences with Hahn echo, or
higher dynamical decoupling sequences [80, 81], such
as the Carr-Purcell-Meiboom-Gill (CPMG) sequence,
which filters out low-frequency noise.

Though we will not examine this in depth here,
a similar approach should be possible to isolate the

a0 ))

T2

—T1

Cx,x, = log{(exp <—i { /072 dtA(t) — /_ Oﬁ

averaged), we will obtain the required object of

(62) = (cos(Xa—X1))) & Cx,—x, = log((e(X27%1)),

(26)

From the Hahn echo and the three different Ramsey
echoes we can obtain the four cumulant functions

(27a)
(27Db)
ﬁA@)» (27¢)
th(t)} ) ). (27d)
[
X, 10) Yfr/2 X" er/z E A
X, 10) Yo %] Y oo— A
X, - X 10) _YIZ'/Z_E(E ; [XE Yn/z A
X, +X 10) _YH/Z_@_ Xﬂ' @ Yn/z A
T 0 [} '

Figure 3: Pulses used to isolate non-Gaussian correlations
and filter out static noise, with additional X, gates (shown
smaller) used to cancel out static (non-Gaussian) noise. Evo-
lution durations are colored according to the sign of the phase
evolution on that interval (with red for —1 and blue for +1
evolution polarity). Every sequence is seen to be overall com-
pensated.

non-Gaussian noise cumulants by utilizing appropri-
ate higher dynamical decoupling echoes, as shown in
Ref. [61]. In particular, by replacing the simple Ram-
sey sequences with Hahn echoes we can make the iden-
tifications

77‘1/2 0

‘&Ef/ ﬁA@+/‘ A@M)dt (292)
—T1 77’1/2
T2/2 T

&E_/ ) + [ Awd.  (29b)
0 T2/2

This is equivalent to the pulse sequences shown in
Fig. 3. The non-Gaussian noise can then be computed
explicitly in the frequency domain up to fourth order.
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This is expressed in terms of a non-Gaussian noise
polyspectrum [61]

T (w1, wa, ws,wa) = (Awr)Awa) Aws) Awa))e,

(30)
which is expected in the presence of time-translational
symmetry to be proportional to §(3_;w;) and fully
symmetric under interchange of frequencies, and a
non-Gaussian filter function. For simplicity, we will
only present this for the case where 7 = 75 = 7. In
the simple lowest-order Ramsey protocol illustrated
in Fig. 2 this reads

Wl({;)msey({w}; TR) =

4 4
1 2 .
3 E cos(w;Tr + wWiTR) H o sin(w;7r/2). (31)
Jj<k=1 j=1

This then gives the non-Gaussian contribution to the
Ramsey echo of

4 1 4
Ml (0) =5 [ AV ()i 7).
Wi,...W4

(32)
This is sensitive to the noise at zero frequency and
thus is often undesirable. By using the compensated
Hahn-echo sequences illustrated in Fig. 3 we instead
find the filter function of

4
Wi ({0} 7R) =
R 4
5 Z COS(w]'TR+wkTR)H;Sinz(ijR/ZL)a (33)

j<k=1 j=1 "1

and the non-Gaussian noise in the Hahn echo of

1
() =5 [ AW (@l

2
(34)
Unlike the Ramsey protocol, this is then seen to be
insensitive to static noise, and therefore is likely more
useful in a realistic experiment.

Now we briefly outline routes towards experimental
implementation of these protocols and various diffi-
culties which may be encountered. Since this work is
focused on magnetic noise spectroscopy, we will focus
our attention to various spin-qubit and magnetometry
platforms. One of the most promising such platforms
are NV centers due to their high spatial resolution
and dynamic range [1, 82].

In principle, the single-qubit protocols we outline
here are no more difficult to implement than stan-
dard spin-echo and dynamical decoupling sequences.
In practice however, due to the nonlinear postprocess-
ing protocols, in order to accurately evaluate the non-
Gaussian echo, it is important to minimize the un-
certainty on the bare spin-echo contrast as much as
possible. For a particular pulse sequence if we assume
the NV center contrast N ~ e~¢ has an additive un-
certainty of oy, then using simple error propagation

this will lead to an uncertainty of o¢c = % X oN on
the cumulant C' ~ —log N. At long times N typically
vanishes exponentially, making even small errors per-
ilous for extracting the value of the cumulants once
they become of order one. This points to the bene-
fit of using an ensemble of NV centers, which can be
used to reduce the uncertainty on the echo signal and
boost sensitivity, at the expense of spatial resolution
and addressability. Over- or under-rotation errors or
systematic pulse timing errors can also play a highly
detrimental role, though this has always been the case
and has lead to the development of protocols such as
XY8 which attempt to mitigate these problems. For-
tunately, many of the results of this analysis carry
through unchanged in the case of these more compli-
cated dynamical decoupling sequences as well.

Finally, we comment that while the treatment thus
far has assumed a classical noise source, in Ap-
pendix A we show that this analysis essentially car-
ries through unchanged even if the noise is of
quantum mechanical origin “, at least provided the
following criteria are satisfied during the evolu-
tion: (i) the state of the qubit is completely decou-
pled before initialization (it should suffice for it to
also be a completely mixed state), (ii) the transverse
coupling to the bath is negligible at the working fre-
quency scale, (iii) only Clifford-type m-rotations are
used in the dynamical decoupling sequence. It would
be interesting in future works to consider relaxing
this last assumption, as allowing for dynamical decou-
pling sequences which also feature, e.g. m/2 rotations,
could lead to coupling between the “quantum” and
“classical” spins configurations in the language of the
Keldysh formalism. This could then allow for probing
the response functions of the bath as well as the noise
correlation functions, similar to what was shown in
Ref. [83]. We now move on to consider a complemen-
tary case; that of spatially correlated non-Gaussian
noise, and how this may be extracted using multiple
qubits.

4 Multi-Qubit Sensing of Spatial Non-
Gaussian Correlations

In the previous section, we showed how by using a
combination of spin echo sequences it was possible to
isolate the non-Markovian and non-Gaussian cumu-
lants of the noise spectrum. It is also interesting to
consider whether a similar procedure can be imple-
mented but access non-local spatial correlations in-
stead of non-local temporal (i.e. non-Markovian) cor-
relations; in short, we will show that this is possible
provided one can perform coincidence measurements
between the two qubits. This is difficult but has been

SThough in practice it may become substantially more dif-
ficult to compute theoretically.
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Figure 4: Schematic depiction of spectroscopy for spatially
correlated noise. Each qubit (color coded to red for 1 or
blue for 2) is sensitive to the field fluctuations in a quasi-
local area R1,R2 respectively. If these qubits are entangled
they can be used to probe the mutually correlated magnetic
field fluctuations of an underlying material (purple wavy lines
emanating from the overlap).

experimentally implemented in the case of NV cen-
ters [24], including a recent demonstration that en-
tangled states can be prepared and used for noise
spectroscopy [74] and sensing [77]. It is also possible
to remotely-entangle distinct qubits using two-photon
interference effects [78].

To do this, we consider a situation with two identi-
cal qubits placed at different locations in the sample.
This is shown schematically in Fig. 4, which shows
each qubit along with the region of fluctuations each
one is sensitive to (in reality this is not a sharply
defined area). Rather than utilizing a Hahn echo se-
quence, we will show that by performing Ramsey spec-
troscopy using appropriately prepared or measured
qubits, one can access the non-Gaussian spatial cor-
relations.

We will present two pathways towards realizing
this. The first method requires only single-qubit con-
trol gates as well as the ability to perform two-qubit
coincidence measurements and is likely easier to im-
plement in NV center platforms, as it has already been
demonstrated in Ref. [24]. The second protocol in-
stead can be performed using only local population
measurements, but it requires the ability to imple-
ment entangling gates between the qubits, which may
be difficult for NV centers but possible in, e.g. quan-
tum dots [72]—though recent experiments are very
encouraging in this direction [78, 74, 77].

Let us indicate the qubits by 1,2 with system-bath
coupling Hamiltonian

A() = 50005 + 300055 (39)

The two splittings Aj o(¢) are in principle correlated
and related to the magnetic field noise at the location
of each qubit via

Aj(t) = gjupn; - Bj(r;, 1), (36)

where g;,n; are the magnetic moment and quantiza-
tion axis of the j*" spin, located at r;. For the moment
we leave these general however.

4.1 Unentangled Echo Spectroscopy

We now show how to isolate spatially correlated non-
Gaussian noise cumulants using only single-qubit con-
trol and coincidence measurements. First, let us con-
sider applying the unitary which is a 7/2 rotation
separately on each qubit, with gate

U = }}7‘-/2 ® }77‘-/2. (37)

This prepares the qubit in to the product state |++).

Let us again, for the moment assume a classical
magnetic field bath, although as shown in Sec. A this
should also hold for quantum noise sources. Then we
introduce the random variables

X, = /0 A, (t)dt, (38)

which are the total phases acquired by qubit j during
the Ramsey sequence. After evolution for time 7z the
qubits will then be in the state

[12(7)) =
e—iX1/2|1> +eiX1/2|0>} [e—iX2/2|1> +eiX2/2|0>} )
(39)

N

Applying U again, as in a Ramsey sequence, gives

|¢12(T§)> =
efiX1/2|_> +6¢X1/2|+>} {efiX2/2|_> +6¢X2/2H_>} .
(40)

N |

We now compute the density matrix of this system
after bath averaging. For simplicity, we will assume
the odd cumulants vanish. We find the full result

A 1o s
(Pr2(mr)) = J1 @1
1 L1 -
+ =g, @1+ —e“*21 4,
4 4
1
+ e [ A==+ = )+ ]
1
+ e I+ )=+ - (D)

We see that in principle the relevant cumulants can
all be extracted from this single density matrix. It is
easy to see that the individual cumulants Cx,,Cx, can
be extracted by measuring the local populations via

Cx, = log (tr[6(p12(r))]) | (42)

where oJ is the population operator on site j ten-
sored with the identity on the other site. The joint
cumulants are however more difficult to extract as
these are encoded in the non-local coherences. There-
fore, any single-site measurement will not be sensitive
to these terms. We therefore consider measuring the
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joint-observables 6, ® &, where a,b = z,y, z. We can
furthermore see that the relevant coherences are be-
tween states of opposite parity, requiring overlaps of
the form (£|6,|F). Therefore, these will vanish if any
of the 6, are 6,.. We can therefore restrict to measure-
ments of 6,06 ,,6,R6y,5yX0,0,R6,. Furthermore,
for the particular combination above it is seen that
the expectation values (6, ® 6.) = (6. ® 6,) = 0. We
therefore reduce the problem to the two coincidence
measurements of 5, ® 6, and 6, ® G,.

We then find
5, @ 6. (p c L oex,-
tr[f, ® 6,(p12(TR)))] = e X+X1 + 3¢ Xo—Xy
(43a)
o 1, 1.
tr(oy ® 6y (P12(TR))] = 53¢ Yot 4 5€ X2=X1,
(43b)

such that all of the needed cumulants can be obtained
from the simple two-qubit Ramsey scheme by recon-
structing the following measurements

Cx, = log (tr[o- ® 1{(p12(7r)))) (442)
Cx, = log (tr[l © 6. (p12(Tr)))) (44b)
CX2+X1 = log (tr[(6: ® 6. — 6, ® 6y){(Pr2(Tr))])
(44c)
Cx,—x, = log (tr[(6: ® 6. + &y @ 6y ) (Pa(Tr))]) -
(44d)

As before, we have assumed there are only even cumu-
lants; in the case of odd cumulants, one must be care-
ful in distinguishing between ((cos X)) and ((e=%X)).
From these we can once again compute the non-
Gaussian cross-correlations as

' = CX2+X1 +CX2—X1 — 26){2 — 2CX1. (45)

If we again assume fourth order cumulant model
this gives the formula

Iy = / dtl/ dtg/ dtg/ dty

(A1 (t1)Ar(t2)Aa(t3)Ax(ta)))e.  (46)

This is very similar to our previous result but rather
than sensitive to the temporally non-local correla-
tions which exist across the time-intervals [—7, 0] and
[0, 72], it is sensitive to spatially non-local correlations
between the regions R; and Ro. If we assume the
qubits are spin-qubits at lateral locations r; and rs
and heights z1, 29 from the sample, then this heuris-
tically will probe the correlations across a distance
|r1 — ro| which are relevant at length scales zq, z5. For
completeness, we will now show how these same mea-
surements can be performed using entangled Ramsey
spectroscopy.

Ay(D)

10) Yﬂ/z E/\ E YII/Z A
10) Yn/z E/\ A(0) ; Yﬂ/z A
0K | s
10) —Yn/zj i i er A
|0) b— —d
X+X, :
[0) Yrr/2 Xﬂ' l/\ Xﬂ' Yrr/2 A
10) b -
X2 - Xl 0 TR

Figure 5: Protocol for measuring non-Gaussian noise using
entangled qubits. The first two measurements are indepen-
dent local Ramsey measurements of duration 7r. To extract
the cross cumulant X2 + X; the qubit pair is prepared in
the Bell state |®*) by first applying a local /2 rotation
gate on one qubit followed by a controlled-NOT gate, which
is then undone after the Ramsey echo, with the collective
phase then encoded in the local population measurement of
a single qubit. The cross cumulant X2 — X is obtained sim-
ilarly, but with an additional 7 rotation before and after the
echo.
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4.2 Entangled Echo Spectroscopy

In certain cases, it may actually be easier to perform
certain entangling gates rather than perform qubit co-
incidence measurements. It was also recently shown
in the context of NV centers that entanglement may
provide a useful advantage in terms of sensitivity [74].
In this case, we will now show how, using entangling
gates, one can extract the same non-Gaussian corre-
lations with only local measurements. To accomplish
this, we will use four sets of gates; these are

U, = 377,/2 o1 (47a)
Uy =10V, (47b)
Up = CNOT, U, (47¢)
Up = (X @ 1)Us. (47d)

Here CNOT} is the controlled-NOT gate acting on
qubit 2 with control qubit 1. These correspond to the
echo circuits depicted in Fig. 5.

These will each be applied onto the fiducial state
|00) in order to obtain four initial states

161(0)) = 01]00) = | +0) (182)
12(0)) = 05100) = [0+ (43b)
9(0)) = Ual00) = = [00) + 1] (45¢)
9(0)) = Dl00) = —= [Jo1) +[10)].  (48)

V2

Given these four states we then evolve under the
Hamiltonian in Eq. (35) for a time 7. After the evo-
lution, and immediately before the second gate appli-
cation, the qubits are in the states

() = 5 [ e 2| 2y
(49a)
a(r)) = €1/210) = [ /2 1) /20
(49b)
@ (r7)) = % [e—i(X1+X2)/2|11> n ei(X1+X2)/2|00>]
(49¢)
W (7)) = % [e—i<X1—X2>/2|10> + e’?<X1‘X2)/2|01>} .
(49d)

In the case of the first two measurements, which are
unentangled and therefore independent, we can sim-
ply average these over the bath as the measurement
will commute with the averaging. The result will fac-
torize and we can simple measure each qubit inde-
pendently. We then find the coherences of the density
matrices are characterized by the local noise cumu-
lants

¢; = log((eX). (50)

The two entangled states are now handled more
carefully. After the Ramsey time 7r, we first undo
the X, gate (if it was applied), and then apply an-
other CNOT gate in order to disentangle the qubits,
followed by the second Ramsey 7/2 rotation as shown
in Fig. 5. In each of the two cases, we then have the
wavefunctions

(7)) = [cos (X1 + X2)/2)[10) + isin (X1 + X2)/2) [00)]

(51a)

(@ (75)) = — [cos (X1 — X2)/2) [10) — isin (X1 — X2)/2)[00)].

(51b)

Now, we can average the density matrix to obtain
the result of a local measurement. By measuring the
population of the control qubit we find the remaining
cumulants

<&z><b = <<COS(X1 + X2)>> = CfI)(TR) — 10g<<ei(X1+X2)>>
(52a)
)

(62)w = ((cos(X1 — X2))) & Cu(Tr) = ]Og«ez(Xl_X?) ).
(52b)

In the end, this yields essentially the same information
as that obtained from the coincidence measurements.
By combining the various cumulants, we can measure
the non-local correlations as

I'i2=Cy+Cs —2C; — 2Cs. (53)

While this protocol requires only local measure-
ments in the computational basis, it requires the abil-
ity to perform appropriate entangling gates at least
twice. Though for NV center spin-qubits, this is dif-
ficult, it is certainly within the realm of feasibility.
A recent experiment [74] was able to entangle two
nearby (~ 10nm) NV centers using magnetic dipole-
dipole interactions between the two qubits. Given that
the protocol we outline here is sensitive only to noise
which is correlated between the two qubits, this ex-
periment [74] is a crucial benchmark, but in order
to probe the emergence of interesting spatial corre-
lations, being able to entangle qubits which are fur-
ther away from each other will be important—ideally
with separations ranging up to 100’s of nanometers.
While this is a significant challenge, it may be possible
to implement this by using dynamical-decoupling se-
quences carefully designed to generate entanglement
in dipolar-interacting NV center ensembles [84], or
possibly by using magnon mediated interactions [85].
For larger separations it becomes possible to optically
resolve the NV centers, which may enable the protocol
discussed in Sec. 4.1, or potentially other photonics-
based entangling protocols [78, 86, 87]. Furthermore,
looking more broadly to other platforms such as other
color centers [88], quantum dots [89, 72], or Joseph-
son junctions, multiqubit sensing protocols which use
entangling operations should already be feasible. We
will now proceed on to consider how these techniques

Accepted in (Yuantum 2026-08-11, click title to verify. Published under CC-BY 4.0. 11



may be used to study novel physics by considering
a simple example of independent two-level systems
comprising a bath.

In the future it would be interesting to extend this
protocol to include more qubits, or allow for com-
binations of coincidence measurements and echo se-
quences. In particular, it is probably useful to replace
the Ramsey sequences used in these two-qubit pro-
tocols with Hahn echo sequences in order to also fil-
ter out low-frequency noise. Additionally, using ideas
from classical shadow tomography [90], it may be pos-
sible to implement these protocols more efficiently by
utilizing randomized single-qubit rotations or echos.
Finally, whether these techniques can be extended to
more qubits or qubit ensembles, and whether entan-
glement can be used to increase sensitivity [91], are
interesting directions to move towards. Having now
established how these protocols may be implemented
in NV spin-qubits, we will now explore how these tools
can be used to study nontrivial noise correlations in
magnetic materials.

5 Applications

To see how these techniques are useful, we will con-
sider two specific cases of magnetic noise which ex-
hibits interesting correlations. The first is a model of
independent classical telegraph noise processes which
add together to generate correlated noise—a standard
model of dynamic non-Gaussian noise. We will then
move on to consider correlated magnetic noise which
might arise near a second-order phase transition. In
this case, we will show how this technique can be used
to sense the strong non-Gaussian noise correlations
which are present at length scales within the correla-
tion length.

5.1 Two-Level System Noise

We will now be interested in studying the noise that
comes from a simple independent fluctuator model,
where each fluctuator has only two possible states. In
this case, the origin of the non-Gaussian correlations
is the intrinsic nonlinearity of the two-level systems
which generate the noise. Such a telegraph process
was recently studied experimentally in an ensemble
of NV centers [29], and has long been an issue which
affects superconducting qubits [54, 55, 56, 57, 58, 59].
While simple, such models are quite natural for de-
scribing magnetic noise in diamond NV systems in
particular, where such noise processes can arise from
“dark” P; spins, which are optically inactive spin de-
fects which also reside in the diamond lattice, or other
impurity spin baths [92, 67, 69, 70].

In our case we will consider an example where the
bath spins are randomly distributed across the sur-
face of a two-dimensional sample with average density
nap—shown schematically in Fig. 6(a). Each spin is

modeled as undergoing a classical independent ran-
dom telegraph noise process with switching rate
(which sets the memory time) between two magnetic
states £1. This dynamics is schematically depicted in
Fig. 6(b).

Each of these is taken to be located at position R;
relative to the qubit, with dipole moment p;o;(t),
where p; characterizes the size and orientation of the
magnetic moment, and o (t) = £1 is a classical Ising-
like variable which encodes the magnetic state of the
impurity as a function of time.

The magnetic field the NV qubit experiences is then
given by

N
B.(t) = Y Vo3 (1) (54)
j=1

where

o 3Rj-e:R;-p; —Rip, e
T 4 R?

(55)

is the field projection along the qubit quantization
axis (taken to be e.) due to the j** fluctuator.

We then know that our non-Gaussian diagnostic
will measure the connected correlation function

2

0 T2
-2l / W3 Vios() / w3 Vo))

—T1

1 0 0 T2 T2
= 5 E ij VkVE Vm / dtl / dtg / dt3 / dt4
—T1 —T1 0 0

Jjklm
{(oj(t)on(t2)or(ts)om(ta)))e  (56)

This involves the connected fourth-order correlation
function of the classical spin states o;(t).

We note that unless all four indices for the fluctua-
tor are the same, the connected part of this correlation
function will vanish. Therefore we can reduce this to

1 0 0 T2 T2
r=2>v / dt, / dts / dts / dty
i —T1 —T1 0 0

(oj(t)a;(t2)a;(ts)o;(ta))e  (57)

Therefore, this is sensitive only to processes which
couple t1,ts to t3,t4 which reside on opposite sides of
the Hahn echo sequence, shown in Fig. 6(c).

To evaluate this we need the disconnected corre-
lations of second and fourth order. We obtain for a
single telegraph noise channel

9P (L, 1) = (o= (t)o*(t'))
=0(t 1)) ss'P(s,t]s', t")P(s',t') +t > t'. (58)

s,s’

The conditional probability is obtained from a master
equation to be

1 1 /
P(s,t|s' 1) = 3T 535’6_27(t_t ), (59)
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Figure 6: (a) Schematic depiction of system. The large (yel-
low) spin is the spin qubit we use to probe the bath. It has
quantization axis at an angle ¢ from vertical, and is located
a distance h above the plane. It is coupled to a large en-
semble of small bath spins (red) which lie in the plane with
uniform average density nop and random orientation of mag-
netic moment ;. The magnetic moment is modeled to fluc-
tuate along this axis via a classical telegraph noise processes.
(b) Telegraph noise example processes, highlighted for a par-
ticular bath spin located at R; with moment p;0;(t). Each
bath spin independently flips between two angular momen-
tum states with o;(¢) = 1, with a characteristic switching
rate . This generates a non-Markovian, and non-Gaussian
dynamical noise processes with memory time of order 1/+.
(c) Connected correlations the probe qubit detects during
the echo sequence. The fourth cumulant involves connected
correlations at four times which are such that two time-
points lie in each echo interval; a typical sequence of times
is shown with the blue arrows. The cumulant will only be
non-vanishing if the noise process remains strongly correlated
across the echo, such that 717,72y < 1. In this case, only
a few switches are likely to happen before the echo reverses
the dynamics.

The absolute probability is simply P(s,t) = % This
then corresponds to the infinite temperature ensemble
for the bath spins. We then find, taking care to sum
over both ¢ > and ¢ < ' contributions

gD (t, 1) = eI (60)

We introduce the random variables X; = [ Eﬁ dto*(t)
and X, = [* dto*(t). From this, we obtain

2 T1 1 —2~T1
<<X1>>:;+2772(1—€ T (61a)
2n _ T2 1 —297
<<X2>>—;+2772(1—6 T2 (61b)
1 —2yT — 2T
<<X1X2>>:W(1— MY (1—e ™). (6lc)
The fourth order correlation function is
g (t1,ta, t3,ta) = (o (t1)o(t2)o(ts)o (ta)))
= Z 51828354
81828384
P(s4,t4]53,t3)P(83,t3|52,t2) P(52,t2|s1,t1)P(s1,%1).
(62)

We consider this for one particular ordering of ¢4, >
ts3 > ty > t1, and then we will sum over all possible
orderings, which there are four of such that t1,t2 <
0 < t3,t4.

We get

1
g(4)(t1’t2’t3’t4):T6 Z 51525354

51828384
(14 84836—27(t4—t3))x
1+ 5332672%3%2))(1 + 31526*27“241)). (63)
The only term which survives the sum is the one where
all spin labels appear an even number of times. There

are 16 such combinations which cancels the denomi-
nator to give

gD (b1, ta, b3, tg) = e~ (tamts) g =27(t2—t) (64)

Taking into account all orderings of the time allowed
we find

g (1, b, ta, tg) = e~V Isle =2l 0]
= g (ts, t3)9 (t2,t1).  (65)

This then integrates and cancels one of the discon-
nected contributions from (X?){(X2)) to yield

T = =3 V(X1 X))
J

-y (;/;)4 (1—e2m)? (1= 7). (66)
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This is computed under a model of randomly oriented
magnetic moments distributed uniformly in a plane
with density nop in Appendix C. We will focus on the
case where the NV quantization axis is along z for sim-
plicity. The angular dependence of this is not impor-
tant, leading to small numerical variations in the noise
as function of the quantization axis angle. The result
is calculated in Appendix C; we find the fourth-order
non-Gaussian noise contribution is (restoring units of
magnetic moment)

r@_ _ (uoguBu)4 87mnap
47 175h10

—2vT 2 —2~T 2
X <1€ 71) (16 ”) . (67)
2y 2y

It is more convenient to study the normalized sig-
nal, which we will compare against the leading (Gaus-
sian) contribution to the dephasing, which is ex-
pressed in terms of a T, dephasing time which de-
pends on distance h, bath spin density nop, and the

memory time 7. = 1/(2v). The Gaussian contribution
to dephasing for time 7y is

1
— 1gx?) =
TNID (gHONBN)Q Tj + 1 _ 672’YTR
2ht 47 ~y 272
_ TR n 1
To(h) ~ Ta(h)2y

Cx

(1—e27™8). (68)

Here, we find the T5 time of

To(h) — 2h*

1 TN2D (guousu) 21 (69)
4am 2y

Expressed in terms of this, we find the non-Gaussian
noise is

F(4)(T1,T2) =

2
_%mim (TQT(Ch)> (1 N e_ﬁ/TC)Q (1 - 6_72/70)2

We then see two notable facts. First, the prefactor
of the signal can be seen to be scale as

1
TNo2D h2

= (&/h)?, (71)

where €71 = \/Tnap is the typical distance between
impurities in the plane. This is also related to the so-
called “inverse participation ratio” of the distribution
of bath spin magnetic dipole couplings, and is essen-
tially a measure of the effective size of the bath probed
at distance h.

This essentially reflects the fact that the non-
Gaussian aspect of the noise is dominated by the con-
tributions of the closest bath spins and indicates that

all-else-equal a lower density of bath spins leads to
a larger non-Gaussian contribution. This is expected
based on the central limit theorem, which would imply
that many independent non-Gaussian noise processes
should converge towards an effective Gaussian pro-
cess. Therefore, the lower the density of bath spins,
the larger the outlier effects are and the non-Gaussian
noise becomes more visible. Experimentally, this indi-
cates this would be best seen if the probe spin were
placed very close to a small handful of bath spins. This
closely parallels the results from several recent studies
on the interactions between isolated NV centers and
nuclear spin baths [67, 69, 70], which have demon-
strated that non-Gaussian noise correlations are par-
ticularly effective for characterizing finite-size baths
and their deviations from the central limit theorem.

It is important to note that for extremely small
h/€§ < 1it is expected that the self-averaging assump-
tion of the impurity distribution will break down. If
the probe qubit is sufficiently close to a single impu-
rity, which is likely to happen when h < &, then the
average over angle and position is no longer appro-
priate. Rather, in this case, the noise should not be
averaged over the distribution of the magnetic impu-
rity locations, since these will likely not vary shot-to-
shot. Exploring this effect would be interesting, but
is beyond the scope of this work.

The second important aspect of this result is the
dependence on the echo times 7y,7. This is illus-
trated in Fig. 7, which presents the two-echo-time
dependent cumulant I'® for the case of long and
short bath memory times for a fixed value of naph?,
and normalized according to T»(h). We see that the
non-Gaussian noise cumulant essentially grows (neg-
atively) from zero over a time of order 7. before it
saturates at long echo times. The over size of the
cumulant (at fixed distance h) is controlled by the
memory of the bath, codified in 7./T2(h); the longer
the memory, the larger the saturation of the cumu-
lant as well as the slower the approach to the maxi-
mum. Whereas the non-Gaussian noise cumulant ul-
timately saturates at long echo times, the Gaussian
cumulants grow with echo time linearly at long-times.
For instance, the Gaussian contribution to the Ram-
sey sequence for duration 7z will ultimately grow as
Tr/T2(h), which can be viewed as a consequence of the
central limit theorem. If we break up the phase evo-
lution in to time chunks of order the memory time 7,
then these roughly form an independent random walk
process, and this will ultimately grow like a Gaus-
sian diffusion process. At long times, the dephasing
therefore has a tendency to self-average and recover
Gaussian dynamics, with higher-order non-Gaussian
cumulants ultimately saturating while the Gaussian
cumulant does not. Therefore, by studying the de-
pendence of the non-Gaussian noise cumulants on the
echo times, it is possible to experimentally measure
the convergence of the noise process towards the cen-
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Figure 7: Fourth-order non-Gaussian noise cumulant
I'® (7, 72) as a function of echo-times 71,75 for fixed
mnaph® = 1 measured relative to Ramsey T»(h) time. (a)
Long bath-memory case of 7. = 27%(h). At long echo
times this result saturates. (b) Short bath-memory case of
Te = 0.4T>(h). We see that the long bath-memory time leads
to a larger result, as well as a slower and more pronounced
approach to the saturation.

tral limit theorem.

Finally, it is interesting to observe that this non-
Gaussian noise signal, which is a distinct signature of
correlated bath dynamics, is observed even in the ef-
fectively infinite-temperature ensemble with any par-
ticular spin in the bath being in a completely unpo-
larized 50 : 50 mixed state. Nevertheless, by study-
ing dynamical correlations one can gain a great deal
of insight into the dynamics which underlie even the
infinite-temperature ensemble. Even though this was
a model of independent two-level systems, we still saw
that the non-Gaussian echos can encode rich and im-
portant physics pertaining to the dynamics and corre-
lations of the bath degrees of freedom. We now briefly
discuss in more detail the validity of a perturbative
treatment of the higher cumulants, and when this may
fail.

5.2 Justification of Cumulant Expansion

In the previous example, we saw that the distance to
the sample h played an important role in the overall
scaling of the higher cumulants relative to the Gaus-
sian contributions. While the protocols we have intro-
duced here actually measure the full nonperturbative
echo I'y o, it is often simpler to model and interpret
the results using a perturbative cumulant expansion
to the lowest non-vanishing order, which in most cases
is the fourth cumulant T¥). One may wonder whether
this perturbative procedure is justified, or conversely
when it might be expected to fail. Within the scope
of independent two-level systems, we will consider the
effect of higher order cumulants and show that, under
certain circumstances the perturbative treatment can
be formally justified. In particular, we will consider
again a bath of independent two-level systems with
magnetic moments u and density nop = Tég undergo-
ing telegraph noise with correlation time 7.. In order
to simplify the treatment slightly in comparison to
the previous section, we will consider their moments
fixed out-of-plane.

In this case, we can express the magnetic field at
the distance h away from the plane by the sum

3h2
— 1| g% (¥).
h? + R} ]

Hol
B.(t) =
Q Z4W(R§+h2)%

J

(72)
The relevant echo sequences have generating function-
als for a particular pulse f(t) of

el =tou(exp (i [ dergunn.v))
=S tox(exp (i [ as50))). (73

where the coupling strength for spin j is given by

3h2
h? + R]?

_ JuB ot
An(R2 + h2)%

J

- 1] . (74)
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Here we have used the fact that the fluctuators are
independent. Ultimately, this stems from the presence
of a finite magnetic correlation length, such that one
can coarse grain to an effective description in terms
of a density nap ~ 1/m€2 of independent two-level
systems.

This now depends on the full nonperturbative form
of the telegraph-noise cumulant generating functional

log{(e™ ] 4Oy — ¢,

To evaluate this, we will refer to Appendix D.
After evaluating the three Ramsey sequences over
[-7r,0],[0,7r], [-Tr,TR], and the Hahn echo se-
quence over [—7g,0,7g] we obtain the fully non-
perturbative expression for the non-Gaussian echo of

].—‘172 = N2D /d27'

log |1— ( A(r) tanh /42 — X2(r) 7 >4
VA= X() + ytanh /42 — X ()7 ) |

(75)

(76)

where here we have converted the average over po-
sitions Zj — Nap fdQT into an integral over space,
assuming a self-averaging result, and the coupling
strength is now a function of position as

M) = — 9ol [ 3h? 1] (77)

T dn(r2+ h2)E B2 2
This can be better understood by scaling r =

hu and expressing in terms of the unitless coupling

strength
_ gpBHOM

o= By (78)
bath correlation time
s = TR", (79)
and coupling kernel
3w2+1)" -1
fy =2+ (50)

2(u? +1)3/2

Performing a substitution to v = u? + 1 the integral
becomes

Fl’g = 7TTL2Dh2/ dv
1

log |1 ( af(v)tanh /1 — @2 f2(v)s >
1 —a?f?(v) 4+ tanh /1 — a?f2(v)s ’

(81)

When « is small, this can be seen to go as a* to lead-
ing order, which is the perturbative result; namely,

tanh s 4 oo
1—\(4) — h2 4 / d 4
Tl + tanh s 1 vf ()
1 tanh® (y7r)
E2h10~4 (1 4 tanhy7R)*"

(82)
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Figure 8: Comparison of numerically exact non-Gaussian echo
against lowest-order cumulant expansion result. For small «
the agreement is excellent. For larger o a small discrepancy
appears at long times 7ry. As a — 1 the discrepancy be-
comes worse.

However, we can now check the validity of the pertur-
bative expansion. The difference between the exact
and first-order expressions are shown in Fig. 8 for dif-
ferent values of «.

Evidently, the agreement is excellent for o < 1. At
long-times the difference between the full and pertur-
bative results becomes more noticeable with increas-
ing @ < 1. As @ — 1 perturbation theory is ultimately
expected to fail completely, as non-perturbative con-
tributions to the echo become significant.

Therefore, we see that in the end, what ultimately
controls the validity of a perturbative treatment is
that the coherent phase accumulated is small—i.e.
this is a weak-coupling approximation. More specif-
ically, since the qubit phase is a compact measurable,
it is expected that when the coherent phase acquired
approaches Af ~ 2m, nonperturbative effects will on-
set. The rate of phase acquisition is set by the mag-
netostatic dipole interaction between the sensor and
sample, and is of order

6 ~ HoMHgU B

On the other hand, the magnetic field fluctuates on a
time scale set by 7. ~ 1/7. If we therefore estimate the
amount of phase acquired before the field fluctuates,
we find the condition

[oHgHB

Te X 0 ~ 72h3’y

< 2m, (84)
which is essentially what we find from the exact cal-
culation.

Experimentally, this is best controlled by tuning the
distance of the sensor to the sample, h, as o ~ 1/h3.
This yet again demonstrates a benefit of using local

spin-qubits over, e.g. optical methods [48, 47, 49, 46]
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to probe magnetic noise, since this local spin-qubits
offer a route towards tuning into the strong-coupling
regime n situ.

This also points to the potentially special impor-
tance of a second-order phase transition [12, 13, 14,
32, 93, 46]; near the critical point 7. — oo due to
critical slowing down. In this regime, a perturbative
treatment is not necessarily justified and corrections
to I'1 o from cumulants beyond r might need to be
included. Understanding the behavior in this regime
is much more complicated however, and a full non-
perturbative treatment is beyond the scope of this
work; in the following section we will simply con-
sider what happens as we start to approach criticality
and perturbatively explore a system which exhibits
strongly-interacting bath degrees of freedom, as is ex-
pected near a second-order phase transition.

5.3 Critical Magnetic Fluctuations

The example from Sec. 5.1 showed that even local (i.e.
uncorrelated in space) noise sources could present in-
teresting deviations from Gaussianity due to intrinsic
nonlinearities. Here we will show that this technique
is also well suited for studying systems which fea-
ture spatially correlated noise. An interesting exam-
ple of such a case appears near a second-order phase
transition, whereupon the correlation length diverges.
While a full treatment of such a complicated case de-
serves its own dedicated investigation in future works,
we will show here that this technique is well-suited
to studying these dynamic critical magnetic fluctua-
tions [93], which are expected to be relevant to a num-
ber of two-dimensional Van der Waals magnetic ma-
terials [94, 95, 21, 22, 96, 97]. Theoretical studies have
also extensively explored (largely within the Gaussian
regime) how critical noise manifests in the Loschmidt
and spin echoes [12, 13, 14], which are particularly
interesting as they may be used to study signatures
of quantum criticality at finite temperature.

We start by consider a two-dimensional magnetic
system which has an out-of-plane magnetization den-
sity m(r,t) that undergoes an Ising Zs symmetry
breaking transition. Near the transition, this can be
described by a free-energy Ginzburg-Landau func-
tional

Flim] = /d2r [;K(Vm)2 + %rm2 + ium4 , (85)
where K,u > 0 and at the critical point r changes
from positive for T > T to negative for T' < T¢.
These coeflicients are derived from a microscopic Ising
model in Appendix E; in terms of the lattice con-
stant a and critical temperature Te = 4J (with su-
perexchange interaction J), we find u = T¢/(3a?),
K =T¢/8, and r = (T —T¢)/a?. The full equilibrium
critical theory for this model is well-known, but com-
plicated; we will consider here a simple treatment of

the dynamic critical theory which is valid not too close
to the critical point. In particular, we will assume
the order parameter exhibits overdamped dynamics
of the type “Model-A” in the classification of Hohen-
berg and Halperin [93]. This amounts to a Langevin
type of time-dependent Ginzburg-Landau equation of
motion for the order parameter m(r,t) of the form

OF

Fatm(r, t) = —W

+(r,t), (86)

where the field n(r,t) is a fluctuating force
that exhibits Gaussian fluctuations in accordance
with the fluctuation dissipation relation, such that
{n(r,t)n(r’ ') = 2I'T6*(r — r')d(t — t'). Note that,
while the field n is Gaussian distributed, the magne-
tization m(r,t) will not be due to the nonlinearity.
Given a planar (out-of-plane polarized) magnetic
order parameter m(r,t), one can solve the magneto-
static equations to obtain the magnetic field at the
qubit location a distance z above the sample to be

B.(z1) = Lotns / ale~almg(t).  (87)
Here we have ascribed a magnetic moment of upS
to each Ising spin, with S an effective spin length,
such that ppS/a? is the areal density of magnetic
moments. We have also assumed the qubit to lie at
the origin in the x — y plane, which is valid if we
have translational invariance, and is applicable there-
fore only to the single-qubit non-Gaussian echo pro-
tocol. We will leave the two-qubit echo protocol to
future works. Under these assumptions, if we expand
to quartic order the non-Gaussian echo will measure
the correlation function

1 S 12 4 .0 0 TR TR
@ _ 2 (9“152’"‘0) / dtl/ dtg/ dtg/ dts
2 2a 1R —Tr 0 0

4
/ [T lajle 1!
qa

1,92,93,94 j=1
{(ma, (t1)mas, (t2)ma; (t3)ma, (t4) ). (88)

Here we have, for simplicity assumed a compensated
echo with 7 = 75 = 7. We now go to the frequency
domain, and write

4
w1 (S’SNQBMO) /
2 2a? q1,92,93,94

W o (@ 7Ry 2) X (mla1)m(a2)m(as)m(qs)).,

A® ({q})

(89)

where we recall the appropriate non-Gaussian fourth-
order echo “filter-function” from Eq. 31 (which now
has also been expressed in terms of the spatial filter
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functions) of

W ({q}; R, 2

H lajle” z|aj|

/ dtl/ dtg/ dtg/ dt48 ZZ w,t]
—TR —TR

(90)
We have also defined the fourth-order vertex function

AY({q}) = (m(q)m(g2)m(gz)m(qa) e (91)

It should be expected that, while this nominally has a
dependence on four momenta and frequencies, these
will be constrained by spatial and translational in-
variance to be overall conserved. We also expect that
this function is invariant under permutation of the ex-
ternal momenta and frequencies {q}. Under these as-
sumptions, we can simplify the filter function to the
form

4
WO ({q};7r, 2) = 7% [ [ lajle % sinc(w;mr/2)
j=1
1
X8 Z cos[(w; +wk)Tr].  (92)
i<k

In order to compute the correlation function A4
we will use the procedure of Martin, Siggia, Rose,
Jannsen, and de Dominicis (MSRJD) (see Ref. [98)),
which allows us to map a classical stochastic pro-
cess onto a path integral on the Schwinger-Keldysh
contour, thereby connecting with the previously em-
ployed formalism. The relevant action describing the
dynamical magnetic fluctuations is then given by

S = / Pz [-T0, + KV? —r —um?| m +iTT¢?

(93)
where ¢ plays the role of the “quantum” field and m
is the “classical” magnetization. We are now tasked
with calculating the connected four-point function
A®({g}). This is shown in terms of Feynman di-
agrams in Fig. 9(a), with the basic Feynman rules
shown in Fig. 9(b).

In this work we will calculate A® only to lowest
order in the nonlinearity u, which is just the tree-
level vertex. This neglects the effects of vertex correc-
tions, which are expected to become important very
close to the critical point, but provided fluctuations
are not too strong we may expect this approach to
yield reasonable results. The perturbative expansion
is summarized by the Feynman diagrams presented in
Fig. 9(c), with neglected higher order diagrams left in
the ellipsis. We will also restrict ourselves to the high-
temperature disordered phase, such that T > T¢.

We then find the correlation function shown in

(a) g3 m; Q.0 (b)

DR(q) = DA(—q)

DK
Ay, 0y qp, @y @ —iu

DO

Figure 9: (a) Feynman diagram representation of connected
four-point scattering amplitude measured in noise spec-
troscopy. (b) Basic Feynman rules for the model. Mixed
propagators between the m and ( fields (shown by blue
and red lines respectively) generate causal response func-
tions, whereas ((mm)) generates the Keldysh correlation
function. Interactions due to the nonlinearity generate the
vertex shown, which involves three classical m fields and one
quantum (¢ field. (c) Perturbative expression used for the
vertex function in this work. Higher diagrams, such as vertex
loop corrections, are neglected here.

Fig. 9(c) of

A( )(q17Qqu3»q4

= (| —iu | d®x¢(
(oo f it

We evaluate this using Wick’s theorem. From the ac-
tion we find the relevant correlation and response
functions to appropriate order in u are

)) m(q1)m(g2)m(gs)m(qa))e-

(94)

DX (q) = m(am(—a) =~y (559)
D(g) = (m@)d(-0)) = (95b)

Here we have introduced
va = K(q® +7) = K(a® +£72), (96)

with correlation length £ = /K/r and correlation
time 7, = I'/K&2. Note the definition of D here
differs slightly from convention in that for ¢ < 0 it
coincides instead with the advanced function.

By conservation of energy and momentum, the four-
point function will overall be proportional to a d-
function. By Wick’s theorem we obtain the form

A ({q}) = —6iu(2m)36® Zq X

[DR<Q1)DK(Q2)DK(C]3)DK(q4) + permutations of {g}].

(97)

This corresponds a sum over the four diagrams in the
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first line shown in Fig. 9(c). Simplifying this, we find

(2m) 3503)

AV ({g}) = Z g | x

— 6u( QPT

Z%J Hﬁ (98)

Note this sign is also negative, which is consistent with
the simpler model of classical telegraph noise. Heuris-
tically, this signifies that the noise is “bunched” and
has a distribution that is narrower than a Gaussian
with the same variance.

By resolving the J-function and utilizing the per-
mutation symmetry of the integrand, we can express
the noise as

SuZuo\ !
T — —120(2TT)? (9 “B”O) Té/
2a?
q1,92,93

gpl_‘z%|Q‘€_z‘Q‘SinC(QTR/2)

3
H 2F2+ 2 |qj\efz‘qﬂ'|sinc(wj7'3/2)

3
Z cos(w; + wi]Tr, (99)
j<k=1

where we have introduced the notation

3 3
Q=3 w, Q=2 a
j=1 j=1

We will express the overall non-Gaussian noise in
terms of a unitless function which depends only on
TR/TC and Z/ﬁc, up to prefactors.

The result is given as

(100)

T 3 2 4
'™ = _19¢ (2 T) (gSuBMO) Tcng(z/fc,TR/Tc),

K 2K a?

(101)
where the unitless function is expressed as an integral

F(z,s) = ~10 /d2Q1d God q3/dw1dw2dw3

(27T
qre” M gre” 2 gze B Qe
sinc (@, /2)sine(@y /2)sine(@s /2)sine(€2/2)

14+ Q?%/2?
+ (14 Q?/2?)?

2 1
1;[ (@;/5)2 + (1 +q7/22)?"
(102)

(/s)?

Nominally this is a difficult integral to evaluate even
numerically as it is high-dimensional and highly oscil-
latory. Here we will simplify this significantly by fo-
cusing on the “static” noise regime with 7p < 7. such

9 |
10 =~
104<
1071<
g 10—(i<
| . \
10779 e /7. =0.01 Y
10-16 4 —e— 7p/7.=0.03
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Figure 10: Short-time non-Gaussian noise due to critical mag-
netic fluctuations as a function of distance z/£. and echo
time Tr/7.. We use model parameters of £./a = 10* and
Tap/Te = 1072, with prefactors coming from the Ginzburg-
Landau derivation. In this regime the scaling with echo time
is (Tr/7c)*. At short distances, this noise decays slowly with
liftoff distance as (z/£.) 2, signifying the strong spatial cor-
relations in the bath below the correlation length. At long
distaces, the noise rapidly drops as (z/&:)™'°, which is what
is expected also based on the local telegraph noise model.
Gray dashed lines show guides for the eye at unity.

that the noise is essentially of a T3 type. This is equiv-
alent to a short-time expansion in the echo time 75,
and is evaluated in Appendix F. We find the leading
behavior of Tﬁ, as expected based on a static mag-
netic field measured using Ramsey spectroscopy with
0 B(t)dt ~ TrB(0). We present the dependence on
the non-Gaussian fourth cumulant as a function of
distance and time in Fig. 10.
In the short-time limit we can write the non-
Gaussian cumulant as

4
1
r—_c <T> F(z/¢,7r/7e)  (103)
Tdp (gc/ )
where we have introduced the “dipole” time
Tap = a*/(9Su o) (104)

and the numerical prefactor C' is estimated based
on the Ginzburg-Landau expansion to be of order
C = 2'3. We estimate for reasonable parameters of
g = S = 1 and lattice constant of ¢ =1nm that
Tap ~1ns. Near a critical point we may also reason-
ably expect £./a ~ 100. For the correlation time,
we have less reliable estimates, but we will consider
Tc = 1007qp ~100ns although this should be more
carefully computed for a particular model of magne-
tization relaxation dynamics.

We can understand the distance dependence by re-
calling the results from Sec. 5.2 on independent fluc-
tuators. For long distances z > &, the bath degrees of
freedom are essentially independent and therefore we
expect the noise to scale as if the fluctuators were
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independent, which yields the scaling of 1/2'°. In
this case, each independent region has a size which is
roughly scaling as (£./a)? that ultimately determines
the effective size of the magnetic bath.

In contrast, at short distances compared to the cor-
relation length, the bath degrees of freedom are highly
correlated and fluctuate in unison. As a result, the
noise is dramatically enhanced within the correlation
length volume which is now determined not by the
correlation length &., but rather by the NV qubit dis-
tance itself, such that the effective bath size is (2/a)?.
This crossover effect becomes particularly interesting
upon further approach to the critical point, where it
is expected that & and 7. will both diverge. At the
critical point we expect the statistics of the fluctua-
tions to be described by genuine non-Gaussian fixed
point of the renormalization group flow (with some
caveats [32]).

In contrast to probes based on, e.g. fluctuations of
optical properties [46, 48], the protocols we outline
here operator with spatial resolution that can be both
smaller or larger than the correlation length. While
bulk (optical) probes are powerful, and have a deep
connection to the renormalization group flow [32], it
is also of great interest to be able to resolve how these
correlations develop with a finer degree of spatial res-
olution; this is one of the main benefits of local spin-
qubit noise spectroscopy.

Using the non-Gaussian spin-echo techniques out-
lined in this work, it would then be possible to ex-
perimentally measure the departure from the central
limit theorem which is theoretically predicted by the
renormalization group analysis. One may hope that
given the divergent nature of noise at the critical
point, it may be possible to apply these techniques to
study real two-dimensional magnetic materials such
as CrCls [21], CrI3 [94], or CrSBr [95, 22], where non-
Gaussian noise signatures are expected to be most
prominent [32]. It is even more interesting to consider
extending these techniques to systems which exhibit
strong quantum fluctuations [12, 13, 14] which cannot
be modeled by the classical Langevin-type dynamics
employed here.

6 Conclusion

To conclude, we have seen how local noise-
magnetometry as realized by, for instance NV cen-
ter spin-qubits, can be used to study higher or-
der cumulants of magnetic noise in a frequency-
and momentum-resolved way—simplifying and build-
ing on the general characterizations of Refs. [79,
61, 60]. We have presented a number of protocols,
which can be implemented in scanning NV center
noise-magnetometry systems in order to extract non-
Markovian non-Gaussian noise cumulants. We have
further shown how multiple qubits can be used to
access spatially non-local non-Gaussian noise cumu-

lants. Then, we demonstrated how even in a simple
case of a paramagnetic system with a finite density
of independent and unpolarized bath spins exhibiting
random telegraph noise, signatures of the discrete na-
ture of the bath spins and their non-Gaussian noise
statistics could be extracted, and the Gaussian limit
could be controllably recovered by varying the qubit-
sample distance. This already points to the great po-
tential that local noise-magnetometry can hold for the
study of noise and correlations in quantum materials.
We also considered the role of spatial correlations near
a magnetic phase transition, which we argued is par-
ticularly promising for observing large non-Gaussian
noise signatures.

Looking forwards, there are a number of fascinat-
ing possibilities which can be explored once we are
no longer constrained by linear response. From the
perspective of material phenomena, it would be inter-
esting to apply these techniques to study nonlinear
vortex motion in a superconductor [99] or noise at
the threshold of depinning [100]. Single static vortices
have already been imaged using NV centers in Joseph-
son junctions [101] as well as two-dimensional thin-
film superconductors [102, 103], and it has been pre-
dicted that dynamic vortex noise can unveil aspects of
the Berezinskii-Kosterlitz-Thouless transition in suf-
ficiently thin superconducting materials [2], as well
as different vortex phases in finite field [7]. Puzzling
noise due to vortex motion has also recently been mea-
sured [104] away from the flux-lattice melting tran-
sition. Specific to the case of the superconducting
vortices, magnetic flux is carried in discrete quanta
and therefore, the distribution of the flux noise is in
some sense expected to follow Poisson statistics [105],
whereas magnetic noise due to Bogoliubov quasiparti-
cles is not quantized and can vary continuously. While
it is difficult to distinguish between these two scenar-
ios using linear noise spectroscopy [2], the technique
we propose here is well suited to be able to distinguish
between these two sources of magnetic noise.

Along similar lines, it may be possible to use this
technique to study shot noise due to magnon trans-
port in magnetic systems at low-temperature, anal-
ogously to what was studied in the context of a
single-mode cavity photon in Ref. [106]. This may
be useful for determining the statistics of emergent
quasiparticles in spin-liquids, which may have elemen-
tary excitations that carry fractions of spin-1, such
as in the case of a one-dimensional Heisenberg chain
wherein the elementary excitations are spinons that
carry spin-1/2 and obey fermionic statistics. Magnon-
magnon interactions and hydrodynamics [21] are also
expected to show interesting signatures in the non-
Gaussian noise cumulants, which effectively measures
the magnon-magnon scattering vertex.

From a nonlinear spectroscopy perspective, there

are also interesting connections between the non-
linear noise spectroscopy we propose here and
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coherent multidimensional spectroscopy techniques
such as two-dimensional terahertz spectroscopy [107,
108, 109, 52], or multidimensional correlation im-
printing [70]. In terms of operators, the fourth-
order noise correlation function proposed in this
work involves the sequence of nested anticom-
mutators ~  Trp{A(ty), {A(t3), {A(t2), A(t1)}}},
whereas the nonlinear response functions calcu-
lated in, e.g. Ref. [108, 109] involve mixed
commuators and anticommutators such as ~
Trp{A(ts), [A(ts), [A(t2), A(t1)]]}. As a result, the
nonlinear noise spectroscopy and nonlinear response
techniques are expected to be related to each other
through fluctuation dissipation relations, which re-
late the nonlinear noise spectrum to the nonlinear
response spectrum [98]. Similarly, using quench dy-
namics [83] in conjunction with the protocols we out-
line here, it may be possible to measure higher-order
response functions and the fluctuation dissipation re-
lations experimentally. It should in principle also be
possible to extend the protocol outlined in this work,
which utilized echos solely comprised of 7 rotations
(which are Clifford gates) to also include 7/2 rota-
tions, which should allow for probing both response
and correlation functions.

It is also interesting to explore these ideas from a
quantum information theory perspective, especially in
the case of multiple spin-qubits, and especially since
recent experiments have demonstrated the ability to
perform the necessary coincidence measurements on
at least two distinct NV centers [78, 24], as well as
the ability to entangle multiple qubits [74, 77]. In
this case, there are interesting questions pertaining
to whether multiple qubits can be used to character-
ize or generate entanglement [110] in the shared mag-
netic bath and potential violations of Bell inequali-
ties which are tied to the genuine quantum mechani-
cal nature of the wavefunction, or whether entangle-
ment can be used to improve sensitivity in a mate-
rial setting [31, 91, 26]. Likewise, given the rise of
so-called Noisy Intermediate-Scale Quantum (NISQ)
devices, it is interesting to consider whether quan-
tum simulators can be used to effectively simulate
quantum noise processes for the purposes of model-
ing quantum sensing experiments [31, 111, 112, 113],
or whether sensing protocols such as those outlined
here can be used to better characterize device noise
and error processes [114, 115, 116, 117, 59, 118], or
even connections to questions of sampling complex-
ity, negative Wigner distributions [106], thermaliza-
tion [28, 119, 120, 121, 122, 123] or quantum error
correction [124, 125] and how these processes may
present in dynamical noise signatures.
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A Quantum Noise Sources

Here we show that the treatment in terms of clas-
sical noise sources essentially remains unchanged if
the noise is of quantum origin, by using an appropri-
ate generalization to the Schwinger-Keldysh two-time
contour. Let us start by considering the qubit-bath
Hamiltonian as

A 1.

H=Hg+ iAUZ’ (105)
where Hp describes the many-body dynamics of the
bath, such that A is an operator acting on the bath
subsystem, which will acquire fluctuations and time-
dependence upon passing to the interaction picture
with respect to the bath Hamiltonian Hp. Here we
again assume the qubit splitting is on average zero,
which can be enacted by passing to a rotating frame.
We will discuss transverse couplings later.

We consider the evolution of the density matrix of

the joint system, which we assume at ¢ = 0 is of the
form

7(0) = p(0) ® ps(0). (106)

We can write the initial density matrix for the qubit
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in terms of the o, eigenstates as

= D P

S4,5—

0)fss)(s_.  (107)

Here we have anticipated that the density matrix will
evolve with two-contours; the + forward contour for
the ket and the — backward contour for the bra.
This will be done using the Feynman-Vernon influ-
ence functional for the two-time contour [126, 127,
128, 98, 129].

In particular, we are interested in the state of only
the qubit at a later time, say 7 in the case of a single
Ramsey sequence. We again expand in the eigenbasis
of o, for the two time-contours and trace over the
bath degrees of freedom. This yields

<S+‘ps TR |S Z Psy,s_ S+,S (TR) (108)
S4,5— ‘
ISSI:SS ( ) - 65’ ,5+6S' ;5

[ pias,

Here S. is the intrinsic action governing the bath
variable A4 which is obtained from the regular path-
integral construction for Hamiltonian Hpg. The last
line reflects the initial correlations of the fields which
are encoded in the bath density matrix, as well as
the trace condition which constrains the fields on the
two contours to be matched at the final time-point.
We can extend this final time-point to ¢ = oo since
after time 7r the qubit is decoupled and therefore
the dynamics can be trivially extended in the bath
since the unitaries will simply cancel each other at
this point. In equilibrium this can be evaluated using
the Schwinger-Keldysh formalism [126, 98]. We will
then be evaluating the expectation value using this
functional method of

S/ S/
Tors— (7

S4,S— R) = 5s’+,s+5s’7,s_

(teww (=15 [T attsast - s-a-n) ).

(111)

Here we use the ((-)) to indicate the bath correlation
function in absence of the spin. We now perform the
usual splitting of the field AL(t) into the quantum
and classical variables defined by

As(t) = Aq(t) £ %Aq(t). (112)

This has been expressed in terms of the influence func-
tional for the bath which in this case reads

S/ S/
Ist 7(7_R

S4,5_

) = 6s'+,s+5s’7,s_

2t [TR A R — 42 [TRA
Trg |Te 2 fo A(t)dth(0)7-€+ = fo A(t)dt

(109)

This is expressed now in the interaction picture for
the bath Hamiltonian and the time-ordering and
anti-time-ordering symbols 7,7 respectively. Fur-
thermore, because the spin coupling commutes with
the spin Hamiltonian, the value of s+ cannot change
on each contour and so the influence functional is di-
agonal in on each contour. We can further express
this bath influence functional in terms of the Feyn-
man path-integral for the two time contours over the
bath degrees of freedom. This yields

Ao (18,18, (0] - i1 (0] - i [ dtlsn a0 5.8 1))

(A1+(0)[B(0)[A-(0)){A—(0)|A(00)).  (110)

This then gives

T2 () = Gy Ot

(tewp (i [t (s = 500200+ 5= 000] ) ).

Importantly, let us now consider the echo proto-
col. In this case, the initial density matrix, immedi-
ately after the first 7/2 rotation, is ps(0) = |+)(+| &
psi.s_(0) = % This has contributions from multiple
different paths in the influence functional; there are
diagonal amplitudes with sy = s_ = +1 with equal
amplitude. There are also the coherences, which have
s+ = —s_ = =1, again with equal amplitude. Now,
the diagonal entries in the influence functional are

793 (7) = << exp (—z; /0 - qu(t)> >>. (114)

However, it is a central property of the Keldysh path
integral that expectation values of only quantum fields
vanish [98]; that is ((A4)™) = 0 for n > 1. Therefore,
this contribution will simply give Z35(Tr) = 1; this
is a requirement for the conservation of probability
that under pure-dephasing evolution the qubit density
matrix diagonals will not evolve.

Now, we turn to the evolution of the cohernces.
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These have instead the influence functional

137 3(tr) = << exp (—is /OTR thd(t)> >>. (115)

In contrast, these terms are not constrained and we
generically find this given by the cumulants of the
quantum noise source, as expressed in terms of the
Keldysh path integral. In fact, this is formally the
same result as that implied by the classical noise pro-

s’ s
28055 (rmee) =
!

—iZE [TRA@)dt _ist [TE R
Trp [<3/+|T€ i LE © Gulsy)Te ' Jo A0,y

cess, although the specific form of the cumulants of
A (t) will depend importantly on whether the noise
is quantum or classical through, e.g. the occupation
function of the noise.

We can also study the echo sequence and how this
contributes via influence functional formalism. To ob-
tain this, we will insert at a time 7g the echo pulse
on the qubit. This will have a non-trivial effect on the
qubit density matrix; we find the influence functional
in the presence of the echo by inserting the echo oper-
ator &, in the appropriate spot in the time-ordering

= 1il= [TBA iz [RA
Oyl SECCINIPE S M >].

(116)

Via the same construction as before, we see the influence functional with the echo is expressed in terms of the
Keldysh functional of the bath and the echo matrix elements as

’ ’
[Z7]000 (o) = ()16 ls4) (s-|Gals0)

<< exp (-é /OE b5 As(t) — s A_(8)] - z% /TTR dt s/, A (t) - s’A_(t)}) >>. (117)

E

We likewise express this in terms of the quantum and classical fields as

s’ ,s’_ . N
[Z7]°5° (7 i) = (50l (s[5 )

<< exp <—z; /OTE dt [(er — s )Aa(t) + SJF;SAq(t)} - z% /;R dt {(s; — ) Aa(t) + S;;LS/AQ@)D >>.

For the echo, we see the matrix elements are purely real and off-diagonal so that

sl ,st
[IE] 31757 (TRaTE) = 63;,—s+6s’7,—s,

<< exp <z; /OTE it {(54_ s ) Aa(t) + SJ”;LS_Aq(t)} - Z% /ER it {(s; — s ) Aa(t) + !95”42_51_Aq(t)]> >>.

Nevertheless, this still admits the decomposition into
the diagonals and coherences of the density matrix.
The density matrix diagonals again do not evolve be-
cause this involves an exponential of only A,(t), al-
beit with a more complicated coupling in time. On
the other hand, the coherences have s; = —s_ and

the same holds for s/, = —sy. We find specifically

[27]° % (7 7) =

<< exp <—is [ / ;R dtA(t) — /O " thd(t)]> >>.

(120)

This is exactly the same result we expect from the
classical noise derivation, understood in the appro-
priate Keldysh contour sense. This shows that our
derivations based on classical noise hold the same for
quantum noise sources, provided we express the noise
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in terms of the classical correlation functions of the
noise in the Keldysh formalism.

All of this followed rather straightforwardly if we
considered only longitudinal noise. However, in reality
we should expect in general noise that is both longitu-
dinal and transverse. This case is substantially more
complicated; here we now only briefly outline what
happens when we relax this assumption.

A.1 Energy Relaxation

A related, but much more complicated possibility is
that the magnetic noise may not solely be longitudinal
(i.e. dephasing), but also transverse. In this case, the
state of the spin qubit can change due to the noise and
exhibit feedback on the bath, which manifests in the
appearance of additional correlation functions, includ-
ing those which incorporate back reaction effects from
the spin qubit on to the bath. In principle this can
be incorporated into the formalism used here through
the Feynman-Vernon influence functional technique,
as detailed in Leggett, et al. [127, 126], which uses
the “blip and sojourn” formalism to handle the case
of both longitudinal and transverse fields acting on
the qubit. However, if the qubit has a large zero-
field splitting as compared to the typical size of the
fluctuations, then it is well-known that low-frequency
transverse noise effects are strongly suppressed due to
energy conservation constraints. In the case at hand,
where spin qubits have typical splittings of order GHz,
this is true and therefore we can realistically include
transverse relaxation processes through a simple T}
energy relaxation time. We model this by describing
the dynamics using a Linblad equation for the joint
qubit-system density matrix p

ap - 1
- = —ilHp + 5A62,p
ot~ HB + 580 7)
1
4T, {&paﬁ - 2{&&*,;3}]
ipaae Lo
+Ty |67 po —5{0 67,0} - (121)

We have describe the qubit splitting by an operator A
which acts on the bath degrees of freedom (with their
own intrinsic Hamiltonian H B), as well as including
a constant zero-field splitting of Ag. Here the jump
operators describe absorption and emission of quanta
with rates I'y,I"| respectively. According to detailed
balance, these should satisfy T'4/T') = e P20 with
temperature 8. For a GHz splitting, this is nearly in-
finite temperature, such that in practice we often find
I't = T';. Note that these rates are due to transverse
noise processes which have dynamics at frequencies
comparable to Ag, in accordance with Fermi’s Golden
Rule, but due to the large separation of time scales,
this are taken as an independent and effectively Gaus-
sian decoherence channel.

We diagnose the effect of these terms on our cu-
mulant isolation protocol. Let us consider the Ram-
sey protocol. At time t = 0 we again initialize the
qubit in to the |4+)(+| state. We then compute the
Feynman-Vernon influence functional which describes
the dynamics under Eq. (121) [129, 130]. The action
of the bath can be incorporated, as in Sec. A, by con-
verting the operator A in to two fluctuating fields
AL (t), one for the evolution of bras and one for kets,
which then must be averaged over the bath distribu-
tion function as before. The contribution to the in-
fluence functional due to the coherences is seen by
inserting pg(0) = |s4)(s—| where s; = —s_. In this
case, the action of the jump-operators is diagonal and
thus this simply ends up appending an exponential
decay rate on to the influence functional so that after
time tr the coherence of the density matrix is given
by

TR

372 (tr) = (exp (—is dtAq(t) — TR/(2T1)>>>.

(122)
Here we have introduced 77 ' = (I'4+T'} ). We also see
that the exponential decay does not depend on which
coherence the qubit is in, and therefore the Hahn echo
will be effected in the same manner. We therefore see
that the T} corrected cumulants C, expressed in terms
of the cumulants with 77 = oo will be

0

Cx, =Cx, —m/(2TY) (123a)
Cx, =Cx, — 72/(2T1 (123Db)
Cxi1x, = Cxy+x, — (114 1) /(2T1) (123¢c)
Cx,-x, =Cx,_x, — (11 +7)/(2T1). (123d)

As a result, we see that the contribution to the non-
Gaussian statistic I'y, x, will simply cancel between
the different pulse sequences since they all add up to
the same durations.

Having now demonstrated the broad applicability
of the echo spectroscopy for detecting non-Markovian
and non-Gaussian dynamics in both classical and
quantum baths, we turn our attention to the study
of non-Gaussian correlations in space, which we will
show can be detected using two qubits.

B Generalizing to Higher Orders

We here present a formalism which allows us to gen-
eralize to higher order cumulant extraction, and in
particular a protocol for the sixth-order cumulant.
Consider a set of M random variables {X;}},,
which will be for us the phases acquired over differ-
ent pulse sequence time intervals, or possibly different
spatially distinct qubits. Under the framework we con-
sider, different dynamical decoupling sequences are
characterized by different time-domain filter functions

which are characterized for the nth different pulse se-
quence by coefficients ozg.n) € {0, +1}. a§-") will be zero
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if the jth time interval is not present in the nth pulse
sequence, and is otherwise +1 (—1) if it is present
and has an even (odd) number of m-pulses after it. In
principle, from this one obtains measurements of the
random variable X (") =% y agn)X j» and in particular
the cumulant generating function

¢™ = log((exp (z’X(”))». (124)

Now, given a set of C(™ we need to find a set of coef-
ficients A,, such that the statistic

= Z A,C™

vanishes to a desired order. In terms of the multivari-
ate cumulants we find

iN
r— ZAn > M)
= Z S > Al o]

LN

(125)

X X e
(126)

As an example, the main protocol in the pa-
per given is equivalent considering M = 2 differ-
ent pulse durations, with filter function coefficients
a € {(£1,0),(0,£1),(1,+£1), (—1,£1)}. We can sim-
plify this by considering a measurement not of the full
phase e*X but rather only the real part cos X ,( x;vhich

equivalently means we symmetrize between «;

—ag-"). Then, each individual Ramsey or Hahn se-
quence corresponds to measuring with coefficients
(1,0) and (0, 1), while the conjoined sequence is (1, 1)
and the phase difference is obtained by (1,—1). We
see that this indeed cancels the first two terms in the
series, as we find odd terms vanish when we add =+
pairs, and therefore up to fourth order we find

and

J1J2 n

4!

J1,J2,J3,Ja M

(127)

We want this to vanish at quadratic order, for all pos-
sible cumulant values. This then imposes a system of
linear equations on the A,, coefficients which reads

Apoy+Aay +Aq,1) =0 (128a)
Ay +Aay + A1) =0 (128b)
Aaay —Aa- =0 (128¢)

1 n n n n
+= ) ZAaha)()()«XXXX»

Up to an overall constant, we see our pulse sequence
pI'OtOCO]. of A(l,O) = A(O,l) = —2, A(lvl) = A(l,—l) =1
is the solution. Then, we find at quartic order the
leading contribution of

I'={(X{X3)e+ ..., (129)
which other than an overall factor of 2 coming from
the symmetrization not being normalized, is the result
in the main text.

We now show how to generalize this to isolate the
third, and also sixth cumulants. To isolate the third
cumulant, we can instead choose A, = —A_,, such
that all even terms are canceled. In the case that the
mean is non-vanishing, we then must simply cancel
the linear term in order to isolate the leading contribu-
tion as the cubic cumulant. One such set of coefficients
is A(I,O) = 2,A(071) = OvA(l,l) = —l,A(L,l) = —1,
which isolates then to leading order

r= é<<X1X22>>c + s (130)

which is seen to be imaginary due to being an odd
term.

More interesting is perhaps isolating the sixth cu-
mulant, which is the next leading term in the even
series expansion. This can be seen to not be possible
with only M = 2 pulses. If we try with just 4 pulses,
we arrive at the two equations to cancel the quadratic
terms of

Aao+Aay + 40,21y =0 (131a)
Aoy +Aay +A4a-1) =0 (131b)
Ay —Aa,-1) =0, (131c)

which are the same as before. Finally, in order to can-
cel the remaining quartic term, we must also impose

A(l,l) + A(l,fl) == 0 (132)

This is a system of four equations for four coefficients
and the determinant is seen to be non-vanishing (al-
ternatively this can easily be solved uniquely to yield
A, = 0 which is the trivial solution). We therefore
must expand the number of pulses used to M = 3.
Not including parity doubles and trivial cases, we then
have (3% — 1)/2 = 13 different combinations of pulse
sequences.
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These are

[OAS

{(1,0,0),(0,1,0),(0,0,1),(1,1,0), (1,0,1),(0,1,1),(0,1,-1),(1,0,-1),(1,-1,0),(1,1,1),(1,1,-1),(1,—-1,1),(—=1,1,1)},

which can be more succinctly labeled as {1,2,3,3,2,1,13¢ 2¢3,0,3¢% 2% 1¢} Imposing the diagonal quadratic
terms vanish in this case imposes

0=A;+ A3+ A5+ Ag + Ayez + As3c + Aze + Age + Aje (134a)
0= Ay + Az + A7 + Ag + Ages + Aj3c + Age + Aae + Age (134b)
0= A3+ A7+ A5 + Ap + As3c + Ajge + Age + Age + Aje, (134c¢)

while vanishing of the quadratic cross terms implies

0 = Ag + A() — A2c§) -+ Agc — Agc — Alc (135&)
O == Aé + AO — A§3c - A3c + A2C — Alc (135b)
0= Ai + AO — Aigc - A3c — A2c + Alc. (1350)

This gives us six equations. Imposing the quartic terms vanish will then yield another set of linear equations.
It can be seen that the coefficients of the (X)), will be proportional to that of {(X?)). and likewise for all
diagonal terms. Therefore, these are redundant equations. Similarly, the coefficients of term ((X;X3)). will
match the coefficient of (X7 Xa)).. These are therefore again redundant. We find then that the terms which are
not redundant will be the biquadratic terms and the totally mixed terms. The three biquadratic terms yield

0 - Ag + A() + Ach + Agc + AQC + A]c (1363)

Lastly, there are totally mixed terms (X7 X, X3)). and such. These will contribute equations

0= AO + A3c — Alc — Agc (1373)
O - AO + AQC — A]_c — A3c (137b)
0 = AO + Alc — A3c — Azc. (137C)

We therefore find we have 12 equations in total for 13 coefficients and this can be solved.
\

We utilize permutation invariance of 1 — 2 — 3 to
argue that Ay = Ay = A3 = a, Ajc = Age = A3e = ¢,
Ai = AQ = Ag = b, and A2c3 = Aggc = AIP’C =d. We
then obtain

C Angular Averaging for Dipole Tensor

We want to evaluate the averages

W:ZV]?, W:va (139)
J J

0=A4y—c (138a)
0=b+ Ay +d+3c (138b)
0=b+Ay—d—c (138c)
0=a+2b+ Ay + 2d + 3c. (138d) We will will do this for an ensemble of random spins

distributed throughout a two-dimensional plane with
density nop and random orientation of magnetic mo-
ment. The probe qubit will be located at the origin
in the x — y plane and a distance h above the plane;

This is solved by AO = 1, A1 = Ag = A3 = 4, Ai =
A§ = Ag = 72, Alc = Agc = Agc =1 and A§3c =
Aize = Ayez3 = —2. The remaining terms will then be
at sixth order.

we will consider the quantization axis probe spin to
point along the &, direction.

We need to average the dipole tensor over random
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dipole orientations as

A A )2 o
(3Rj &R p; — R?uj -ez) = /,L2R?f2(Rj)
(140a)

N A \4 5
(BR;-&.R; - p; — R2p;-&.)" = 'R Fu(Ry).
(140Db)
Here, R is the location of the bath spin with respect
\ /r? + h2

where r; is the planar coordinate of the bath spin.
This would then give the averages

to the probe spin, and has magnitude R; =

Tz _ (Hop? 1

- (5%) w7 ?) (141a)
7T _ (Hop\*t 1

- (2 i) (141b)

Here 1 is obtained as cos®¢ = h/y/r7 + h2. The re-
maining average is taken over the planar position of
impurities.

Let us evaluate this by choosing coordinates where
R, = (sin?,0,cos?) such that R; lies in the z — 2

1 1
Fo = 3 (3cos¥sind)? + 3 (3cos® 9 — 1)2

Fy= % (3cos ¥ sin)® + % (3cos® ) — 1)4+ % (3 cos ¥ sin 9)° (3cos® ¥ — 1)2.

These further simplify to

Fa(9;) = [3 cos 19? + 1} (146a)

O = W=

Fa(@;) = £ [3eos9? +1]°. (146b)

Here, cos¥; = fi - R; is the (cosine of the) angle be-
tween the quantization axis and the location of the
magnetic moment at R;. These only depend on the
polar angle of the bath spin ¥;.

We will then also have to deal with the average over
two-level system location as

V=Y (B) e R))
J

_ 41
vi=3" (%) = Fald):
J

(147a)

(147D)

Let us now replace the sum over bath spins by an in-
tegral over their location in the two-dimensional plane
via

IR, = ngD/dQRf(R). (148)

plane. We then obtain

Fy = (3cosd [zsind + zcos 9] — 2)° (142a)

Fi = (3cos® [zsindd + zcosd] — 2)*. (142Db)

Here z,y, z refer to the components of the dipole mo-
ment unit vector. This simplifies to, in general

Fy = (3cos¥sin ¥z + z [3cos? 9 — 1])? (143a)

Fi = (3cos¥sindaz + z[3cos?9 — 1), (143b)

The non-vanishing moments in terms of x, z are

2=22= % (144a)
- — 1
2222 = ! . (144c¢)
15
This yields
(145a)
(145b)
\
This gives
V2 =nyp [ dr (M)Q L 5w (149a)
47w / RS
TI_ o (Pop\t 1

We first evaluate the second moment. We find

— 2 1
V2 = mnap (B2) 27 (150)

2h4

Next, we compute the fourth moment. After averaging
over the plane we get

N (T Y

V4 = TNy m

We have numerically checked that for different quan-
tization axis angles, this does not vary dramatically.

Accepted in (Yuantum 2026-08-11, click title to verify. Published under CC-BY 4.0. 27



D Nonperturbative Cumulant Gener-
ating Functional for Two-Level System
Noise

We need to evaluate the cumulant generating func-
tional

Calf] = log(fexp (M / dtf<t>a<t>)>>, (152)

uate this, we will introduce the conditional kernels

t
M, (t) = {exp (2/\/ dsa(s))}> (153)
0 o(0)=0o
We have the initial condition
M,(0) = 1. (154)

Now, consider evolving this for a short time dt. We
need

where f(t) encodes the pulse sequence. We will here

tdt
My (t+ dt) = (exp (i)\/o dsa(s)) »

focus only on Ramsey sequences of duration 7r or o(o):a.
Hahn echo of duration 7z on each half-echo. To eval- (155)
|
This can be expanded using the additivity of the integral as
dt tdt
M, (t 4 dt) = {(exp i)\/ dso(s) | exp i/\/ dso(s) |) . (156)
0 dt o(0)=0o

The initial short-time evolution can be expanded in terms of the probability for either no flips, with probability
1—~dt where + is the switching rate, or one flip with probability ydt, with higher-order processes being irrelevant
at short times. This yields

M, (t+dt) =

[1 — ~dt] €O (exp (M/
d

t-+dt t4-dt

t t

dsa(s)) h) +rydtydte™ 7O (exp (i/\/d dso’(s)) 0[e(0) = o))

o(0)=0c
(157)

o(0)=0c

The remaining kernels can be re-expressed using the Markovian property to shift ¢ — ¢ — dt, noting that in the
second term since a flip has occurred the spin at time dt is in the state o(dt) = —o, as

+ ydte= 7O (exp (i)\ /Ot dsa(s)) »

M (t + dt) = [1 — ydt] e O ((exp (i)\/o dsa(s)) h

o(0)=—0c

(158)
But these remaining terms are simply M, (t) and M_,(t) respectively. Then, subtracting to get the change dM,,
and dividing by dt as dt — 0 we obtain the differential equation

o(0)=c

dM,(t .
D) _ firer — 5] My (1) + Mo 1) (159)
We then obtain the solution -
My(t) =e "t {cosh Qt+ tio sinh Qt | | (160)
with
Q=2 X2 (161)

Let us consider a Ramsey sequence of duration 7. This will be obtained by setting ¢ = 7r and averaging
over the initial conditions with equal probability, such that

Ca[Ramsey, 7r] = loge™ """ |cosh Q7 + % sinh QTR}

= —v7gr + log [cosh Qrgr + X sinh Qrg|. (162)

Q

We also need the result of the Hahn echo. This can be obtained in a similar way, by computing the result
also conditioned on final state. We introduce

Qo o(t) = (o D50 (1) = o)) (163)
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Again performing a short time expansion on the intial evolution of time dt we get

Qur ot + 1) = (1 “5lo(1 + dt) = o))

o(0)=0o

) . tdt
ydte Aol (P o B §15 4 dr) = o))
o(dt)=c

) . tdt
= Pt (1 _gp) (¢ a7 5o (tdt) = o))

J(dt)zfo'-
(164)

We can shift the time ¢t — ¢ — dt, bearing in mind the flipped initial condition on the second term. This gives

Qoo+ dt) = 01 ) (™o 7Oy = )|t o T o(r) = o)

o(0)=—0c

o(0)=0c
(165)
We can then again obtain the differential equation
d .
aQUl,U (t) = (7/)\0 - ’Y)QU',O’(t) + ’YdtQUI,_U(t). (166)

This is the same, except we have for each initial condition also two final conditions. These are obtained by
enforcing the initial condition that

QU’,U(O) = 60’:a~ (167)
This solution in this case is
S . v o
) oyt (coshQt + 15 sinh Ot o sinh Q
Qoro(t) =€ ( % sinh Q¢ cosh Qt — z% sinh Qt ) - (168)

For the Hahn echo, we have initial condition that o is averaged over with equal probability, but at the midpoint
of the echo we impose a spin-flip. This means that the overall amplitude is

1
Cx[Hahn, 7] = log Z §Qa~,—o’ (78)Qo o (TE). (169)
We find
gl 2 (A ?
Cx[Hahn, 7] = loge 277" (cosh Qrg + a sinh QTE) + (Q sinh QTE> . (170)

Now, we combine the results for our non-Gaussian echo, which involves

I'1 2(A\) = Cx[Hahn, 7g] + Cx[Ramsey, 27| — 4Cy [Ramsey, Tr]
2

v 2 A v
= log (cosh Qg + a sinh QTR) + a sinh Qg + log [cosh 2Q1Rr + a sinh 2(273}

— 4log [cosh Qrr + % sinh QTR] . (171)

After some algebra we find

Atanh Q7g 4
12(A) = log [ (Q+’ytanhQTR) ] (172)
We note the expansion to O(\*) is given by
tanh y7R *
@) ~ — a2 TR 1
() (/) 1+ tanhy7r (173)

In the main text, we need to integrate over the coupling strength A, in accordance with the expression

4
A(r) tanh \/7Z — AZ
Ty = 27n0p / drrlog |1 — ( (r) tanh 7y (r)7r ) : (174)

V2 = A2(r) + ytanh /72 — A2(r)TR

where we have
_ ppogps 307/ (h* +1°) — 1
T 4r (r2 + h?)3/2

A(r) (175)

It is useful in evaluating this to define (r/h)?+1 = v and introduce unitless time # = 7rvy and coupling
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parameter

_ Mo B

. 1
2myh? (176)

We then obtain the integral

].—‘172 = 7T77,2Dh2/ dv
1

og |1 v) tanh[y/1 — @2 f2(v)6]
V1 —a?f?(v) + tanh[y/1 — a2 f2(v)6] ’

(177)

where

3/v—1
23/2 7

flv) =

(178)

Evidently, when o = 1 this encounters a branch cut
in the integrand, signaling the potential emergence
of non-perturbative phenomena. In principle, we find
that perturbation theory is justified in terms of an

Z = Z/D mlexp | B Y S7S; - 25JZC mqm_q+ﬁu3525h

{S} <j,k>

We will still need to choose an appropriate C(q).

Z = Z/D

{5}

exp BJZSsz 25JZC Ymqm—_q — Zm]

<j,k>

We now see that if we choose C(q) such that

BI > SZSk—fﬂJZC

<j,k> jka

zq (R;—Ry) SzSz_O

(184)
we will be able to decouple the spin-spin interaction
and integrate out the spins in favor of the order pa-
rameter field. Up to a constant (due to the Z, nature

expansion in « for

uuogug) (179)

a<<1:>h>>(
2my

E Ising Model Ginzburg-Landau

Here we present the details of the derivation of
the Ginzburg-Landau coeflicients from the two-
dimensional Ising model. We start from the two-
dimensional Ising model on a square lattice with par-
tition function

Z=Y exp|BJ Y Ssz+ﬂuBSZS hy |,
{S} <j,k>
(180)
where the Ising spins satisfy (S]z»)2 = 1 and the ex-

ternal field h; couples via the spin moment upS. We
will employ a Hubbard-Stratonovich transformation
to express this in terms of an effective energy for the
order parameter. First, we introduce a Gaussian in-
tegral over a real field mq in momentum space such
that up to constants

(181)

Now, we can shift in our integral the field mq by
1 .
Mg — Mq + ﬂJ@ Z e iRy S; (182)
J

This will yield

fﬁJZC q)e't BRI G2GE 4 B1upS >~ S7h;

jka J

(183)

of the spins), we see this is satisfied by

C~'(a) = cos g, + cosqy + 2. (185)

The constant ensures that this is never zero, and can
be added without penalty as (Sj‘?)2 =const. can be
discarded from the free energy. Now, we can integrate
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T? 1

Fog = —
Y 5 2 + cos gy + cosgy

MgM_q — TZlog cosh(m; — BupSh;).

out the spins via

Z=3 exp | BupS Y Sihy— Y m;S;
J

{S} J
= HQcosh(mj — BupSh;). (186)
J

This is a local energy functional, and therefore can
be evaluated. We then find the exact effective free-
energy for the order parameter of

(187)

We now expand in the order parameter up to quartic order in m, and up to quadratic order in spatial derivatives,

and linear order in external field to obtain

1 T2  T2q> T , T ,
Feg = 5 zq: LJ + 3557 ] mgm-—q + ;famj + 15 + ppSmjh;.

(188)

Replacing the lattice constant a this corresponds to a continuum free energy of

1T 1(T -T, S 1T
Fegt :/d2r {C(Vm)Q—f— 5( C)m2+ EB2 i+ = =5 m4]-
a a

28

This is in terms of the mean-field critical temperature

Te =4J. (190)
The derivative with respect to external field identifies
the magnetization density as upS/a? x m(r,t). We
find the Ginzburg-Landau coefficients of

T
K= ?C (191a)
T—-Tc
r= > (191b)
Tc

Then, to leading order in T'— T we find the prefactor
of the magnetic noise scales as

o0T\° (gSpduo\" L4
12u( I ) < 9 a2 T,

T S’ 4
B a3 dC [ GOUBHO 4 -2
=4x8x4 TC—Q2 (Tca2 ) T2 &,

4 2 4
_ 213 Te )2 <gSlqu“0> (192)

a3

F Model A Integration

Here we present the details on the evaluation of the
integrals for the noise for the model A relaxational

2

(189)

dynamics. The noise cumulant to be calculated can
be written as

MT\? [ gSuZpmo\ "
I‘(4) = —12u ( K > <g25{i/;0> TcggF(Z/€CaTR/TC)7
(193)

where the unitless function is expressed as an integral

1
(2m)°
qre” e Bgze BQe
sinc (@, /2)sine(@g/2)sine(ws /2)sinc(Q/2)

F(z,s) =

S ~ ~ ~ JUR
ﬁ/d2q1d2q2d2q3/dwldmdw3

cos(@; + W)

14+ Q?%/2? ﬁ 1
(/)2 + (14 Q?/22)2 1 (0;/8)? + (1 + G5 /2?)*
(194)

This integral is naively nine dimensional and oscil-
latory, making it very poorly behaved for numerical
integration. In particular, we are interested in the be-
havior in the regime of z < &, to study the effects
on nonlocal correlations. In this work we will be con-
tent in evaluating this within the regime of 7p < 7,
although studying the effects of nonlocal correlations
in time and space both would be interesting for fu-
ture works. In this regime we can first evaluate the
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frequency integrals by writing them as

W S / d(:)l dt:)gda)g

sinc(@; /2)sine(@y /2)sine(@s /2)sinc(Q/2)
13
§ J§1 CO wj + wk
14 Q?/a? 2
(Q/s)2 + (1+ Q2/x?)? U (@;/s)? 1+q2/902)

= W/dw1dw2dw3dw4/dt6_izj wit

sinc(swy /2)sine(swq/2)sine(sws/2)sine(swy/2)
1
g Z cos(swj + swy)
j<k=1

14+ Q?/x? 2
i+ arer L)

(1+ q?/:zﬁ)
(195)

Jj=1

If we take the limit of s — 0 we find the leading
contribution grows as s* at short times, with behavior

W S / d(:}l da)Qd(I)g

@y /2)sine(@s/2)sinc(Q/2)

sinc(wn /2)sine(

1+ Q?%/a? 13[ 1
(/)2 + (1+Q2/a?)? [ (©5/5)% + (1 + 7 /a?)?

= W/du1dW2dW3dW4/dt€_izj wit

14+ Q?%/2? 2
(wa)? + (14 Q2 /22)2 H

(1+g5/22)?"
(196)

o

We can now evaluate the frequency integrals as

/dw 21 2e_th:ze_7|t‘7
w*+ Y

so that
1 e e
(2ﬂ>35/dw1dw2dw3
sinc (@, /2)sinc(@s/2)sinc(ws /2)sinc(Q/2)
3
% Z <o} w]—i—wk
J<k=1
1+ Q?/a? ﬁ
(Q/5)2 + (1 + Q?/22)? i (@;/5)? 1+q2/x)

dte™ 2oy O+ /201 H

1 Jrqf/ﬂc2

3

_s ! 11 ! (197)
8 ZJ (1 —|—qj2./x2) ol 1 +(L2'/$2

This then yields the momentum integrals

1 st

F(xz,s) ~ @z

/d2Q1d Gd*qs
(}4167(]1(}4267‘72(]367%6267@
3

1 1 )
gZ?:1(1‘i‘qj2-/gc2) H 1+ 2/x2 (198)

Here we have labeled g4 = Q.

This is still a high-dimensional integral; we can
however relatively easily compute this using impor-
tance sampling as follows. First, we sample N momen-
tum points, which are 3 2-dimensional vectors each of
which is sampled according to a distribution with

dP(q) o dgdfq*e . (199)
We then find
F(z,s) ~ xlO Z Qe
3
1 1 1
- - 200
sz;:1<1+q;/xz>j111+q;/x2 )

This then fixes the normalization constant A such
that

A= (4m). (201)
We then find the overall noise, in terms of the

Ginzburg-Landau estimates and the sampling points
as

pw 201 (mgSugmo)" st
@ Efap

xlO
1 N ~0
v Qe
j=1

3

(202)

1 H 1
S0+ q2a?) o L+ a7
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Let us introduce the “dipole coupling” time

Tap = a*/(gSpFh0).- (203)

For g = S = 1 and a lattice constant of 54 we get
times of order 74, ~ 100ps.
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