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Graph states are central resources for
quantum information processing, support-
ing applications in computation, commu-
nication, and error correction. In pho-
tonic systems, they are typically assem-
bled from smaller entangled states using
probabilistic fusion gates, which demand
many photons and suffer from low success
rates. We present an optimized scheme
for directly generating caterpillar graph
states (CGSs)—essential resource states for
constructing high-dimensional lattice graph
states—using only single-photon sources,
linear optics, and heralded measurements.
Based on the linear quantum graph (LQG)
picture, our method produces CGSs effi-
ciently. For CGSs of length | > 3, it requires
l — 2 fewer photons and achieves a success
rate 2!~2 times higher than fusion-based ap-
proaches. These results demonstrate that
the LQG picture provides a powerful and
flexible route to generating complex pho-
tonic graph states for efficient quantum in-
formation processing.

1 Introduction

Quantum technologies promise to transform how
we process, transmit, and secure information.
Among the most promising platforms is photonic
quantum information processing [1-5], which ex-
ploits the quantum properties of light for compu-
tation and communication. Photons are fast, ro-
bust against decoherence, and compatible with ex-
isting optical networks. However, scaling such sys-
tems remains challenging—particularly in the effi-
cient creation of large entangled resource states. A
powerful class of such resources is graph states [6—
8], where vertices represent qubits and edges de-
note entangling operations. Graph states un-
derpin measurement-based quantum computation
(MBQC) [9, 10], quantum error correction [11,
12], quantum secret sharing [13, 14], and stud-
ies of quantum nonlocality [15]. In photonic sys-
tems, they are typically constructed using fu-
sion gates [16-21], which probabilistically combine
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smaller entangled states. Although conceptually
simple, fusion-based methods require many entan-
gled photon pairs and suffer from exponentially
decreasing success rates.

An alternative strategy is to generate entan-
glement directly from single-photon sources us-
ing only linear optics and heralded measurements.
A promising framework for such an approach is
the linear quantum graph (LQG) picture [22-25],
which allows systematic design of entanglement
schemes through graph-theoretic methods. In this
work, we extend the LQG framework to intro-
duce an optimized method for generating cater-
pillar graph states (CGSs). They serve as funda-
mental building blocks for the scalable construc-
tion of high-dimensional lattice graph states by
Type-I fusions [26, 27] and are used for the certi-
fication of robust genuinely multipartite nonlocal-
ity [15]. Using two key structures—path circuit
graphs and primate circuit graphs—we construct
optical circuits that generate CGSs with fewer
photons and significantly higher success proba-
bilities than fusion-based approaches. Our ap-
proach demonstrates the advantage of employing a
broader set of measurement gates beyond conven-
tional fusion gates. It enables efficient generation
of arbitrarily high-dimensional cluster states in
MBQC and provides an optimal platform for test-
ing local-operations-and-shared-randomness gen-
uine multipartite nonlocality (LOSR-GMNL) [15].

The remainder of this paper is organized as fol-
lows. Section II reviews the LQG picture and two
equivalent representations in it—the undirected
bipartite and directed unipartite representations.
Section IIT introduces the subgraph structures un-
derlying CGS generation. Section IV presents ex-
plicit optical circuits based on the graph structure,
and Section V concludes with scalability and out-
look.

2 LQG picture: Directed unipartite
graph representation

The LQG picture provides a systematic frame-
work for designing heralded photonic entangle-
ment schemes. Intuitively, a sculpting protocol
generates entanglement by coherently subtract-
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Sculpting operators
in bosonic systems

Sculpting bigraphs
in Gy =(UUV,E)

Sculpting digraphs
in Gdu = (VV, E)

Spatial modes j

Labelled circles (@) eU

Circles (@) ew

AD Unlabelled dots (e) € V/

Circles (@) ew

Spatial distributions of A®

Undirected edges € E

Directed edges € E

Probability amplitude agl)

Edge weight «

0]

J

Edge weight agl)

Internal state ¢j(.l)

Edge weight z/J](»l)

Edge weight w§l)

Table 1: Correspondence relations between sculpting operators and sculpting bigraphs.

Note that in G4, both

spatical modes and subtraction operators are mapped to circles in W. Because we only work on internal states
{4),1-),10), |1y} (|O> = %(H) +=). 1) = %(H) - F))) the edge weight for the internal states are expressed
as edge colors {Solid Black, Dashed Black, Red, Blue} for simplicity. Hence, when we mention edge weights (colors)
from now on, they are the edge weights for probability amplitudes (internal states).

ing single photons across multiple spatial modes.
The LQG picture translates these operations into
graph structures, where vertices represent modes
and edges encode how photon subtraction pro-
cesses are superposed. Our design follows two con-
ceptual steps:

First, the heralding process is described by
the sculpting protocol, which generates entan-
gled states through spatially overlapped single-
boson annihilation operators, referred to as sculpt-
ing operators. Sculpting operators are single-
boson annihilation operators that are superposed
across different spatial modes. See Appendix B
for a detailed explanation of the sculpting proto-
col. A major technical difficulty in generating spe-
cific target states lies in identifying appropriate
sculpting operators. The LQG picture was pro-
posed to solve this problem systematically, with
each sculpting operator mapped to a sculpting bi-
graph [23].

Second, to achieve experimentally realizable lin-
ear optical circuits, we need to convert the bigraph
elements into linear-optical elements. We use the
translation rules introduced in Ref. [24], which
provide a straightforward conversion from graphs
to circuits. Therefore, once an appropriate sculpt-
ing bigraph is identified, a corresponding heralded
optical network can be constructed directly.

In this section, we explain two equivalent graph
representations in the LQG picture that de-
scribe sculpting protocols: the undirected bipar-
tite graph (bigraph) representation (denoted as
Gu) and the directed unipartite graph represen-
tation (denoted as Ggy,) [22]. While G is advan-
tageous for intuitively describing sculpting proto-
cols, G4, is more suitable for displaying complex
entanglement structures, including our graph so-
lutions. Each representation is employed wherever
it is more convenient for the discussion.

Undirected bipartite representation G,;.—
The graph mapping of a sculpting operator

Anix (see Eq. (19) of Appendix B for the def-
inition) in G, is enumerated in Table I. In the
bigraph picture, the sculpting bigraphs are ar-
ranged such that the final state terms in (20) of
Appendix B correspond to the perfect matchings
(PMs) of the sculpting bigraph (the no-bunching
condition [23]). And it is generally difficult to de-
termine suitable edge weights for a sculpting bi-
graph to both satisfy this property and generate
genuine multipartite entanglement (GME, entan-
glement inseparable across every bipartition). To
resolve this issue, a convenient type of bigraphs
that automatically fulfill the no-bunching condi-
tion was introduced [23]. They are named effec-
tive perfect matching bigraphs (EPM bigraphs), of
which all the edges attach to the circles as one of
the following forms

where the edge weights are all non-zero.

If a sculpting bigraph is an EPM bigraph, then
all the final state terms correspond to the PMs of
the bigraph [23]. EPM bigraphs are used to design
schemes for generating various GME states. An
example for the GHZ state is given in Fig. 6 of
Appendix.

Directed unipartite representation Gg,.—
A digraph from a given bigraph is obtained by
merging one circle in U and one dot in V' and im-
pose a direction from the dot to the circle to pre-
serve the distinction between dots and circles (or
more rigorously, from Definition 1 of Appendix A).
Then the digraph mapping of sculpting operators
is given as Table I. For the remainder of this paper,
a digraph that corresponds to a sculpting bigraph,
hence to a sculpting operator, is called a sculpting
digraph. From the definition of EPM bigraphs and
Table I, we can see that EPM digraphs are those
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whose edges come to the circles as one of the fol-
lowing forms

O O Orie.

There are two useful properties that sculpting
digraphs have: First, in a sculpting digraph, a cy-
cle (a closed path other than loops) corresponds
to an independent PM in the bigraph counter-
part. Therefore, when a bigraph has a complicated
structure in a large system, the digraph represen-
tation is much easier to verify the PMs [22]. And
one PM in the bigraph representation is expressed
as a disjoint cycle cover (DCC) in G4 (see Ap-
pendix A for the definition).

Second, we can find necessary conditions for
a sculpting operator to generate genuine multi-
partite entanglement with the digraph representa-
tion. For a sculpting operator to generate a GME
state, all the vertices in it must be strongly con-
nected to each other. This property can be an
variation of Theorem 1 in Ref. [22]. This nec-
essary condition provides a powerful guideline to
search for sculpting operators to generate GME
states. We can find such operators by selecting
strongly connected EPM digraphs as candidates
and checking the final state by verifying their
DCCs, which significantly limits the number of
cases to be considered. The digraph representa-
tion Gy, is particularly useful for the schemes in
this work whose sculpting operators have compli-
cated ancillary structures, as we will see in the
next section.

3 Sculpting digraphs for caterpillar
graph states

Caterpillar graph states (CGSs) have multipartite
qubits that are connected with Controlled-Z (CZ)
gates’ in the shape of a caterpillar, i.e., a tree
graph in which every vertex is on the path or one
edge away from the path. The most general form
of a caterpillar graph with length [ is given by

ky ks ki1

IGraph states are GME states whose qubits and their
CZ gate interactions are represented as dots and edges re-
spectively, hence its graph picture is different from LQG
picture for different physical elements.

A more detailed explanation on the CGSs is pre-
sented in Appendix C.

Here we introduce a special type of sculpting
digraphs that generate arbitrary CGSs. With our
scheme, any CGS with a path of length [ is gener-
ated by the corresponding sculpting operator with
[ + 1 ancillary particles in [ 4+ 1 ancillary modes.
The ancillary modes play the role of the path cir-
cuit that connects several star graphs, which we
call the path circuit digraph PW.

A path circuit digraph P®) of (I 4 2) vertices
{C, A1, As,-+ Ay, A1} is a digraph whose ad-
jacency matrix is defined in an iterative manner
as follows:

acc  AcA, QACA, 1 1 1
1
P( ): aa,c AA A, AA A, = 1 1 0
L AA,C QA A, QA5 A, 1 -1 1
acc ac A, ACA141
50 aa, ¢ GA A QA ALy
L QA1 C QA Ay QA1 A
[ 1
pl-1) 0
= : (2)
0
11 --- 1 —-11|1

Digraphs corresponding to P, P2 p®)

shown in Fig. 1.

are

We can use the path circuit digraphs P® to con-
struct sculpting bigraphs that correspond to the
sculpting operators that generate CGSs of length
[. To achieve that, we use the one-to-one corre-
spondence between the DCCs in a path circuit
digraph and those in a sculpting digraph that re-
places some of loops with primate circuit digraphs,
which is an open graph of the following form:

where the red incoming edge to the circle 1 and
the black outgoing edge from the circle K will be
attached to A; (j € {1,2,---,1+ 1}). Then we
can show that P() and primate circuit digraphs
can combine to generate arbitrary CGSs of length
[ by replacing all the loops with primate circuit
graphs. The proof is given in Appendix D.

To demonstrate the concept, we begin with the
simplest CGS, i.e., a path of length 1,

e—eo = [00) +|01) +]10) — |11).  (3)

We can generate the above state with the following
sculpting digraph, which is a combination of P
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Figure 1: Path circuit digraphs P, P and PO, P® can be drawn from PU—Y by adding A;11 and edges
according to the iteration relation Eq. (2).

kl k2 kl k2 kl+1

NS A

(a
Figure 2: Sculpting bigraphs that generate CGSs. (a) A sculpting digraph for an arbitrary (k1 + k2 + 2)-partite CGS

of path length 1, directly generalizing the digraph (4). (b) A sculpting digraph for an arbitrary Zl(kl + 1)-partite
caterpillar graph state of length [ based on PY.

and two primate circuit digraphs: are four DCCs

- @
3 o D @
JeORO=ONOD. @)

g
cfo=F=olc¥c¥o=4
(6)

The corresponding sculpting operator from Table I

is given by
which correspond to the following four terms:

Azypy {a1,082,004, 404,400 4+, —01,002,104, 4+ GAy +-AC,+
= (=a11+aa, +)(—G2,1 + aa, +)(@10+ac+) — 01,102,004, +84, +00+,—01,102,104, +G4, +4C,+ }-

X (G2,0 = @A, 4 + ¢, 1)(@a, + + Gay 4 + 804 )- (7)

(5) Applying the terms to the initial state
2

Sl_nce (4) is an EPM digraph, only its DCCs con- (H a}7+a}7_)6217+&22’+d5+|vac> (8)
tribute to the final states. We can see that there j=1
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as defined in Egs. (17) and (18), we obtain Eq. (3).

The generalization of this digraph for an arbi-
trary CGS of path length [ (1) is straightforward.
We start from P®) and replace all the loops of
Ajs (7 € {1,2,---,1 + 1}) with primate circuit
digraphs of length k; + 1. The entire sculpting di-
graph becomes an EPM digraph, as displayed in
Fig. 2.

4 Linear optical CGS circuits

The sculpting digraph in Fig. 2(b) serves as a
blueprint for the heralded linear optical circuit
that generates arbitrary CGSs. To design the
circuit, we first transform the sculpting digraph
to a corresponding sculpting bigraph in Gy,
which captures the structure of sculpting opera-
tors more intuitively. This transformation is di-
rectly achieved by comparing the second and third
columns of Table 1. Next, we use the translation
rules from EPM bigraph elements to linear opti-
cal elements [24]. These rules were originally ex-
pressed in the polarization encoding but can be
applied to dual-rail encoding with direct circuit
modifications as in Fig. 7 of Ref. [28]. Then the
translated optical components are connected fol-
lowing the corresponding graph structures. Addi-
tionally, phase rotators with a phase shift = are
placed on the paths with edge weight 7.

To draw the sculpting bigraph, we decompose
it into two parts, the path circuit bigraph P®
and primate circuit bigraphs following the sculpt-
ing digraph structure in Sec. 3 (see Fig. 3). As the
loops of A; (j € {1,2,---,1+1}) in Fig. 1 are
replaced with primate circuit digraphs for a com-
plete sculpting digraph, the horizontal edges from
A; (57 € {1,2,---,1+1}) in Fig. 3 (a) are replaced
with the primate circuit bigraphs in Fig. 3 (b) to
construct a complete sculpting bigraph. Fig. 4 dis-
plays the final bigraph form that corresponds to
the sculpting digraph in Fig. 2 (b). For each jth
primate circuit bigraph, the open black (red) edge
is connected to A; (the dot next to A;).

The linear optical circuit designed from the
sculpting bigraph in Fig. 4 is drawn in Fig. 5. The
circuit elements in the dotted box is from P®,
and those in the dashed boxes are from primate
circuit bigraphs (we now call them primate cir-
cuits). Bach solid box in P) and primate circuits
performs a single-photon subtraction by postse-
lecting events in which only one particle arrives at
one of the detectors.

In each primate circuit , four rails in Kth mode
are denoted as (K0, K0, K1, K1) as in the gray
box of Fig. 5, hence the initial state of the first

primate circuit is given by

k1+1

[I akodkilvac). )
K=1

In PW, each rail of a mode is denoted as (L, s)
(where L and s denote the mode and rail respec-
tively), and the initial state of P is given by

I+1
ato [ @l olvac). (10)
q=1
The wires from C, Ay, -, A;41 are connected to
those subtractions as follows:
al o — b al bl
c,0 c,0’ c,j 7,00
de,O - bl,k" dTAk,m - bL+m,k (1 S m S l+ 1 -
At ot
Ay, 110k _>b1},o' (11)

The wires from primate circuits are connected to
the subtractions so that the upper (lower) wire

from primate circuit j is connected to A; (7).
Our scheme requires 2 22111 k; + 31+ 4 photons
(2(2?;11 (kj +1)) photons in primate circuits and

[ + 2 photons in P(l)). The success probability for
generating a CGS (1) is given by

pLON _ 1

= 12
1k o2 Zl;ll k;+31+3 (12)

Appendix E provides a detailed explanation on the
operation of this circuit with a rigorous success

probability calculation “.
Comparison with the fusion-based
method.— A conventional way to gener-

ate the CGS is to use fusion gates [16-18]. The
idea is to prepare for (14+1) GHZ states (star
graph states), which are fused with Type-I fusion
gates to generate the CGS. The protocol is
summarized as follows:

1. Prepare for (k; + 2)-partite GHZ states for
je{1,2,--- 1} and a (ki1 +1)-partite GHZ
states using the heralded scheme introduced
in Ref. [24], which generates N-partite GHZ
states with 2N photons and 1/22V~1 of suc-
cess probability.

21t is worth mentioning that our scheme can be directly
generalized for generating weighted graph states [29, 30], in
which the CZ gates are replaced with weighted CZ gates.
In our scheme, it is achieved by relaxing the phase rotation
angles 7 to arbitrary angles ¢; for each A;.

k),
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Figure 3: Elements that construct a sculpting bigraph for an arbitrary CGSs. (a) path circuit bigraphs P p®@),
and P® in Gu. This is easily drawn from the directed graphs in Fig. 1 using Table I. Note that all the horizontal
lines correspond to the loops of path circuit digraphs, which will be replaced with the graph element (b), which is now

called a primate circuit bigraph.

Figure 4: The sculpting bigraph that generates an arbitrary CGS of length [. The horizontal lines from A; (5 €
{1,2,---,1+1})in P are all replaced with primate circuit bigraphs. For each jth primate circuit bigraph, the open
black edge is connected to A;, and the open red edge to the dot next to A;.

2. Connect them using Type I fusion gates [16]
as follows:

k1 ko ki i1

where each circle corresponds to a Type-I fu-
sion gate.

After the successful fusion, the final state is given
by

kq ko kip1

the CGS.

The required photon number of this protocol is

2 Zi—; k; + 4l + 2 and the success probability is

given by

1

Type—I1 __
1,k - 41 )
92 ZFI kj+4l+1

(14)

Therefore, comparing with Eq. (12), we can see
that within heralded-optical implementations, the
LQG-picture-based scheme is more efficient than
the fusion-based scheme in both the photon num-
ber and success probability for [ > 3. Indeed,
the LQG-picture-based scheme saves (I — 2) pho-
tons with 2!=2 times higher success probability for
[ >3.

In measurement-based quantum computing
(MBQC), we can use CGSs as resource states
for generating arbitrary graph states with addi-
tional fusion gates as proposed in Refs. [26, 31].
Therefore, we can state that the cost reduction
of resource-state generation with LQG framework
directly lowers the overall resource overhead of the
entire computation process.
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ﬂ : asymmetric p-partite splitter
n: symmetric p-partite splitter

——P: particle number resolution detector

| : phase rotation by «
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K1
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Figure 5: Linear optical circuit to generate an arbitrary CGS (1).

The circuit elements in the dotted box is from

PW® | and those in the dashed boxes are from primate circuit bigraphs (we now call them primate circuits). Each solid
box both in P and primate circuits performs a single-photon subtraction. The black boxes with p are asymmetric
p-partite splitter, in which the relative probability amplitudes are asymmetrically given as in Eq. (29). The black boxes
with p are symmetric p-partite splitters that perform p-level discrete Fourier transforms. This circuit can also generate
weighted graph states by relaxing the phase rotation angles.

5 Concluding discussion and out-
look

We have proposed an efficient scheme for generat-
ing arbitrary caterpillar graph states (CGSs) us-
ing only single-photon sources, linear optical el-
ements, and photon-number-resolving detectors.
Guided by the linear quantum graph (LQG) pic-
ture, our approach employs flexible heralding
measurements that enable scalable and resource-
efficient state generation. The same framework
can be extended to generalized CGSs and other
graph families by adapting the underlying LQG
structures. A central insight is that fusion gates
can be regarded as a special class of heralded
boson subtractions. Both correspond to specific
measurement configurations that create heralded
entanglement through selective photon detection.
The LQG picture unifies these processes, provid-
ing a systematic all-photonic route for reducing
the preparation overhead of selected MBQC re-
source states.

Experimentally, the scheme is feasible with cur-
rent photonic technology. It is useful for the ef-
ficient generation of arbitrarily high-dimensional
cluster states in MBQC. It also offers an op-
timal platform for testing local-operations-and-
shared-randomness genuine multipartite nonlocal-

ity (LOSR-GMNL). Ref. [15] shows that all CGSs
exhibit LOSR-GMNL, unlike linear graph states
or GHZ states. Our optimized scheme provides
a more practical circuit design than the fusion
method, especially for current laboratory-scale ex-
periments.

Quantum-emitter approaches [26, 32-36] pro-
vide an important alternative route to caterpil-
lar and more general photonic graph states. In
the ideal setting, sequential emission protocols can
generate large states using one, or a small number
of, coherently controlled emitters and may there-
fore require fewer independently prepared opti-
cal inputs than the present construction. These
schemes, however, rely on efficient photon extrac-
tion, repeated coherent control, and sufficiently
long matter-qubit coherence. Errors in these se-
quential operations may accumulate as the gen-
erated state size increases [36]. For subsequent
fusion-based processing, emitter-generated states
also require integration with linear-optical net-
works, which may introduce additional experimen-
tal imperfections. The present proposal avoids
these matter-qubit and hybrid-integration require-
ments, but at the cost of an increasing interferom-
eter size and an exponentially decreasing one-shot
success probability. The two approaches there-
fore address different experimental regimes. A
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platform-specific comparison with emitter-based
generation would require a common model of loss,
operation time, coherence and control error.

Looking ahead, the LQG framework natu-
rally generalizes to more complex graph-state
families and could be extended to hybrid pho-
tonic—matter systems [37-39], adaptive feedfor-
ward architectures [40], and integrated photonic
circuits [3]. Such developments would further
enhance efficiency and scalability, paving the
way toward practical large-scale implementations
of measurement-based quantum information pro-
cessing.
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A Graph theory preliminaries

Graph— A graph G = (V, E) is a set of vertices V' whose elements are connected by edges (€ E).
Each edge can have some numerical values, weights.

Undirected and directed graphs—. Edges in a graph can have directions. undirected graphs
(directed graphs, digraphs G4) have undirected (directed) edges. For an undirected graph G = (V, E)
with V' = {v1,v2, - ,un}, we denote an edge (€ E) that connects v; and v; as (v, v;). Fora Gqg = (W, F)
with W = {wq,ws, -+ ,wn}, we denote an edge (€ F') that connects w; and w; as (w; — w;). A digraph
G4 is strongly connected if every vertex has a path to every other vertex.

Bipartite graph and perfect matching— A bipartite graph (bigraph, G, = (U UV, E)) has two
sets of vertices, U and V, and its edges do not connect two vertices in the same set (on the contrary,
when a graph has one set of vertices, it is called a unipartite graph (unigraph)). A balanced bigraph,
denoted as Gy, is a bigraph with |U| = |V]|. All the bigraphs that we consider in this work are balanced
bigraphs, e.g., Fig. 6. A balanced bigraph can have perfect matchings (PMs). A PM of Gy, is a subgraph
in which every vertex in U is adjacent to only one edge in V. For example, the GHZ sculpting bigraph
in Fig. 6 (a) has two PMs,

(15)

1T

&
-
Nod

which correspond to the two terms of the GHZ state.

From bigraphs to digraphs— We can draw a unipartite digraph that corresponds to a bigraph
using the following definition:

Definition 1. (From bigraph to digraph) For a balanced bigraph G, = (UUV, E), its digraph counterpart
Gau = (W, F) is obtained by mapping two vertices v; in U and vy in 'V into a vertex w; in W, and a
undirected edge (v;,vj) (€ E) to a directed edge (w; < wj/) (¢ F').

In our representation, labeled and unlabeled vertices are in U and V respectively as explained in
Table 1. Then the digraph in Fig. 6 (b) is drawn from the bigraph in Fig. 6 (a). A PM in the bigraph

= <

(@ (b)

Figure 6: Sculpting operators for generating N-partite GHZ states represented as (a) sculpting bigraphs and (b)
sculpting digraphs [23]. With Table I, they correspond to a sculpting operators Ay = ﬁ(dlp + a2,1)(az,0 +
2

ds,1) - - (An-1,0 + an,1)(an,0 + @1,1). We choose a simplified notation here, which is valid when all the edges
connected to the same dot has the same real value of edge weights. In the simplified notation, omission of edge
weights implies that the edge weight is real and positive. An edge weight 7 implies that the edge weight is real and
negative.
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correspond to a disjoint cycle cover (DCC), in which every vertex has one incoming edge and one outgoing
edge. For the GHZ sculpting digraph 6 (b), we can find two DCCs:

SolNCSN oSSR
a0 (10
)

B Sculpting protocol

The idea of generating entanglement through subtracting particles is originated from researchs on
continious-variable photonic systems [41-44]. In our setup for the sculpting protocol [23], each boson
has an N-dimensional spatial state and a two-dimensional internal state, hence creation and annihilation
operators are expressed as aj sand a;s (j € {1,2,---,N}, s € {+,—}) respectively. The sculpting
protocol consists of three steps for generating multlpartlte entanglement:

1. Initial state preparation: In the initial state, each mode has two bosons in the opposite internal
states with each other:

N
;erg a}r\, +&N lvac) = H al )vac). (17)

Some sculpting schemes require a K-mode ancillary systems (K > 0) in which each mode has one
particle of the same internal state (we choose + here), i.e.,

K
|Anck) = d}r\,+17+d;{\,+27+ e &R,+K’+|vac H aNﬂ )vac). (18)

Then the total initial state becomes |Symy)|Ancyk) with N + K spatial modes.

2. Operation: We apply an N single-boson annihilation operator (sculpting operator), which is written
as

N+K N+K N+K
I > &as +6Pa)= [ AV = Avsx () eCand SR =1),  (19)
=1 j=1

=1 7,8

where A® is a single-boson subtraction operator.

The sculpting operator Ayn must satisfy the no-bunching condition, by which the final total state
must be a superposition of states with one particle in each mode. From the viewpoint of heralded
schemes, the remaining boson in the mode contains the qubit information, and the subtracted one
plays the role of heralding.

3. Final state: We now obtain the final state
) fin = Anyrc|Symn)| Anci). (20)

We need to verify what type of entanglement |¥) s;, carries.

C Caterpillar graph states (CGSs)
A controlled-Z (CZ) gate U JZk on jth and kth qubits is defined as

Uiilr)ls)e = (=1)"Ir);ls)k (r,s € {0,1}) (21)
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If a multi-qubit quantum state is a graph state, then qubits in the + state correspond to vertices and
CZ interactions between pairs of the qubits correspond to edges. More specifically, the graph state for a
graph G = (V, E) with |[V| = N is defined as

G) = H UZ| 4+ +) (22)
(4,k)EE N

A caterpillar graph is a tree graph (a graph without a closed path) in which every vertex is on the
path or one edge away from the path, e.g.,

(23)

is a caterpillar graph with a path of length 4. And a CGS is a graph state whose qubits are connected
by CZ gates following the structure of a caterpillar graph. For example, three star graph states (each
has K, L, and N — K qubits) whose centers are connected with path length 2 is given by

O+ = =D+ O+ -+ 0)
K L N—-K-L K L N—-K-L
_|_|_|_+..._|_0>|__..._1>‘_|__|_..._|_0>_| ______ 1>|__..._1>|+_|_..._|_0>
K L N—-—K-L K L N—-K-L
+|++...+0>|++...+0>‘__..._1>+|__..._1>|++...+0>|__..._1>
K L N—-K-L K L N—-K-L
_|_|__|_ _|_0>|__..._1>‘__..._1>+|__..._1>|__..._1>|__..._1> (24)
K L N—-K-L K L N—-K-L

D Proof that the path circuit digraphs P) generates arbitrary CGS of length

[

In this section, we show that any CGS of lenghth I can be generated by replacing the loops of P() with
N ~ (primate circuit digraphs).

To see this, we first check that there is a one-to-one correspondence between the DCCs in a path
circuit digraph and those in a sculpting digraph that replaces some of loops with primate circuits. Let
us first choose A; for replacing its loop with primate circuit digraphs of length K as follows:
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Q—
Then any DCC with the replaced loop instead includes , and any DCC without the loop

@ .....

kL

instead includes - The total number of DCCs is preserved under the replacement. The

same is true with any replacements of loops on all A;’s. This property implies that when A; (j €
{1,2,---,141}) has a loop in a directed PM of P®)| the state of j (k € {1,2,---K,}) is 1, and
otherwise 0.

Second, the number of DCCs for a given P® is 2!*1. This can be verified by using the fact that
the number of directed PMs of a directed graph is given by the permanent of its unweighted adjacency
matrix. Defining such an adjacency matrix as Pyu, we can see that Perm[Pﬁu)] (the matrix permanent
of P ) is 4 and hence Perm[Pﬁ,)j} 2><Perm[P$U 1)] 21+ This implies that the number of terms of
the target state generated from the sculpting digraph is equal to 2!+1.

Third, one can check that the submatrix of P(!) associated to aaa; (5 €1{1,2,---,141}) has the same
nonzero elements with P¢~1) which means that any subsystem connected to A; has the same number
of 0 and 1 in all 2/*! terms.

Fourth, the distribution of edge weights 7 in P®) implies that a minus sign comes when the two
neighboring system are in the state 1, the essential property of the CZ gate.

Combining the above four properties, we can see that the final state generated by the sculpting digraph
that is a P() with all loops of A; (j € {1,2,---,1+ 1}) replaced with primate circuits.

E  Success probability calculation

We can calculate the success probability of our scheme by calculating the probability of obtaining the
desired heralding outcome from the initial photonic state. This probability is obtained directly from the
normalization condition: starting from a normalized input state, we identify the probability amplitude
associated with the normalized target state for the desired heralding outcome. The success probability
is then given by the squared modulus of this probability amplitude.

To perform the calculation, we divide the entire circuit in Fig. 5 into [ + 1 primate circuits and P®).

First, the primate circuits defined here (see the left circuit of Fig. 7) are fundamentally identical to
those in Ref. [45], except for the 2 splitters on rail 0 of the first mode and rail 1 of the last mode (see Fig.
11 of Ref. [45]). Therefore, from Eq. (4) of Ref. [45], the state of primate circuit 1 after the postselections
is directly written as

ki+1 ]
(5) [(TLalale + (TTalak.] + 1 (25)

where |x) is the part that do not contribute to the final state after merged with PW_ The other primate
circuit states are all written in the same form.

Second, P® can be divided into three steps of circuit operations (see the right circuit of Fig. 7).

e Step 1: One photon is injected to the Oth rail of each mode C, Ay, - , A;11, by which the normalized
initial state is given by

1+1
)
|P1(nlt Ao H Ga, olvac). (26)

e Step 2: Each operators denoted as p (2 < p <1+ 2) split a photon into p-rails, which is possible by
combinations of unitary operators and vacuum [46]. After the beamsplitting and rewiring, the state
evolves into

I+1 I+1

Jj=1 p=j+2
(27)

l
C n i 7 l
(> aSho +a§bho) [ TT (b, — afurblyns + - agbl, o+ adidl,)] (of b S+ b Bl ).
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Primate
1

a : asymmetric p-partite splitter
n: symmetric p-partite splitter

——P: particle number resolution detector

Figure 7: Decomposition of our CGS-generating circuit in Fig. 5 into [ 4+ 1 primate circuits (left) and p® (right).

Note that the probability amplitudes from the left to right can be expressed as an (I + 2) x (I + 2)
matrix as follows:

c c c c c
o0 ey apg dg
A 0 o5 —0;)3 04?-1 ag 08
=10 0 az ooy A (28)
I+1 I+1
0 0 0 R € V)

We can set the elements of A so that they give the maximal success probability.

e Step 3: Each black box p (2 < p <1+ 2) is a p x p symmetric multiport splitter that executes the
discrete Fourier transformation [47]. Then we postselect the events where only one detector in C
clicks and feed-forwards. We can see that the probability amplitudes of all the non-zero terms are
expressed as the nonzero terms of the matrix permanent of A. From this observation, we impose
two constraints on the elements of A:

1. All terms in the permanent of A have the same absolute value.
2. The 1st and 2nd rows of A construct (I + 2)-dimensional sphere and the mth row for m > 3

constructs a (I + 4 — m)-dimensional sphere.

The first constraint comes from the form of the CGSs. The second is from the normalization

Accepted in {(xuantum 2026-07-27, click title to verify. Published under CC-BY 4.0.

15



conditions. From these constraints, A is written as

cos@11 sinfjpqcosb oo - Hlii sin 6, cos 63 Hlilg) sin 6 cos 6, HH;E sin 6 cos 64 HH:I sin 6,
cos@1 —sinfqcosfy - - Hljjl sin @, cos 63 szilg) sin 6 cos 6, ]_[27112 sind;cosér ] J:l sin 6,
0 cos 0, oo ljgsin6jcosOs [[;_gsing;cosby J[;_psinbjcoséy [];_,sinb;
0 0 e 0 cos 03 — sin 05 cos O H?:z sin 0; cos 6, H‘O’-Zl sin 0;
0 0 e 0 0 cos 05 —sin @y cos 0 Hj:1 sin 6,
0 0 -+ 0 0 0 cos 01 sin 6
(29)

The amplitude of each non-zero term by the postselection is equal to

1+1 I+1

Hsin9j cosf; = (%)ZH Hsin29j. (30)
j=1 j=1

We can directly see that the probability for successfully generating the P state becomes maximal, i.e.,

(%)Q(lﬂ), when 6; = 0 = n/4.

Finally, when all the primate circuits are connected to P(!) as in Fig. 5, the entire success probability
after the normalization is given by

1N2 D (k) 1y 2(1+1) 1N2 D0k taies
WY e

2 2 ~~
~———" target normalization

primate circuits p)

Here the primate circuit factor comes from Eq. (25), the P(!) factor is determined from Eq. (30). The
target normalization factor comes from the fact that a CGS has 2!*! equal-amplitude orthogonal terms,
so the squared common amplitude is multiplied by 2/*! when projecting onto the normalized target
state.
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