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The simulation of large-scale classical systems in exponentially small space on quan-
tum computers has gained attention. The prior work demonstrated that a quantum
algorithm offers an exponential speedup over any classical algorithm in simulating
classical dynamics with long-range interactions. However, many real-world classical
systems, such as those arising from partial differential equations, exhibit only local
interactions. The question remains whether quantum algorithms can still provide ex-
ponential speedup under this condition. In this work, we thoroughly characterize the
computational complexity of simulating such geometrically local systems on quantum
computers. First, we dequantize the quantum algorithm for simulating short-time
(polynomial-time) dynamics of such systems. This implies that the problem of simu-
lating this dynamics does not yield any exponential quantum advantage. Second, we
show that simulating short-time dynamics is at least as hard as polynomial-time and
linear-space probabilistic classical computation. Third, we show that the computa-
tional complexity of simulating long-time (exponential-time) dynamics is captured by
exponential-time and polynomial-space quantum computation. This suggests a super-
polynomial time advantage when restricting the computation to polynomial-space, or
an exponential space advantage otherwise. This work offers new insights into the com-
plexity of classical dynamics governed by partial differential equations, providing a
pathway for achieving quantum advantage in practical problems.

1 Introduction

The simulation of quantum systems is one of the key problems expected to demonstrate exponential
quantum advantage. This advantage is natural because quantum computers inherently utilize the
principles of quantum mechanics as Feynman pointed out [1]. Moreover, such speedups achieved
in quantum simulation is guaranteed by rigorous analysis with computational complexity theory.
That is, quantum simulation problem is BQP-complete [2-4], which implies that “any” classical
algorithm cannot simulate those quantum systems efficiently under the widely-believed complexity-
theoretic assumption BPP # BQP.

As recent works investigated, quantum computers have potential applications to not only quan-
tum systems but also classical systems. Many classical systems can be described by first-order linear
ordinary differential equations. Even when higher-order derivatives are involved, these equations
can be converted to first-order equations by introducing auxiliary variables [5, 6]. Therefore,
quantum algorithms for solving first-order linear ordinary differential equations have been actively
studied. One major approach converts the differential equation into a linear system of equations
by discretizing the time derivative and dilating the Hilbert space [7-11] and uses quantum linear
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system solvers [12-16]. Another approach converts the differential equation into a Schrédinger
equation [5, 17, 18] and uses Hamiltonian simulation algorithm [3, 19-21]. While many other al-
gorithms use their unique approaches respectively [22-25], in any case, we can interpret most of
the algorithms as a polynomial transformation of some matrices using quantum eigenvalue trans-
formation (QEVT) [11]. In the case of linear partial differential equations, quantum computers
can also solve the problems since discretizing a partial differential equation leads to an ordinary
differential equation. Then quantum algorithms and their circuit implementations for specific par-
tial differential equations appeared in physics are proposed [5, 17, 18, 26-33]. It should be noted
that such quantum algorithms assume an efficient initial state preparation and provide efficient
access to limited information extracted from the final quantum state, such as expectation values
or samples, rather than unrestricted access to the full classical solution. In this setting, quantum
computers are expected to solve certain tasks associated with classical systems with exponentially
smaller resources of time and space than classical computers [5, 30, 31, 34, 35]. However, at present,
such exponential quantum advantages are not guaranteed from complexity theoretic perspectives
in most cases.

Recent work by Babbush et al. partially solved this problem [6]. They proposed a quantum
algorithm that can simulate the classical dynamics of exponentially many coupled oscillators, e.g.,
masses coupled by springs, in polynomial time. They introduced the reduction from Newton’s
equation to Schrodinger equation and then showed that the Schrodinger equation can be solved
efficiently using Hamiltonian simulation algorithm under appropriate conditions such as the spar-
sity of interactions. This algorithm also relies on efficient initial state preparation and provides
access only to quantities that can be efficiently extracted from the final quantum state. They
also showed that such classical dynamics can simulate universal quantum computation, that is, a
certain problem obtained from that dynamics is BQP-complete. This means that the dynamics
cannot be simulated efficiently on classical computers under the assumption of BQP # BPP. The
essential part for showing BQP-completeness is that they allow long-range interactions between
masses. However, many classical systems which appear in the real world have only geometrically
local interactions. For example, the equations obtained by discretizing partial differential equations
of fluid dynamics [36] or plasma dynamics [37], e.g., the wave equation [5], can be regarded as clas-
sical systems with spatially local interactions. Thus it is important to analyze the computational
complexity of simulating the dynamics of such geometrically local classical systems on quantum
computers.

In this work, we provide a thorough characterization of the computational complexity of sim-
ulating classical linear dynamics with geometrically local interactions on quantum computers.
Specifically, we consider classical systems of size N = 2" governed by first-order linear differential
equations that can be solved by O(n)-qubit quantum algorithms. Note that we assume that the
initial state can be efficiently sampled classically. This assumption ensures that quantum advan-
tages arise solely from the time evolution, not from the description of the initial state. We then
consider the problem of either estimating a quantity given by an inner product, or sampling from
the time-evolved state. These problems are natural setups for quantum computers and corre-
sponding quantum algorithms have an exponential space advantage over the conventional classical
algorithms. In addition, we assume that the quantum algorithm runs in poly(¢,n)-time for an
evolution time ¢, which restricts our focus to classical systems that can be efficiently simulated on
quantum computers. This condition naturally holds when the original equation can be mapped to
the Schrodinger equation [6]. In contrast, it does not generally hold for arbitrary linear dynamics,
thereby excluding equations that cannot be solved efficiently on quantum computers. Through-
out this work, we refer to the regime ¢ = polylog(N) = poly(n) as short-time evolution, and
t = poly(N) = exp (n) as long-time evolution. We distinguish these two regimes for both compu-
tational and physical reasons. The short-time regime corresponds to the parameter region where
quantum algorithms run efficiently, that is, in poly(n)-time. In contrast, the long-time regime is
necessary for information to propagate across geometrically local systems and reach the bound-
aries, thereby enabling us to observe global and physically meaningful phenomena. We have three
main results (see Fig. 1):

(i) We dequantize the quantum algorithm for simulating the classical dynamics in the short-time
regime ¢ = polylog(/N) (see Theorem 1 and Theorem 3). That is, classical computers can
solve this simulation problem with the same complexity as quantum ones up to polynomial
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Figure 1: The overview of this paper. N = 2" is the system size. Here we consider the classical linear dynamics
with geometrically local interactions that can be efficiently simulated by O(n)-qubit quantum algorithm, i.e.,
the runtime of the quantum algorithm is at most poly(¢,n). Result (i) (Theorem 1 and Theorem 3) shows that
the short-time dynamics can be simulated by polylog(/N)-time probabilistic classical computation. In result (ii)
(Sec. 5.2), we establish the opposite direction that the short-time dynamics can simulate polylog(N)-time and
O(n)-space probabilistic classical computation. In result (iii) (Sec. 6), we indicate that the long-time dynamics
can simulate poly(NV)-time and O(n)-qubit quantum computation. The opposite direction is by the assumption
that the quantum algorithm runs in poly(t, n)-time.

overhead when the evolution time is small.

(ii) We show that simulating short-time (¢ = polylog(N)) dynamics is at least as hard as
polylog(N)-time and O(n)-space probabilistic classical computation (see Sec. 5.2).

(iii) We show that the computational complexity of simulating long-time (¢ = poly(NN)) dynamics
is equivalent to that of poly(IV)-time and O(n)-space quantum computation (see Sec. 6). This
indicates that we obtain a super-polynomial time advantage in simulating long-time dynamics
when restricting the computation to poly(n)-space, and an exponential space advantage
otherwise. A more detailed discussion is given in Sec. 6.

As the first result, we provide the dequantized algorithm for simulating this classical system
(Theorem 1). Dequantization is the effort to demonstrate that a quantum algorithm for some prob-
lems in the specific parameter region can be efficiently simulated on a classical computer [38, 39].
In the previous work, quantum singular value transformation (QSVT) of low-rank matrices [40-43]
and general sparse matrices [44] are dequantized, providing new insights into quantum advantages
in machine learning and quantum chemistry. On the other hand, quantum algorithms for solving
the differential equation are based on QEVT, which we consider. To dequantize the QEVT for
simulating the general classical linear dynamics with geometrically local interactions, we consider a
class of geometrically local matrices. By leveraging the locality of these matrices, we demonstrate
that polynomial transformations of these matrices with polynomials of degree d can be simulated
classically using poly(d)-time and poly(d)-space. Remarkably, these complexities are the same as
those of a quantum algorithm up to polynomial overhead as long as d = poly(n). This result
implies that simulating the short-time (¢ = polylog(N)) dynamics with geometrically local inter-
actions does not yield any exponential quantum advantage in both time and space complexities.
Note that, if the initial states or the observables are restricted to local ones, then we can simulate
the dynamics classically by considering the subsystem determined by the “light cone” as discussed
in Refs. [6, 33]. However, it was not known whether we could demonstrate the classical easiness
if both the initial state and the observable are global. We also provide an even stronger result.
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Our proposed algorithm mentioned above estimates quantities which is given by an inner product.
However, estimating the inner product is not the only way to prove classical hardness, that is,
sampling problems are also important. For example, it is proven that efficient classical simulations
of sampling from restricted quantum models [45] are hard (implying the collapse of the polynomial
hierarchy) while such models are thought to be unable to perform universal quantum computation.
Thus it is worth analyzing whether sampling from a short-time evolved state under a geometrically
local matrix can be simulated classically or not. As a result, we show that such a sampling problem
can also be simulated efficiently on classical computers (Theorem 3).

The above results show the classical easiness of simulating classical linear dynamics with ge-
ometrically local interactions. On the other hand, it is also essential to provide hardness re-
sults to capture the genuine complexity. Our second result is that simulating the short-time
(t = polylog(N)) dynamics is at least as hard as polylog(/N)-time and O(n)-space probabilistic
classical computation (Sec. 5.2). To show this, we embed the classical reversible circuit to some
simple 1D geometrically local system of size =~ N, which implies that the short-time dynamics can
simulate polylog(N)-time and O(n)-space probabilistic classical computation.

We also analyze the long-time (¢ = poly(/N)) dynamics of such systems. As the third result, we
show that the computational complexity of simulating the long-time dynamics is equivalent to that
of poly(N)-time and O(n)-space quantum computation (Sec. 6). We prove this by embedding the
quantum circuit to some simple 2D geometrically local system, demonstrating that the long-time
dynamics can simulate the quantum computation. This result implies that simulating the long-time
dynamics of such systems has a super-polynomial time advantage or exponential space advantage
unless any exp(n)-time and poly(n)-space quantum circuit is simulated by classical computation
with the same resources. A more detailed discussion is given in Sec. 6.

These results indicate that a certain computational model captures the complexity of simulat-
ing the classical dynamics with geometrically local interactions and reveal how much advantage
quantum computers offer for this simulation problem. In particular, our results imply that no
exponential quantum advantage exists for short-time evolution. This is a nontrivial finding that
rules out the exponential quantum speedup or space advantage in the form discussed in many
prior works [5, 30, 31]. More specifically, the matrices governing the classical systems considered
in these works are geometrically local matrices. Therefore, for short-time dynamics, our dequan-
tized algorithm can perform the same tasks as the corresponding quantum algorithms with only
polynomial overhead. On the other hand, for long-time evolution, we have proven an exponential
space advantage under a plausible assumption. The sharp difference between these two regimes
comes from the fact that short-time geometrically local dynamics restricts information propaga-
tion to a region of radius polylog(V), whereas long-time evolution can propagate information to
sites separated by a distance of poly(N) and effectively induce long-range interactions. We explain
this point in more detail in Sec. 6. To the best of our knowledge, this result provides the first
complexity-theoretic evidence for an exponential space advantage ! in simulating realistic classical
systems with geometrically local interactions, such as systems arising from discretized partial dif-
ferential equations, or a super-polynomial time advantage when the space complexity is restricted
to poly(n). This work provides a new insight into the complexity of classical dynamics determined
by partial differential equations and deepens our understanding of the necessary elements to obtain
quantum advantages.

This paper is organized as follows. In Sec. 2, we briefly review the definition and quantum
algorithmic primitives. Sec. 3 provides the formal definition of geometrically local matrices and
dequantizes the quantum algorithm for geometrically local matrices. Sec. 4 is devoted to the direct
application of our dequantized algorithm for simulating classical dynamics of coupled harmonic
oscillators. In Sec. 5 and Sec. 6, we analyze the computational complexity of simulating short-time
and long-time dynamics under a geometrically local matrix. Then we discuss how much quantum
advantage is obtained from the simulation problems.

LAs a related work, quantum memory advantages for stochastic-process generation have been studied in, e.g.,
Refs. [46-49]. These works concern stochastic-process simulation, including processes associated with classical spin
chains, rather than finite-precision simulation of geometrically local classical linear dynamics considered here.
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2 Preliminaries

Throughout this paper, we use the notation of N = 2", n € N, where N denotes the system size
and n denotes the number of qubits to represent the system on quantum computers. Given two
probability distributions p,q : {1,..., N} — [0,1], the total variation distance between them is
defined as

| N
|p—(J|tv=§Z|pi—qz‘\- (1)
i=1
For any non-zero vector u € CV, we define the probability distribution p*: {1,..., N} — [0,1] as
Jui|®

for each ¢ € {1,...,N}.

2.1 Query-access and sampling-access to vectors and matrices

We introduce two ways of accessing vectors and matrices mainly based on Refs. [42, 44]. First, we
define query-access to a vector.

Definition 1 (Query-access to a vector). We say that we have query-access to a vector u € CV,
which we write Q(u), if on input i € {1,..., N} we can query the entry u;. We denote the runtime
cost of implementing one such query as q(u).

We define query-access to sparse square matrices which allows us to efficiently compute the
non-zero entries and their positions.

Definition 2 (Query-access to a sparse square matrix). We say that we have query-access to an
s-sparse square matriz A € CN*N which we write Q(A), if we have queries Q*°%(A) and Q°°'(A)
such that:

o oninput (i,1) € {1,..., N} x{1,...,s}, the query Q% (A) outputs the l-th non-zero entry of
the i-th row of A and its column indez if this row has at least | non-zero entries, and outputs
an error message otherwise;

e on input (5,1) € {1,...,N} x {1,...,s}, the query Q%' (A) outputs the l-th non-zero entry
of the j-th column of A and its row index if this column has at least I non-zero entries, and
outputs an error message otherwise.

We denote the runtime cost of implementing one such query as q(A).

Typically, the cost of implementing one query is polylogarithmic-time with respect to the
dimension of vectors and matrices when each entry is stored in a (classical) random-access-memory.
Next, we define sampling-access to a vector.

Definition 3 (Sampling-access to a vector). We say that we have e-sampling-access to a vector
u € CN, which we write Sc(u), if we can sample from a distribution p : {1,..., N} — [0,1] such
that |p* — Plv < e. We denote the runtime cost of generating one sample as s(u).

Combined with query-access, we define sampling-and-query-access, which we mainly use.

Definition 4 (Sampling-and-query-access to a vector). We say that we have e-sampling-and-query-
access to a vector u € CV | which we write SQ.(u), if we have Q(u) and S.(u) and additionally
can get the value ||u|l. We denote the mazimum among q(u), s(u) and the cost of obtaining ||ul]
as sq(u). When e =0, we simply write SQ(u)
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2.2 Eigenvalue transformation and singular value transformation

The eigenvalue transformation (EVT) of a square matrix A with a polynomial P € C[z] is defined
as a polynomial transformation of A. That is, given a square matrix A € CN¥*¥ (possibly non-
normal) and a polynomial P € C[z] of degree d, if we write

P(x) =ap+ a1z + ax? + - + agz?, (3)
then EVT of A is given by
P(A)=SP(J)S™! =agl + a1 A + as A% + - - + agA?, (4)

where A = SJS™! is the Jordan form decomposition, S is an invertible matrix, and J is the
so-called Jordan normal form that is block diagonal (see Ref. [11] for more details about the EVT
from the aspect of Jordan form decomposition). Quantum eigenvalue transformation (QEVT)
is a quantum algorithm for implementing P(A) on quantum computers [11, 50-52], which has
various applications, including linear differential equations [7, 8, 16, 23-25] and non-Hermitian
physics [53, 54]. In this work, we dequantize the QEVT for geometrically local matrices, whose
definition is given in Sec. 3.1, since we mainly consider the application to solving linear differential
equations.

On the other hand, the singular value transformation (SVT) transforms the singular values of a
given matrix rather than its eigenvalues. Due to some technical issues, SVT is defined in different
forms for the cases of odd polynomials and even polynomials. For any matrix A € CM*¥ (possibly
non-square), singular value decomposition (SVD) is defined as

min (M,N)

A = Z (TZ"U,Z"U;[, (5)

i=1

where o;’s are non-negative real numbers (so-called singular values), {u;}; are orthonormal vectors
in CM and {v;}; are orthonormal vectors in C". Then SVT of A with an even polynomial Poyen
of degree 2d, which we write

Peven(x) =ag + 012552 + (L4{E4 +-- 4+ a2dx2d7 (6)

is defined as

min (M,N)
Poyen(VATA) = Z Peven(a,-)vwg =agl + asATA + a4(AJ‘A)2 4+ -+ azd(ATA)d- (7)

=1

Similarly, SVT of A with an odd polynomial P,qq of degree 2d + 1, which we write

Poad(z) = a1z + agz® + asa® + -+ + agap12° = 2Py (), (8)
is defined as
min (M,N)
AP (VATA) = Poaa(0i)uv] = a1 A+asAATA+as A(ATA)? +- - 4 a0q1 A(ATA)E. (9)

i=1

Quantum singular value transformation (QSVT) allows efficient polynomial transformations of the
singular values of a block-encoded matrix on quantum computers [21, 55]. QSVT is significantly
more efficient than QEVT and provides a unified framework for describing many existing quantum
algorithms [56]. However, when solving differential equations, we often want to transform the
eigenvalues of a given matrix rather than its singular values, which is a case where QSVT is not
applicable. In this sense, QEVT has an affinity with applications to differential equation solvers,
which makes us focus on QEVT in this work. Nonetheless, note that the dequantization techniques
we have developed can be naturally extended to QSVT as well.
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3 The dequantized algorithm for the classical linear systems with geo-
metrically local interactions

In this work, we consider classical linear systems determined by first-order linear differential equa-
tions of the form: d

&x(t) = Ax(t), (10)
where z(t) is an N-element vector, A is an N x N matrix and N = 2". If we consider the
linear differential equation with higher-order derivatives, we can convert it into a first-order linear
differential equation of higher dimensions by introducing auxiliary variables. We focus on quantum
algorithms that simulate such systems using O(n) qubits. The goal of quantum algorithms is to
prepare a quantum state proportional to the solution x(t) = e#*2(0) for a given evolution time
t. For instance, quantum computers approximate the time evolution operator by polynomial
transformation P(A) ~ et of the given matrix A using QEVT algorithm [11]. Thus we consider
a general problem of simulating a polynomial transformation of a given matrix A. When A is
anti-Hermitian and ||A|| = poly(n), we can simulate the dynamics efficiently since the degree of
polynomial approximation of e’ is given by d = O(||A||t) [21]. This includes the case of the
system of classical coupled oscillators [6] and the wave equation [5], where the classical systems are
mapped into Schrédinger equation. In the case of a general matrix A, quantum algorithms do not
necessarily simulate the dynamics efficiently since the worst-case runtime is Q(e?) [57]. However,
under the conditions that A has eigenvalues with non-positive real parts, ||A|| = poly(n), and
leAt2(0)|| > 1/poly(n), the quantum algorithm works efficiently [9, 10, 15, 25]. Throughout this
work, we impose these assumptions on A, which restricts our focus to classical systems that can be
efficiently simulated by O(n)-qubit quantum algorithms whose runtime is at most poly(¢,n). We
also assume that we have a sampling-and-query-access to the initial state 2(0). This assumption
ensures that the description of the initial state does not contribute to a quantum advantage. We
then consider two computational problems which are natural for quantum computation: estimating
a quantity given by an inner product (such as (c|z(¢))) in Sec. 3 and Sec. 4, and sampling from
the quantum state corresponding to z(t) in Sec. 5 and Sec. 6.

In this section, we show that, if A has a certain feature of locality, we can simulate the poly-
nomial transformation of A classically using poly(n,d) resources, where d is the degree of the
polynomial. Here, it is important to emphasize that the locality of A is defined not for qubits, but
for indices in the computational basis, which arises naturally when considering differential equa-
tions for classical systems. The complexity of poly(n,d) is the same as that of quantum computers
up to polynomial overhead as long as d = poly(n). This leads to our first result that there is no
exponential quantum advantage in simulating the short-time (¢ = polylog(N) = poly(n)) classical
linear dynamics with geometrically local interactions.

3.1 Geometrically local matrices

Here we define the class of matrices, so-called geometrically local matrix, which is the central
concept of our work. The matrices in this class have a certain kind of locality, which leads to the
essential feature of this matrix corresponding to the light cone as shown in Sec. 3.2.

Definition 5 (Geometrically local matrix). Consider the finite-volume lattice with sites labeled as
i ={1,..., N}, where the structure of the lattice is determined by some set of bonds. Let d(i,j) be
the distance between the sites ¢ and j, and N(-) € Ry — N be a locality function defined as:

N(r) = _max, [{ld(i.) < 1)l (1)
where |{7]d(i, 7) < r}| is the number of elements contained in the set {j|d(i,j) < r}. Then we say
that A € CN*N s an (ro, N (r0))-geometrically local matriz if there exists a value ro € Ry such
that

Ai; =0 for d(i,j) > ro, (12)

and N(r) = poly(r) for any r € Ry. When A is Hermitian, we particularly say that it is an
(ro, N(r0))-geometrically local Hamiltonian.
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Figure 2: The one-dimensional system behind a tridiagonal matrix A. Each vertex corresponds to some index
of A and each edge represents the matrix element A; ;. Clearly, we can consider non-symmetric matrices by
introducing one-dimensional directed graph.

We note that the lattice and its distance function used in the definition of a geometrically
local matrix are assumed to be given a priori. This lattice structure does not necessarily have
to represent some physical system since it is introduced only to define distances between sites.
Moreover, the constant ry does not have to represent the real diameter of locality, just counts the
number of sites to which information propagates from a given site when the geometrically local
matrix is applied once. Thus N (rg) directly corresponds to the sparsity of the geometrically local
matrix. For example, if we consider D-dimensional system, N (ro) = r.

Here we provide some specific examples of gemetrically local matrices. Clearly, the identity
matrix I is a (0, V' (0) = 1)-geometrically local matrix. One non-trivial example is a tridiagonal
matrix. We say a matrix A as a tridiagonal matrix when A has non-zero elements only on the
diagonal, lower diagonal and upper diagonal. We can consider the one-dimensional system behind
this matrix as in Fig. 2, and then we conclude that a tridiagonal matrix is a (1, A(1) = 3)-
geometrically local matrix. Similarly, for a general band matrix with bandwidth b such that
A; j =0 for |[¢ — j| > b, we can consider the one-dimensional system where the site ¢ is connected
to at most 2b+ 1 sites ¢ — b,...,4—1,4,4+ 1,...,7 + b. Then such matrix is a (b, N'(b) = 2b + 1)-
geometrically local matrix. In addition, Laplacians for wave equations after the discretization and
other matrices corresponding to partial differential equations can be viewed as a special case of
geometrically local matrices. See Sec. 4 and Appendix A for more details.

It is also important to provide an example of non-geometrically local matrices. Consider a
balanced binary tree of depth n. In this case, we take d(i, j) to be the distance on the tree, i.e., the
number of edges in the shortest path between the vertices i and j. Then the locality function of
this graph scales as A'(r) = Q(27). Thus the adjacency matrix A € RZ"=1Dx(2"=1) of a balanced
binary tree of depth n is a sparse matrix but is not geometrically local matrix. This implies that
a sparse matrix is not necessarily geometrically local while a geometrically local matrix is always
sparse.

3.2 Dequantizing the quantum eigenvalue transformation for the geometrically local
matrix

Now we provide the dequantized algorithm of the QEVT for geometrically local matrices. The
following lemma is essential for this purpose, which restricts the space that needs to be considered.

Lemma 1. Suppose that A € CN*N is an (ro, N (ro))-geometrically local matriz for some value
ro € Ry. Then, for any k € N, the following holds:

(A¥)i; =0 for d(i,j) > kro. (13)
That is, A* is a (krg, N'(kro))-geometrically local matriz.

Proof. For the k = 1 case, A is an (ro, N (79))-geometrically local matrix by definition. Now we
prove the contrapositive, i.e.,

by induction. Suppose that we have proved for £ — 1 that

d(i,j) < (k—1)rg if (AF 1), #0. (15)
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Assuming that ¢ and [ are indices such that (A¥);; # 0, there exists an index j such that (AF=1);; #
0 and Aj # 0 since we have (A¥); = Zj(Ak’l)ijAjl. By the induction hypothesis, we get
d(i,j) < (k—1)rg and d(4,1) < rp. From the metric axioms, we obtain

This implies that (4%);; = 0 if d(i, j) > kro. O

Using Lemma 1, we can construct a query-access to a vector generated by acting a polynomial
transformation of a geometrically local matrix on a given vector.

Lemma 2. Let P € C[z] be a polynomial of degree d. Then there exists a O (d?N (dro)N (ro)q(A) + dN (dro)q(u))-
time classical algorithm that given

e query-access to an (ro, N(ro))-geometrically local matriz A € CN*N |
e query-access to a vector u € (CN,
e anindexi € {l,...,N},

outputs the i-th entry of P(A)u.

Proof. Supposing that the polynomial P can be written as

P(z)=a¢g+ a1z + asz?® + - + apz?, (17)

we have
P(A)u = apu + a1 Au + ag A%u + -+ + apA%u. (18)
Now we consider how to compute the i-th entry of each term e; T ARy for k € {1,...,d}, where ¢; is

a unit vector with a 1 in the ¢-th position and zeros elsewhere. Flrst we query all entries of the i-th
row of A and get at most A (rp) non-zero entries and their positions using the query Q™" (A) from
Definition 2. Then we can compute all non-zero entries of eZTA at the cost of q(A) - N(rg)-time.
Note that the number of non-zero entries of e;fA is also at most N(rg). Next, we assume that we
have already computed all non-zero entries of e;rAkfl. From Lemma 1, the number of non-zero
entries of e;rAkfl is at most N ((k — 1)rg). Here let j1,...,7; denote the positions of non-zero

entries of eI AR with I < N((k—1)rg). In order to compute all non-zero entries of e;rAk, we only
have to query all entries of the ji, ..., j;-th rows of A and get at most N'(kro) non-zero entries and
their positions. This procedure can be accomplished at the cost of N'((k—1)rg)-N(rq) - q(A)-time.
Putting it altogether, the runtime for calculating all non-zero entries of e;rA’" is upper-bounded by

N(ro) + N (ro) - N(ro) - q(A) + N (2ro) - N(ro) - q(A) + - -- + N((k = L)ro) - N(ro) - q(A) (19)

k-1
= N(jro) - N(ro) - q(A). (20)
=0

Finally, we calculate eIAku by computing N (krg) elements of u using algorithm Q(u) from Defi-
nition 1 at the cost of N'(krg) - g(u)-time and taking the inner product at the cost of N(kr)-time.
The resulting runtime for calculating ef P(A)u is upper-bounded by

+Z ZN Jro) o) - q(A) + N (kro) - q(u) + N (kro) (21)

d
)+ > (kN (kro) - N(ro) - q(A) + N (kro) - (q(u) + 1)) (22)

=1
<q(u) +d (dN (dro) - N(ro) - q(A) + N (dro) - (q(u) + 1)) (23)
<O (d®N (dro) N (ro)gq(A) + dN (dro)q(u)) . (24)
O
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The central idea of dequantization for sparse matrices is that estimation of the inner product of
two vectors u and v can be accomplished by sampling from p” combined with a query-access to wu.
Roughly speaking, sampling an index i € {i,..., N} according to the probability distribution p”
and computing u;||v||?/v; leads to the vTu as an expectation value. Ref. [42] provided the robust
version of the inner product estimation as follows.

Lemma 3 ([42]). Suppose that we are given
o query-access to a vector w € CN such that ||w|| < 1,
o (-sampling-and-query-access to a vector v € CN such that ||v| < 1.
Then we can estimate 2 € C such that
‘2 — va’ <e, (25)
classically with a probability at least 1 — § in O(log (1/3)(q(w) + sq(v))/e?)-time for ¢ < e/9.

Here we formulate the problem of the eigenvalue transformation for the geometrically local
matrix.

Problem 1 (EVT-GL(rg, N (r9),¢,¢)). Suppose that we are given

o query-access to a vector u € CN such that ||lul < 1,
e query-access to an (ro, N'(rg))-geometrically local matriz A € CN*N for some value ro € R,

o (-sampling-and-query-access to a vector v € CN such that ||v| < 1.
Given a polynomial P € Clz| of degree d with |P(x)| < 1 for any x € [—||A]|, ||All]], the goal is to

output an estimate zZ € C such that

|2 —0'P(A)u| <e. (26)

Here is the statement of the main result:

Theorem 1. For any ro € Ry, any € € (0,1] and a function N(-) € Ry — N defined in Defini-
tion 5, the problem EVT-GL(ro, N (r9),,¢) can be solved classically with a probability at least 1 —§
in O(log (1/8)(d?N (dro)N (ro)q(A) + dN (dro)q(u) + sq(v))/e?)-time for ¢ < e/9.

Proof. From Lemma 2, we can construct a query-access to P(A)u at a cost of
q(P(A)u) = O (>N (dro)N (ro)q(A) + dN (dro)q(u)) . (27)

Lemma 3 implies that, for ( < £/9, we can calculate an estimate such that Eq. (26) classically
with a probability at least 1 — § at a cost of

0 (“EL taPtay) + sat)). (29)

Combined with Eq. (27), the final runtime of this procedure is
0] (logg/é) (dZJ\/'(dro)./\/'(ro)q(A) + dN(dro)q(u) + sq(v))) . (29)
O

According to Theorem 1 and Definition 5, our dequantized algorithm of QEVT has the com-
plexity of poly(d) for the degree d of the polynomial while the previous work [44] that focused on
general sparse matrices has the complexity of exp(d). The key point is that, for a geometrically
local matrix, A9 has a sparsity bounded by N(dry) = poly(d), whereas, for a general s-sparse
matrix, the sparsity of A? can grow as s? in the worst case. This leads to a significant reduction of
the cost of the classical algorithm and broadens the parameter region that is tractable for classical
computers. We note that, if A? is assumed to have polynomial sparsity in d, the dequantized
algorithm for general sparse matrices [44] can also have polynomial complexity in d. Thus our
contribution is to identify geometrically local matrices as a natural class for which this property is
guaranteed. Also note that our result is different from dequantization results based on low-rank
assumptions since geometrically local matrices are not necessarily low-rank.
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4 Applications of the dequantized algorithm for the geometrically local
matrix

In this section, we provide the classical algorithms that simulate the quantum algorithms for solving
the specific problems related to geometrically local matrices using the results in Sec. 3. Here
we provide only the application for simulating a classical system of coupled harmonic oscillators
while we can also apply our dequantized algorithm for simulating wave equations [5, 31, 33],
advection equations [30] and single particle Schrodinger equations [58—61] which we postpone in
Appendices A.1, A.2 and A.3.

4.1 Application to the simulation of classical dynamics with geometrically local inter-
action

As in Ref. [6], we consider a classical system of coupled harmonic oscillators with N = 2™ point
mass mi,...,my which are coupled with each other by springs. We define x;; = x;; > 0 as the
spring constants which couple i-th and j-th oscillators and k;; as the spring constant which connects
i-th oscillator to a wall. In the case of D = 1-dimension, the displacements and velocities of the
point masses are given by z(t) = (z1(t),...,on(#))T and @(t) = (i1(¢),...,2x(t))T respectively.
We can also address the higher dimensional case similarly. In two-dimensional case, for example,
we just use x1(t) as the first coordinate of the first point mass and x5 (t) as the second coordinate
of the first point mass, and handle other point masses in the same manner. After assigning the
indices in this way, we redefine the dimension of vectors x(t) and &(t) as N

In the harmonic approximation, the dynamics of the coupled oscillators is described by Newton’s
equation:

midi(t) =Y k() — (b)) — Kui(t), (30)
J#i
for all i € {1,..., N}. Now our goal is to simulate the time evolution of x(¢t) and 4(t) given initial
conditions z(0) and (0).

In order to solve this problem on quantum computers, the authors of Ref. [6] transformed
Eq. (30) into Schrédinger equation. Writing Eq. (30) in matrix form, we obtain M&(t) = —Fx(t),
where M is a N x N diagonal matrix with entries m; > 0 and F' is a N x N matrix whose
diagonal and off-diagonal entries are f;; = > ; ki and fij = —kij respectively. Note that M > 0
and F > 0 are real and positive semidefinite. Changing the variables as y(t) = vV Muxz(t), we get

—1 -1
§(t) = —Ay(t), where A=+vM FvM >0 isreal and positive semidefinite. We can transform
this second-order differential equation into the first-order differential equation as:

€ (0 + iVAY()) = ivVA (3(0) + VAY()) (31)

Then its solution is given by
§(8) +iVAY () = VA (5(0) + iv/Ay(0) ) (32)

However, we do not have direct access to v/A and simulating the time evolution under v/A requires
additional costs. To address this issue, in Ref. [6] (see also Ref. [5]), the authors introduced the
generalization of v/ A:

_ (0 B
ne (D 5) -
where B is a N x N.o matrix such that BBT = A for some integer Nco1. Note that
BBt 0 A 0
2. _
H = ( 0 BTB) - <0 BTB> ’ (34)

which allows us to use H € CNV+Neo)x(N+Neol) a5 o square root of A. Now it is easy to see that

RN
o0) = —= (50, ) (35)
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where v2F is a normalization factor, is a solution of the Schrodinger equation

d .
7 [9@) = H (1)) (36)

Hence, we obtain

1 j(t) it L (0) - 1 (0)
\/ﬁ (Z.By:fy(t)> = \/ﬁ (iBgJTy(OQ = (cos (Ht) + isin (Ht)) \/ﬁ (il%y(())) . (37)

In the above discussion, the matrix B may be an arbitrary matrix such that BBY = A. In this

work, we choose
Kij Kij
BUi) =3 /o 0 10) = 25 1) (38)

j>t i<t

as in Ref. [6], where N, = N(N + 1)/2. This choice allows us to obtain

Bly(t) = BVMa(t) = 3 VRO ) )+ 3 vesa) — o) ). (9

j>i

which implies that

(MO B0 = 5 Dm0 + 5 3 mst) ~ (0 (40)

j>i

is the potential energy.

Now we are ready to dequantize the simulation of the classical system with geometrically local
interactions. In order to introduce the distance between each point mass, we set each point mass
on some lattice (e.g., square lattice) with lattice spacing 1 (: constant). We have to note that this
lattice is only used to define geometrically local interaction, and the distance between i-th and
j-th sites does not imply the ‘real’ distance between i-th and j-th point masses. In other words,
this lattice is only used to count the number of masses that is connected to one given mass by a
spring. Letting the distance on lattice between i-th and j-th point masses be d(i, ), we can define
the classical system with geometrically local interactions as the system with springs such that

kij = Kk;; =0 for d(i,4) > ro, (41)

where 79 < poly(n) denotes the spatial locality of the system. From Definition 5, it is easy to see

that F and A are (rg, N'(r9))-geometrically local matrices, where N (rq) := maxZ:{LN_,N} H{7ld(i, 7)) <ro}| <
poly(rg). Remember that N(rg) = O(rP) if we solve the D-dimensional system. In Theorem 2,

we solve the problem related to time evolution of this classical system.

Here we have to note that the dilated Hamiltonian H in Eq. (33) is also a geometrically local
Hamiltonian. Considering the lattice as in the above discussion, we set the position x; and velocity
Z; of i-th mass to the same site ¢. Furthermore, we define new sites between all the pairs of sites
of the lattice and interactions between them. For example, for i-th and j-th sites of the lattice, we
define the new site (4,7) and define two interactions: one is between ¢ and (4,j) and the other is
between (7, j) and j. Then we place the spring x;; on the site (4, j) if i-th mass is connected to j-th
mass. Using the definition of B in Eq. (38), the number of masses and springs that are connected
to one given mass or spring is given by O(rg?) for the locality ro. Thus H is (1, N'(rg) = O(r3P))-
geometrically local matrix. This leads to the complexity of the dequantized algorithm of O(¢2+2%)
while the complexity of the algorithm in Theorem 2 is O(t**+P). To reduce the complexity, we
apply our dequantization technique to A rather than H.

Theorem 2. Let t € R be an evolution time, ro > 0 be a spatial locality defined in (41) and
e € (0,1] be a precision. Suppose that we are given

e query-access to 2(0) € RY,

e query-access to x(0) € RY,
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e query-access to m € RN, where m; is the mass of i-th point mass for alli € {1,...,N},
e query-access to K € RVXN where Kij = Kij,
o total energy: B = 1Y migi(0)? + 3 0, masai(0)2 + 1 3, gy (4(0) — 5(0))2,
e (-sampling-and-query-access to v € CNTN(N+1)/2,
Then, for ¢ < e/18, we can calculate

1 VM(t) (42)
V2E \iB'"WMz(t))’

classically with a probability at least 1 — § and an additive error €. The runtime of the classical
algorithm is

ol - (t) =0l -

0 (FELL (N eyl () (0O Gr) + 2a(0)
(43)
+ dCXpN(dcxPTO) (q(2(0)) + q(z(0)) +2q(m)) + SQ(U))> )

where dexp = O(t\/./\/'(7“0)/-@max/mmn1 + log(1/¢)), or emphasizing the dependence on t, € and §,

given the spatial dimension D,
~ (TP log (1/9)
o (27010 ”

Proof. For some a € R, let Pey, € C[z] be the polynomial approximation of exponential function
e on the domain [—a, o] such that

H-Pexp(x) - eith[_ < g, ||Pexp(m)||[_a’a] S 1 (45)

a,a] —
According to Ref. [21], there exists such an polynomial approximation of degree O(at + log(1/¢)).
Using this polynomial with o > ||H||, we obtain || Pexp(H) — ethH <eand |Pap(H)|| < 1.

Here || H|| can be upper-bounded as |[H| < \/N(70)kmax/Mmin (see Ref. [6]), which enables us
to £/2-approximate et with Puy,(H) of degree dexp == O(t\/N(r0)Kmax/Mmin + log(1/€)). Note
that if we have an ¢/2-approximation of e?#* and estimate v' Py, (H )1 (0) with additive error £/2,
then the overall error is upper-bounded by e.

Now we decompose Peyp () into an even polynomial Pros(2?) and an odd polynomial iz Py, (22),
where Peos(2?) and P, (22) are real polynomials which approximate cos(x) and sin(z) respec-
tively. Using Eq. (34), the polynomial transformation of H can be written as

Poxp(H) = Peos(H?) + iH Py, (H?) (46)
_ (Peos(A) 0 (0 B\ (Pun(A) 0
- ( 0 PCOS(BTB)) T (BT o) ( 0 Psm(BTB)) (47)
P.os(A)  iBPy,(B'B)
- (iBTPSin(A) P..o(B'B) ) (48)

This leads to

P.os(A)  iBP4,(BTB)\ 1 VMi(0)
Pexp(H)p(0) = (Z'BTPsin(A) P.os(B'B) ) V2E <iBT\/Hx(0) (49)
_ 1 <PCOS(ANm(O)—BPsin<BTB)B*ma:(0>) (50)
~ V2E \iB' Psn(A)VMi(0) + i Peos (B B) BTV Mz (0)

1 ( Peos(A)VMi(0) — Pano (A)V/M2(0) ) (51)

= V2E \iB!(Pun(A)VMi(0) + Pags o (A)V/Mx(0))

where we define Py, »(A) == BPun(BTB)BT and BT Peos 1 (A) == Peos(BTB)BT. Recalling || Pexp, (H)¥(0)]| <
1, we can apply Lemma 3 to a query-access t0 Pexp(H)®(0). Thus we discuss how to construct a
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query-access t0 Peos(A)VMi(0) — Pain,o (A)VMz(0) and i BT (Psjn (A) VM (0) + Peos . (A)V Mz(0))
below.

First, we construct a query access to v Mz(0) and v Mxz(0). The i-th entries of v/ M:(0) and
V' Mz(0) can be computed by querying the i-th entries of £(0), 2(0) and m. Thus we can compute
each entry of vV M&(0) and v Mx(0) classically in

q(vVMz(0)) = g(m) + q(2(0)), q(vVMz(0)) = q(m) + q(=(0)) (52)

-time respectively. Next, we consider a query-access to A = VM 71F\/M 71. A query-access to
F can be constructed from a query-access to K since the position of non-zero entries of F' is the
same as that of K and f;; = ), ki; can be computed using Q" (K), N(ro) times, which leads to
q(F) = q(K)N(rg). Also the position of non-zero entries of A is the same as that of F' and the
(i,7)-th entry of A can be written as a;; = fi;/\/m;m;. Combining query-accesses to F' and m,
we can compute the (4, j)-th entry of A classically in

q(A) = q(F) + 2q(m) = q(K)N (ro) + 2q(m) (53)

-time. Now let us give a query-access t0 Peos(A)V M £(0) — Pyin v (A)V Mz (0). Considering that the
degree of Peos and Py y 18 dexp = O(t\/./\/ (r0)Kmax/Mmin + log(1/€)), from Lemma 2, we obtain

q (Peon(A)VM(0) = Pan,o(4)vV/M(0) ) (54)
~q (Peos(A)VM(0)) + q (Pano(A)V(0)) (55)
=0 (@2 N (dexpr0) N (r)a(A) + despN (dexpro)a(vM (0)) )

+ 0 (42N (dexpro)N (10)a(A) + desxpN (despro)a(v M x(0)) )

=0 (2N (dexpro) N (r0) (q(K)N (10) + 2q(m)) + dexpN (dexpro) (q(2(0)) + q((0)) + 2q(m))) .
(57)

(56)

Finally, we provide a query-access to iBT(Psjn(A)VMz(0) + Peos »(A)VMz(0)). BT defined in
Eq. (38) has at most two entries in each row. This can be seen from the fact that, considering an
(i, j)-th row of BT, the two non-zero entries \/k;;/m; and /k;;/m; lie in i-th and j-th columns

respectively if j > ¢, or the one non-zero entry +/k;;/m; lies in i-th column if ¢ = j. Thus, given an
index (4, j) for j < i, we can calculate the (i, j)-th entry of i BY (Pyn (A) VM2 (0) 4 Peos 2 (A)V/Mxz(0))
using at most two queries to K, m and Pun(A)VM2(0) + Peos.»(A)vV/Mx(0). Noting that the the
classical runtime for querying Psin(A)\/Mj:(O) + PCOS’:E(A)\/MI‘(O) is the same as Eq. (57), we
obtain

q (B (Pan(A)VI(0) + Pros.o(A)VI2(0))) (58)
:2q(K) + 2q(m) + 2q (Psm(A) \/Mﬂ?(()) + PCOS,I(A) mx(o)) (59)
=0 (2N (dexpro)N (r0) ((K )N (r0) +2(m)) + dexpN (dexprio) (a(i(0)) + q((0) + 2q(m))

(60)
Putting it all together,

4Py (H)(0)) (61)
=q (Peos(A)VM(0) = Paino (A)VM(0)) + (B! (Pan(A)VM(0) + Peos,o(A)VM(0)))

(62)
=0 (2N (dexpro)N (r0) ((K )N (r0) + 2(m)) + desp N (dexprio) (a((0)) + q((0)) + 2q(m))
(63)

From Lemma 3, for ¢ < /18 we can estimate v' Pey, (H)1(0) classically with a probability at
least 1 — ¢ and an additive error /2 in

o (o2

2

(4 Py (H)(0)) + sq(v») (64)
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=0 (L) (@ A o) (r0) @ FON ) + 20(m)

(65)
+ dexpN (dexpro) (q(£(0)) + q(2(0)) + 2q(m)) + SQ(U)))
-time. Emphasizing the dependence on t, € and §, we can write the complexity
~ (t*TPlog (1/6)
0 (62 ) | (66)
O

Inspired by Ref. [6], we define another problem, where we calculate kinetic and potential energy.
Problem 2. Lett € R be an evolution time. Suppose that we are given

e query-access to 2(0) € RV,

e query-access to v(0) € RV,

e query-access to m € RN, where m; is the mass of i-th point mass for alli € {1,...,N},

e query-access to K € RV*N where Kij = Kij,

e total energy: E =15, m;i;(0)% + 3 3, kiwi(0)? + %ij kij(2:(0) — 2;(0))?,

o a subsets of masses V C {1,...,N} and a subset of springs X C {1,... N(N +1)/2},

e query-access to V.= Vy +Va = > .y, eie;[ + D iex eie;r e RINHEN(N+1)/2)x(N+N(N+1)/2)
where e; 1s a unit vector with an 1 in the i-th position and zeros elsewhere,

e (-sampling-and-query-access to ¥ (0) = \/%((\/ Mz(0))T, (iBTV/Mz(0))T)T € CN+NN+1)/2,

Then the goal is to estimate Z € C such that

Ky(t)+ Ux(t
E
where 1
— ()2
Ky(t) = 3 Zm,xz(t) , (68)
%
is the kinetic energy of the masses in V at time t and
1 1
U)((t) = 5 Z I{“‘(Ei(t)Q + 5 Z Iiij ((El(t) - $j (t))2, (69)
i:(i,i)EX j>i:(i,5)EX

1s the potential energy of the springs in X at time t.

Corollary 1. For ( < &/27, we can solve Problem 2 classically with a probability at least 1 — 4.
The runtime of the classical algorithm is
log (1/6
0BG (N gl (ra)a()
(70)

+ dexpN (dexpro) N (ro) (3q(K) + 3q(m) + q(V) + 2q (¢:(1))) + 3‘1(1/)(0)))) :

where dexp = O(t\/N(70)Kmax/Mmin + log(1/¢)) and
q(¢2(t)) = O (dZ N (dexpro) N (ro) (q(K)N (1) + 2q(m))
+ dexpN (dexpro) (a(#(0)) + q((0)) + 2q(m))) .

, or emphasizing the dependence on t, € and §, given the spatial dimension D,

9] (t3+2Dlog(1/6)> ) (72)

2

(71)

Accepted in {Yuantum 2026-07-15, click title to verify. Published under CC-BY 4.0. 15



Proof. Using some equations used in the proof of Theorem 2, the kinetic and potential energy is
written as:

B2 U _ (1)t s) = (0= Ve (0)  0(0) Py ()Y Prsg(HYE0). (73)

This implies that, if we have /3-approximation Pey,(H) of eIt and estimate 1(0) Pexp (H) TV Pexp (H)(0)
within an additive error £/3, then we obtain the overall error . Note that the degree of Pey,(H)
iS dexp = O(t\/N(ro)mmaX/mmin +log(1/¢)) as in the proof of Theorem 2.

Now we construct a query-access t0 Pexp(H)TV Pexp(H)1(0). Using the notation used in the
proof of Theorem 2,

Pexp (H)'V Posiy (H)(0) (74)
Pcos (A) lPsm (A)B W 0 cos( ) ZBP%ln(BTB)
B (z‘Pem<B*B>B* Poos(B'B) ) ( 0 Vx) (zB Pin(4)  Pun(B'B) ) v (0) (75)
_ cos 77;Psin(A)B W 0 1 cos( )\/7l‘( )_ sin v( )\/M.I(O)
N (_Zpsm BTB Preos BTB) ) ( 0 VX) \/ﬁ ( ( sm( )\/755'( ) + Pcos,x(A)\/Mx(o))>
(76)
_ < cos 7/P51H<A)B) (VV 0 > 1 ( (A)\/ix(o) - sm v( )\/M{IJ(O) >
Pain( BTB Peos(B'B) VxB' \/7 1058 (A)rx(O) Preos,z(A )\/MI(O))
(77)
os —iPyin(A)BVy BT (1)
<2P5m 5o, VBV, Pao. (B B)VAB! ) ' ( )) (78)
< cos( )VV¢U( ) ZPSln(A)BVXBT¢x( ) > (79)
—iPsin(BTB)B'Vy¢, (t) + Peos(BTB)Va Bt .. (t)

( Pain(A )\/755( ) +

where ¢,(t) = \/T( Peos(A )\/7x( ) = Piinw(A )fm( )) and ¢, (t) =
Pros,z(A )\/73:( )). In the proof of Theorem 2, we have shown that

q(9u(t)) = q(=(1))

=0 (dgpN (dexpr0) N (70) (q(K)N (o) + 2q(m)) + dexpN (dexpro) (q(2:(0)) + q(2(0)) + 2q(m))) -
(80)

2

From now, we consider each term in Eq. (79) respectively. The i-th entry of V3¢, (t) can be
calculated by querying the (i,)-th entry of V3, and the i-th entry of ¢, (t) since V3, is a projector
and a diagonal matrix. Thus q(Vy¢,(t)) = g(V) + g(¢,(¢)). Combined with Lemma 2, we obtain

q(Pcos( )Vv%(t))
=0 (dZ yN (dexpr0) N (10)@(A) + dexpN (dexpro) (a(V) + q(90(1)))) -
Next, we consider Py, (BTB)B'Vy,¢,(t). We define BTPSm,m(A) = Py, (BYB)BT, which is well-

defined since Py, is an odd polynomial. It is easy to see that q(Prin o (A)Vydu (1)) = O(q(Peos(A) Vv (1))).
In the proof of Theorem 2, we have proven that, for any vector u,

(81)

a(BTu) = 2q(K) + 2g(m) + 2q(u), (82)
which implies that
qa(Pan(B'B)B V¢, (1))
:q(BTPsm,z (A)Vv¢v (t)) (83)
=2q(K) +2q(m ) + 2Q(Psin m( YW, (t))

=2q(K) + 2q(m) + O (42N (dexpro) N (r0)q(A) + dexpN (dexpro) (a(V) + a(60(1)))) -
)

In order to analyze Py, (A)BVyB¢,(t), we compute q(Bu) for any vector u. Observing that

(il B = Z\f (- Z\/> (s4)
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for the i-th row of B, there are at most N (rg) non-zero entries and each element has the form of
VKij/m;. Querying all non-zero entries of the i-th row of B and their positions and computing
corresponding N(rg) elements of u, we can calculate the i-th entry of Bu. Thus

q(Bu) = N(ro) (¢(K) + q(m) + q(u)), (85)
holds. Using Eq. (82) and Lemma 2, we obtain

q( MH(A>BVXBT¢I (1)) (86)
=0 (d2 N (dexpr0) N (r0)(A) + dexpN (dexpro)q (BVa Bl ¢,(t))) (87)
=0 (A2 N (dexpro) N (10)(A) + dexpN (dexpro)N (r0) (q(K) + g(m) + g (Ve B ¢y (¢ )))) (83)

(dexpr0)N (10)@(A) + dexpN (dexpro)N (10) (3q(K) + 3g(m) + q(V) + 2q (¢ )(

=0 (dexp N

89)

Finally, we consider Pe.os(BTB)VyBi¢,(t). We decompose Pe..s(BB) into the identity term and
another term such that agl + Peos i(BYB) := Peos(BTB). Furthermore, we define BT Peos i (A)B =
Peos,i(BYB), which is well-defined since Peosi(BB) does not have an identity term. Observing
that

Proos(BTB)Vy BT .. (1)
=aoVa B¢y (t) + Peosi( BT B)Va BY ¢, (t) (90)
=aoVa B ¢, (t) + BY Pros in(A)BVa BT (1),

from Egs. (82), (85) and Lemma 2, we obtain

q (Peos(BTB)Vx B¢, (1)) (91)
=q (a0VxB'¢.(t)) + q (B' Peos,in(A) BVx BT ¢4(t)) (92)
=q(V) + q (B'¢.(t)) + 2q(K) + 2q(m) + 2q (Peos,ic(A) BVx B ¢5(t)) (93)
=4q(K) +4q(m) + q(V) + 2q (¢x(1))

+ 0 (dexpN (dexpro) N (10)g(A) + dexpN (dexpro) N (r0) (3q(K) + 3q(m) + (V) + 2 (¢a(1))))
(94)

=0 (dgxpN(dexpTO)N<rO)q(A) + dexpN(dexpTO)N(TO) (Sq(K) + 3q(m) + q(V) + 2(] (¢I (t)))) .

Combining Eqs. (81), (83), (89) and (95), we get

q (Pexp(H)TVPexp(H)wa))) (96)
=q(Peos(A) V(1)) + q(Pein (BT B) BT V3, (1))

+ q (Pn(A)BVx B¢, (t)) + q (Peos(B'B)Va Bi ¢, (1))

=0 (2N (dexpro) N (r0)q(A) + descpN (dexpro) N (r0) (3q(K) + 3q(m) + q(V) + 2q (¢4 (t))))(7 |

98

where we used q(¢,(t)) = O(q(¢,(t))) in the last equality.
From Lemma 3, for ¢ < /27 we can estimate 1)(0) Poxp(H) 'V Pexp (H)1(0) classically with a
probability at least 1 — 0 and an additive error £/3 in

0 (20 (a1 1V Py 1170100 + 500 o
log (1/0
:O( g;/ )

(dgxpN(deXPTO)N(TO)q<A)
(100)
+ dexpN (dexpro) N (r0) (3q(K) + 3q(m) + q(V) + 2q (¢.(1))) + sq(w<0>>))
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-time, where

@ (62(t)) = O (dZepN (dexpro) N (r0) (q(K)N (r0) + 2q(m))

_ (101)
+ dexpN (dexpro) (q(2(0)) + q(2(0)) + 2g(m))) -

Emphasizing the dependence on ¢, € and d, we can write the complexity

9] (W> ) (102)

22
O

According to Corollary 1, classical computers can calculate kinetic and potential energy in
O(d3}2P /e?)-time while the runtime of the corresponding quantum algorithm is O(dexp/€) [6].
This is one of the demonstrations that the time complexity of classical algorithms differs from that

of quantum algorithms only polynomially.

5 Computational complexity of simulating short-time dynamics under
the geometrically local matrix

In this section, we show that the computational complexity of simulating short-time (i.e. t =
polylog(N)) dynamics under the geometrically local matrix is upper-bounded by that of polylog(N)-
time probabilistic classical computation and is lower-bounded by that of polylog(N)-time and
O(n)-space probabilistic classical computation. To this end, we first show that polylog(N)-time
probabilistic classical computers can simulate the short-time dynamics. In Sec. 3 and Sec. 4, we
have provided the dequantized algorithm for estimating the quantity given by this short-time dy-
namics. However, this is insufficient as a result of classical easiness since it does not address the
sampling problem, which is considered a more challenging task in the context of quantum advan-
tage. In the following, we thus show that sampling from the short-time evolved state under the
geometrically local matrix can also be simulated classically.

5.1 Classical sampling simulation of short-time dynamics under the geometrically local
matrix

Here we provide the polylog(NN)-time classical algorithm that simulates the sampling from the
quantum state which evolved for a short time under the geometrically local matrix of size N x V.
In the following, we assume that the time evolution operator e?* is approximated by a polynomial
transformation of A such that || P, (A) — e?|| < &, where the degree of Peyp, is at most dey, =
O(poly(t,n,1/e)). When A is anti-Hermitian, we can set the degree as dexp, = O(|| At +1og (1/¢))
as in Ref. [21]. The following lemma ensures that the state approximating the time evolved state
by polynomial transformation also approximates the output probability distribution in the total
variation distance.

Lemma 4. Lett € R be an evolution time and e € (0,1] be a precision. Suppose that A is a square
matriz and ) is an initial state. Assume that Pexp is a polynomial of degree dexp that Pexp(A)
e-approzimates et such that || Pexp(A) — e|| < e. Let p?PP := pFow (V) gpg pexact .— e 1) be
the output distributions of Pexp(A) [¢0) and €At [¢)). Then the total variation distance between p*PP
and p®a°t s upper-bounded by

2¢e

|papp _ pexauct|t S .
T et ) |

(103)

Proof. Let |Pexp(A)¥)y = Pexp(A) [¥) /|| Pexp(A) [0) || and [e**9)y = e |9)) /e [¢) || denote

the normalized state and note that p/Per(A¥)x = pPen(DW) = parp and ple ¥In = pe™'I¥) =
pexact‘
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First, we show that || |Pexp(A)1h)y — |e2)y || < 2¢/|leA [¢) ||. For any vectors u and ¢ such
that ||¢]| = 1, we have
‘ [lull H H lull

Substituting u = Pexp(A) [10) /]|e4 [¢) || and ¢ = eAt |b) /||e? |¢) || into the above inequality, we
obtain

+ [l — ¢l < 2|lu— g (104)

At At
. o v 1A Pap@)]8) et H o
[Pexp ()0 =™ | = HIIPexp DT T T 0 (105)
2 AT | o | Pexp(A) [00) — e [0)| (106)
2T (107)

Recall the well-known fact that, for two quantum states |¥) and |®), when || |¥) —|®) || < ¢,
we have [p/¥) — pl®)|;, < e. Then we obtain

2¢e

|papp _ exau:‘c|t S .
T et ) |

(108)

O

From the above lemma, we only have to sample from the probability distribution pFee(A1¥) of
P..p(A) |¢). To this end, we use rejection sampling which is a method to sample from the hard
distribution Pexp(A) |¢0) given the sampling-access to some easy distribution p°¥*. In the standard
rejection sampling scheme, we need a query-access to the normalized target state | Pexp(A)1)y. In
our case, however, we have a query-access to the unnormalized state Pexp(A) |¥0) but |Pexp(A)1) -
Thus we have to show that rejection sampling works with a query-access to the unnormalized
state, i.e., without the exact knowledge of the normalization factor. The following lemma provides
the robust rejection sampling with a query-access to the unnormalized state, which is the slightly
modified version of Proposition 4 in Ref. [42]. Note that, from the triangle inequality, we have

le* 1) I = & < | Pesp (A) [9) || < lle™* ) || + &

Lemma 5 (Robust rejection sampling with a query-access to the unnormalized state). Let p € RY
be a probability distribution and u € CV is a vector such that amin — € < ||u|| < Amax + € for some
known amin and amax. Suppose that we are given

o (-sampling-and-query-access to p,
e query-access to u,

e a real number ¢ > 1 such that % <1 holds for alli € {1,...,N}.

Assume that 0 < e < #5in gnd 0 < ¢ < Smin  Then we can sample from the probability distribution

166 -
p’ such that [p’ — p"liv S 16¢¢ /a2, with a probability > 1 — 6 in O((sq(p) + q(u))a«j’ log (1/6))-
time. -

min

Proof. Our sampling procedure is as follows:

(i) Take a sample i € {1,..., N} from the probability distribution p such that |p—pltv < ¢ using
(-sampling-access to p.

(ii) Take ¢ uniformly at random in [0, 1].

(iii) If ¢t < |gl‘ then output ¢, otherwise output failure.
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First, we evaluate the success probability pacc of this procedure. We have

. i T TN BRI 1 A PO L s
e ¢p1 i1 ¢pz i—1 ’ (25177 ¢ i1 ’ prz
and thus, from the assumption |Z;‘; <1 for all 1,
lull?] _[S=,.- S ~
Pace = | = > (i < b — pil =2lp — Pl < 2¢ (110)
i=1 g i=1
‘We obtain | ”2 I ”2
u u
Then we have
o 1 ¢
I S G G 112
Tl +26¢ = pce = Tl — 26 (112)
o ( 2¢¢ ) 1 o ( 4¢C>
1- <— < 1+ (113)
[Ju]|? ull?) =~ Pace ~ [Jull? [[ull?

2

min flull
for0<¢<? e < Z¢> .
Let p' : {1,...,N} — [0,1] be the output probability distribution of the above procedure
conditioned on success. We have 5 s ?
’ Di|Ui
- Pl 114
! pacc¢pi ( )

for all i € {1,..., N}. We can see that p’ is close to the desired distribution p“:

N ~
P = p"lev = EZ Difel® il (115)
2 i=1 pacc(bpi HU||2
N N
1 pi|ui|2 |U7,|2 1 Pz
== - + = 116
2 ; paCC(bpi Hu”2 2 ; pacc¢pz ( )
N N
1 pilwl* Ju] 1 (pi — pi)|uil®
=z - + = 117
2 ; pacc(bpi Hu”2 2 ; paeod’pz ( )
1| [Jul® ‘ 1
pacc(b accl |t ( )
20¢ ¢ ( 4¢C>
< + 1+ (119)
[l Jlul? [[ul?
16¢¢
< (120)

for 0 <e < “gin and 0< (<= ‘“(’;
Now we prov1de the number of repetitions required to obtain the success probability > 1 — 4.
When we repeat the procedure s times, the failure probability is upper-bounded by

a2 i ® 2
(1 = Pace)’ < [1——in) < e Omin®/8¢ (121)
8¢
since pace > ”";” —-2¢ > "““ - é‘:};“ > "(‘z;“. Thus, if we choose s = a8¢ log (1/6), the success

probability is lower—bounded by 1 —4.
The runtime for one trial is given by 2sq(p) + g(u). Thus, to get one sample, the overall

complexity is O((sq(p) + q(u)) aé’:n (1/8)). O

Accepted in {Yuantum 2026-07-15, click title to verify. Published under CC-BY 4.0. 20



To perform rejection sampling, we also need a sampling-access to some easy distribution p°ver
with an appropriate property. That is, we need an easy distribution which oversamples the desired
distribution p!/fe»(A¥)x with a small oversampling parameter ¢ (defined in Lemma 5). Now we
demonstrate how to get this distribution. Our strategy is just sampling from the initial state |¢)
followed by sampling from the uniform distribution over the region determined by the light cone.

Lemma 6. Suppose that A € CN*N s an (ro, N(ro))-geometrically local matriz and we are given
o (-sampling-and-query-access to a quantum state |1)) € CV.

Let P € C[z] be a polynomial of degree d. Then we can sample from the probability distribution p’
such that |p’ — p° |ty < (, where p°°" satisfies that % <1 forallie{l,...,N} and
6 = ||P(A)|2N (dro), in sq(u)-time.

Proof. Our sampling procedure is as follows:

o Take asample i € {1,..., N} from the probability distribution /¥’ such that [pl¥? —pl¥)|, <
¢ using (-sampling-access to |¢).

o Take j uniformly at random in {j|d(i,j) < dro}.
This procedure generates the probability distribution p’ such that

f_ 1 Pk
ne X G Eaa 122)

j:d(3,5)<drg

When ¢ = 0, p’ coincides with the desired probability distribution p°’" such that

over __ 1 W’) 1 2
W= X fmagmEaa® © 2 g H a0

3:d(i,5)<dro J:d(i,5)<dro

First, we show that p’ is close to p°Ver:

|p' _ pOVer|tv = 5 Z ‘pz OVer| (124)
N
SEZ 2 = ‘ﬁj _Plf/})‘ (125)
2 A (i) <dro [{k|d(j, k) < dro}]
N
:12 Z X p >—p'f”‘ (126)
2o i ean, Kl ) < dro 1P
N
< 33| -] .
=1
e (128)
- (129)

Now we show that p°v* || P(A)||> N (drg)-oversamples P(A)|¢). First, we consider the subnor-
malized state |P(A)Y)qy = P(A)|¢) /|| P(A)||. Let b; denote the i-th element of |P(A)1)gy. Due
to the locality of P(A) (see Lemma 1), b; can be written as a linear combination of N (drg) terms

of [t) )
b= Y dj =aly, (130)
J:d(i,5)<dro
where a and @Z are N (drg)-dimensional vectors with elements a; and ;. Note that a satisfies
la|]| < 1 since H % H = 1. Define the normalized vector \; := a/||a|| and construct a orthonormal

basis {A1, ..., A(aro)} of N (dro)-dimensional subspace. Then we can observe that

Yoo gl =9t =4 (ZA A*)

J:d(i,5)<dro

~12
> [l (131)

"2 N =

la ||2
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Combined with the fact that

over __ 1 12 # P
W2 TEaG R a2 M) ) > Il (132)

J:d(i,5)<dro

we obtain
(PAE bl

over — S 1 (133)
N (dro)p§ Zj;d(i,j)gdro ;>

for all 7. This leads to

(P _ [(PA))sn)il* _

= , 134
PPN o™~ N(drow™ = 13y

which implies that p°¥ || P(A)||2N (drg)-oversamples P(A) [1)).
It is easy to see that this procedure only requires a cost of sq(¢)). O

Now we are ready to sample from the desired distribution peAtW).

Theorem 3. Let t € R be an evolution time. Suppose that A € CN*N s an (rq, N'(ro))-
geometrically local matriz with spatial locality ro € Ry, |¢) is a quantum state and we are given

o (-sampling-and-query-access to ),

o query-access to A.

< At be an

upper bound on norm of the time evolution operator. Assume that Pexp is a polynomial of degree
dexp such that Pex,(A) e-approzimates e such that || Pexy(A) — e[| < e, and that 0 < & < %min

2
and 0 < ¢ < WM Let pa<t .= pe™*1¥) be the output distributions of et [v). Then we
oxp

exp

Let amin < [|e [9) || be an lower bound on norm of the solution vector and ex, > ||e

can sample from the probability distribution p such that

64a§xpN( expTO)g + 2e

2 )
Qlhin Omin

|'p~_pexact|t (135)

classically with a probability > 1—4§ in O ((deXpN(To) (A) + dexpsq(v)) N(dexpro)ij—*}’ log (1/6)) -
time. o

Proof. Let p?PP = pFeer(AI¥) he the output distributions of P..p(A) |¢). Then, from Lemma 4,

we have
2e

|papp _ pexaLct|tV S . (136)
lleAt[¥) |

Thus we consider how to sample from p®PP
Our sampling procedure is as follows:

(i) Take a sample i € {1,...,N} from the probability distribution p°¥¢" such that |p°V" —
PV |y < ¢, where p°V° || Poxp (A)||2N (dexpro)-oversamples Peyp(A) |10).

(ii) Take ¢ uniformly at random in [0, 1].

(iii) Ift < 40)5 e""((dili]‘;ﬁi))plove” then output i, otherwise output failure.

According to Lemma 6, we can sample from p°V®" in sq(1)-time. Note that poVe" also 4anpN (dexpTo)-
oversamples Poy,(A) [10) since || Poxp(A)| < |let||4+¢& < 20exp. Now we have (-sampling-and-query-
access to p°¥*". Combined with Lemma 5 for p = p®", u = Pexp(A) [¢0) and ¢ = 4a2, N ( expro)
we can sample from the probability distribution p such that [p— p*PP|e, < 6402, N (dexpro)/Onin
with a probability > 1 — ¢ in O((sq(p°*®") + q(Pexp(4) [¢))) e""7”"%)1 og (1/§))-time. Consid-

ering that sq(p°¥*") = sq(v¢)) and
q(Pexp(A) [¥)) = ( expN(deXpro)N(TO)Q(A) + dEXDN(deXpTO)Q(d’)) ) (137)
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(see Lemma 2), we obtain the overall complexity

Oé2

0 ((SQ(w) + dgxpN(deXPTO)N(TO)Q(A) + deXPN(dEXPTO)(I(w))N(deXPTO) ;Xp log (1/5)> (138)

min

2

—0 ((dixpmro)qm) + oy 50(1) N (despro)* =52 log <1/6>> . (139)

min

O

It is noteworthy that the complexity of quantum algorithms for generating the solution state
AL |4 /|let 1) || is of the form

~ (maxg<, < ||eA7|| )
0 ("d <p | (140)
leAtfp)y |
see e.g. Refs. [9-11, 15, 23-25]. In this work, we only consider O(n)-qubit quantum algorithm that
At
runs in poly(¢,n)-time, which means that He“ftﬁ < 22 = poly(t,n) and dexp = poly(t,n). As

a result, our classical algorithm runs in poly(¢, n)-time and poly(¢,n)-space. Thus the O(n)-qubit
quantum algorithm for short-time dynamics under the geometrically local matrix can be simulated
classically even when we consider the sampling from the solution state.

5.2 Short-time dynamics of the 1D geometrically local Hamiltonian can simulate clas-
sical computation

Next we show the opposite direction, that is, the computational complexity of simulating short-
time (polylog(/V)-time) dynamics under the geometrically local matrix is at least as hard as that
of polylog(N)-time and O(n)-space probabilistic classical computation. To this end, we embed
the classical reversible circuit to some simple geometrically local Hamiltonian. In the following,
we consider the system of classical coupled harmonic oscillators to show a hardness result for a
physically meaningful system.
First, we construct the Hamiltonian based on the standard Feynman-Kitaev circuit-to-Hamiltonian

construction [2, 4]. To embed the circuit to the Hamiltonian of classical coupled harmonic oscilla-
tors, we use the following construction:

L
Api = 21—2(|z+1> (& U + 1) <z+1|®UJ), (141)
=1

where U = Up...U; is a n-qubit unitary operator generated by L = poly(n) = polylog(N)
classical reversible gates, e.g., {X, CNOT, Toffoli}. When Uy, ..., Uy are classical reversible gates,
the above Hamiltonian Apg € CUEFDZ"X(LAD2" can be viewed as (1,N(1))-geometrically local
Hamiltonian on one-dimensional lattice with A/(r) = 2r 4+ 1. Intuitively, this Hamiltonian can be
understood as tracking the classical computation for all 2™ possible inputs, and therefore it can
be viewed as a collection of 2" independent one-dimensional geometrically local Hamiltonians of
length L + 1. We can see this formally as follows: We consider the two-dimensional lattice of
size 2™ x (L + 1), whose sites correspond to some computational basis state, as shown in Fig. 3.
The indices of this lattice is determined as follows: The sites in the [ = 1-th column represent
the input computational basis states. For simplicity, we assign them from top to bottom as
[0),]1),...,|2" — 1), and label them the indices (0,1),(1,1),..., (2" —1,1). The sites in the [ = 2-
th column represent the output computational basis states after U; is applied. That is, if | f1(¢)) :==
Ui |i), then the sites named (i,1) and (f1(7),2) are connected. In this way, we can determine
all indices in the [ = 2-th column uniquely since Uj is a classical reversible gate (i.e., basis-
preserving). In the same manner, we can also uniquely assign the indices for the sites in the columns
l=2,...,L+ 1. For example, the site in the k-th row and the [-th column has the index (f;—1 o

o f1(k),1), where |fi_10---0 fi(k)) = Uj_1...Up |k), and corresponds to the computational
basis state |I) |fi—1 0--- 0o fi(k)). From the above discussion, we can map the interactions of the
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Figure 3: The underlying two-dimensional (inherently one-dimensional) lattice of the reduced Hamiltonian in
Eq. (141).

Hamiltonian Apk onto the two-dimensional lattice in Fig. 3 with m; = 1, k;; = 0, and k;; € {0,1}
(i # 7), which is inherently one-dimensional and has nearest neighbor interactions A (r) = 2r+1. It
should be noted that this argument is solely intended to demonstrate geometric locality, and that no
explicit classical computation is required when the quantum algorithm simulates the corresponding
dynamics. Also, the Feynman—Kitaev Hamiltonian may appear to be geometrically local even for a
universal gate set since that Hamiltonian can be regarded as a one-dimensional tight-binding model
on the clock register. However, this does not hold, since geometric locality in classical systems
is defined with respect to the computational basis state, and the dequantized algorithm use the
sampling in this basis.
Next, we consider the time evolution of classical dynamics discussed in Sec. 4.1:

§(0) +iv/Arcy(t) = VIR (5(0) +iv/Arxcy(0)) (142)

with y(0) = 0 and ¢(0) = |1)|tho), and discuss how to obtain the sufficiently large overlap with
the desired state for some time ¢t = O(L?log(L)). The discussion below is well-studied (see

g. [6, 62, 63]), so we provide a sketch of the proof. The Feynman-Kitaev Hamiltonian can be
expressed as the product of two operators

L L
W= [l+1)(+1@U...Uy, J:=2 Z|z+1 YA+ (I +1) @1, (143)

such that Hpx = WJWT. Then the solution to Newton’s equation is written as

j(t) = Re (eimt 1) |¢0>) — cos ( AFKt) 1) [4bo)

L+1 (144)
= W cos (ft)W”l [1ho) = Z HIH@U—1...Ug o),

where the coefficients «;(t) is given by

cos (\F t)m 3 a(t)|I) . (145)

=1

+

Thus we only have to analyze the time evolution under J to achieve the inverse polynomial overlap
lar1(t)]? = Q(1/poly(n)) = Q(1/polylog(N)). According to Ref. [6], there exists a probability
distribution p(t) such that

3

T
;MWQLH@)F RPTIAD)) < 2, (146)
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for T = O(L*log(1/e)). Choosing ¢ = 1/(4(L + 2)), we obtain that ZtT:Op(tﬂaLH(t)P =
Q(/L) for T = O(L*log(L)). This implies that there must exist a t = O(L?log (L)) such
that |ar1(t)]? = Q(1/L). Thus we can simulate the classical reversible circuit Uy, ... U [to) in
polylog(N)-time by simulating this classical system for all ¢t € {1,...,T = polylog(N)}. It is easy
to see that the Hamiltonian discussed above can be simulated by an O(n)-qubit quantum algorithm
in polylog(NN)-time. This finishes the proof.

Note that we can also establish the perfect overlap |az41(t)]? = 1 for t = 2nL = O(L) by
adjusting the weight of J as in Ref. [6] (see also Ref. [62]). This problem is known as perfect state
transfer [64-66], and we can use the “mass—spring chains” version of this result [67-69].

Here we discuss one corollary of the above result. Theorem 3 indicates that a short-time
evolved state e ~*H! |¢)) under the geometrically local Hamiltonian is classically simulatable in the
weak sense. On the other hand, we can also observe that such a state cannot be simulated in the
strong sense (i.e., simulation of any marginal probability of the state) as a corollary of this Section.
This is followed by the fact shown in Ref. [70] that strong simulation of HT circuit (first a layer
of Hadamard gates which are applied to a subset of the qubits, followed by a round of classical
reversible gates, e.g., {X, CNOT, Toffoli}) is #P-hard.

6 Computational complexity of simulating long-time dynamics under the
geometrically local matrix

In this section, we show that the computational complexity of simulating long-time (poly (N )-time)
dynamics under the geometrically local matrix is equivalent to that of poly(NN)-time and O(n)-
space quantum computation. In this work, we only consider the quantum algorithms that run in
poly(t, n)-time, and thus the long-time dynamics under the geometrically local matrix with system
size of N = 2™ is simulated by quantum computers in O(t) = poly(N)-time and O(log (N)) = O(n)-
space. Thus we prove the opposite direction in next Subsection 6.1.

It is worth explaining why the dequantization technique for the short-time regime cannot be
extended to the long-time regime. For a geometrically local matrix, the time-evolution operator
has an effective light cone, that is, information initially localized at a site affects only sites within
a region of radius growing with the evolution time. Our dequantized algorithm relies on this
light-cone property. In the short-time regime, this radius is at most polylog(N), and therefore
the resulting dequantized algorithm has a complexity of polylog(XN) = poly(n). In the long-time
regime, however, the radius can be poly(N), so our dequantized algorithm may require poly(NV)-
time and poly(N)-space. Thus this dequantization technique does not yield a classical simulation
with resources comparable to poly(/N)-time and poly(n)-space quantum algorithms. Also note
that this long-range information propagation in the long-time regime effectively induces long-range
interaction, which enables us to encode quantum circuits into the long-time dynamics.

It is also worth discussing the implication of this result of universality. From this result,
we can say that simulating the long-time dynamics of such geometrically local systems has a
super-polynomial quantum advantage unless any exp(n)-time and poly(n)-space quantum circuit
is simulated by classical computation with the same resources. This can be understood from
two perspectives of time and space complexity. First, if we are given a classical resource of only
exp(n)-time, classical computers can simulate the exp(n)-time and poly(n)-space quantum circuit
using exp (n)-space by the direct calculation of multiplication of matrices and vectors. In this case,
quantum computers obtain an exponential space advantage over classical computers. Second,
if we are given a classical resource of only poly(n)-space, classical computers can simulate the
exp(n)-time and poly(n)-space quantum circuit using exp (n?)-time. This can be accomplished by
the state-of-the-art classical algorithm in Theorem 4.1 in Ref. [71]. Thus, in this case, quantum
computers have a super-polynomial time advantage over classical computers.

6.1 Universality of long-time dynamics under the 2D geometrically local Hamiltonian

Now we show that the computational complexity of simulating long-time dynamics is at least as
hard as that of poly (IV)-time and O(n)-space quantum computation. To show this, in the following,
we show that quantum circuits with n-qubit and poly(IV)-depth can be simulated by the long-time
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dynamics of coupled harmonic oscillators with geometrically local interactions. Our construction
is based on Ref. [6].
First, we construct the Hamiltonian as in Sec. 5.2:

L
Ap = 31_Z(|z+1> (U +1) <z+1|®UJ), (147)
=1

where U = Uy, ... U; is a n-qubit unitary operator generated by L = exp (n) = poly(N) quantum
gates belonging to a universal gate set of {H,CNOT, Toffoli}. Without loss of generality, we
assume that all Hadamard gates H act on the last qubit to impose locality to the Hamiltonian
Ap,. We add CNOT gate which can generate SWAP gates so that we satisfy the above property of
Hadamard gates, while only {H, Toffoli} is a universal gate set [72, 73].

The Hamiltonian of a classical system of coupled harmonic oscillators A = /M 71F\/]\7[ -
defined in Sec. 4.1 has non-positive off-diagonal terms. However, the Hamiltonian in Eq. (147) has
positive terms since the Hadamard gate has a negative term, so this Hamiltonian does not imply
that classical system. To address this issue, we add one ancilla qubit and use the dilated version
of the Hadamard gate as used in Ref. [6] (see also Refs. [74, 75]):

1 (L I
Han '_\/5(12 X), (148)

where I, is the identity operator on the two-dimensional space and X is the Pauli X operator.
Note that Hygj is not a unitary operator. However, we can observe that Hy; acts as the unitary
operator H within the subspace where the last ancilla qubit is |—) since

1 (I, I, 1 (I, I
Hai (1 —)) = — I )= — I ) =(H® I) (I —).
wnol-)=—7 (7 )eeln=2 (7 5)he)-wen kel
(149)
This concludes that the new Hamiltonian
L
Apan=31=>" (R+ 1) @le Wi+ 1) ¢ +11eW/), (150)

=1

where W; = Hyj if U; is the Hadamard gate and W, = U; ® I otherwise, has the same operation as
Ar, on the subspace where the last qubit is |—). Note that Ay, qi has only non-positive off-diagonal
terms and is diagonally dominant since the absolute value of the sum of the off-diagonal elements
of the fixed column is upper-bounded by 1+ 2/4/2. Here, without loss of generality, we assume
that our circuit does not have two consecutive Hadamard gates since Hadamard gates act on the
same qubit.

Now we have another issue that the classical system which Ay, 41 implies has non-local interac-
tions. As shown in Fig. 4, this non-locality comes from CNOT and Toffoli gates while Hadamard
gates can be represented by 3-local interactions. To solve this, if W; is CNOT or Toffoli gate, we just
decompose W; into the product of unitaries which can be represented by 2-local interactions. As in
Fig. 5, W; can be decomposed into the product of at most O(22") unitaries W; = Vi,ozny -+ - Vi,
where each unitary V;; exchanges only two adjacent computational bases. Using this decomposi-
tion, we obtain the final Hamiltonian:

Lx0(2%™)
AL,local =31 — Z (|m =+ 1> <TTL| ® Vm + ‘m> <m + 1| ® V'rJrrL) ’ (151)

m=1

which is (3, NV(3))-geometrically local Hamiltonian in two-dimension.
Finally, we consider the time evolution of the classical system discussed in Sec. 4.1:

y(t) +Z AL,IocaIy(t) = ei v AL locatt (y(()) +'L AL,localy(O)) ) (152)

with y(0) = 0 and ¢(0) = |1) |1)o) |—), and discuss how to obtain the overlap with the desired state
for some time t = O(L?2"). The discussion below is almost the same as that in Sec. 5.2 and
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Figure 4: An example of the underlying two-dimensional system of the reduced Hamiltonian in Eq. (150).
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Figure 5: Two-dimensional system with local interaction which has the same operation as the system with
non-local interactions in Fig. 4.
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Ref. [6]. Now the Hamiltonian Ay, joca1 Within the subspace where the last ancilla qubit is |—) can
be written as

Lx0(22™)
Al joea =31= > (Im+1) (m| @V}, + |m) (m + 1| @ V), (153)
m=1

where V! is H® I if V,,, = Hay and V), = V,,, otherwise. Indeed, V,,, # Hgayi does not preserve
this subspace. However, recalling that W, = Vj g(32r)... V1 = U; ® I2, we are in this subspace
just before V,,, = Hyy is applied. All V! ’s are unitary operators, which enables us to decompose
the Hamiltonian Ai’local into the product of two operators

Lx0O(2%")
W= Y |Im+1)(m+1@V,,.. .V (154)
m=0
Lx0O(2%")
J=2— > (Im+1)(m|+|m)(m+1)) &1, (155)
m=1
such that Ay | ..) = W'J'W't. Putting it altogether, the solution to Newton’s equation is written
as

(1) = cos (v/ALtocat) 1) [10) 1) = 05 (/AL ocurt) 11} [0} =) (156)

LxO(22")+1

=W cos (V)W 1) o) | =) = () [m) @ (Viuoy - Vi lo)) @ | =), (157)

3
I

where the coefficients «,, () are given by

LxO(22™)+1
cos (\/ﬂ) W= 3 an)|m). (158)
m=1

According to the discussion in Sec. 5.2, there must exist a t = O(L?2**(n+log (L))) = poly (V) such
that oz wo(zny41(t)]? = Q(1/(L x O(22"))) = Q(1/poly(N)). Thus we can simulate the quantum
circuit Uy, ... Up |tg) = VL’XO(ZM)_1 ... Vi |¥o) in poly(N)-time by simulating this classical system
for all t € {1,...,7 = poly(N)}. This indicates that the O(n)-qubit quantum algorithm for
long-time dynamics can simulate poly(N)-time and O(n)-space quantum computation.

7 Conclusion

We have studied the computational complexity of simulating classical linear dynamics of system
size N = 2" with geometrically local interactions on quantum computers. The contributions of this
work can be summarized in three main aspects. First, we dequantize the quantum algorithm for
simulating short-time dynamics (¢ = polylog(V)) of such systems. We achieved this by dequantiz-
ing the quantum eigenvalue transformation (QEVT) for geometrically local matrices. This implies
that no exponential quantum advantage exists in this regime, even when both the initial state and
the observable are global. We further proved that sampling from the time evolved states is also
classically tractable. Second, we showed that simulating short-time dynamics is at least as hard as
polylog(N)-time and O(n)-space probabilistic classical computation by embedding the latter into
the former. Third, we extended our analysis to the long-time dynamics and showed that simulating
such dynamics is equivalent in computational complexity to poly(/N)-time and O(n)-space quan-
tum computation. This indicates a super-polynomial quantum advantage unless such quantum
computations can be classically simulated with the same resources. Our finding provides a new
technical tool to understand the complexity of classical dynamics governed by partial differential
equations and clarifies the computational boundary between classical and quantum systems.
Here, we discuss further the implications of our dequantized algorithm. In the short-time
regime, we have fully dequantized the quantum algorithm, and obtained classical algorithm achieves
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the same computational complexity as the quantum one up to a polynomial overhead. Moreover,
compared to existing classical algorithms such as forward and backward Euler methods, our al-
gorithm requires exponentially smaller time and space complexities. In the long-time regime, the
dequantized algorithm requires exp (n)-space. Thus the O(n)-qubit quantum algorithm retains an
exponential advantage in space complexity. Also, our dequantized algorithm offers no particular
advantage over existing classical methods in this regime. Developing quantum-inspired classical
algorithms that outperform conventional methods for the long-time dynamics, which is commonly
encountered in practical applications, remains a significant research challenge.

We now have several interesting future directions about our dequantized algorithm. One impor-
tant direction is the extension of our framework to nonlinear partial differential equations, which
frequently appear in real-world physical systems, e.g. Navier—Stokes equations. Understanding
whether similar dequantization techniques can be applied to nonlinear dynamics remains a signif-
icant open problem. Another avenue is to explore new applications of our dequantized algorithm.
While the geometrically local matrices we introduced are motivated by classical physical systems,
it is a valuable question whether our dequantization techniques can also be applied to problem
settings in computer science or mathematics that are not directly derived from physical models.
Further improvements of the dequantized algorithms themselves in terms of runtime and space
complexities may broaden their applicability and enhance their practical utility. In the long-time
case, our algorithm does not have an advantage over the existing classical algorithm as discussed
above. Thus improving this algorithm and showing the optimality may offer its practicality as a
quantum-inspired classical algorithm.

We also have notable open questions about our other results. For long-time dynamics, an
important open question is whether stronger classical hardness results can be established. In
Sec. 6.1, we embed quantum circuits into 2D geometrically local systems. However, the resulting
graph after embedding is not planar, which is not the case for wave equations. Thus it is essential
to show the universality of geometrically local systems on planar graphs or on 2D square lattices.
One potential approach to this problem is using the method established in the context of universal
quantum computation on quantum walk via scattering theory [75-78]. Extending this method
to the system of coupled harmonic oscillators on planar graphs or on 2D square lattices is an
interesting future direction. Finally, more intensive works that investigate polynomial quantum
speedups in simulating systems governed by geometrically local matrices are required. As shown in
Ref. [79], quantum speedups greater than quartic speedups may have a practical advantage. Thus
we need to analyze how much polynomial speedups can be extracted from this kind of problem.
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A Other Applications of the dequantized algorithm for the geometrically
local matrix

A.1 Application to the simulation of wave equations
The wave equation is written as

2

@Qﬁ(tﬂm) = 62v2¢(t,.’13), (159)

where ¢ is a wave propagation speed. After the discretization using the central difference scheme,

we obtain
d2 5 1
P (t)=—c ¥L¢(t), (160)

where L is the Laplacian operator and « is a lattice spacing. Here we note that L is an (1, N'(1))-
geometrically local Hamiltonian, where N'(r) = O(r?). Comparing the above equation to the

-1 -1

Newton’s equation §(t) = —Ay(t), where A =+vM FvM = >0, we can observe that the wave

equation is a special case of classical systems of coupled harmonic oscillators with geometrically
2

local interactions in Sec. 4.1. That is, substituting m; = 1 and ki = = Zj L;; for all 4 and

Kij = —%Lij for i # j to the Newton’s equation, we obtain the wave equation. Using this
substitution, as in Sec. 4.1, we can transform the wave equation to the Hamiltonian dynamics as

d .
3 12(1) = iHyave |2(2)) (161)
where

Hwave = <BTO sz)ave> , (162)

wave

Buyave is @ N X Ngo matrix such that Byave Bl o = g—zL,

wave

0= g ()

and V2F is a normalization factor. Also we can choose Byave as

B\];Lvavc |Z> =

The following corollary is the direct consequence of Theorem 2, which provides the complexity
of the dequantized algorithm for simulating the wave equation.

Corollary 2. Lett € R be an evolution time, a be a lattice spacing and € € (0,1] be a precision.
Suppose that we are given

e query-access to ¢(0) € RN,
e query-access to ¢(0) € RY,

RNXN

e query-access to Laplacian L € which is obtained by discretizing the wave equation,

. 2 2
e total ENnerqgy- FE = %Ez qbl(O)Q + %Zﬁ i(Zj L”)(i)l(O)Z — %% Zj>i Lz](¢z(0) — ¢j(0))2,
o (-sampling-and-query-access to v € CNTN(N+1)/2,
Then, for ¢ < e/18, we can calculate
1 o(t)
T, — ol
vieelt) =t o <z‘Bivave¢<t)) ! (165)
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classically with a probability at least 1 — § and an additive error €. The runtime of the classical
algorithm is

0 (10g<1/5> (g N (dexp) N (1)@ (L) + dexpN (dexp) (a(6(0)) + a((0))) + sq<v>)) , (166)

-2
where dexp = O((ct/a)\/N (1) +1og(1/e)), or emphasizing the dependence on t, a, € and &, given

the spatial dimension D,
~ 2D Jog (1

A.2 Application to the simulation of advection equations

The dequantized algorithm for simulating advection equations is much simpler than that discussed
above. We consider the advection equation in D-dimension with the constant velocity v:
ou(t, x)
ot

+v - Vu(t,z) =0, (168)

where u is a scalar field, ¢ is a time and @ is a spatial coordinate. As in Ref. [30], we can rewrite
Eq. (168) as
Ou(t, x)
ot
and then discretize the field v and the Hamiltonian —iv - V as

= —i(—w - V)u(t, z), (169)

u(®) = 30+ 3 ultawyysewiy) i) i), (170)

H=—inyDF@I®P7! —ju,l @ DX @ I®P~2 — ... —jupI®P~1 @ D*, (171)

a
noting that our dequantized algorithm can be applied to the case of spatially varying parameters

and various boundary conditions as long as (—iv - V) is self-adjoint. Now we set each site on
D-dimensional cubic lattice with lattice spacing 1 (: constant), which must be distinguished with
that for discretization a. Then we can observe that the Hamiltonian H in Eq. (171) is a (1, N'(1))-
geometrically local matrix, where N (r) := max;—g1, ny [{j]d(i,5) < 7} = O@P).

As a result of Theorem 1, we obtain the following statement.

where N = 2", (D* Zjvzl w(z;)|5))i = ("(mi“)_zu(mi‘l))‘i) and a is the lattice spacing. It is worth

Corollary 3. Lett € R be an evolution time, D = O(1) be a dimension, € € (0,1] be a precision
and Vmax = MaX;eq1,... p} [vi| be the mazimum of velocities. Suppose that we are given

o query-access to u(0) = Z;‘Y:l - E?;Zl w(0,2z4,,...,T55)e, Q- Qej, € RN such that
[u(O)[] < 1.

o query-access to H € RNXN" which is defined in Eq. (171),

e (-sampling-and-query-access to v € RN” such that [lv]] < 1.

Then, for ¢ < &/18, we can calculate viu(t) classically with a probability at least 1 — § and an
additive error €. The runtime of the classical algorithm is

o (bg(l/fﬂ (2N (dexp) N (1) G(H) + despN (dexp)q(u(0) + sq(v>)> ) (172)

2

where dexp = O(Dvmaxt/a + log(1/e)), or emphasizing the dependence on t, Umax, @, € and d,
given the spatial dimension D,

5 ((Dvmaxt/a)2+D log (1/5)) . (173)

2
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Proof. For some a € R, let Pey, € C[z] be the polynomial approximation of exponential function

e~ on the domain [—a, o] such that

| Paro) = e <6 NPorp@l g < 1 (174)
According to Ref. [21], there exists such an polynomial approximation of degree O(at + log(1/¢)).

Recalling that viu(t) = vfe~#!y(0), we only have to construct a e/2-approximation Peyp, of
e~ on the domain [—||H||,||H||] and estimate v Pox,(H)u(0) with an additive error /2. H is
2D-sparse and its max norm ||H||max = Umax/2a. This implies ||[H| < 2D - ||H||max = DVmax/a
and we obtain Peyp, of degree dexp == O(Dvmaxt/a +log(1/¢)). Also note that || Poxp(H)|| < 1.

As discussed earlier, H is a (1, N'(1))-geometrically local matrix and N'(r) = O(r?). Combined
with Theorem 1, we obtain a classical algorithm which calculate vf Py, (H)u(0) with an additive
error £/2. For ¢ < ¢/18, the runtime of this classical algorithm is given by

log (1/0
0 (“E G (N (o N V() + depN desg)a(u(0) + s9(0)) ). (175)
Emphasizing the dependence on ¢, vyax, a, € and J, we can write the complexity as
~ [ (Dvp, 24D 1og (1
o ((Dumat s 1/3)) (176)
€
O
A.3  Application to the simulation of single particle Schrodinger equations
The single particle Schrédinger equation is given by
d
i—(t ) = (=V*+ V(2)y(t ), (177)

dt

where V : RP — R is a potential function and D is the spatial dimension. After the discretization
using the central difference scheme, we get

FSI0) = (5L V) D), (79)

where L is the Laplacian, a is a lattice spacing and V is a diagonal matrix. It is easy to see
that Hgg == 5L+ V is an (1, NV/(1))-geometrically local matrix, where N'(r) = O(r?). Its norm

is upper-bounded by ||Hsg|| < S|L]| + V] £ (2D + 1)2D + Viyax = O(%2 + Vinax), where
Vinax = HVHmax-
Then we obtain the dequantized algorithm for simulating the above dynamics as follows.

Corollary 4. Lett € R be an evolution time, a be a lattice spacing and € € (0,1] be a precision.
Suppose that we are given

e query-access to [1(0)) € CV,

e query-access to V € RY | where V; is the potential of i-th site for all i € {1,..., N},
e query-access to Laplacian L € RVN*N

o (-sampling-and-query-access to |v) € CN.

Then, for ¢ < €/18, we can calculate (v (t)) classically with a probability at least 1 — § and an
additive error €. The Tuntime of the classical algorithm is

0 (FEG (N (g N (1) (D) + (V) + o sy a(00) + 50(0)) ). (179

where dexp = O(t(D?/a® + Vinax) +log(1/¢)), or emphasizing the dependence on t, a, Viax, € and
4, given the spatial dimension D,

O ((t(Dz/a2 + Vmax))2+D log (1/5)) .

2

(180)
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Proof. As in the proof of Corollary 3, for the Hamiltonian Hgg, there exists a polynomial Peyp €
C[z] of degree O(||Hsg||t + log (1/¢)) such that ||Pep(Hsg) — e~ 58t < ¢ and || Poxp(Hsp)|| < 1.
Now ||Hgg|| is upper-bounded by O(%; + Vinax), which provides the ¢/2-approximation Pexp(Hsr)
of e~*Hsel with degree dexp = O(t(%2 + Vinax) + log (1/¢)).

All that is left is estimating (v|Pexp(Hsg)|%(0)) with an additive error £/2. Theorem 1 provides
a classical algorithm which estimates (v|Pexp(Hsr)|¢(0)) with a probability at least 1 — ¢. For
¢ < /18, the runtime of this classical algorithm is given by

) (W (@2 N (desp)N (1) (@(L) + @(V)) + dexpN (dexp)a(1:(0)) + sq(v))) - (181

€

Emphasizing the dependence on t, V,.x, @, € and J, given the spatial dimension D, we can write

the complexity as
5 ((t(D2/a2 + Vinax))? TP log (1/6))
g2 '

(182)

O

Here we discuss this result from the computational complexity aspect. Although the system is
a single-particle system in a fixed spatial dimension, the discretized wave function over N spatial
sites is an N-dimensional vector and nontrivial spatial structure can be introduced through the
potential and boundary conditions. Therefore, it is still meaningful to ask whether the quantum
solver using n = log N qubits yields a super-polynomial advantage in n. Corollary 4 indicates
that simulating the single particle Schrodinger equation (also multi-particle with no interactions
between particles) does not yield super-polynomial quantum speedups. This fact is contrast to
the recent result [80] showing that simulating the multi-particle Schrodinger equation with two-
body interactions is BQP-complete, which implies an exponential quantum speedup in terms of the
particle number. Thus our work provides a complementary result that the interactions between
two particles are essential for exponential speedups in simulating the Schrodinger operators.
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