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The framework of internal quantum ref-
erence frames (QRFs) constitutes a univer-
sal toolset for dealing with symmetries in
quantum theory and has led to new rev-
elations in quantum gravity, gauge theo-
ries and foundational physics. Multiple
approaches have emerged, sometimes dif-
fering in scope and the way symmetries
are implemented, raising the question as to
their relation. Here, we investigate the re-
lation between three approaches to QRFs
for gauge symmetries, namely the effective
semiclassical, algebraic, and perspective-
neutral (PN) approaches. Rather than
constructing Hilbert spaces, as the PN ap-
proach, the effective approach is based on
a quantum phase space parametrized by
expectation values and fluctuations, while
the emphasis of the algebraic approach is
on the state space of complex linear func-
tionals on a kinematical algebra. Nev-
ertheless, external frame information is
treated as gauge in all three formalisms,
manifested in constraints on states and
algebra. We show that these three ap-
proaches are, in fact, equivalent for ideal
QRFs, distinguished by sharp orienta-
tions, which is the previous setting of the
first two approaches. Our demonstration
pertains to single constraints, including
relativistic ones, and encompasses QRF
changes. In particular, the QRF transfor-
mations of the PN framework agree semi-
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classically with those of the older effec-
tive approach, by which it was inspired.
As a physical application, we explore the
QRF covariance of uncertainties and fluc-
tuations, which turn out to be frame de-
pendent. This is particularly well-suited
for the effective and algebraic approaches,
for which these quantities form a natu-
ral basis. Finally, we pave the way to-
wards extending these two approaches to
non-ideal QRFs by studying the projection
and gauge-fixing operations of the Page-
Wootters formalism, built into the PN
framework, on algebraic states.
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1 Introduction

Reference frames usually serve no purpose other
than defining a variety of descriptions of a given
physical system of interest to which they are then
assumed to be external and with which they do
not interact. However, the advent of general rela-
tivity has brought with it a profound lesson: gen-
erally covariant theories are background indepen-
dent, meaning that their description should not
depend on the coordinatization of the underlying
spacetime manifold. This condition manifests it-
self as diffeomorphism invariance and means that
physics is independent of standard external no-
tions of reference frames. A crucial consequence
of this is that any reference frame with respect
to which we describe the system should be inter-
nal, comprised of a priori dynamical degrees of
freedom that become quantum ‘rods and clocks’
once we subject the entire system to the laws of
quantum theory.

Such quantum ‘rods and clocks’ have become
known as internal quantum reference frames
(QRFs) and are important far beyond gravity
[1–74]. They embody the idea that all refer-
ence frames are associated with physical systems
and ultimately subjected to the universality of
quantum theory. They are the tool for describ-
ing quantum physics “from the inside”, i.e. in
purely relational terms. Like external frames,
QRFs must thus transform non-trivially under
some pertinent symmetry group, the key differ-
ence being that they are now some suitable sub-
system of a given composite physical system of
interest.
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In the gravitational case, this means that they
must transform under the group of bulk dif-
feomorphisms [69, 75, 76], while in gauge theo-
ries, they are some suitable kinematical degrees
of freedom that transform under the pertinent
gauge group [52, 77, 78]. In both gauge theory
and gravity, QRFs associated with gauge sym-
metries thus naturally arise. However, this idea
applies more generally, including to symmetries
that are not gauge: two agents in separate lab-
oratories who wish to communicate information,
yet have never met and thus do not share an ex-
ternal lab frame, may wish to resort to either
encoding reference frame information in a com-
municated subsystem, or to encode information
relationally in an external lab frame-independent
manner [15, 17, 19]. Similarly, there are thought
experiments in the foundations of quantum the-
ory where an external lab frame may not be ac-
cessible or shared between agents [4,20,21,63,79].

QRFs thus have wide-ranging applicability and
may be viewed as a universal tool set for deal-
ing with symmetries in quantum systems. As a
consequence of applications in differing contexts
with different meanings of symmetries, multiple
approaches to QRFs have emerged over time.
These differ mostly in how symmetries are imple-
mented. On the somewhat more operational side,
where symmetries are not treated as gauge, there
are the quantum information approach [15–24]
(going back to [1–3]) and the operational ap-
proach [26–31], which in general are inequivalent.
On the side that treats symmetries as gauge,
there are the effective semiclassical approach [32–
38,80,81], the algebraic approach [39–41], and the
perspective-neutral framework [42–62], which will
be the focus of this manuscript. Roughly some-
where in-between the two sides one may place
the perspectival approach [63–72] from quantum
foundations, which does not in general treat sym-
metries as gauge, as well as the recent approach
based on crossed product von Neumann alge-
bras [73,74], which constrains observable algebras
but not states.

A core feature of using external reference
frames in standard textbook treatments is co-
variance: we imagine that there are many dis-
tinct choices of external frame between which
we can transform by applying a suitable unitary
transformation to the quantum system of inter-
est, such as a Lorentz transformation in quantum

field theory in Minkowski space, and this should
not change the physics but merely the description
of it. Covariance, however, is not a distinguish-
ing feature of external frames. In any sufficiently
complex quantum system, there will always be
many choices of internal subsystems that justi-
fiably may serve the role of an internal QRF.
Naturally, the question arises as to how one may
change internal perspective by going from one in-
ternal QRF perspective on the composite system
to that of another, i.e. what are the transforma-
tions between QRFs?

A priori this appears like a rather complicated
question, given that QRFs are physical subsys-
tems that may interact and entangle with other
systems and that may be in complicated superpo-
sitions of their orientations. However, the last 15
years have seen several waves of work deriving
QRF transformations in various circumstances
and exploring the notion of covariance in a gen-
uinely quantum regime, where the frame itself
is subject to fluctuations. Despite the ideas un-
derlying QRFs dating back to at least the 1960s
[1, 2, 82–84], the first QRF transformations only
appeared in 2010 at semiclassical level in the ef-
fective approach (for clocks as temporal QRFs)
[35–37], while the first QRF transformations in
the quantum information approach were formu-
lated in 2013 [18] (and extended later in [21]).
The seminal work that first formulated QRF
transformations in the full quantum theory along
with the question of the covariance of the laws
of physics is the one by Giacomini et al. within
the perspectival approach [63], which ignited the
subsequent wave of works on QRF covariance.
The perspective-neutral framework, which was
inspired by the older effective approach and the
insights of [63], followed soon after and has QRF
transformations built in systematically from the
start. QRF transformations within the opera-
tional approach were then formulated in [29].

The study of QRF covariance is thus relatively
young but has already led to some striking dis-
coveries over the past years. On the founda-
tional side, studying the covariance has led to
many indications that the physics of a subsys-
tem depends on the QRF one chooses to de-
scribe it. A key insight is subsystem relativ-
ity [21, 42, 43, 49–52]: different choices of QRF
decompose the total system in different ways into
gauge-invariant subsystems (associated with the
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same kinematical subsystems). That is, the def-
inition of a subsystem is QRF dependent, and
so properties such as the purity of a subsystem
state, thermal equilibrium, temperature, entropy,
variances, etc., turn out to be QRF dependent as
well [21, 42,43,49–52,62,63,68].

In particular, these insights carry over to high-
energy physics. Recent work on subregion ob-
servable algebras in perturbative quantum grav-
ity [85–88], showed that, remarkably, explicitly
taking an observer into account, leads to an
intrinsic regularization of the entanglement en-
tropy associated to a subregion containing quan-
tized matter fields and graviton degrees of free-
dom (see [89–95] for a flurry of follow-up work).
Crucially, it turns out that this explicit inclu-
sion of an observer is equivalent to including a
QRF [30, 50, 51, 96], further leading to the afore-
mentioned phenomenon of a QRF- or observer-
dependent entanglement entropy [50, 51] as a
consequence of subsystem relativity. The same
QRF-dependence of entanglement entropies has
also been exhibited in lattice gauge theories [52].

Let us now turn to the key topic that we will
be concerned with in this article. With seven
a priori distinct QRF approaches, the need for
some order among them arises. What are the re-
lations and the precise differences between them?
And what are the precise scope and range of ap-
plicability of each approach? Given the different
meanings ascribed to symmetries and QRFs in
different physical contexts, it is clear that there
can be no ‘one-fits-all’ approach to QRFs and the
inequivalence between some approaches is phys-
ically appropriate. For example, some key con-
sequences of the different ways of implementing
symmetries between the quantum information,
operational and perspective-neutral approaches
have been discussed in [43, Sect. II] (see also
[20]) and will be further illustrated in [97]. The
perspectival and perspective-neutral approaches
have been shown to be equivalent for the special
case of ideal QRFs [20, 42, 53, 59], characterized
by featuring perfectly distinguishable orientation
states, but are inequivalent for non-ideal QRFs
with fuzzy orientation states [42, 44]. This is be-
cause the perspectival approach works in the case
of fuzzy frames with Hilbert spaces that are big-
ger than permitted by gauge invariance [42, 65].
However, one would hope that approaches treat-
ing symmetries in the same way (yet use different

formalisms) ultimately agree on the description
of physics. As noted, the effective, algebraic and
perspective-neutral approaches share the feature
of treating the external frame transformations as
gauge and their relation is precisely the question
we will set out to answer in this work.

In canonical formulations, treating symmetries
as gauge means eliminating unobservable degrees
of freedom by imposing quantum constraints à la
Dirac. Gauge symmetries manifest themselves
as one or more constraints Ci = 0 at the classi-
cal level, which then turn into Wheeler–DeWitt
type equations at the quantum level: Ĉi |ψ⟩ = 0.
In addition, observables living on the space of
solutions to these constraints are invariant and
must commute with the constraints. The three
approaches we will henceforth be interested in
implement this program in different ways.

1. The perspective-neutral (PN) framework
[42–62] directly implements constraint quan-
tization at the Hilbert space level. The
external, frame-independent, internally ac-
cessible physics is encoded in the physical
Hilbert space built using solutions to the
quantum constraints. This constitutes an
internal QRF perspective-neutral structure
that encodes and links all the internal QRF
perspectives, much like a manifold links co-
ordinate descriptions. Internal QRF per-
spectives are then created either by con-
structing relational observables or reduced
Hilbert spaces, with explicit reduction maps
connecting them to the perspective-neutral
view.1

2. The effective semiclassical approach [32–38,
80,81] is based on canonical quantum phase
space methods, where quantum states are re-
placed by the expectation values, variances,
and higher-order moments that they assign
to some complete collection of kinematical
observables. This quantum phase space in-
herits a Poisson structure from expectation
values of the commutator. One then employs
the semiclassical approximation to truncate
the degrees of freedom at some order in
ℏ, and applies essentially classical methods

1The technique used to impose the constraint is that
of Refined Algebraic Quantization [98–102], but the PN
approach goes further by also linking it to the various
perspectival spaces.
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for treating gauge freedom associated with
frame transformations.

3. The algebraic approach [39–41] is essentially
an extension of the effective approach be-
yond the semiclassical approximation.2 As
in the effective approach, one focuses on the
algebra generated by a complete set of kine-
matical observables, with quantum states
now provided by linear functionals on this
algebra, characterized by the values they as-
sign to kinematical algebra elements. Con-
straints are solved by placing restrictions on
these values, while the freedom to choose a
QRF perspective takes the form of gauge or-
bits on the space of quantum states.

Our key result is the equivalence of these three
approaches in the setting in which they can cur-
rently be jointly applied. This is essentially
the case of ideal QRFs associated with a one-
dimensional gauge group, corresponding to a sin-
gle constraint of the form

Ĉ =
∑

i

p̂i + ĜS , (1)

consisting of mutually commuting generators of
the observed system ĜS and one or more ref-
erence systems p̂i, describing their transforma-
tion under external frame transformations. In
line with their idealness, the spectrum of the
p̂i’s is the full real line σi := Spec(p̂i) = R.
While our explicit argument is thus presented
for a reference frame with a non-degenerate spec-
trum, we argue in detail that the equivalence still
holds for reference frames with degenerate gen-
erators, degeneracy-sector-by-degeneracy-sector.
The PN framework applies to general non-ideal
reference frames (and general unimodular groups
[42]), the configuration measurements of which
need not be projective. In this case, the frame
configurations correspond to a positive operator-
valued measure rather than a self-adjoint orien-
tation operator. Because the algebraic and the
effective semiclassical approaches in their current

2The distinct operational approach [26–31], as well as
the von Neumann algebra based approach in [73, 74] may
likewise be called algebraic approaches with their starting
point also being observable algebras. The key difference
is that these approaches do not implement constraints on
states in contrast to here. When we refer to the algebraic
approach, we strictly mean the constrained-based one for-
mulated in [39–41], as it was previously called that way.

formulation explicitly rely on self-adjoint orienta-
tion observables, they require a non-trivial exten-
sion in order to cover non-ideal reference frames.
On the other hand, an advantage of the algebraic
and effective approaches is that their current for-
mulation naturally encompasses the case when
the and the observed system S and QRFs i cou-
ple, leading to ‘interaction’ terms in (1). A direct
comparison of the three approaches for non-ideal
frames and ‘interactions’ thus requires additional
work that we will comment on towards the end
of this article.

A powerful feature of the PN framework is the
availability of explicit transformations of both
states and observables from one reference frame
into another. Semiclassically, this is also true
for expectation values of observables in the effec-
tive approach, where frame changes are formu-
lated using gauge transformations [35–37]. Like
its effective counterpart, the algebraic approach
possesses a well-defined notion of frame-choice-
related gauge transformations. However, up until
now, the focus within this approach has been on
fixing those freedoms to extract physically mean-
ingful relations rather than on exploiting gauge
flows to transform between frames. Here we
use the equivalence between the three approaches
and the QRF transformation machinery from the
PN framework to further study frame transfor-
mations in algebraic and effective settings, find-
ing that, at semiclassical order, the older effective
frame changes [35–37] encode the same informa-
tion as those of the PN framework. Since we for-
mulate this for ideal QRFs, this also means that,
at semiclassical order, the effective QRF trans-
formations agree with those of the perspectival
approach [63, 65], which, as noted above, agrees
with the PN framework in that case. For non-
ideal QRFs, however, we anticipate this agree-
ment to break down due to the insistence of the
effective approach on constraint implementation
like the PN framework.

Altogether, our analysis therefore brings some
clarity into the relation between four of the
seven approaches to QRFs. The equivalence of
the three constraint-based approaches and the
fact that they have advantages in different set-
tings can also be viewed as expanding the ar-
senal of mathematical tools for that case. The
PN framework previously linked three a pri-
ori distinct formulations of relational physics,
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namely that of relational observables on the
gauge-invariant Hilbert space, the Page-Wootters
formalism [103, 104] and a certain quantum de-
parametrization, altogether dubbed the ‘trinity’
[42, 44–46]. Adding the effective and algebraic
formulations to this, the trinity thus turns into a
‘quinternity’, at least for ideal QRFs.

As an immediate physical application of the
QRF transformations, we further explore the
frame dependence of uncertainties and covari-
ances. This effect was recently studied within the
PN framework in [62] in the example of a trans-
lationally invariant system, where it was found
that under a QRF transformation, the uncer-
tainty of a system observable as computed in
one perspective gains additional terms propor-
tional to the covariance with other observables
within the original frame.3 We note that the ef-
fective semiclassical approach is especially well-
suited for looking at frame dependence of un-
certainties and covariances, which are the basic
quantities of interest within this approach. In
fact, some frame covariance effects of uncertain-
ties and fluctuations already appeared in the ear-
lier work [35–37], though not in quite as general a
form. Using a new formulation of QRF transfor-
mations derived for the effective approach, we ob-
tain general frame transformations for uncertain-
ties and covariances, which reproduce the find-
ings of [62] when applied to the same translation-
invariant model.

Lastly, we reconcile one further aspect that
a priori appears quite differently in the three
approaches: broadly speaking, within the PN
framework, the relational nature of physically
meaningful information manifests itself through
the existence of multiple maps from physical
states to reduced Hilbert spaces complemented
by maps from observed system’s degrees of
freedom to invariant observables—these maps
are labeled by the choice of a particular refer-
ence system and of its configuration. Within
the algebraic and the effective semiclassical
approaches to QRFs one focuses entirely on the
values assigned by quantum states to a priori
non-invariant observables and relationality
appears in the form of continuous gauge flows on
those values that need to be fixed by specifying

3Uncertainties (but not covariances) in the setting of
the operational approach to QRFs were also recently ex-
plored in [31].

the values assigned by states to a reference
observable. We explicitly reconcile these two
manifestations of relationality by constructing
a direct analogue of algebraic states within the
PN framework.

Let us summarize the structure of the
manuscript:

Sect. 2 reviews the main features of the three
approaches that are important to our discussion,
emphasizing the close relation between the al-
gebraic approach and the effective semiclassical
treatment. As an illustration, we apply all three
formalisms to a one-dimensional translationally
invariant system. Sect. 3 demonstrates the equiv-
alence of the three approaches for ideal reference
frames that are non-degenerate or have fixed de-
generacy sectors. We do this by explicitly linking
the Page–Wootters portion of the PN framework
with the algebraic approach, which then also ex-
tends to the semiclassical effective construction.
Sect. 4 shows the relation between ideal QRF
transformations in the PN framework and the
older effective approach and uses this to derive
them for the algebraic approach and extend them
for the effective formalism. The laws for trans-
forming variances and moments of the effective
treatment are then applied to the discussion of
frame dependence of uncertainties and variances
in Sect. 5. In Sect. 6 we describe the way in which
reference-frame-related gauge freedom within the
PN framework can be shifted onto the general-
ized matrix elements of non-invariant operators
in a way that parallels the gauge dependence of
quantum states in the algebraic approach. We
summarize our findings and offer an outlook for
future work in Sect. 7. The interested reader will
find details of some of our calculations as well as
additional examples in the appendix.

2 Overview of the three approaches

The approaches discussed in this section will be
used to treat quantum systems with a single con-
straint. We assume that the kinematical degrees
of freedom of the system are represented on the
kinematical Hilbert space H, and that the con-
straint that generates the frame transformation
has been promoted to a self-adjoint operator Ĉ
on H. All of the approaches attempt to im-
plement the Dirac constraint quantization con-
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dition [105,106]

Ĉ|ψ⟩ = 0 . (2)

Algebraically, the kinematics of the system is
captured by an algebra of kinematical operators
A. We note that the collection of all operators on
H does not in general form an algebra, since there
may not be a dense subset of H on which all lin-
ear operators are defined. Therefore, A will typ-
ically be some subset of kinematical operators,
sufficiently large to resolve the classical degrees
of freedom, containing the identity 1 and closed
with respect to the ∗-involution that sends an
operator to its adjoint. For example, the set of
bounded operators B(H) is of course an algebra.
However, we may in some cases be interested in
unbounded kinematical operators, such as mo-
mentum and position observables. In this case,
one may also consider the algebra of polynomials
formed by Heisenberg pairs and the identity.

The Hilbert space-based reference frame con-
structions [44–48, 51, 59] explicitly assume that
the kinematical Hilbert space factorizes into the
states associated with a chosen reference subsys-
tem R and those associated with “the rest of the
system” S, H = HR ⊗ HS .4 On the algebraic
side, we assume A is algebraically generated by
a pair of commuting ∗–subalgebras AR (contain-
ing operators of the form âR = ˆ̃aR ⊗1S) and AS

(containing operators of the form âS = 1R ⊗ ˆ̃aS)
with [39–41]

• [AR,AS ] = 0;

• AR ∩ AS = C1;

• â ∈ A ⇒ â =
∑N

i=1 âR iâS i for some âR i ∈
AR, âS i ∈ AS and N < ∞.

So that A = ⟨AR ∪ AS⟩ ∼= AR ⊗C AS , where
“⟨subset⟩” denotes the (complex) algebra gener-
ated by an algebraic subset (subject to some clo-
sure, where appropriate). Throughout the rest of
the manuscript, we will explicitly write out the
tensor product structure of Hilbert space states.
However, for the purpose of compactness, we will
use the same symbol to identify an operator act-
ing on a factor space ˆ̃aS and its extension to the
full kinematical Hilbert space âS = 1R⊗ˆ̃aS , writ-
ing âS to denote both. Similarly, where this does

4See references [37, 56, 61, 107] for when there is also
interaction between the system and clock.

not create ambiguities, we will interchangeably
treat AS and AR as subalgebras and as tensor
product factor algebras of A.

Currently, a detailed comparison between the
three approaches to QRFs is only possible
when the reference frame is provided by a one-
component canonical system, with extension of
the algebraic approach to other scenarios still to
be worked out. Therefore, much of our discus-
sion in subsequent sections will focus on the case
where AR is the algebra generated by complex
polynomials of a canonical pair of observables,
while the only assumption we will make about AS

is that it contains the generator of system trans-
formations ĜS (see equation (3) for the form of
the constraint).

2.1 The perspective–neutral framework

The basic idea of the perspective-neutral (PN)
framework is to implement the constraint(s) on
both the Hilbert space and observable algebra
level to construct a gauge-invariant stand-alone
quantum theory from the original kinematical
data provided at the outset. The group gener-
ated by the constraint(s) is interpreted as one
corresponding to external reference frame trans-
formations, while the kinematical data is inter-
preted as the degrees of freedom distinguishable
relative to such an external (possibly) fictitious
frame [43, Sect. II]. For example, when Ĉ gen-
erates translations in space, then these can be
viewed as translations of a background position
frame. When Ĉ generates time translations, then
these constitute evolution relative to some exter-
nal time (e.g., in gravity some unphysical coor-
dinate time). Imposing the constraints thereby
means wiping out any such external (possibly fic-
titious) reference structures.

The hurdle one must then jump over is to iden-
tify a suitable internal reference frame relative to
which the remaining degrees of freedom may be
described. Such internal reference frames, trans-
forming under the same group generated by the
constraint(s), are what have become known as
quantum reference frames (QRFs). They are the
tool to describe the composite quantum system
of interest from “the inside” in a purely relational
manner. Note that a QRF need not necessarily
have a spatiotemporal interpretation. When it
does and Ĉ generates a spatial symmetry, it is a
spatial QRF, e.g. a reference position for other
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subsystems; if it generates a temporal symmetry,
such as reparametrizations in Hamiltonian con-
strained systems, then it is a temporal QRF, usu-
ally simply called a (quantum) clock, which keeps
track of the evolution of the remaining degrees of
freedom. The gauge-invariant theory obtained
upon implementing the constraint(s) then corre-
sponds to the data that is internally distinguish-
able, and gauge invariance is now another term
for “external reference frame independence”.

In general, there is no preferred choice for
an internal QRF and many different choices of
subsystem may assume that role. For exam-
ple, in Hamiltonian constrained systems, the re-
duced theory does not possess a preferred inter-
nal dynamical flow and this leads to a “multi-
ple choice problem” in choosing a suitable in-
ternal time [35–37, 108–110]. The point is that
this choice of internal QRF is not dictated by
the gauge-invariant stand-alone theory; it actu-
ally encodes all such choices. This is why the
gauge-invariant theory assumes the role of an
internal QRF perspective-neutral structure that
encodes and links all the different QRF choices,
akin to how a spacetime manifold links all the
possible coordinate frame choices, providing the
framework with its name.

In what follows, we will keep the discussion
mostly agnostic as to what the precise nature
of the QRFs is, except that they will be asso-
ciated with a one-dimensional translation group.
To that end, we will follow the presentation of
the PN framework in [44], which was formulated
for Hamiltonian constrained systems and unified
three previously distinct approaches to relational
dynamics, but applies equally to any translation
group QRFs (see [42, 45, 46] for generalizations).
Let us now summarize the constructions relevant
to our discussion.

2.1.1 The perspective-neutral Hilbert space

Most approaches to implementing a quantum
constraint start by finding the set of solutions
to (2), and we will do this along the lines of Re-
fined Algebraic Quantization [98–102] (or, equiv-
alently, the co-invariant method [51, 86, 111]), to
which the PN framework adds reduced perspec-
tival spaces and explicit maps between them and
the space of solutions. Constructing a consis-
tent reduced system along this path requires one
to overcome several technical and conceptual is-

sues. For most constraints of interest “0” is in the
continuous part of their spectrum, which means
that solutions to (2) are typically not normal-
izable and are properly elements of the dual of
the kinematical Hilbert space H∗. One needs to
endow the space of solutions with a meaningful
physical inner product and come up with a way
of projecting a sufficiently large number of phys-
ically interesting operators to the resulting phys-
ical Hilbert space [98–102].

The methods of [44] apply to the situation
where the system is subject to a single constraint
of the form

Ĉ = ĜR + ĜS , (3)

where ĜR = Ĝ∗
R ∈ AR and ĜS = Ĝ∗

S ∈ AS ,
so that the translation group is represented via
a unitary tensor product representation on H
(which for Hamiltonian constraints means R and
S do not interact). We will assume that σR, the
spectrum of ĜR, is purely continuous and non-
degenerate.5

Let us denote the eigenvalues of ĜR by ε and
those of ĜS by λ (which may be continuous
and/or discrete), possibly augmented by another
degeneracy label sλ to complete a basis for HS .
Using these bases on HS and HR, an arbitrary
kinematical state, written as

|ψkin⟩ =
∫

σR

dε
∑∫

λ∈σS

∑
sλ

ψkin(ε, λ, sλ) |ε⟩R |λ, sλ⟩S

(4)
can be formally mapped to a generalized solution
state as6

|ψphys⟩ = Π|ψkin⟩ := 1
2πℏ

∫
R
ds eisĈ/ℏ|ψkin⟩ (5)

=
∑∫

λ∈σS∩(−σR)

∑
sλ

ψkin(−λ, λ, sλ)| − λ⟩R|λ, sλ⟩S .

These solution states are not normalizable with
respect to the kinematical inner product. We use
the coherent group averaging operator to define
the physical inner product on the space of solu-

5The degenerate case is treated in [45, 51], whilst the
discrete case is considered in [46] for periodic clocks.

6In our case, where zero is in the continuous part of the
spectrum of the constraint operator, Π is not a projection
operator, since Π2 is undefined.
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tions as

(ψphys|ϕphys) := ⟨ψkin|Π|ϕkin⟩ (6)
=

∑∫
λ∈σS∩(−σR)

∑
sλ

ψ̄kin(−λ, λ, sλ)ϕkin(−λ, λ, sλ) .

Here, ⟨·|·⟩ denotes the kinematical inner prod-
uct on H. In what follows, we assume the in-
ner product defined by (6) to be positive semi-
definite and to converge (see [98,99,112–115] for
some discussion on this). The space of general-
ized solutions to the constraint, completed in the
norm defined by this inner product, then consti-
tutes the gauge-invariant physical Hilbert space,
henceforth denoted as Hphys. We will also call it
the perspective-neutral Hilbert space, given that
it will encode the different QRF choices (e.g., S
may contain other subsystems that may serve as
an internal reference).

2.1.2 QRF orientations

Let us now turn to modelling the QRF R, es-
pecially its orientations. A key building block
in [44] is the construction of a generalized orien-
tation measurement on its Hilbert space HR, via
a one-parameter family of generalized orientation
states

|ρ⟩ =
∫

σR

dε eig(ε)e−iρε/ℏ|ε⟩ , (7)

where g(ε) is an arbitrary real-valued function
which we will set to zero from here onward. ρ
labels the orientations of R. For a spatial QRF,
this may be a position and for a clock, it will be
its reading. These generalized states resolve the
identity

1
2πℏ

∫
R

dρ |ρ⟩⟨ρ| = 1R , (8)

and are covariant with respect to reorientations
(time evolution for clocks) of the reference

e−iρ′ĜR/ℏ|ρ⟩ = |ρ+ ρ′⟩ . (9)

Such a collection of states constitutes a covari-
ant positive operator-valued measure (POVM)
[44, 116–118]. For each measurable subset X ⊂
R, these states define a self-adjoint positive ef-
fect operator Ê(X) = 1

2πℏ
∫

X dρ |ρ⟩⟨ρ|, whose ex-
pectation values are the probabilities to find the
QRF’s orientation in X.

Unless σR = R, the above generalized states
are not orthogonal ⟨ρ|ρ′⟩ ̸= 2πδ(ρ − ρ′) and the
orientation operator (the POVM’s first moment)

R̂ := 1
2πℏ

∫
R

dρ ρ |ρ⟩⟨ρ| (10)

is not self-adjoint. Nevertheless, the effect opera-
tors Ê(X) still provide a well-defined, albeit not
perfectly distinguishable probability distribution
over the QRF’s orientations. The case σR = R
corresponds to an ideal QRF, characterized by
perfectly distinguishable orientation states; only
in this case are the orientation states also eigen-
states of the orientation operator, R̂ |ρ⟩ = ρ |ρ⟩.
Most of this work will be concerned with such
QRFs.

2.1.3 Relational observables

The orientation states allow us to construct re-
lational Dirac observables—operators that com-
mute with the constraint, and encode the physics
described with respect to the QRF R. For every
f̂S ∈ AS and for every ρ ∈ R we define an op-
erator on Hkin via an incoherent group average
(G-twirl) over the group generated by Ĉ

Ôρ
R(f̂S) := 1

2πℏ

∫
R

dρ′ e−iρ′Ĉ/ℏ (|ρ⟩⟨ρ| ⊗ 1S) f̂Se
iρ′Ĉ/ℏ .

(11)

When the reference frame is ideal, these take a
simpler form owing to the fact that the orienta-
tion states are eigenstates of R̂7

Ôρ
R(f̂S) = e−i(R̂−ρ)ĜS/ℏf̂Se

i(R̂−ρ)ĜS/ℏ . (12)

According to [44, Thm. 1], Ôρ
R(f̂S) is a Dirac ob-

servable [Ôρ
R(f̂S), Ĉ] = 0̂, interpreted as the re-

lational observable measuring fS , conditional on
the QRF R being in orientation ρ. Note that, at
this stage, these are still operators on the kine-
matical Hilbert space. The full gauge-invariant
algebra on the kinematical Hilbert space can be
written as [51, App. A.2]

Ainv := AĈ =
〈
Ôρ

R(f̂S), ĜR

∣∣∣f̂S ∈ AS ; ρ ∈ R
〉
.

(13)
Ainv is thus generated by the relational observ-
ables describing S relative to R, as well as the

7For compactness, we omit the identity operator where
it acts on the entire kinematical Hilbert space, such as
writing (R̂− ρ) in place of (R̂− ρ1) in (12).
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reorientations of R itself (generated by ĜR). As
discussed later in Sect. 4.1, different QRFs define
isomorphic gauge-invariant algebras.

Henceforth, we will be interested in the repre-
sentation Aphys of the relational observable alge-
bra Ainv on the perspective-neutral Hilbert space
Hphys. Note that on Hphys, ĜR = −ĜS and the
latter is contained among the relational observ-
ables, as Ôρ

R(ĜS) = ĜS (provided ĜS ∈ AS , as
will be the case in most of this work). Thus,
in contrast to Ainv, the algebra Aphys is entirely
generated by the relational observables. In our
setting (see [51] for a comparison with the co-
invariant method), the representation of these re-
lational observables on Hphys is given by multi-
plying the conditional part of the relational ob-
servable with the coherent group averaging oper-
ator,

Ôρ
R(f̂S) := Π

(
(|ρ⟩⟨ρ| ⊗ 1S)f̂S

)
, (14)

because Ôρ
R(f̂S)Π = Π

(
(|ρ⟩⟨ρ| ⊗ 1S)f̂S

)
Π =

Ôρ
R(f̂S) Π and Π maps to Hphys.

We note that the same would be true had we
instead chosen another QRF R′ inside the com-
posite system RS, provided Ĉ also takes the form
(3) with respect to that choice of QRF. In other
words, the same operators in Aphys can be inter-
preted as relational observables both relative to
R, as well as to R′. In this sense, we may also
view Aphys abstractly as a perspective-neutral al-
gebra. The way in which we interpret its ele-
ments as relational observables depends on the
choice of QRF, see [42,43] for more discussion of
this.

As an aside, algebras of this broad type in (13)
have recently gained interest within the algebraic
approach to defining subregions in perturbative
quantum gravity [50, 51, 85–95]. In those cases,
ĜS /∈ AS (due to ĜS generating an outer auto-
morphism), and AS forms a type III1 von Neu-
mann algebra8 for the regional QFT degrees of
freedom (including gravitons), thus admitting no
trace and entropies, while Ainv is of type II, there-
fore admitting a trace and entropies. We refer the
interested reader to [50,51], where the connection
with QRFs is explained in detail.

8A von Neumann algebra is an operator algebra which
is equal to its double commutant A = A′′.

2.1.4 Page–Wootters construction and “jumping”
into a QRF perspective

What does it mean to “jump” into R’s inter-
nal perspective on S? There are broadly two
equivalent ways of doing so [42–45]: the first is
by remaining purely at the gauge-invariant level
and choosing R as the reference for building re-
lational observables that may then be evaluated
in physical states |ψphys⟩ ∈ Hphys via the mani-
festly gauge-invariant physical inner product (·|·)
in (6). For example, relational time evolution,
in the case that Ĉ is a Hamiltonian constraint,
would then be encoded in letting the parameter
ρ in Ôρ

R(f̂S) run and describe how f̂S evolves rel-
ative to R. Note that this is not in contradiction
with Hphys and Aphys constituting a perspective-
neutral structure; they simply encode all possi-
ble choices of R and the relational description
relative to any QRF can be formulated gauge-
invariantly.

The second way of “jumping” into R’s perspec-
tive is by simply gauge fixing its orientation. This
amounts to aligning the internal and external ref-
erence frames. In this way, only the S degrees of
freedom remain and the resulting description can
be interpreted as a description of S relative to R.
For example, for spatial translations, where R
may be a reference particle, one may simply de-
fine its position as the origin [58, 59]. It turns
out that this gauge fixing is equivalent to (or
rather is a generalization of) the Page–Wootters
formalism [103, 119] and unitarily equivalent to
the manifestly gauge-invariant description sum-
marized above [44] (see also [42,45,46] for gener-
alizations).

Let us now summarize the (generalized) Page-
Wootters formalism for gauge fixing via condi-
tioning on a frame orientation [44]. This defines
a unitary reduction map RR(ρ) : Hphys → HS|R
from the perspective-neutral Hilbert space to one
describing S relative to R alone and it is given
by

RR(ρ) := ⟨ρ| ⊗ 1S . (15)

Its inverse is given by

R†
R(ρ)[.] := Π((|ρ⟩ ⊗ 1S)[.]) , (16)

i.e. one appends again the frame orientation
states that was “projected out” and averages co-
herently over the group generated by Ĉ. The re-
lational states |ψS|R(ρ)⟩ = RR(ρ) |ψphys⟩ ∈ HS|R
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describe the global physical state from the per-
spective of R when it is in orientation ρ. These
relational states make up a projected Hilbert
space of the original system Hilbert space

HS|R := Π|RHS , Π|R := ⟨ρ|Π|ρ⟩ , (17)

where any reference state |ρ⟩ can be used leading
to the same result. The projector Π|R essentially

picks out those states of HS which have a ĜS

eigenvalue corresponding to a state with the op-
posite eigenvalue of ĜR in HR, so it projects onto
the overlap σS ∩ (−σR). (This is in fact how this
projector was originally defined in [44].) Hence,
when the spectrum of the reference is the full real
line σR = R, then Π|R = 1S .

It is easy to check, using the invariance of phys-
ical states and the covariance of R’s orientation
states, that the reduced states transform covari-
antly under reorientations of the QRF∣∣∣ψS|R(ρ)

〉
= US(ρ− ρ′)

∣∣∣ψS|R(ρ′)
〉

= e−i(ρ−ρ′)ĜS/ℏ
∣∣∣ψS|R(ρ′)

〉
.

(18)

Finally, relational observables gauge fix via the
reduction map to [44]

RR(ρ) Ôρ
R(f̂S) R†

R(ρ) = Π|R f̂S Π|R =: f̂S|R ,
(19)

so that the relational observable algebra Aphys
reduces on HS|R to

AS|R := RR(ρ)AphysR†
R(ρ) = Π|R AS Π|R .

(20)
Hence, for ideal QRFs, relational observables as-
sume their bare undressed form in the reduced
picture with f̂S|R = f̂S . Due to the unitarity of
the reduction map, expectation values are pre-
served [44, Thm. 4](
ψphys

∣∣Ôρ
R(f̂S)

∣∣ψphys

)
=
(
ψphys

∣∣Ôρ
R(f̂S)

∣∣ψphys

)
= ⟨ψS|R(ρ)| f̂S |ψS|R(ρ)⟩ , (21)

where the first two expressions are evaluated in
the physical inner product (6), and the right hand
side is evaluated in the inner product on HS|R.

We will discuss “jumping” from one QRF per-
spective to another, i.e. QRF transformations in
Sect. 4, making the perspective-neutral nature of
the gauge-invariant description manifest.

2.2 Algebraic quantum reference frames
Let us now turn to the algebraic approach to
QRFs. This construction, originally proposed
in [39], works directly with the kinematical al-
gebra A, which is assumed to contain the con-
straint Ĉ. The objective is to use a kinemati-
cal reference frame observable9 Ẑ = Ẑ∗ ∈ A to
cast the constrained system (A, Ĉ) as an uncon-
strained system with a symmetry flow (F , Dρ),
where F is a ∗-subalgebra of A and Dρ is a (pos-
sibly orientation-dependent) ∗-algebra derivation
on F induced by the adjoint action of Ĉ,10 which
is responsible for generating the coordinate trans-
formation on F . The assumption that Ĉ ∈ A has
important consequences for the possible choices
of A. In the atypical case where Ĉ is bounded, we
can choose A to be the C∗-algebra of all bounded
kinematical operators. In general, however, A
must include some unbounded operators (for ex-
ample, the constraint of (3) where σR = R). In
the rest of this subsection we introduce key con-
cepts used in the algebraic construction of [39],
outline its structure and overview its main re-
sults. We refer interested readers to the more in-
depth discussion in the original, as well as in [40]
and [41].

2.2.1 Physical states

Concretely, reduction in [39] proceeds by select-
ing an appropriate subset of kinematical states.
Here, a kinematical state is a complex linear func-
tional ω : A → C which is normalized ω(1) = 1.
We will use Γ to denote the space of all such
states. In line with the algebraic treatment of
quantum mechanics [120], a state ω on an alge-
bra A is positive if ω(â∗â) ≥ 0 for all â ∈ A.
A positive state allows one to define a probabil-
ity distribution on the spectrum of each element
of A. Positivity is therefore key to interpreting
states as giving predictions for physical measure-
ments. However, for a constraint with “0” in the

9There is a slight difference in terminology in these
two constructions. In [42, 44] the term “clock” (or more
generally QRF) refers to a factor subsystem with the as-
sociated factor Hilbert space HR and factor algebra of
observables AR, whereas in [39] “clock” (or more gener-
ally QRF) refers to a kinematical observable whose values
correspond to the reading of time.

10That is Dρ(f̂) = 1
iℏ [f̂ , Ĉ]. However, F captures unre-

stricted degrees of freedom so that Ĉ /∈ F . Therefore, this
derivation may be external to F .
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continuous part of its spectrum, it is generally
not possible to construct a state out of its so-
lution that is positive on the entire kinematical
algebra. We will therefore not impose positiv-
ity on Γ: only some of its elements will have a
physically meaningful interpretation.

Following [39], we define the subalgebra of
(strong) Dirac observables as the commutant
Aobs := {Ô ∈ A : [Ô, Ĉ] = 0} ⊂ A (this is
the direct analogue of Ainv in (13)). Since el-
ements of this subalgebra are gauge-invariant,
they should be well-defined in any reduction of
the constrained system, and we will require phys-
ically meaningful states to be positive on Aobs.
Furthermore, in line with the Dirac constraint
quantization condition, we will require that phys-
ically meaningful states solve the constraint. We
define the constraint surface as ΓC := {ω ∈ Γ :
ω(âĈ) = 0 ∀â ∈ A} ⊂ Γ, which consists of
linear functionals that are right-multiplicative11

and zero-value with respect to Ĉ. Thus, all el-
ements of the right ideal AĈ are constrained to
have zero value, and we will call AĈ the subal-
gebra of constraint elements.

Every element â ∈ A generates a flow Sâ on the
space of states via the commutator. Given any
ω ∈ Γ, the flow creates a one-parameter family
of states Sâ(λ)ω, λ ∈ R, that satisfies

iℏ
d

dλ
Sâ(λ)ω(b̂) = Sâ(λ)ω([b̂, â]) ,

and Sâ(0)ω = ω .
(22)

For a constraint element âĈ the corresponding
flow is

iℏ
d

dλ
SâĈ(λ)ω(b̂) = SâĈ(λ)ω([b̂, âĈ])

≈ΓĈ
SâĈ(λ)ω(â[b̂, Ĉ]) ,

(23)

where “≈ΓC
” indicates equality on the constraint

surface ΓC . By setting b̂ = f̂ Ĉ, for some f̂ ∈ A,
it is not difficult to see that these flows preserve
the constraint surface. Further, on ΓC , the val-
ues assigned to Dirac observables Ô ∈ Aobs are
invariant along the flows. By analogy with the
flows induced by classical (first-class) constraints

11Algebraically, the choice to use right- rather than left-
multiplicative null states of Ĉ is arbitrary. As we will see
later, this choice nicely aligns with the convention where
the Hilbert space inner product is complex-linear with re-
spect to the argument on the right and complex-anti-linear
with respect to the argument on the left.

on the classical constraint surface, we refer to all
these flows as gauge.12

The gauge flows above define an equivalence
relation: for ω, ω′ ∈ Γ we say that ω′ ∼C ω if
there are â1, â2, . . . âN ∈ A and λ1, λ2, . . . λN ∈ R
such that

ω′ = Sâ1Ĉ(λ1)Sâ2Ĉ(λ2) . . . SâN Ĉ(λN )ω . (24)

The collection of all gauge-equivalent states de-
fines a gauge orbit

[ω]C := {ω′ ∈ Γ : ω′ ∼C ω} . (25)

From our earlier observations, if ω ∈ ΓC , then
its orbit lies entirely within the constraint surface
[ω]C ⊂ ΓC , and all states on the orbit assign iden-
tical values to all Dirac observables ω′(Ô) = ω(Ô)
for all Ô ∈ Aobs for any ω′ ∈ [ω]C . We now come
to a key definition of the algebraic construction
of [39]. The space of physical states is the space
of gauge orbits that are positive on the algebra
of Dirac observables

Γphys :=
{

[ω]C ∈ ΓC/∼C : ω(Ô∗Ô) ≥ 0, ∀Ô ∈ Aobs
}
.

(26)

As a side remark, note that we could have
started with a different definition of gauge-
equivalence class

[ω]obs := {ω′ ∈ Γ : ω′(Ô) = ω(Ô), ∀Ô ∈ Aobs} .
(27)

For ω ∈ ΓC , clearly [ω]C ⊆ [ω]obs, however the
reverse is not in general true. Strong Dirac ob-
servables, beyond those constructed out of Ĉ and
1, may not be in the chosen operator algebra A
and, in the case of temporal reference frames for
chaotic systems, may in fact not exist [121] . Here
we have chosen to define physical states as gauge
orbits rather than states on some complete set of
gauge-invariant observables.

12That a quantum constraint induces a gauge flow on
the space of its solution states may seem counter-intuitive.
After all, Ĉ|ψ⟩ = 0 immediately implies e−iλĈ/ℏ|ψ⟩ =
|ψ⟩. However, an algebraic state ω is the analog not of a
Hilbert space state |ψ⟩ but of an expectation value ⟨ψ|.|ψ⟩.
For zero in the continuous part of the spectrum of Ĉ,
a null eigenstate of Ĉ is not normalizable and does not
define an expectation value on A via the kinematical inner
product. Instead, one may resort to the physical inner
product (6). Typically expectation values derived from it
are only applied to operators that preserve the space of
solutions to the constraint, rather than to the entirety of
A. We will see in Sect. 6 that one can reproduce this gauge
flow at the Hilbert space level by extending the physical
inner product to non-invariant observables.
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2.2.2 Quantum reference frames through gauge
fixing

Definition (26) looks difficult to implement in
practice: in order to construct a gauge orbit [ω]C
one would need to integrate a potentially infi-
nite number of gauge flows generated by AĈ.
Fortunately, this definition is well-suited to an-
alyzing gauge-fixing conditions—additional con-
ditions on states that are not preserved by the
gauge flows, and therefore “break” them.

Gauge-fixing in [39] is accomplished by fix-
ing the value assigned to some kinematical ref-
erence observable Ẑ. For any such observable,
its commutant Z ′ := {â ∈ A : [â, Ẑ] = 0̂} ⊂ A
contains all kinematical observables that can be
specified simultaneously with Ẑ. The quotient
Z ′/(Ẑ−ρ)Z ′ can be interpreted as the algebra of
observables compatible with Ẑ having value “ρ”
(it is assumed that the spectrum of Ẑ is purely
continuous and equal to R). An algebraic ref-
erence frame has been defined in [39] to consist
of

• the reference variable Ẑ = Ẑ∗ ∈ A, where
the values ω(Ẑ) represent orientation read-
ings;

• a fashionable algebra F ⊂ Z ′, that is isomor-
phic to Z ′/(Ẑ − ρ)Z ′ for every “ρ”.

For orientation ρ ∈ R, the associated gauge-fixing
conditions are

ω((Ẑ − ρ)â) = 0 , for all â ∈ A . (28)

These conditions completely fix the gauge free-
dom if for each state ω ∈ ΓC that satisfies (28)
no non-vanishing gauge flow SâĈ preserves all of
the conditions (28). If the gauge freedom is in-
deed completely fixed, then each ω is the (locally)
unique representative of the corresponding gauge
orbit [ω]C .

We now list key conditions that are used
in [39] to ensure the definition of physical
states (26) is consistent and that the reference
frame gauge (28) completely fixes all gauge flows.
First, there are some conditions on the constraint
itself

• Ĉ∗ = Ĉ;

• Ĉ has no inverse in A;

• âĈ = 0̂ only for â = 0̂.

These conditions essentially mean that Ĉ is a self-
adjoint operator with zero in the purely continu-
ous part of the spectrum. Further there are con-
ditions on the algebraic decomposition between
frame and constraint degrees of freedom

• Ẑ∗ = Ẑ;

• The set Z ′ ∪ {Ĉ} algebraically generates A;

• Z ′ ∩ AĈ = {0̂}.

These may seem quite restrictive, but, as we will
see from concrete examples, they are not difficult
to satisfy if Ẑ is part of a one-component canon-
ical subsystem. The most restrictive condition is
placed on the commutator

[Ẑ, Ĉ] = iℏ . (29)

Furthermore, provided states satisfy some addi-
tional conditions, the algebraic gauge fixing (28)
can be applied to constraints of the form Ĉ =
N̂Ĉ ′, where the right factor Ĉ ′ rather than the
original constraint Ĉ is canonically conjugate to
the reference variable Ẑ. This allows one to treat
some models that include interactions between
the system and the reference frame, as well as
certain cases where the QRF is degenerate (see
Sect. 3.5).

When the system is completely algebraically
gauge-fixed in this way, for each value ρ ∈ R we
can extend a positive algebraic state ω̃ : F → C
to a unique almost-positive state ωZ|ρ on A such
that

• ωZ|ρ(f̂) = ω̃(f̂) for all f̂ ∈ F , in particular

ωZ|ρ(f̂∗f̂) ≥ 0 and ω(1) = 1;

• It is a right solution of the constraint ωZ|ρ ∈
ΓC , so that ωZ|ρ(âĈ) = 0 for all â ∈ A;

• It is a left multiplicative state of the refer-
ence observable ωZ|ρ(Ẑâ) = ρωZ|ρ(â) for all
â ∈ A;

• It is positive on Dirac observables ω(Ô∗Ô) ≥
0 for all Ô ∈ Aobs;

• The flow induced by the adjoint action of the
constraint itself, preserves all of the above
conditions while uniformly shifting the ref-
erence orientation SĈ(ρ′)ωZ|ρ(Ẑ) = ρ+ ρ′.
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An almost-positive state is thus a normalized
linear functional on A that, while not positive
on the entirety of A, is positive on two impor-
tant subalgebras: Dirac observables Aobs, and
kinematical observables compatible with the ref-
erence observable F . The values assigned by the
almost-positive representative ωZ|ρ ∈ [ω]C of a
physical state (25) are then interpreted as the
expectation values of the observed system’s de-
grees of freedom f̂ ∈ F ⊂ A given the QRF’s
orientation is ρ.

2.2.3 Algebraic treatment of an ideal QRF

It is instructive to see how gauge-fixing condi-
tions described in the previous section are sat-
isfied by the constraint associated with a single
ideal QRF. Sect. 3, 4, and 5 consider all three ap-
proaches in this precise scenario, where the con-
straint governing frame transformations is

Ĉ = p̂R + ĜS . (30)

Here we assume that the system generator ĜS =
Ĝ∗

S ∈ AS commutes with the reference frame
transformation generator p̂R = p̂∗

R ∈ AR. The
latter has a non-degenerate spectrum equal to R
and therefore possesses a canonically conjugate
frame orientation observable [q̂R, p̂R] = iℏ. The
QRF subalgebra AR ⊂ A consists of complex
polynomials in q̂R and p̂R. The system subal-
gebra AS ⊂ A is the trivial extension of some
sufficiently large algebra of operators on HS to
the full kinematical Hilbert space H. We do not
make any further assumptions about AS .

Applying the algebraic method to this con-
straint we can verify that the conditions listed in
Sect. 2.2.2 are satisfied. First, we check the con-
ditions that must be satisfied by the constraint
element

• Ĉ∗ = Ĉ is true by definition of Ĉ;

• âĈ = 0̂ implies âp̂R = −âĜS . Suppose â is
non-zero and the highest power of p̂R in the
expression for â in terms of products of ele-
ments of AS and AR is N . Then the highest
power for p̂R in âp̂R is (N + 1), while that
for (−âĜS) is N , whereby the two cannot be
equal unless â = 0̂. Thus, Ĉ is not a divisor
of zero within A as required;

• Ĉ does not have an inverse in A because
p̂R does not have an inverse in AR. Explic-
itly Ĉ−1(p̂R + ĜS) = 1 implies Ĉ−1p̂R =

1− Ĉ−1ĜS and we can repeat the argument
about the highest power of p̂R above.

In line with the original definition in [39], we de-
fine our algebraic reference frame to consist of
the reference observable Ẑ = q̂R, and the corre-
sponding fashionable algebra F = AS . Indeed,
(q̂R,AS) satisfies the conditions of an algebraic
reference frame:

• By construction Ẑ∗ = Ẑ;

• It is straightforward to see that the com-

mutant Z ′ =
{∑N

n=0 âS nẐ
n : âS n ∈ AS

}
.

Clearly, AS ⊂ Z ′ as required. Furthermore,
for any ρ ∈ R, let [â]ρ denote the coset of
â ∈ Z ′ relative to the ideal (Ẑ−ρ)Z ′. Writ-
ing a general element of Z ′

N∑
n=0

ẐnâS n =
N∑

n=0
ρnâS n (31)

+
N∑

n=1
âS n

n∑
m=1

(
n

m

)
(Ẑ − ρ)m ,

we see that
[∑N

n=0 Ẑ
nâS n

]
ρ

=[∑N
n=0 ρ

nâS n

]
ρ

and the map αρ :

Z ′/(Ẑ − ρ)Z ′ → AS defined by[∑N
n=0 Ẑ

nâS n

]
ρ

7→
∑N

n=0 ρ
nâS n is a

(∗-algebra) isomorphism for each ρ:

Finally, we verify the properties that need to
be satisfied by the constraint and the reference
frame together.

• By construction [Ẑ, Ĉ] = iℏ;

• Noting that Z ′ contains no elements that
contain products of p̂R, while any element of
the subalgebra AĈ has the form âp̂R + âĜS ,
and, unless â = 0̂, must contain at least one
such non-zero term, we see that Z ′ ∩ AĈ =
{0̂};

• A general element of A can be generated by
products of elements of Z ′ and powers of
p̂R = Ĉ − ĜS . Since ĜS ∈ Z ′ one can equiv-
alently generate the whole algebra from the
set Z ′ ∪ {Ĉ}.

2.3 Semiclassical effective quantum reference
frames
Finally, we turn to the older effective approach to
QRFs, [32, 33, 35–37], which was originally only
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formulated for clocks, i.e. temporal QRFs, and
so this work can be viewed as slightly extend-
ing it to other kinds of QRFs. It describes the
physics through the dynamics of the expecta-
tion values and their higher-order moments on
a quantum phase space by means of a perturba-
tive expansion in ℏ which is then cut off at the
order of interest. These canonical effective equa-
tions were first developed for ordinary quantum
mechanical systems in [80, 81].13 They were ap-
plied to systems with a Hamiltonian constraint in
[32–34] and to more general cosmological models
with multiple clock (i.e. temporal QRF) choices
in [35–37]; in particular, these latter references
constitute the first ones in the literature explor-
ing transformations between QRFs, albeit in a
semiclassical setting. Effective temporal QRFs
have since been used for defining relational dy-
namics and exploring semiclassical fluctuations
(mostly) in quantum cosmology [123–129]. How-
ever, as will be clear from our discussion through-
out this manuscript, it is also well-suited for con-
structing other types of QRFs.

Historically, the algebraic approach of [39] was
directly inspired by the features of the effective
semiclassical treatment, so the initial setup of
the two approaches is nearly identical, with dif-
ferences emerging in the description of the state
space. In particular, the effective approach builds
a convenient quantum phase space with Poisson
structure that permits one to treat gauge flows in
the usual classical manner, except that the quan-
tum phase space has more dimensions (and con-
straints) because of the independent fluctuation
variables. A core motivation for this approach
was to sidestep explicit physical Hilbert space
constructions in constrained systems, which can
be notoriously arduous depending on the prop-
erties of the constraint. The effective approach
is thus a particularly convenient tool for extract-
ing (semiclassical) physics when an explicit phys-
ical Hilbert space formulation is not known, such
as in the closed Friedman universe with massive
scalar field, which is chaotic [37].

13The original construction in [80,81] assumed that the
generators of the observable algebra A satisfy canonical
commutation relations. This was extended to generators
forming a (semisimple) Lie algebra is [38] (see [122] for an
application to a cosmological model).

2.3.1 Effective quantum phase space

We start with the same algebra of kinematical
operators A as in the algebraic approach, ex-
cept in the effective case, we additionally assume
that it is generated by a finite set of genera-
tors {ŷi}i=1,2,...,N and the identity 1 that satisfy
ŷ∗

i = ŷi and form a Lie algebra with respect to
the associative commutator (see [38])

[ŷi, ŷj ] := ŷiŷj − ŷj ŷi =
N∑

k=0
iℏα k

ij ŷk , (32)

for some structure constants α k
ij ∈ R, where

ŷ0 := 1. As in the algebraic construction above,
we consider the quantum phase space Γ consist-
ing of all normalized complex linear functions on
A which are not necessarily positive.

The effective approach deals directly with the
geometry of Γ. To that end we note that ev-
ery element â ∈ A defines a scalar function ⟨â⟩
on Γ in a natural way ⟨â⟩(ω) := ω(â). Because
the states ω ∈ Γ are linear, this assignment of
functions to operators is also linear ⟨â + b̂⟩ =
⟨â⟩ + ⟨b̂⟩. In the case of the polynomial algebra
A = C[ŷi;1], a useful coordinate basis is formed
by the functions associated with symmetrized
monomials ⟨ŷn1

1 . . . ŷnN
N ⟩Weyl, where the subscript

“Weyl” stands for the totally symmetrised (or
“Weyl-”) ordering of individual generators inside
the “bracket”. The space of states Γ inherits a
Poisson bracket from the associative commutator
on A

{ ⟨â⟩ , ⟨b̂⟩} = 1
iℏ

⟨[â, b̂] ⟩ , ∀â, b̂ ∈ A. (33)

which is well-defined on the above coordinate
functions and extends to arbitrary smooth func-
tions of those by linearity and the Leibniz rule.
One can immediately see that the flow along the
Poisson vector field X⟨â⟩ generated by function
⟨â⟩ is exactly the same as the flow Sâ(λ) defined
by (22). For a system with a single constraint
Ĉ ∈ A we pass to the constraint surface ΓC de-
fined, just like in the algebraic case, by setting all
constraint functions ⟨âĈ⟩ = 0. These constraint
functions form a closed Poisson algebra

{⟨âĈ⟩, ⟨b̂Ĉ⟩} = 1
iℏ

⟨[â, b̂Ĉ]Ĉ⟩ + 1
iℏ

⟨â[Ĉ, b̂]Ĉ⟩.
(34)

Thus, the Poisson brackets between constraints
vanish on ΓC so that the corresponding flows pre-
serve the constraint surface X⟨b̂Ĉ⟩(⟨âĈ⟩) ≈ΓC

0.
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These flows are treated as gauge so that the phys-
ical states are defined exactly as in (26).

Viewed geometrically, one has an infinite-
dimensional state space Γ with a Poisson bracket
which needs to be reduced by applying an infinite
number of constraint conditions ⟨âĈ⟩ = 0, and
factoring out an infinite number of correspond-
ing gauge flows {., ⟨âĈ⟩}. The distinct feature of
the effective approach lies in using the semiclassi-
cal approximation to truncate this system to one
with a finite number of degrees of freedom. We
start by changing to a different coordinate basis
on Γ, namely the expectation values of the gen-
erators yi := ⟨ŷi⟩, which we will call “classical
variables” (since ŷi should be the quantization of
a classically (over-)complete set of phase-space
functions), and their moments which we will call
“quantum variables”

∆(yn1
1 yn2

2 ...ynN
N ) :=

〈
∆̂y

n1
1 ∆̂y

n2
2 . . . ∆̂y

nN

N

〉
Weyl

,

(35)
where ∆̂ym := (ŷm−⟨ŷm⟩) are the “moment oper-
ators”, and we have again chosen to completely
symmetrize their ordering. The sum

∑
m nm is

called the order of the moment. We note that
all first-order moments are identically zero, the
lowest-order moments are therefore of order two.
As the sole exception to the notation of (35),
second-order variances will be denoted as (∆yi)2

instead of ∆(y2
i ) to match previous literature and

to make the interpretation of these quantities as
uncertainties more explicit. The combination of
classical and quantum variables forms an alterna-
tive set of coordinates that can be transformed to
and from the symmetrized monomial coordinate
functions. For example, (∆yi)2 = ⟨ŷ2

i ⟩ − ⟨ŷi⟩2,
and conversely ⟨ŷ2

i ⟩ = (∆yi)2 + y2
i .

It is clear that the “classical variables” obey
the same Poisson relations as their classical coun-
terparts. Thus, we can view the N -dimensional
submanifold described by these variables (and
setting all quantum variables to zero) as the
classical phase space embedded in the quantum
phase space. The rest of the infinite number of
dimensions of the quantum phase space is then

accounted for by all the quantum variables de-
scribing fluctuations. This infinite dimensional-
ity of the quantum phase space is, of course, to
be expected: for example, suppose that the total
system is given classically by a two-dimensional
phase space R2 with one canonical pair. The
corresponding Hilbert space is L2(R), which is
infinite-dimensional. The quantum phase space
a priori encodes all of this information, including
that contained in mixed states. Similarly, the
reason for imposing infinitely many constraints
on the quantum phase space is that a Hilbert
space condition such as Ĉ |ψ⟩ = 0 means that
not only ⟨Ĉ⟩ = 0, but also that all its indepen-
dent fluctuations vanish.

We now restrict to the semiclassical region of
Γ that corresponds to “sharply peaked” states,
in which the basic generators ŷi have small vari-
ances and higher-order moments. Formally we
assume a hierarchy in powers of

√
ℏ. Let O de-

note the semiclassical order such that O(ℏn) =
2n, then we assume

O(⟨ŷi⟩) = 0, and O(∆(yn1
1 . . . ynN

N )) =
N∑

m=1
nm .

(36)
The order of a product of two or more quantum
variables is the sum of their orders, and the lead-
ing order of a sum of functions of quantum vari-
ables is equal to that of the lowest-order term
in the sum. This hierarchy allows us to write
down semiclassical expansions and consistently
truncate our degrees of freedom and dynamical
equations up to some order resulting in a finite-
dimensional system. To that end, we write the
constraint conditions in terms of the classical and
quantum variable basis and discard terms of or-
der larger than M . We will use TM to denote
truncation at order M , defined for a function f of
classical and quantum variables (35) as (see [38])

TM (f) = 0, when O(f) > M, (37)

and for any quantity allowing a series expansion
we can write down the expansion in increasing
order as14

⟨P (âi)⟩Weyl = P (ai) +
+∞∑

m1,...,mn

1
m1!...mn!

(
∂m1+...+mn

∂âm1
1 ...∂âmn

n
P (âi)

) ∣∣∣∣
âi=ai

∆(am1
1 ...amn

n ). (38)

14In this expression, partial derivatives w.r.t. algebra
generators are performed as if they were ordinary inde-
pendent numerical variables.
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There is one additional subtlety in counting the
semiclassical order: for an arbitrary Ĉ = f(ŷi),
where f is some ordered polynomial, we have

⟨Ĉ⟩ = f(yi) + (terms of order ℏ) . (39)

Here f(yi) =: Cclass is the classical expression for
the constraint in terms of the classical variables.
On the constraint surface, where we set ⟨Ĉ⟩ = 0,
we explicitly treat Cclass as having semiclassical
order two.

As an example, let us consider truncation at
semiclassical order M = 2. The degrees of free-
dom at this order are the N classical variables
⟨ŷi⟩ and

(N+1
N−1

)
= 1

2N(N + 1) moments (for ex-
plicit counting see [38]). Up to this order we need
to include N + 1 constraints

⟨Ĉ⟩ = 0, and
〈
∆̂yiĈ

〉
= 0 , (40)

which are to be expressed in terms of the clas-
sical and quantum variables. Assuming some
regularity conditions, these constraint functions
are functionally independent in the semiclassi-
cal region of Γ near the classical constraint sur-
face (again see [38]). The number of local de-
grees of freedom left once the constraints are im-
posed is equivalent to that of a system with one
fewer generating element. The precise number of
independent gauge flows generated by the con-
straints (40) depends on the Lie algebra struc-
ture (32) and is generically fewer than the num-
ber of constraint functions due to the degeneracy
of the Poisson bracket (33).

2.3.2 Reference gauge

In all constrained systems that have been treated
in detail using the effective approach, reduction
was accomplished by fixing the gauge flows. The
procedure relies on the generator algebra con-
taining a canonical pair of generators [ŷ1, ŷ2] =
iℏ, which commute with all other generators
{ŷi}i=3,...N , such that [ŷ1, Ĉ] ̸= 0̂. Here ŷ1 will
play the same role as Ẑ in the algebraic approach
of Sect. 2.2. Combining these conditions requires
the polynomial form of Ĉ to contain ŷ2. Gauge-
fixing is accomplished by setting all moments of
ŷ1 that do not involve ŷ2 to zero, for n1 ̸= 0

∆(yn1
1 yn3

3 yn4
4 ...ynN

N ) = 0 , (41)

while the constraint functions (40) themselves are
used to eliminate ⟨ŷ2⟩ and moments containing

ŷ2. For Ĉ linear in ŷ2 [32] and for a general
class of constraints quadratic in ŷ2 [33,35–37] an-
alyzed at order ℏ it was found that the above
gauge-fixing conditions eliminate all gauge flows
except one. For the case where Ĉ is a Hamil-
tonian constraint, the remaining gauge flow was
interpreted as the flow encoding the dynamics in
ŷ1-gauge, by parametrizing it relationally with
time y1 = ⟨ŷ1⟩ (or, more precisely, with the real
part of y1 [35, 36]). Similarly, when Ĉ generates
a spatial (or some other kind of) gauge symme-
try, the surviving gauge flow will be relationally
parametrized by the (real part of the) QRF ori-
entation variable y1 and encodes the relations
between the remaining degrees of freedom and
the QRF in ŷ1-gauge. For example, for a spatial
translation, this would encode all the positions of
the remaining degrees of freedom relative to the
QRF.

Now, let us explicitly consider the leading
semiclassical order effective treatment of the sys-
tem with a single ideal QRF [32,33] governed by
the constraint (30). Within the effective treat-
ment we make the additional assumption that
the system transformation generator ĜS is (or
can be approximated by) a polynomial in the
generators x̂i, i = 1, . . . , N , associated with the
system algebra AS . Following Sect. 2.2.3 there
is a canonically conjugate reference orientation
observable q̂R. Together, they form the basis
{ŷi} = {q̂R, p̂R; x̂i}, where [p̂R, x̂i] = 0 = [q̂R, x̂i].
The tower of effective constraints (40) at order
two can be explicitly written in terms of the clas-
sical variables yi, moments (∆yi)2, and variances

∆(yiyj). Denoting Cyi ≡ ⟨∆̂yiĈ⟩, we have

C = GS + pR,

CpR = (∆pR)2 + T2∆ (pRGS) ,

CqR = ∆ (qRpR) + T2∆ (qRGS) + 1
2 iℏ, (42)

Cxi = ∆ (pRxi) + T2∆(xiGS) + 1
2T2 ⟨[x̂i, ĜS ] ⟩ ,

i = 1, . . . , N .

For compactness, we defined ∆(yiGS) :=
⟨∆̂yi∆̂GS⟩Weyl. Depending on the functional

form of ĜS , these quantities can contain higher-
order contributions, so we use T2-maps to trun-
cate at order two. For the case yi = xi we need to
account for the commutator [x̂i, ĜS ] in order to
implement Weyl ordering, which again may con-
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tain higher-order terms that we drop upon trun-
cation.

The reference frame gauge is achieved by im-
plementing the conditions ∆(qRyi) = 0 (41) with
yi ̸= pR, and by using the effective constraints
to solve for pR and ∆(pRyi), with yi ̸= qR.
This gauge choice sets the fluctuations of the
frame to zero, similarly to how the frames in the
Schrödinger states in the Page–Wootters formal-
ism [44] no longer fluctuate upon invoking the
conditioning (gauge fixing) map RR(ρ) in (15).
Note that ∆(qRpR) is not gauge-fixed to zero and
is in fact determined by setting CqR = 0 and im-
posing (41). We have ⟨q̂Rp̂R⟩ = ⟨q̂R(−ĜS)⟩ =
⟨q̂R⟩ ⟨−ĜS⟩ = ⟨q̂R⟩ ⟨p̂R⟩, so that

∆(qRpR) = ⟨q̂Rp̂R⟩ − ⟨q̂R⟩ ⟨p̂R⟩ − 1
2 iℏ = −1

2 iℏ.
(43)

As a consequence, such a gauge-fixed state can-
not be positive on the entire kinematical alge-
bra A. In particular, the self-adjoint element
1
2(p̂Rq̂R + q̂Rp̂R) has a complex expectation value

1
2⟨p̂Rq̂R+q̂Rp̂R⟩ = qRpR+∆(qRpR) = qRpR−1

2 iℏ .
(44)

This does not pose a problem with physical inter-
pretation of the gauge-fixed state, however, as we
only impose positivity on the independent S de-
grees of freedom (the evolving degrees of freedom

when Ĉ is a Hamiltonian constraint [35–37]).

Finally, we note that the effective constraint
CqR = ⟨∆̂qRĈ⟩ generates no flow on the surface
where both constraint and gauge conditions are
imposed. For any â ∈ A

{ ⟨â⟩ , ⟨∆̂qRĈ⟩} (45)

= 1
iℏ

⟨∆̂qR[â, Ĉ] ⟩ + 1
iℏ

⟨[â, ∆̂qR] Ĉ⟩ = 0.

In the final expression, the second term van-
ishes because it is a linear combination of the
effective constraints (42), while the first term
vanishes because it is a linear combination of
the gauge-fixing conditions, after using the con-
straint to remove any p̂R dependence in [â, Ĉ]:
⟨b̂p̂R⟩ = ⟨−b̂ĜS⟩ once (40) is enforced.

2.3.3 Comparison with algebraic reference gauge
fixing

We conclude this subsection by noting that, in
the cases treatable by the algebraic approach in-
troduced in Sect. 2.2, the effective gauge-fixing
conditions (41) are equivalent to the algebraic
gauge-fixing conditions (28). Identifying Ẑ = ŷ1,
we see that, within the polynomial algebra as-
sumed in the effective treatment, the commutant
Z ′ is generated by ŷ1 and {ŷi}i=3,...N . Further
identifying ρ = ⟨ŷ1⟩, the conditions

∆(yn1
1 yn3

3 ...ynN
N ) =

〈
(ŷ1 − ⟨ŷ1⟩)n1

N∏
m=3

(ŷm − ⟨ŷm⟩)nm

〉
Weyl

=
〈

(Ẑ − ρ)n1

(
N∏

m=3
(ŷm − ⟨ŷm⟩)nm

)
Weyl

〉
= 0 ,

(46)

are equivalent to ⟨(Ẑ − ρ)â⟩ = 0 for all â ∈ Z ′.
This extends to the entire kinematical algebra,
since in the algebraic treatment we demand that
Z ′ ∪{Ĉ} algebraically generates A. In particular,
for any â ∈ A, there are â1 ∈ Z ′ and â2 ∈ A
such that â = â1 + â2Ĉ. Thus, on the constraint
surface

⟨(Ẑ − ρ)â⟩ = ⟨(Ẑ − ρ)â1⟩ + ⟨(Ẑ − ρ)â2Ĉ⟩ = 0 ,
(47)

where the first term vanishes due to the gauge
conditions (41) and the second one due to the

constraint conditions (40). Thus, whenever the
full algebraic gauge-fixing of [39] can be accom-
plished, the effective treatment is its semiclas-
sical truncation. However, the class of models
analyzed effectively to order ℏ in [36,37] includes
some that do not currently have an exact alge-
braic (or, in the case of [37], Hilbert space) treat-
ment.
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2.4 Example: a translationally invariant sys-
tem
To give the reader more familiarity with the three
approaches, we will apply them to the model con-
sidered in [59]: N interacting particles in one di-
mension with Hamiltonian

Ĥ =
∑
i∈I

p̂2
i

2mi
+ V ({q̂i − q̂j}), (48)

where the potential V depends only on the
relative positions, and with index set I =
{A,B,C, ...} containing N labels for the individ-
ual particles. Due to global translational invari-
ance, this model has a momentum constraint of
the form

Ĉ =
∑
i∈I

p̂i, (49)

which means the corresponding QRFs will be
spatial (and which can be derived from a La-
grangian [59]).

In this model, each individual particle’s kine-
matical algebra Ai is generated by the corre-
sponding canonical pair {q̂i, p̂i}, and each par-
ticle can serve as an ideal reference frame for the
remaining particles (σi ≡ Spec(p̂i) = R).15 Let
us start with the PN treatment of the system.
In particular, due to the tensor product nature
of the Hilbert space, a kinematical state can be
written as (4)

|ψkin⟩ =
∫
R

dpA

∫
R

dpĀ ψkin(pA, pĀ) |pA⟩A |pĀ⟩S .

(50)
We have separated particle A, which will be used
as the reference frame for the remaining particles
Ā := I \ {A} making up the system S.16 This
state can be mapped to a physical state using
(5)

|ψphys⟩ =
∫
R

dpĀ ψkin(−
∑
i∈Ā

pi, pĀ) |−
∑
i∈Ā

pi⟩A |pĀ⟩S .

(51)
The orientation states for frame A, or indeed

any particle, are simply the position states found
through the Fourier transform (7)

|q⟩i =
∫
R

dp e−iqp/ℏ |p⟩i , (52)

15One could also use composite variables as an ideal
reference frame, for example, suitable linear combinations
such as the center of mass degrees of freedom.

16We use the shorthand dpĀ to denote dpB dpC ...

which forms a complete orthogonal basis and for
which the unitary transformations generated by
Ĝi ≡ p̂i act covariantly (9). Since these frames
are ideal, the orientation operator is nothing but
the position operator (10) R̂i ≡ q̂i. By virtue of
this, the relational observables associated with
particle positions take the simple form (12)

Ô
ρj

j (q̂i) = q̂i − q̂j + ρj , (53)

which are the relative distances between pairs
of particles. They measure the position of par-
ticle i conditional on particle j being in posi-
tion ρj . Indeed, this can best be seen classically
from the fact that Eq. (53) is gauge-invariant,
thus having the same value in all gauges. Now
gauge fixing the frame position to q̂j = ρj , yields
Ô

ρj

j (q̂i)
∣∣
q̂j=ρj

= q̂i. Thus the relational observ-

able measures the position of i conditional on j
being in position ρj .

Using the fact that [p̂i, Ĉ] = 0, relational mo-
mentum variables are identical to the individual
particles’ momenta

Ô
ρj

j (p̂i) = p̂i . (54)

Choosing A as the origin of our reference frame
corresponds to setting j = A and ρA = 0, giving
us one particular way of generating the invariant
algebra Ainv (13)

Ainv = ⟨q̂i − q̂A, p̂i, p̂A|i ∈ Ā⟩. (55)

Picking any other particle to serve as our refer-
ence frame leads to a different description of the
same algebra.

The Page–Wootters construction of a QRF
perspective (Sect. 2.1.4) proceeds by condition-
ing the physical state on a particular orientation,
here position, of the frame. This amounts to cre-
ating the relational states17∣∣∣ψS|A

〉
= (⟨ρA|A ⊗ 1S) |ψphys⟩ (56)

= 2πℏ
∫
R

dpĀ ψkin(−
∑
i∈Ā

pi, pĀ)eiρA

∑
i∈Ā

pi/ℏ |pĀ⟩S .

With this choice, the relevant reduced algebra is

AS|A = ⟨q̂i, p̂i|i ∈ Ā⟩, (57)

which consists of all bare canonical pairs except
for the particle we picked to serve as our QRF.

17Note that if ψkin were proportional to the identity, one
would have

∣∣ψS|A
〉

∝ ⊗i∈Ā |−ρA⟩i.
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In the algebraic approach of Sect. 2.2, one
works directly with the gauge-generating con-
straint (49), avoiding the explicit construction
of physical states (51). The kinematical degrees
of freedom of the model are captured by gener-
alized algebraic states, ω ∈ Γ, on the complex
polynomial algebra A generated by q̂i, p̂i. The
constraint is enforced by restricting to states
such that ω(ÂĈ) = 0 for all Â ∈ A, which
defines the constraint surface ΓC ⊂ Γ. With an
eye toward using particle A as the reference, we
can write these constraint conditions as

ω(Âp̂A) = −ω

Â∑
i∈Ā

p̂i

 , (58)

using them to eliminate the values assigned by
states to all polynomials involving p̂A. The states
on ΓC are generally still subject to an infinite
number of gauge flows generated by elements of
AĈ. For example, along the flow generated by
p̂AĈ on ΓC the value of q̂B changes according
to (23)

iℏ
d

dλ
ω(q̂B) = ω

([
q̂B, p̂AĈ

])
(59)

= iℏω(p̂A) ≈ΓC
−iℏω

Â∑
i∈Ā

p̂i

 .

Importantly, the above flows preserve the values
assigned by the states on ΓC to Dirac observables.
For example, [p̂B, Ĉ] = 0, so that along any gauge
flow

iℏ
d

dλ
ω(p̂B) = ω

([
p̂B, ÂĈ

])
(60)

= ω
([
p̂B, Â

]
Ĉ
)

≈ΓC
0 .

Dirac observables can in principle be used
to characterize physically distinct states on ΓC ,
however, the algebraic approach was explicitly
designed to not assume that a sufficiently large
Dirac observable algebra can be realized as a sub-
algebra of A. Instead, a “neutral” perspective is
assumed to exist in the form of the space of gauge
orbits on the constraint surface Γphys = ΓC/ ∼C .
These orbits are the direct analogs of the physi-
cal states of the PN approach. In practice, we do
not attempt to actually integrate the gauge flows
such as (59), which would indeed be more com-
plicated than constructing physical states. In-
stead the orbit space is sampled by restricting

to a relational gauge. Since constraint (49) is of
the form (30), the discussion of Sect. 2.2.3 di-
rectly applies. Picking particle A as the refer-
ence, we identify Ẑ = q̂A as the reference vari-
able, its commutant Z ′ consists of polynomials
generated by q̂A and {q̂i, p̂i}i∈Ā. It is natural to
use the algebra generated by just {q̂i, p̂i}i∈Ā as
the corresponding fashionable algebra F .18 The
gauge choice is completed by fixing the value of
the reference variable qA = ρ, which corresponds
to additional conditions on the algebraic states
ω(q̂AÂ) = ρω(Â) for all Â ∈ A.

The result of this construction is that the sys-
tem, when viewed from within the A-frame, has
the degrees of freedom characterized completely
by the subalgebra F , which is equivalent to the
reduced algebra of the PN approach (57). (See
Sect. 3.4 for the discussion of projection of the
physical Hamiltonian flow into the gauge-fixed
reference frame perspective.) Any state on F
corresponds to a unique gauge-fixed state on
the entire algebra A. We think of this state as
the gauge-sampled representative of its corre-
sponding orbit. This should be analogous to
the sampling of a physical Hilbert state (51) by
the Page-Wootters method (56), and in Sect. 3
we establish this link concretely. The value of
the reference variable qA can be shifted by the
residual symmetry transformation generated by
Ĉ, the flow of which restricted to F is generated

by

−
∑
i∈Ā

p̂i

. However, in its original form

the algebraic construction possessed no direct
way for transforming between gauge choices
associated with a pair of different subsystems
(for example from particle A-frame to particle
B-frame). Sect. 4 leans on the PN approach
to create an algebraic method for switching
between ideal reference frames.

As already mentioned in Sect. 2.3, the ef-
fective approach can, in essence, be thought of
as the semiclassical formulation of the algebraic
approach. Here the space of states is charac-
terized by a particular collection of expectation
values that they assign to the elements of A:
the classical variables qi := ⟨q̂i⟩, pi = ⟨p̂i⟩, and

18See Sect. III-D-3 of [40] for a discussion of the freedom
remaining in the choice of F once the reference variable is
fixed.
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the quantum variables of (35) comprised of all
the mixed moments ∆(qnA

A pmA
A qnB

B pmB
B ...). The

dynamics on this phase space is generated via
the quantum Poisson bracket of (33) by the
quantum Hamiltonian function

HQ := ⟨Ĥ⟩ =
∑
i∈I

p2
i + (∆pi)2

2mi
+ ⟨V ({q̂i − q̂j})⟩ ,

(61)
where the last term can be expanded similarly
when the potential is known. For instance, if
the potential were quadratic V ∼ (q̂i − q̂j)2, one
would have the following terms appearing

⟨V ⟩ ∼ (qi − qj)2 + (∆qi)2 + (∆qj)2 − 2∆(qiqj).
(62)

The constraint (49) gives rise to an infinite num-
ber of quantum constraint functions: the expec-
taion value of the constraint

C = ⟨Ĉ⟩ =
∑
i∈I

pi, (63)

as well as an additional constraint function ⟨ÂĈ⟩
for each linearly independent element Â ∈ A. It
is convenient to use moment operators to system-
atically generate the tower of constraint functions
order-by-order within the semiclassical hierarchy.
For example, at order ℏ, we get 2N independent
constraint functions in addition to C of (63)

Cqi := ⟨∆̂qiĈ⟩ = ∆(qipi) + 1
2 iℏ +

∑
j ̸=i

∆(qipj),

Cpi := ⟨∆̂piĈ⟩ = (∆pi)2 +
∑
j ̸=i

∆(pipj). (64)

If we were to truncate the system to this order
(corresponding to T2 in (37)) then this set of
2N + 1 effective constraints contains all of the
remaining independent constraints.

Picking A as our reference frame, we can solve
these constraints to eliminate pA and its moments
in exact analogy to (58)

pA = −
∑
i∈Ā

pi, (65)

∆(pAqi) = −
∑
j∈Ā

∆(qipj) − 1
2 iℏ , i ̸= A,

∆(pApi) = −
∑
j∈Ā

∆(pipj).

The algebraic A-gauge conditions truncated to
this order correspond to setting qA = ρ and
∆(qAyi) = 0 where yi ̸= pA.

3 Equivalence of approaches for ideal
quantum reference frames
In this section we directly compare the three
QRF approaches introduced in the previous sec-
tion: the PN framework, the algebraic approach
and the effective semiclassical treatment. The
three methods still have different domains of ap-
plicability and, before we proceed with our com-
parison, we determine that their current over-
lap is precisely the case of the ideal reference
frame (1), (30), cf. Sect. 2.1.2. The equivalence
we will establish pertains to this case and re-
quires aligning a few assumptions made across
the three approaches. In particular, as discussed
in Sect. 2.2, the algebraic method for construct-
ing a QRF setup assumes that there is some al-
gebra A of operators on the kinematical Hilbert
space H that contains the gauge generating con-
straint Ĉ = Ĉ∗ and a reference orientation ob-
servable operator Ẑ = Ẑ∗, such that

[Ẑ, Ĉ] = iℏ . (66)

Now, let us assume, following the PN framework
construction of Sect. 2.1 that H = HR ⊗ HS ,
and that Ẑ ∈ AR. By taking the trace of (66)
over the system degrees of freedom with an arbi-
trary normalized system state, we conclude that

there must be some operator ˆ̃GR on HR that is
canonically conjugate to the restriction of Ẑ to
HR. (Since Ẑ ∈ AR, this restriction is trivial.)

Trivially extending ĜR = ˆ̃GR ⊗1S ∈ AR we have

[Ẑ, ĜR] = iℏ . (67)

We now define ĜS := Ĉ − ĜR to put the general
algebraically treatable constraint into the same
form as (3). Clearly, the existence of a canonical
conjugate frame orientation observable Ẑ means
that the algebraic approach requires σR = R,
so that the frame is ideal. On the other hand,
unlike our presentation of the PN framework in
Sect. 2.1, the algebraic treatment allows ĜS to
explicitly depend on Ẑ. This is in principle also
permitted in the PN framework, e.g. see [61]
but not yet fully developed. Additionally, all
three approaches apply to some factorizable con-
straints

Ĉ = N̂(ĜR + ĜS) , (68)

where N̂ is some factor that may or may not have
0 in its spectrum. For example, it may be the
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lapse factor in a Hamiltonian constraint, or, as we
will discuss in Sect. 3.5, a factor in a constraint
involving degenerate QRFs, such as relativistic
internal clocks. In order for such a constraint
to be treatable by all three methods, we need
[N̂ , ĜR + ĜS ] = 0 in addition to the same ideal
frame conditions for the factor constraint (ĜR +
ĜS) as before.

For the rest of this section (as well as in Sect. 4
and 5) we focus on the current common domain of
the three approaches, namely, ideal QRFs, gov-
erned by constraint (30). In this context, we first
establish the equivalence between the PN and the
algebraic approaches in Sect. 3.1, and then use
the existing (semiclassical) connection between
the algebraic and the effective approaches dis-
cussed in Sect. 2.3.3 to relate the latter to the
PN framework in Sect. 3.2. We look at the re-
lation between the three approaches within the
concrete example of the free Newtonian particle
in Sect. 3.3. In Sect. 3.5, we extend our equiv-
alence argument to the case of degenerate ideal
QRFs, such as relativistic internal clocks.

3.1 Linking the algebraic approach with the
PN framework

Here, we shall establish the equivalence between
the algebraic and PN approaches in the follow-
ing sense: the PN framework provides a concrete
Hilbert space realization of the more abstract
algebraic approach, thereby encoding equivalent
physical data.

The end result of the algebraic QRF construc-
tion of Sect. 2.2 in the case of an ideal QRF (30)
is the observed system subalgebra F = AS ⊂ A
together with the flow generated by Ĉ that trans-
forms the observed system S along with the
changes of orientation of the reference system
R. The view of S from the perspective of frame
R when its orientation is ρ is captured by the
almost-positive states ωR|ρ.19. These states are
required to be positive on AS but are otherwise
allowed to take arbitrary values on its elements.
However, the values they assign to all other el-
ements of A are completely fixed by constraint

19For convenience we slightly change notation here com-
pared to Sect. 2.2. Algebraic gauge-fixed states will from
now on be labeled using the subsystem label (e.g. R)
rather than using the reference orientation observable (e.g.
qR).

conditions and gauge choice

ωR|ρ(âĈ) = 0, ωR|ρ(q̂Râ) = ρωR|ρ(â), (69)

for all â ∈ A. Given a system observable f̂S ∈
AS , the value ωR|ρ(f̂S) is the expectation value
of measurement fS when R is in orientation ρ.

Sect. 2.1 provides two methods for captur-
ing the same R-perspective information within
the PN framework: (1) by constructing a rela-
tional Dirac observable Ôρ

R(f̂S) (11) and evalu-
ating its expectation value in a physical state
and (2) by evaluating the expectation value of
the non-invariant system observable using rela-
tional Page-Wootters states obtained by projec-
tion (15). As originally shown in [44] these two
ways of jumping into R’s perspective are equiv-
alent, with both methods leading to identical re-
lational expectation values (21). Below we show
that the same expectation value is also obtained
if one uses an algebraic almost-positive state cor-
responding to frame R.

Given a kinematical system observable f̂S ∈
AS and an algebraic solution-state to the con-
straint with the frame properties (69) (see
Sect. 2.2.2), the following equation holds (see ap-
pendix A.1 for details)

ωR|ρ′(Ôρ
R(f̂S)) = ωR|ρ′(e−i(ρ′−ρ)ĜS/ℏf̂Se

i(ρ′−ρ)ĜS/ℏ).
(70)

Note that in the above expression the orientation
reading of the algebraic state ρ′ is not necessarily
equal to the conditioning ρ in the definition of
the Dirac observable. When we do set ρ′ = ρ, we
immediately get

ωR|ρ(Ôρ
R(f̂S)) = ωR|ρ(f̂S). (71)

We have therefore established that the expecta-
tion value of a kinematical system observable f̂S

evaluated in an algebraically gauge-fixed state
ωR|ρ coincides with the value assigned by that
state to the corresponding relational Dirac ob-
servable Ôρ

R(f̂S) ∈ Ainv. At a formal level, com-
paring this with (21), this expectation value is
also equivalent to the one obtained via Page-
Wootters reduced states within the PN frame-
work.

To see this last equivalence explicitly, we pro-
pose a concrete Hilbert space realization of the
algebraic reference frames

ωR|ρ(.) := ⟨ψphys|(|ρ⟩⟨ρ| ⊗ 1S)(.)|ψphys⟩kin ,
(72)
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where |ψphys⟩ ∈ Hphys is a physical state that cor-
responds to a solution of the constraint. This ex-
pression coincides with conditioning the physical
state on the “bra” side using (15) and extend-
ing the resulting state back to the kinematical
Hilbert space using the definite reference state
|ρ⟩. Clearly, because of the “projector” |ρ⟩⟨ρ| on
the left of the argument and with a physical state
on the right, this realization obeys both of the al-
gebraic frame and constraint properties (69).

Using an algebraic state of the form (72), we
show in appendix A.1 that (71) slightly general-
izes and holds in the same form also for non-ideal
QRFs. Although the expectation value in (71)
is with respect to a gauge-fixed state; using the
concrete Hilbert space realization (72), we can
cast it as a physical expectation value. The key
is to note that while |ψphys⟩ is a physical state,
(|ρ⟩⟨ρ|⊗1S) |ψphys⟩ ≡ |ψkin⟩ is a kinematical state
that group averages to the same physical state,
i.e. Π |ψkin⟩ = |ψphys⟩. Explicitly, we have

Π |ψkin⟩

= 1
2πℏ

∫
R

dρ′ (∣∣ρ+ ρ′〉〈ρ∣∣⊗ 1S

)
e−iρ′ĜS/ℏ |ψphys⟩

= 1
2πℏ

∫
R

dρ′ (
∣∣ρ+ ρ′〉〈ρ+ ρ′∣∣⊗ 1S) |ψphys⟩

= |ψphys⟩ , (73)

where we used ĜS |ψphys⟩ = −ĜR |ψphys⟩, shifted
ρ′ → ρ′−ρ, and used the resolution of the identity
(8). From the definition of the physical inner
product (6) and (21) we find

(ψphys|Ôρ
R(f̂S)|ψphys) = ⟨ψkin| Π Ôρ

R(f̂S)|ψkin⟩
= ⟨ψphys|(|ρ⟩⟨ρ| ⊗ 1S)Ôρ

R(f̂S)|ψphys⟩ (74)
= ωR|ρ(Ôρ

R(f̂S)).

We used the fact that Ôρ
R(f̂S) being a strong

Dirac observable commutes with the projector Π.
Finally, invoking again (21), we arrive at the

equalities

ωR|ρ(Ôρ
R(f̂S)) =

(
ψphys

∣∣Ôρ
R(f̂S)

∣∣ψphys

)
= ⟨ψS|R(ρ)| f̂S |ψS|R(ρ)⟩ (75)
= ⟨ψphys|(|ρ⟩⟨ρ| ⊗ 1S)f̂S |ψphys⟩
= ωR|ρ(f̂S) .

(In the third expression above, the expectation
value is taken within the perspectival Hilbert
space, with f̂S denoting the observable’s action

on HS .) Hence, we established that the Page–
Wootters conditioning is the Hilbert space-based
realization (72) of gauge-fixed states of the alge-
braic approach (and slightly generalizes them to
encompass non-ideal frames).

3.2 Linking the semiclassical effective ap-
proach with the PN framework
In the effective semiclassical construction, the al-
gebraic quantum state is replaced by the expec-
tation values and moments it assigns to kinemat-
ical observables. The description of S from the
perspective of R consists of the expectation val-
ues and moments of the observables of S up to
some truncation order M , which are restricted to
correspond to a positive state on AS but are oth-
erwise free to take any values. The values of all
other classical and quantum variables are then
completely determined by the constraint func-
tions ⟨âĈ⟩ = 0 and gauge conditions (41). To
find the relational expectation value of a system
observable f̂S , we would expand ⟨f̂S⟩ in expec-
tation values and moments as in (38) to order
M .

As established in Sect. 2.3.3, before trunca-
tion is performed, effective constraint functions
and gauge conditions are exactly equivalent to
their algebraic counterparts (69). It then follows
from (71) that

⟨Ôρ
R(f̂S)⟩ = ⟨f̂S⟩ , (76)

when both sides are expanded in classical and
quantum variables as in (38) and the constraint
and R-gauge conditions are imposed. It further
follows that the equality still holds when both
sides are truncated at semiclassical order M , giv-
ing us an effective version of agreement with the
PN framework.

There is, however, a priori one important
caveat. A truncated effective system possesses
its own notion of invariant observables, namely
the functions hobs that have a vanishing Poisson
bracket (33) with the truncated system of con-
straints up to order M , when evaluated on the
truncated constraint surface, that is,

TM

{
TM (hobs),TM (⟨âĈ⟩)

}
≈ΓC

0 , (77)

for any â ∈ A. We therefore need to explic-
itly verify that truncated expressions for the rela-
tional Dirac observables satisfy (77), yielding in-
variant functions of the truncated effective QRF.

Accepted in Quantum 2026-07-27, click title to verify. Published under CC-BY 4.0. 23



As noted earlier, these observables are strong
Dirac observables [44] and from (33) it immedi-
ately follows that { ⟨Ôρ

R(f̂S)⟩ , ⟨Ĉ⟩} = 0. Fur-
thermore, we find

{ ⟨Ôρ
R(f̂S)⟩ , ⟨âĈ⟩} = 1

iℏ
⟨[Ôρ

R(f̂S), âĈ] ⟩ (78)

= 1
iℏ

⟨[Ôρ
R(f̂S), â] Ĉ⟩ + 1

iℏ
⟨â[Ôρ

R(f̂S), Ĉ] ⟩ ,

where the second term in the final expression
is identically zero while the first term vanishes
on the constraint surface. Thus, the functions
⟨Ôρ

R(f̂S)⟩ are gauge invariant on the untruncated
quantum phase space Γ.

In order to show that this is still true after
truncation up to the corresponding order, we use

the result from [38] that the truncation operation
commutes with the quantum Poisson bracket.
That is, for any pair of functions f , g of generator
expectation values ⟨ŷi⟩ and their moments (35)
we have

TM {TM (f),TM (g)} = TM {f, g} . (79)

We have just shown that the right-hand side in
(79) vanishes for the Poisson bracket between
a Dirac observable and all effective constraints.
Therefore, we find that the Poisson bracket be-
tween truncated Dirac observables and truncated
constraints on the left-hand side also vanishes,
when evaluated on the constraint surface, to
within the order of truncation. In other words,
the following diagram commutes up to terms of
semiclassical order M + 1

⟨Ôρ
R(f̂S)⟩ , ⟨Ĉ⟩ TM ⟨Ôρ

R(f̂S)⟩ ,TM ⟨Ĉ⟩

{ ⟨Ôρ
R(f̂S)⟩ , ⟨Ĉ⟩} {TM ⟨Ôρ

R(f̂S)⟩ ,TM ⟨Ĉ⟩} ≈ TM { ⟨Ôρ
R(f̂S)⟩ , ⟨Ĉ⟩}

TM

{.,.} {.,.}

TM

(80)

Hence, within the truncated system, the trun-
cated expectation values of relational Dirac ob-
servables TM ⟨Ôρ

C(f̂S)⟩ remain invariant up to
the order of truncation, providing a concrete link
between effective QRFs and the PN framework.

3.3 Example: free Newtonian particle
To showcase the interplay between the three ap-
proaches in a concrete setting, let us consider a
system of two particles governed by the following
Hamiltonian constraint

ĈH = p̂C + 1
2 p̂

2
S , (81)

which was treated according to the PN frame-
work in [47]. Because the constraint is also the
Hamiltonian, the reference frame is temporal: we
will refer to it as the clock C and use notation
that is typical in discussion of relational dynam-
ics [44, 107, 130]; e.g., rather than ρ we now use
an evolution label τ .

We take the system and clock algebras to be
generated by complex polynomials in canonical
variables [q̂S , p̂S ] = iℏ and [t̂C , p̂C ] = iℏ, respec-
tively. We immediately see that both p̂S and p̂C

are strong Dirac observables. Let us examine the
expressions and expectation values of the rela-
tional Dirac observables Ôτ

C(f̂S). For example,
using (12) (see also [47]),

Ôτ
C(q̂S) = e−i(t̂C−τ)p̂2

S/(2ℏ) q̂Se
i(t̂C−τ)p̂2

S/(2ℏ)

= q̂S − (t̂C − τ)p̂S , (82)

which indeed commutes with the constraint.
Now, let ωC|τ be an algebraic solution-state

satisfying (69). Using (82),

ωC|τ (Ôτ
C(q̂S)) = ωC|τ (q̂S) − ωC|τ ((t̂C − τ)p̂S)

= ωC|τ (q̂S), (83)

as expected from (71).
For the effective approach we expand con-

straints and observables in quantum and classical
variables as in (38). For example,

CH = pC + 1
2p

2
S + 1

2(∆pS)2 (84)

and〈
Ôτ

C(q̂S)
〉

= qS − (tC − τ)pS − ∆(tCpS) . (85)
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Now fixing the gauge according to (41) means
setting ∆(tCpS) = 0 and further fixing tC = τ ,
we obtain the effective analog of (83)〈

Ôτ
C(q̂S)

〉
= qS . (86)

Since the above expressions are not truncated,
and since [Ôτ

C(q̂S), ĈH ] = 0, we are guaranteed to
find {⟨Ôτ

C(q̂S)⟩, CH} = 0 for the Poisson bracket
defined by (33). As a particular example of rela-
tion (79), we can check that the bracket still van-
ishes after the M = 0 truncation (i.e. at the clas-
sical order), which is the only non-trivial trunca-
tion for (84) and (85). The truncated expressions
are

T0 ⟨Ôτ
C(q̂S)⟩ = qS − (tC − τ)pS ,

and T0CH = pC + 1
2p

2
S .

(87)

Given that the Poisson bracket between classi-
cal variables is identical to the classical canon-
ical Poisson relations, it is now straightforward
to verify T0{T0⟨Ôτ

C(q̂S)⟩,T0CH} = 0 as we ex-
pected based on (79).

3.4 Dynamics within a reference frame
As discussed at the start of Sect. 2.1, constraints
associated with reference frame transformations
fall into two broad categories: temporal, en-
coding reparametrization invariance of time evo-
lution, and spatial (broadly speaking), encod-
ing redundancy of the kinematical description of
the system’s configuration. While constructing
QRFs, both types of constraints can be treated
in the same way, as we have in fact done up to this
point. An important difference does arise when
one defines time evolution of the constrained the-
ory either on the physical Hilbert space or within
a frame perspective.

In the case of a temporal constraint, typical
for gravitational theories, the constraint itself is
also the Hamiltonian of the total system Ĉ = Ĥ
(see the example of Sect. 3.3). The Hamilto-
nian therefore has a vanishing action on physical
states, which, in this case, correspond to entire
time-evolution orbits of the system. Change over
time only emerges when one selects a particu-
lar reference system, the orientations of which
will parametrize the flow of time. In the PN
framework, one can track change over the time
read by clock C within the observed system S

encoded in a physical state by evaluating one-
parameter families of relational Dirac observables
Ôτ

C(f̂S), as clock configuration τ varies. Alterna-
tively, one can jump into the clock frame perspec-
tive: the one-parameter family of C-frame states
|ψS|C(τ)⟩ = RC(τ)|ψphys⟩ represents the time
evolution of S relative to C encoded in |ψphys⟩.
In both cases, time evolution is generated by
the true (i.e. non-vanishing) system Hamiltonian
ĤS . The crux is that if there are multiple clocks,
the physical time evolution generator depends on
the choice of that clock [44–46, 51]. In the alge-
braic case, time evolution of S relative to clock
C is similarly given by the one-parameter family
of gauge-fixed states ωC|τ = SĈ(τ − τ0)ωC|τ0 on
AS , using the flow defined by (22). Analogously,
on the truncated semiclassical phase space of
the effective theory time evolution relative to C
is given by the unique combination of Poisson
flows X⟨âĈ⟩(.) ≡ {., ⟨âĈ⟩} that preserves con-

ditions (41) and uniformly increments the read-
ing of the clock qc ≡ ⟨q̂C⟩. Because time evo-
lution governed by a Hamiltonian constraint is
discussed at length elsewhere, we will not devote
any more space to it here but instead refer the in-
terested reader to in-depth discussions in [44–46]
for the PN framework, in [40] for the algebraic
approach, and in [33,35–37] for the effective semi-
classical approach.

When the constraint is non-temporal and the
constrained system does possess a separate true
Hamiltonian Ĥ governing time evolution, as in
the translation-invariant example of Sect. 2.4,
one may wonder how this evolution projects into
the perspective of a reference frame. Once again,
in the case of the PN framework this procedure
is discussed in detail elsewhere (see for exam-
ple [43, 58, 59]). However, the primary litera-
ture on algebraic and effective QRFs is focused
on implementing the Hamiltonian constraint and
does not discuss time evolution in non-temporal
QRFs. The purpose of the rest of this subsection
is to fill this gap within the literature.

In particular, we assume that the Hamiltonian
is a strong Dirac observable [Ĥ, Ĉ] = 0, other-
wise additional restrictions may be needed in or-
der to have a well-defined physical time-evolution
flow. For the purpose of applying the algebraic
method, we will further assume Ĥ ∈ A (although
it is also possible to work with an outer derivation
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on A, as long as it annihilates the constraint).20

As a Dirac observable, the Hamiltonian has a
well-defined action on the physical Hilbert space
of the PN framework and can be used to gener-
ate Schrödinger- or Heisenberg-picture time evo-
lution directly on Hphys or Aphys. When jumping
into the frame R perspective, the Hamiltonian
operator is projected like any other Dirac observ-
able using (19). In the ideal reference frame sce-
nario, the Hamiltonian, like any other element of
A, consists of products between polynomials in
q̂R and p̂R and some elements f̂S i ∈ AS . Let
Ĥ ≡ H(q̂R, p̂R; f̂S i) be ordered so that all q̂R-s
are on the left while the p̂R-s are on the right
of each term in the sum, then the R-perspective
reduced Hamiltonian on HS|R is given by

ĤR|ρ := RR(ρ)ĤR†
R(ρ) = H(ρ,−ĜS , f̂S i) (88)

The latter expression follows directly from defi-
nitions (15) and (16), and the properties of the
physical projection ĈΠ|ψ⟩ = 0 and (17). By

construction, e−iĤR|ρt/ℏ = RR(ρ)e−iĤt/ℏR†
R(ρ),

so that the projected Hamiltonian generates the
projection of the time evolution onto the states
of S relative to R. That is, for |ψS|R(ρ)⟩ =
RR(ρ)|ψphys⟩, we have

e−iĤR|ρt/ℏ|ψS|R(ρ)⟩ = RR(ρ)
(
e−iĤt/ℏ|ψphys⟩

)
.

(89)

For an example, we consider again the model
of Sect. 2.4 and compute the form of the Hamil-
tonian (48) when it is projected into a given par-
ticle’s reference frame. For R = A, with ρA = 0,
we find

ĤA|0 =
∑
i̸=A

p̂2
i

2mi
+ 1

2mA
(−
∑
i̸=A

p̂i)2 + V ({q̂i − ρA}i̸=A)|ρA=0

= 1
2
∑
i̸=A

( 1
mi

+ 1
mA

)
p̂2

i +
∑
i̸=j

i,j ̸=A

p̂ip̂j

mA
+ V ({q̂i}i̸=A). (90)

Note that the potential only depends on the q̂i −
ρA since other relative position observables can
be written as linear combinations: q̂i − q̂j = q̂i −
ρA −(q̂j −ρA). This result matches [59, Eq. (15)].

In the algebraic and effective approaches the
method for reducing time evolution is some-
what different, but yields an equivalent result
for an ideal QRF. Specifically, while the space
of physical states, Γphys of (26), is not explic-

itly constructed, time evolution generated by Ĥ
is well defined when evaluated on Dirac observ-
ables [Ô, Ĉ] = 0, via

iℏ
d

dt
ω(Ô) = ω([Ô, Ĥ] ) . (91)

This flow is gauge-independent in the sense that
expressions on both sides of the differential equa-
tion (91) are invariant under the flows (23) gener-
ated by the constraint when the state is a solution
of the constraint, that is ω(âĈ) = 0. The above

20Specifically, for Type III von Neumann algebras, the
Hamiltonian need not be in the algebra.

flow is only unique up to the addition of arbi-
trary gauge flows: the Hamiltonian Ĥ ′ = Ĥ+ ĥĈ
for any ĥ ∈ A generates an equivalent evolution
of Dirac observables when evaluated in solution
states.

When reducing the Hamiltonian to gauge-
fixed states of a particular reference frame,
one has to select the unique equivalent Hamil-
tonian Ĥ ′ that preserves the algebraic gauge
conditions in (69). (Constraint conditions
are automatically preserved since [Ĥ ′, âĈ] =(
[Ĥ, â] + [ĥ, âĈ] + [ĥĈ, â]

)
Ĉ vanishes on solu-

tion states.) From the algebraic decomposi-
tion conditions for a reference frame listed in
Sect. 2.2.2, it follows that any element of A can
be uniquely written as a sum â = â1 + â2Ĉ, for
some â1, â2 ∈ A, such that [â1, q̂R] = 0. Decom-
posing the original Hamiltonian in this way

Ĥ = ĤR + ĥ0Ĉ , (92)

we see that ĤR = Ĥ− ĥ0Ĉ is precisely the equiv-
alent Hamiltonian that generates the flow which
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preserves frame R gauge conditions. Explicitly,
using [ĤR, q̂R] = 0,

iℏ
d

dt
ω ((q̂R − ρ)â) = ω

([
(q̂R − ρ)â, ĤR

])
(93)

= ω
(
(q̂R − ρ)

[
â, ĤR

])
,

which vanishes on the states satisfying gauge con-
ditions of frame R.

Let us examine the form of ĤR for an ideal ref-
erence frame. Writing Ĥ ≡ H(q̂R, p̂R; f̂S i) with
the same ordering as before, we note that any
power of p̂R can be written in the form

p̂n
R =

(
Ĉ − ĜS

)n
=
(
−ĜS

)n
+ âĈ , (94)

for some â ∈ A, where we used the fact that
[ĜS , Ĉ] = 0. Therefore, writing all powers of p̂R

inside the expression for Ĥ in this form,

Ĥ = H(q̂R,−ĜS ; f̂S i) + b̂Ĉ , (95)

for some b̂ ∈ A. Since [H(q̂R,−ĜS ; f̂S i), q̂R] = 0,
evidently ĤR = H(q̂R,−ĜS ; f̂S i) is the correct
generator of time evolution as seen from the per-
spective of frame R. Evolving the value of an ar-
bitrary relational observable âS ∈ AS in a gauge-
fixed state using ĤR we get

iℏ
d

dt
ω (âS) = ω

([
âS , H(q̂R,−ĜS ; f̂S i)

])
= ω

([
âS , H(ρ,−ĜS ; f̂S i)

])
= ω

([
âS , ĤR|ρ

])
, (96)

where we used the fact that q̂R can be moved all
the way to the left, since [âS , q̂R] = 0, and ap-
plied the R-gauge conditions. The result is that
the R-gauge time evolution in the algebraic ap-
proach is generated by a reduced Hamiltonian of
the same form as (88) of the PN construction. In
particular, for the example of Sect. 2.4, the gen-
erator of time evolution in the particle-A frame
would be precisely the Hamiltonian of (90).

Finally, let us briefly outline the analogous
construction in the effective semiclassical ap-
proach. The most general time evolution flow
that is compatible with gauge freedom encoded
in the constraint Ĉ, is generated via the Poisson
bracket (33) by

H ′ = ⟨Ĥ⟩ + α0⟨Ĉ⟩ +
∑

i

αiCi , (97)

where Ci are the various additional quantum
constraint functions up to the appropriate order
(such as (40)) and αi are arbitrary functions of
the classical and quantum variables. In order
to project the Hamiltonian flow within a par-
ticular reference frame one looks for a combina-
tion of αi-s such that the flow {., H ′} preserves
the R-gauge conditions (41). Using the equiva-
lence between effective and algebraic constraints,
gauge flows, and gauge conditions discussed in
Sect. 2.3, we can deduce that, in the case of an
ideal QRF, H ′ = ⟨Ĥ(q̂R,−ĜS ; f̂S i)⟩ provides the
desired flow, which on the gauge-fixing surface is
equivalent to the flow generated by the expecta-
tion value ⟨ĤR|ρ⟩ of (88).

3.5 Degenerate quantum reference frames
As noted around (68), the currently developed
form of all three approaches to QRFs can also
be applied to some factorizable constraints. (For
details, see discussions in [45,47,48,51] for the PN
formalism, in [39, 40] for the algebraic one, and
in [33, 35–37] for the effective one.) Let us now
explore their relation for an interesting family of
such cases.

So far we have assumed that the reorienta-
tion generator ĜR in (3) has a non-degenerate
continuous spectrum. We will now permit it to
have a degenerate spectrum, provided the degen-
eracy is independent of the eigenvalues (except
for possibly a zero-measure set), the prime exam-
ple being ĜR ∝ p̂2

R for some canonical momen-
tum p̂R, which has a two-fold degenerate spec-
trum (except for the zero-measure set pR = 0).
In this case, R’s Hilbert space decomposes into
a direct sum over its m ∈ N degeneracy sectors,
HR =

⊕m
λ=1 Hλ

R = L2(σR) ⊗ Cm, where σR is
again the spectrum of ĜR. Denote by Πλ the or-
thogonal projector on HR onto its λ-sector Hλ

R.
Clearly,

∑
λ Πλ = 1R, and so we may decompose

the coherent group averaging operator (5) as

Π =
m∑

λ=1
Π̃λ , where Π̃λ := (Πλ ⊗1S)Π , (98)

which means that the direct sum structure carries
over to the physical Hilbert space [45,51]

Hphys =
m⊕

λ=1
Hλ, (99)

and Π̃λ : Hkin → Hλ.
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The relevant gauge-invariant subalgebra at the
kinematical level is then [51]

Ainv = (AR ⊗ AS)Ĉ ⊗ B(Cm) , (100)

where AR contains the same QRF operators on
L2(σR) as in the non-degenerate case. That is,
the invariant algebra now consists of the invari-
ant algebra for the case of a QRF with non-
degenerate reorientation generator spectrum σR

given in (13), tensored with a matrix algebra en-
coding the sector dependency and therefore con-
taining sector-swapping operators. Similarly, its
representation on Hphys is given by

Aphys = And
phys ⊗ B(Cm) , (101)

where And
phys is the algebra of relational observ-

ables for the corresponding non-degenerate QRF
discussed above (14) and the cross-sector algebra
is unaffected.

For definiteness, we now specialize to double
degeneracy, which is physically the most interest-
ing class. In this case, we may still invoke an ideal
QRF orientation observable. We will exploit this
to argue that the three approaches encode the
same relational information per degeneracy sec-
tor in this case.

3.5.1 Doubly degenerate frame reorientation op-
erators

For the remainder of this section we will consider
constraints of the form,

Ĉ = p̂2
R − ĜS ≡ Ĉ+Ĉ−, (102)

where [p̂R, ĜS ] = 0, ĜS is for simplicity as-
sumed to be positive-semi-definite, and Ĉ± =
p̂R ±

√
ĜS . To make contact with the above,

denote by Π+,Π− the projectors onto the sub-
spaces of HR = L2(R) with pR ≥ 0 and pR < 0,
respectively. This leads to a decomposition into
two sectors, H+ and H−, of the physical Hilbert
space. One can interpret the choice of the sec-
tor as left vs right movers if Ĉ generates spatial
translations, or as positive vs negative frequency
modes if Ĉ is a Hamiltonian constraint. A well-
known example of the latter is the Hamiltonian
constraint of a non-interacting relativistic parti-
cle.

Consider now the +-sector. We may then con-
sider the constraint on H+

kin := Π+ (Hkin), where

it takes the form Ĉ = N̂Ĉ−, with N̂ = Ĉ+
and N̂ introduces no additional zero-solutions.21

Since clearly [Ĉ+, Ĉ−] = 0, Ĉ takes the form (68)
on H+

kin, and we may equivalently describe it in

terms of the factor Ĉ− alone. The correspond-
ing physical Hilbert space is then H+. In fact,
we may equivalently consider Ĉ− as the con-
straint on the full kinematical Hilbert space Hkin,
again yielding H+ as the corresponding physi-
cal Hilbert space. At this point, R has become
an ideal QRF and we are entitled to employ the
exact same techniques as before in each of the
three approaches. By complete analogy, one ob-
tains H− as the physical Hilbert by considering
Ĉ+ on Hkin and, similarly, R is an ideal QRF in
this case. This will ensure sector-by-sector equiv-
alence of the three approaches, provided that
focusing on Ĉ± captures the same information
sector-wise as working with the full Ĉ.

In the PN framework, this indeed holds true.
The above discussion shows that one obtains the
same physical Hilbert space, sector-wise, regard-
less of whether one works with Ĉ± or Ĉ. How-
ever, there is a difference in the type of QRF ori-
entation observable for R: working with Ĉ± we
may invoke an ideal QRF as noted above yield-
ing a covariant QRF orientation POVM for Ĉ±,
but not for Ĉ. For example, this is the route
taken in [47, 48] and the one we will also pur-
sue here. On the other hand, working with Ĉ
instead, one may construct a covariant QRF ori-
entation POVM that is necessarily fuzzy due to
the boundedness of p̂2

R, thus yielding a non-ideal
QRF. This is the route taken in [45,51]. Despite
these differences in the type of orientation ob-
servable for the QRF R, the two options yield the
same relational observable algebras And

phys, sector-
wise. To see this, first note that, for each de-
generacy sector, an operator is a Dirac observ-
able w.r.t. the pertinent Ĉ± if and only if it is
a Dirac observable w.r.t. the full constraint Ĉ.22

Second, with each choice of QRF orientation op-
erator in the two cases, we dress the pertinent

21On the +-sector, N̂ can only have zero in its spectrum
for pR = G′

S = 0, a case which also yields zero for Ĉ−.
22Indeed, suppose that Ô± is a Dirac observable on

H±, i.e. [Ô±, Ĉ∓] vanishes on H± (as indicated in the
main text, we focus here on observables leaving each
degeneracy sector invariant). Then we also have that
[Ô±, Ĉ] = Ĉ±[Ô±, Ĉ∓] + [Ô±, Ĉ±]Ĉ∓ vanishes on H± be-
cause both [Ô±, Ĉ∓] and Ĉ∓ do. Similarly, if [Ô±, Ĉ] van-
ishes on H±, then so does [Ô±, Ĉ∓].
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system algebra AS to obtain the corresponding
relational observables (11). While the concrete
relational observables are in general different for
any given f̂S ∈ AS , the algebras that they form
are the same. This is because we may now define
the Page-Wootters reduction map RR(ρ) sector-
wise w.r.t. either choice of QRF orientation ob-
servable for R. Crucially, both are still unitaries
sector-wise due to the arguments in Sect. 2.1.4,
and for both the reduction relation (19) holds.
Due to our assumption that ĜS is positive-semi-
definite, we have that Π|R = 1S in either case,
which means that for both choices of orienta-
tion observable And

phys ≃ AS . For example, if
AS = B(HS) then we get the full algebra of
bounded operators on Hphys in either case be-
cause HS ≃ H±. One argues similarly when AS

is the algebra of complex polynomials in some
generators. Hence, without loss of information,
we may proceed sector-wise in identical manner
to the previous sections describing the PN frame-
work by invoking the ideal QRF orientation ob-
servable and using Ĉ±.23

A similar method of factorization and sepa-
rate treatment of each degeneracy sector is also
used within the algebraic approach. For a con-
straint of the form (102), one would select one
of its commuting factors Ĉ± and implement the
algebraic constraint and gauge-fixing conditions
of Sect. 2.2 using the chosen factor in place of
the original constraint Ĉ. As discussed in [39]
and [40], the substitution for the factor is valid as
long as the Dirac observables of the original con-
straint are invariant along the gauge flows (23)
generated by its factor. This condition can ei-
ther be verified directly by finding a complete set
of Dirac observables of Ĉ or enforced by placing
restrictions on the solution states one considers
(see [40, Sect. IV] for a detailed discussion).

In previous discussions of the effective ap-
proach, the degeneracy treatment is a priori dif-
ferent [33] (see also [35, 36]). Instead of factoriz-
ing the constraint operator, Ref. [33] constructs
the full tower of effective constraints (40) and
truncates at the desired order. One uses the con-
straints to eliminate the classical and quantum
variables containing p̂R. Due to the two-fold de-

generacy of the generator p̂2
R, one encounters a

sign choice when performing this procedure, lead-
ing to a pair of disjoint constraint surfaces which
are quantum extensions of the two classical con-
straint surfaces defined by C± = 0.24 At this
point, gauge-fixing conditions can be imposed on
each disjoint surface. Crucially, in Sect. 3.5.2 be-
low, we show that, for the constraints considered
here and to order ℏ in the semiclassical expan-
sion, the above procedure is, in fact, equivalent to
first factorizing the constraint and then treating
each factor constraint using effective semiclassi-
cal methods separately.

Thus, since the individual degeneracy sectors
within each approach behave identically to the
ideal non-degenerate frame scenario (30), all re-
sults derived for non-degenerate ideal QRFs – in
particular the equivalence between the three ap-
proaches – still hold sector-by-sector.

If we want to simultaneously consider the full
state space, which is the direct sum of all sec-
tors, then we need to also take into account the
sector swaps residing in B(C2) (100). Since these
operators have not been considered in the alge-
braic approach yet, we refrain from asserting the
equivalence conclusively for the case of including
the cross-sector operators and leave this as an
interesting future investigation.

3.5.2 Constraint factorization in the effective ap-
proach for the degenerate case

Here we show that, to order ℏ, working with
the full constraint or its two factors individu-
ally is equivalent also in the effective approach.
This then guarantees the sector-wise equivalence
among the three approaches also for the doubly
degenerate case.

For compactness of notation, we define the

square root operator Ĥ :=
√
ĜS . The con-

straint (102) factorizes as before

Ĉ = (p̂R − Ĥ)(p̂R + Ĥ) ≡ Ĉ+Ĉ−. (103)

The square root Ĥ can be expanded about ⟨ĜS⟩
to any semiclassical order, for instance, to linear
order in ℏ one finds

23To encompass also cross-sector observables, one may
consider the direct sum of the Page-Wootters reduction
maps across the sectors [51].

24See also the classical discussion about constraint fac-
torization and disjoint constraint surfaces in [47,48].
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Ĥ :=
√

⟨ĜS⟩ + ∆̂GS =
√

⟨ĜS⟩ + 1
2

1√
⟨ĜS⟩

∆̂GS − 1
8

1
⟨ĜS⟩3/2

(∆̂GS)2 +O(ℏ3/2) , (104)

so that

H = ⟨Ĥ⟩ =
√

⟨ĜS⟩ − 1
8

1
⟨ĜS⟩3/2

(∆GS)2 . (105)

Similar expressions can be found for the moments
involving Ĥ, such as (∆H)2. Since ĜS is a com-
bination of the system generators x̂i, in order to
find expressions for H, (∆H)2, and so on, in
terms of the expectation values xi = ⟨x̂i⟩ and
the corresponding quantum variables (35) one
would further expand quantities such as (∆GS)2

in terms of xi and moments to the desired order.
For compactness, we omit this explicit expansion.

To order ℏ the effective system of constraints
contains

⟨Ĉ⟩ = p2
R −H2 + (∆pR)2 − (∆H)2 = 0 , (106)

and one constraint per generator of the reference
and system algebras ⟨(ŷi − ⟨ŷi⟩)Ĉ⟩. For our pur-
poses, it will be sufficient to consider ⟨Ĉ⟩ and the
following two constraints to order ℏ

⟨(p̂R − ⟨p̂R⟩)Ĉ⟩ = 2pR (∆pR)2 − 2H∆(pRH) = 0 ,
(107a)

⟨(Ĥ − ⟨Ĥ⟩)Ĉ⟩ = 2pR∆(pRH) − 2H (∆H)2 = 0 .
(107b)

Of course (107b) is a linear combination of the
“basic” constraints (40) associated with the gen-
erators of AS : ⟨(Ĥ − ⟨Ĥ⟩)Ĉ⟩ =

∑
j fij⟨(x̂i −

⟨x̂i⟩)Ĉ⟩, where fij are some functions of the sys-
tem S variables.

Eqs. (106–107b) allow us to entirely elimi-
nate the three reference degrees of freedom pR,
(∆pR)2, and ∆(pRH) in terms of the quantities
associated with the observed system S. Combin-
ing (107a) and (107b) we quickly get

p2
R (∆pR)2 = H2 (∆H)2 . (108)

Using (106) to eliminate pR we get a quadratic
equation in (∆pR)2

(
H2 + (∆H)2 − (∆pR)2

)
(∆pR)2 = H2 (∆H)2 .

(109)

We truncate this equation to order ℏ by dropping
products between 2nd order moments to find25

(∆pR)2 = (∆H)2 . (110)

Substituting (110) into (106) gives us two solu-
tions for pR

pR = ±H . (111)

Substituting both into either (107a) or (107b)
yields

∆(pRH) = ± (∆H)2 . (112)

The two sets of solutions that we obtain are en-
tirely equivalent to what we would get if we used
one of the factors Ĉ± in place of the full con-
straint. Explicitly, to order ℏ:

⟨Ĉ±⟩ = pR ±H = 0 , (113)
⟨(p̂R − ⟨p̂R⟩)Ĉ±⟩ = (∆pR)2 ± ∆(pRH) = 0 ,
⟨(Ĥ − ⟨Ĥ⟩)Ĉ±⟩ = ∆(pRH) ± (∆H)2 = 0 ,

The above system is completely equivalent to the
set of solutions (110–112).

At order ℏ choosing subsystem R as the ref-
erence frame corresponds to the following gauge
conditions (41)

ϕ0 := (∆qR)2 = 0, (114a)
ϕi := ∆(qRyi) = 0, (114b)

with one ϕi for each generator ŷi ∈ AS . The
flow induced by ⟨Ĉ±⟩ via the quantum Poisson
bracket (33) preserves this gauge while advancing
the gauge parameter qR = ⟨q̂R⟩. To see this ex-
plicitly we note that {qR, pR} = 1 is the only non-
vanishing Poisson bracket between pR and the
basic effective coordinates (see [80]), so that, in
particular, {(∆qR)2 , pR} = {∆(qRyi), pR} = 0.
Since reference system variables commute with
system S variables we also have {(∆qR)2 , H} =
0. Finally, because [q̂R, Ĥ] = 0, we also have, to
order ℏ,

{∆(qRyi), H} =
∑

j

fij∆(qRyj) , (115)

25In fact, the full quadratic equation (109) has two real
solutions one of which is incompatible with the assumed
semiclassical hierarchy and the other reduces to this solu-
tion when truncated at order ℏ. See [33] for details.
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where fij are some functions of the expectation
values of system S generators and their moments,
so that the expression vanishes on the gauge-fixed
surface within the constraint surface. Therefore,
{C±, qR} = 1, while {C±, ϕi} = 0 on the surface
defined by imposing both the quantum constraint
and the reference gauge conditions.

4 Quantum reference frame transfor-
mations

Some of the most interesting questions in the
study of QRFs arise in scenarios where multi-
ple reference frames are available. After all, one
is essentially always free to make a different split
into system and reference. While the descrip-
tions relative to distinct reference frames will be
different, the principle of covariance tells us that
the physical laws should remain the same under
such transformations and the question is whether
this remains true also under changes of inter-
nal QRF. Different choices of QRF decompose
the total composite system of interest (of which
each QRF is a subsystem itself) in different ways
into gauge-invariant subsystems. At the level
of observable algebras, this means that different
choices of QRF ascribe distinct subalgebras of
the relational observable algebra to a given kine-
matical subsystem S. This is known as subsys-
tem relativity in the literature [21, 42, 43, 49–52].
In other words, what one calls a subsystem is
an observer-dependent concept, and so are the
quantities associated with a subsystem like its
temperature and entropy. These relational sub-
algebras describing S relative to distinct choices
of QRF need not even necessarily be isomorphic
when the QRFs have vastly different properties.

In this section, we first review the PN frame-
work machinery for transforming between QRFs
in 4.1, before using the links between the
three approaches established in Sect. 3 to derive
frame transformations in the algebraic case (in
Sect. 4.2) and to link them with the older semi-
classical transformations [35–37] of the effective
case (in Sect. 4.3), which we then also generalize.
For formulating the QRF transformations in the
latter two approaches, we restrict to the case of
a pair of ideal references frames A and B, so that
the constraint has the form

Ĉ = p̂A + p̂B + ĜS . (116)

It is not difficult to convince oneself that the re-
sults of Sect.s 3.1 and 3.2 remain valid when two
ideal frames are present as one could think of the
second frame as being part of the system.

We defer the application of QRF transfor-
mations to our model previously discussed in
Sect. 2.4 to Sect. 5.

4.1 QRF transformations within the PN frame-
work
Let us first review switching between QRFs that
may be non-ideal in the PN framework [42, 44–
46]. We assume the kinematical Hilbert space
and the constraint to have the form

Hphys = HA ⊗ HB ⊗ HS , Ĉ = ĜA + ĜB + ĜS ,
(117)

with generators Ĝi commuting with each other
and ĜA, ĜB possessing arbitrary continuous but
non-degenerate spectra σA, σB. The gauge-
invariant picture is straightforward: we can again
map kinematical states to physical states by
means of the group averaging operator (5). The
total gauge-invariant algebra on the kinematical
Hilbert space can now be written in two equiv-
alent (isomorphic) ways by building relational
Dirac observables with respect to A or with re-
spect to B [51]

Ainv =
〈
Ôρ

B(f̂AS), ĜB|f̂AS ∈ AAS ; ρ ∈ R
〉

=
〈
Ôρ

A(f̂BS), ĜA|f̂BS ∈ ABS ; ρ ∈ R
〉
,

(118)

where we used the same notation as in (13), and
additionally introduce AiS := ⟨Ai ∪ AS⟩ as the
subalgebra generated by Ai and AS only. In what
follows, we will at times be interested in only the
relational subalgebras of Ainv, which correspond
to describing the system S relative to either QRF
on the full kinematical Hilbert space26

Ainv
S|A :=

〈
Ôρ

A(f̂S)|f̂S ∈ AS ; ρ ∈ R
〉
, (119)

Ainv
S|B :=

〈
Ôρ

B(f̂S)|f̂S ∈ AS ; ρ ∈ R
〉
. (120)

It may be checked that

Ainv
S|A ∩ Ainv

S|B = AĈ
S = AĜS

S , (121)

26Alternatively, one could have fixed ρ and add
(bounded functions of) the generator of reorientations Ĝi

to the algebra to get the relational observables for all val-
ues of ρ. The result would be a (subalgebra of) the crossed
product [50,51].
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i.e. the two algebras overlap exactly in those op-
erators of the system S that are already gauge-
invariant without dressing to either of A or B
[43, 50–52]. These are precisely all the internal
relational observables of S (which may contain
other internal QRFs) and these are invariant un-
der reorientations of either frame. This is at
the heart of the subsystem relativity alluded to
above. In some cases, this overlap may be trivial
(i.e. the identity component of the algebra).27

Assuming Ĝi ∈ Ai, i = A,B, S, on the physical
Hilbert space, the representation of Ainv becomes

Aphys =
〈
Ôρ

B(f̂AS)
∣∣ f̂AS ∈ AAS ; ρ ∈ R

〉
=
〈
Ôρ

A(f̂BS)
∣∣ f̂BS ∈ ABS ; ρ ∈ R

〉
. (122)

In the context of two QRFs, the Page-Wootters
reduction map (15) trivially extends to

RA(ρ) := ⟨ρ|A ⊗ 1B ⊗ 1S , (123)

and similarly for RB(ρ). Likewise, the definition
of the projector (17) then extends to Π|A pro-
jecting onto the subspace HBS|A of HB ⊗ HS ,

spanned by the eigenstates of ĜB + ĜS with
eigenvalues in the range σB+S ∩ (−σA), and sim-
ilarly with Π|B. Exploiting the invertibility of
the PW reduction maps on the physical Hilbert
space, we can build a QRF transformation from
A-perspective to B-perspective, VA→B(ρA, ρB) :

HBS|A → HAS|B, simply by [42,44]

VA→B(ρA, ρB) := RB(ρB) ◦ R†
A(ρA) (124)

=
∫
R

dρ′ (
∣∣ρA + ρ′〉

A ⊗
〈
ρB − ρ′∣∣

B ⊗ 1S)e−iρ′ĜS .

This transformations maps the reduced states
(defined as in Sect. 2.1.4) as

∣∣∣ψAS|B(ρB)
〉

= VA→B(ρA, ρB)
∣∣∣ψBS|A(ρA)

〉
.

(125)
Note that these take the form of quantum coor-
dinate transformations, mapping from one per-
spective via the perspective-neutral Hilbert space
Hphys to the new perspective, in resemblance
with coordinate transformations on a manifold.

In order to compare with the algebraic and ef-
fective approaches below, let us now restrict A,B
to be ideal QRFs, with Ĝi = p̂i, i = A,B, as
in (116), so that Π|A = 1B ⊗1S , Π|B = 1A ⊗1S ,
and (cf. (20))

ABS|A = RA(ρ) Aphys R†
A(ρ) = ABS ,

AAS|B = RB(ρ) Aphys R†
B(ρ) = AAS ,

(126)

each consisting of the bare operators, and explore
the effect of the QRF transformations on observ-
ables.

We use the fact that [44,58,59,63]

VA→B(ρA, ρB) (q̂B ⊗ 1S) V †
A→B(ρA, ρB) = −q̂A ⊗ 1S + ρA + ρB

VA→B(ρA, ρB) (p̂B ⊗ 1S) V †
A→B(ρA, ρB) = −p̂A ⊗ 1S − 1A ⊗ ĜS .

(127)

An arbitrary element of ABS|A is (up to closure) a sum of products of operators f̂B ⊗ f̂S , so let us

focus on these. Assuming f̂B ≡ fB(q̂B, p̂B) can be expanded in powers of q̂B, p̂B, we find

VA→B(ρA, ρB)
(
f̂B ⊗ f̂S

)
V †

A→B(ρA, ρB) = (128)

= fB((ρB + ρA) − q̂A ⊗ 1S ,−p̂A ⊗ 1S − 1A ⊗ ĜS) ÔρA
A (f̂S) .

Here we treat ÔρA
A (f̂S) as an operator on the factor space HA ⊗ HS . It is the kinematical form (i.e.

using incoherent group averaging) of relational observables in (11), which, in the ideal case, reduces
to the expression (12) that can be evaluated on the factor space HA ⊗ HS . Note that ÔρA

A (f̂S) and f̂B

commute. Together with (125) it is then clear that expectation values transform as〈
ψBS|A(ρA)

∣∣∣ (f̂B ⊗ f̂S

) ∣∣∣ψBS|A(ρA)
〉

= (129)

=
〈
ψAS|B(ρB)

∣∣∣ fB((ρB + ρA) − q̂A ⊗ 1S ,−p̂A ⊗ 1S − 1A ⊗ ĜS) ÔρA
A (f̂S)

∣∣∣ψAS|B(ρB)
〉
.

27For example, one such case is when AS is a type III1
algebra in perturbative quantum gravity, as explored in
[50,51].
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We will find the same relations in the algebraic and effective approaches below.

Finally, as regards subsystem relativity, note
that the subalgebra 1B ⊗AS of ABS|A in (126) is
the representation of Ainv

S|A in (119) on the physi-
cal Hilbert space but expressed in A-perspective.
Similarly, 1A ⊗ AS is the representation of Ainv

S|B
in B-perspective. Setting f̂B = 1B in (128), we
see that 1B ⊗ AS does not map into 1A ⊗ AS

under QRF transformations, reflecting the fact
that the two algebras are distinct, cf. (121).
This leads to a host of QRF-dependent effects
[43,50–52,62,63,68].

4.2 Constructing frame transformations for the
algebraic approach

We again focus on the case where both reference
frames are ideal, as in (116). From the perspec-
tive of A, the observed system algebra ABS is
generated by AB∪AS , while from the perspective
of B, the observed system is described by AAS

and generated by AA∪AS . Given a physical state
[ω]C (25), the two descriptions correspond to
two distinct almost positive states ωA|ρA

, ωB|ρB
∈

[ω]C , sampling the physical state, each satisfy-
ing its own frame’s gauge conditions (69). How
are the expectation values assigned by ωA|ρA

and

ωB|ρB
related to each other? Given f̂BS ∈ ABS ,

relation (71) links its evaluation to a relational
Dirac observable

ωA|ρA
(f̂BS) = ωA|ρA

(ÔρA
A (f̂BS)) . (130)

Since ÔρA
A (f̂BS) is a strong Dirac observable,

its value does not change along the gauge orbit
that constitutes the algebraic physical state [ω]C ,
yielding the same result for both A-gauge and B-

gauge sampling of [ω]C :

ωA|ρA
(ÔρA

A (f̂BS)) = ωB|ρB
(ÔρA

A (f̂BS)). (131)

Combining (130) and (131) we get the key rela-
tion for transforming algebraic data from B to
A

ωA|ρA
(f̂BS) = ωB|ρB

(ÔρA
A (f̂BS)). (132)

The transformation to A’s perspective is then
achieved by evaluating the expression on the
right-hand side of (132) in terms of elements of
AAS which describe the observed system from
B’s perspective.

Before we take a closer look at (132), we note
that, once again, using the concrete Hilbert space
realization (72) of gauge-fixed algebraic states,
this relation holds in exactly the same form also
for non-ideal QRFs. This follows from the fact
that we derived (130) in (75) for states in (72)
without assuming an ideal QRF, while (131) only
assumes the two states belong to the same gauge
orbit and clearly also holds in the non-ideal case.

Let us now return to A,B being ideal QRFs,
so that we do not need to assume states of
the form (72). To make the frame transforma-
tion implied by (132) more explicit, we consider
f̂BS = f̂B f̂S , where f̂B is ordered so that each
of its monomial terms has all of the powers of
q̂B on the left. We note that any polynomial
in q̂B and p̂B can be brought to this ordering
using the canonical commutation relation. Fur-
thermore, the transformation for an arbitrary el-
ement of ABS follows, since (up to closure) it is
a linear combination of terms of the form f̂B f̂S .
As shown in detail in appendix A.2, this gives us
the following equation for transforming between
a pair of ideal frames

ωA|ρA
(f̂B f̂S) = ωB|ρB

(fB(ρB + ρA − q̂A,−p̂A − ĜS)ÔρA
A (f̂S)). (133)

This is precisely the algebraic incarnation
of (129) from the PN framework. This identity
allows us to compute the value assigned by a state
in A-gauge to any observable of the form f̂B f̂S in
terms of the values assigned by the B-gauge sam-
pling of the same physical state.

What originally was an element fB(q̂B, p̂B) on
the left-hand side is replaced by the same ele-
ment but with its arguments transformed as on
the right-hand side. In particular, setting fS = 1,
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and f̂B to q̂B and p̂B respectively, we find

ωA|ρA
(q̂B) = ωB|ρB

(ρB + ρA − q̂A),
ωA|ρA

(p̂B) = ωB|ρB
(−p̂A − ĜS).

(134)

This holds for all states, so we read off the
transformations (q̂B)A|ρA

→ (ρB + ρA − q̂A)B|ρB

and (p̂B)A|ρA
→ (−p̂A − ĜS)B|ρB

which agree
with (127) of the PN framework. Here, the short-
hand notation (.)A|ρA

simply means ‘evaluation
in A-gauge’, including qA = ρA.

For any purely-S observable, where f̂B = 1,
relation (133) looks exactly the same as (132).
Expanding it using (12), we find

ωA|ρA
(f̂S) = ωB|ρB

(ÔρA
A (f̂S))

= ωB|ρB
(e−i(q̂A−ρA)ĜS/ℏf̂Se

i(q̂A−ρA)ĜS/ℏ)
= ωB|ρB

(f̂S) (135)

+ ωB|ρB

(
e−i(q̂A−ρA)ĜS/ℏ[f̂S , e

i(q̂A−ρA)ĜS/ℏ]
)
.

The same expression, of course, also follows
from (129) in the PN framework. We see that
the expectation values assigned to pure-S observ-
ables differ between the two perspectives by ad-
ditional terms whenever f̂S does not commute
with the system generator ĜS . Note that if f̂S

commutes with ĜS , then it lies exactly in the
overlap (121) of the relational observable alge-
bras describing S relative to A,B. Only in that
case do the expectation value expressions taken
in different reference frames agree.

4.3 Effective semiclassical frame transforma-
tions
The information one needs to relate when switch-
ing between effective QRFs is similar to the alge-
braic case. Physical states correspond to entire
gauge orbits generated by the constraint func-
tions on the quantum phase space defined by clas-
sical and quantum variables of the truncated sys-
tem. Descriptions from A’s and B’s perspectives
correspond to choosing different sample points
along those gauge orbits [35–37]. Let us first re-
produce the QRF transformations of the previous
two subsections in the effective approach, before
linking them with the older method of semiclas-
sical frame changes described in [35–37], which
contains equivalent information.

Earlier in Sect. 3.2, we established that the ex-
pectation values of Dirac observables are gauge-
invariant functions on the quantum phase space,
and that this still holds true to the appropriate
semiclassical order once truncation is performed.
Hence, we can use the expectation values of re-
lational Dirac observables (12) when changing
frames just like we did for the algebraic frame
transformation in Sect. 4.2. In particular, both
sides of relation (132) can be expanded in ex-
pectation values of generators and their moments
and then truncated at some order M

TM

〈
f̂BS

〉
A|ρA

= TM

〈
ÔρA

A (f̂BS)
〉

B|ρB

, (136)

where the subscript “A|ρA” indicates that A-
gauge conditions are imposed with qA = ρA,
and similarly for B. Furthermore, because the
gauge and constraint conditions in the effective
approach are identical to those of the algebraic
approach (see Sect. 2.3.3), the argument from ap-
pendix A.2 leading up to (133) also applies in the
effective case giving us a truncated version of that
relation

TM

〈
f̂B f̂S

〉
A|ρA

= TM

〈
fB(ρB + ρA − q̂A,−p̂A − ĜS)ÔρA

A (f̂S)
〉

B|ρB

, (137)

which can be specialized to truncated versions
of (134) and (135). Thus, also in the effective
approach one finds agreement with (129) of the
PN framework (up to the chosen order M).

We note that, within the effective con-
struction, A and B perspectives possess pre-

ferred sets of coordinates. Let {x̂i}i=1,...,N be
the basic observables that generate the sys-
tem algebra AS , then ABS is generated by
{ŷi}i=1,...,N+2 = {q̂B, p̂B; x̂j}, while AAS is gen-
erated by {ẑi}i=1,...,N+2 = {q̂A, p̂A; x̂j}. The pre-
ferred coordinates for describing physics relative
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to A are then the classical and quantum variables
associated with the generators of ABS , namely
{yi} and {∆ (yn1

1 yn2
2 . . .)}, similarly for B’s per-

spective we should use {zi} and {∆ (zn1
1 zn2

2 . . .)}.
We can now use (136) and (137) to create explicit
coordinate transformations for generator expec-
tation values

(yi)A|ρA
=
〈
ÔρA

A (ŷi)
〉

B|ρB

, (138)

for their second-order moments

∆(yiyj)A|ρA
= ⟨(ÔρA

A (ŷi)ÔρA
A (ŷj))Weyl⟩B|ρB

− ⟨ÔρA
A (ŷi)⟩B|ρB

⟨ÔρA
A (ŷj)⟩B|ρB

, (139)

and so on for moments of all orders. The right-
hand side expressions in (138) and (139) need to
be written in terms of the B-frame coordinates zi

and their moments. To that end, each expecta-
tion value needs to be expanded in the expecta-
tion values and moments of the kinematical gen-
erators {q̂A, p̂A, q̂B, p̂B; x̂i} as in (38), variables
associated with p̂B must be eliminated using the
constraint conditions (⟨âp̂B⟩ = ⟨â(−p̂A−ĜS)⟩ for
all â), while variables associated with q̂B are re-
moved by B-gauge conditions (41) and qB = ρB.
We look at explicit examples of effective frame
switching in Sect. 5.1 and appendix B.

As mentioned in the introduction and em-
phasized throughout the manuscript, the ear-
lier work on (temporal) QRFs [35–37] already
constructed explicit QRF transformations at the
leading semiclassical order. To our knowledge it
constitutes the first explicit construction of QRF
transformations in the literature and it is worth
briefly summarizing the method it utilized and
comparing to the method of this section. This
earlier work considered two-component canonical
systems governed by constraints of the form28

Ĉ = p̂2
A − p̂2

B − V (q̂A, q̂B) , (140)

where V (q̂A, q̂B) is an arbitrary interaction po-
tential between the two component systems. We
note that this model lacks a separate “observed
system” component: from the perspective of A
the observed system is simply B and vice versa.

28This form of the constraint is inspired by the Wheeler-
DeWitt equation of quantized homogeneous cosmological
models. The first clock changes in the PN framework
were also formulated in two-component models of this kind
(with V = 0) [47,48].

While the constraint is not of the simple form
discussed in Sect. 2.1, one may still use the ideal
QRF orientation observables q̂A, q̂B for the two
frames (which, however, is not exactly covariant
with respect to Ĉ); this is exactly what the ef-
fective treatment in the above references invoked.
To order ℏ this system possesses five independent
constraint conditions (40) C, CqI , CpI , I = A,B
(analogous to (42), but having a different form
in terms of the classical and quantum variables
due to the difference between constraints (140)
and (30)). Assuming the perspective of frame
I = A,B involves just three gauge-fixing condi-
tions (41)

(∆qI)2 = 0 , ∆(qIqJ) = 0 , ∆(qIpJ) = 0 ,
(141)

where J ̸= I is the label for the other subsys-
tem. One may then also completely fix the gauge
by further setting qI = q0

I = const. The main
idea for constructing an explicit transformation
between the two QRF perspectives in those pa-
pers is the same as the one used here: given rela-
tional information from the perspective of A the
physical state corresponds to the entire gauge or-
bit generated by the constraint functions via the
Poisson bracket (33). Relational data from the
perspective of B correspond to another point on
the same gauge orbit—the one for which B-gauge
conditions hold.

The method for actually computing the values
assigned by the same physical state to relational
data from the perspective of B used in [35–37] is
somewhat different from what was done earlier in
this subsection. Instead of relying on the invari-
ance of values of explicitly constructed relational
Dirac observables, this older construction looked
for a specific combination of constraint-generated
flows that accomplish a suitable gauge transfor-
mation; namely, in the case of transforming from
A to B we need29

(∆qB)2 = w1
∆(qBqA) = 0
∆(qBpA) = w2

−→


(∆qB)2 = 0
∆(qBqA) = 0
∆(qBpA) = 0

,

(142)
where wi are the particular values taken by B’s
moments in the A-gauge. If one wishes to com-

29For convenience, in [35–37] the last gauge condition
listed in (141) was replaced with ∆(qApA) = −iℏ/2 by us-
ing constraint functions and the first two gauge conditions.
(See discussion leading up to (43).)
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pletely fix the gauge, one will also need to imple-
ment qB|A → q0

B, where qB|A is the value of qB

in A-gauge. One then uses this specific combi-
nation of gauge flows to compute their effects on
the classical and quantum variables of interest, in
this way constructing a transformation from the
full set of A-frame coordinates to the full set of
B-frame coordinates, and, by construction, this
must coincide with (137)–(139) if one applied it
to constraints of the form discussed here. Indeed,
both methods simply compare expectation values
of the basic observables on the same two gauge
fixing surfaces.

While the explicit method for constructing
QRF transformations used in [35–37] is there-
fore different, the shared treatment of the physi-
cal state as a gauge orbit in the quantum phase
space of the kinematical system ensures that
the transformations derived using either method
carry identical information. Thus, at semiclas-
sical order, the QRF transformations of the PN
framework agree with those of the effective ap-
proach (constructed with either method summa-
rized here).

4.4 Changes of degenerate QRFs
So far we assumed the QRFs involved in the
transformations to be non-degenerate. Let us
briefly discuss – at a purely qualitative level –
what happens when the QRFs admit degenerate
reorientation generators. For definiteness, let us
assume we are given a constraint of the form

Ĉ = p̂2
A − p̂2

B + ĜS . (143)

We may then factorize it, similarly to (102), ei-
ther with respect to A or B as Ĉ = ĈA

+ ĈA
− =

ĈB
+ ĈB

− . The corresponding projectors ΠA
±,ΠB

±
commute with one another, as well as with Ĉ.
This means that the kinematical and physical
Hilbert spaces decompose into four distinct sec-
tors [45,48,51]

Hkin =
⊕

λA,λB=+,−
Hkin

λAλB
,

Hphys =
⊕

λA,λB=+,−
HλAλB

,
(144)

where the Ĉ-generated gauge transformations
preserve each kinematical sector Hkin

λAλB
. (Note

that gauge-invariant observables are not re-
stricted to preserve these sectors, cf. (100).) This

is the quantum incarnation of the fact that clas-
sically the constraint surface is comprised of four
disjoint pieces not linked by gauge orbits [48] (see
also [47]). Since all of our QRF transformations
are based on gauge transformations,30 we have
that we can only change QRF per λAλB sector.

Indeed, for each QRFR the PW reduction map
is now defined per λR-sector, and so composing
it with the inverse reduction of the other QRF
as in (124) leads to QRF transformations per
λAλB-sector [45, 47, 48, 51]. Of course, one may
take the direct sum of these maps to cover the
entire physical Hilbert space and encompass ob-
servables that map between sectors. Similarly, in
the algebraic and effective approaches, the expec-
tation values ω(Ĉi

±), ⟨Ĉi
±⟩, i = A,B, are gauge-

invariant Dirac observables, so that the gauge
flows leave the λAλB-sectors invariant and we
can only switch QRFs sector-wise. Given the
sector-wise equivalence of the three approaches
discussed in Sect. 3.5.1, as well as the agreement
of their QRF changes for ideal QRFs discussed
above, the sector-wise QRF changes in the de-
generate case will likewise encode the same in-
formation for expectation values across the three
approaches.

5 Frame dependence of uncertainties
and covariances
Let us now consider a physical application of
the QRF transformations formulated in Sect. 4.
We will show that moments of observables, such
as uncertainties (∆ai)2 and covariances ∆(aiaj)
take different values in different frame perspec-
tives – these quantities are thus frame-dependent.
It is natural to consider their transformations
within the effective approach, as they are the
fundamental quantum variables of interest. Of
course, as we have shown above, it does not mat-
ter which formalism is used to transform them.

30This is manifest in the algebraic and effective ap-
proaches but also true for the QRF transformations of the
PN framework that we reviewed. Indeed, recall that the
PW reduction RR(ρ) is a gauge fixing. Thus, (124) is a
change of gauge and thereby corresponds to a gauge trans-
formation. In the quantum theory, this was made man-
ifest in [20] and in the classical setting in [47, 48, 58, 59].
Note that the PN framework admits a second kind of QRF
transformation, purely at the relational observable level,
that switches the QRF dressing and is not related to gauge
transformations [42,43,75,77].
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Some frame transformation properties of uncer-
tainties and covariances were explored within the
effective approach in [35–37]. One important fea-
ture of the models treated in this older work is
that they all consisted of a pair of subsystems.
In this case, the frame transformation involves a
complete switch between which kinematical sub-
system is observed and which serves as reference,
so that the two frames did not both describe the
same third kinematical subsystem S as here. As
a result, variables such as (∆fS)2, that could be
compared in both perspectives did not arise. In-
stead, the most interesting effects caused by the
frame transformations in [35–37] were due to the
interaction between the two subsystems. Frame
dependence of uncertainties of the type recently
explored in [62] does not directly appear in those

older transformations. While [62] makes use of
the PN framework, here we show how the use
of the (equivalent) semiclassical effective expan-
sion streamlines the process, leading to the same
conclusions in an efficient way, while slightly gen-
eralizing the argument.31

We consider a system with two ideal frames
governed by a constraint of the form (116). As in
Sect. 4.3, we assume that the system algebra AS

is generated by a set of elements x̂i, that form
a Lie algebra with respect to the commutator,
and that ĜS ≡ ĜS(x̂i). Let us apply the re-
sults of Sect. 4 to look at the transformation of
the uncertainty of an arbitrary system observable
f̂S ≡ f̂S(x̂i) ∈ AS . Starting from the definition
of uncertainty and applying (136) and (12) we
find

TM (∆fS)2
A|ρA

= TM

[
(∆fS)2

B|ρB
+
〈
e−i(q̂A−ρA)ĜS/ℏ[f̂2

S , e
i(q̂A−ρA)ĜS/ℏ]

〉
B|ρB

−
〈
e−i(q̂A−ρA)ĜS/ℏ[f̂S , e

i(q̂A−ρA)ĜS/ℏ]
〉2

B|ρB

(145)

−2
〈
f̂S

〉
B|ρB

〈
e−i(q̂A−ρA)ĜS/ℏ[f̂S , e

i(q̂A−ρA)ĜS/ℏ]
〉

B|ρB

]
.

In particular, we observe that whenever
[f̂S , ĜS ] ̸= 0 (and so Ôρ

i (f̂S), i = A,B does
not reside in the intersection (121) of the rela-
tional system algebras), the uncertainty in the
value of fS , as viewed from B’s perspective, will
differ from the uncertainty from A’s perspective
by terms that depend on the covariances and un-
certainties of the other operators including q̂A, as
seen relative to frame B.32

31An interesting exploration of uncertainties in the con-
text of the distinct operational approach to QRFs has re-
cently appeared in [31], also using quantum phase space
techniques (albeit distinct ones). frame dependence was
however not analyzed there.

32Making use of the nested commutator formula [44,
Eq. (27)] for ideal frames

ÔρA
A (f̂S) =

∑
n=0

(i∆̂qA)n

ℏnn! [f̂S , ĜS ] n

= f̂S +
∑
n=1

(i∆̂qA)n

ℏnn! [f̂S , ĜS ] n, (146)

equation (145) can also be written in a more suggestive

In the following subsection we look at explicit
examples of uncertainty and covariance transfor-
mations in the context of the translationally in-
variant system introduced in Sect. 2.4. We en-
courage the interested reader to also look at the
example of effective frame transformations for a
system with algebra generated by su(2) discussed
in appendix B.

form as

(∆fS)2
A|ρA

= (∆fS)2
B|ρB

+
∑
n=1

ωB|ρB
( (i∆̂qA)n

ℏnn! [f̂2
S , ĜS ] n)

− ω2
B|ρB

(
∑
n=1

(i∆̂qA)n

ℏnn! [f̂S , ĜS ] n) (147)

− 2ωB|ρB
(f̂S)ωB|ρB

(
∑
n=1

(i∆̂qA)n

ℏnn! [f̂S , ĜS ] n).
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5.1 Back to the translationally invariant sys-
tem
Consider again the translationally invariant sys-
tem of particles from Sect. 2.4, where gauge sym-
metry is generated by constraint (49). Let us be-
gin by deriving the transformation for the uncer-
tainty in the position of particle C as we go from
frame B to frame A. In frame A, this uncertainty
can be computed via

(∆qC)2
A|ρA

=
〈
q̂2

C

〉
A|ρA

− ⟨q̂C⟩2
A|ρA

. (148)

Using (136), we find

TM ⟨q̂C⟩A|ρA
= TM

〈
ÔρA

A (q̂C)
〉

B|ρB

(149)

= TM ⟨q̂C − q̂A + ρA⟩B|ρB
.

By using the Dirac observable ÔρA
A (q̂2

C) =
(ÔρA

A (q̂C))2, we obtain the analogous expression
for TM

〈
q̂2

C

〉
A|ρA

. Expanding expectation values

through (38), now allows us to write the right-
hand-side of (148) in terms of the quantum vari-
ables evaluated in frame B, yielding

(∆qC)2
A|ρA

(150)
= (∆qC)2

B|ρB
+ (∆qA)2

B|ρB
− 2∆(qAqC)B|ρB

.

Since the expression for
〈
ÔρA

A (q̂2
C)
〉

only involves

moments up to order two, the relation (150) is
valid for all orders of truncation M ≥ 2. Sup-
pose particle C is well localized when seen in
frame B. According to (150), that same parti-
cle may well have a high uncertainty in position
when described relative to frame A. For exam-
ple, if in frame B the correlation between the
positions of A and C are small, while the un-
certainty in the position of A is large, we get
(∆qC)2

A|ρA
≈ (∆qA)2

B|ρB
, which can be large in-

dependently from (∆qC)2
B|ρB

.
Similarly, by considering the Dirac observable

ÔρA
A (q̂B q̂C) = ÔρA

A (q̂B)ÔρA
A (q̂C) we obtain the

transformation of covariance between the posi-
tions of B and C, when we switch between frames
D and A

∆(qBqC)A|ρA
= ∆(qBqC)D|ρD

+ (∆qA)2
D|ρD

− ∆(qAqB)D|ρD
− ∆(qAqC)D|ρD

. (151)

Specializing the above result for the case where
B = D we obtain, after imposing the B-gauge

conditions on the right hand side,

∆(qBqC)A|ρA
= (∆qA)2

B|ρB
− ∆(qAqC)B|ρB

.
(152)

Again, if the correlations between particle C
and A are small from B’s perspective, but par-
ticle A is not localized in that frame; then
there are nonzero correlations between particles
C and B from A’s perspective: ∆(qBqC)A|ρA

≈
(∆qA)2

B|ρB
. In particular, this could mean that

the positions of particles C and B are entangled
when described in frame A while the positions of
C and A are uncorrelated when viewed from B.

We could derive similar transformations for the
variances and covariances of the momenta and
of mixtures of position and momenta by select-
ing appropriate relational Dirac observables and
performing the effective expansion. This pro-
cedure reproduces the transformations reported
in [62]. In particular, Eqs. (150, 151, 152) are the
same as [62, Eqs. (16-18)], which invoked the PN
framework machinery, that we showed is equiv-
alent to the effective approach.33 In our treat-
ment, on the other hand, we emphasize that all
these relations stem from (132) which also works
for more general systems, such as, for example,
the one discussed in appendix B, where the sys-
tem algebra is generated by su(2).

Finally, as a sanity check, let us show how the
same equations follow directly from the equiva-
lent PN framework using the QRF transforma-
tions (124). As an example, we will re-derive
(150). We start by considering the reduced al-
gebras (126), stemming from jumping into the
perspectives of particle A and B, respectively

AIĀ|A = {q̂i, p̂i|i ∈ IĀ}, AIB̄ |B = {q̂i, p̂i|i ∈ IB̄},
(153)

where Iī := I\{i}, and which can be transformed
into each other through the QRF transformation
(124). Applying this map to q̂C , or more precisely

33The authors of [62] followed the procedure in [59] for
constructing the physical Hilbert space, but did not di-
rectly invoke the frame change maps (124). Instead, they
expressed the physical momentum space wave function in
different ways by solving the momentum constraint (49)
for different momenta, circumventing the need for an ex-
plicit transformation from one frame to another. In fact,
this is precisely the information contained in [59, Eqs. (24,
25, 35)], and writing the physical momentum wave func-
tion in different ways by solving for the momenta of dif-
ferent choices of QRF is exactly equivalent to explicitly
using the QRF changes (124).
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invoking (128) for f̂S = q̂C and setting f̂B = 1B

and recalling (53), results in

VA→B(0, 0) q̂2
C V

†
A→B(0, 0)

= (VA→B(0, 0) q̂C V
†

A→B(0, 0))2 (154)
= (q̂C − q̂A)2 = q̂2

C + q̂2
A − 2q̂C q̂A.

Taking the expectation value of the right hand
side in a relational state corresponding to the
B-frame |ψIB̄ |B(0)⟩, is then equivalent to eval-

uating q̂2
C in the corresponding relational state

in A-gauge |ψIĀ|A(0)⟩, cf. (129). Employing an
expansion as in (38) then leads to the same ex-
pression as (150).

We note that this QRF dependence of uncer-
tainties and covariances is entirely due to subsys-
tem relativity manifested in (121) and discussed
below (129).

6 From physical states to algebraic
states and gauge flows

In the preceding sections, we have demonstrated
that the Hilbert-space based methods of the PN
framework, the algebraic, and the related semi-
classical effective constructions (at appropriate
order) encode equivalent relational information
when applied to an ideal non-interacting QRF.
As we have seen, the connection to the algebraic
states is most direct through the Page-Wootters
conditional states (72), which can be viewed as
a form of gauge-fixing. The Hilbert-space ver-
sion of this gauge-fixing is accomplished via a
projection to a “Schrödinger” reduced Hilbert
space (see equation (15)), which, unlike the pro-
jection to the physical Hilbert space, depends on
the choice of gauge provided by a particular con-
figuration of the chosen reference system. The
algebraic version of this gauge is imposed on al-
gebraic kinematical states—linear functionals on
an algebra of kinematical observables—by way of
restricting to states that are left-multiplicative
with respect to the reference configuration ob-
servable (see equation (28)).

In this section, we reconcile two formal dif-
ferences between these two approaches to fixing
gauge. First, the Hilbert-space-based approach
involves constructions and maps between several
Hilbert spaces beyond the original kinematical
Hilbert space, whereas the algebraic approach

only deals with states on the kinematical ob-
servable algebra. Second, reference gauge (28) is
explicitly designed to fix a large class of gauge
flows (23) on algebraic solution states of the
constraint, whereas there are no gauge flows on
Hilbert space solutions to the constraint, since its
action on solutions is trivial. We will show that
these differences “melt away” once one focuses on
generalized algebraic states constructed by ex-
tending the physical inner product (6) so that
it can be used to compute (generalized) matrix
elements of kinematical observables through the
choice of a gauge. Gauge flows manifest them-
selves as gauge-choice-dependence of the values
assigned by extended states to non-invariant ob-
servables.

Sect. 6.1 and 6.2 discuss the above gauge choice
in a very general way, making very few assump-
tions about the constrained system. Sect. 6.3
and 6.4 focus on the gauge associated with orien-
tation of a reference system, assuming that the
orientation space is the real line but without as-
suming that the reference system is ideal.

6.1 Extensions of the physical inner product to
non-invariant observables
The key Hilbert space operation for construct-
ing solutions to the constraint from kinemati-
cal states is the physical state map Π defined
in (5).34 The result of applying Π to a state in H
is a generalized state in H∗, which can be evalu-
ated on “nicely-behaved” elements of H, formally
this is done via the kinematical inner product. As
a functional on H the result satisfies

Ĉ Π|ψ⟩ = 0 , (155)

in the sense that ⟨ϕ|ĈΠ|ψ⟩ = 0 for all |ϕ⟩, |ψ⟩ ∈
H that are in the domain of the Abelian algebra
generated by Ĉ. From now on, we will shorten
the notation: for equality of a pair of sequences of
operations A and B we will simply write A = B,
to mean that there are dense subsetsD1, D2 ⊂ H,
such that ⟨ϕ|A|ψ⟩ = ⟨ϕ|B|ψ⟩ for all |ϕ⟩ ∈ D1 and
|ψ⟩ ∈ D2. For example, it follows immediately
that

eisĈ/ℏΠ = Π . (156)
In the Hilbert space methods of the PN frame-

work Π forms the basis for both constructing

34To make comparison with QRF literature easier, we
note that Π is often denoted as δ(Ĉ) (for example in [44]).

Accepted in Quantum 2026-07-27, click title to verify. Published under CC-BY 4.0. 39



solutions to the constraint (5) and defining the
physical inner product (6) between a pair of so-
lution states |ψphys⟩ and |ϕphys⟩.35 We can use
the physical inner product to compute expecta-
tion values and matrix elements of strong Dirac
observables Ô relative to physical states(

ψphys

∣∣∣Ô∣∣∣ϕphys) = ⟨ψ|ÔΠ|ϕ⟩ , (157)

where |ψ⟩ and |ϕ⟩ are any kinematical states such
that Π|ψ⟩ = |ψphys⟩ and Π|ϕ⟩ = |ϕphys⟩. Since
the final expression on the right involves states
on the kinematical Hilbert space, it can be used
to assign values also to kinematical observables
that do not commute with Ĉ. Of course, Π is
many-to-one and there is an equivalence class of
(generalized) states |ψ⟩ and |ϕ⟩ that give identi-
cal physical expectation values, but the choice of
representative states does matter for non-Dirac
observables. We can view a particular choice of
such states as a gauge choice that allows us to
extend evaluation of a physical matrix element
in (157) to kinematical observables Â(

ψphys

∣∣∣Â∣∣∣ϕphys)Φ
:= ⟨ψphys|ΦÂ|ϕphys⟩ , (158)

where the gauge Φ represents a particular choice
of a representative state for each solution state,
so that |ψ⟩ = Φ|ψphys⟩ with Π|ψ⟩ = |ψphys⟩, and
the notation on the right hand side means that
ΦÂ is to be evaluated in physical states using the
kinematical inner product. In short, a gauge is
a particular choice of representing the physical
inner product via the kinematical inner product.

In situations of primary interest to us, the
states Φ|ψphys⟩ will be constructed using fixed
orientation states of the reference system (7),
which are typically generalized states in H∗

R,
rather than proper states in HR. For our pur-
poses, then, a gauge is a linear map Φ from the
space of solutions to the constraint Hphys to suf-
ficiently nicely behaved elements of H∗, the dual
of the kinematical Hilbert space, such that for
any pair of solutions we can use the kinematical
inner product to evaluate

⟨ψphys|Φ|ϕphys⟩ = ⟨ϕphys|Φ|ψphys⟩ < ∞ , (159)

and Π(Φ|ψphys⟩) = |ψphys⟩, so that, on H we have

Π Φ Π = Π , (160)
35As we have done for the PN construction in Sect. 2.1,

throughout Sect. 6 we assume that (6) defines a positive
definite inner product.

and, similarly, on Hphys, we get Φ Π Φ = Φ. Note
that (160) by itself already implies that ⟨.|Φ|.⟩ is a
bounded complex-sesquilinear form on Hphys, we
therefore take (160) to be the defining property of
a gauge.36 In particular, it ensures that

⟨ψphys|Φ|ϕphys⟩ = (ψphys|ϕphys) , (161)

and, more generally, for any Dirac observable Ô,

⟨ψphys|Φ Ô|ϕphys⟩ =
(
ψphys

∣∣∣Ô ∣∣∣ϕphys) , (162)

To show this explicitly, we note that there are
|ψ⟩ and |ϕ⟩ in H, such that Π|ψ⟩ = |ψphys⟩ and

Π|ϕ⟩ = |ϕphys⟩. Furthermore, ÔΠ = ΠÔ and we
quickly get

⟨ψphys|Φ Ô|ϕphys⟩ = ⟨ψ|Π Φ ÔΠ|ϕ⟩
= ⟨ψ|Π Φ Π Ô|ϕ⟩
= ⟨ψ|Π Ô|ϕ⟩

=
(
ψphys

∣∣∣Ô ∣∣∣ϕphys) .

(163)

Given a gauge Φ, there will generally be some
kinematical observables that do not commute
with Ĉ for which the generalized matrix elements
⟨ψphys|Φ Â|ϕphys⟩ can also be computed, where
the value does depend on the choice of Φ and the
gauge choice matters. Our main example of a
gauge is the reference frame gauge Θ(ρ) defined
in Sect. 6.3 by direct analogy with the reduc-
tion map (15). Before we discuss this example
in detail, we first consider the general properties
of gauge fixing applied to kinematical algebraic
states.

6.2 Gauge freedom of algebraic states

The previous subsection introduced gauge free-
dom associated with evaluating expectation val-
ues and generalized matrix elements of kinemati-
cal observables with respect to physical states. In
order to better understand this gauge freedom, it
will be convenient to focus on algebraic states—
linear assignments of complex values to a subset
of kinematical operators. Since we will not spec-
ify the precise algebra of kinematical operators
on which these states ought to be well-defined, we

36Relation (160) features in the Hilbert space-based con-
structions of the PN framework in the form of the property
that maps (15) and (16) from Hphys to the Schrödinger
picture invert each other [42,44].
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will refer to them as “algebraic” only loosely, in
the sense that they are not Hilbert-space states,
but rather prescriptions for computing general-
izations of matrix elements of operators. Specifi-
cally, any pair of states |ψ⟩, |ϕ⟩ in H can be used
to define an algebraic state via the inner product

ω̃(.) := ⟨ψ|.|ϕ⟩ . (164)

Assuming appropriate care is taken with the do-
mains of evaluated operators, both |ψ⟩ and |ϕ⟩
could also be elements of the dual space H∗.
Since the above state involves a single use of
the (kinematical) inner product, by loose anal-
ogy, we will call such states pure. More gener-
ally, such states can be combined into general-
izations of mixed states via linear combinations
ω̃(.) = aω̃1(.) + bω̃2(.). (If we want to preserve
normalization and positivity, this sum needs to
be convex.) Any solution to the constraint |ϕphys⟩
can be used to generate an algebraic solution
state by selecting an appropriate “partner” state
|ψ⟩

ω(.) := ⟨ψ|.|ϕphys⟩ = ⟨ψ|(.)Π|ϕ⟩ , (165)

for some |ϕ⟩ such that Π|ϕ⟩ = |ϕphys⟩. Dropping
the explicit reference to the “bra” and “ket” com-
ponents of algebraic states, we will assume that a
general solution state (not necessarily pure) has
the form

ω(.) = ω̃((.)Π) , (166)

where ω̃ is some algebraic state within which the
group averaging operation Π is well-defined. By
analogy with the purely algebraic approach of
Sect. 2.2 we then have ω(ÂĈ) = 0 for all op-
erators Â for which ω(ÂĈ) can be evaluated.37

Suppose we wanted to compute the matrix el-
ement of some kinematical observable Â relative
to a pair of solution states |ψphys⟩ and |ϕphys⟩ in
gauge Φ. The corresponding expression is

⟨ψphys|Φ Â|ϕphys⟩ = ⟨ψ|Π Φ ÂΠ|ϕ⟩ . (167)

This suggests that the general form of a Φ-gauge
solution state is

ω(.) = ω̃ (Π Φ (.) Π) , (168)

for some appropriately well-behaved ω̃. If |ψ⟩
is in the domain of Π, the pure solution state

37The symmetric alternative choice of ω(ĈÂ) = 0 for
all Â, corresponds to ω(.) := ω̃(Π(.)).

ω(.) = ⟨ψ|(.)Π|ϕ⟩ can always be viewed as having
the gauge-fixed form (168)

ω(.) = ⟨ψ|Π Φ(.)Π|ϕ⟩ , (169)

where Φ is any gauge such that Φ(Π|ψ⟩) = |ψ⟩.
Suppose we have a pair of algebraic states that

solve the constraint ωi(.) = ω̃i((.)Π), i = 1, 2. We
say that the two states are physically equivalent
if

ω1(Π Φ(.)) = ω2(Π Φ(.)) (170)

for any gauge Φ. As expected, for a pair of phys-
ically equivalent states we have

ω1(Ô) = ω2(Ô) , (171)

for any Dirac observable Ô. To see this explicitly
we use (160) and the fact that ÔΠ = ΠÔ

ω1(Ô) = ω̃1(ÔΠ)
= ω̃1(ΠÔ)
= ω̃1(ΠΦÔΠ)
= ω1(ΠΦÔ)
= ω2(ΠΦÔ) = ω2(Ô) ,

(172)

where Φ is an arbitrary gauge and the last equal-
ity is obtained by following the preceding set
of transformations in reverse. Definition (170)
together with property (160) strongly suggest
the form of the gauge transformation from ΦA-
gauge to ΦB-gauge which (it is straightforward
to check) preserves physical equivalence

ωB(.) := ωA(Π ΦB(.)) . (173)

This makes intuitive sense if we think of the pure
algebraic states of the form (169): we can change
the gauge by first taking the state on the left
to its invariant equivalence class via Π and then
fixing the new gauge ΦB. The key objects guiding
gauge transformations are then products of the
form ΦA Π ΦB.38

These formal gauge transformations are in gen-
eral discrete—not part of any one–parameter

38The transformations (124) between a pair of QRFs
indeed has an equivalent form. Explicitly, using a pair
of reference gauges ΘA,B(ρ) defined in (183), we have
ΘA(ρA)ΠΘB(ρB) = |ρA⟩

(
R†

A(ρA) ◦ RB(ρB)
)

⟨ρB |, where
here the order of operations is from left to right because
we are applying gauge changes on the “bra” side of the
algebraic state.
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family. In order to understand the local con-
tinuous gauge freedom implied by (170), it is
interesting to look at gauge transformations in-
duced by unitary operators on the kinematical
Hilbert space. Given a gauge Φ and a pair of self-
adjoint Dirac observables Ô1 and Ô2 we can con-

struct another gauge Φ′ = eiÔ1ĈΦeiÔ2Ĉ . Since

eiÔiĈ map eigenstates of Ĉ to other eigenstates
of Ĉ with the same eigenvalues, it follows that
⟨ϕphys|Φ′|ψphys⟩ < ∞. It is also straightforward
to verify condition (160). Now suppose we would
like to transform a state ω in Φ gauge to its
physically equivalent counterpart in the Φ′ gauge.
Then, using (173)

ω′(.) = ω
(
ΠΦ′(.)

)
= ω

(
Π eiÔ1ĈΦeiÔ2Ĉ(.)

)
= ω

(
Π ΦeiÔ2Ĉ(.)

)
. (174)

Furthermore, using the form (168) for ω, we see
that the transformation is simply accomplished
by the unitary operator on the right

ω′(.) = ω̃
(
Π Φ Π ΦeiÔ2Ĉ (.) Π

)
(175)

= ω̃
(
Π Φ eiÔ2Ĉ (.)Π

)
= ω

(
eiÔ2Ĉ(.)

)
.

Conversely, we can see that a broader class of
invertible transformations preserves the physical
equivalence class of solution states. Suppose that
for some invertible operator L̂ we have ω(.) phys-
ically equivalent to ω(L̂(.)L̂−1) for any solution
state ω of the form (166), then

L̂Π Φ(.) L̂−1 Π = Π Φ(.) Π (176)

which can be satisfied by demanding L̂Π =
L̂−1 Π = Π. A general class of such invertible
operations is given by

L̂ = eiλÂĈ , (177)

which formally matches the gauge flows SÂĈ(λ)
of the algebraic approach in (23). We note that, if
Â is not self-adjoint or does not commute with Ĉ,

the exponential L̂ = eiλÂĈ will not in general be
a densely defined operator, however, as a formal
power series, it will satisfy the above condition.
As in the case of the gauge transformation (175),
only one of the factors matters here, since

ω
(
eiλÂĈ(.)e−iλÂĈ

)
= ω̃

(
eiλÂĈ(.)e−iλÂĈΠ

)
= ω̃

(
eiλÂĈ(.)Π

)
(178)

= ω
(
eiλÂĈ(.)

)
.

We note that a non-pure algebraic solution
state (166) cannot in general be viewed as gauge-
fixed relative to some gauge of the form (168).
This makes intuitive sense if we think of the ex-
ample of a solution state that is a linear combi-
nation of a pair of states fixed with respect to
different gauges

ω(.) = aω1(Π Φ1(.)Π) + bω2(Π Φ2(.)Π)
̸= ω̃(Π Φ̃(.)Π) .

(179)

Similarly, while the transformation (178), where
Â is not a Dirac observable, does preserve gauge
equivalence in the sense of (170), it does not, in
general, take the state to a state in a new well-
defined gauge of the form (168). In other words,
gauge-fixed algebraic states are special: a general
algebraic state that solves the constraint, does
not correspond to any particular coherent choice
of a gauge.

We conclude the discussion of the general prop-
erties of gauges by noting that any valid gauge
can be extended to a covariant family that re-
solves the identity. Suppose that we have a gauge
Φ(0), such that it satisfies (160) ΠΦ(0)Π = Π.
Define a one-parameter family of gauges

Φ(s) := e−isĈ/ℏΦ(0)eisĈ/ℏ (180)

This family is covariant in the sense of

Φ(s′) = e−iĈ(s′−s)/ℏΦ(s)eiĈ(s′−s)/ℏ . (181)

The resolution of identity when restricted to
Hphys follows since

Π = Π Φ(0) Π

= 1
2πℏ

∫
R
ds eisĈ/ℏ Φ(0) Π

= 1
2πℏ

∫
R
ds eisĈ/ℏ Φ(0) e−isĈ/ℏ Π

=
( 1

2πℏ

∫
R
dsΦ(s)

)
Π.

(182)

Thus
(

1
2πℏ

∫
R dsΦ(s)

)
is an identity on Hphys.

6.3 The reference system gauge

In this subsection, we construct the gauge Θ(ρ)
associated with setting the reference system to a
particular orientation and look at its basic prop-
erties. We define this gauge as the projection to
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fixed orientation reference states |ρ⟩ (see equa-
tion (7)), which, in the language of [44], can be
written as

Θ(ρ) := |ρ⟩⟨ρ|R ⊗ 1S . (183)

If for each ρ there is some self-adjoint operator Ẑρ

such that Ẑρ|ρ⟩R⊗|ψ⟩S = ρ|ρ⟩⊗|ψ⟩S then we can
also construct the ‘projection’ (effect density) via
group-averaging

Θ(ρ) =
∫
R
ds eis(Ẑρ−ρ)/ℏ (184)

=
∫
R
ds e−is(Ẑρ−ρ)/ℏ .

Whichever way this projection is constructed,
we will assume that it is covariant as defined
in (181)39 and resolves the identity

1
2πℏ

∫
R
dρΘ(ρ) = 1 . (185)

Note that the above condition holds on H and is
therefore stronger than (182).

We can now show that Θ(ρ) indeed satis-
fies (160) for arbitrary ρ,40

Π Θ(ρ) Π = Π . (186)

To verify it step-by-step

Π Θ(ρ) Π = 1
2πℏ

∫
R
ds eisĈ/ℏ Θ(ρ) Π

= 1
2πℏ

∫
R
ds eisĈ/ℏ Θ(ρ)e−isĈ/ℏ Π

= 1
2πℏ

∫
R
dsΘ(ρ− s) Π (187)

= 1
2πℏ

∫
R
ds′ Θ(−s′) Π

= 1
2πℏ

∫
R
ds′ Θ(s′) Π = Π ,

where we have used (156), (181), and (185) in
that order.

39Note that for constraints (3) that have no interaction
between the S and R subsystems, e−isĈ/ℏ Θ(ρ) eisĈ/ℏ =
e−isĜR/ℏ Θ(ρ) eisĜR/ℏ. Here we will not be using this
stronger property.

40As noted earlier, this type of identity appears within
the PN framework when one considers the map from phys-
ical states to gauge-dependent Schrödinger states. In par-
ticular, using (15) and (16), one finds R†

R(ρ) ◦ RR(ρ) =
ΠΘ(ρ). Thus, the inversion relation R†

R(ρ) ◦ RR(ρ) =
1phys (equation (42) in [44]) immediately implies (186).

Following (168), we define an algebraic gauge-
fixed state, corresponding to the reference sub-
system having a fixed orientation ρ, as

ωR|ρ(.) := ω̃ (Π Θ(ρ)(.)Π ) , (188)

where ω̃(.) is an arbitrary algebraic kinemati-
cal state on which the above projective oper-
ations are well-defined. The core example is
ω̃(.) = ⟨ϕ|.|ψ⟩ for some |ϕ⟩, |ψ⟩ ∈ H that can be
represented as Schwartz wave functions on the
spectrum of Ĉ. Setting |ϕ⟩ = |ψ⟩ matches our
earlier definition of fixed reference states in the
case of an ideal reference frame given in equa-
tion (72).

For the reference gauge, the covariance con-
dition (181) also provides a simple example of a
gauge transformation for an algebraic state of the
type (175). Using (181), gauges corresponding to
two different reference orientations ρ1 and ρ2 are
related by the transformation

Θ(ρ2) = e−i(ρ2−ρ1)Ĉ/ℏΘ(ρ1)ei(ρ2−ρ1)Ĉ/ℏ . (189)

Given a solution state ω̃((.)Π), the two gauge-
fixed algebraic states that one obtains ωR|ρi

(.) =
ω̃(ΠΘ(ρi)(.)Π) are related by a unitary trans-

formation ωR|ρ2(.) = ωR|ρ1

(
ei(ρ2−ρ1)Ĉ/ℏ(.)

)
and

are physically equivalent in the sense of equa-
tion (170).

Suppose we have a system with two valid ref-
erence subsystems A and B. Given a state ωA|ρA

gauge-fixed by fixing the orientation of A to ρA of
the form (188)41, we would like to construct the
corresponding state ωB|ρB

gauge fixed by fixing
the orientation of the quantum reference frame
B to ρB. We follow the transformation (173) to
define

ωB|ρB
(.) := ωA|ρA

(ΠΘB(ρB)(.)) (190)

(Compare this transformation to [44, Eq. (84)]
and [42, Thm. 4]). It is not difficult to check that
ωB|ρB

(.) and ωB|ρB
(.) are physically equivalent

in the sense of (170) and therefore, by the same
argument as in (172)

ωB|ρB
(Ô) := ωA|ρA

(Ô) , (191)

for any Dirac observable Ô.

41This also works for the weaker reference gauge-fixed
states of the form (204) considered in Sect. 6.4.2.
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6.4 Evaluating kinematical and relational ob-
servables
In this section, we show that the values assigned
by our formal gauge-fixed algebraic states to re-
lational Dirac observables of [44] match those as-
signed by these same states to kinematical ob-
servables which are dressed by the same quantum
frame that was used to build the relational ob-
servables. This mimics our discussion in Sect. 3
and matches the main results of [44]. However,
our present discussion elucidates these results
from the novel vantage point of algebraic states.

We first establish a few identities that will be
useful for connecting our construction to results
in [44]. The projection onto the physically acces-
sible subspace of the observed system (17) can
be trivially extended to the entire kinematical
Hilbert space H

π̂ := 1R ⊗ Π|R (192)

We use the “hat” to emphasize that this defini-
tion gives us a genuine (bounded) projection op-
erator that is well-defined on the entire kinemati-
cal Hilbert space. Recall that, in this section, we
are not assuming the reference frame to be ideal
as was done in Sect. 3 through 5. For any refer-
ence system where σS ⊆ (−σR), which is always
true for an ideal reference frame but also in some
non-ideal cases, Π|R = 1S [44], so that π̂ = 1.

Using the Hilbert space form of Θ(ρ) in (183),
it is immediately clear that

Θ(ρ) π̂ = π̂Θ(ρ) . (193)

The defining property (17) of Π|R can be writ-
ten using operations on the entire kinematical
Hilbert space

Θ(ρ) Π Θ(ρ) = Θ(ρ) π̂ . (194)

In the special case where σS ⊆ (−σR) this simpli-
fies to Θ(ρ) Π Θ(ρ) = Θ(ρ). Finally, we establish
that

π̂Π = Π π̂ = Π . (195)

Explicitly,

π̂Π = 1
2πℏ

∫
R
dsΘ(s) π̂Π

= 1
2πℏ

∫
R
dsΘ(s) Π Θ(s) Π (196)

= 1
2πℏ

∫
R
dsΘ(s) Π = Π ,

where we have used (185), (194), (186), and, fi-
nally, (185) again. The identity for the product
in reverse order can be verified in an identical
manner.

6.4.1 Observables in gauge-fixed states

Relational observables in [44] are constructed via
G-twirl, which is essentially an incoherent group-
averaging of kinematical operators

G(Â) := 1
2πℏ

∫
R
ds eisĈ/ℏ Â e−isĈ/ℏ . (197)

Formally, [G(Â), Ĉ] = 0, although, in general, the
integral does not converge to a densely-defined
operator (for example, the twirl is not defined
if [Â, Ĉ] = 0). Nevertheless, this operation suc-
cessfully defines a class of relational Dirac observ-
ables via (11), which we rewrite in the language
of this section. For any f̂S ∈ AS

Ôρ
R(f̂S) := G

(
Θ(ρ)f̂S

)
(198)

is the relational observable for measuring the
system variable fS when the quantum reference
frame R is in orientation ρ. While (197) is
not an algebra homomorphism on its domain
within A (that is, G(ÂB̂) ̸= G(Â)G(B̂), in gen-
eral), (198) does define a unital ∗-homomorphism
when restricted to AS|R in (20) and acting on
Hphys [15, 42, 44] (for ideal QRFs it is also kine-
matically a homomorphism).

Let ωR|ρ(.) be a gauge-fixed state correspond-
ing to a particular orientation ρ of the reference
system as in equation (188). We find that for any
system observable f̂S ∈ AS , the value of Ôρ

R(f̂S)
in such a state coincides with the value assigned
by this state to the original kinematical system
observable f̂S . That is

ωR|ρ
(
Ôρ

R(f̂S)
)

= ωR|ρ
(
f̂S

)
. (199)

This is straightforward to verify explicitly us-
ing (156) and (186):

Π Θ(ρ) Ôρ
R(f̂S) Π = Π Θ(ρ) G

(
Θ(ρ) f̂S

)
Π

= Π Θ(ρ) 1
2πℏ

∫
R
ds eisĈ/ℏ Θ(ρ) f̂S e

−isĈ/ℏ Π

= Π Θ(ρ) 1
2πℏ

∫
R
ds eisĈ/ℏ Θ(ρ) f̂S Π (200)

= Π Θ(ρ) Π Θ(ρ) f̂S Π
= Π Θ(ρ) f̂S Π .
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This establishes (199), matching (71). Compar-
ing the two results, we note that the derivation
of (199) uses a stronger assumption about the
form (188) of the algebraic state ωR|ρ, while, on
the other hand, it does not rely on the QRF being
ideal.

Let us now construct the analogue of rela-
tion (75) derived using (21) ( [44, Thm. 4]). We
start by writing projected system observables in
the language of this section. Using definition (43)
of [44]42 as well as our results (193) and (195)

Ôρ
R(f̂S) := Π Θ(ρ) π̂f̂S π̂

= Π π̂Θ(ρ) f̂S π̂ (201)
= Π Θ(ρ) f̂S π̂ .

(This is a generalization of (19) to non-ideal
QRFs.) Equation (38) of [44] defines the Page-
Wootters inner product on the space of constraint
solutions, and we immediately get

⟨ϕphys|ψphys⟩PW := ⟨ϕphys|Θ(ρ)|ψphys⟩
= (ϕphys|ψphys) , (202)

where the second equality is the basic property
of a gauge (161). Using a pair of representa-
tive kinematical states satisfying Π|ψ⟩ = |ψphys⟩
and Π|ϕ⟩ = |ϕphys⟩, we can express (202) via the
kinematical inner product, allowing us to relate
physical matrix elements of projected relational
observables of the system to the values assigned
to kinematical system observables by algebraic
solution states. Using (201), (186) and (195),

(ϕphys|Ôρ
R(f̂S)|ψphys) ≡ ⟨ϕphys|Ôρ

R(f̂S)|ψphys⟩PW
= ⟨ϕphys|Θ(ρ) Ôρ

R(f̂S)|ψphys⟩
= ⟨ϕ|Π Θ(ρ) Ôρ

R(f̂S) Π|ψ⟩
= ⟨ϕ|Π Θ(ρ) Π Θ(ρ) f̂S π̂Π|ψ⟩
= ⟨ϕ|Π Θ(ρ) f̂S Π|ψ⟩

= ωR|ρ
(
f̂S

)
, (203)

where ωR|ρ is of the form (188), with ω̃(.) =
⟨ϕ|.|ψ⟩. We have essentially re-derived a version
of Theorem 4 in [44].

42Within our notation, f̂phys
S and Eρ

S(f̂phys
S ) of [44], cor-

respond to f̂S|R (see (19)) and Ôρ
R(f̂S) (see (14)) respec-

tively.

6.4.2 Weak reference gauge

Almost-positive algebraic states introduced in
Sect. 2.2.2 are right-null states of the constraint
and left-multiplicative states of the reference
observable. This suggests defining gauge-fixed
states in a slightly weaker form than (168) and,
correspondingly, (188), by dropping the Π pro-
jector on the left

ωR|ρ(.) := ω̃ (Θ(ρ)(.)Π) , (204)

where, again, ω̃ is an arbitrary kinematical state
on which the above projective operations are
well-defined.

With this weaker condition on the gauge-fixed
state, we find that the analogue of (199) holds
only up to commutators of the relevant system
observable with the projection operator π̂. Fol-
lowing the same steps as in the proof of (199)
but, this time, using identities (194) and (195)
at the end, we get

Θ(ρ) Ôρ
R(f̂S) Π = Θ(ρ) G

(
Θ(ρ) f̂S

)
Π

= Θ(ρ) Π Θ(ρ) f̂S Π
= Θ(ρ) π̂f̂S Π (205)
= Θ(ρ) f̂S Π + Θ(ρ) [π̂, f̂S ] Π .

Thus, for a gauge-fixed state (204) we have

ωR|ρ
(
Ôρ

R(f̂S)
)

= ωR|ρ
(
f̂S

)
+ ωR|ρ

(
[π̂, f̂S ]

)
.

(206)
Of course, for an ideal reference frame, we have
π̂ = 1, and we recover (199) for all system ob-
servables even with the weaker condition (204).

7 Discussion and outlook
The main purpose of this report is to bring into
focus the strong relation between three differ-
ent approaches to implementing quantum refer-
ence frames (QRFs) associated with gauge sym-
metries: the perspective-neutral (PN) approach
[42–62], the effective approach [32–37], and the
algebraic approach [39–41]. Each of the three ap-
proaches has its own method for ‘jumping into a
perspective’ that corresponds to a specific orien-
tation of a chosen reference frame. Within the
PN framework this is accomplished through a
(gauge-fixing) reduction map, while for the effec-
tive and algebraic approaches a perspective is set
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through imposing gauge-fixing conditions, which
amounts to making the reference observable act
like a multiple of the identity in the algebraic ap-
proach, corresponding to setting the frame fluc-
tuations and covariances to zero within the effec-
tive approach (Sect. 2.2.2 and 2.3.2).

Despite their a priori differences, we explic-
itly find that the QRFs constructed using these
three approaches carry equivalent physical in-
formation when the QRFs involved are ideal.
This equivalence has two layers. First, evaluat-
ing the relational Dirac observables of the PN
framework (11) using a relational algebraic state
(i.e. gauge-fixed as in (69)) yields the same re-
sult (71) as the expectation value for the corre-
sponding non-invariant system observable in the
same relational state. Second, a concrete Hilbert-
space realization (72) of a gauge-fixed algebraic
state is accomplished through the use of a Page-
Wootters-type projection that matches the alge-
braic reference gauge. The values assigned by
this constructed algebraic state to non-invariant
observables can be expressed both as physical
expectation values (74) of the relational Dirac
observable and as a Page-Wootters-state expec-
tation value (75). Both of these results tell us
that algebraic gauge-fixing captures the same re-
lational data as relational observables and rela-
tional states of the PN framework. The same
result linking the effective approach with the PN
formalism also holds at the appropriate semiclas-
sical order due to the close relation between the
algebraic and the effective QRF constructions.

The connection between the approaches estab-
lished here immediately allowed us to use the PN
framework machinery to develop explicit QRF
transformations within the other two approaches
in Sect. 4, in the case of the effective approach
being equivalent in content to the older transfor-
mations in [35–37]. We further believe that the
links with algebraic and effective methods add
valuable techniques to the perspective-neutral
toolkit. Since the algebraic approach works with
the space of linear functionals on the kinematical
observable algebra, it circumvents the need for
constructing an explicit physical Hilbert space.
It thus provides a promising venue for develop-
ing approximate methods that work “locally” -
that is, for a subset of states of the reference
systems. The effective semiclassical approach
can be viewed as one such approximation scheme

that applies as long as the expectation values of
the basic generators and an (infinite) set of co-
variances and higher-order moments satisfy the
semiclassical hierarchy. Furthermore, the effec-
tive approach provides a natural starting point
for perturbative expansions in ℏ to obtain quan-
tum corrections, even when interactions between
system and frame are present, in terms of experi-
mentally interesting quantities – the expectation
values and moments of observables. Both the al-
gebraic and the effective approaches naturally en-
compass couplings in the constraint between the
QRF and observed systems, which is an under-
developed feature within the PN framework.

We already see the usefulness of QRF trans-
formations that utilize the effective approach
in Sect. 5 where we look at the frame depen-
dence of uncertainties and covariances. Given
any observed system’s observable f̂S that is not
an invariant, so that [f̂S , Ĉ] ̸= 0, we find that
the transformation of the associated uncertainty
(∆fS)2 from one ideal frame, say Alice’s, into
another ideal frame, say Bob’s, depends on co-
variances between the system degrees of free-
dom and the orientation of Alice’s frame (145).
Applying our results to a translationally invari-
ant system of interacting particles in one dimen-
sion (Sect. 5.1), we reproduce the corresponding
QRF transformations of uncertainties and covari-
ances reported in [62] without using any explicit
Hilbert space states.

Of course, as already emphasized, our
strongest results linking the three approaches as-
sume ideal reference frames. However, the PN
framework extends to a general class of non-ideal
reference frames that form a positive operator-
valued measure rather than a self-adjoint QRF
orientation observable. The semiclassical effec-
tive approach has also been developed, at least to
order ℏ, for a class of non-ideal reference frame
models [35–37], though this treatment still ex-
plicitly relies on using one of the “ideal” observ-
ables of the reference system to fix gauge free-
dom. On the other hand, extending the algebraic
approach to non-ideal reference frames would in-
volve a non-trivial modification of the procedure
described in Sect. 2.2. The main obstacle when
the reference frame is non-ideal, is that the refer-
ence operator R̂ one obtains from (10) is neither
self-adjoint, nor does it have the reference states
|ρ⟩ (7) as its eigenstates. This means, that in the
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algebraic approach, there is no ∗-invariant refer-
ence variable R̂ to define left-multiplicative alge-
braic states (69). The most promising remedy is
to follow our insights from Sect. 6 and work with
generalized projections such as Π, Φ, and Θ(ρ).
Adding such operations either as elements of the
kinematical algebra A or its homomorphisms re-
quires us to go beyond the simple polynomial ∗-
algebra that have been used within the algebraic
approach up to this point.

Comparison becomes even more complicated
when interactions between the observed system
and the reference frame are introduced. Al-
though progress has been made for interacting
systems within the PN framework [56, 61, 107],
the effective approach [37], and in the algebraic
approach [40], the cases they can handle are
quite restricted and different from each other.
Some form of gauge-fixing of the type explored
in the previous section is the most promising
direction for applying quantum reference frame
methods to interacting reference frames, where
group averaging and the related G-twirling may
be hard to perform explicitly. The idea would
be to substitute these operations by constructing
“local” transformations between gauges, for ex-
ample where the formal transformation ΦAΠΦB

collapses into a collection of finite shifts of the
form (175).
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and Časlav Brukner. “Quantum mechan-
ics and the covariance of physical laws in
quantum reference frames”. Nature Com-
mun. 10, 494 (2019). arXiv:1712.07207.

[64] Flaminia Giacomini, Esteban Castro-Ruiz,
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A Details of derivations
This appendix contains the details of some of the derivations outlined in Sect. 3 and 4.

A.1 Expectation values in gauge-fixed algebraic states
Here, we will explicitly derive equation (71). We make use of the definition of the Dirac observable
with respect to an ideal frame (12) to write the left hand side for general orientation ρ as

ωR|ρ′(Ôρ
R(f̂S)) = ωR|ρ′

(
e−i(q̂R−ρ)ĜS/ℏf̂Se

i(q̂R−ρ)ĜS/ℏ
)
. (207)

We now make use of (69). For the exponential of two commuting operators to the left of f̂S this is
trivial: we expand it as an infinite series, use the frame gauge-fixing condition, (69) and write the
resulting series as an exponential again. However, care has to be taken for the exponential on the right,
since generally [f̂S , ĜS ] ̸= 0. In this case, we similarly expand the exponential since [q̂R, ĜS ] = 0, and
make use of the algebraic constraint property (69) to write

ωR|ρ′(Ôρ
R(f̂S)) = ωR|ρ′(e−i(ρ′−ρ)ĜS/ℏf̂Se

i(q̂R−ρ)ĜS/ℏ)

= ωR|ρ′

(
e−i(ρ′−ρ)ĜS/ℏf̂S

[+∞∑
n=0

in

n!ℏ
−n(q̂R − ρ)nĜn

S

])
(208)

= ωR|ρ′

(
e−i(ρ′−ρ)ĜS/ℏf̂S

[+∞∑
n=0

in

n!ℏ
−n(q̂R − ρ)n(−p̂R)n

])
.

Since p̂R and q̂R both commute with f̂S and ĜS we can commute the sum inside the square parentheses
all the way to the left. Using the algebraic frame gauge condition again, we obtain

ωR|ρ′(e−i(ρ′−ρ)ĜS/ℏf̂Se
i(q̂R−ρ)ĜS/ℏ) = ωR|ρ′

([+∞∑
n=0

in

n!ℏ
−n(ρ′ − ρ)n(−p̂R)n

]
e−i(ρ′−ρ)ĜS/ℏf̂S

)
. (209)

Finally, we reverse the steps by commuting this series to the right, use the algebraic constraint property,
and finally rewrite the series as an exponential to get

ωR|ρ′(Ôρ
R(f̂S)) = ωR|ρ′(e−i(ρ′−ρ)ĜS/ℏf̂Se

i(ρ′−ρ)ĜS/ℏ). (210)

The equality (71) clearly follows after setting ρ = ρ′ as claimed.
Next, let us prove that, for the concrete realization of the gauge-fixed algebraic state provided

by (72), the relation (71) holds even for a non-ideal frame R (still assumed to be non-interacting). We
simply evaluate

ωR|ρ(f̂S) = ⟨ψphys|(|ρ⟩⟨ρ|R ⊗ 1S)f̂S |ψphys⟩kin
= ⟨ψphys|(|ρ⟩⟨ρ|R ⊗ 1S) Π (|ρ⟩⟨ρ|R ⊗ 1S)f̂S |ψphys⟩kin (211)
= ⟨ψphys|(|ρ⟩⟨ρ|R ⊗ 1S) Ôρ

R(f̂S) |ψphys⟩kin = ωR|ρ(Ôρ
R(f̂S)).

To go to the second line, we made use of the identity Π (|ρ⟩⟨ρ|R ⊗ 1S) Π = Π, which follows from the
resolution of the identity (8) (note that ⟨ψphys| contains a Π). To go to the last line, we made use of
(14) and (21).

A.2 Frame transformation for algebraic states
To prove (133) we start with the form taken by relational Dirac observables in an ideal reference
frame (12), and use the fact that [f̂B, ĜS ] = 0 and [f̂S , p̂B] = 0

ωB|ρB
(ÔρA

A (f̂B f̂S)) = ωB|ρB
(e−i(q̂A−ρA)p̂B/ℏf̂Be

i(q̂A−ρA)p̂B/ℏe−i(q̂A−ρA)ĜS/ℏf̂Se
i(q̂A−ρA)ĜS/ℏ)

= ωB|ρB
(e−i(q̂A−ρA)p̂B/ℏf̂Be

i(q̂A−ρA)p̂B/ℏÔρA
A (f̂S)). (212)
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Even though the definition of ÔρA
A (f̂S) requires there to be an extra p̂B in the exponentials next to f̂S

since here the transformations of the observed system BS are generated by (p̂B + ĜS), they simply
annihilate to an identity operator because p̂B and f̂S commute. Next, we note that [q̂B, e

i(q̂A−ρA)p̂B/ℏ] =
−(q̂A − ρA)ei(q̂A−ρA)p̂B/ℏ, so that conjugation by this exponential gives

e−i(q̂A−ρA)p̂B/ℏq̂Be
i(q̂A−ρA)p̂B/ℏ = q̂B − (q̂A − ρA) .

Since f̂B is some polynomial in p̂B, and q̂B, conjugation has the effect of shifting every q̂B in the
expression for f̂B in the above way giving us

ωB|ρB
(ÔρA

A (f̂B f̂S)) = ωB|ρB
(f̂B(q̂B − (q̂A − ρA), p̂B)ÔρA

A (f̂S))
= ωB|ρB

(f̂B(ρB − (q̂A − ρA), p̂B)ÔρA
A (f̂S)).

(213)

In the last step we made use of the algebraic frame property (69) and the fact that f̂B is ordered so
that powers of its first argument appear on the left. The final step consists of commuting f̂B to the
right, ÔρA

A (f̂S) is made up of operators which commute with q̂A and p̂B, and make use of the algebraic
constraint property (69) to obtain

ωB|ρB
(ÔρA

A (f̂B f̂S)) = ωB|ρB
(ÔρA

A (f̂S)f̂B(ρB − (q̂A − ρA),−p̂A − ĜS)). (214)

Together with (132) this leads to the desired result (133).

B Additional example: System algebra generated by su(2)
In this appendix we explicitly work out some of the QRF transformations for a model where the
generating observables of system S form an su(2) Lie algebra with respect to the commutator [Ĵi, Ĵj ] =
iℏεijkĴk, where the indices i, j, k take values x, y, or z. We consider the following simple constraint

Ĉ = p̂A + p̂B − βĴz, (215)

with β a constant such that the three terms have the same dimension. The transformations for
observables associated purely with the reference systems A and B are given directly by (133) with
f̂S set to 1, and are not sensitive to the properties of ĜS . We therefore focus on the transformations
associated with system S variables, starting with the generators Ĵi. Equation (135) immediately
yields ωA|ρA

(Ĵz) = ωB|ρB
(Ĵz): Ĵz clearly commutes with the system generator and is therefore a Dirac

observable. For a non-trivial transformation, we look at Ĵx. The Dirac observable associated to Ĵx

can be found from writing (12) as an infinite sum over nested commutators [44] and subsequently
splitting it in an even and odd part

ÔρA
A (Ĵx) =

∑
n=0

(−iβ(q̂A − ρA))n

ℏnn! [Ĵx, Ĵz] n

=
∑
n=0

(iβ(q̂A − ρA))2n

(2n)! Ĵx + i
∑
n=0

(iβ(q̂A − ρA))2n+1

(2n+ 1)! Ĵy (216)

= cos(β(q̂A − ρA))Ĵx − sin(β(q̂A − ρA))Ĵy,

with [Ĵx, Ĵz] n being the n-th nested commutator of Ĵx with Ĵz. The factor of ℏ−n gets canceled by the
ℏn stemming from the n-th nested commutator. A similar expression can be derived for Ĵy. Hence,
the transformation (132) reads

ωA|ρA
(Ĵx) = ωB|ρB

(
cos(β(q̂A − ρA))Ĵx − sin(β(q̂A − ρA))Ĵy

)
. (217)

To write the effective transformation following (136), we create a truncated version of this expression.
A direct way of accomplishing this is to expand the expression inside the state on the right-hand side
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of (217) by writing generators as ŷi = ∆̂yi + ⟨ŷi⟩ and keeping terms up to 2nd order in products of ∆̂yi

(operators in products in (216) commute so there will not be explicit powers of ℏ in the expansion).43

However, note that we are expanding the argument of a function ⟨F (q̂A)⟩ about ⟨q̂A⟩ ≡ qA which is
not equal to ρA ≡ ⟨q̂A⟩A|ρA

when evaluated in a B-gauge state. We find to 2nd order

T2(Jx)A|ρA
= (OρA

A (Jx))B|ρB
− β sin

(
β(qA − ρA)B|ρB

)
∆(qAJx)B|ρB

− β cos
(
β(qA − ρA)B|ρB

)
∆(qAJy)B|ρB

− 1
2β

2(OρA
A (Jx))B|ρB

(∆qA)2
B|ρB

,
(218)

where for compactness we use (OρA
A (Jx))B|ρB

to denote the “classical” expression for this relational
Dirac observable evaluated in the B-frame. That is

(OρA
A (Jx))B|ρB

:= cos
(
β(qA − ρA)B|ρB

)
(Jx)B|ρB

− sin
(
β(qA − ρA)B|ρB

)
(Jy)B|ρB

, (219)

and recall that (.)i|ρi
with i = A,B means that expectation values of operators, such as qi and Ji, are

evaluated in that gauge. As a quick check, we see that setting B = A, with ρB = ρA on the right-hand
side and imposing the corresponding gauge conditions ∆(qAyi)A|ρA

= 0 and (qA)A|ρA
= ρA, recovers

(Jx)A|ρA
.

A system algebra ABS corresponding to using A as the QRF has five generators {q̂B, p̂B; Ĵi}. When
expanded to semiclassical order M = 2 it should possess 20 degrees of freedom [38], explicitly we have
five expectation values, five uncertainties (∆yi)2, and ten covariances: ∆(qBpB), three each of the
forms ∆(qBJi) and ∆(pBJi), and three of the form ∆(JiJj), i ̸= j. The truncated degrees of freedom
of the observed system in gauge B are instead generated by {q̂A, p̂A; Ĵi} and can be accounted for in
an identical fashion. Creating an explicit transformation from B to A therefore involves expressing
all 20 classical and quantum variables of frame A in terms of those of frame B. We already see how
this is accomplished for transforming expectation values in (218) let us now show how to create an
explicit frame transformation for a second-order moment, using ∆(qBJx) as the example. Note that,
in frame B, ∆(qBJx) = 0 is one of the gauge conditions, however, when we transform into frame A,
∆(qBJx) becomes an independent unrestricted degree of freedom.

To find the value this covariance takes upon transforming from B to A we make use of (139)

∆(qBJx)A|ρA
=
〈
ÔρA

A (q̂B) ÔρA
A (Ĵx)

〉
B|ρB

−
〈
ÔρA

A (q̂B)
〉

B|ρB

〈
ÔρA

A (Ĵx)
〉

B|ρB

. (220)

Expanding the first term on the right-hand side to order M = 2 in B-gauge by making use of (53)
and (216) leads to

T2
〈
(q̂B − q̂A + ρA)ÔρA

A (Ĵx)
〉

B|ρB

= (ρB + ρA − qA)B|ρB
(OρA

A (Jx))B|ρB

− [cos
(
β(qA − ρA)B|ρB

)
+ β(ρB + ρA − qA)B|ρB

sin
(
β(qA − ρA)B|ρB

)
]∆(qAJx)B|ρB

+ [sin
(
β(qA − ρA)B|ρB

)
− β(ρB + ρA − qA)B|ρB

cos
(
β(qA − ρA)B|ρB

)
]∆(qAJy)B|ρB

+ 1
2
[
β sin

(
β(qA − ρA)B|ρB

)
(Jx)B|ρB

+ β cos
(
β(qA − ρA)B|ρB

)
(Jy)B|ρB

− β2(ρB + ρA − qA)B|ρB
(OρA

A (Jx))B|ρB

]
(∆qA)2

B|ρB
,

(221)

where we once again use (219) for compactness. Generally there would also be terms like ∆(qBJx)
and ∆(qBJy), but because of the B-gauge condition these are set to zero. They do, however, show up
in A-gauge. Combining this result with (218), we find for the covariance (220)

T2∆(qBJx)A|ρA
= − cos

(
β(qA − ρA)B|ρB

)
∆(qAJx)B|ρB

+ sin
(
β(qA − ρA)B|ρB

)
∆(qAJy)B|ρB

+ 1
2
[
β sin

(
β(qA − ρA)B|ρB

)
Jx + β cos

(
β(qA − ρA)B|ρB

)
Jy

]
(∆qA)2

B|ρB
.

(222)

43It is also possible to use the general procedure (38), which assumes Weyl ordering of generators inside of the
expression being expanded. This is easy to implement for an expression such as (216) where generators appearing in
products commute with each other.

Accepted in Quantum 2026-07-27, click title to verify. Published under CC-BY 4.0. 56



Note that, unlike (218), imposing the A-gauge conditions ∆(qAyi)A|ρA
= 0 on the right-hand side

of (222), makes it vanish. This operation corresponds to setting B = A and the result is entirely
expected, because ∆(qAJx)A|ρA

= 0 is itself one of the gauge conditions for frame A.
The covariance transformation (222) is more complicated than its counterpart in the translationally

invariant model (152) in two important ways. First, due to the su(2) algebra structure, the rela-
tional Dirac observables themselves (216) are more complicated, leading to the transformation being
explicitly dependent on the classical variables and not just moments. Second, the complete moments

expansion of
〈
ÔρA

A (q̂B)ÔρA
A (q̂C)

〉
terminates at second order, meaning that (152) does not change as

one increases the order of truncation. On the other hand, the expansion of
〈
ÔρA

A (q̂B)ÔρA
A (Ĵx)

〉
re-

ceives additional terms at all orders due to the power series form of the cos and sin functions, so that
TM ∆(qBJx)A|ρA

, for M > 2 would have additional higher-order terms not captured in (222). We note
that these features of transformation (222) are the rule and the simplicity of transformation (152) is
the exception.
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