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Non-Hermitian dynamics is ubiquitous
in various physical systems. While recent
study shows that such a dynamics leads to
an area-law scaling of the entanglement en-
tropy due to the non-Hermitian skin effects,
it remains unclear how disorder changes
the behavior of the entanglement entropy
in a non-Hermitian system with skin ef-
fects. Here we study the dynamics of a
many-body state of free fermions in the
paradigmatic Hatano-Nelson model with
open boundaries, and find that the area-law
behavior of the entanglement entropy in
the pristine Hatano-Nelson model develops
into a logarithmic scaling for small disor-
der strength. As we further increase the
disorder strength, the system reenters an
area-law regime through an entanglement
phase transition. At the critical point, the
entanglement entropy exhibits a universal
algebraic scaling. We further demonstrate
the absence of a conformal invariance in the
log-law regime by examining the subsys-
tem entanglement entropy, the connected
correlation function and the mutual infor-
mation. Finally, we show the existence of
disorder induced entanglement phase tran-
sitions in the Hatano-Nelson model with
periodic boundaries.

Non-Hermitian physics has received consider-
able attention in the past few years due to the dis-
covery of various peculiar phenomena [1–5], such
as non-Hermitian intrinsic topology [6–14] and
non-Hermitian skin effects [15–22]. Moreover,
non-Hermiticity is prevalent in the dynamics of
quantum systems [23]. In fact, when continuous
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measurements and postselection are considered,
the dynamics of a many-body system is governed
by a non-Hermitian Hamiltonian [23]. In this con-
text, interesting phenomena have been found in
non-Hermitian entanglement dynamics [24–38],
including entanglement and purification transi-
tions [28], as well as skin effects-induced entan-
glement phase transition [33].

Disorder plays a crucial role in the behavior of
physical systems. It is widely known that disor-
der can induce Anderson localization [39], which
modifies the transport properties [40, 41] and
also suppress the growth of entanglement [42].
Within the scope of non-Hermitian systems, the
interplay between non-Hermiticity and disorder
can result in unique properties [4]. For example,
the transition between skin states and Anderson
localized states induced by disorder has been dis-
covered [43–46]. Furthermore, disordered non-
Hermitian systems can exhibit the generalized
mobility edge, separating extended and localized
states in the complex energy plane [47–52]. In
the context of dynamics, the presence of skin ef-
fects can inhibit the entanglement growth, caus-
ing an area-law entanglement for the steady-state
in disorder-free systems [33]. One may expect the
introduction of disorder in such a system could
result in an entanglement phase transition cor-
responding to the change of localization proper-
ties. However, it remains unclear whether this
phase transition would exhibit similar properties
to those observed in Hermitian systems, or if dis-
tinct critical behaviors would emerge.

In this work, we study the dynamics of a half-
filled many-body state under the evolution of the
disordered Hatano-Nelson (HN) model with open
boundaries. We find that the area-law scaling of
the entanglement entropy in the disorder-free HN
model may develop into a logarithmic scaling at
small disorder, that is, SL/2 ∝ logL. As we fur-
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ther raise the disorder strength, the system reen-
ters an area-law regime with the entanglement
entropy being independent of the system size. At
the critical point between the log-law and area-
law regimes, the entanglement entropy exhibits
a universal algebraic scaling with SL/2 ∼ Lβ and
β ≈ 0.5. Based on the entanglement entropy,
we map out the phase diagram of the disordered
HN model including a log-law and an area-law
phase with respect to the asymmetric hopping
strength and the disorder strength [see Fig. 1(a)].
By examining the subsystem entanglement en-
tropy, the connected correlation function and the
mutual information, we further show that such a
log-law phase does not possess a conformal in-
variance. Finally, we demonstrate the existence
of a phase transition from the log-law to the area-
law entanglement for the HN model with periodic
boundaries.
Hatano-Nelson model.—To study the entangle-

ment phase transition, we consider the paradig-
matic HN model with onsite disorder described
by the following Hamiltonian [47]

Ĥ =
∑

i

(
JLĉ

†
i ĉi+1 + JRĉ

†
i+1ĉi +miĉ

†
i ĉi

)
, (1)

where ĉ†
i (ĉi) is the fermionic creation (annihila-

tion) operator at the ith site, JL = −(J − γ)/2
and JR = −(J + γ)/2 with J and γ being real
parameters depicting the strengths of symmet-
ric and asymmetric hopping, respectively, and
mi is the on-site disorder uniformly sampled
in [−W/2,W/2] with W denoting the disorder
strength. Without disorder (W = 0), the Hamil-
tonian under open boundary conditions (OBCs)
exhibits non-Hermitian skin effects when 0 <
|γ| < |J |, with all single-particle eigenstates lo-
calized at one boundary. In the following, we
will set J = 1 as the units of energy.

To study the entanglement behavior at a suffi-
ciently long time, we consider the following evolv-
ing state at time t,

|ψ(t)⟩ = e−iĤt|ψ0⟩/∥e−iĤt|ψ0⟩∥, (2)

where |ψ0⟩ is a many-body state with L/2
fermions for a system with L sites (L is even). We

consider the Néel state |ψ0⟩ =
∏L/2

j=1 ĉ
†
2j |0⟩ as an

initial state with |0⟩ denoting the vacuum state.
We note that the dynamics described by Eq. (2)
can be realized in an open quantum system by
post-selecting a quantum trajectory where no

Figure 1: (a) The phase diagram of the HN model in
Eq. (1) with respect to the disorder strength W and
the asymmetric hopping strength γ. Color denotes the
entanglement entropy SL/2 of a half system for L = 256.
The black line describes the phase boundary obtained
by finite-size scaling of the entanglement entropy. (b)
The linear-log plot of SL/2 versus the system size L for
different disorder strength W ∈ {2, 2.5, 3.35, 4.5, 5, 6}
with L up to 320. The inset shows the data for W = 3.35
in a log-log scale with a power-law fit (the dashed line)
described by SL/2 ∝ L0.5. (c) SL/2 as a function of
W for different L. The vertical dashed line denotes the
phase boundary between the log-law and area-law regimes
at W = 3.35. (d) The data collapse of the entanglement
entropy SL/2 using the scaling function Eq. (4). Here
we use W ≥ 3 data for scaling collapse. The inset shows
SL/2 with respect to W −Wc in a log-log scale, with the
solid line being a power-law fit SL/2 ∝ (W −Wc)−1.09.
In (b–d), γ = −0.5.

particle loss is detected [28, 33]. Since the Hamil-
tonian in Eq. (1) is quadratic and the initial state
|ψ0⟩ is a Slater determinant state, the final state
|ψ(t)⟩ is also a determinant state and its corre-

lation matrix Dij(t) = ⟨ψ(t)|ĉ†
i ĉj |ψ(t)⟩ can be

efficiently calculated (see Supplemental Material
Sec. S-I [53] for details). The von Neumann en-
tanglement entropy SA between a subsystem A
and the rest of the system can be obtained by [54]

SA = −Tr[DA logDA+(1−DA) log(1−DA)], (3)

where DA is the correlation matrix for the sub-
system A. In the following, we consider A =
{1, 2, ..., l} and label SA as Sl. We note that
all the quantities are averaged over 500 [only for

Accepted in Quantum 2026-08-03, click title to verify. Published under CC-BY 4.0. 2



Fig. 1(a)] or 2000 random configurations in nu-
merical calculations.

Entanglement phase transitions under open
boundary conditions.—We now study the entan-
glement behavior of the state |ψ(t)⟩ at sufficiently
long times under OBCs. For a Hermitian Hamil-
tonian with γ = 0, the system exhibits a volume-
law entanglement when W = 0, whereas nonzero
disorder immediately drives the system to an en-
tanglement area-law phase due to the Anderson
localization. For the non-Hermitian Hamiltonian
without disorder, a previous study shows that
the entanglement obeys an area law due to the
skin effects which push all the particles towards
one boundary [33]. When disorder is sufficiently
strong, we expect that the long-time evolution
leads to a state obeying an area law, since all the
single-particle eigenstates are localized on single
sites so that the initial state |ψ0⟩ stays unchanged.
However, it remains unclear whether there are en-
tanglement phase transitions between these two
limiting cases.

In Fig. 1(a), we map out the phase diagram
based on the entanglement entropy, illustrating
the existence of entanglement phase transitions
as we increase the disorder strength W . In fact,
our numerical results (up to L = 320) suggest
that for small disorder strength W , the entangle-
ment entropy SL/2 of a half system grows loga-
rithmically with the system size L, as shown in
Fig. 1(b). One can find such a log-law regime in
Fig. 1(a). The logarithmic growth in this regime
can be understood from the fact that weak disor-
der cannot fully suppress the unidirectional shift
induced by the nonreciprocal hopping. As a re-
sult, the density profile develops a broadened do-
main wall near the center of the chain, leaving
a finite entanglement between the left and right
halves [see Fig. 2(b) and Supplemental Material
Sec. S-II [53]]. Further increasing the disorder
strength leads to an area-law entanglement, rem-
iniscent of the Anderson localized phase in Hermi-
tian systems. At the transition point between the
log-law and area-law regimes, the entanglement
entropy exhibits an algebraic scaling SL/2 ∝ Lβ

with β ≈ 0.5 [see the inset of Fig. 1(b)]. These
different scaling behaviors can also be clearly ob-
served in Fig. 1(c), where SL/2 grows with L
(stays unchanged) for small W (large W ); the
algebraic scaling manifests in a peak around the
phase transition point due to a faster growth of

entanglement.
To further characterize the entanglement phase

transition, we adopt a finite-size scaling form for
SL/2 given by [55]

SL/2(W,L) = LβF [(W −Wc)L1/ν ], (4)

with W ⪆ Wc. For W ≫ Wc, one can find that
SL/2 is independent of the system size L, while at
W = Wc, SL/2 scales algebraically with L. There-
fore F (x) satisfies

F (x) ∝
{
const, x = 0
x−νβ , x → +∞

, (5)

leading to SL/2(Wc, L) ∝ Lβ at W = Wc and

SL/2(W,L) ∝ (W − Wc)−νβ for W ≥ Wc. By
collapsing the SL/2 data using the scaling func-
tion Eq. (4), we obtain Wc = 3.35 ± 0.05, β =
0.52 ± 0.03 and ν = 1.89 ± 0.05; the uncertainty
corresponds to the standard error of scaling re-
sults for different sets of system sizes [see Sup-
plemental Material Sec. S-III [53] for details].
The exponents β and ν agree well with those
obtained by a direct fit as displayed in the in-
sets of Fig. 1(b) and (d), where β = 0.5 and
βν = 1.09, respectively. We also plot the scaled
entanglement entropy SL/2/L

β as a function of

(W −Wc)L1/ν for γ = −0.5 in Fig. 1(d), showing
that all the data collapse to a single curve with
high quality. One can also find scaling collapses
for other γ with similar exponents β ≈ 0.5 and
ν ≈ 1.9 in Supplemental Material Sec. S-III [53].

Based on the scaling function Eq. (4), we calcu-
late the transition points for distinct γ and mark
them out as the phase boundary in Fig. 1(a). The
boundary corresponds to a large entanglement en-
tropy due to an algebraic scaling of SL/2 [see the
region marked with bright colors in Fig. 1(a) and
also the peak in Fig. 1(c)].

One may attribute the entanglement phase
transition to the transition of single-particle
eigenstates of the HN model from skin modes
to Anderson localized states. In fact, the in-
terplay of non-reciprocal hopping and disorder
can result in partially extended single-particle
eigenstates for the Hamiltonian where Ĥ =∑

i,j [H]ij ĉ†
i ĉj [43, 45]. To explain such a be-

havior, we transform H to a Hermitian Hamil-
tonian H ′ = H(J → J ′, γ → 0) by H ′ =
S−1HS, where S = diag

{
r1/2, r, . . . , rL/2

}
with

r = |(J + γ)/(J − γ)| and J ′ = sgn(J)
√
J2 − γ2
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for |γ| < |J |. The eigenstates of H ′ are exponen-
tially localized for any non-zero disorder strength
W , which has an asymptotic form |u′

n(x)|2 ∼
e−|x−xn|/ξ with xn being the localized position
and ξ being the localization length. Based on
the similar transformation, we obtain the density
profile of the right eigenstates of H ′, which is
given by |uRn (x)|2 ∼ rxe−|x−xn|/ξ. Interestingly,
for re1/ξ = 1, the density quickly damps to zero
as x increases for x > xn while remains the same
for x < xn, so that the state is partially extended
in the x < xn region. Such a behavior may ac-
count for the algebraic scaling of the entangle-
ment entropy at the critical point, which is faster
than a log-law but slower than a linear scaling.

However, since the state subject to non-
Hermitian evolution is a half-filled many-body
state, the entanglement transition point with
Wc ≈ 3.35 clearly deviates from the value of
Wc = 3.56 for the single-particle transition at
zero energy in Ref. [45]. In Supplemental Mate-
rial Sec. S-IV [53], we use all the single-particle
eigenstates to calculate the orthogonality index
and the mean inverse participation ratio (MIPR)
and find that the entanglement transition point
is very close to the transition point of the orthog-
onality index and the minimum of MIPR.

Absence of conformal invariance.—The loga-
rithmic scaling of the entanglement entropy usu-
ally appears in one-dimensional conformal invari-
ant quantum systems, including gapless (critical)
Hermitian systems [56, 57] and open systems sub-
ject to continuous monitoring [58–60]. In the fol-
lowing, we will show that the log-law regime in
the disordered HN model under OBCs cannot be
characterized by conformal field theories (CFTs).

We first display the subsystem entanglement
entropy Sl in Fig. 2(a). There, we see that
in the log-law regime (W < Wc), Sl is zero
for most subsystem sizes l while only exhibits
a sharp non-zero peak around the center of
the system [sin(lπ/L) = 1]. This shows a
clear difference with the entanglement entropy
predicted by CFTs, which is given by Sl =
(c/6) log[sin(πl/L)] + s0 for a finite system with
open boundaries [61]. Such a behavior is at-
tributable to the non-reciprocal hopping which
causes a domain-wall structure in the density pro-
file ⟨n̂i⟩ of |ψ(t)⟩ as displayed in Fig. 2(b). If the
subsystem A (or the rest of the system) lies in
the region where ⟨n̂i⟩ ≈ 0 or 1, then we have

Figure 2: (a) The entanglement entropy Sl for sub-
systems of length l and (b) the density distribution
⟨n̂i⟩ = ⟨ψ(t)|ĉ†

i ĉi|ψ(t)⟩ of the state |ψ(t)⟩ as a func-
tion of site i for different values of disorder strength
W . (c) The connected correlation function C(l) with re-
spect to L/π sin(lπ/L) for W ∈ {0, 1.5, 2.5, 3.35, 5, 6}.
The dashed line shows a power-law fit described by
C(l) ∝ [L/π sin(lπ/L)]−1.4. In (a–c), the system size
L = 320. (d) The mutual information IAB with respect
to W for different system sizes L. The vertical dashed
line marks the phase boundary. Here, γ = −0.5.

SA ≈ 0 due to the fact that ρA is approximately
a pure state. The filled or empty region shrinks
as W increases and finally disappears at the crit-
ical point, leading to a nonzero Sl for any l at
W = Wc. When W > Wc, Sl exhibits an area-
law behavior [see the cyan line in Fig. 2(a)].

In addition, we perform numerical calculations
of the connected density-density correlation func-
tion defined as

C(l) = ⟨n̂L/2⟩⟨n̂L/2+l⟩ − ⟨n̂L/2n̂L/2+l⟩. (6)

For the determinant state |ψ(t)⟩, we have C(l) =
|⟨ĉ†

L/2ĉL/2+l⟩|2. Figure 2(c) shows that the corre-

lation C(l) exhibits an exponential decay for all
W except at the critical point, in stark contrast
to that of conformal invariant systems where
C(l) ∼ l−2 [26, 58, 60, 62]. At the critical
point W = Wc, C(l) decays algebraically as
C(l) ∼ l−1.4.

We further calculate the mutual information
IAB = SA + SB − SA∪B between two disjointed
subsystems A and B, which can serve as another
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Figure 3: (a) The linear-log plot of the entangle-
ment entropy SL/2 versus the system size L for W ∈
{1.5, 2, 2.5, 3.4, 4.5, 5, 6}. The inset shows SL/2 for
W = 3.4 with L up to 1024, where the black solid line is
a guide for eyes. (b) The entanglement entropy SL/2 as
a function of the disorder strength W for various L. (c)
The connected correlation function C(l) with respect to
L/π sin(lπ/L) for systems with L = 600 . The dashed
lines are power-law fits C(l) ∝ [L/π sin(lπ/L)]−α with
α = 1.75, 1.81 and 1.46 for W = 1.5, 2.5 and 3.4,
respectively. We also plot a grey line corresponding to
α = 2 for a visual guide. (d) The mutual information
IAB versus the disorder strength W . The inset displays
the IAB as a function of the system size. The vertical
dashed lines in (b) and (d) correspond to W = 3.4.

indicator for conformal symmetry [58, 63, 64].
Figure 2(d) shows that in both the log-law and
area-law regimes, IAB approaches zero as L in-
creases, in contrast to a conformal invariant case
where the mutual information features a nonzero
and constant value for fixed subsystems A and B
[e.g., see the inset of Fig. 2(d)] [61]. In the log-
law regime, this may be caused by the fact that
both A and B lies in the region where ⟨n̂i⟩ = 0
or 1. Intriguingly, we also find that the mutual
information grows with L at the critical point.

Entanglement phase transitions under periodic
boundary conditions.—Next, we study the entan-
glement properties of the HN model under peri-
odic boundary conditions (PBCs). Without dis-
order, we have proved that the entanglement en-
tropy of |ψ(t)⟩ at long times scales logarithmi-
cally with the system size as SL/2 = (1/3) logL

(see Supplemental Material Sec. S-V [53] for the
proof). As the disorder strength W increases,
the logarithmic entanglement growth will be de-
stroyed due to the Anderson localization, giv-
ing rise to a similar log-to-area-law entanglement
phase transition [see Fig. 3(a) and (b)]. How-
ever, in stark contrast to the OBC case where
SL/2 scales algebraically at the critical point, we
find that the entanglement entropy around the
critical point tends to converge to a logarithmic
scaling under PBCs [see the inset of Fig. 3(a)].

We further calculate the connected correlation
function C(l) under PBCs. Figure 3(c) illus-
trates that in the full log-law regime, the cor-
relation C(l) exhibits an algebraic scaling with
L/π sin(lπ/L), that is, C(l) ∝ [L/π sin(lπ/L)]−α.
The power-law fits in Fig. 3(c) suggest that the
exponent α < 2 for finite W , in contrast to
the case for W = 0 where α = 2 (see Supple-
mental Material Sec. S-V [53] for derivation).
For larger W , C(l) displays an exponential de-
cay in agreement with the area-law behavior of
the entanglement entropy. To further diagnose
the conformal invariance, we calculate the mu-
tual information IAB. Figure 3(d) shows that
in the log-law regime, the mutual information
tends to approach constant values for large sys-
tems. However, at the critical point, it exhibits
a clear increase as we increase the system size,
and in the area-law regime, it decreases to zero,
similar to the OBC case. Although the system ex-
hibits conformal-like signatures, a further numer-
ical study reveals that the logarithmic growth of
SL/2 in the time direction may be different from
that in the spatial direction (see Supplemental
Material Sec. S-VIII [53]), suggesting that full
conformal invariance is limited to the vicinity of
W = 0.

In summary, we have studied the dynamics of
a half-filled many-body state of free fermions in
the HN model and found the existence of entan-
glement phase transitions under both OBCs and
PBCs. For OBCs, although the entanglement en-
tropy obeys the area-law scaling in the case with-
out disorder, our numerical results suggest that
the area-law scaling may develop into a logarith-
mic scaling in the presence of small disorder. We
further show that the entanglement entropy un-
dergoes a phase transition into an area-law when
the disorder becomes sufficiently large. At the
critical point, the entanglement features an alge-
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braic scaling SL/2 ∼ Lβ with β ≈ 0.5. Our nu-
merical results also show that the log-law regime
under PBCs exhibits conformal-like signatures,
while such signatures are absent under OBCs.
We also want to remark that our results are not
restricted to the HN model and can be found
in other non-Hermitian systems with skin effects,
such as the non-Hermitian Su-Schrieffer-Heeger
model [6, 15]. While postselection is required to
achieve the non-Hermitian evolution in Eq. (2),
it has recently been shown that measurements
can induce skin effects in monitored systems,
where the trajectory averaged entanglement en-
tropy obeys an area-law scaling [65, 66]. We thus
expect that disorder can drive a similar entan-
glement phase transition in these systems where
postselection is not required. Our results demon-
strate that the interplay between non-Hermitian
skin effects and disorder leads to a novel class of
entanglement phase transitions, thereby opening
an avenue for exploring entanglement phase tran-
sitions in disordered non-Hermitian systems with
skin effects.
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Supplemental Material: Disorder-Induced Entanglement Phase Transitions in
Non-Hermitian Systems with Skin Effects

In the Supplemental Material, we will elaborate on how to calculate the entanglement entropy
and justify the choice of time step in Section S-I, present the physical intuition for the log-law regime
under OBC in Section S-II, provide more details about the scaling collapse of the entanglement entropy
in Section S-III, present the orthogonality index and mean inverse participation ratio in Section S-
IV, prove that the long-time entanglement entropy for the pristine HN model under PBCs obeys a
logarithmic scaling in Section S-V, clarify the limitations of determining the steady state from the
single-particle eigenstates in Section S-VI, discuss the relation between the single-particle spectrum
and the entanglement under PBCs in Section S-VII, and examine the spacetime conformal symmetry
under PBCs in Section S-VIII.

S-I Details on how to calculate the entanglement entropy

In this section, we will elaborate on how to calculate the dynamics of the entanglement entropy (also
see Ref. [33]). We consider an initial determinant state |ψ0⟩ evolved by a non-Hermitian free fermion

Hamiltonian Ĥ =
∑

ij Hij ĉ
†
i ĉj . The dynamics is governed by

|ψ(t)⟩ = e−iĤt|ψ0⟩√
⟨ψ0|eiĤ†te−iĤt|ψ0⟩

. (S1)

Without loss of generality, we choose the Néel state as an initial state, that is, |ψ0⟩ =
∏L/2

i=1 ĉ
†
2i|0⟩.

Then, the evolving state |ψ(t)⟩ at time t can be written as

|ψ(t)⟩ = 1√
N(t)

e−iĤt
L/2∏
i=1

ĉ†
2i|0⟩ = 1√

N(t)

L/2∏
i=1

ĉ†
2i(t)e

−iĤt|0⟩

= 1√
N(t)

L/2∏
i=1

ĉ†
2i(t)|0⟩,

(S2)

where N(t) = ⟨ψ0|eiĤ†te−iĤt|ψ0⟩ and ĉ†
i (t) = e−iĤtĉ†

ie
iĤt =

∑L
j=1[e−iHt]jiĉ

†
j . We see that |ψ(t)⟩ is also

a determinant state except that the operators ĉ†
2i(t) are not necessarily orthogonal. We can write the

unnormalized evolving state as

|ψ̃(t)⟩ =
L/2∏
i=1

ĉ†
2i(t)|0⟩ =

[∏L/2
j=1

(∑L

i=1
[U(t)]ij ĉ†

i

)]
|0⟩, (S3)

where

U(t) = e−iHtU0 (S4)

with U0 (an L× L
2 matrix) being a collection of all the initial single-particle states with [U0]ij = δi,2j .

We now apply a QR decomposition on U(t) and obtain U(t) = QR, where Q is an L × L
2 matrix

satisfying Q†Q = 1 and R is an upper-triangular matrix. Substituting the decomposition into Eq. (S3)
yields

|ψ̃(t)⟩ =
[∏L/2

j=1

(∑L/2
k=1

Rkj

∑L

i=1
Qik ĉ

†
i

)]
|0⟩. (S5)

Let us define γ̂†
k =

∑L
i=1Qik ĉ

†
i . They are fermionic creation operators because they satisfy the anti-

commutation relations, i.e., {γ†
i , γ

†
j } = 0 and {γi, γ

†
j } = δij . It follows that the unnormalized evolving
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Figure S1: The entanglement entropy SL/2 as a function of the evolution time t for different choices of ∆t.

states can be written in terms of these new operators as

|ψ̃(t)⟩ =
[∏L/2

j=1

(∑L/2
k=1

Rkjγ
†
k

)]
|0⟩

= (R1, L
2
γ†

1 + · · · +RL
2 , L

2
γ†

L
2
) · · · (R13γ

†
1 +R23γ

†
2 +R33γ

†
3)(R12γ

†
1 +R22γ

†
2)(R11γ

†
1)|0⟩

= (RL
2 , L

2
γ†

L
2
) · · · (R33γ

†
3)(R22γ

†
2)(R11γ

†
1)|0⟩

=
(∏L/2

i=1
Riiγ

†
i

)
|0⟩.

(S6)

Since ⟨ψ̃(t)|ψ̃(t)⟩ = (
∏L/2

i=1 Rii)2, we arrive at

|ψ(t)⟩ =
∏L/2

i=1
γ†

i |0⟩. (S7)

The correlation function of the final state, defined as Dij(t) = ⟨ψ(t)|ĉ†
i ĉj |ψ(t)⟩, can be easily calculated

by
D(t) = (QQ†)T . (S8)

We then can evaluate the von Neumann entanglement entropy SA between a subsystem A and the
rest of the system by [54]

SA = −Tr[DA logDA + (1 −DA) log(1 −DA)], (S9)

where DA denotes the correlation matrix for the subsystem A.
In principle, one can perform a single QR decomposition to obtain the correlation function D(t)

even if t is large. However, since the Hamiltonian is non-Hermitian, the elements in U(t) may grow
or decay exponentially with t. To avoid numerical instabilities, we perform a QR decomposition for
every time step ∆t, i.e.,

U(t+ ∆t) = qr[e−iH∆tU(t)], (S10)

where qr stands for the QR decomposition.
In our numerical calculations, we set ∆t = 2 and Nt = 1000 (Nt denotes the number of time steps).

Since the QR decomposition, which is used to keep the numerical calculation stable, does not change
the underlying determinant state, the results are independent of the choice of ∆t for a fixed evolution
time t = Nt∆t. We have checked this by comparing the entanglement entropy obtained with different
∆t in Fig. S1.

For all the quantities in the main text, we average over the last 100 time steps as well as 500 or 2000
disorder realizations. The time evolution is numerically simulated by using the matrix exponential
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(a) (b) (c)

Figure S2: The density distribution ⟨n̂i⟩ as a function of site i and time t under OBCs for (a) W = 0 and (b) W = 2,
with system size L = 64. (c) The domain-wall size as a function of the system size L for different disorder strengths
W , where the dashed lines are logarithmic fits. Here we set J = 1, and γ = −0.5.

function “expm” in a MATLAB program. In the simulation, we use [U0]ij = δi,2j and γ < 0. Here we
note that for γ > 0 the numerical results for OBCs may be incorrect when the system size is large.
The error might arise from the skin effect which tends to make the columns of U(t) similar to each
other and hard to be orthogonalized. We have checked the correctness of our results up to L = 320
by increasing the numerical precision using MATLAB’s vpa function.

S-II Physical intuition for the log-law regime under OBC
In a non-Hermitian system without disorder, the asymmetric hopping term causes particles to move
unidirectionally, resulting in a nearly perfect product state |11 · · · 100 · · · 0⟩ with a sharp domain wall
[see Fig. S2(a)]. Introducing small disorder cannot cause the particles to freeze as in a Hermitian
system, but allows particles to scatter during their transfer to the boundary. This scattering results
in an approximate product state with a smooth transition of particle number around the middle of
the chain [see Fig. S2(b)].

Based on the definition of the entanglement entropy, we know that the bipartite entanglement
entropy of a state |ψ⟩ is equal to that of the state |1⟩⊗n ⊗ |ψ⟩ ⊗ |0⟩⊗n given that the two partitions
A and B are the left and right halves of the system, respectively. As such, only the central part
with particle numbers between 0 and 1 contributes to the entanglement entropy. We identify the sites
supporting |ψ⟩ as the domain wall, spanning from light yellow to dark pink in Fig. S2(a–b).
Numerically, we define the size of the domain wall as the range where the average particle number

lies between 10−5 and 1−10−5. Our calculations show that the domain wall size scales logarithmically
with the system size [see Fig. S2(c)], which may contribute to the logarithmic growth of the bipartite
entanglement entropy of the system.
Notably, this behavior appears specific to random disorder. In the case of quasiperiodic disorder,

the domain wall size remains independent of the system size, leading to area-law entanglement instead.
We conjecture that random disorder induces a stronger localization effect, which can counteract the
unidirectional current and result in a broadened domain wall. In contrast, quasiperiodic disorder
typically has a weaker localization effect which cannot suppress the unidirectional particle flow, leading
to perfect particle accumulation at the left half of the system and an area-law entanglement.

S-III Details on the scaling collapse of the entanglement entropy
In this section, we will provide more details about the scaling collapse of the entanglement entropy.
We use Eq. (4) in the main text to perform finite-size scaling, which can be rewritten as

SL/2(W,L)/Lβ = F [(W −Wc)L1/ν ]. (S11)
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Figure S3: (a–h) The scaling collapses of the entanglement entropy for γ =
−0.1,−0.2,−0.3,−0.4,−0.5,−0.6,−0.7,−0.8. Here the system size L ∈ {32, 64, 96, 128, 192, 256, 320}
and we use brighter (deeper) colors to denote smaller (larger) system sizes. The insets show SL/2 versus W −Wc in
a log-log scale.

Let us define y(x, L) = SL/2(W,L)/Lβ where x = (W −Wc)L1/ν . One needs to find an optimal set of
parameters {Wc, ν, β} such that y(x, L) versus x lines for different L collapse to a single curve. This
can be done by minimizing the loss function defined as

L =
∑
x,L

[y(x, L) − ȳ(x)]2, (S12)

where ȳ(x) =
∑

L y(x, L)/NL with NL denoting the number of L over the sum. We use the fminsearch
function in a MATLAB program to find the optimal parameters that minimize L. To estimate the
uncertainty of the parameters, we extract the parameters for different sets of system sizes and evaluate
the standard deviation. The data collapse and the extracted parameters are shown in Fig. S3 and
Table S1, respectively.

S-IV Orthogonality index and mean inverse participation ratio
In the main text, we have argued that the entanglement phase transition for a half-filled many-body
state may be related to the single-particle phase transition from skin states to Anderson localized
states. In this section, we will show that the entanglement phase transition point is very close to the
transition point of the orthogonality index and the minimum of the mean inverse participation ratio
(MIPR) calculated using all the single-particle eigenstates.

Table S1: Parameters extracted by minimizing the loss function Eq. (S12) for different γ.

γ −0.1 −0.2 −0.3 −0.4 −0.5 −0.6 −0.7 −0.8
Wc 1.47 ± 0.01 2.08 ± 0.02 2.56 ± 0.02 2.97 ± 0.04 3.35 ± 0.05 3.72 ± 0.05 4.08 ± 0.05 4.43 ± 0.06
ν 1.99 ± 0.04 1.91 ± 0.05 1.88 ± 0.05 1.88 ± 0.06 1.89 ± 0.05 1.89 ± 0.04 1.89 ± 0.03 1.90 ± 0.03
β 0.51 ± 0.01 0.50 ± 0.02 0.51 ± 0.02 0.51 ± 0.03 0.52 ± 0.03 0.52 ± 0.02 0.53 ± 0.02 0.53 ± 0.02
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Figure S4: (a) The orthogonality index O and (b) the MIPR as a function of disorder strength W for various system
sizes. The vertical dashed lines in (a) and (b) mark the entanglement phase transition point Wc = 3.35. Here,
γ = −0.5.

Since the skin states are almost linearly dependent, we thus introduce the orthogonality index
defined as O = | det(U)|1/L to characterize the phase transition from skin states to Anderson localized
ones. Here, U = (|uR1 ⟩, ..., |uRL⟩) with |uRn ⟩ (n = 1, . . . , L) being the normalized right eigenstates of
the Hamiltonian. The index O characterizes the degree of orthogonality for the set of all eigenstates
{|uRn ⟩}L

n=1. If O = 1, the eigenstates are orthogonal; if O < 1, they are non-orthogonal. Specifically,
O approaches zero if the set of eigenstates are almost linearly dependent, which is the case for a set
of skin states.
Figure S4(a) displays the orthogonality index O for γ = −0.5. We see the existence of two phases:

one with vanishingly small values of O and the other with finite values. The phase transition from
skin states to Anderson localized states is revealed by a sharp rise of O from nearly zero to non-zero
values for large L. Although we cannot identify the transition point exactly due to finite-size effects,
the results indicate that the transition point is very close to the entanglement phase transition point
at Wc = 3.35.
We further employ the MIPR to characterize the phase transition. The MIPR is defined as IM =

(
∑

n In)/L where In =
∑

x |uRn (x)|4 is the inverse participation ratio (IPR) for a normalized right
eigenstate uRn (x). When all the states are extended, the MIPR is small, approaching zero as the system
size increases, whereas when all the states are localized at one site, Im = 1. Fig. S4(b) illustrates that
the MIPR for the disordered HN model is large when W is either small or large, consistent with the
fact that both skin states and Anderson localized states are spatially localized.
Interestingly, the MIPR decays to a minimum for some disorder strength W as shown in Fig. S4(b)

(the existence of a minimum in the MIPR has also been found in a non-Hermitian quasicrystal [43]).
As shown in the main text, the density distribution of uRn (x) has an asymptotic form given by

|uRn (x)|2 ∼ rxe−|x−xn|/ξ =
{
e−xn/ξ (re1/ξ)x, x < xn

exn/ξ (re−1/ξ)x, x > xn

(S13)

which will exhibit different behaviors for different values of the localization length ξ. We assume that
γ < 0 so that re−1/ξ < 1, which means that the density for the x > xn part is always suppressed
as x increases. For re1/ξ < 1, the density will get enhanced as x decreases for x < xn, so that
the transformed state is a skin state localized at the left boundary. While for re1/ξ > 1, the state
is exponentially localized at xn, giving rise to an Anderson localized state. For re1/ξ = 1, as also
mentioned in the main text, the density remains the same for x < xn while quickly damps to zero as
x increases for x > xn, rendering the state partially extended in the region x < xn. Thus, the states
become more extended as W approaches the phase transition point, accounting for the fact that the
MIPR reaches a minimum around the critical point.
To eliminate the finite-size effects, we further calculate the MIPR based on

IM =
∫
dED(E)I[ξ(E)]/

∫
dED(E), (S14)
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where
∫
dE denotes an integral over energy E, D(E) is the density of state of the similar transformed

Hamiltonian H ′, and I[ξ(E)] is the IPR computed based on the asymptotic form Eq. (S13) at energy
E, with the localization length ξ(E) determined by the transfer matrix method [67]. Fig. S4(b) plots
the calculated MIPR [see the yellow line in Fig. S4(b)], showing the existence of a dip aroundW = 3.4,
which is very close to the critical point Wc = 3.35 for the entanglement phase transition.

S-V Long-time entanglement entropy for the pristine HN model under PBCs
In this section, we will show that the long-time entanglement entropy for the HN model under PBCs
without disorder obeys a logarithmic scaling. We first prove that the system will converge to a state
with the largest imaginary eigenenergy under the evolution of a non-Hermitian Hamiltonian.

We denote the many-body eigenenergy in the N -particle subspace as En = εRn + iεIn and the
corresponding right (left) eigenstate as |ϕR

n ⟩ (⟨ϕL
n |). Given an initial N -particle determinant state |ψ0⟩,

the evolving state |ψ(t)⟩ can be written as

|ψ(t)⟩ =
∑

n e
−iεRn teεInt|ϕR

n ⟩⟨ϕL
n |ψ0⟩√

⟨ψ0|eiĤ†te−iĤt|ψ0⟩

= eεI1t√
⟨ψ0|eiĤ†te−iĤt|ψ0⟩

∑
n

e−iεRn te(εIn−εI1)t|ϕR
n ⟩⟨ϕL

n |ψ0⟩.
(S15)

By assuming εI1 > εI2 > . . . , one can find that |ψ(+∞)⟩ = |ϕR
1 ⟩ up to a phase factor. Therefore, the

entanglement entropy at long times is the same as that of the many-body eigenstate with the largest
imaginary eigenenergy, if only a single eigenstate has the largest imaginary eigenenergy. Otherwise,
the final state will become a superposition of the eigenstates with the largest imaginary eigenenergy.
For the HN model without disorder under PBCs, the single-particle eigenstates are given by |k⟩ =

ĉ†
k|0⟩ = 1√

L

∑
j e

ikj ĉ†
j |0⟩ corresponding to eigenenergies Ek = −J cos k+ iγ sin k where k = kn = 2πn/L

with n = −L/2,−L/2 + 1, ..., L/2 − 1. Without loss of generality, we will consider the case with γ < 0
in the following. Starting from an initially half-filled state, the system will converge to a superposition
of |Ψ1⟩ =

∏−1
n=−L/2 ĉ

†
kn

|0⟩ and |Ψ2⟩ =
∏0

n=−L/2+1 ĉ
†
kn

|0⟩, which are many-body eigenstates with the
largest imaginary eigenenergy in the half-filled subspace. For infinitely large L, the final state is a
Slater determinant of all the Bloch states with momentum k ∈ [−π, 0], whose correlation matrix is
given by

Dmn =
∫ 0

−π

dk

2πe
−ik(m−n) = i

2π
1 − eiπ(m−n)

m− n
. (S16)

When m − n is even, Dmn = 0; otherwise, Dmn = i/[π(m − n)] so that |Dmn|2 = 1/[π2(m − n)2],
indicating that the density-density correlation function C(l) ∝ 1/l2. The entanglement entropy is
determined by the eigenvalues of DA with [DA]mn = Dmn for m,n ∈ A.

To evaluate the entanglement entropy given by DA, we consider the ground state of a Hermitian
free fermion chain with Hamiltonian Ĥh = −

∑
j(ĉ

†
j ĉj+1 + H.c.). Since the ground state of Ĥh is a

Slater determinant of Bloch states with momentum k ∈ [−π/2, π/2], its correlation matrix is given by

D′
mn =

∫ π/2

−π/2

dk

2πe
−ik(m−n) = sin[π(m− n)/2]

π(m− n) , (S17)

which is related to D by a unitary transformation D′ = U †DU with U = diag{i, i2, i3, ...} (similar
property holds for DA and D′

A). Based on a continuum approximation, it has been proved that
the entanglement entropy of the ground state of Ĥh is asymptotically given by S = 1

3 lnL at large
L [62, 68]. We thus conclude that the long-time entanglement entropy for the HN model under PBCs
is also given by S = 1

3 lnL for sufficiently large L, owing to the fact that DA and D′
A share the same

eigenvalues. We have also numerically checked that the entanglement entropy is actually described by
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Figure S5: The single-particle spectrum of the disordered HN model under OBCs and PBCs for various W .

S = k lnL + b with k being exactly 1/3 and b ≈ 0.34. The non-zero intercept b is attributed to the
fact that the derivation for the eigenvalues of D′

A requires a continuum approximation [62], which is
not valid for small L.

S-VI Limitations of determining the steady state from the single-particle eigenstates

One may expect that the steady state can be obtained by directly diagonalizing the non-Hermitian
Hamiltonian. Here we show that the steady state in the half-filling sector cannot be uniquely deter-
mined based on the single-particle spectrum, making it difficult to select a single eigenstate as the
steady state.

As discussed in Sec. S-V, the long-time dynamics is governed by the many-body eigenstates with
the largest imaginary part of the eigenenergy. Due to the quadratic structure of Ĥ, an N -particle
many-body eigenstate can be written as a Slater determinant of N single-particle eigenstates, and its
many-body eigenenergy is the sum of the N single-particle eigenenergies. Furthermore, the spectrum
of the disordered HN model is symmetric with respect to the real axis, since H∗ = H.

Under OBCs, the single-particle spectrum is purely real [see Fig. S5(a)], thus the many-body eigenen-
ergies are also real. As all the eigenstates share the same imaginary eigenenergy, one cannot select
a single many-body eigenstate as the steady state. Instead, the steady state is a superposition of all
half-filled eigenstates when a Néel state is chosen as the initial state.

Under PBCs, our numerical results show that when W ≠ 0, the single-particle spectrum exhibits
significant degeneracy at Im(E) = 0 [see Fig. S5(b,c)]. Since the spectrum is symmetric with respect
to the real axis, the many-body eigenstates with largest imaginary eigenenergies in the half-filling
sector should be highly degenerate, making it challenging to pick a representative eigenstate as the
steady state.

S-VII Relation between the single-particle spectrum and the entanglement under
PBCs

When W ≠ 0 and W is not very large, the single-particle spectrum of H still forms a loop, but with
part of the spectrum distributed along the real axis outside the loop [see Fig. S5(b)]. The single-
particle states on the loop are delocalized and contribute to the entanglement, while the states on the
real axis are localized due to Anderson localization [47]. In the case of half-filling, when the system
reaches the steady state, all states in the upper half of the loop with Im(E) > 0 and half of the states
on the real axis will be occupied. Since the states on the real axis are Anderson localized states and
do not contribute to the entanglement, we end up with a logarithmic entanglement scaling similar to
the W = 0 case when W is not very large.
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Figure S6: Entanglement entropy under PBCs in the temporal and spatial directions, where the dashed lines are
logarithmic fits. (a) SL/2 as a function of time t for L = 384. (b) Steady-state entanglement entropy SL/2
as a function of system size L. (c–e) SL/2 as a function of time t for W = 1.5, 2, and 2.5, respectively, with
L ∈ {64, 128, 192, 256, 320, 384} from light to dark.

WhenW is large, the loop structure in the spectrum disappears, and the spectrum lies entirely on the
real axis [see Fig. S5(c)]. Consequently, all the single-particle states are Anderson localized, resulting
in an area-law scaling of the entanglement entropy. Therefore, the transition of the entanglement
entropy from logarithmic to area-law scaling with the disorder strength W in PBCs can be captured
by the disappearance of the loop structure in the single-particle spectrum of H.

S-VIII Spacetime conformal symmetry under PBCs
Boundary effects can significantly influence the properties of the steady states in non-Hermitian sys-
tems. Under OBCs, the absence of conformal invariance in the steady state arises from the skin effects.
Due to the skin effects, particles move unidirectionally and eventually localize at the boundary, as
illustrated in Fig. 2(b) in the main text. Therefore, the localized particles exhibit little correlation
with the bulk, as demonstrated in Fig. 2(c), where the correlation function decays faster than a power
law away from the critical point. This behavior contrasts with the predictions of conformal field theory,
which suggests a power-law decay of the correlation function C(x) ∼ |x|−2∆. However, under PBCs,
particles are allowed to circulate around the system without being localized. The moving particles are
able to build correlation and entanglement among different regions of the system. Therefore, boundary
effects can affect the steady states of non-Hermitian systems, especially for systems with skin effects.
To further investigate whether the system under PBCs exhibits spacetime conformal symmetry,

we conduct numerical calculations of the entanglement entropy in both the spatial and temporal
directions. As shown in Fig. S6, although the entanglement entropy exhibits logarithmic scaling
in both directions, the prefactors are different. According to Ref. [26], the emergence of spacetime
conformal symmetry in nonunitary dynamics requires identical prefactors for the logarithmic scaling
in both spatial and temporal directions. We thus conclude that our system does not exhibit full
spacetime conformal symmetry. Nevertheless, the steady states share certain qualitative features with
conformal systems, such as power-law decaying correlation functions, nonzero mutual information, and
logarithmic entanglement scaling.
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