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We develop new approximate compilation schemes that significantly reduce the expense
of compiling the Quantum Approximate Optimization Algorithm (QAOA) for solving the
Max-Cut problem. Our main focus is on compilation with trapped-ion simulators using
Pauli-X operations and all-to-all Ising Hamiltonian HIsing evolution generated by Mølmer-
Sørensen or optical dipole force interactions, though some of our results also apply to stan-
dard gate-based compilations. Our results are based on principles of graph sparsification
and decomposition; the former reduces the number of edges in a graph while maintaining
its cut structure, while the latter breaks a weighted graph into a small number of un-
weighted graphs. Though these techniques have been used as heuristics in various hybrid
quantum algorithms, there have been no guarantees on their performance, to the best of
our knowledge. This work provides the first provable guarantees using sparsification and
decomposition to improve quantum noise resilience and reduce quantum circuit complexity.

For quantum hardware that uses edge-by-edge QAOA compilations, sparsification leads
to a direct reduction in circuit complexity. For trapped-ion quantum simulators imple-
menting all-to-all HIsing pulses, we show that for a (1 − ε) factor loss in the Max-Cut
approximation (ε > 0), our compilations improve the (worst-case) number of HIsing pulses
from O(n2) to O(n log(n/ε)) and the (worst-case) number of Pauli-X bit flips from O(n2)
to O

(
n log(n/ε)

ε2

)
for n-node graphs. This is an asymptotic improvement for any constant

ε > 0. We demonstrate that significant improvements to the approximation ratio are ob-
tained using decomposition in simulated trapped-ion experiments with dephasing noise.
We further present a generic argument showing that sparsification results in an exponen-
tially improved circuit fidelity lower bound in digital computing schemes based on one- and
two-qubit gates, which are relevant to a wide variety of hardwares such as superconduct-
ing qubits and certain neutral atom or trapped ion setups, and more sophisticated noise
models. We anticipate these approximate compilation techniques will be useful tools in a
variety of future quantum computing experiments.
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Figure 1: Left to right: graph sparsification, with the original unweighted graph G (left, 397 edges) and two
weighted graph sparsifiers H1 (middle, 136 edges) and H2 (right, 48 edges) of G (all graphs have the same number
of vertices). The Max-Cut in H1 gives a cut in G with cut value that is 90% of the Max-Cut in G, i.e., is a
0.9-approximation to Max-Cut in G. The Max-Cut in H2 is a 0.82-approximation to Max-Cut in G.

Figure 2: The graph decomposition process: The weighted graph G on the left can be written as the weighted sum
G1 + 2G2 of two unweighted graphs G1, G2 on the right.

1 Introduction
The advantage of quantum computers over their classical counterparts for some computational tasks has
been established for decades [56, 22]. Promising new quantum algorithms for complex problems such
as constrained optimization [27, 2, 42] and combinatorial optimization [18, 46, 60, 59, 55, 23, 17, 19, 41]
are an active area of research. A leading benchmark for quantum optimization is the Max-Cut problem:
given a graph G = (V,E, c) on vertices V , edges E, and edge weights c : E → R, one seeks to find the
subset S ⊆ V maximizing the weighted cut value δ(S) :=

∑
uv∈E:u∈S,v∈V \S cuv. The development of

the Quantum Approximate Optimization Algorithm (QAOA) [18] for Max-Cut has made it a leading
candidate for demonstrating quantum advantage over classical computing.

While classical algorithms currently have much faster runtimes, they are widely believed to have
fundamental limitations when it comes to the solution quality, which is measured by the approximation
ratio, defined as the ratio of the algorithm’s cut value to the optimal cut value [64, 67]. The state-of-
the-art for Max-Cut is the Goemans-Williamson (GW) [21] algorithm with (tight [26]) approximation
ratio α∗ ' 0.878 for all graphs with nonnegative edge weights. On the other hand, algorithms like
QAOA are known to converge to the Max-Cut under the adiabatic limit (i.e., as the depth goes to
infinity) [18]. Though known approximation bounds at finite circuit depths of QAOA do not outperform
Goemans-Williamson’s 0.878, computational advantages of QAOA relative to classical algorithms have
been presented in varying contexts [61, 3, 19, 53, 69].

A significant bottleneck that hinders the attainment of quantum advantage with existing hardware
is the loss in performance due to quantum noise arising from imperfect control or unwanted interactions
with the environment. Limiting the impact of noise is therefore important both for progress [51, 11]
towards building fault-tolerant quantum computers [56, 57, 29] and for solving medium to large problem
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instances with near-term Noisy Intermediate-Scale Quantum (NISQ) computers [49, 13]. There has
also been interest in using special-purpose quantum simulators with global addressing for quantum
optimization at scales that are currently intractable with local one- and two-qubit gate addressing [50,
15, 45].

In this work, we approach quantum noise reduction from a problem-aware perspective, and ask:

Is it possible to classically modify the problem instance to improve quantum noise resilience while still
being able to recover the correct solution? Are there provable guarantees for such techniques?

In the context of Max-Cut and QAOA, we answer these questions affirmatively using two classi-
cal pre-processing steps to reduce circuit complexity: graph sparsification and graph decomposition.
Graph sparsification is a principled approach to reduce the number of edges m = |E| in the graph
and introduce weights on remaining edges, while ensuring that every cut in the original graph is
approximated by the corresponding cut in the sparsified instance. A higher level of graph sparsifica-
tion degrades the approximation guarantee; see the example in Fig. 1. Sparsification has been used
extensively in classical computing; however, its potential has not been well explored in quantum op-
timization. Recent work has used sparsifying heuristics to improve QAOA performance, but without
theoretical guarantees [30].

Graph decomposition expresses a weighted graph as a weighted sum of a logarithmic (in the number
of vertices, denoted n = |V |) number of unweighted graphs with controlled approximation error, as
seen in Fig. 2. Decomposition is tailored to a specific compilation technique [50] with trapped-ion
global gates, while sparsification is generally applicable to any QAOA implementation and may be
especially beneficial for limiting SWAP gates in hardware with limited connectivity [33]. Both of these
techniques provide more efficient compilations – requiring less time and fewer steps for execution –
with less accumulated noise.

QAOA begins with a classical problem defined in terms of a cost function C(z) with a bit string
argument z = (z1, . . . zN ). This is mapped to a quantum cost Hamiltonian C with an eigenspectrum
that contains the set of classical solutions C|z〉 = C(z)|z〉, such that identifying the ground state of C
provides the optimal solution [37]. To approximately solve these problems, QAOA evolves a quantum
state in p layers of Hamiltonian evolution, where each layer alternates between evolution under C and
under B =

∑
i σ

x
i where σxi is the Pauli-X operator on qubit i,

|
,�〉 =
p∏
l=1

e−iβlBe−iγlC |ψ0〉, (1)

where |ψ0〉 is the initial state (i.e., |+〉n for standard QAOA, or a classically computed warm-start [16,
61]). The 
 and � are variational parameters chosen to minimize 〈C〉 := 〈z|C|z〉, such that measure-
ments of the quantum state |z〉 provide approximate solutions to the combinatorial problem.2 Given
graph G = (V,E, c) with edge costs ce, the expected sum of costs of cut edges across a cut δG(S) (for
S ⊆ V ), is related to the graph coupling operator expectation as δG(S) = 1

2
(∑

e∈E ce − 〈zS |C|zS〉
)
,

where zS is the corresponding bit string. Therefore, minimizing 〈C〉 is equivalent to finding S ⊆ V
with the maximum cut value δG(S). We discuss this further in Section 2. In quantum computers with
local-only addressing, each edge requires a noisy two-qubit gate operation [33] to compile exp(−iγC).
This case presents an obvious advantage for sparsified instances with fewer edges. For global-gate
compilations more involved compilation schemes are required.

We focus on compilations for trapped-ion hardware with global Mølmer-Sørenson (MS) [31] or
optical dipole force [8] interactions. These gates natively implement an equally-weighted all-to-all

2Note we have chosen a convention in which we are beginning in the ground state of −B and aiming to prepare the
ground state of +C, or equivalently beginning in the highest state of +B and trying to prepare the highest state of
−C. The initial and target states are adiabatically connected in the limit p → ∞ for the usual reasons [18]; see also
Ref. [5] for a rigorous proof of convergence criteria under different choices of B and C. We did not include the alternating
signs directly in (1) to better match the standard conventions, instead absorbing them into the parameters, which have
arbitrary signs.
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Table 1: Worst-case bounds on number ofHIsing pulses (denotedN(HIsing)) and total number of operations (number
ofHIsing pulses and bit flips, denotedN(TotalOps)) on weighted and unweighted (dense) graphs on |V | = n vertices
and |E| = m = O(n2) edges. For any constant ε, our algorithms yield an asymptotic improvement in the number
of pulses and total number of operations, while keeping ‘large’ or ‘non-trivial’ cut values (see Section 2 for formal
definition) within a factor 1± ε. The best bounds (up to log factors) for weighted graphs are highlighted in yellow;
note that using sparsified + decomposed graphs achieves the best bounds for both N(HIsing) and N(TotalOps)
simultaneously.

Instance Weighted? Number
of edges

Loss in cut
approximation N(HIsing) N(TotalOps) Notes

Original
Graph

× O(n2) Exact O(n) O(n2) [50]
X O(n2) Exact O(n2) O(n2)

Decomposed
Graph X O(n2) 1− ε O

(
n log n

ε

)
O(n2) Theorem 4

Sparsified
Graph X O

(
n/ε2

)
1− ε O

(
n/ε2

)
O
(
n/ε2

) Follows from
[4] and [50]

Sparsified +
Decomposed

Graph
X O

(
n/ε2

)
1− ε O

(
n log n

ε

)
O
(
n log(n/ε)

ε2

)
Theorem 5

Ising evolution with Hamiltonian
HIsing =

∑
i<j

σzi σ
z
j . (2)

[50] show that arbitrary graph couplings for QAOA can be compiled on trapped-ion hardware using a
sequence of global HIsing pulses and individual “bit flips” (single-qubit Pauli-X unitaries) to produce
effective Ising interactions localized to star graphs, which can be summed to generate C for any
arbitrary graph. Their algorithm – called union-of-stars – compiles unweighted graphs with O(n)
HIsing pulses while weighted graphs require O(m) = O(n2) HIsing pulses in the worst-case; for weighted
and unweighted graphs the number of bit flip operations is O(m). Compilations that use fewer HIsing
pulses and bit flips can potentially reduce noise in the compiled circuit.

In our first contribution, we show that if a 1 − ε factor approximation loss in Max-Cut approxi-
mation can be tolerated, then a weighted graph G on n vertices can be written as a (weighted) sum
of at most O(log(n/ε)) unweighted graphs using our decomposition technique. Here, ε > 0 is an ar-
bitrary number that can be chosen to suit the needs of optimization. The smaller ε is, the better the
Max-Cut approximation. Consequently, we can compile G by composing the compilations of each of
these unweighted graphs. This uses a total of O(n log(n/ε)) HIsing pulses in the worst-case, which is
asymptotically much smaller than the O(m) = O(n2) pulses needed by the edge-by-edge compilation
in union-of-stars(e.g., O(n logn) vs O(n2) even for ε = 1/ logn).

Next, we use classical graph sparsifiers to reduce the number of edges from m to O
(
n
ε2

)
. Our

sparsification approach is applicable to quantum hardware with local or global addressing; for global
gate compilations, applying graph decomposition to the sparsified graph yields compilations that use
at most O

(
n log(n/ε)

ε2

)
bit flips, again asymptotically smaller than the O(m) = O(n2) bit flips used

by union-of-stars. These bounds are summarized in Table 1. We verify them through simulations
on graphs from the MQLib library [14], which is a suite of graphs that serve as a benchmark for
Max-Cut algorithms. We observe up to 80% reduction in the number of both HIsing pulses and bit flips
as compared to union-of-stars, while maintaining Max-Cut approximation ≥ 0.95.

Finally, we verify that our compilations reduce the amount of accumulated noise in two models.
The first is a generic model for digital computations, where reducing the number of edges from m

to m′ < m leads to an exponentially larger lower bound on the circuit fidelity, F ′0 = F
m′/m
0 . The

second model considers the detailed physics of dephasing decoherence in trapped ions with global
interactions, which is an important noise source in previous experiments with hundreds of trapped
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ions [8]. We use a Lindbladian master equation to describe the effect of the dephasing noise, ignoring
other noise sources, and derive an exact analytic expression for the expected cost in QAOA. The cost is
exponentially suppressed with respect to the noiseless case, with an exponential prefactor that depends
on the compilation time and a dephasing rate Γ. We analyze QAOA performance with varying Γ for
our MQLib instances and compare the expected cost in the original compilation, with decomposition,
and with decomposition and sparsification. We find decomposition has very significant benefits on
maintaining a high-cost value in the presence of noise; sparsification is ineffective for this specific noise
model, but we argue it would play an important role for noise sources that are not included in the
present analytic treatment. We conclude our advanced compilation techniques are expected to provide
significant benefits in reducing noise on quantum computing hardware, thus bridging some of the gap
between classical computing and current quantum hardware for solving these problems.

We introduce some notation and give background on Max-Cut, QAOA, and union-of-stars in
Section 2. We give our theoretical improvements for the number of HIsing pulses and bit flips in
Section 3 and corresponding experiments in 3.3. Section 4 discusses our noise model for QAOA and
corresponding results. We conclude in Section 5. Omitted proofs and additional experiments are
deferred to the appendices.

2 Preliminaries
We discuss the Max-Cut problem first and give background for the union-of-stars compilation.
Next, we briefly review the background on classical sparsification algorithms.

Graphs and Max-Cut. For positive integer n, we denote [n] = {1, . . . , n} and [0, n] = {0, 1, . . . , n}.
We assume familiarity with basic definitions in graph theory; the interested reader is referred to [66] for
a more detailed introduction. Graphs will be denoted by letters G,H, and are always simple (i.e., have
no loops or multiple edges) and undirected. They may be weighted or unweighted. An unweighted
graph G = (V,E) is specified by the set of vertices V and edges E. We will assume that the vertex
set V = [n] := {1, . . . , n} for an arbitrary but fixed positive integer n. The number of edges |E| is
denoted by m. All graphs are assumed to be connected so that m ≥ n− 1. Further, m ≤ n(n−1)

2 ≤ n2

2
since all graphs are assumed to be simple. A weighted graph G = (V,E, c) additionally has edge costs
or weights c : E → R+. An unweighted graph G = (V,E) is equivalent to the weighted graph (V,E, c)
with ce = 1 for all e ∈ E. We assume that c ≥ 0, i.e., all edge weights are nonnegative.

The sum of two graphs G1 = (V,E1, c1) and G2 = (V,E2, c2) is G = (V,E1 ∪ E2, c1 + c2). In
particular, for an unweighted graph G = (V,E) and a partition (E1, . . . , ET ) of E, we have G =∑
i∈[T ]Gi where Gi = (V,Ei). For a constant α ∈ R, graph αG has edge costs multiplied with α, i.e.,

αG = (V,E, αc). For example, in Fig. 2, we have G = G1 + 2G2.
Star graphs play a special role in the union-of-stars compilation of [50]. A star graph G = (V,E)

is an unweighted graph with a special vertex v∗ called the central vertex and a subset U ⊆ V \ {v∗}
to which it is connected. That is, the only edges in G are of the form v∗u for u ∈ U . Any unweighted
graph G = (V,E) can be written as the sum of (at most) n− 1 star graphs; we omit the proof of this
simple lemma:

Lemma 1. Any unweighted graph G = (V,E) can be expressed as a sum
∑
i∈[T ]Gi where each Gi is

a star graph and T ≤ n− 1.

Given a graph G = (V,E, c) and a vertex set S ⊆ V , the cut ∆G(S) is the set of edges with exactly
one endpoint in S, i.e., ∆G(S) = {uv ∈ E : |{u, v} ∩ S| = 1}. The corresponding cut value is the sum
of costs of edges in the cut, and is denoted as δG(S) =

∑
e∈∆G(S) ce. For brevity, when G is clear from

context, we denote this as δ(S). We often speak of ‘cut S’ when we mean ‘cut ∆G(S)’. The Max-Cut
in G is the cut corresponding to set arg maxS⊆V δG(S); the corresponding cut value of the maximum
cut is δG(S) and we often denote it by δmax

G .
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Given G, computing δmax
G is NP-hard, i.e., there is no polynomial-time algorithm that given G

computes δmax
G if P 6= NP. For α ∈ [0, 1], vertex set S is called an α-approximation for Max-Cut

in G if δG(S) ≥ α · δmax
G , where α = 1 corresponds to the optimal cut. The celebrated Goemans-

Williamson algorithm [21] is the classical state-of-the-art and gives a α∗-approximation for any graph
G (in polynomial-time), where α∗ ' 0.878. Assuming the Unique Games Conjecture, no polynomial-
time algorithm can achieve a better approximation ratio for all graphs [28]. Assuming P 6= NP, no
polynomial-time algorithm can achieve approximation ratio ≥ 0.942 for all graphs [24].

We refer to a cut with value at most half the total sum of all edge costs (i.e., 1
2
∑
e∈E ce) as trivial,

and a cut with value > 1
2
∑
e∈E ce as non-trivial. It is straightforward to obtain a cut with value

1
2
∑
e∈E ce, for example, using the greedy algorithm that iteratively adds or removes vertices from a

cut S until its cut value can no longer be improved. Since
∑
e∈E ce is an upper bound on δmax

G , this
shows that obtaining a 0.5-approximation is straightforward.

Throughout, we reduce the Max-Cut problem on graph G = (V,E, c) to a different graph G′ =
(V,E′, c′) as follows: G′ is constructed so that the cut value δG(S) of any non-trivial cut S ⊆ V
in G is (1 − ε) within the cut value δG′(S) of S in G′. Therefore, solving Max-Cut in G′ up to an
α-approximation solves Max-Cut in G′ up to an α(1 − ε)-approximation in G, for any α ≥ 1

2 . In
particular, obtaining the Max-Cut in G′ gives a (1− ε)-approximate cut in G.

Given graph G = (V,E, c) with nonnegative edge weights, we use the QAOA variant that uses
gates of the form exp(−iγC) for the cost Hamiltonian C =

∑
uv∈E cuvσ

z
uσ

z
v . For a vertex set S ⊆ V

and corresponding bit string zS , the expected values of 〈C〉 := 〈zS |C|zS〉 and the cut value δG(S) are
related as follows:

〈C〉 := 〈zS |C|zS〉 =
∑
uv∈E:

|{u,v}∩S|6=1

cuv −
∑
uv∈E:

|{u,v}∩S|=1

cuv

=
∑
uv∈E

cuv − 2δG(S). (3)

Therefore, the minimum eigenvector of C corresponds to the Max-Cut in G, which can be formulated
as finding the maximum eigenvector of

( 1
2
∑
e∈E ce

)
I − 1

2C [18].
Further, the lower 〈zS |C|zS〉 is, the larger the cut value δG(S). Since a non-trivial cut S ⊆ V has

cut value δG(S) > 1
2
∑
uv cuv, we have that 〈zS |C|zS〉 < 0 for non-trivial cuts S. This observation

will be useful in Section 4, where we will compare a bit string z (generated using our algorithms)
against baseline bit string z′ using QAOA under noise in terms of their operator expectations 〈z|C|z〉,
〈z′|C|z′〉 to gauge their quality for Max-Cut.

Overview of union-of-stars. We next provide an overview of the union-of-stars algorithm [50]
for generating cost Hamiltonians C for Max-Cut on trapped-ion devices using global HIsing operations
and bit flips. One approach to compiling these cost Hamiltonians C =

∑
uv∈E cuvσ

z
uσ

z
v on trapped-ion

hardware is to start from the empty Hamiltonian C = 0 and apply a sequence of HIsing pulses and bit
flip operations. Each HIsing pulse is implemented using a global MS operation and a pulse of length
or time tp > 0 adds all-to-all interaction terms

∑
u,v∈V tpσ

z
uσ

z
v . The pulse may also be augmented

with Pauli-X "bit flips" to change the sign of σzv using σxvσzvσxv = −σzv . Using these “flips” on a set of
vertices S ⊆ V we obtain the general update rule for C:

C ← C ±
∑
u,v∈V

(−1)1S(u)+1S(v)tpσ
z
uσ

z
v , (4)

where 1S(u) is the indicator for whether u ∈ S and equals 1 if u ∈ S and is 0 otherwise, while the sign
± of the update is a choice that can be made experimentally by changing the sign of the frequency of
the laser driving the transition, as described in [50]. Formally, we define graph compilation as follows:

Definition 1 (Graph compilation). A sequence of HIsing pulses and bit flip operations that produces
graph coupling (as described above) for a graph G is called a graph compilation of G. N(HIsing)(G) is

Accepted in Quantum 2026-07-02, click title to verify. Published under CC-BY 4.0. 6



the minimum number of HIsing pulses and N(TotalOps)(G) is the minimum number of total operations
(HIsing pulses and bit flips), in any graph compilation for G.

We say that the total time of the compilation for graph G is the sum of the lengths or times tp of
HIsing pulses in the compilation3:

T =
∑
p

tp (5)

Rajakumar et al. [50] conjecture that the problem of determining the shortest graph compilation
for a given graph G is NP-hard, i.e., there may be no polynomial-time algorithm to find the compilation
with the fewest number of HIsing pulses. However, they give a polynomial-time algorithm to obtain
a (possibly sub-optimal) compilation with the number of HIsing pulses upper bounded linearly in the
input size: at most 3n− 2 for unweighted graphs and at most 3m+ 1 for weighted graphs.

They start by noting that the graph G1 + G2 can be compiled by combining the compilations for
each Gi (i = 1, 2) first:

Lemma 2 ([50], Lemma 1). Suppose G = α1G1 + α2G2 for weighted graphs G1, G2 on vertex set
V and reals α1, α2 ∈ R. Then, if there exist graph compilations with si HIsing pulses and ti bit flips
for graph Gi, i ∈ {1, 2}, then there exists a graph compilation for G with s1 + s2 HIsing pulses and
t1+t2 bit flips. In particular, N(HIsing)(G) ≤ N(HIsing)(G1)+N(HIsing)(G2) and N(TotalOps)(G) ≤
N(TotalOps)(G1) +N(TotalOps)(G2).

They also show the existence of compilations for all graphs and give a polynomial-time algorithm
called union-of-stars that gives a specific sequence of HIsing pulses and bit flips for a given graph.
Their construction observes that an unweighted star graph can be compiled using 4 pulses. By Lemma
1, this implies that an unweighted graph on n vertices can be compiled using at most 4(n− 1) pulses,
or N(HIsing)(G) ≤ 4(n − 1). Further, since any single edge is also a star graph, they decompose
any weighted graph with m edges into its edges, and obtain N(TotalOps)(G) ≤ 4m. By combining
redundant pulses, they improve these numbers to 3(n− 1) + 1 and 3m+ 1 respectively:

Theorem 1 ([50], Theorems 5, 6). N(HIsing)(G) ≤ 3n−2 for an unweighted graph and N(HIsing)(G) ≤
3m+ 1 for a weighted graph.

The following result for N(TotalOps) is implicit in their construction:

Lemma 3. For any graph G with m edges, N(TotalOps)(G) = O(m).

Algorithm 1: graph-sparsification-using-effective-resistances [58]

Input: weighted graph G = (V,E, c) and parameter ε > 0
Output: sparsifier H = (V,E′, c′) of G
1: compute effective resistances re for each e ∈ E
2: set q = C0n logn

ε2 for a large enough constant C0
3: for t = 1 to q, independently do:
4: choose a random edge e ∈ E with probability pe proportional to cere
5: add e to H with weight ce

qpe
, summing weights if e is already in H

6: return H

3We omit the time taken by bit flip operations since they are at least an order of magnitude smaller in comparison
to HIsing pulses [50].
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Graph sparsification. The theory of graph sparsifiers was initiated by Karger in 1994 [25]. Given
any input graph G = (V,E, c) on n vertices and an error parameter ε > 0, graph H = (V,E′, c′) is
called a graph sparsifier of G if (a) G,H have similar cut values, i.e., for each S ⊆ V , the cut value
δG(S) is within factor 1 ± ε of the cut value δH(S) and (b) H has at most O

(
n logκ n/ε2

)
edges for

some constant κ. Note that δH(S) is computed with respect to the edge cost function c′ of H.
The current best provable graph sparsification algorithms can reduce the number of edges to almost

linear in the vertices, with some loss in approximation for the cut values of the graph, for all cuts in
the graph:

Theorem 2 ([4], Theorem 1.1). There exists a polynomial-time algorithm that given a weighted graph
G = (V,E, c) on n vertices and error parameter ε > 0, finds another weighted graph H = (V,E′, c′),
such that with high probability1

(i) All cut values are preserved, i.e., 1− ε ≤ δH(S)
δG(S) ≤ 1 + ε, ∀S ⊆ V ,

(ii) H is sparse, i.e., |E′| = O
(
n
ε2

)
.

In other words, if the Max-Cut was found on the sparse graphH, which can be computed classically,
then it would approximate the Max-Cut on G with (1 − ε)-approximation. Note that this result
approximates all the cuts in the graph4. The algorithm of [4] is significantly involved, and therefore, for
the (classical) experiments in this work, we will instead use the simpler and more efficient sparsification
algorithm of [58] based on computing effective resistances2. This algorithm outputs sparsifiers with
a slightly weaker guarantee of |E′| = O

(
n logn
ε2

)
for the number of edges. We state it in Algorithm

graph-sparsification-using-effective-resistances [58] for completeness (but without proof).
We will use these sparsification results as black boxes and modify the union-of-stars compilation to
provide guarantees on N(HIsing) and N(TotalOps) accordingly.

3 Trapped-ion compilations using sparse union-of-stars
In Section 3.1, we present two variants of our decomposition algorithm and reduce the number of HIsing
pulses required in union-of-stars (i.e. N(HIsing)) for weighted graphs from O(m) to O(n log(n/ε)).
Both decomposition algorithms use the facts that (1) removing edges with very small edge weight does
not change the cut value of large cuts, and (2) the remaining graph can be written as the weighted
sum of a small number of unweighted graphs. In Section 3.2, we improve the total number of gates
(i.e., HIsing pulses and bit flips or N(TotalOps)) for all graphs from O(m) to O

(
n log(n/ε)

ε2

)
. We do

this by first decomposing the graph to reduce N(HIsing), and the applying sparsification to reduce the
number of edges in the decomposed graph. In Section 3.3, we run experiments on the MQLib graph
library and show that our algorithms significantly outperform union-of-stars in classical simulations
(assuming no noise).

3.1 Reduction in number of HIsing pulses for weighted graphs
First, we note that improving N(HIsing)(G) from O(m) to O

(
n
ε2

)
is an immediate consequence of

sparsification (Theorem 2) and the union-of-stars upper bound (Theorem 1). In this section, we
give two algorithms to improve the dependence of N(HIsing)(G) on ε,

1. Algorithm exp-decompose , which improves it to O(nε log
(
n
ε

)
) and

2. Algorithm binary-decompose , which further improves it to O
(
n log

(
n
ε

))
.

4There is another stream of literature that focuses on sparsifying the set of vertices in the graph, so that the minimum
cuts across a given smaller set of terminals is preserved [38, 10]. However, it is unclear how this can be used to obtain
guarantees for approximating the Max-Cut.
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Figure 7: At a loss of ε2 in the approximation factor, the fraction of HIsing pulses used by binary-decompose
and exp-decompose for the weighted graph g001737 from MQLib with n = 952 vertices and m = 430, 730
edges is depicted in blue and orange respectively. Compared to the edge-by-edge union-of-stars construction,
binary-decompose and exp-decompose use 1% and 1.75% pulses respectively, while maintaining a 0.998-
approximation factor for Max-Cut for the original graph (corresponding to ε2 = 0.002, highlighted in purple). The
gap between the performance of the algorithms reduces as the loss ε2 of the approximation factor is increased. This
pattern holds for other large and dense graphs in MQLib, see Appendix B for more examples.

u ∈ A, v ∈ B, include edge uv ∈ E(H) with probability p = 1√
n
independent of other edges. Assign

weight 1
p =
√
n to this edge. In an edge-by-edge construction, the total length of pulses in G is the sum

of edge weights (up to constants), which is ' n2/4, the same as for H. However, the number of pulses
for G is O(|E(G)|) = O(n2) while the number of pulses for H is O(|E(H)|) = O(p|E(G)|) = O(n3/2).

4 Quantum noise analysis
Here, we consider the expected decrease in noise during quantum computations that utilize graph
sparsification and decomposition techniques for compiling MaxCut with QAOA. We first present a
device-agnostic theoretical analysis for compiling sparsified instances with digital quantum computers
using local one- and two-qubit gates, then analyze the expected noise in analog quantum computations
with decomposition and sparsification.

4.1 Sparsified compilations of QAOA for digital quantum computations
Digital quantum computations are compiled to hardware-native universal gate sets that act on one or
two qubits at a time. This applies to superconducting qubits [9], certain rydberg atom devices [7],
trapped ions implementing two-qubit gates [47], and any other digital quantum computing technology.
For concreteness we consider a hardware gate set containing controlled-not CNOTuv = Uuv operators
as well as generic single-qubit rotations exp(−iθσαv ) = Uαv (θ) where α ∈ {x, y, z}, though similar
considerations apply to other hardware gates sets. We do not consider specific hardware connectivities
or SWAP gate requirements, but instead assume that each qubit may interact with each other qubit,
to keep the discussion generic.
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The QAOA unitary operator exp(−iγC) =
∏

(u,v)∈E exp(−iγσzuσzv) is compiled from component
operations exp(−iγσzuσzv) for each edge in the graph. Each edge operation is compiled into our native
gate set as

exp(−iγσzuσzv) = UuvU
z
v (γ)Uuv. (6)

For a quantum state described by a density operator ρ, the ideal evolution under any operator U is

ρ′ = UρU† (7)

where † denotes the Hermitian conjugate. Applying component gates in sequence we obtain the desired
unitary dynamics under the coupling operator unitary ρ← e−iγCρeiγC .

Noisy quantum circuit operations can be described in the quantum channel formalism using Krauss
operators √pkEk with

∑
k pkE

†
kEk = 1, with 1 the identity operator, pk ≥ 0, and

∑
k pk = 1 [43].

Analogous to (7) this gives
ρ′ =

∑
k

pkEkUρU
†E†k, (8)

where we have used a notation in which the intended dynamics under U is separated from the Ek.
Equation (8) is mathematically equivalent to a probabilistic model where evolution EkU is generated
with probability pk. We consider E1 = 1 as the ideal evolution, with probability p1, while Ek 6= 1
for k ≥ 2 represent various types of noisy evolution with probabilities pk. Applying a sequence of
gates U (i) to compile the graph coupling operator exp(−iγC) =

∏Ngates
i=1 U (i), the final state after these

circuit operations can be expressed as

ρfinal = F0ρideal + (1− F0)ρnoise (9)

where

F0 =
Ngates∏
i=1

p
(i)
1 (10)

is the probability of generating ideal evolution throughout the entire circuit. It can be shown that
F0 is a lower bound to the quantum state fidelity, from which we can derive an upper bound M =
log(1−P )/ log(1−F0) on how many measurements M are necessary to sample a result from the ideal
quantum probability distribution with probability P [33]. For example, if the ideal circuit prepared
the optimal solution, then in the absence of noise a single measurement would provide this optimal
solution. In the presence of noise, if we wanted to sample this solution with probability P , then we
would need at most M measurements.

We are now ready to consider how sparsification is expected to influence noise in digital quantum
circuits. As a first approximation, we can consider that all two-qubit gates Uuv have identical prob-
abilities for ideal evolution p1, and we can neglect single-qubit gate errors, since these are typically
much smaller than two-qubit gate errors. A more precise treatment can take p1 as the geometric
mean of two-qubit gate errors. In either case we have F0 = p2m

1 for a graph with m edges, since each
edge requires two two-qubit gates in our compilation. For dense instances m may scale quadratically
with n while for sparsified instances with a constant error tolerance ε the number of sparsified edges
m′ = O(n logn) scales nearly linearly with n. The fidelity lower bounds for these circuits satisfy
F ′0 = F

m′/m
0 , which may be a very significant improvement in cases where m′ � m. Minimizing the

number of noisy operations through sparsification is therefore expected to increase the circuit fidelity
and to reduce the number of measurements needed for a high quality result.

4.2 Sparsified and decomposed compilations of QAOA for analog quantum computation
Here we consider sparsification and decomposition in compilations for analog trapped-ion quantum
hardware, with a specific noise model, as follows. We consider an n-ion quantum state evolving
continuously in time under a native optical-dipole-force interaction described by an effective Ising
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Hamiltonian H = n−1HIsing [8]; the scaling ∼ n−1 is a realistic feature that arises from coupling to
the center-of-mass vibrational mode. The σxu operations are implemented through π pulses, which we
approximate as instantaneous and noiseless. For the evolution under H we model noise as dephasing on
each qubit at rate Γ. Such dephasing is present in analog trapped ion experiments, due to fundamental
Rayleigh scattering of photons as well as technical noise sources, which contributes significantly to
single-qubit decoherence in experiments such as Refs. [8, 62]. This is one of several sources of noise
that are present in large-scale trapped ion experiments, and we choose this particular noise model
because it is amenable to an exact analytic treatment of single-layer QAOA compiled with union-of-
stars, with or without sparsification and decomposition, as described further in Appendix C.

We emphasize that our dephasing noise model does not capture all sources of noise that are relevant
in trapped ion experiments. Additional sources of noise, such as Raman light scattering transitions,
laser power fluctuations, electron-vibration coupling, and state preparation and measurement errors
are also important in first-principles physical models of trapped ion dynamics [20, 31, 34, 39]. For
example, Mølmer-Sørensen interactions are often timed or controlled so that the periodic vibrational
modes return to their initial states and become disentangled from the electrons after the interaction
[6, 63]. However the complexity of the time-dependent vibrational spectrum presents challenges for gate
timing and control, which can lead to undesired entanglement between the electronic and vibrational
degrees of freedom with a decreased purity of the computational state [31]. This source of noise could
be expected to decrease computational fidelity in a way that depends on the number of applications
of H in the graph compilation, since each application of H provides an opportunity for generating
vibration-electron entanglement. Methods to address these and other error sources are topics of ongoing
research [39, 63]. However, treating these additional sources of noise analytically in the present context
requires a considerably more complicated analysis that is beyond our scope here. We instead focus
on dephasing noise only, which we are able to treat analytically in single-layer QAOA. Although this
is only a simplified treatment, it nonetheless enables us to understand some experimentally relevant
effects of noise for large instances and deep compilations, which would not be possible with detailed
physics simulations of all relevant noise sources.

We model the continuous-time quantum evolution using the Lindbladian master equation

dρ

dt
= −i(Hρ− ρH)−

∑
u

(JuJ†uρ− 2JuρJ†u + ρJuJ
†
u). (11)

Here −i(Hρ−ρH) represents the ideal (Schrödinger) quantum state evolution while the Ju =
√

Γ/8σzu
represent noise due to dephasing, and H = n−1HIsing = n−1∑

i<j σ
z
i σ

z
j is the effective Hamiltonian for

the optical-dipole-force detuned close to the n-ion center-of-mass mode [8, 20]. Using the techniques
from Refs. [20, 34], we derived the cost expectation value for single-layer QAOA with problem graph
coupling operator C =

∑
(u,v)∈E cuvσ

z
uσ

z
v and with a potentially different graph coupling operator

C ′ =
∑

(u,v)∈E′ c
′
uvσ

z
uσ

z
v in compilation, which can represent the approximate coupling operators used

in sparsification or decomposition. The cost expectation value is

〈C〉 =
∑
u<v

cuv sin(4β) sin(2γ(t)c′uv)e−Γt/2

2

 ∏
µ6=u,v

cos(2γ(t)c′µv) +
∏
µ6=u,v

cos(2γ(t)c′µu)


−
∑
u<v

cuv sin2(2β)e−Γt

2

 ∏
µ6=u,v

cos(2γ(t)(c′µu + c′µv))−
∏
µ6=u,v

cos(2γ(t)(c′µu − c′µv))

 , (12)

where t = γT is the total amount of time that the system evolves under the HIsing pulses during
execution of the algorithm, γ and β are variational parameters of the algorithm, and T (eqn. (5))
is the amount of time it takes to compile the unitary exp(−iC ′). In the noiseless limit Γ → 0, the
expression (12) agrees with the generic QAOA expectation value in eqn. (14) of Ref. [44], while the
value is exponentially suppressed when Γ > 0. We focus here on single-layer QAOA because we are
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Figure 8: Landscapes of the QAOA cost function. Left column shows the noiseless case Γ = 0 for (a) standard
compilation, (b) compilation with decomposition, (c) compilation with decomposition and sparsification, and (d) line
traces through the optimal β for each contour in (a)-(c). The right column (e)-(h) shows analogous results in a noisy
case with Γ = 0.001, and have the same vertical axes with the figures in the left column. The instance shows the
median improvement to 〈C〉sparsified+decomposed/〈C〉original = 1.1, and since the optimal 〈C〉original < 0, this indicates that
〈C〉sparsified+decomposed < 〈C〉original and therefore the sparsified and decomposed compilation outperforms the original
one in minimizing the expected cost (recall eqn. (3) and subsequent discussion); the compilation with decomposition
alone achieves an even greater benefit. The graph identifier for this instance is g001098 with sparsification parameter
q = 0.5m and ε2 = 2, where m is the number of edges in the graph.

able to evaluate its performance at large sizes using the analytical formula (12). Greater numbers of
QAOA layers would be expected to yield higher performance in the noiseless limit, but closed-form
expressions for generic QAOA instances at greater numbers of layers have not been presented in the
literature to our knowledge, and we have not derived such formulas in the noisy cases analyzed here.
Noiseless analysis of QAOA at larger depths is possible in certain highly symmetric instances [3, 19],
but extending our noisy analysis to these cases is beyond the scope of this work.

Fig. 8 shows an example of the cost landscape 〈C〉 as a function of the QAOA parameters γ
and β, for cost functions that have been normalized to set the average edge weight to unity following
Ref. [54]. The left column shows noiseless cases of (a) the original compilation [50], (b) decomposed
compilation, and (c) decomposed and sparsified compilation, with (d) showing a line cut through
the optimal β. The results with decomposition are essentially identical to the original compilation,
while a much larger error is incurred by the sparsified compilation because the approximate cuts in C ′
produce an approximate quantum state from the circuit. (e), (f), (g), and (h) show analogous results
for the same instance in the presence of noise, with Γ = 0.001. Here the decomposed compilation
greatly outperforms the original compilation, while the sparsified and decomposed compilation slightly
outperforms it.

One surprising feature of these results is the extent to which sparsification is harming the per-
formance. In the noiseless case, the lower approximation ratio in Fig. 8 is due to the approximate
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Figure 9: Expected cost 〈C〉 in QAOA for original, decomposed, and decomposed and sparsified and sparsified
compilations, relative to the "ideal" case without noise and with the original compilation. (a) noiseless case, (b)
noisy case with Γ = 0.001, and (c) with Γ = 0.002. The black curve exp(−Γt/2) is an upper bound in the
triangle-free case as described in the text. Each instance is compiled into three distinct sparsified compilations. All
panels share a common vertical axis.

graph coupling C ′ as mentioned previously. In the noisy cases, there is still little or no benefit in our
calculations because sparsification is not correlated with reduced execution time t as seen previously
in Fig. 5, while noise in our model depends only on the execution time in eqn. (12). However, it
is important to keep in mind that a more realistic noise model may see benefits from sparsification
which are not evident in the simple model we consider here. For example, if there is some residual
entanglement between the vibrational and electronic modes after each application of H, as described
above and as expected in more realistic treatments of trapped-ion dynamics [31], then we would expect
that limiting the number of HIsing applications through sparsification (Fig. 3) would produce a less
noisy final result. Similar considerations also apply if there is noise associated with bit flip operations
(Fig. 4). This gives some reason to expect that sparsification may still be useful for limiting noise in
real-world trapped ion experiments. Finally, it is important to note that the analog trapped-ion noise
model we consider in this section is distinct from the digital quantum-computing considerations from
the previous section, where there is a direct link between sparsification, the number of edges, and the
expected reduction in noise.

Next, we examine the optimized performance across a wide variety of instances using the original
compilation, decomposition, and for three implementations of sparsification + decomposition for each
instance. The standard procedure for implementing QAOA includes optimizing the parameters 
, � for
high performance [18]. Many methods for accomplishing this have been studied [54, 32, 35, 69, 19, 1, 68].
Among these grid searches [18, 36] are simple options that are guaranteed to find optimal parameters
within the relevant parameter subspace and to within the resolution of the grid spacing. We use grid
searches here to obtain these optimal parameters, so there is no uncertainty in the results due to the
parameter optimization procedure, allowing us to directly assess the best possible performance, within
a reasonable parameter interval, for the various decomposition methods. We identify optimized QAOA
parameters using a grid search with resolution of 0.01π in γ and β, over the parameter regions shown
in Fig. 8 where high-quality results are expected [54].

In Fig. 9 we show the optimized performance in (a) the noiseless case, (b) a noisy case with
Γ = 0.001, and (c) with Γ = 0.002. The decomposed compilation is comparable to the original
compilation in the noiseless case and significantly outperforms it in the noisy case, while sparsification
together with decomposition yields more modest improvements, all as expected from our previous
analysis of Fig. 8. To gain a better understanding of the results in Fig. 9, next we will analyze the
expected noisy cost under a simplifying assumption, which will explain the approximate upper bound
exp(−Γt/2) pictured in black.

The expected cost eqn. (12) can be expressed as 〈C〉 = e−Γt/2f(γ, β) + e−Γtτ(γ, β), where the
function f [given by the first set of sums in eqn. (12)] describes contributions from each edge (u, v)
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in the graph while the function τ [given by the second set of sums in eqn. (12)] describes additional
contributions when there are triangles in the graph. We find that for each of our compilation ap-
proaches, the optimized contribution of the triangle term is typically |τ(γ∗, β∗)| < |f(γ∗, β∗)|/10. We
can therefore approximate 〈C〉 ≈ e−Γt/2f(γ∗, β∗). We would now like to consider noisy behavior rela-
tive to noiseless behavior, starting with the original compilation only. We then have 〈C〉noise/〈C〉ideal ≈
e−Γt

′∗/2f(γ′∗, β′∗)/f(γ∗, β∗), where γ′∗, β′∗ are the chosen parameters in the presence of noise. In the
simple fixed-parameter case (γ′∗, β′∗) = (γ∗, β∗) this reduces to 〈C〉noise/〈C〉no noise = e−Γt

′∗/2. How-
ever, as we saw previously in Fig. 8, noise tends to suppress the optimal parameter such that γ

′∗ < γ∗.
In this case 〈C〉noise/〈C〉ideal = e−Γt

′∗/2f(γ′∗, β′∗)/f(γ∗, β∗) < e−Γt
′∗/2, since f(γ′∗, β′∗)/f(γ∗, β∗) < 1

as γ
′∗ is not the ideal parameter γ∗ that maximizes f . Note that t

′∗ ∝ γ
′∗ and is smaller in

this second case than in the γ
′∗ = γ∗ case. Based on this simple model, we expect that with the

original compilation, 〈C〉noise/〈C〉ideal . e−Γt/2 for an optimized noisy runtime t, with a strict in-
equality 〈C〉noise/〈C〉ideal ≤ e−Γt/2 in the triangle-free case. When we use other compilations, then
〈C〉noise may decrease further due to the use of approximate compilation. So in all cases we expect
〈C〉noise/〈C〉ideal . e−Γt/2. This simple model gives a good account of the typical behavior observed
in Fig. 9.

Finally, in Fig. 10 we give a direct comparison of the costs from our various compilations relative
to the original compilation. In the presence of noise, our new compilations consistently outperform
the original compilation. This result provides strong evidence that our new compilation approaches
here provide superior performance to the original compilation when noise is considered.

5 Conclusion
Noise in quantum hardware presents a significant hurdle to achieving scalable quantum computing. We
presented a problem-aware approach for noise reduction in QAOA that modifies the problem instance
suitably, resulting in shallower circuit depth and therefore less noise. We presented theoretical bounds
and numerical evidence for reduction in the number of circuit gates while guaranteeing high Max-Cut
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approximations on trapped-ion hardware employing all-to-all Mølmer-Sørensen interactions. We also
presented a generic theoretical argument for how these techniques can improve the fidelity of digital
quantum computations with superconducting qubits [9], Rydberg atoms [7], trapped-ions employing
two-qubit gates [47], or any other digital quantum computing technology with nonnegligible noise
described by Krauss operators. This approach reduces circuit noise and allows QAOA to scale for
larger graphs on NISQ hardware, thus narrowing the performance gap between classical and quantum
hardware. However, quantum noise remains a major challenge, and classical methods continue to
outperform quantum algorithms for combinatorial optimization.

Other approaches to noise reduction in QAOA have been developed in parallel to our work. These
include finding smaller graphs with similar energy landscapes [65], integer programming-based ap-
proaches for crosstalk noise reduction [65], and using machine learning approaches to predict QAOA
parameters [52]. To the best of our knowledge, ours is the only approach with formal worst-case
guarantees on the approximation ratio.

While most of our asymptotic theoretical guarantees are restricted to trapped-ion hardware, both
sparsification and decomposition are general tools that may be useful beyond the trapped-ion setting.
Sparsification is expected to improve noise resilience in generic compilations since it simplifies the prob-
lem instance, resulting in fewer gates and an exponentially improved fidelity lower bound as described
here. Further, since there exist faster classical combinatorial algorithms with better guarantees for
unweighted instances, relative to weighted instances [12, 67], we believe decomposition-like techniques
might be useful in analyzing quantum optimization algorithms for weighted instances.

6 Author contributions
This work sits at the intersection of classical and quantum computing: a central challenge was to
identify quantum noise models that admit rigorous analysis alongside classical graph sparsification
and decomposition techniques. All authors contributed to the design of the study and experiments.
Swati Gupta (SG) and Jai Moondra (JM) introduced the idea of classical graph pre-processing to
generate QAOA compilations with smaller circuits. Phillip C. Lotshaw (PCL) and Greg Mohler (GM)
introduced the quantum noise models, with PCL leading the noise analysis and the derivation of
the dephased QAOA cost expectation. JM led the analysis of the sparsification and decomposition
algorithms and the resulting reductions in gate counts; the theoretical guarantees were developed
jointly by JM and SG with input from all authors. PCL ran all quantum simulations; JM performed
the classical sparsification and decomposition experiments, both with input from all authors. All
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Notes
1We borrow this notation from algorithmic graph theory and say an event occurs ‘with high probability’ if the

corresponding probability pn goes to 1 as the number n of vertices of the graph goes to infinity, i.e., pn = 1− o(1).
2Effective resistance of an edge in a graph is the equivalent resistance measured between its endpoints, treating the

edge weights as inverse resistances. For details on computing this quantity, we refer the interested reader to [58].
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Figure 13: A comparison of N(HIsing)(G′)/N(HIsing)(G) (lower is smaller) for decomposed graph G′ produced
using binary-decompose and exp-decompose for nine large and dense graphs in MQLib. Note that as
ε2 → 0, binary-decompose starts to outperform exp-decompose significantly. Additionally, for all graphs
binary-decompose takes fewer than 0.1 of the HIsing pulses taken by base union-of-stars even for ε2 = 0.005,
i.e., with Max-Cut approximation guaranteed to be preserved by more than 99.5%.

these into the otherwise continuous evolution under HIsing to obtain a union-of-stars trajectory

|ψ(t;T )〉 = T
(
e−iHefft

∏
i

Jui

{∏
a

[ ∏
u∈Ba

σxu

]})
|ψ(0)〉 (18)

where Ba is the set of qubits which are bit-flipped in the ath step of union-of-stars. The key point
to simplifying this trajectory is to realize that σzuσxu = −σxuσzu, so it is equivalent to commute all the
jump operators Jui to the right to obtain

|ψ(t;T )〉 = T
(
e−iHefft

{∏
a

[ ∏
u∈Ba

σxu

]})(
±
∏
i

Jui |ψ(0)〉
)

(19)

The unitary operator on the left is simply the desired Hamiltonian evolution from union-of-starsalong
with a nonunitary factor exp(−Γt/8) related to the definition of the effective Hamiltonian,

T
(
e−iHefft

{∏
a

[ ∏
u∈Ba

σxu

]})
= e−iγ(t)C′e−Γt/8, (20)

where γ(t) = t/tγ=1 with tγ=1 the amount of time it takes to compile exp(−iC ′) (unitaries exp(−iγC ′)
are prepared by linearly scaling each step in the compilation by t/tγ=1), while the jump operators define
a trajectory-dependent effective initial state

|ψ(0;T )〉 =
∏
i

Jui |ψ(0)〉 (21)
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where we have set the physically-irrelevant global phase factor ± equal to unity. To abbreviate notation
we drop the time argument in γ(t) below, until the final results are presented.

Following the approach of Ref. [20], we will compute spin-spin correlation functions along a single
trajectory, then average over the ensemble of trajectories to obtain exact results from the master
equation (13). We consider spin-spin correlation functions in terms of raising and lowering operators,
σ+ = |0〉〈1| and σ− = |1〉〈0| respectively (which are components of σy and σx), as well as σz. We will
relate these to QAOA expectation values in the next subsection.

Begin with the correlation function

〈σ+
u σ

+
v 〉T = 〈ψ(t;T )|σ+

u σ
+
v |ψ(t;T )〉

〈ψ(t;T )|ψ(t;T )〉 = 〈ψo(0;T )|eiγC′σ+
u σ

+
v e
−iγC′ |ψo(0;T )〉 (22)

where on the far right we have defined |ψo(0;T )〉 =
∏
i σ

z
ui |ψ(0)〉 as a normalized version of |ψ(0;T )〉;

the nonnormalized factors
√

Γ/8 from the jump operators J will be included again later, in the prob-
ability definitions Pr(F) below, following the approach of Ref. [20]; see also the alternative derivation
in Ref. [34]. eqn. (22) can be simplified by considering the middle term

eiγC
′
σ+
u σ

+
v e
−iγC′ = |0u, 0v〉〈1u, 1v|ei2γ

∑
µ6=u,v

(c′µu+c′µv)σzµ (23)

Then we have

〈σ+
u σ

+
v 〉T = 〈ψo(0;T )|

(
|0u, 0v〉〈1u, 1v|ei2γ

∑
µ6=u,v

(c′µu+c′µv)σzµ
)
|ψo(0;T )〉 (24)

Finally, noting that |ψ(0)〉 = |+〉⊗n we have

〈σ+
u σ

+
v 〉T = (−1)Fu+Fv

4
∏
µ6=u,v

cos(2γ(c′µu + c′µv)) (25)

where Fu(T ) and Fv(T ) are the numbers of jump operators applied to u and v in the trajectory T .
Similarly we have

〈σ+
u σ
−
v 〉T = (−1)Fu(T )+Fv(T )

4
∏
µ6=u,v

cos(2γ(c′µu − c′µv)) (26)

〈σ−u σ+
v 〉T = (−1)Fu(T )+Fv(T )

4
∏
µ6=u,v

cos(2γ(−c′µu + c′µv)) (27)

〈σ−u σ−v 〉T = (−1)Fu(T )+Fv(T )

4
∏
µ6=u,v

cos(2γ(−c′µu − c′µv)) (28)

Also

〈σzuσ+
v 〉T = 〈ψo(0;T )|eiγC′σzuσ+

v e
−iγC′ |ψo(0;T )〉

= 〈0u|+ 〈1u|√
2

σzue
i2γcuvσzu |0u〉+ |1u〉√

2
(−1)Fv(T )

2
∏
µ6=u,v

ei2γc
′
uv + e−i2γc

′
uv

2

= i sin(2γc′uv)
(−1)Fv(T )

2
∏
µ6=u,v

cos(2γc′µ,v), (29)

〈σzuσ−v 〉T = −i sin(2γc′uv)
(−1)Fv(T )

2
∏
µ6=u,v

cos(2γc′µ,v), (30)
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noting that there is phase factor missing in eqn. (A8) of [20] which is corrected above. Finally

〈σzuσzv〉T = 〈ψ(0)|σzuσzv |ψ(0)〉 = 0. (31)

The final step is to average the correlation functions over all possible trajectories T . Following
[20], the dephasing terms for each qubit u added randomly following a Poisson process with proba-
bility distribution Pr(Fu) = e−Γt/4(Γt/4)Fu /Fu!. The exact spin-spin correlation functions come from
averaging over this probability distribution, for example

〈σ+
u σ

+
v 〉 =

∑
T

Pr(T )〈σ+
u σ

+
v 〉T =

∑
Fu,Fv=0

Pr(Fu)Pr(Fv)
(−1)Fu+Fv

4
∏
µ6=u,v

cos(2γ(c′µu + c′µv)) (32)

and using the identity
∞∑
F=0

Pr(F)(−1)F = e−Γt/2 (33)

we arrive at

〈σ+
u σ

+
v 〉 = 〈σ−u σ−v 〉 = e−Γt

4
∏
µ6=u,v

cos(2γ(c′µu + c′µv))

〈σ+
u σ
−
v 〉 = 〈σ−u σ+

v 〉 = e−Γt

4
∏
µ6=u,v

cos(2γ(c′µu − c′µv))

〈σzuσ±v 〉 = ±i sin(2γc′uv)
e−Γt/2

2
∏
µ6=u,v

cos(2γc′µ,v) (34)

C.1 Translation into QAOA expectation values
For QAOA we want to compute expectation values

〈ψ(0)|eiγC′eiβBσzuσzve−iβBe−iγC
′ |ψ(0)〉 (35)

where B =
∑
u σ

x
u. The QAOA and Ising expectation values are related as

〈σzuσzv〉QAOA = 〈eiβBσzuσzve−iβB〉 (36)

where the expectation on the right is with respect to the Ising evolution described earlier. In terms of
the Ising evolution we need to compute the expectation value of the operator

eiβBσzuσ
z
ve
−iβB = eiβσ

x
uσzue

−iβσxueiβσ
x
vσzve

−iβσxv

= (cos(2β)σzu + sin(2β)σyu)(cos(2β)σzv + sin(2β)σyv)
= cos2(2β)σzuσzv + cos(2β) sin(2β)(σyuσzv + σzuσ

y
v) + sin2(2β)σyuσyv (37)

Noting 〈σzuσzv〉 = 0, taking cos(2β) sin(2β) = sin(4β)/2, and replacing σyu = −iσ+
u + iσ−u we have

〈eiβBσzuσzve−iβB〉 =− i sin(4β)
2 (〈σ+

u σ
z
v〉 − 〈σ−u σzv〉+ 〈σzuσ+

v 〉 − 〈σzvσ−u 〉)

+ sin2(2β)(〈σ+
u σ
−
v 〉+ 〈σ−u σ+

v 〉 − 〈σ+
u σ

+
v 〉 − 〈σ−u σ−v 〉) (38)

From above

−i(〈σ+
u σ

z
v〉 − 〈σ−u σzv〉) = −i

i sin(2γc′uv)
e−Γt/2

2
∏
µ6=u,v

cos(2γc′µv) + i
e−Γt/2

2 sin(2γc′uv)
∏
µ6=u,v

cos(2γc′µv)


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= e−Γt/2 sin(2γc′uv)
∏
µ6=u,v

cos(2γc′µv)

(39)

−i(〈σzuσ+
v 〉 − 〈σzuσ−v 〉) = e−Γt/2 sin(2γc′uv)

∏
µ6=u,v

cos(2γc′µu) (40)

〈σ+
u σ
−
v 〉+ 〈σ−u σ+

v 〉 = e−Γt

2
∏
µ6=u,v

cos(2γ(c′µu − c′µv)) (41)

〈σ+
u σ

+
v 〉+ 〈σ−u σ−v 〉 = e−Γt

2
∏
µ6=u,v

cos(2γ(c′µu + c′µv)) (42)

Then we have

〈eiβBσzuσzve−iβB〉 = sin(4β) sin(2γc′uv)e−Γt/2

2

 ∏
µ6=u,v

cos(2γc′µv) +
∏
µ6=u,v

cos(2γc′µu)


− sin2(2β)e−Γt

2

 ∏
µ6=u,v

cos(2γ(c′µu + c′µv))−
∏
µ6=u,v

cos(2γ(c′µu − c′µv))

 (43)

For a QAOA cost Hamiltonian C =
∑
u<v cuvσ

z
uσ

z
v (which may differ from the C ′ depending on

the compilation approach) the total cost expectation is

〈C〉QAOA =
∑
u<v

cuv sin(4β) sin(2γ(t)c′uv)e−Γt/2

2

 ∏
µ6=u,v

cos(2γ(t)c′µv) +
∏
µ6=u,v

cos(2γ(t)c′µu)


−
∑
u<v

cuv sin2(2β)e−Γt

2

 ∏
µ6=u,v

cos(2γ(t)(c′µu + c′µv))−
∏
µ6=u,v

cos(2γ(t)(c′µu − c′µv))

 (44)

where we have explicitly noted the time argument in γ(t) = t/tγ=1. Terms related to σzσy decay at
single-particle rates Γt/2, while those related to σyσy decay at twice that rate. In the limit Γ → 0
and when C = C ′, the expression (44) agrees with the generic QAOA expectation value in eqn. (14)
of Ref. [44].
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