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Recent work by Bravyi, Gosset, and Koenig showed that there exists a search prob-
lem that a constant-depth quantum circuit can solve, but that any constant-depth
classical circuit with bounded fan-in cannot. They also pose the question: Can we
achieve a similar proof of separation for an input-independent sampling task? In this
paper, we show that the answer to this question is yes when the number of random
input bits given to the classical circuit is bounded.

We introduce a distribution D,, over {0,1}" and construct a constant-depth uniform
quantum circuit family {C,},, such that C,, samples from a distribution close to D,
in total variation distance. For any § < 1 we also prove, unconditionally, that any
classical circuit with bounded fan-in gates that takes as input kn + n? i.i.d. Bernoulli
random variables with entropy 1/k and produces output close to D,, in total variation
distance has depth Q(loglogn). This gives an unconditional proof that constant-depth
quantum circuits can sample from distributions that can’t be reproduced by constant-
depth bounded fan-in classical circuits, even up to additive error. We also show a
similar separation between constant-depth quantum circuits with advice and classical
circuits with bounded fan-in and fan-out, but access to an unbounded number of i.i.d.
random inputs.

The distribution D,, and classical circuit lower bounds are inspired by work of
Viola, in which he shows a different (but related) distribution cannot be sampled from
approximately by constant-depth bounded fan-in classical circuits.
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1 Introduction

At the heart of quantum information theory lies the remarkable observation that quantum devices
can process information in ways that classical devices cannot. This is illustrated by the work of
Bell, which showed that measurements made on spatially separated parts of a quantum system
could produce non-classical correlations. More recently, much excitement surrounding quantum
computers comes from the belief that there are problems, such as factoring [1], which can be solved
by quantum computers in polynomial time but cannot be solved efficiently by classical computers.

While Bell’s predictions have been verified experimentally [2], there are significant challenges
to demonstrating quantum advantage for complex computational problems such as factoring. The
current best known quantum algorithms for these problems require construction of a full scale
fault-tolerant quantum computer, which is well beyond our current experimental capabilities. Ad-
ditionally, while it is widely believed that there is no efficient classical algorithm for factoring, this
hardness has not been proven formally. Indeed, proving any problem can be solved efficiently by
a quantum computer but not by a classical computer would also require proving P # PSPACE [3],
constituting a major breakthrough in complexity theory.

One approach to demonstrating quantum advantage while avoiding these problems is to study
the task of sampling from the output distribution of quantum circuits. In this setting it seems
possible that even shallow quantum circuits (that is, quantum circuits whose depth is much less
than their length) can perform tasks which are still hard classically. In 2004, Terhal and DiVincenzo
provided evidence, later strengthened by Aaronson [4], that there is no polynomial time classical
algorithm that takes as input a description of a depth-3 quantum circuit and produces samples
from the output distribution of that circuit [5]. More recently, a series of works [6, 7, 8] studied the
complexity of sampling from the output distribution of a randomly generated shallow quantum
circuit (again given a description of the circuit as input) and gave evidence this task couldn’t
be performed by classical computers in polynomial time. We refer the reader to [9] for a more
complete discussion of these issues.

While these examples are striking, they do have some limitations. As in the case of factoring,
the proofs of classical hardness in the results discussed above are conditional, relying on (natural)
complexity-theoretic conjectures. More subtly, the presence of noise in real-world experiments
means that quantum computers will not sample from the ideal output distribution of quantum
circuits ezactly. Near-term (NISQ [10]) devices will likely only sample from the output distribution
of the idealized quantum circuits up to (likely large) additive error. Strengthening hardness-of-
sampling results of the form described above to this more real-world scenario requires more tenuous
complexity-theoretic conjectures.

An alternate approach, pioneered by Bravyi, Gosset, and Konig in [11] is to compare the
computational power of shallow quantum circuits to the computational power of similarly restricted
classical circuits. This allowed for an unconditional separation: in [11] they showed that constant-
depth quantum (QNCY) circuits could solve a relational (search) problem — mapping inputs to valid
outputs — in a way that constant-depth, bounded fan-in, classical (NC®) circuits could not. Later
work [12, 13] improved on their result to give separations between QNC° circuits and more powerful
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classes of constant-depth classical circuits, or between quantum circuits and classical circuits even
in the presence of noise [14].

One notable feature of all of the separations discussed so far is that they are input-dependent.
That is, they are based on the classical hardness of mapping some input to some output, e.g.,
a positive integer to its prime factors in the case of factoring, a circuit description to a sample
from its output distribution in the case of circuit sampling problems, or a measurement setting to
correlated measurement outcomes in the case of the Bell test. For each of these problems it may be
easy to produce a valid output for any fixed input — the classical hardness is in finding a classical
process that takes all valid inputs to valid outputs.

Many important questions in quantum computing, however, concern operations that are input-
less. A major area of study is the complexity of state preparation [15], which asks what states can be
prepared by quantum computers with bounded resources. The recently proven NLTS theorem [16]
states that there exist local Hamiltonians whose ground state cannot be prepared by constant-
depth quantum circuits. More broadly, the longstanding open question of whether complexity
classes QMA and QCMA are equal roughly amounts to asking whether every local Hamiltonian has
an efficient classical description of its ground state [17]. Beyond this, the complexity of state prepa-
ration has implications in quantum cryptography and physics, with connections to black holes and
quantum money [15].

In this work we study unconditional separations in the style of Bravyi, Gosset, and Konig in the
inputless setting. Classical input-independent sampling problems can be thought of as the classical
analog of state-preparation problems, in which the goal is to sample from a fixed n-bit distribution
D,, using a classical circuit whose input is fixed to uniformly random bits.! While input-dependent
problems ask about a classical system’s ability to process information, input-independent problems
instead study what distributions classical systems can prepare.

At first glance, it may appear that there is a close connection between input-dependent problems
and input-independent sampling problems. If it is hard to map input x to output f(z) in constant-
depth, is it also hard to sample from the distribution (X, f(X)) where X is uniform? Perhaps
surprisingly, the answer to this question is no! To illustrate, consider the parity function, which
requires Q(log n/loglog(n)) depth to implement with a classical circuit with unbounded fan-in [18].
Despite this, there is a simple depth-2 classical circuit which maps a random string r € {0,1}"~!
to output (X, parity(X)) for uniformly random X. This circuit is easy to describe: simply map
input r to output

(ri,r1®re,ro®r3, ..., T2 ®rp_1,Tn—1)

and check that the output distribution has the desired statistics. A similar trick can be used to
sample from the distribution (X, PHP, (X)) where PHP,, is the Parity Halving Problem, a search
problem introduced in [12] which separates QNC? circuits from constant-depth classical circuits
with unbounded fan-in.

Indeed, in contrast to search problems, where lower bounds against constant-depth circuits have
a long history [18, 19, 20], lower bounds for input-independent problems have only been developed
recently. Particularly relevant to this paper is a breakthrough result of Viola [21] in which he
gave the first example of a distribution that could not be sampled by constant-depth classical
circuits with bounded fan-in, even up to additive error. (In a follow-up work [22], Viola also gave
a distribution that can not be sampled by constant-depth classical circuits with unbounded fan-in.
While this result is stronger, the techniques used in [22] are less natural in the situation studied
here).

A natural question is whether constant-depth quantum circuits can sample from distributions
that classical circuits cannot. Indeed, the authors of [11] asked exactly this question:

Question 1 (From [11]). Does there exist a family of quantum circuits {C,, }nen such that, for
each n € N, any constant-depth classical circuit with bounded fan-in (NC°) with access to uniformly
random bits produces a distribution far from the output distribution produced by C,, run on the
all-zero state?

IMore formally, the goal, given a family of distributions {D;,} that depend only on n, is to produce a family of
circuits {C, }, each of which samples from the appropriate distribution given random bits as input.
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In the question above we understand close and far in the sense of additive error (or total
variation distance). We quickly review the definition of this distance below.

Definition 2 (Total Variation Distance, A). The Total Variation Distance (or Statistical Distance)
between two distributions Dy, Dy over {0,1}™ is

1
A(Dy, Dy) := . Pr[Dy € T] - Pr[D; € T]' =3 E{%:l}
actonim

Pr[Dy = a] — Pr[Dy =a]| (1)

In the next section we discuss the main results of this paper, including a positive answer to
Lemma 1 when the number of random inputs given to the classical circuit is bounded.

1.1 Results

The main result of this paper is the following Theorem.

Theorem 3. For each § € [0,1), there exists a family of distributions {D,} such that for each
n € N, D, is a distribution over {0,1}" and

(1) There exists a uniform family of constant-depth quantum circuits {Cy} such that for each n,
applying C to input |0™) produces a distribution which has total variation distance at most
1/6 + O(n=¢) from D,, for some c € (0,1).

(2) Each classical circuit with fan-in 2 which takes n 4+ n® random bits as input and has total
variation distance at most & —w(1/logn) from D, has depth Q(loglogn).

The distributions D,, constructed are of the form (X, f(X)) for a uniformly random bitstring X
and function f : {0,1}"~1 — {0,1}.

To provide context for the classical lower bound we note that a uniformly random bitstring
has total variation distance 1/2 from the distribution D,, (or any other distribution of the form
(X, g(X)) for uniformly random X and function g : {0,1}"~1 — {0,1}) and so the classical lower
bound on total variation distance is near-optimal.

Considering the family of constant-depth quantum circuits that approximately produce the
distributions {D,, }, we get the following Corollary, showing the answer to Lemma 1 is YES provided
the number of random bits provided to the classical circuit is bounded:

Corollary 4. There exists a uniform family of constant-depth quantum circuits {Cy,} such that,
for each § € [0,1), any classical circuit with fan-in 2 which takes n +n’ random bits as input and
samples from the n-bit output distribution of Cy, to within 1/3 —w(1/logn) additive error has depth
Q(loglogn).

While we view Lemma 3 and Lemma 4 as the main results of the paper, they have some
limitations which we address in part with subsequent theorems. Most significantly, the circuits
C,, constructed in Lemma 3 use arbitrary constant-sized unitaries. In Section A we review a
standard series of arguments which shows that these unitaries can also be compiled in constant
depth by circuits consisting of arbitrary single qubit gates and two-qubit CNOT gates. This shows,
in particular, that the quantum circuits {C,,} are a uniform circuit family.

Additionally, it should be noted that even arbitrary single qubit gates have some capabilities
which are beyond the reach of NC® circuits with uniformly random input. In particular, applying
a single controlled-X rotation to a qubit initially in the |0) state and then measuring in the com-
putational basis results in a random bit sampled from a Bernoulli distribution with arbitrary bias
(determined by the extent of the rotation). For most biases, reproducing this bias exactly with
an NC° given uniformly random input requires super-constant depth. It seems possible to build
on this observation and produce a separation similar to the one appearing in Lemma 3 — indeed,
independent from this observation being made here but while we were revising the paper to discuss
this issue, this observation was also made formal in [23, Theorem 1.10]. The authors of that paper
also show this observation gives a classical-quantum separation that holds even when the number
of (uniformly random) input bits provided to the NC® circuit is unbounded.

Accepted in {Yuantum 2025-12-03, click title to verify. Published under CC-BY 4.0. 4



To address this issue, in Section C we extend the classical lower bound of Lemma 3 to NC°
circuits with biased inputs. We also allow more input bits provided their total entropy is bounded.
In particular, our lower bound holds when the circuit receives kn + n’ independent Bernoulli
random bits, each with entropy 1/k.

Finally, we reemphasize that the classical lower bound in Lemma 3, as well as its extension in
Section C, applies only to NC° circuits with at most n+n° random input bits for some § < 1. That
is, the bound only applies to NC° circuits with access to at most an extra n® bits of randomness
on top of what is required to sample from the distribution (X, f(X)). Because of this restriction
we took significant care to construct quantum circuits C,, which only involve n qubits, to ensure a
fair comparison. Viola [22] proves sampling lower bounds against stronger circuit classes without
the restriction on the number of random input bits, but we have not yet adapted those bounds
to our setting; See Section 2. As a first step, in Section B we consider classical circuits with an
unlimited number of inputs but that have bounded fan-in and fan-out. In this setting we show
there is a distribution D!, that QNCY circuits with quantum advice can approximately sample, but
that classical circuits cannot sample in constant depth.

classical ~ constant .. input-
Problem ‘ hardness depth unconditional independent
Factoring [1] Poly-time X2 X X
Sampling depth-3 quantum circuits [5, 4] | Poly-time v X X
Random Circuit Sampling [6, 7, 8] Poly-time v X X
2D-HLF [11] NC° v v X
This work NC® v v v

Figure 1: Table comparing a few different computational problems with either conditional or unconditional proof
of quantum advantage.

1.2 Technical Overview

The distribution used to prove Lemma 3 is a variation of the distribution (X, majmod,, (X)), where
the function majmod,, (“Majority mod p”) is defined as

0 if |z| <p/2 modp

for each z € {0,1}"~ !, and prime p. 2
1 if |z| >p/2 modp (0.1} P b @)

majmod,,(z) = {

Viola introduced the majmod,, function in [21]. In the same paper he showed a hardness of sampling
result for the distribution (X, majmod, (X)) similar to Item 2 of Lemma 3.

To illustrate some key ideas used in the proof of Lemma 3, we first sketch the proof of a
weaker sampling separation which holds when QNC? circuits take as input a GHZ state |GHZ,,) =
1//2(|0™) + |[1™)). We refer to these circuits as QNC" states with GHZ advice. The statement of
this separation is as follows.

Theorem 5 (Separation with GHZ advice). For each n € N, 6 € [0,1), there exists a prime p
such that

(1) There exists a constant-depth quantum circuit that takes the GHZ, state as input and produces
a distribution which has total variation distance at most 1/6+0(n~°) from (X, majmod,(X)®
parity(X)) for some c € (0,1).

(2) Each classical circuit with bounded fan-in which takes n +n® random bits as input and has
total variation distance at most 5 —w(1/logn) from (X, majmod,(X) & parity(X)) has depth
at least Q(loglog(n)).

We sketch the proof of Ttems (1) and (2) of the above theorem in the next two subsections.

2Factoring can be accomplished in logarithmic depth on a quantum computer with polynomial time classical
post-processing [24], or in constant-depth on quantum computer with unbounded fanout gates [25] or intermediate
measurements [26], again with classical post-processing.
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1.2.1 Approximately sampling from (X, majmod, (X) @ parity(X)) with GHZ advice

We first introduce some non-unitary “self-controlled” rotation operations, then describe a circuit
that approximately samples from (X, majmod, (X) @ parity(X)) using those operations. We close
this subsection by showing that it is possible to approximate those non-unitary operations with
unitary gates.

Introducing non-unitary gates We introduce the following single-qubit non-unitary operator.
Ag = [0)0] + e~ ¥ 1)1, bR (3)

It is straightforward to see that Ay is linear, but not unitary. Ay can be interpreted as a “self-
controlled” X rotation gate. That is, applied to the |0) state, it acts as the identity, and on the
|1) state, an e?X is applied. For this reason, it is convenient to draw the gate and its adjoint as

Upon post-selection on the output of A}; in the computational basis, we can simplify these opera-

tions as follows:
— {0 = ———o
@ = .

Approximate sampling with a non-unitary circuit In this section, we aim to illustrate how
together these non-unitary gates, and GHZ advice can be used to produce an n-bit distribution
where the first (n — 1) bits are uniformly random, and the final bit is a function of the Hamming
weight of the first (n — 1) which approximates (X, majmod,(X) @ parity(X)). We proceed by
walking through an example on n = 4 qubits.

Starting with the |GHZ,) state, we apply a Hadamard gate to each qubit, and then apply our
“self-controlled” rotation gates Ag to all but the last qubit as shown on the left hand side below.
To analyze the output distribution of this circuit we proceed with a series of circuit identities. The
first is the fact that H®" maps the state |GHZ,) to the |EVEN,,) state. Here, the EVEN,, state
denotes the uniform superposition over all even n-bit strings.

eie i6

Y

ei@

e

eiG V—ﬁax \

e |
|GHZ,) = |[EVENy)
eiG 10X .

Suppose we measure the first 3 qubits in the {|0), |1)} basis, getting outcomes x1, x2, x3, 24 € {0,1}.
Using the circuit identities in Equation (4), we have

ST s
s e
|[EVEN,) = |[EVEN,)

s e
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Next, we observe that if you apply the Pauli-X operator to any single qubit of the [EVEN,,) state,
it becomes the |ODD,,) state. Therefore, it has the same effect as if we instead applied X to the
last qubit. The same is true for X-rotation gates, so we can push all gates down to the last qubit.

ol —
o —

ol —

Finally, we note that the |[EVEN,,) state can be constructed by first initializing the first n — 1
qubits to the [+) = % (|0y 4+ |1)) state, and the final qubit in the |0) state, and subsequently
computing the parity of the first n — 1 qubits into the final register .

(1] [+) ———————— (=]

(w2 ) ———————— (22|
|EVEN,) =

(s [+) ———————— (a3

o0z —m/4)X |parity(z)) - ¢i(0lel-m/9)X

And so our measurement outcomes on the first n — 1 bits are uniformly random, as desired. As for
the last qubit—Ilet b € {0,1} be the outcome after measuring the last qubit in the standard basis.
Then we have that

Pr[b = parity(x)] = cos? (8|z| — 7 /4). (5)

This function is periodic in the Hamming weight of x, with periodicity 7/6. If we set 0 = «/p
then the output bit b approximately correlates with majmod,,(x) @ parity(x), as can be verified
analytically or by inspection of the following figures:

— cos? (mlal /p — 7/4)

——  majmod,,(|z|) Pr[b # majmod,, () & parity(z)]
T T T
1 1 :
1/2 1/21 :
L | | |
O p/4  p2 3p/i4 P 0 p/4  p2 3p/4 P
|| |z

Converting to Unitary Our non-unitary circuits are helpful for initial circuit design, but we
need to somehow port them back over to be unitary — while maintaining their low-depth. To this
end, we make use of the following two insights to construct a unitary circuit such that the output
distribution is very close to that of the non-unitary circuit.

1. We do not need to find a unitary that is close to the circuit (In fact, this is likely not possible).
It is sufficient to instead find a unitary that has the same behavior with respect to its action
on the GHZ state.
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2. We introduce a multi-qubit non-unitary gate A,, ¢ acting on m-qubits that has the same
action as A?m when applied to the GHZ state, and becomes closer to unitary as m increases.

In Section 5 we make this outline rigorous to construct a quantum circuit that, with advice, samples
approximately from the distribution (X, majmod,,(X) & parity(X)), where X ~ Unif ({0,1}"1).

1.2.2 Classical circuit lower bound for (X, majmod,,(X) + parity(X))

The proof of a classical lower bound for the distribution (X, majmod,(X) + parity(X)) closely
follows Viola’s techniques in [21]. Rather than explicitly lower bounding classical circuit depth,
Viola proves lower bounds for the locality of functions. To illustrate the relationship between
locality and circuit depth let f: {0,1}* — {0,1}" be a function implemented by a classical circuit
with bounded fan-in. We say that f is £;-local if, for each ¢ € [n], the i-th output bit of f(u)
depends on at most £y bits of the input u. Any circuit with depth d and fan-in x will have locality
at most x?. And so, to prove a circuit lower bound of (log log ) for sampling from the distribution
(X, majmod,, @ parity(X)) it suffices to prove that there exists some k > 0 such that any function
with locality at most Q(logk n) cannot sample from the distribution (X, majmod,, & parity(X))
given access to uniformly random bits as input.

Both our proof of sampling hardness for (X, majmod,(X) @ parity(X)) and Viola’s original
proof of hardness for (X, majmod, (X)) begin with the observation that for any ¢;-local function
f:{0,1}¥ — {0,1}" there exists a partition of the input u = (z,y) and a permutation of output
bits of f(x,y) such that:?

f(@,y) = g1(w1,y) 0 galw2,y) 0 -~ 0 gs(xs, ) © h(y), (6)

where each g;(z;,y) is a subset (or “block”) of the output bits that are completely determined by
y and a single bit of z, and s = Q(n/ﬁ?) Therefore, if we fix the input bits y, each of the blocks g;
are independent. Let z € {0,1}"~! be the first n— 1 outputs of f(x,y) and let b be the final output
bit. We can also assume without loss of generality (by absorbing at most one g; into h) that the
last output bit is not permuted, so b only depends on y. In order for the function f to sample from
the correct distribution the output bits z must be uniformly distributed and, for every input (z, y),
we must have majmod,,(z) @ parity(z) = b. After fixing the input bits y, the Hamming weight of 2
is a sum of independent random variables but b is fixed. Then (still following Viola) we show that if
many of these independent variables are fixed the output distribution of z will not have sufficiently
high entropy. Alternatively, if they are unfixed, the condition majmod,(z) ® parity(z) = b is
unlikely to be satisfied. Making these observations formal completes the proof. The full details of
this argument are given in Section 7.

1.2.3 Removing the GHZ advice

To complete the proof sketch of Lemma 3 we need to extend a proof of Lemma 5 to give a
sampling separation without GHZ advice. To do this, we replace the GHZ state in the quantum
circuit used to prove Lemma 5 with a “Poor-Man’s GHZ state” (introduced in [12]) defined over
a binary tree B. An n qubit Poor-Man’s GHZ state can be prepared by a constant-depth circuit
acting on 2n — 1 qubits followed by a measurement of n — 1 auxiliary qubits. The remaining state
is equivalent to the GHZ state with some Pauli terms applied to it. We can determine which
Pauli operations will “correct” the state back to the GHZ state as a function of our measurement
outcomes. However, determining these corrections requires Q(logn) depth — which we cannot
afford in this shallow circuit setting. Instead, we absorb the Pauli corrections into the definition
of the target distribution.
The result is a circuit that samples approximately from a modified version of the (X, majmodp(X )®

parity(X)) distribution. Specifically, the new circuit (including the measured auxiliary qubits) ap-
proximately samples from a distribution of the form (X, MM, (Sx) @ parity(X)) where

0 ifj<p/2 modp

for j € Z. 7
1 ifj>p/2 modp orJ @

MM, (j) == {

3We use “o” to denote concatenation.
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and Sx is a sum of terms that depends on output bits X € {0,1}""1. In particular, Sy is a
weighted sum of the bits of X where the sign of the weight for each bit X; may depend on many
other output variables. In the body of the paper we introduce the notation MM, (Sx )®parity(X) :=
pmmajmod,,(X) to describe this new function.

Unlike the function majmod,,(X) @ parity(X), the function pmmajmod,,(X) does not just de-
pend on the Hamming weight of X. This introduces a complication when trying to show the
classical hardness of sampling using Viola’s previously discussed lower bounding technique, since
this technique relied on the fact that the Hamming weight of X could be written as a sum of the
Hamming weights of disjoint blocks g; of output bits (and that these blocks became independent
after fixing enough input bits). To get around this we show that, after fixing additional input bits
(and hence some output bits), we can find blocks of unfixed output bits which each depend on
disjoint single input bits and which contribute to disjoint terms in the sum Sy. After showing
this additional detail, the proof of the lower bound proceeds similarly to Viola’s. Although per-
haps conceptually straightforward, this argument is mathematically delicate, and relies on careful
counting related to the binary tree layout used to construct the poor man’s GHZ state. Details
of the new circuit construction (with the “Poor Man’s GHZ state”) are given in Section 6, while
details of the classical lower bound for this new function are given in Section 8.

2 Discussion and Open Problems

Our results show that QNCY circuits can sample from distributions that NCO circuits cannot. Below
we list a few ways in which we think these results could potentially be extended.

e In an experiment with the goal of demonstrating quantum advantage, one would like to not
just construct a QNC° circuit that samples from a distribution which NC® circuits cannot,
but also verify that the distribution sampled from is indeed hard to sample from classically.
How many samples are needed for this verification? Can the circuit be modified to make the
verification easier? We point out here that the constant total variation distance in Lemma 4
means that only a few samples are needed to verify that the distribution produced by the
described quantum circuit is not produced by a fixed NCY circuit, for any specific choice of
circuit. However, ruling out all distributions producible by NC° circuits is a harder task.

e The procedure described in Section A for compiling the Uy, ¢ unitary is unlikely to produce
an “optimal” compilation. With careful thought it may be possible to find a more natural
compilation technique that produces U,, ¢ gates while requiring many fewer elementary gates.
Finding such a compilation would likely make an experimental implementation of the circuits
described in this paper much more feasible.

e Can we get rid of the limitation on the number of inputs to the classical circuit? In Section B
we make some progress in this direction. We consider classical circuits with an unlimited
number of inputs but that have bounded fan-in and fan-out. We show that such classical
circuits of depth o(loglog n) produce distributions far from D = (X, majmod, (X)). Whereas,
as we saw in Section 5 constant-depth quantum circuits with bounded fan-in and fan-out,
when given a GHZ advice state, can sample close to D.

e Can we prove an input-independent sampling separation between QNC° and ACY circuits?
Notably, in [22], Viola proves certain distributions cannot be produced by AC® circuits. Can
these techniques be extended to QNCY circuits? If so, we would have a novel technique for
lower-bounding the circuit complexity of quantum states. If not, we should be able to find
a QNCO circuit that samples from one of these distributions, producing the desired sampling
separation.
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4 Reader’'s Guide

The remainder of the main body of this paper is devoted to a formal proof of Lemma 3. This
proof involves the same high-level ideas as the proof sketch given in Section 1.2, but results are
presented in a slightly different order.

Section 5 constructs a QNCY with GHZ advice which samples from the distribution close to
(X, majmod,,(X) @ parity(X)). This is done in two steps. Section 5.1 shows how to sample from a
distribution close to (X, majmod,,(X) @ parity(X)) using a shallow circuit with GHZ advice and
non-unitary operations. Then Section 5.2 shows how to replace the circuit’s non-unitary operations
with unitary operations while preserving the output distribution. This section ends with Lemma 19,
which gives a formal proof of Item (1) of Lemma 5.

Section 6 builds on the techniques of the previous section to give a QNC? circuit without GHZ
advice which samples from a distribution close to the distribution (Z, pmmajmod,(Z)). (Both X
and Z are uniformly random bit strings, but we distinguish them because subsets of the Z string
are labeled differently than X). The function pmmajmod,, : {0,1}" — {0, 1} is defined formally in
this section (Lemma 23). This section ends with Lemma 26, which gives a formal version of Item
(1) of Lemma 3.

Section 7 proves the classical hardness of sampling from the distribution (X, majmod,,(X) ®
parity(X)). The main result in this section is Lemma 27, which gives a formal proof of Item (2)
of Lemma 5. This section is intended primarily as a “warm-up” for the next section, with a couple
lemmas that will be reused in the proof of Lemma 3. A reader could skip this section and refer
back to the lemmas as needed to understand the proof of Lemma 3. Still, the authors suggest a
reader at least skim this section before reading the more complicated proof in the next section.

Section 8 proves lower bounds on the depth of classical circuits which sample from the distri-
bution (Z,pmmajmod,(Z)). The main result of this section is Lemma 34, which gives a proof of
Item (2) of Lemma 3.

The appendixes to this paper prove some extra results which add additional context to Lemma 3.
In Section A we outline an efficient algorithm for constructing our quantum circuits in Lemma 3 —
showing that they form a uniform quantum circuit family. In Section B we show a classical circuit
lower bound against (X, majmod,, (X)) in the setting where the circuit has unlimited inputs, but
bounded fan-in and fan-out. In Section C we prove a more general version of the classical lower
bound in Lemma 3 that allows for biased inputs.

5 Sampling From (X, majmod,(X) @ parity(X)) Using a GHZ State

In this section we consider constant-depth quantum circuits with access to an n-qubit GHZ state
as input. We show these circuits can produce samples close to the distribution (X, majmod,,(X)®
parity(X)), where X is a uniformly random bitstring of length n—1. We will prove this result in two
steps — in Section 5.1 we give a “quantum-like” circuit that samples from the correct distribution
but includes non-unitary single-qubit operations. In Section 5.2 we show how to replace those non-
unitary operations with multi-qubit (but still constant-sized) unitaries. Before beginning these
proofs we review some details about GHZ states.

Review of GHZ States An n-qubit GHZ state is defined to be the state

IGHZ,) = % (|0>®” n \1>®") . (8)

It is well-known that applying a Hadamard transform to each qubit of a GHZ state produces a
uniform superposition over bitstrings with even Hamming weight:

H®" |GHZ,,) =272 ) " |e) (9)

ecEn
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where F,, is the set containing all even parity n-bit strings. We can equivalently describe this state
as a coherent superposition of n — 1 random bits and a final bit whose value equals the parity of
the n — 1 other bits, so

n—1

H®" |GHZ,) = (H CNOTim) )" @ |0) (10)

i=1
where CNOT; ; denotes a CNOT gate controlled on qubit ¢ and applied to qubit j. Equation (10)

will be our starting point for designing circuits that use the GHZ state as a resource state.

+)
+)

+)

0) —b——

Figure 3: A circuit constructing the state H®™ |GHZ,,), as described in Equation (10).

5.1 Sampling with non-unitary operations

We now consider constant-depth quantum circuits augmented with specific single qubit non-unitary
“gates” Ap, which we will soon define. We show these circuits can sample (approximately) from
the distribution (X, majority(X) @ parity(X)). While this model is non-physical, introducing it
allows us to isolate some key ideas which we will reuse in the fully quantum circuit developed in
the next section.

First, for each § € R, define the (non-unitary) matrix Ay € C?*2 to be the matrix which acts
on the single-qubit computational basis states as

Ap[0) =10) (11)
A1) = exp(=i6X) [1) (12)
When drawing circuit diagrams in this section we sometimes include Ay gates, and understand that
they represent the matrix A acting on the qubits indicated. We also sometimes draw A; gates,

which represent the adjoint of the matrix Ay acting on the qubits indicated.
We now prove the following useful circuit identity.

Lemma 6. For any one qubit state [¢) and computational basis state |x) with x € {0,1}, we have

(al, (4)), CNOTo 1[0, [+), = —= exp(i(0+ /2)2.X4) v}, (13)

Proof. Direct computation gives

(], (4}), ONOTay [), [+); = (e], exp(ibaX2) CNOTa,1 [9), [+), (14)
= (2|, CNOT2,1 exp(ifx X1X2) [¥); [+), (15)
= <$|2 CNOTy, exp(ifrX,) |1/J>1 |+>2 (16)
= exp(i(0 + 7/2)xX1) [¢); (z[+), (17)
= 5 expi(0-+ /2)aX1) ), (18)
where we used on the first line that
Ap|z) = exp(—ibXx) |x) (19)
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by definition, the commutation relation*

X3CNOT4,; = CNOT4,, X, Xs (20)
— eXp<i9X2)CNOT2’1 = CNOTQJ GXp(’L'QXlXQ) (21)

on the second line, that |+) is a 1-eigenstate of the X operator on the third line, and then the
definition of the CNOT gate and the |4) state on the final two lines. Figure 4 gives a diagrammatic

version of this proof. O
V) —p—— ) —P
+) A} — (] [+) —e— exp(ifxX) — (]
) — %
= exp (10X X)
[+) — (2|

[¥) —{exp (02 X) —B—

1) 4 exp (iz (0 + 7/2)X) ’—

+) (]

Figure 4: A diagrammatic proof of Lemma 6. The equivalence between each line is explained in the proof of the
lemma.

We now prove the main result of this section and construct a constant-depth circuit, with a GHZ
state as input and Ay gates — which samples approximately from the distribution (X, majmod,, (X))
for any p. The construction builds on Lemma 6 as well as the observations about the GHZ state
discussed in Section 5.

Theorem 7. For each prime number p, there is a constant-depth circuit consisting of one and
two-qubit unitary gates and Ay operations which takes a GHZ state as input and produces an output
which, when measured in the computational basis, produces an output distribution (X',Y) with

11
+ 55t Op*2e~/7"). (22)

A((X',Y), (X, majmod,(X) ® parity(X))) < -

1
2

4To prove the implication, use the standard decomposition exp(i0X) = cos(f) + isin(#) X, then commute the
resulting terms.
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(GHZ,,)

11
5B

III 'Ai/p
exp(—in X /4)

B

Figure 5: Constant-depth circuit producing approximate samples from the distribution (X, majmod,(X) @
parity(X)).

Proof. We first describe the circuit which, when measured in the computational basis, produces
output which correlates with (X, majmod, (X) @ parity(X)). Fix 6 = 7/p. The circuit takes as

input a GHZ state, applies a Hadamard transform to each qubit of the state, then applies a Ag
operation to the first n — 1 qubits in the GHZ state and a exp(—iwX/4) rotation to the final qubit.
This circuit is indicated diagrammatically in Figure 5.

To prove this circuit samples (approximately) from the correct distribution we write the
(unnormalized) output state of the circuit conditioned on the first n — 1 qubits of the circuit being
measured in computational basis state |z) = |21) ® |22) ® ... ® |T—1) as:

+ ®n—1 .
- ((,47r b)) ® exp(er/4)) HE" |GHZ,,)

T ((Ai - exp(—iﬂX/4)> (ﬁ CNOTM> )= ® [0)
i=1
(23)

n—1

(z;] AL, (CNOT; ,)|+), ® exp(—inX/4)|0),, (24)

/p
i=1

n—1
_ 9—(n—1)/2 3 d (T, T
2 exp(zX( 4+;x2 (p+2>>>|0>n (25)

where we used Equation (10) on the first line, reordered terms on the second (noting that
exp(inX/4), commutes with CNOT;,, for any ¢ € [n — 1]), and then used Lemma 6 on the
third. A diagrammatic version of this analysis is given in Figure 6.

Now, tracing over the final qubit we see the probability of the first n — 1 qubits being measured
in any computational basis state |z) is 2-(n=1) 5o the measurement of the first n — 1 bits produces
a uniformly random bit string, as desired. Additionally, conditioning on bit string x = x1x5...x5_1
being measured, we see the state of the n-th qubit is

exp(iX (—Z + || (; + g))) 0),, (26)

= exp (z’X (—Z + Zm)) Iparity(z)),, (27)

- Cos<z + Zm) Iparity(z)), + i sin (Z + Zm) 1 @ parity(z)), . (28)

Where |x| = Z?;ll x; denotes the Hamming weight of x.
Now let Y, be the random variable giving the outcome of a computational basis measurement
performed on the n-th qubit, conditioned on a computational basis measurement of the first
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(GHZ,,)

—{H] Al (1] +) AL b (]

a4, (2] +) U E—

—{H AL, (1] +) Al (2]

exp(—inX/4)

]

”

=)
—
L
=
~
N
N
=
~
D
Jany
%
Jany
%

vl

. s n—1 s
[0) — exp(zX <_Z + > @ (2? +

)

Figure 6: Diagrammatic analysis of the circuit presented in the proof of Lemma 7. The first line follows from
Equation (10), while the second follows from Lemma 6.

n — 1 bits giving outcome z. We bound the probability that this random variable does not equal
parity(z) © majmod,,(x). Straightforward calculation gives that the probability that Y, equals
parity(z) is given by

= parity(z)] = cos® I Ix .
Py, = pariy(a)] = cos* (= + Tl (29)

It is then easy to see (see Figure 7) that this function is inversely correlated with majmod, (z)
(meaning that Y, more likely equals parity(z) when majmod,,(x) = 0 and likely does not equal
parity(z) when majmod,, = 1). Expanding on this we can bound the average probability that Y,
does not equal parity(z) © majmod,,(z)]:

. Z Pr[Y, # parity(z) & majmod,,(z)] < L + L + O(p3/2€_n/p2) (30)
" ze{0,1}n—1 ’ B T 2p

Details of this calculation are given after this proof, in Lemma 8.
Finally, we bound the total variation distance between the output of the quantum circuit
depicted in Figure 5 and the distribution (X, majmod,,(X) @ parity(X)) with uniformly random X.
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— Pr[y = parity(z)]

—— majmod,(|z]) Pr[y # majmod, (z) & parity(z)]
T T T
1+ 11 -
1/2 1/2 5
L | | |
0 p/4  p/2 3p/4 P 0 p/4  p/2 3p/4 P
Ed |z|
(a) Inverse correlation of Pr[Y, = parity(z)] (b) Probability that Y is incorrect, f(|z|)

and majmod,,(z)

Figure 7: Plots displaying the correlation of Y, and majmod,,(z) @ parity(z) where Y. is the last bit output by
the circuit in Figure 5 conditioned on the first n — 1 measurements resulting in string € {0,1}" %,

Let (X', Y) be the random variable giving the output of the quantum circuit. Then

A((X, majmod,,(X) @ parity(X)), (X', Y))

1 . .
=5 > | Prl(X majmod, (X) @ parity(X)) = (z,)] — Prl(X",Y) = ()] (31)
z€{0,1}" !
ye{0,1}
1
D ‘ Pr[X = 2] Pr[majmod, (z) & parity(z) = y] — Pr[X’ = x| Pr[Y, = y]‘ (32)
z€{0,1}" !
ye{0,1}
1 . .
=om Z ‘ Pr[majmod,,(z) ® parity(z) = y] — Pr[Y, = y]‘ (33)
ze{0,1}" !
ye{0,1}
1 , _ 111 32 —np?
= oni Z Pr[Y, # majmod, (z) & parity(z)] < 5 - + % +O(p*2e™ Py (34)
ze{0,1}—1 Q D
This completes the proof. O

Lemma 8. Define the random variable Y, as in the proof of Lemma 7, so 'Y, takes values in {0, 1}
and

Pr[Y, = parity(z)] = cos? (—Z + 71-sc|) . (35)
p
Then
1 1 1
9—(n—1) Z Pr[Y, # majmod,(x) © parity(z)] < 37~ + o + O(p3/2e*n/pz). (36)

z€{0,1}—1

Proof. Let X be a random variable taking value uniformly at random from {0,1}"~!. Then we
have

9—(n—1) Z Pr[Y, # majmod, () & parity(z)]
ze{0,1}n—1
p—1
=Y Pr[Yx # majmod,(X) @ parity(X)||X| = k] - Pr[| X| = k]  (37)
k=0
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Let f(k) be the probability that our output measurement is incorrect given that the Hamming
weight of the first n bits have Hamming weight k.

f(k) :=Pr[Y # majmod,(X) & parity(X)||X| = k] (38)
It follows from Equation (35), that

sin? <_% + %k) , k<p/2 modp

2 s s (39)
cos (*ZJFEI‘:)’ k>p/2 modp

f(k) =

which is plotted in Figure 7b. Let ¢ be the total variation distance between |X| mod p and U,
the uniform distribution over {0,1,...,p — 1}. Then Pr[|X| =%k mod p] < % + d. We can upper
bound Equation (37), as

p—1
Pr[Y # majmod,,(X) & parity(X)] < <]1) + 5) Z f(k) (40)
k=0
1 1 (p—1)/2
— (p+5) 52 ; f(k) (41)

L)

p—1
Where in the second line we use the fact that f(k) is symmetric about p/2, so >, 2, f(k) =
Zz;lp%l f(k). In the third line we used that f(k) is convex over (0, p/2), and therefore ZE’:}IU/Q f(k)

is a (midpoint-Riemann sum) over-approximation of flp //22 f(k). Next, we evaluate the integral.

P/2

p/
(k) dk :/0 " in? (—Z + ;k> dk (43)

/2 2 ™

— (1 - Z 44
/0 2(+cos<pk:+2)>dk (44)
1 p . (27 T p/2

=5 (kg (53))]

(o2 (46)

4 s

Combining this with Equation (42), we get the probability we measure an incorrect string is at

1/2

(45)

most
Pr[Y # majmod, (X) @ parity(X)] < (; + 6) (g (1 - i) + ;) (47)
LEEDA0) e
_ % _ (717 _ ;p) +O(pd) (49)

All that’s left is to upper bound 4, the total variation distance between |X| mod p and U,. For
this, we use the following Fact from [21].

Fact 9 (special case of Fact 3.2 in [21]). Let (z1,22,...,2¢) € {0,1}" be sampled uniformly.
Then the total variation distance between ). _; x; mod p and Up, the uniform distribution over

{0,1,...,p— 1} is at most \/]36*”1’2
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Using this fact, we get the upper bound § < p'/2e="/ ?’. The probability the measured string is
incorrect is then

1

Pr[Y # majmod,,(X) @ parity(X)] < 5 + O(p3/2€—n/p2), (50)
p

1
-+
™

DN =

O

5.2 Removing non-unitary operations

We now construct a fully quantum circuit that takes a GHZ state as input and produces a state
which, when measured in the computational basis, samples approximately from the distribution
(X, majmod, (X) @ parity(X)). Our starting point is the non-unitary circuit constructed in Sec-
tion 5.1. First, we modify this circuit by replacing the non-unitary Ay gates with a different set of
non-unitary gates and show the classical distributions output by the two circuits after measurement
are identical. Then we show these new non-unitary gates are close to unitary gates, and hence the
circuit can be made fully unitary with minimal change to the output distribution.

5.2.1 Introducing multi-qubit non-unitary operations

We start by defining the m-qubit non-unitary operation A, whose action on the m qubit basis
state |z) = |z122...2,,) is given by:

Agm |T122... T ) = exp(i0xy,) |21) @ exp(i011) |z2) @ ... @ exp(i0zpm—1) |Tm) - (51)

Intuitively, we can think of the Ay ,, operation as consisting of m distinct Ag operations, just with
the qubits they act on “shifted” away from the qubits controlling the gate by 1 modulo m.

Now we observe that, in certain situations, an A ., operation can replace a tensor product of
m different Ay operations.

Lemma 10. For any m-qubit computational basis state |x) = |x125...2:) and arbitrary one qubit
state |1}, the following equivalence holds:

<x‘1m <A2,m)l m (H CNOTi,m+1) ‘+>®m ® |1/}>
i=1

= (zly..m (H (4)), CNOTi,mH) )™ @ ) (52)

i=1

Proof. The proof is similar to the proof of Lemma 6. In what follows we identify indices mod m so,
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in particular, we have x¢y = x,,. Then we see:

@ (), | TTONOT i | 197 © o)

j=1

= (@ly_p | [] exp(0X;2;1)CNOT; pmi1 | [+)°™ @ [¢))

Jj=1

@y | J] ONOT i1 exp(i0X; Xpna—1) | [ @ )
j=1

= (@l [ [TONOT) i | )% @exp | i0X Y 20 | [4)

j=1 j=1

= (@) | [TONOT; i1 | [9)¥™ @exp | i0X > a; | )

Jj=1 Jj=1

= (zly_ | [] exp(i0X;2)CNOT; iy | [H)%™ @ |00)

j=1
= (zly_,, H (Ag)j CNOT; 41 |+>®m ® [¥) .
j=1

(54)

(55)

(57)

(58)

Here the first line follows from the definition of Ay ,,, the second line follows from commuting an
exp(i0X) gate past a CNOT gate as in the proof of Lemma 6, the third line follows because |+)
is a 1 eigenstate of the X operator and the fourth line follows from a simple relabeling of indices.
The fifth line follows from applying the same argument as in the second and third lines, just in
the reverse direction, and the sixth line follows by definition of Ay. Figure 8 gives a diagrammatic

version of this proof.

O

A straightforward consequence of Lemma 10 and the arguments of Section 5.1 is that constant-
depth quantum circuits augmented with Ay ,, gates and acting on a GHZ state can also approxi-

mately sample from the distribution (X, majmod,,(X) @ parity(X)).
Corollary 11. Let m and D be integers, and n = Dm + 1. Then the state

f ©b ‘
<(A,r o) exp(mX/él)) HE" |GHZ,),

when measured in the computational basis, produces an output distribution (X',Y) with

A((X',Y), (X, majmod,(X) @ parity(X))) < % - % + % + O(p3/2e*n/p2).
Proof. By Lemma 10 and Equation (10) we have
®D
((Ajr o) ® eXp(—iWX/4)> HE™|GHZ,)
®D nt
- ((Ajr /W) ® exp(—mX/él)) (H CNOT,»,n) -HE" @ o)
i=1

n—1

_ <(Ajr /p) R exp(iTrX/4)> <H CNOTML) I+ @ |0)

_ <(Ajr /p) e exp(mX/4)> H®"|GHZ,)

(61)

(62)

(63)

In the proof of Lemma 7 we show this state, when measured in the computational basis, is close to

the distribution (X, majmod,(X) @ parity(X)).

O
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[+) — (1] [+) exp(i0Xx,,) (1]
|+) A (22| |+) exp(ifl Xz1) (z2]
0,m
[+) — (T [+) exp (10X xpm—_1) (zm]
V) ——D—D |v) ——D—D
|+) (1]
|+) (22|
+) (Tm]
) —exp(i0X L7, 2, ) ——b—
|+) exp(i0Xx1) (1]
|+) exp(i0X o) (o]
|+) exp(i0X ) (Xm]
[v) —b——D
+) Al = (]
+) Al = (2]
+) Al = (zm]
[v) —D—D—D

Figure 8: Diagrammatic proof of Lemma 10. |¢) is an arbitrary single qubit state. The equivalence between
lines is explained in the proof of the lemma.
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5.2.2 Replacing multi-qubit non-unitary operations with unitary operations

In this section, we construct a fully unitary circuit which takes a GHZ state as input and produces
an output which, when measured in the computation basis, samples for a distribution close in Total
Variation Distance to the distribution (X, majmod,,(X) @ parity(X)). We do this by proving that
we can replace the non-unitary operations A, ¢ introduced in the previous section with unitary
operations while causing minimal change to a circuit using these elements.

To make these statements formal, we first recall some definitions and useful standard facts
about matrix norms.

Definition 12. The Frobenius norm of a matriz M, denoted || M|, is defined by

M| p = v/ tr[M*M] (64)
Definition 13. The infinity (or operator) norm of a matriz M, denoted ||M|| ., is defined by
M|, = max [MI)], (65)

[): 1l =1
where |||Y)|| denotes the regular Euclidean norm of any vector |v).
Fact 14. For any matrix M, the Frobenius norm upper bounds the operator norm
1M < M) (66)

Proof. For an arbitrary matrix M, let A, ..., Ay denote the eigenvalues of M*M, with A\; > Ay >
...Aq. Note all \; are positive. Then we have

d
IMI5, =M <Y xi =M% (67)
i=1

as desired. 0O

Fact 15. Given matrices Ay, Ay, ...As and By, Bo, ..., Bs with

[4i = Bill <€, (68)
[Aill o <1 (69)

for all i € [s], and
se <1, (70)

we also have

1€[s] i€[s]

Proof. First note that || M| is equal to the largest singular value of the matrix M, from which it
follows that

1M & Nl = Mo Nl (72)

for any matrices M and N. Then an inductive argument gives

S

QR Ai-QRBi|| =) Ai—-Bi QA+ B A — Q) Bi (73)
i=1 i=1 oo i=1° i=2 i=2 i=1 oo
< (A1—31)®Ai +||B1® <®Ai_®Bi>H (74)
i=2 i=2 i=2
<e+(1+e) ®Ai_®3i (75)
i=2 i=2
=e+ (1+¢€)(2(s—1)) < 2se (76)
as desired. O
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Fact 16. Given two states |p) and |o), let p(x) and ¢(x) denote the resulting classical distributions
when |p) and |o) are measured in some basis {|z)}. Then we have

Y p(@) —a(@)| < 4lllp) — o) (77)

Proof. First, we note that for any two states |p) and |o) and PSD matrix M < I we have

2[[lp) = o)l = 2[M(|p) — |o)) (78)
> 2([IM |p)|| = M |o)]) (79)
= (IM [p)| = 1M |} D) UM |p) [ + 1M |o)]]) (80)
= [IM |p)[|* = 1M |o)|* (81)
Then defining probability distributions p(z) and ¢(z) and the basis {|z)} as above, let
Py = {z: p(z) = q(x)} (82)
and
M, = 3 faal. (53)
TEP,
Then note
1M |p)I1* = 1Mo o) 1> = el = |{alo)]? (84)
rEP,
= > (p(z) - q(x)) (85)
reP,

= 2 Ible) — a(a) (36)

with the final inequality holding because both p(z) and ¢(x) must sum to one. Combining the two
inequalities above proves the result. O

Next, we recall the definition of the matrix A,, ¢ in terms of its action on computational basis
states.

Ao |T122...Tm) = exp(i0Xzy,) |21) @ exp(i60Xx1) |22) @ ... @ exp(i0X Tpy—1) |Tm) . (87)

The matrix A,, ¢ would be a unitary matrix iff it mapped computational basis states to some set
of orthonormal basis states.” The following lemma shows that this condition is close to being
satisfied. In what follows, for any bitstring © = x129...2,, € {0,1}"™ we let T denote the bitwise
compliment of x. We also interpret all subscripts in the remainder of this section mod m so, in
particular, xg = x,,.

Lemma 17. For any 0 € Rym € Z% and z = x115...7, € {0,1}™ the matriz Ap m satisfies the
following properties:
1. (z|A}  Agnlz) = 1.

6,m

2. (@A}, Agmlz) = —im* 2ol sin™ (6).

8. (Y14}, Aom|z) = 0 for any y € {0,1}™\{T,x}.

5More generally it is unitary iff it maps any set of orthonormal basis states to some other orthonormal basis.
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Proof. The proof of Items 1 and 2 are purely computational. For any = = x125...2,, € {0,1}"™ we
have

(@| Al gAmolz) = ] (wjlexp(—ifx;_1)exp(ifa;_1) |z;) (88)
JE€m]

= I[ (@iley) =1, (89)
JE€m]

proving Item 1. A similar calculation gives

@ AL gAmole) = [ @lexp(—i0XT;) exp(i0Xx))|x)) (90)
j€[m]

=[] @ilexp(i***6X)]x;) (91)
j€[m]

= H (T j|cos(0) + i T¥5 sin(0) X |z;) (92)

m]
= H i 2% sin (0 (93)

JjE[M]
= m+2 in™ () (94)
—im+2zlgin™(9), (95)
where we used that X |Z;) = |z;) by definition of the compliment on the fourth line and that

|Z| + |z| = m for any x in the final line. This proves Item 2.
To prove Item 3 note that for any m bit strings = and y with « ¢ {7, y} there exists a k € [m]
with xx_1 = yr—1 and z # yi. Fixing k to be that value we find:

m

(y| Al yAm o) :H (jlexp(—i0Xy; 1) exp(i0Xx; 1)|y;) (96)

= <yk|exp(i9X($k —ye)lee) x [ @Wslexp(0X (w1 — yj1))lzs)  (97)

JE[mN\{k}
= (elee) x [ Wilexp(i0X (2,1 — y;-1)) ;) (98)
JemIN{k}
=0 (99)
since yy # xp by definition. This completes the proof of Item 3. O

We show that, as a consequence of Lemma 17, there exists an m qubit unitary matrix which is
close (in Frobenius norm) to the non-unitary matrix Ag ,,. We construct this unitary by applying
Gram-Schmidt orthnomalization applied to the state’s output by A,, ¢ acting on computational
basis states.

Lemma 18. For any m, there exists unitary matrices Uy, ¢ satisfying
[Am,o = Unmollp €0 (07™) (100)
as 0 — 0.

Proof. We will define U,, ¢ by its action on computational basis states. First, fix B™ to be any
set containing half the bit strings of length m with the property that for any x € {0,1}" either
x € B™ or T € B™. (That is, B™ contains one representative element from the equivalence classes
of the set {0,1}™ induced by the equivalence relation  ~ y if x = y or T = y). Then define:

Umol2) =9 o1 101
,0 |5E> {C—l (Am,a |x> 4 Z'm+2|ac\ Sinm(G)Amﬂ |§>) otherwise. ( )
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with C := /1 —sin?"(f) a normalizing constant. Observe that, by Item 2 of Lemma 17, for
x ¢ B™ we can also write

U |2) = C* (Ag [2) = (@1AT, g A ol) A 7)) (102)

and

o\ 1/2
C= <1 - ‘ <E|A7Tn79Am79|z>‘ ) . (103)

We now prove that Uy, ¢ is unitary. To do this, we prove U, » maps computational basis states
to an orthonormal basis. First note that Item 1 of Lemma 17 gives that for any = € B™:

(@|U, gUnmolz) = (2|, yAm ole) =1 (104)
while a similar calculation gives for any x ¢ B™:

(U}, gUm.ole) = €2 (@] AL, o = (@], gAmole) @ AL o) (Amol2) = (@1AT, g Amol2) Amo 7))
(105)

2
— 2 (1 - ‘ <§|AL79Am,g|x>‘ ) =1 (106)

Where we used Equations (102) and (103) on the first and second lines, respectively. Then we see
the states {U,, ¢ |z)} for x € {0,1}™ acting on computational basis states are correctly normalized.

It remains to show that these states are orthogonal. First, we note that Item 3 of Lemma 17
gives that for any z,y € {0,1}™ with y ¢ {x,7T} we have

1A i Aoml|r) = FA] , Aomle) = (YIAY ,, A0m|T) = FIA] , Aom|T) =0 (107)

and then a quick proof by cases shows that (y\Ug’mU97m|x> =0 for any z € {0,1}™ and y ¢ {z,T}.

Finally, we consider the inner product <E|Ug,ng7m|x>. By definition of B™, exactly one of x or T
is in B™. Assume for the moment that z ¢ B™. Then using Equation (102) we have

(@4} s Aomle) = 7 (@ AL ) (Amolw) = @AL, 4 Amola) Ao 7)) (108)
= 07 (@A}, pAmola) = @AL yAmola) @A g AnolE)  (109)
—c! (@\Ajn oAmolz) - <§|Ajn’9Am79|x>) =0 (110)
as desired. We conclude U,, ¢ is unitary.
Finally, to show U,, ¢ is close to A,, ¢ we compute
IAmo = Umolz = > |(Amo = Unpo) )| (111)
ze{0,1}™
2
-y ((1 — C7Y) Ay |2 — ™ C Sin™ (0) Ay g |T>‘ (112)
reB™
< 3 @-c o %sin? () (113)
reB™
in*m () sin?™(6)
< gm/z (S0 o (6*m 114
- < 2 * 1 — sin?™ () €0(™) (114)

where the final big O approximation holds for any fixed m as § — 0. Taking a square root then
completes the proof. O

Finally, we are in a position to describe the fully unitary (X, majmod,,(X)®parity(X)) sampling
circuit.
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Theorem 19. For n sufficiently large and p = n® for any constant ¢ € (0,1/2) there is a constant-
depth circuit consisting of one and two-qubit unitary gates and Uy o0 gates with m' = [e¢=1 +1] and
0’ = 7/p which takes an n qubit GHZ state as input and produces an output which, when measured
in the computational basis, produces an output distribution (X', Y) with

A((X',Y), (X, majmod,(X) @ parity(X))) < 5 — % +0(1/p). (115)

DN | =

Proof. For convenience, we assume n = Dm’ + 1 for some constant D. This circuit consists of a
Hadamard gate applied to each qubit of the GHZ state, followed by UL,,G, gates applied to all
qubits except the final qubit and an exp(—imX/4) rotation applied to the final qubit. Figure 9
illustrates this circuit. Note the quantum state produced by this circuit pre-measurement is

((Ug,,m,)w ® eXp(—iWX/4)> HE™ ). (116)

To prove this circuit samples from the correct distribution first note that Lemma 18 and
Lemma 14 give that

1Ur fpm = Anjpiml| o, € O(0"™) = O(n=) < O(n~(1F9)) (117)

Them, Lemma 15 gives that

€ O(Dn~(F9))

~ (118)

<O(n™°).
(119)

() o)~ () o)

Combining this observation with Lemma 16 and the definition of the operator norm ||| gives that
the classical distributions resulting from computation basis measurements of the states

((Ug,,m/)m ® exp(iﬂX/4)> HE™ ). (120)
and
((Ajr /w)@D ® exp(—iﬂ'X/4)> HE™ ) (121)

are O(n~°) in total variation distance away from each other. Then Lemma 11, together with the
fact that O(p3/26’”/p2) < O(1/p) since p =n"° for ¢ < 1/2 completes the proof. O

6 Sampling From (Z, pmmajmod,(Z)) Without a GHZ State

In this section we define sampling tasks related to the (X, majmod,(X) @ parity(X)) sampling
task considered in Section 5, but which can be performed (approximately) by a constant-depth
quantum circuit without access to a GHZ input state. At a high level, the approach we use to
construct these tasks mirrors the approach used in [12] to find a relational problem that can be
solved by a QNC? circuit without access to a GHZ state. First, we review “Poor Man’s GHZ
States”: GHZ-like states which (unlike the GHZ state) can be constructed by QNCY circuits. Then
we modify the circuit constructed in Section 5.2 by replacing the GHZ input state with a circuit
constructing a poor man’s GHZ state. Finally, we define a new sampling task based on the output
of these modified circuits.
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: Uhy :
: Ubior :
(GHZ,)
: Ubsor :
exp(—imX/4)

Figure 9: Constant-depth fully unitary circuit producing approximate samples from the distribution
(majmod,,(X) @ parity(X), X). Here p = n° for some constant ¢ € (0,1], 0’ = 7/p, m" = {c_l + 1}
and n = Dm’ + 1 for some large integer D.

6.1 Review of Poor Man's GHZ States

Definition 20. For any integer n let B, be the balanced binary tree on n vertices. Label its edges
€1y ..y En—1 and vertices vo, ...,v,—1 (note the vertex labels start at 0), with vy the root of T. For
every non-root vertex v; € {v1,...,vn—1} define P(v;) to be the set of edges contained in the (unique)
path going from vg to v;. Finally, define the function h(d) : {0,1}"~1 — {0,1}"~! by

hdi= @ 4 ie{1,2,...,n—1}. (122)
j: e;€P(v;)

That is, thinking of the bitstring d as assigning values to the edges of B, h(d) assigns a value to
every non-root vertex v; of B, equal to the parity of the edge values going from vy to v;.

Definition 21. Define the (binary tree) Poor Man’s GHZ state:
1 1 —
PM) = Y mlde % (|n@0) + [n@1)) (123)
de{0,1}n—1

We call the first n — 1 qubits of |PM,,) “edge” qubits, and the last n qubits “vertex” qubits. Note
that the n in |PM,,) gives the number of vertex qubits in the state, not the total number of qubits.

Intuitively, it is occasionally helpful to think of the n vertex qubits of the state |PM,,) as being
in an “almost-GHZ state”, or a GHZ state with additional Pauli X type “error” terms specified
by the edge qubits. To explain this intuition, note that we can also write the state |[PM,,) as

|PM,,) = ﬁ > (d) ® ((?_gl) Xh(d)") ®12> |GHZn>> (124)

de{0,1}»—1
We will make use of Equation (124) when working with the state |PM,,) later in this section.

Theorem 22. For any n, the state |PM,,) can be constructed by a depth-3 circuit consisting of 1
and 2 qubit gates acting on 2n — 1 qubits.

Proof. This state can be constructed by following the procedure outlined in Theorem 17 of [12],
but omitting the measurement of the edge qubits. We recap this procedure here.
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Begin with 2n — 1 qubits, n of which we identify with the vertices v, ..., v,,_1 of the tree B,
and n — 1 of which we identify with edges eq,...e,,_1 of the same tree. Apply a Hadamard gate
to each vertex qubit. Then, for every pair of vertices v; and v; connected by an edge ey, apply
CNOT gates with controls on vertex qubits v; and v; and target on the edge qubit e;. Order the
edge qubits as in the tree B,,; these form the first n — 1 qubits of [PM,,). Order the vertex qubits
v1...Up—1v0 (note the qubit identified with the root vertex comes last in this ordering); these form
remaining n qubits of the state |PM(n)).

To see that this circuit produces the correct state first observe that after the Hadamard gates are
applied and before the CNOT gates are applied, the vertex qubits are in a uniform superposition
over all computational basis states. We order the vertex qubits as in the state [PM,,), so the final
vertex qubit is associated with the root vertex of the graph B,,. It is then straightforward to check
that, for any n — 1 bit string = x;...x,—1, if the vertex qubits are in state |20) then applying the
CNOT gates puts the edge qubits in the state h_l(x). Similarly, if vertex qubits are in the state
|#1), applying the CNOT gates puts the edge qubits in the state h_l(f). Then we can write the
state produced by our circuit as

Qn% > hT@)eo)+ > |[hi@) @) (125)

ze{0,1} 1 xe{0,1}n-1
1 _
5| X heh@n+ Y lde ’h(d)1> (126)
de{o,1}n~1 def{o,1}n—1

_ W;l)/? Z |d) ® (\}5 |h(d)0) + ‘h(d)1>) = |PM,,) (127)

de{0,1}n—-1

where we used on the second line that the function h was one-to-one.

Finally, we show this circuit can be implemented in depth 3. Consider the 2n — 1 vertex graph
obtained from B,, by bifurcating each edge of B,, — that is, replacing each edge of B,, connecting
vertices v; and v; with a new vertex connected to both v; and v;. This graph is still a tree, hence
2-colorable, and the edges of this graph are in one-to-one correspondence with CNOT gates which
need to be implemented in the circuit described above. All CNOT gates in the same color class
touch disjoint qubits and be applied simultaneously, so we see all CNOT gates can be applied in
depth 2. Adding the layer of Hadamard gates required as the first step shows this whole circuit can
be implemented in depth 3.

O

6.2 Sampling with QNC° Circuits

We begin with a description of the distribution which we will show can be sampled from (approxi-
mately) by a QNC" circuit. Like the distributions considered in Section 5, it will be a distribution
of the form (Z, f(Z)) where Z is a uniformly random bitstring and f(Z) : {0,1}" — {0,1} is
some function. However, the function f considered here is substantially more complicated than
the functions considered in Section 5. We define this function next.

Definition 23. For any prime p define the function pmmajmod, : {0, 1}?27=2 - {0,1} to act on a
2n — 2 bit string z via the following procedure:

1. Associate the first n — 1 bits of z with edges of the complete binary tree By, and the nextn — 1
bits with the non-root vertices vi...vn,—1, following the same ordering as in Lemma 20. Label
bits associated with edges d and the bits associated with vertices x.

2. For any integer a define

0ifa<p/2

] (128)
1 otherwise.

MM,y(a) := {
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3. Set

n—1

pmmajmod, (z) = MM, (Z mi(—l)h(d)i> @pam’ty(m) (129)

i=1

Now we construct a quantum circuit that samples approximately from (Z,pmmajmod,(Z))
without requiring a GHZ state input. As in Section 5, we begin by describing a circuit that
performs the sampling task and involves single qubit non-unitary rotations Ayg.

Theorem 24. For any p € Z* there is a constant-depth circuit consisting of one and two-qubit
unitary gates and Ag operations which takes the (2n — 1)-qubit all zeros state as input and produces
an output which, when measured in the computational basis, produces an output distribution (Z')Y)
with

1 1 1
A((Z.Y).(Z, pmmajmod,(2))) < 5 = — + 5+ O(p?/2e~ /4%, (130)
T p
Proof. The first step is preparing the state |PM,), which can be done in constant-depth by
Lemma 22. After that, the same non-unitary circuit as described in the proof of Lemma 7 is applied
to the vertex qubits of the poor man’s GHZ state. This is illustrated in Figure 10.

r—-—-—-~-"~-"—-"—-"—-—- - = 1
I /7/\ I
I I
I I
I I
I /74 I
L - - - - - |
r-—-— -7 — - 1

[PMy,)

Figure 10: Constant-depth non-unitary circuit producing approximate samples from the distribution
(Y,pmmajmod,(Y')). The upper box indicates the n — 1 “edge” qubits of the state [PM,). The lower
box indicates the n “vertex” qubits of the same state.

To see that this circuit approximately samples from the correct distribution we write the state
|PM,,) as a GHZ state with additional controlled X “error” terms, then commute those through
the rest of the circuit. In the following argument we will need to pay close attention to the rotation
angle # in the non-unitary operator Ay. For this reason, for the remainder of this section only, we
change notation and write Ag as A (0).

The key observation is the operator identity

AB) =A(-0)'Zz (131)

which holds for any 6 and can quickly be verified by checking the action of ZA (f) and A(—0) Z
on |0) and |1) basis states. Then (using Equation (124) as a starting point) we can write the
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pre-measurement state produced by the circuit above as:

n—1 + . n—1
1 —in X
gt 2 (s (@a(]) ) eea( =7 )u) (06 [ (@) o ez
Jj=1 Jj=1

de{0,1}n—1

1 nl o\ —inX
= 5072 > It ® ®A<p> H XD ®exp(4)H (|d) ® |GHZ,))
de{0,1}n—1 Jj=1
(132)
1 nl o\ —irX
= s > |d) ® ®Zh<d>j,4<(—1)h<d>jp) ®exp(4) H®" |GHZ,)
de{0,1}n—1 j=1
(133)

Where the rearrangement on the third line used the operator identity discussed above (Equa-
tion (131)).

From this it is clear that the measurement of the first n — 1 edge qubits produces a uniformly
random bitstring. We assume that such a measurement has been carried out, producing some
bitstring d. Then, following the same analysis as used in the proof of Lemma 7, we consider the
(unnormalized) state of the first vertex qubit when the first n — 1 vertex qubits have been measured
and bitstring * = x125...2,_1 is observed:

n—1 t X
. o —imt X n
(@l n @Zh(d”z‘l<(l)h(d)]p) ®exp( . )(H® IGHZ,,))

= (-], ., ®A< h<d>]p)T ®cxp<iZX>(H®”|GHZn>) (134)

n—1

— (—1)lzlg—(n=1) ; _r. T (—1)R(d); i
= (=1)I*12 exp | iX 1 + » ; (a:]( 1) ) |parity(x)) , (135)

where the final line followed from the same series of identities as used in Equations (23) to (28).
The key features of this argument are illustrated in Figure 11, where we focus just on the analysis
of the vertex qubits when the edge qubits are measured and classical bitstring d is observed.

Next (still following the analysis used in Section 5.1) we note that the vector above has norm
2=(=1) for any string «, and hence the bitstring  observed when measuring the first n — 1 vertex
qubits is uniformly random. Additionally, we let Yy, be the random variable representing the
outcome measurement applied to the final qubit of the circuit depicted in Figure 10, conditioned
on the measurement of the previous 2n — 2 qubits giving the bitstring (d,z). Straightforward
calculation applied to Equation (135) gives

Pr[Yy,, = parity(z)] = cos (— + - (Z x5 h(d)l>> (136)

Then, small extension of Lemma 8 (proven next, in Lemma 25) gives
1

o O(p*2e=/*%). (137)

1 1 1
92n—2 Z Pr [ng; # pmmajmod,,(d, x)] 5 +
(d,r)e{0,1}2n—2

Finally, we let D', X’ be random variables representing the output of measuring the edge qubits
and first n — 1 vertex qubits of the circuit depicted in Figure 10, respectively. We have already
shown that the marginal distributions of D’ and X’ are uniformly random and so we find

1 1 1
A((D', X', Yp: x), (Z, pmmajmod,(Z))) < 3=+ B + O(p/2e /4P (138)
™
by exactly the same argument as used to finish the proof of Lemma 7.

O
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|GHZn> Xh(d)n,l A (W/p)T Tn1

—HF A (1)@ /p) T ] Z0@ o

exp(—inX/4)

—HH A (-1 fp) T H Z0@ns Fa1

0
i

= |GHZ,) @ E): _
exp(—iX (77/4—|—7T/pzj xj(_l)h(d)j)> L

Figure 11: The state of the final vertex qubit of the circuit described in Figure 10 when all other vertex qubits
(and edge qubits) are measured in the computational basis. Equivalence between lines is explained in the proof
of Lemma 24.
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Lemma 25. Define the random variable Yq, as in the proof of Lemma 24, so

= ; = 2 _ T T (—1)h(d):
Pr[Yy . = parity(z)] = cos ( 1 + » (; x;(—1) )) (139)
Then
1 1 1 1 2
Z Pr[Yy, # pmmajmod,(d,z)] < = - = + % + O(p?/2e /%), (140)

22n72 2
(d,x)€{0,1}2n~2

Proof. Let D, X be random variables each taking value uniformly at random from {0,1}"~*. Then
we can write

1 .
92n—2 Z Pr[Yy. # pmmajmod,(d, )]
(d,w)E{O,l}QW*Z

=Pr

Yp, x # parity(z) & MM, (Zm >] (141)

:ZPr
k

We compare this equation to Equation (37), and note that (after rewriting majmod,(X) =

M,(|X])) the two probabilities are identical except that the random variable |X| has been
replaced by > X;(—1)P. Then the proof of the bound proceeds identically to the proof of bound in
Lemma 8, except that we need a bound on the total variation distance between the distribution of
the random variable Y, X;(—1)P (mod p) and the uniform distribution over {0,1,...,p — 1}.

To do this, we write
> Xi(-1) L—ZX -2 > D (143)

:X;=1

Yp.x # parity(z) & MM,, ’ZX D — k] Pr [Z X;(-1)P = k} (142)

and note that both terms in the right-hand side equation give uniform distributions mod p by
Lemma 29 (provided that close to half the bits of X; are ones, which happens with high probability).

Formally, let X be the random variable taking value uniformly at random from the set of n-bit
strings with Hamming weight at least n/4. Then we have

ZX -2 Y l,ZX -2 Y D | <A(X,X) < exp(—n/8), (144)

i X;=1 i X;=1

where the first inequality follows because for any distributions X and X and (possibly random)
function f we have A(X, X') > A(f(X), f(X')), and the second inequality follows from Hoeffding’s.
Then, letting U, denote the uniform distribution mod p, for any & in the support of X we have, by
Lemma 29, that

( Z D; (mod p),T, ) < Vpexp(— n/4p2) (145)

1:2,=1
and hence
<|x -2 Z D; (mod p), p> < \/ﬁexp(—n/4p2) (146)
1:Z;=1

since shifting a distribution doesn’t change its distance from the uniform distribution. Then
summing over all possible Z we see

|X’ -2 Z D, (modp),U,| < \/ﬁexp(—n/élpZ). (147)
i:X;=1
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Combining Equations (144) and (147) gives

A (Z X; —2 | Z D; (mod p), Up> < exp(—n/8) + /pexp(—n/4p®) = O(/pexp(—n/4p?)).
o (148)

Then, following the same proof as in Lemma 8 and plugging the above inequality in place of
Lemma 29 gives the desired bound. O

Then, following the same arguments as used in Section 5.2, we show that we can replace the
non-unitary rotation gates used in the circuit described above with actual unitary gates, while
causing small disturbance to the output distribution. The result of this procedure is a QNC°
circuit that takes the all zeros state as input and whose output samples approximately from the
distribution (Z, pmmajmod,,(2)).

Theorem 26. For n sufficiently large and p = n° for some constant ¢ € (0,1/2) there is a constant-
depth circuit consisting of one and two qubit unitary gates and Uy, oo gates with m’ = [e¢= +1] and
0" = 7/p which takes the (2n — 1)-qubit all zeros state as input and produces an output which, when
measured in the computational basis, produces a distribution (Z',Y) with an n-bit output which
correlates approzimately with the distribution (Z, pmmajmod,(Z)).

Proof. The desired circuit can be constructed from the circuit presented in Figure 10 following the
same procedure as used in Section 5.2. Specifically, we first replace blocks of m parallel Ay gates
with Ay, gates, then replace those with Up ,,, gates. The only additional complication we encounter
is that we must apply a final permutation to our output bits to accommodate a “shuffling effect”
caused by replacing blocks of the Ay gates by Ag . The final circuit is presented in Figure 12,
where the C,, gate denotes a permutation whose action on the m qubit computational basis state
|x129...2m) is given by

Co |T129... ) = |T2X3..2mT1) . (149)

[PM,)

Figure 12:  Constant-depth unitary circuit producing approximate samples from the distribution
(Y, pmmajmod,,(Y')). Note that m is constant, and so the unitaries acting on m qubits have constant size. The
upper box indicates the n — 1 “edge” qubits of the state [PM,,). The lower box indicates the n “vertex” qubits
of the same state.
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As a first step towards showing this circuit samples from the desired distribution, we show that
replacing the parallel Ag gates in the circuit of Figure 10 with Ay ,, gates followed by a C,, gates
doesn’t change the post-measurement distribution produced by the circuit. To see why, we consider
the state of the final vertex qubit in both circuits after a measurement is performed on all edge
qubits, producing bitstring d, and the first m vertex qubits, producing bitstring z1xs...x,,. In the
circuit described in Figure 10, the state of the final qubit is given by

m
(@122...20m| Q) A 2" [ CNOT, , [4)*™ @ |0) (150)
i=1 i
= (T1T9...T ®exp(i9Xxi)Zh(d)i H CNOT;,, [+)®™ @ |0) (151)
i=1 i

= (z1Z9.. T ® Zh(d):

+)®" @ exp (iGX Z xi(—l)h(d)") |parity (z122...2:m,)) (152)
i=1 i

and, if the Ay gates are replaced by a Cy, gate and Ay ,, gate the state of the final qubit is given by

(@122 2m| CrnAg.m Q) 2D [ CNOT;  [+)°™ @ |4),, (153)
=1 7
= (9. mz1| A (R Z" D [[CNOT; 1 [+)°™ @ |4),, (154)
=1 7
= (Tg...TpmT1| ®exp(i9Xxi)Zh(d)i H CNOT;,, |[H)®™ @ |[4),, (155)
=1 i

= (zg...xmx1 | ® ZM D | 1" @ exp (i@X Z xi(l)h(d)i> |parity(za...xme1)) - (156)
i=1 i

Since these states are the same up to an overall phase we see the change does not affect the
probability of observing outcomes d and x1, ..., x,, or the state of the unmeasured qubit. It is
straightforward to extend this analysis to the case where the same replacement is made to all D
blocks of Ay gates in the circuit of Figure 10.

It remains to show that replacing the Ay ., gates (in the circuit produced by the replacement
discussed above) with Uy ,,, gates causes a negligible change to the distribution output by the circuit
after a computational basis measurement. Following the same argument as used to prove Lemma 27
we see

®D
12D g ((Ong,’m,) ® exp(—mX/4)> Hom

e O(Dn~ 9y < O(n=°).

oo

®D
- Ig)(nfl) ® ((CmAjT/p,m> ® eXp(—z'7rX/4)) H®"

(157)

and so the classical distributions produced by computational basis measurements of the states

1 ®D
g ((Ong,m,) ® eXp(—i7‘rX/4)> HE"™ [PM,) (158)
and
®D
e ((CmAjr fpm)® exp(—mX/4)> HE" [PM,,) (159)

also differ by at most O(n~°) in total variation distance. Combining Lemma 24 with the fact that
O(p3/2e”/4p2) < O(1/p) for p=n~—¢ with ¢ < 1/2 completes the proof.
O
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7 Classical Hardness of Sampling (X, majmod, (X)) @ parity(X))

In this section we prove the classical hardness of sampling from the distribution (X, majmod,,(X)®
parity(X)) for each prime number p, where X is sampled from the uniform distribution over {0,1}".
Recall that the total variation distance distributions Dy, Ds over {0,1}™ is

AlD1, Dz) = Tcr?(?i{}m

Pr[D; € T] — Pr[D; € T}‘ (160)

By the definition of A, each set T C {0, 1}, witnesses a lower bound on A(Dy, D) of ‘ Pr[D; € T)—
Pr[D; € TH To prove a lower bound on A(Dq, D3), we construct a particular T € {0,1}™ and
refer to it as our statistical test, and we say that D; “passes” the statistical test with probability
PI‘[Dl € T]

We are interested in the total variation distance between the true distribution D = (X, majmod,, (X )®
parity (X)), and the output distribution of some local function f : {0,1}¢ — {0, 1}"*! that takes a
uniformly random /¢-bit string U as input. That is, we aim to lower bound A(f(U), D). We prove
such a lower bound in the following theorem.

Theorem 27. For all § <1 there exists an € > 0 such that for all sufficiently large n and prime
number p = O(n®) for a € (6/3,1/3): Let f:{0,1}* — {0,1}"*! be an elog(n)-local function, with
¢ <n+n’. Then A(f(U),(X, majmod,(X) & parity(X))) > 1/2 — O(1/logn)

Proof. This proof follows closely to the analogous proof for (X, majmod, (X)) in [21], with similar
notation. Let £; be the locality of f, £; = elog(n). We start by permuting the outputs, as shown
in [21]. Note that o denotes concatenation.

Lemma 28 ([21]). There exists a partition of the input u € {0,1}* into u = (z,vy), and permutation
of the output bits such that

f(x,y) = g1(x1,y) 0 g2 (22, y) 0 - - - 0 g (s, y) © h(y). (161)

With g; : {0,1} x {0,1}7 — {0, 1}15, [B;| < O(¢f) and s > Q(n/£3).

We will refer to each g;(x;,y) as the ith block of the output, indexed by B; C [n + 1] in the
initial permutation, for i € [s]. Note that if we fix y, each block is independent, and block i € [s]
only depends on ;. We say that g; is y-fired for some y € {0,1}¢7% if g;(0,y) = g:(1,v).

Without loss of generality, and for simplicity of notation, let’s assume that the last output
bit does not get permuted, so f(x,y)n+1 is still the output bit which should (ideally) correspond
to majmod,, & parity of the first n outputs, and that it only depends on y. Next we define our
statistical test.

Statistical Test: Let Ny := 3n3®, N := 2n3%, we define our statistical test as T := Ty UTr UT%,
with

To :={z € {0,1}"* : 25 = 0Bl for < Ny blocks i € [s]} (162)
Tr :={z€{0,1}"" : 3(2,%) : f(x,y) = z and > Np blocks g;(z;,y) are y-fixed} (163)
Ts :={(2',b) € {0,1}" x {0,1} : b # majmod (") ® parity(z’)} (“incorrect strings”) (164)

We will show that f(U) passes the statistical test (f(U) € T') with probability at least 1/2 —
O(1/logn) and (X, majmod,,(X) @ parity(X)) passes with probability at most 1/n.

Since both of the functions majmod,, and parity only depend on the Hamming weight of their
input, it is useful to define MM, and PAR as functions over integers, such that majmodp(z) =
MM, (|z|) and parity(z) = PAR(|#|) for any z € {0,1}", where we use | - | to denote Hamming
weight [z| = >0 2.

0 ifj<p/2 modp

, PAR(j) == d 2, for j € Z. 165
1 ifj>p/2 modp (7):=j mo orJ (165)

MM, (j) == {
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Upon fixing y, the Hamming weight |f(z,y)|1.n, is a sum of independent random variables
|gi (x4, y)| which take on at most 2 different values. The following Fact, Corollary, and Lemma will be
useful in analyzing this independent sum of random variables in the context of the majmod,, & parity
function.

Fact 29 (Fact 3.2 in [21]). Let a1, as,...a; be nonzero integers modulo p, and let (x1,x2,...,x¢) €
{0,1}"™ be sampled uniformly. Then the total variation distance between Z§=1 a;x; mod p and Up,

the uniform distribution over {0,1,...,p — 1} is at most \/f)e_t/pz

Corollary 30. For each prime p = O(n®) with a < 1, t = Q(p*), ag,a1,...a; nonzero integers
modulo p, and A C {0,1,...p— 1}

t 4
aop + Zaixi e Al < " +0O(1/n) (166)

i=1

Al
— —-0(1 < P
D ( /n) - xE{OI,‘l}f

Proof. By the definition of total variation distance, it is sufficient to prove that A(Up,ap +
S air) < O(1/n).

t
A(Up, ap + Zaixi) < \/]TJe*t/p2 = /pe” W) = @(n*/?)e= ") < O(1/n). (167)
i=1

O

Lemma 31. For each o € (0,1), and prime number p = O(n®), define the sums S = ao—i—Zf:l a;x;
and U = ug + 25:1 wiz;. Also let t = Q(p?®) and ag,ay,...,a; and ug,uy,...,u; be integers with
0 < a; <O(p/logn) for each i € [t]. Then

lz;r[MMp(S) ® PAR(U) =1b] > % —O(1/logn). (168)

Proof. Let’s consider the case that at least 1/2 of the u; for ¢ € [t] are even. Then we arbitrarily
fix all ; such that u; is odd, and let E = {i € [t] : u; even}. Note that now the parity is fixed to
¢ :=PAR(uo + X ;e\ p wi%i)- Let aj = ap, for each i € {1,2,...,|E[}, and ay = ao + X4 p @i-

1]

Pr [MM,(S) & PAR(U) = b] = Te{%‘?f}w majmod,, (af + ; air)) @c=b (169)
El

=Pr |ap+ Z air; € Mgy (170)
i=1

Where My ={0,1,...,(p—1)/2} and M1 ={(p+1)/2,...,p —2,p— 1}. Since |My| = (p+1)/2,
|[Mi] = (p—1)/2, and |E| = ©(n®), it follows from Lemma 30 that

1;1" [MM,,(S)® PAR(U) =b] > (p—1)/2p — O(1/n) =1/2 — O(1/n%). (171)

All that’s left is to consider the case where more than half of the u; for ¢ € [t] are odd. In this case
we will fix x; for each i € [t] with u; even, setting ag := ao + ;.5 i, and uy = ug + Y, Us-
We denote the set of indices of such “odd” elements as O = {i € [t] : u; odd}, and set a; = ap,
and u; = uo, for each i € [|O|]. Note that since each u; is odd, we have PAR(ug + >, ujri) =
ug + (parity(r1,...,70/)) mod 2, which is denoted as parity(r) @ ug.

Eg [MM,,(S) ® PAR(U) =b] = TG{E{‘}‘O‘ majmod,, (a{)-i- ; agm) @ parity(r) =b@®uy| (172)

1
=5 Pr | MM, <a6—|— Z agri> = b @ ug|parity(r) =0 (173)

i<t
1 /! ! / .
+3 Pr | MM, ( aq + Z a;r; | #b® ug|parity(r) =1 (174)

i<t
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Sampling a uniformly random ¢ bit string ri7rs...r; with even Hamming weight is equivalent to
sampling the first ¢ — 1 bits uniformly at random, and setting the last bit to r, = parity(rq,...,r—1).
So the equation above is equal to

|o]-1
1
=5, Pr  |majmod, (a6—|— Z a;ri + alg) - parity(ri, . .. ,Tt—1)) =b® uj (175)
P11 p
1 0|1
+3, Pr majmod, (a(’) + Z a;ri + ajo - parity (1, r1,... ,Tt1)) Zb®uy|.  (176)
LT g

For any fixed r1,...,7:_1 at least one of the expressions above must be satisfied unless we have

|O]-1 |o]-1

majmod,, (a6 + Z agri> # majmod,, (a6 + Z ayr; + a10|> (177)
i=1 1=1
|0]-1
= |ay+ Z a;ri | € [py2 —djo;,p/2]U[p—1—ajg,p 1. (178)
i=1

Then we can lower bound the sum in Equations (175) and (176) as

(175) + (176) z% Pr |a + l%l a;ri € 10,p/2 —ajo) | +Pr |ag + 02_1 airi € (p/2,p — 1 — ajg]
o - (179)

>5-((p+ 1/2 = oy + (0= 1)/2 = ) = O(1/n) (150)

=5 - a;g — 0(1/n) (181)

:% _ O(p/zifg”) —0(1/n) > % — 0(1/Togn). (182)

Where we used Lemma 30, and the Lemma’s assumption that 0 < a; < p/logn for each i € [t] and
p = 0O(n%). O

We are now ready to prove the following claims.
Claim 32. Pr[f(U) € T] > 1/2 - O(1/logn)

Proof. We will show that for each y, Pr,[f(z,y) € T] > 1/2 —1/logn. Suppose we fix y arbitrarily.

If y fixes at least Ng, blocks g;(z;,y), then Pr.[f(x,y) € Tr] = 1. Moreover, if there are < Ny
blocks g; such that g;(z;,y) = 05! for some z; € {0,1}, then for each z, there will also be < N
blocks with g;(z;,y) = 01, so Pr,[f(z,y) € Ty] = 1.

Therefore, we assume that there are < Np blocks g; that are y-fixed, and > Ny blocks with
gi(zs,y) = 015 for some = € {0,1}°. Thus, there are more than Ny — Np = n3 blocks g; such
that for some z; € {0,1}, gi(x;,y) = 015 and g;(1 — ;,y) # 05|, Let J C [s] denote this subset
of blocks, with |J| > n3®. We arbitrarily fix the z; for i € [s] \ J. Now, the total Hamming weight
of the first n bits of f(x,y) (denoted as |f(x,y)1.n|) only depends on the z; for i € J.

Let S; denote the Hamming weight of the ith block for each ¢ € [s]. Note that for each i € J,
S; = 0 with probability 1/2, and S; is some positive integer modulo p, with probability 1/2, since
|Bi| < O(¢y) = O(elogn) < p. Moreover, for each i € [s]\ J, S; is fixed. Therefore,

[f(@9) 1] = a+ > lgi(@iy)l =a+ S (183)

jeJ icJ

for some positive integer a that does not depend on {z;};c.
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Since the last bit b := f(x,y),+1 is fixed, the correctness of the output is determined by the
majmod,, and parity of f(x,y)1.,. We have that f(z,y) € Ts <= MMy(a+ > ,c;S:) © PAR(a +
> icy 5i) # b. Note that we can write a + 3, ; Si = a+ 3,5 air; for some uniformly random

r € {0,1}V!, and for each a; a fixed positive integer mod p. Therefore,

Bl 17|

lci’}r[f(ac7 y) € Tg] = re{gji"}m [majmod,,(a + ; a;r;) ® PAR(a + ; a;r;) # ). (184)

Furthermore, each a; is at most O(¢y) = O(elogn) since |B;| < O({y) for each j € [s]. By
Lemma 31, it immediately follows that Pr,,[f(z,y) € Ts] > 3 — O(1/logn). In conclusion,
we’ve showed that after arbitrarily fixing y, Pry[f(z,y) € T] > 4 — O(1/logn). Therefore,
Pryy[f(z,y) € T] > 1 — O(1/logn), as desired.

O

Claim 33. Pr[(X, majmod, (X ) & parity(X)) € T] <0(1/n)

Proof. This proof follows that of Claim 3.3 in [21]. Let D := (X, majmod,(X)®parity(X)). By the
union bound Pr[D € T] < Pr[D € Ty|+Pr[D € Tr]+Pr[D € Tg]. Clearly Pr[D € Ts] = 0, since Ts
is the set of invalid strings. Therefore, it is sufficient for us to show that Pr[D € Tr|,Pr[D € Ty] <
1

o Pr[D € Tr] = |TF|/2" ! < |Tr|/2", so it is sufficient to upper bound |Tr|. Recall that 2 € Tk if
z = f(x,y) for some z,y such that at least N blocks are y-fixed. Thus each z € Tr is characterized
by y, and the bits of x that do not belong to fixed blocks. That is, we need at most £ — N bits to
characterize z. Since £ < n + nd and Np = 2n3¢,

Tp| < 2mtn’ =2 (185)
< gnn (186)
since d < 3a. So
|
Pr[D e Tp] <27 ™" < 5 (187)

All that’s left is to bound Pr[D € Ty], the probability that at most No = 3n3* blocks i are all zero,
Dp, = 0!Bil. Since the first n bits of D are independently random, the probability that the block
Dp, is all zero is independent of other blocks Dp, for i # j € [s]. The probability that block i € [s]
is all zero is

O(e)
1
Pr[Dn, =05 = 127 > (120 = 2 — (1) (18%)
n
Now, the probability that at most Ny = 3n3® are all zero is
Pr[D € To] =Pr| |J {Ds, # 0% for cach i € [s]\ T} (189)
TC[s]:
|T|=No
s 1 s—No
<(2) (- 5%)
s __s—Ng
< nOC) 191
<(3)e (191)
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Since s > Q(N/Efc) = s <nand Ny = 3n3®,

(o)

—n 90 —3n3%)
< P 192
- (37130‘) (192)
1-0(e) 2, 3a
< < n3a ) n / log Le?m (193)
< p3n’ eV log’n (194)
1
< 195
 2n (195)
for sufficiently large n and small €. In conclusion, Pr[D € T] < -, as desired. O

Using Lemmas 32 and 33, we can lower bound the total variation distance between the target
distribution D = (X, majmod,,(X) @ parity(X)) and f(U).

A(D, f(U)) = [Pr[f(U) € T] = Pr[D € T]| (196)
> % —0O(1/logn), (197)
completing the proof of Lemma 27. O

8 Classical Hardness of Sampling (Z, pmmajmod, (7))

This section concerns the hardness of classically sampling from the distribution (Z, pmmajmod,, (7)),
where Z is a random variable Z ~ Unif({0,1}") and the function pmmajmod,, is defined in
Lemma 23, and recalled below.

pmmajmod, The input to pmmajmod,, isan N = 2n—2 bit string, (z1,22,...Tp_1,d1,da,...,dp_1).

Each z; corresponds to the vertex v; of the balanced binary tree B,,, and each d; corresponds to
the edge e; of B, per the ordering in Lemma 20.

pmmajmod,,(z,d <Z zi(—1)h(ds ) @ parity(z) z,d € {0,1}" % (198)

Where MM, is defined in Lemma 21 and h(d) is defined in Lemma 20.

In Section 7 we proved the classical hardness of sampling from the slightly different distribu-
tion (X, majmod,(X) @ parity(X)) where X ~ Unif({0,1}"). For the sake of comparing with
pmmajmod, we list this function below.

majmod,, & parity

n

majmod,,(z) @ parity(r) = MM, <Z a:,») & parity(z) x € {0,1}" (199)

i=1

Both of these distributions have the form (Y,MM,(Sy) & parity(Y)) for a uniformly random
bitstring ¥, and Sy a sum that depends on Y. For the majmod,(S;) @ parity(z) function, the
relevant sum is simply the Hamming weight of the input z € {0,1}", denoted as |z|. A nice
property of the Hamming weight, |z| = ), ; is that each of the terms in the sum depends on a
different bit of the input, and thus if many of the bits of x; are sampled independently, then so
are their corresponding terms in the sum. The key challenge in applying the framework from the
proof of Lemma 27 is that the terms in S = 3, 2;(—1)"%: no longer depend on disjoint variables.
In particular, flipping the bit d; corresponding to edge e; flips the sign of all terms z;(—1)MDi for
v; downstream from e; in the balanced binary tree B,. To accommodate for this dependence, we
will partition the tree B, into subtrees, then identify subtrees corresponding to output variables
which are independent when a large chunk of the input variables are fixed.
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We show that for some choice of p, any function f which takes as input a uniformly random (NN +
N?)-bit string and is (1/2 —w(1/logn))-close in total variation distance with (Z, pmmajmod, (%)),
must have locality £y > Q(logl/ IN ). If we consider f as a classical circuit with fan-in 2, this
corresponds to a circuit depth lower bound of 2(loglog N).

Theorem 34. For each § < 1, there exists an € > 0 such that for all sufficiently large even integer
N and prime number p = O(N®) for a € (6/3,1/3): Let f: {0,1}* — {0,1}¥*! be an (elog N)'/2-
local function, with £ < N + N°. Then A(f(U), (Z, pmmajmod,(Z))) > 1/2— O(1/log N).

Proof. The function f takes input an ¢-bit string we label as (u1,us,...,up) and outputs (N + 1)-
bit output string we label as (z1,...,2n,b). Let n be the integer such that N = 2n — 1. Just
as in the definition of pmmajmod, in Lemma 23, we consider the partition of z = (x,d) €
{0,137 x {0,1}"~ ! where x1,...,2,_1 are the first n — 1 bits of z, and dy,...d,,_; are the next
n — 1 bits of z, and b € {0,1} is the last bit which is considered “correct” if b = pmmajmod,,(2).

The output variables z1,...,x,_1 are associated with vi,...,v,_1, the non-root vertices of
the balanced binary tree B,. The output variables di,...,d,_1 are associated with the edges
€1,...,en_1, where we use the ordering as defined in Lemma 20. As is standard in graph theory, for

any graph G we use V(G) and F(G) to denote G’s vertices and edges respectively. To understand
the correlations between each of the output bits z;, it is useful to partition B, as follows.

Definition 35 (B,, partition (Ty,T1,...,T)). Let D :=log(2¢;), we partition the vertices of the
balanced binary tree B, into the bottom D layers and the top logn — D layers as shown in Figure 13.
Let the top tree Ty be the tree induced by the top log(n) — log(2¢s) layers of vertices in B,. The
subgraph induced by the bottom D layers is a forest of trees which we denote as T = {T1,Ta,..., Tk}
and refer to as the small trees. In order to make sure that each edge and vertex of B,, is accounted
for in {To} UT, for each i € [k] we consider the edge which connects the root of T; to a leaf of Ty
as in the small tree T;. Thus, each small tree T € T has an edge with the root of T as its only
endpoint as shown in Figure 183.

Although a subtree T' of B,, consists of vertices and edges labeled as {v;}; and {e;};, we slightly
abuse notation and say that the output variable z; is “in” T' (denoted z; € T') if the edge or vertex
which is associated with z; is in E(T) U V(T). And will sometimes use T to denote the subset of
variables {z;} which are associated with the tree T. Moreover, we define the size of a subtree T' of
B, be |T| = |V(T)| + |E(T)|. Note that since each T' € T has an extra edge at the root, with no
other endpoint, |E(T)| = |V(T)| < 2¢5.

The top tree Tp has |V (Tp)| = 28— —1 = %—1 vertices, and |E(Tp)| = |V (To)|—1 = %—2
edges. For each i € [k] the small tree T; has at most 2P — 1 = 2¢; — 1 vertices V(T;), and the same
number of edges |E(T;)| = |[V(T;)| = 2¢y — 1. In total, the top tree has size |Ty| < n/ly — 3 and
each bottom tree T; € T has size at most |T;| < 4¢;. Since the root vertex of each small tree is at
the (logn — D + 1)-level of the balanced binary tree By, there are k = 2!°6"=L = /¢, small trees.

For each output variable z; in the string z, we consider the other output variables which are in
the same tree as z; as the tree neighborhood of z;.

Definition 36 (Tree Neighbors, N7). For each variable z; for i € [N], let N7 (2;) C {zi}ie[ny, be
the subset of outputs in the same tree T € T U{Ty} as z;. Moreover, for any subset of outputs
S C {Zi}ie[N]: let N7(S) == UzieS Nt (zi).

Recall that the variables {2;};c[n] only correspond to the non-root vertices of B, but the root
vertex vy is in the top tree Ty. Thus for vertices vj, v) corresponding to the left and right children
of root vy, we have that z; € Ny (zx), despite there being no variable in N7 (z;) associated with
the root. Note that for any output in a small tree z; € Uy T, N7(2;) has size at most 2/
since |T| < 20y for each T' € T. Moreover, for any subset of small tree outputs S C Uy T,
IN7(9)] < 264]S].

Definition 37 (Forest Partition). Fo, Fi,...,Fs C {2i}icn] s a forest partition if both of the
following hold.

1. Fy,...,Fy is a partition of all variables {2;};c[n)

Fow- - WF, = {z}iein 200
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To

logn — D

Ty

Figure 13: Partition of the balanced binary tree 3,, into k + 1 subtrees. The top tree Ty consists of the subtree
induced by the first logn — D layers of B,,. The k bottom trees T = {T1,T%,...,Tk} include all vertices in the
bottom D layers of B,, and all incident edges. Note that for each i € [h], T; contains a single edge that only
has one endpoint, this edge corresponds to the edge in I3, that connects the root of T; with its parent in Tp.

Accepted in {Yuantum 2025-12-03, click title to verify. Published under CC-BY 4.0. 39



2. Each F; contains a union over a subset of trees from T U{Ty}.

Nr(F;) = F; for each i € [s] (201)

The next lemma shows that we can construct a forest partition with the property that, after
a large fraction of the input bits to our (elog N)*/2 local function have been fixed, each of the
remaining unfixed bits controls a single (independent) subset of trees in the partition.

Lemma 38. There exists a forest partition Fy, Fi, ..., Fs for some s > Q(N/Z?), with | F;| < O(é?c)
for each i € [s]; and a partition of the input u € {0,1}* into u = (w,y), with w € {0,1}* such that

Fw,y)|p, = h), (202)
Fw.9)] 1y = D). (208)
f(w,y)|Fi = gi(w;,y) for each i > 1, (204)
and Ty C Fp. (205)

For some functions h : {0,1}¢=% — {0,1}1%l b : {0,1}¢=% — {0,1}, and g; : {0,1} x {0,1}'° —
{0, 1YFil for each i € [s].

We refer to g;(w;,y) as the ith block of the output, assigning values to the variables in F;, for
i € [s]. Note that if we fix the input y, each block g;(w;,y) is a function only of the input bit w;.
Since the input w € {0,1}* is uniformly random, the value of each of the blocks is independent
conditioned on y.

Proof of Lemma 38. Consider the bipartite graph with the £ input variables to f as the left vertices,
and the N +1 output variables as the right vertices, where each input j € [¢] and output i € [N + 1]
vertex share an edge iff the ith output bit of f, denoted as f; is a function of the jth input bit. We
refer to this graph as the input-output dependency graph of f. For each vertex v in the dependency
graph, let the neighborhood of v, Nt(v), be the set of vertices adjacent to v. Similarly, for any
subset S of vertices, let N(S) := J,cg Ny(v). Since by assumption, f is £;-local, the degree of
the output vertices is at most £.

Let L be the set of input vertices of the dependency graph for f which are adjacent to the
output vertices in Tp or b, that is L := Ny(Tp U {b}) (or we could associate b with the root vy in
Tp). If we fix the inputs in L, then b, and the outputs in Ty are also fixed. For this reason we refer
to L as the fived inputs, and the remaining inputs U = {u;};c[q \ L as the unfized inputs.

L] < £ (ITol) < €5 ([V(To)| + [E(To)]) < n — 3¢5 (206)

Therefore, there are at least N—|L| > 2n—1—(n—2¢;) > n unfixed inputs U. Since |V (Tp)| = 36— L
and |E(Ty)| = [V(To)| — 1.

As mentioned above, the locality of f implies that the degree of the output vertices in the
dependency graph is at most ;. Using the following claim, we can also bound the degree of half of
the input vertices in U.

Claim 39. There is a subset of inputs U C U with size |U| > |U|/2 > n/4 such that the degree of
the vertices in U in the dependency graph of f is at most O({y).

Proof. Since there are at most N < 2n output vertices, each of degree at most £y, there are at most

2nly edges in the input/output dependency graph. Therefore, at least half of the vertices in U have

degree at most 4¢; since otherwise there would be |U|/2 vertices with degree greater than 4¢;, and
U]

the total number of edges would be strictly greater than 5+ -4y > 4 - 40y = 2{yn edges. O

Within these bounded degree input vertices U, we next find a subset W such that each pair of
vertices in W are adjacent to disjoint trees.

Claim 40. There exists a subset of inputs W C U of size |W| > Q(N/K?) such that for each pair
u; # uj; € W, the neighborhoods Ny(u;), N¢(u;) intersect with disjoint trees. That is, for each
ui # uj € W, Ny (Ng(ui)) 0 N7 (Ny(u;)) = 0.
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Proof. We greedily build W as follows: Initialize the set V as the inputs U. While V is non-empty,
choose any v € V, add it to W and remove N;(Ny(Ny(v))) from V.

Note that the size of V' decreases by at most O(f‘}) in each iteration since for any subset of outputs
S, |Ns(S)| < £4]|S], and |[N7(S)| < 2¢4|S|, and for any subset of inputs Sin, |N(Sin)| < O(¢y).
Therefore, |W| = |[7|/O(€:;’c) > Q(n/f?}) = Q(N/ﬁ‘;’c) O

We set w as the input bits of u which are indexed by W from Lemma 40, and let y be the
remaining bits of u. For each i € [s], let F; = Ny (Ny(w;)) and let Fy be the remaining {z}
variables: Fo = {zi}iejn) \ (U Fi)-

We first show that Fy, ..., Fs is a forest partition as defined in Lemma 37. By the definition of Fj
it is clear that | J;_; F; = {2 }ie[n]. Furthermore, these forests are disjoint since for each i # j € [s],
F;NFj = N7 (Nyg(w;)) "Ny (Ng(w;)) = 0 by Lemma 40, and since Fo N (U;¢ (5 Fi) = @ by definition.
All that’s left to show that this is a forest partition is that Ny (F;) = F; for each ¢ € {0,...,s}.
This is clearly true for each i € [s] since N7 (F;) = Ny (N7 (Ny(w;))) = Ny(Ny(w;)) = F;. To show
that Ny (Fy) = Fp, suppose for the sake of contradiction that this is not the case, that there exists
some a € N7 (Fp) \ Fo. Since U;_y Fj = {zi}icv], a is in some other forest Fj with j # 0. But
this implies that N7(F;) N Fy # 0, and so F; N Fy # 0, a contradiction. Therefore, Fy, Fy, ..., F is
a forest partition as defined in Lemma 37.

Next, we show that for each i € [s], f(w, y)| F, is a function of only w; and y. This is because
for each j € [s], such that j # i, we have Ny(w;) N F; C F; N F; = (). Similarly, the outputs Fy do
not depend on any bits of w since for each i € [s], Ny(w;) N Fy C F; N Fy = 0.

Since we initialized our set of fixed variables L with Ny(Tp U {b}), and we chose W such
that W N L = 0, it follows that both b and the outputs in Ty can be written as functions of y.
Furthermore, this implies that Ty C Fp.

All that’s left to prove Lemma 38 is to show |Fj| < O((}) for each i € [s]. Note that for each
i € [s], |F;| = |[N7(Ny(w;))|. Since w; was chosen from the subset of input variables that are not
adjacent to Ty in f’s dependency graph (those indexed by U), and have degree at most O(¢y)
(indexed by U C U), it follows that |N7(Ny(w;))| < 204 Ng(w;)| and [Ny (w;)| < O(¢;). Therefore,
|| < O(43) for each i € [s].

O

Next we consider how the pmmajmod,, function evaluates on (z,d). We partition the terms of

the sum S = Z?;ll z;(—1)M¥¢ into s 4 1 parts according to the forest partition Fy, Fy, ..., Fy from
Lemma 38.

Si= Y (-1 for each i € {0,1,...,s}. (207)
v €V (Fy)

Where V(F;) denotes the set of vertices v; € V(B,) such that z; € F; and E(F;) denotes the set
of edges e; € E(B,,) such that d; € F; for i € {0,1,...,s}. Again, note that vy ¢ V(Fp). We can
rewrite the sum as S =3Y7_, 5.

Let’s consider the sum S for a particular assignment z = (x,d) € {0,1}", where for each
i€ {0,1,...,s}, zp, denotes the assignment to F;. Note that Sy depends only on zp,, and each
term S; for ¢ > 1 depends only on zp, and zp,.

5(z) = So(zr,) + i: Si(2F;s 2R, ) (208)

i=1
This is because xj(fl)h(d)i depends on x; as well as each d;; where e;s is along the path from v
to v; in By,.
Definition 41 (Minimal Block). For some assignment z € {0,1}", we say that the ith block is

minimal if

Si(zF;,2m,) =  min  Si(2%, 2R,)- (209)
z;ie{0,1}\Fil ‘
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Claim 42. For each fized assignment to zp,, and any i € [s], there is a unique minimal assignment
to zp,. That is, for each zg, € {0,1}F0], there exists a 2}, € {0,1}1F:l such that

Si(2F,, 2r,) < Si(2F;, 2R,) for each zp, € {0, 1}‘F"" \ {zF, }- (210)

Proof. For each i € [s], the sum S; can be broken into terms for each of the small trees T; € T in
the forest Fj.

s= Y s (211)

JEK]:T; CF;

Where St, := ZvieV(Tj) z;(—1)M¥i. Note that the value each of Sy, for j € [s] depends on zp,
and the variables in T}. Since each T} for j € [s] are disjoint, it is sufficient for us to show that for
a fixed zp,, there is a unique minimal assignment to the variables of Tj for each j € [s].

For any two vertices v; # v, € V(B,,), let Pj, C E(B,,) be the subset of edges {e1,...,e,—1}
along the path from v; to vg. Note that for any vertex v;, P(v;) as defined in Lemma 20 is equivalent
to Pg,;. Consider some T' € T with root v,., and single-endpoint root edge e,. We can rewrite St as

Sr= > x [[ (1% (212)

v, €V(T) e;€Po,:

=DM e+ > [ P (213)

v €V(T)\{vr}  €;E€Prs

Note that h(d), is a function of zp, and d,, and for a fixed zp,, we can fix d, such that h(s), = —1.
Consider that we set d,. in this way.

Sr=—at S —a ] (-1Y (214)

’U,;EV(T)\{’U,-} e; €Pri

Now, Sr is minimized if each of the V(T') terms are minimized (value —1). This is achieved by
setting z; = 1 for each v; € V(T') and d; = 0 for each e¢; € E(T) \ {e,}. Note that any other
assignment to the variables will result in one of the terms being either 0 or 1, therefore this is the
unique minimal assignment to the tree 7. O

Next, we design a statistical test similar to that in the proof of classical hardness of (X, majmod,,®
parity(X)) (Lemma 27) in Section 7 with the additional set Ths consisting of strings with a limited
number of minimal blocks. We define the statistical test as follows.

Statistical Test: Let Ng, Ny := 3N3® and N := 2N3%. The statistical test is T := Ty & Ty &
Tr W Ts, where

Tar := {2 € {0, 13N . < Ny, blocks i € [s] of 2’ are minimal} (215)

To:={z' € {0,1}¥*!: 2f =07l for < Ny blocks i € [s]} (216)

Tr = {2 € {0, 1} : 3(w,y) : f(w,y) = 2’ and > Np blocks g;(w;,y) are y-fixed}  (217)

Ts :={(z,b) € {0,1}" x {0,1} : b # pmmajmod,,(z)} (“incorrect strings”) (218)

We will show that the function f(U) passes the statistical test with probability at least

1 — O(1/log N) whereas the true distribution D = (Z, pmmajmod,(Z)) passes with probability at
most 1/N for sufficiently large N.

Claim 43. Pr[f(U) € T] > 3 — O(1/log N).

Proof. Using our partition of random input u into (w, y), our goal is to upper bound Pr., ,[f(w,y) €
T], where the probability is taken over the randomness of (w,y) chosen uniformly at random from
{0,1}* x {0, 1}*=2. Since Pry,,[f(w,y) € T] > min, Pr,[f(w,y) € T, it is sufficient for us to upper
bound Pr,[f(w,y) € T] for arbitrarily chosen y € {0, 1}¢~*.
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Suppose we arbitrarily fix y € {0,1}¢7%. If > N blocks of f(w,y) are y-fixed, then f(w,y) € Tr
for each w € {0,1}*. Moreover, if at most Ny blocks g;(w;,y) are minimal for some choice of
w; € {0,1}, then for each w € {0,1}*%, f(w,y) € Th. Similarly, if at most Ny blocks evaluate
to zero g;(w;,y) = 0l for some choice of w; € {0,1}, then for each w € {0,1}*, f(w,y) € To.
Therefore, we assume that less than Ny blocks of f are y-fixed, greater than Ng of the forests of
f(w,y) take on their minimal value for some choice of w, and greater than Ny blocks are all zeros
for some choice of w. Therefore, the following two hold:

1. There are at least Nj; — Np = N3% blocks i € [s] such that S;(0,y) # Si(1,y).
2. There are at least Ng — Np = N3“ blocks i € [s] such that |g;(0,y)| # |g:(1,v)|.

Let J C [s] be the indices of the blocks that change their respective terms of S, and let K C [s] be
the indices of the blocks with Hamming weight that change.

Ji=A{ie[s]: 85:(0,y) # Si(1,y)} Ki={iels]:1g:(0,9) #la:(Ly)l}  (219)

We denote |z, d| as the Hamming weight of the first N output bits of f(w,y), and recall that b is
the last bit of f(w,y). Note that |z,d| = |h(y)| + >i_; |gi(wi, y)|-

Claim 44. Over the randomness of w € {0,1}*, the random variables S and |x,d| can be written
as

S=a+ z a;ri, |z, d| = e+ Z e;r; where 1 ~ Unif({0, 1}7YK), (220)
ieJ €K
For some integers a, e, positive integers ai,...,a; < O(E?c) = O(elog N), and nonzero integers
€1, €|K]|-

Proof. Note that over the randomness of w € {0,1}°, for each j/ ¢ J and k' ¢ K, S;; and
|gir (wis, y)| are fixed. Therefore, there exists some integers «, 5 such that

S=a-+ ZSJ- |z, d| =B+ Z lgr (Wi, y)]- (221)

jeJ keEK

Moreover, each S; for j € J are independent random variables which take on two different integer
values with equal probability. Likewise, the |gx(wy,y)| for k € K are independent random variables
which take on two distinct values with equal probability. Although for i € JN K, S; and |g;(w;, y)]
are not independent. Thus for each j € J and k € K, there exists integers «yg, a1, Sy, f1 such that

ag # ai, Bo # B, and

ag ifw; =0 ifw; =0 .
5y =0 e ge(uwny) = {0 w ~ Unif({0, 1)K, (222)
ap ifw;=1 B ifw;=1

For each ¢ € JU K, we will assign r; to either w; or 1 —w;. Since each w; is independently uniformly
random over {0, 1}, so is each r;.

Note that we can write the term S; as either S; = ap+ (a1 —ag)w;, or Sj = a1+ (ag—ar)(1—wj).
Thus, it is possible to rewrite S; as ¢+ a;r; for some integer ¢ and positive integer a;, by setting
r; = w; and a; = (a1 — ap) if @1 > o and setting r; = 1 —w; and a; = (ag — aq) if @y > .
Furthermore, the value of a; is |ag — a1, and is at most 2 - [V (F})| < £ - 2P = 2@ since the value
of |S;| is at most the number of vertices in F};. Therefore, we can write S =a+ >, ; a;7; for some
integer a and positive integers a; < 2¢2 for i € J.

For each k € K, we can also write the term |gs,(wg, )| as either By + (81 — Bo)zr or B1 + (Bo —
B1)(1 — z1). Therefore, regardless of whether r;, was assigned as xj or 1 — zy, the term can be
written as ¢ + egry for some (not necessarily positive) integers ¢ and er. And, as desired, the
entire Hamming weight sum can be written as |z,d| = b+ ., e;r; for some integers b and e; for
ie K. O

i€J
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Next, we consider how much the sums in Equation (220) depend on the same bits of r. Suppose
that |J N K| < $N3*. Then |J\ K| > N3 If we fix rx arbitrarily, the value of |z, d| is fixed,
and therefore so is parity(z, d). Letting ¢ = parity(z,d), o’ = a+ ), jnx @iri, and J' = J\ K, we
can simplify the probability that the output is “incorrect” over the randomness of r;/ as follows.

Pr(f(w,y) € Ts| = Pr[MM,(S) @ parity(z, d) # b] (223)
TJ/ ’I‘J/
— PI‘ lMMp (a/ + Z aﬂ"i) # C @ b (224)
" ieJ’
=Prl|ad + Z a;r; € Megpgr mod p] (225)
" e’

Where My ={0,1,...,(p—1)/2} and My ={(p+1)/2,...,p — 1}. Since |My|,|M1| > (p —1)/2,
and a; is nonzero modulo p (since a; < O(elogN) for i € J, and p = O(N%))) it follows from
Lemma 30 that

-1
Pr(f(w,y) € Ts] > 5= = O(1/N) 2 1/2= 0(1/p). (226)
Ty
Where we used that |J'| > N3¢ > Q(p?). Since the bits of rx were fixed arbitrarily, it holds that
Pry[f(w,y) € Ts] = Pr,[MM,(S) @ parity(x,d) # b] > 1/2 — O(1/p). Therefore we assume that
|[JNK|> iN3

If we fix all r; for ¢ ¢ JN K, the remaining non-fixed blocks ¢ € J N K have possible assignments
which give different values to both |g;(w;, y)| and S;. Letting o’ = a + > .4 ;~x @ + a;ri, and
e = Zi¢ JnK €iTi, we simplify the probability that f(w,y) is “incorrect” over the randomness of
rjni as follows.

Pr [f(w,y) € Ts] = Pr

TINK TINK

MMp (a’ + Z aﬂ‘i> @® PAR (e/ + Z ei’ri>‘| (227)

ieJNK i€eJNK

Since a; < O(¢3) < O(elog N) for each i € [s] (by Lemma 44) and [J N K| > §N3* = Q(p?), it
directly follows from Lemma 31 that

Pr[f(w,y) €Ts) 2 5~ O(1/log N) (228)
Therefore, Pr,,[f(w,y) € Ts] > 4+ — O(1/log N). O

Claim 45. Pr[(Z, pmmajmod,(Z)) € T| <1/N for sufficiently large N.

Proof. This proof is almost identical to that of Lemma 33, which follows closely to the proof of
Claim 3.3 in [21]. The main difference in this proof accounts for the additional term Ty in the
statistical test — so in addition to upper bounding the probability that D = (Z, pmmajmod,(Z)) is
in Ty, Ts, or Tk, we will also upper bound the probability that D € Th;. Since D always outputs
a “correct” string, Pr[D € Ts] = 0. Thus, by the union bound it is sufficient for us to prove that
Pr[D € Tp), Pr[D € Tr|, Pr[D € Ty] < 3.

We start by showing that Pr[D € Ty] < BLN To this end, we consider the probability that
D € T conditioned on the value of Zg,. Since Zp, € {0, 1}‘F"‘ is uniformly random,

1
Pr{D € Tu = o > Pr[D e Ty|Zr, = to]. (229)
to€{0,1}IFol

Thus it is sufficient for us to show that Pr[D € Ta|Zp, = to] < 5k for each to € {0, 1}/F0l.
As shown in Lemma 42, for each forest F; for i € [s], and some fixed zp, € {0,1}170], there is a
unique assignment for zp, to minimize S;(zp,, zr, ). Additionally, the minimality of each block is

independent conditioned on the value of Zp, since for each i € [s], S;(Z) is a function of only Zp,
and Zp,.
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We lower bound the probability that any given forest is minimal conditioned on the value of
Zp,. For any i € [s] and to € {0, 1}7°] we have

1 > 2—0([?) _ 270(elogN) > N*O(E). (230)

%r[block i is minimal |Zg, = to] = IF 2

Where we used that |F;| < O(£3) < O(elogn) for i € [s].
Since the minimality of each forest are independent conditioned on the value of Zp,, for any
subset of forests U C [s], the probability that none of them are minimal conditioned on Zg, is

Pl’)r[all forests of U are not minimal|Zg, = to] = H Prlforest ¢ is not minimal|Zg, = to]. (231)
iU

Therefore, for each t € {0, 1}/Fol,

I%r[D € Tv|Zp, =to] = I;Dr U {all forests of U are not minimal }
UC[s]:
‘U|287NM
Z Pr [all forests of U are not minimal ’ZFO = to} (233)
UC[s]:
|U|=s—Nnm
= Z H Pr [forest i is not minimal’Z = to] (234)

UC[s: €U
‘U|=S—NM

< (§L> (1- -0y ™ (235)

In the second line we used the union bound, the third line we used the independence of the block’s
minimality conditioned on Zp, (Equation (231)), the fourth line we used Equation (230). We
can further simplify, beginning with standard bounds and then using that Q(N /Z;) <s <N,

{5 < (elog N)'/2, and Ny = 3N3@

Z, = to (232)

IN

Nﬁo(e)(57N1u)

_ (;M) ((1 _ N—o<e>)No(‘)) (236)

s\ o)
< | — exp(—-N"“'“(s - N, 237
<(5) e (s — Nun)) (237)
Ny
—0O(e)

_ Nu —0(e) eXP(N )
=35 exp| —N s 238

o )( N (238)

1-0(e)
< N3N o < n > 239
1

< 240
= 3N (240)

for sufficiently large N and small € (such that 3av < 1 — O(e)). Therefore Pr[D € Ty/] < 5%

Next, we show using similar calculations that Pr[D € Tp] < 3k Since each of the blocks i € [s],
Zr, is uniformly random, whether each of them is all zeros is independent. Therefore the probability
that block i € [s] is all zeros is.

Pr {Zpi = OIF'”] =27 I1Fil < 9-0}) = N—O() for each i € [s] (241)
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Since No = 3N3%, we can use the calculations from Equations (235) to (240) to bound Pr[D € Tg).

prpeT)< Y. [[er [Zpi ” olFil] (242)
TC[s]: €T
|T|=S—N1\4
<[ (1 - N—O“))HV0 (243)
S
1
< —
<o (244)

For sufficiently large N and small e.

All that’s left is to show Pr[D € Tp] < 5% For this we use the same calculations from the proof
of Lemma 33, but in this scenario we have £ < N + N3, and the size of the support of D is 2.
|Tp|  2¢-NrF 1

PrD € Tr] < T < 55— < QNP 2N < 9= NP T (245)

Where we used £ < N 4+ N%, § > 3a, and Ny = 2N3. Therefore, applying the union bound we get

Pr[D € T) < Pr[D € Ts| + Pr[D € Tw| + Pr[D € Ty + Pr[D € TF] (246)
1 1 1 1
< Sl T T
*0+3N+3N+3N N (247)
O
O

A Implementing the Uy, Unitary.

The quantum circuits constructed in this paper involved m-qubit unitary gates, which we denoted
by Un,e. These gates were chosen to implement unitary operations close to some desired non-
unitary operation A,,¢. In the body of the paper we showed existence of these unitaries, but
avoided a discussion of how to construct these gates out of a more elementary gate set. In this
appendix we briefly outline one approach to answering this question, when the elementary gate
set chosen contains arbitrary one qubit gates along with CNOT gates. While we do not give an
explicit compilation of the U,, ¢ unitary in terms of these elementary gates, we outline the steps
that can be used to find such a construction. Implementing this algorithm (or finding some other
ad-hoc compilation of the Uy, ¢ unitary) would be a necessary step before implementing the circuits
described in this paper on a near-term quantum computer. Additionally, existence of this algorithm
implies that the quantum circuits considered in this paper are uniform (meaning a description of
them can be found in polynomial time) provided arbitrary one qubit gates and two qubit CNOT
gates are allowed as elementary gates in the quantum circuit.

The first thing to note is that an explicit description of the U,, ¢ can be obtained by starting
with Lemma 18 and then partitioning the set {0,1}™ as described in the lemma. For completeness,
one such possible definition is given below.

Definition 46. For any m,0 define Up, ¢ to be the unitary that acts on computational basis states
|x) = |x120...20,) as

Unno |2 = 4 im0 12) Yo =0 (248)
" 1 —sin®" (Ao |x) + im 2ol gin™ () A, 6 Z)) ifxi=1

It is immediate from Lemma 18 that Uy, ¢ as defined above is unitary and satisfies [|Upn 0 — Am ol €
o—™).

Now it remains to show how the U, ¢ unitary described above can be compiled in terms of
arbitrary one qubit gates and two qubit CNOT gates. This argument follows from a chain of
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results.® First, as noted in page 12 of [27], the arguments of [28] give a algorithm whose runtime is
bounded as a function of m that compiles any m qubit unitary into a sequence of at most O(m?34™)
two qubit gates. Taking m to be a constant this gives an algorithm which has constant runtime
and allows any m-qubit gate to be rewritten as a sequence of a constant number of two-qubit
gates. Additionally, Section 5.1 of [29] shows how any two qubit gate can be rewritten as a length
5 sequence of one qubit gates and CNOT gates. Putting these results together we see that for
constant m and any 6 there is a constant time algorithm that rewrites the U,, ¢ unitary as a
constant length sequence of one qubit gates and CNOT gates.

We close this section with two observations. Firstly, we point out that the compilation procedure
described above requires arbitrary one qubit rotations. This is necessary — as a straightforward
counting argument shows that (even for constant m) it is impossible to compile all U, ¢ unitaries
exactly in constant depth with a finite sized set of elementary gates. Indeed, finding a quantum-
classical sampling separation where the quantum circuit has constant depth and only involves gates
drawn from a constant size gate set is one important open question left by this work. Secondly,
we point out the procedure described in the previous paragraph for compiling the U,, ¢ unitary
is unlikely to produce an “optimal” compilation. With careful thought it may be possible to
find a more natural compilation technique that produces U,, ¢ gates while requiring many fewer
elementary gates. Finding such a compilation would likely make an experimental implementation
of the circuits described in this paper much more feasible.

B Lower Bounds Against Classical Circuits with Unlimited Inputs but
Bounded Fan-out and Fan-in

One important limitation of our main result is the restriction on the number of input bits to the
classical circuit. While the role that the number of inputs plays in the complexity of distributions
is puzzling, we make some progress on this front by considering a tradeoff between bounded fan-out
and the number of inputs.

So far, this document only considers classical circuits that have bounded fan-in, but unbounded
fan-out. In contrast, the quantum circuits considered have both fan-in and fan-out bounded. So
it is reasonable to consider how the two compare when the classical circuits are restricted to have
bounded fan-out. In this section, we consider classical circuits with an unlimited number of inputs,
but that have bounded fan-out in addition to fan-in. With this exchange of constraints, we are
able to maintain our circuit lower bound against (X, majmod,(X))— The distribution that can
be approximated by a constant-depth quantum circuit with a GHZ advice state. The general
structure of the proof in this section gains inspiration from a mixture of [21, 22] — although the
details specific to this distribution call for novel techniques.

Definition 47. A function f : {0,1}* — {0,1}" 4s £;-local in input and output if each output bit
is a function of at most ¢ of the input bits, and each input bit influences at most £¢ of the output
bits.

In other words, f is £f-local in input and output if the input-output dependency graph of f
has bounded degree £; on both the input and output nodes.

Theorem 48. Suppose f : {0,1} — {0,1}" is ;-local in both input and output. Let U ~
Unif({0,1}%), and X ~ Unif({0,1}"). Then for each c € (0,1/3) and prime p < ©(n°), there exists
an e € (0,1) such that if £y = elog?n then

A(f(U), (X, majmodp(X))) > ——0(1/logn). (249)

DN | =

Proof. We denote the inputs to f as variables u; € {0, 1} for each ¢ € [¢], the first n output variables
as z; € {0, 1} for each j € [n], and let b € {0,1} be the final output bit (the one that is supposed to
be majmod,,(z). Throughout, we will refer to {2;} U {x;} U {b} as both variable and nodes of the

SWhich the authors are very grateful to Michael Oliveira for pointing out to us.
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input-output dependency graph for f. We use N*(V) to denote the set of nodes within distance k
from a node in V. We will refer to N*(V) as the k-neighborhood of V, and denote N(-) = N(-).
For each function ¢ : {0,1}" — R and input index i € [m], we define the influence of the ith
input variable as Inf;(g) := Prye(o,13m [9(x) # g(z")], where we use z* to denote the bitstring =
with the ith bit ﬂlpped (le =21... l‘i_l(l — xi)xi_,_l ‘e Im)
We begin by proving the Lemma for a very special case.

Claim 49. Suppose that there exists a subset of the first n output variables S C [n] of size |S| >3
such that } .. 2; is constant (does not depend on inputs u;)). Then for any Boolean function

b {0, 13" — {0, 1}, A (f(U), (X, V(X)) > §

Proof. Without loss of generality, suppose |S| = 3 (if not, remove elements until it is). Let
c= ZjeS z;, and let T C {0, 1}" be the subset of strings such that the hamming weight on S is
consistent with z: T := {z’ €{0,1}" 1 3 ez = c}. By assumption, Pr[z € T] = 1. On the other
hand, for X ~ Unif({0,1}"),
T 2SS s 1 (3 3
PriXecT|="D =2 e/ _9-IS - . <2
1 ] 2n A c 8 \¢/ ™ 8

The last inequality used the fact that for any ¢ € {0, 1,2, 3}, (‘2) < 3. Using statistical test with set

T x {0,1} to bound the total variation distance between f(U) and (X, b'(X)) we see that
3

A(FU), (X,V(X)) > |Prlz € T] - Pr[X € T]| =1~ % =

co| Ut

(250)
O

Therefore, we assume that the sum of any 3 output variables {z;} is not fixed. In this case, we
can show the following.

Claim 50. If all sums of k or more of the variables {z;} are not constant, then there exists a subset
of inputs W C {u;}icpq of size [W| > Q ((n - k)/ﬁ?) such that both of the following are true:

1. (High influence) Inf;[f] > - for each u; € W
2’

2. (Independent) N?(u;) " N%(uj) = 0 for each u; # u; € W.
3. (No affect onb) b ¢ N(W)

Proof. We will construct W C {u;};e[q, the set of high-influence inputs, iteratively. We initialize
sets W =) and F = [n] \ N2(b). The set W corresponds to our “chosen inputs” and the set F' our
“free outputs.” We will iteratively update these sets, maintaining the following invariant:

N2(W)NN3(F) = 0. (251)

Where W& = [¢(] \ W. For string s € {0,1}™, we denote the Hamming weight as |s| = S/ s;,
and for each S C [m], the Hamming weight over S as [s|s = ) ;g 5. We further extend this
notation so that |f|: {0,1}* — [n] is the function mapping u € {0,1} to |f(u)|, and for S C [n],
Ifls : {0,1}¢ — [|S]] is the function mapping u € {0,1}¢ to |f(u)|s

Our algorithm proceeds as follows:

While |F| > k:

e Since |F| > k, |f(u)|r = Zz,-EF zj is not fixed. Therefore, there exists
some input variable u; with Inf; (|f|r) > 0. Our invariant in Equa-
tion (251) guarantees that wu; is not already in W and that N(u;) C F.
Therefore Inf;(|f]) > 0.

o Update W + WU{z;} and F + F\ N°(u;), ensuring that Equation (251)
is still satisfied.

Return W.
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2
We now analyze the algorithm. First note that the final W has size |W| > o 7 -

Q( ne—?ck )
since it grows by one in each iteration, we start with |F| > n — (?, end when |F| < k and decrease
F by at most £} in each iteration.

The algorithm guarantees that Inf;(]f|) > 0 for each u; € W. Using the fact that f is £;-local

we will see that the influence of any input u; € W on |f| is actually at least 22 . To this end, we

observe that for input variable w; and output variable z;, if u; ¢ N(z;), then f ( ); is independent
of uj, so |f(u)| — | f(u)] = 0. Therefore

|f ()| = | f(u |—Zf f); = Y flw); - fu); (252)

JEN (ui)

is a function of a subset of the variables in N?(u;), of which there are at most 52 We denote these

variables as u. Therefore, we see that the influence of each variable is a factor of
9%

Inf;(|f]) = Pr[|f(w)] — |f(u')] #0] > 275 K for some K € Z*+ (253)

Since our algorithm guarantees that Inf;(]f|) > 0 for each u; € W, we have that actually Inf;(|f|) >

22 for each u; € W. This proves Item 1 in the Item.
27
Next, we prove Item 2: Assume for the sake of contradiction that there exist u; # u; € W such

that N2(u;) N N?(u;) # (). Suppose without loss of generality that u; was added to W first. Now
consider the iteration that u; is added to W, so u; € W. Since u; was the chosen input this round,
it must be that u; € N(F). But using our invariant N?(W) N N3(F) = () we reach the following
contradiction.

0 # N2(u;) N N?(uj) € N*(W) N N3(F) = 0. (254)

Therefore, it must be the case that Item 2 is satisfied.

Finally, we observe that Item 3 is satisfied since we initialize F' = [n] \ N2(b) and never add
variables to F'. Specifically, note that we build W by looking at input variables that influence the
variables in F which never contains any variables in N2(b), so F is not influenced by N(b) and so
the final W will not intersect N (b). O

Combining Lemma 49 and Lemma 50 with k = 3, we have a set W of input variables of size
5= |W| > Q(n/(}) satistying Ttems 1 to 3. We partition the input variables u = (z,y) Where
z € {0,1}* are the variables in W and y € {0,1}"* are the variables in WC. As done throughout
this paper, Item 2 and permutting the outputs of f, allows us to express f(u) = f(z,y) in blocks
gi(z;,y) for each i € [s], h(y)

f(@,y) = g1(21,9) 0 ga(22,y) 0 - -+ 0 gs (21, ) © h(y). (255)

Let u be the average influence of z; € W. So p > . For each y € {0, 1}¢7°, we refer to y as bad
2’7

if |g;| is y-fixed for greater than £ of the i € [s]. Otherwise, y is good. Suppose we sample and fix
the input variables y ~ Unif{0, 1}*~. We proceed in two steps. First, we show that y is good with
high probability; secondly, we show that conditioned on y being good, then with high probability
the bit b output by the circuit is wrong (b # majmod,(z)) with high probability.

Claim 51. Pr,[y is good] > 1 — O(1/logn)
Proof. O

Item 2 guarantees that each of the blocks g; are independent — in addition to depending on
disjoint variables of x they also depend on disjoint variables of y. Item 3 ensures that the final
output variable b is in the h(y) block, and Ttem 1 ensures that if we choose a y uniformly at random,
then

1

Pr[|g;(x;,y)| is not fixed] = Inf,,(|g;|) > —5 - (256)
Y 2

%N
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Therefore, over the random choice of y, the expected number of blocks with unfixed Hamming

weight is p > —r => —. Since each of the g; blocks are independent, it follows the Chernoff
2 f 52 f
¥

bound that

_ -2 z)
Pr[y is bad] < exp(8'u> <2 <ef2 ") < O(1/logn). (257)

y
Claim 52. Pr[b # majmod,(z) & parity(z) | y good] > 1 -0(1/logn)

Proof. Conditioned on the event that y is good, at least t = & = —T = nt=0() blocks
032 f

g; have unfixed hamming weight. That is, over the randomness of z;, |g;(x;,y)| is a random
variable that takes on different integer values for ¢ of the ¢ € [s]. Since the size of each block
is at most ¢, these integers are between 0 and ¢ = elogn. Therefore, we can write the total

ol

hamming weight of the first n outputs as |z| = ag + 22:1 a;x; for ay,...,a; positive integers
that are at most £; < p/logn. If we set € to be sufficiently small so that t = n1=0() is on the
order of Q(p?) = Q(n3) (recall that ¢ € (0,1), then we can apply Lemma 31, which gives us that

Pr[MM,(|z|) @ parity(|z|) # b] > 3 — O(1/logn), completing the proof. O

Finally, we combine the last two Claims to conclude that there exists an € € (0, 1) such that
setting £ = elogl/z(n), we get that

Pr[b # majmod,,(2) © parity(z)] = Prly is good] - Pr[b # majmod,,(z) @ parity(z) | y good]
(258)

> (1= 0(1/logm) (5 - 01/ ogn) ) (259)
_ % — 0(1/1og(n)). (260)
O

C Lower Bound Against Classical Circuits with Biased Noise

As discussed in Section A, the quantum-classical separations proved in this paper involve quantum
circuits with m qubit unitary operations, denoted U,y ¢. In Section A we showed these operations
could, in principle, be written as a constant length product of single qubit unitaries and CNOT
gates. However, the single qubit unitaries involved in this decomposition were arbitrary; in partic-
ular they involve rotations by angles that could scale with the parameter 6 which, in turn, scaled
inverse polynomially with the problem size n. This should be compared with the classical lower
bound which, at the moment, only holds against classical circuits given access to uniform random
bits. Is the quantum-classical advantage considered in this paper only a consequence of the fact
the quantum circuit can perform arbitrarily small rotations, corresponding to biased sources of
randomness? In this section we show the answer to this question is NO, by extending the classical
lower bound proved in the main paper to the case where the NC° circuit has access to kn + n’
random bits with each bit drawn from a Bernoulli distribution with entropy 1/k.

As a warmup, we recall the relationship between the bias of a Bernoulli random variable and
its entropy.

Claim 53. Let By, be Bernoulli distributed random variable with bias b, meaning that By takes
value 0 with probability 1/2 + b and value 1 with probability 1/2 —b. Then we have

1 —4b* < H(By) < (1 — 4p?)Y/ () (261)

Proof. This result follows immediately from standard bounds on the binary entropy function. [
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We also let Bgﬂ be ¢ i.i.d. Bernoulli distributed random variables with bias b. With this
notation in hand we are ready to state the main theorem of this section.

Theorem 54. Let By, be a Bernoulli distributed random variable with bias b and entropy H(By) =
1/k. For each 6 < 1, there exists an € > 0 such that for all sufficiently large even integer N and
prime number p = O(N®) for a € (6/3,1/3): Let f: {0,1} — {0, 1}¥*1 be an (elog N)'/?-local
function, with £ < kN + N°. Then A(f(BY"), (Z, pmmajmod,(Z))) > 1/2 — O(1/log N).

First, we show that when the random variables provided as input to a bounded depth circuit
are too biased the circuit cannot sample from any distribution of the form (X, g(z)) with uniform
X.

Lemma 55. Let f:{0,1}* — {0,1}N*1 be a £; local function. Let BE* be £ Bernoulli distributed
random variables with bias b. Assume b> > 1/4 (1 — (1/2¢5)™®)) Then, for any function g :
{0,1}" — {0,1} we have

1

A(f(B?Z),(X,g(JJ))) Z N

(262)

N =

Proof. We consider the TVD between X and the first NV output bits of f (BEM)7 which we denote
by Y. By the assumption that f is £; local, we know that Y is determined by at most £;N bits of
B?e. It follows that

H(Y) < ((;N)H(By) < (£;N)(1/267) = N/2. (263)

On the other hand, X is uniform, so H(X) = N. We see H(X) — H(Y) > N/2.

To convert this difference in entropies to a difference in TVD consider an joint distribution
(X,Y) where the marginal distributions of X and and Y match the distributions of X and Y, but
are sampled from an optimal coupling between X and Y. Then we have

P(X#Y)=A(X,Y)=:A (264)

where we have introduced the shorthand A for this distance. But we can then write the entropy of
X as

HX)<(1-A)HXIX=Y)+AHX|X £Y)+ H(A) (265)

where H(A) is the binary entropy function. But we can bound this as

(1-A)HX|X=Y)+AHX|X#Y)+H(A) <(1-A)H(Y)+ AN + H(A) (266)
<(1—-A)N/2)+ AN+ H(A) (267)
= N(1+A)/2+1 (268)

Since we also have H(X) = H(X) = N, we conclude
N1+A)/2+1>N (269)
— A>1/2-1/N (270)
as claimed. O

We are now ready to begin the proof of Lemma 54.

Proof (Lemma 54). First note that by symmetry it suffices to prove the result in the case where
b >0 and let {7 = (elog N)'/2 be the locality of the function f. Then, by Lemma 55 the proof of
Lemma 54 is immediate when b > 1/2(1 — (1/2£;)*)1/2 So it just remains to prove the result
when b < 1/2(1 — (1/2£f)1n(4))1/2. The proof in this case largely mirrors the proof of Lemma 34,
with some important differences. For ease of writing we illustrate just the differences below.

To begin: Forest Partitions, Tree Neighborhoods, and Minimal Blocks (Lemmas 36, 37 and 41)
can be defined identically to the definitions given in Section 8. Then, for any {; = (elog N )1/2
local function f : {0,1}* — {0, 1}+! note we can partition in the input u € {0, 1} as u = (w, y)
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for w € {0,1}* and y € {0,1}*~* as described in Lemma 38. Recall that this partition has the
property that after the input variables y are fixed, each bit in w; € w will independently control
the values of some forest F; in the forest partition of the output. Additionally, we will have that
lw| =5 > Q(¢/£3) > Q(N/E}). Now, we need to define the following, somewhat relaxed, notion

of an output 2’ € {0, 1}¥+! being y-fixed. As before, this is defined relative to a function f and
partition of the inputs to that function. First, define the set

X(2) ={(w,y) : f(w,y) =2} (271)

For any (w,y) let I(y) be the indicator variable taking value one when N > 2N3% blocks g;(w;, y)
are y-fixed. Also, for any (w,y) € {0,1} let p(w,y) be the probability of drawing that input from
the distribution Bgﬂ. Then we say that an output 2’ is likely Y -fized if

2 [ " p(w,y)I(y) | = 1/1og(N). (272)
(wy)EX (=)

Finally, we are ready to define the following statistical test.

Statistical Test: Let Ny, Nas := 3N3% and Ny := 2N3®. The statistical test is 77 := Thy W Ty &
Ty W Tg, where

Tar := {2 € {0,1}¥*1 . < Ny, blocks i € [s] of 2’ are minimal} (273)
To:={z' € {0,1}V*!: 2f = 0%l for < Ny blocks i € [s]} (274)
Tp = {2 € {0,1}"*1 . 2/ is likely Y-fixed} (275)
Ts :={(2,b) € {0,1}" x {0,1} : b # pmmajmod,,(2)} (“incorrect strings”) (276)

Note this is almost the same as the statistical test defined in Section 8, but with the condition
Tr = {2 € {0,131 : 3(w,y) : f(w,y) =2 and > Np blocks g;(w;,y) are y-fixed}  (277)

replaced by the condition T}. It remains to show that a sample drawn from f (Bl?e) passes this
test with probability 1/2 — O(1/log(N)), while a sample from (Z, pmmajmod, (Z)) passes this test
with probability 1/N. We begin with the second claim.

Claim 56. Pr[(Z, pmmajmod,(Z)) € T'] < 1/N for sufficiently large N.

Proof. This claim is identical to Lemma 45, except that the statistical test Tr has been replaced by
T} Thus, all that is required to prove the claim is to show that D := (Z, pmmajmod,,(2)) € T}
with probability at most 1/3N. To prove this, we consider a coupling between the distributions D
and (W,Y) ~ B?e chosen so we have

Pr[D = f(W,Y) and at least N blocks g;(W;,Y) are Y-fixed|D € Tj,] > 1/log(N).  (278)

Note that, by definition of T%, this can be accomplished by first coupling each outcome z for
D with outcomes (w,y) for (W,Y) satisfying f(w,y) = z and at least Np blocks ¢;(W;,Y) are
Y-fixed (until either there are no more outcomes (w,y) satisfying this condition or the sum of
the probabilities of the coupled outcomes (w,y) satisfying this condition would exceed 27V) then
coupling the remaining outcomes arbitrarily (while preserving probabilities). To walk through why
this coupling implies Equation (278), note that the definition of “likely Y-fixed” in Equation (272)
ensures that for each z € T}, the probability that D = f(W,Y) = z and at least Ny blocks are
Y-fixed is at least 27" /logn = Pr[D = z]/logn. So if we consider the subset of probability mass of
(D,W,Y) where D € T}, at least a 1/logn-fraction of the mass satisfies D = f(W,Y) and > Np
blocks are Y-fixed.

Then, conditioning on this event and using that D is a distribution on at most N + 1 binary
variables it follows that

H(D|D € Ty,) < yH[f(W,Y)| at least Nr blocks g;(W;,Y) are Y-fixed] + (1 —v)(N + 1) + H(v)
(279)
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where v = 1/log(N), and we used the standard entropy inequality that H(A) < >, Pr[B =
b|H(A|B = b) + H(B) for any distributions A and B. But then we also know that if at least Np
blocks g;(W;,Y) are Y-fixed then f(W,Y) is a function of at most kN + N° — Ny random variables
each with entropy at most 1/k. Thus we have

H[f(W,Y)| at least N blocks g;(W;,Y) are Y-fixed] < N 4 (N° — Ng)/k (280)
So it follows that

H(D|D € Tp) < N —y(Np = N°) k+ (1 =7) + H(7) (281)
<N — (N3 /k + 2. (282)

Finally, since D is uniformly distributed over bistrings of the form (Z, pmmajmod,(Z)) we also
know that

|Tj| = 2 (PIPETE) (283)
— oN=(N**)/k+2 (284)

and thus
Pr[D € Tp] < 27 (V) k42 (285)

But now we use that b < 1/2(1 — (1/2d)™*%)'/2 and hence k = H(b) < d = (elog(N))'/? to
conclude

Pr[D € T}] < 22-7N*"/(elog(N))!/? _ 92=N**/(c"*108(N)*?) < (1 /3N) (286)
for sufficiently large IV, as desired. O

We now move on to the first claim. Our first step is to relate the notion of being likely Y-fixed
introduced in this section to the stronger y-fixed criterion used in Section 8.

Claim 57. Given (W,Y) ~ BZ* we have
Pr[f(W,Y) ¢ Ty and Y fizes at least Nr blocks g;(W;,Y)] < 1/log(N) (287)
Proof. Let (W,Y) be the set of all (w,y) € {0,1}* with at least N blocks being y-fixed but with

f(w,y) & Tj. Also, for any 2z’ € {0,1}¥F! define X (2') as above, so X (2/) := {(w,y) : f(w,y) = 2"}.
Then, letting p(w,y) be the probability of drawing input (w,y) from the distribution BSM we see:

Yo pwy) =) > p(w,y) (288)

(w,y)EW,Y) 2'¢Tn | (w,y)e(W,Y)NX(2')
< > 27N(1/log(N)) < 1/1og(N) (289)
2/ ¢Tp

where we used that, by definition, any 2’ ¢ Tr has at most a 27~ /log(N) chance of being the
image of a (w,y) with more than N blocks which are y-fixed, so

> p(w,y) <27V /log(N) (290)
(w,y)eW,Y)NX(2")
for any 2’ ¢ T¥. O
We now move on to the main Claim.

Claim 58. Pr[f(BYY) € T] > 1 — O(1/1og N).

Accepted in {Yuantum 2025-12-03, click title to verify. Published under CC-BY 4.0. 53



Proof. This proof follows similarly to the proof of Lemma 43, again with some additional complica-
tions.
We first define three subsets A1, Ay, A3 C {0,1}¥~* of all possible values that Y can take.

A= {y € (0,1} Y € {0,112/ = f(w,y) satisfies =/ € Ty UTyy UTy} (291)
Ay = {y € {0, 1}“3 : y fixes at least Ng blocks gi(wi,y)} (292)
Az = {y € {0,1}* . y fixes < Np blocks, and Jw,w’ € {0,1}* : f(w,y) ¢ Ty, f(w',y) & Tn } -

(293)

It is easy to verify that A; U Ay U Az = {0,1}*7%. It is then sufficient for us to bound the
Pr[f(W,Y) e T and Y € A;] for each 7 € {1,2,3} since

3
Pr[f(W,Y) ¢ T gz fW,Y)¢ T and Y € A;]. (294)

By the definition of Ay, we have that for each y € A;, and each w € {0,1}*, f(w,y) € T. Therefore

Pr[f(W,)Y)¢ T and Y € A;] = 0. In Lemma 57 we already proved that Pr[f(W,Y) ¢ T and Y € A,] <

O(1/log N). All that remains is to bound Pr[f(W,Y) ¢ T|Y € As]. The proof here follows the
same steps as the proof of Lemma 43, except that the random variables x; are no longer uniform
but are now biased Bernoulli random variables. As mentioned previously, by Lemma 55 we can
assume this bias b is upper bounded by

b < 1/4 (1 —(1/2¢/e 1og(N))ln<4>) . (295)

To accommodate these biased random variables we require the following variant of Lemma 29.

Fact 59. Let ay,aq,...,a; be nonzero integers modulo p and let X, Xs,...X; € {0,1}" be i.i.d.
Bernoulli random variables sampled from a distribution with bias b. Then the total variation
distance distance between , a;X; mod p and the uniform distribution over {0,1,...,p — 1} is at

most /pexp(—Q(t(1 — 4b%)/p?)).

Proof. We follow the same proof as outlined in Fact 3.2 of [21]. By Claim 33 of [30] we have that
the total variation distance is at most

\/ﬁrggg Ex |exp aQwiZanj — Ey, [exp(a27il,)] (296)
J

where U, denotes the uniform distribution and the first expectation is taken over the Bernoulli
random variables. For any a # 0 we have Ey, [exp(a27iU,)] = 0. Also, by Lemma 13 of [31] we
have

Ex |exp aZWiZanj < exp(—Q(t(1 — 4b%) /p?)). (297)

O

Mirroring the use of Lemma 29, we will now prove the straightforward corollary of Lemma 59.

Corollary 60. For each prime p = O(N%) with a < 1, t = Q(p?), ag, a1, ...a; nonzero integers
modulo p, and A C {0,1,...p— 1}, let X1,...,X; be i.i.d. Bernoulli random variables with bias b
bounded above by b*> < 1/4(1 — (1/2+/elog(N))™#). Then

14]

t
ag + a;X; €A
> >

i=1

O(1/N) (298)

|‘1|
< <
O(1/N) < Pr +
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Proof. Let U, be the uniform distribution over {0,1,...,p — 1}. Then the result follows from the
observation that

A (Up, ag + Zain) < NO‘/Qexp(fQ(N“/\/elog(N))) < O(1/N) (299)

O

Note that this gives exactly the same asymptotic scaling as Lemma 30. Then, following the
same argument in Lemma 43 and using Lemma 60 in place of Lemma 30 gives the bound

P[f(W,Y) ¢ TIY € Ay] < 1/2+ O(1/log(N)). (300)

Combining this with Equation (294), we get that
Pr[f(W,Y) ¢ T] < O(1/logn) + Pr[Y € As]-1/2+ O(1/log(N)) =1/24+ O(1/log N). (301)
This completes the proof. [
O
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