
Entanglement-assisted Quasi-cyclic Quantum Low-
density Parity-check Codes over Qubits
Pavan Kumar, Abhi Kumar Sharma, Karthik Bharadwaj, and Shayan Srinivasa Garani

Department of Electronic Systems Engineering, Indian Institute of Science, Bengaluru 560012, India

We construct several families of entanglement-assisted quasi-cyclic quan-
tum LDPC (EA-QC-QLDPC) codes via structured tilings of permutation ma-
trices. The entanglement-unassisted portion of the joint Tanner graph of the
proposed EA-QC-QLDPC code derived from two distinct classical QC-LDPC
codes is free of 4-cycles. Notably, one of the proposed families constructed from
two distinct classical codes requires only a single shared Bell pair between the
quantum transmitter and receiver, highlighting its resource efficiency. We also
analytically determine the exact code rates for some of the proposed construc-
tions. Furthermore, two of the proposed families of EA-QC-QLDPC codes are
derived from a single classical code whose Tanner graphs possess girth greater
than six, further enhancing their error-correcting performance.

We also propose an encoding scheme with improved complexity by exploit-
ing the proposed code structure. The performance of the proposed codes is
assessed under both random and burst error models under the depolarizing
and Markovian noise actions. Simulation results reveal nearly one order of im-
provement in error-correction performance with the quaternary block-layered
normalized min-sum (QBLNMS) decoder compared to the layered binary sum-
product decoder over both depolarizing and Markovian channels. Using the
QBLNMS decoder over a quaternary alphabet, we demonstrate that correlated
Pauli errors can be effectively handled within the decoding framework.

Furthermore, under the QBLNMS decoding, the proposed codes achieve
significant performance improvements compared to prior works and can effec-
tively handle both random and burst errors. The code constructions are scal-
able across various coding rates and quantum payloads, crucial for practical
quantum communication and computing systems.

1 Introduction
Quantum information is susceptible to errors due to decoherence (noise) and faulty gates.
As a result, preserving quantum information through quantum error correcting codes
(QECCs) becomes inevitable for realizing functional quantum computing and commu-
nication systems. The introduction of the stabilizer codes by Gottesman [1] and a subclass
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of stabilizer codes, namely the CSS codes, derived from classical codes based on the dual-
containment property [2, 3] provide a powerful framework to design QECCs from well-
known classical codes. Following this, QECCs have been extensively studied and further
developed [4]. For a more comprehensive background on general quantum codes, we refer
the reader to the article by Terhal [5].

Although quantum codes with scaling properties similar to classical codes do exist
[6, 7], they face several practical challenges. In particular, the parity checks used for error
detection and correction typically involve a large number of physical qubits for each logical
qubit [8, 9]. This becomes problematic, as high-weight parity checks are difficult to imple-
ment reliably without additional fault-tolerance mechanisms. Moreover, these checks are
often not easily parallelizable, causing some qubits to remain idle during measurements
and thereby accumulate errors. Another important consideration is sparsity, which is es-
sential for the efficiency of many decoding algorithms. These challenges closely resemble
those encountered in classical coding theory, where they were successfully addressed by
low-density parity-check (LDPC) codes. LDPC codes, introduced by Gallager [10] in the
1960s, are linear codes known for their near-capacity performance and efficient decoding.
They gained renewed attention in the 1990s with the development of iterative decoding
algorithms [11]. Structured variants, such as quasi-cyclic (QC) LDPC codes, offer excellent
error-correction performance and are well suited for hardware implementation. As a result,
QC-LDPC codes are widely used in standards like DVB-S2 [12], Wi-Fi [13], wireless sys-
tems [14], and data storage devices [15, 16]. Motivated by their structured design, efficient
encoding, and strong performance, we now turn to review their quantum counterparts.

1.1 Quantum LDPC Codes
Quantum LDPC codes are built upon sparse bipartite graph structures, similar to their
classical counterparts, but with the added complexity of handling quantum errors. Recent
research has concentrated on developing such codes viable for quantum hardware imple-
mentation. For further insights into various types of quantum LDPC codes, the readers
can refer to the review by Breuckmann and Eberhard [17].

In a landmark paper, Gottesman [18] showed that quantum LDPC codes with a con-
stant encoding rate could reduce the overhead of fault-tolerant quantum computation to a
constant. This is in stark contrast to other quantum fault-tolerance schemes, where longer
computations require suppressing errors to an increasingly smaller threshold, necessitating
larger codes and a growing number of physical qubits [19, 20, 21].

Random classical LDPC codes can achieve a constant encoding rate and a minimum
distance that scales linearly with the code length, with high probability [11, 22]. In com-
parison, constructing quantum LDPC codes along with efficient decoding algorithms under
practical quantum constraints is significantly challenging, and it remains an open problem
whether quantum LDPC codes exist that rival the parameters of their classical counterparts
[23, 24]. Despite these challenges, recent progress has been made towards improving the
performance of QLDPC codes, with several families of code constructions that significantly
outperform surface codes and color codes in terms of their asymptotic parameters [25].

Constructing quantum LDPC codes requires classical codes to satisfy the dual con-
tainment property [3, 26], leading to 4-cycles in the joint Tanner graph of the quantum
code. Consequently, the quantum QC-LDPC code constructed by Hagiwara et al. [27],
Pantaleev and Kalachev [24] and Miao et al. [28] have short cycles in the joint Tanner
graph since the code constructions are based on the CSS framework. The reader should
note that when the X and Z errors are statistically independent, their decoding can be
performed separately using their respective Tanner graph representations, i.e., using the
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Hz and Hx stabilizers, respectively. The design strategy for such codes requires well-known
approaches towards the optimization of classical LDPC codes, such as choosing large girth,
avoiding harmful trapping sets, etc., to correct independent X and Z errors [29]. How-
ever, in the presence of correlated errors, the decoder must operate on the joint Tanner
graph. Consequently, the CSS framework becomes inefficient, as the joint Tanner graph
contains 4-cycles, resulting in high error floors. This problem can be circumvented using
the entanglement-assisted construction [30], requiring pre-shared error-free maximally en-
tangled bits (ebits)1 between the sender and the receiver. Pre-shared ebits are involved in
measuring the stabilizer generators to obtain the syndromes for the EA-LDPC codes since
the support of the stabilizer generators 2 of the EA-quantum code involves all the qubits,
i.e., the qubits received from the transmitter as well as halves of the pre-shared ebits with
the receiver. Since the halves of the pre-shared ebits at the receiver are not involved in the
decoding process, the corresponding nodes can be removed. Consequently, this enables the
avoidance of 4-cycles in the entanglement-unassisted portion of the joint Tanner graph of
the EA quantum LDPC code.

Several constructions of EA-QLDPC codes have been reported in the literature [39, 40];
however, none of them address the removal of 4-cycles from the entanglement-unassisted
portion of the joint Tanner graph, which is crucial in the presence of correlated X and
Z errors. It is important to note that eliminating 4-cycles in the entanglement-unassisted
portion of the joint Tanner graph is feasible only when the code is constructed from two
distinct classical codes. In contrast, when an EA-QLDPC code is derived from a single
classical LDPC code, 4-cycles in the unassisted portion of the joint Tanner graph are
unavoidable. Hsieh et al. [40] provided an example of an EA-QC-QLDPC code using a
single classical QC-LDPC code, where the Tanner graph of underlying classical code is
devoid of 4-cycles. It is desirable to work with a family of EA-QC-QLDPC codes devoid of
short cycles with known properties, such as the precise rank of the parity check matrix, etc.,
along with flexible code rate and block lengths for quantum communication applications.
It is also well-known that a large girth in classical LDPC codes leads to improved decoding
performance, and this advantage naturally extends to their quantum counterparts.

Therefore, motivated by the works in [24, 27, 28, 40], we propose several families of
EA-QC-QLDPC codes with large girth, aimed at improving performance while remaining
amenable to hardware implementation. In particular, when EA-QC-QLDPC codes are
constructed from two distinct classical QC-LDPC codes, we focus on eliminating 4-cycles
in the entanglement-unassisted portion of the joint Tanner graph to mitigate correlated
errors.

1.2 Encoding and Decoding
Efficient encoding and decoding of EA-QC-QLDPC codes is as crucial as their construc-
tion for practical deployment. Encoding techniques for stabilizer and entanglement-assisted
quantum codes have been previously proposed in the literature. In particular, the encoder
presented in [37] relies on Gram–Schmidt orthonormalization and does not exploit the
underlying structural properties of the quantum code. As a result, the computational
complexity of such encoders can become prohibitive for large block lengths. Motivated by

1After the seminal work of Brun et al. on EA quantum codes over the binary field, there has been
a significant progress toward generalization of EA QECCs over arbitrary finite fields (see, for instance,
[31, 32, 33, 34, 35, 36, 37, 38, 39]) along with efficient encoding and decoding circuits.

2The support of any operator on a quantum code is a set of indices of qubits where the operator does
not apply trivial operator (Pauli I).

Accepted in Quantum 2026-07-16, click title to verify. Published under CC-BY 4.0. 3



these limitations, we focus on the design of efficient encoding for EA-QC-QLDPC codes
with structured stabilizer generators, achieving improved computational complexity com-
pared to general stabilizer-based encoders. Furthermore, we demonstrate that the proposed
encoding architecture is well-suited for QLDPC codes and yields additional complexity re-
ductions when the underlying classical code exhibits a quasi-cyclic structure.

The overall decoding architecture comprises a syndrome computation unit done clas-
sically and a quantum decoding circuit to extract the quantum information, where the
quantum decoding circuit is just the inverse of the quantum encoding circuit. We propose
a quaternary block-layered normalized min-sum decoder for handling correlated quantum
errors in the syndrome computation engine when operating over the joint Tanner graph
of the EA-QC-QLDPC code. The quaternary decoder yields significant performance gains
when quantum errors are correlated.

1.3 Our Contributions
Our contributions in this paper are the following:

(a) We propose several families of EA-QC-QLDPC codes by employing single or two clas-
sical QC-LDPC codes as follows: (i) Some of the families are proposed by using a single
QC-LDPC classical code such that the Tanner graphs of the classical QC-LDPC codes
have girths > 4 or > 6. We also analytically derive the code parameters of the proposed
quantum code. (ii) Further, we propose EA-QC-QLDPC code families derived from two
different classical QC-LDPC codes such that the entanglement-unassisted portion of the
joint Tanner graph is devoid of 4-cycles. Notably, in one of the proposed families of such
quantum codes, we require just a single Bell pair shared across the quantum transceiver.
In the case of a binary decoder, errors are handled by treating X and Z errors indepen-
dently. In contrast, a quaternary decoder treats the Y error as a single entity and operates
on the joint Tanner graph to handle it effectively, achieving significant performance im-
provements. Consequently, in case of quaternary decoder, one can infer that EA quantum
codes whose unassisted portion of the joint Tanner graph is free of 4-cycles will perform
better than those whose unassisted portions contain 4-cycles.

(b) We develop efficient encoding schemes for the proposed [[n, k; c]]2 code families with
gate complexity O

(
n(ρ1 + ρ2)− ρ2

1
)
, where ρ1 and ρ2 are the number of stabilizer gener-

ators for Hx and Hz, in the CSS construction, respectively; and n, k, c are the number of
code qubits, information qubits and shared EPR pairs, respectively.

(c) Finally, we present simulation results for various classes of EA-QC-QLDPC codes over
both the random depolarizing channel and the random depolarizing channel with Marko-
vian burst errors. The performance of the proposed EA-QC-QLDPC codes is evaluated
against decoder variants such as the layered binary, quaternary, normalized quaternary,
and block-layered normalized quaternary decoders. Among these, the normalized block-
layered quaternary decoder is assessed to have superior performance compared to others.
The proposed EA-QC-QLDPC codes are also shown to correct a constant number of burst
errors.

We further compare the proposed codes with existing constructions. In particular, the
[[42, 4]]2 quantum CSS code in [27] is compared with the proposed EA-QC-QLDPC code
having parameters [[42, 10; 6]], demonstrating an improvement of more than two orders of
magnitude. This improvement arises because the [[42, 4]]2 code is a CSS code and con-
tains 4-cycles in its joint Tanner graph, which adversely affects the decoding performance
under the quaternary decoder. In contrast, the proposed code [[42, 10; 6]] is designed such
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that its unassisted portion of the joint Tanner graph is free of 4-cycles. Since the qua-
ternary decoder operates on the joint Tanner graph, the elimination of such short cycles
in the proposed construction results in improved decoding performance. Similarly, the
EA quantum code [[128, 58; 18]] in [40] is compared with the proposed EA-QC-QLDPC
code [[121, 70; 51]], showing an improvement of more than one order of magnitude at a
depolarizing noise probability of 10−2.

Furthermore, a proposed EA-QC-QLDPC code [[390, 132; 128]]2 with girth> 6 and another
proposed code [[529, 176; 353]]2 with girth > 4 are compared to highlight the performance
gains due to larger girth, despite the shorter length of the [[390, 132; 128]]2 code relative
to the [[529, 176; 353]]2 code.

Finally, simulation results demonstrate that increasing the column weight of EA-QC-
QLDPC codes leads to improved error-correcting performance and enhanced resilience
to burst errors.

The paper is organized as follows: Section 2 contains some basic definitions and pre-
liminary results useful for establishing our main results. In Section 3, we revisit classical
QC-LDPC codes and provide new code designs based on tiling permutation matrices with
prime and composite orders. Several code properties are derived analytically. In Section 4,
we construct three families of EA-QC-QLDPC codes. One of the families requires a single
pre-shared EPR pair. In Section 5, two families of EA-QC-QLDPC codes are proposed
using a single classical QC-LDPC code. For each family, the Tanner graph of the under-
lying classical QC-LDPC code has girth greater than 6. In Section 6, an efficient encoder
is proposed for the EA-QC-QLDPC codes. In Section 7, we assess the performance of
the proposed codes over the random depolarizing channel as well as the random depolar-
izing channel with Markovian bursts under different configurations of decoders through
simulations, followed by conclusions in Section 8.

2 Preliminaries
For a better presentation of the paper, we have divided this section into two subsections
and provided some required definitions and preliminary results, to be useful later.

2.1 Criterion for the existence of a 2k-cycle
In this subsection, we review the existence condition for 2k-cycles presented in [41].

For a positive integer n, let Zn = {0, 1, 2, . . . , n − 1} be the ring of integers and P be
a right circulant permutation matrix of order n. We define a degree matrix M and the
corresponding parity-check matrix H by the following equation:

M =


a0,0 a0,1 · · · a0,t

a1,0 a1,1 · · · a1,t
...

...
. . .

...
am,0 am,1 · · · am,t

 , H =


P a0,0 P a0,1 · · · P a0,t

P a1,0 P a1,1 · · · P a1,t

...
...

. . .
...

P am,0 P am,1 · · · P am,t

 , (1)

where ai,j ∈ Zn for all 1 ≤ i ≤ m, 1 ≤ j ≤ t. In the parity-check matrix H, defined in (1),
[P ai,0 , P ai,1 , . . . , P ai,t ] is known as the ith block-row, whereas [(P a0,j )T , (P a1,j )T , . . . , (P am,j )T ]T
stands for the jth block-column.

A closed path of length 2k in any parity-check matrix of the form in (1) is a sequence
of block-row and block-column index pairs (i0, j0), (i0, j1), (i1, j1), (i1, j2), . . . , (ik−1, jk−1),
(ik−1, j0), with iℓ ̸= iℓ+1, jℓ ̸= jℓ+1, for ℓ = 0, 1, . . . , k − 2, and ik−1 ̸= i0, jk−1 ̸= j0.

Accepted in Quantum 2026-07-16, click title to verify. Published under CC-BY 4.0. 5



The significance of closed paths arises from the following simple but important result.

Theorem 1. [41, Theorem 1] A cycle of length 2k exists in the Tanner graph of a QC-
LDPC code with parity-check matrix H, defined in (1), if and only if there exists a closed
path (i0, j0), (i0, j1), (i1, j1), (i1, j2), . . . , (ik−1, jk−1), (ik−1, j0) in H such that

P ai0,j0 (P ai0,j1 )−1P ai1,j1 (P ai1,j2 )−1 · · ·P aik−1,jk−1 (P aik−1,j0 )−1 = I (identity matrix). (2)

Proof. In [41], the proof of the theorem is not provided. Hence, it is essential to include a
complete proof here. We present a detailed proof in Appendix A by incorporating certain
insights from [42].

Alternatively, the condition given by (2) for the existence of a cycle of length 2k in the
Tanner graph of a QC-LDPC code with parity-check matrix H can be expressed as:

(ai0,j0 − ai0,j1) + (ai1,j1 − ai1,j2) + · · ·+ (aik−1,jk−1 − aik−1,j0) = 0 (mod n), (3)

where n is the size of the right circulant permutation matrix P .
Consider the parity-check matrix H and the associated degree matrix M defined by

Eq. (1), respectively. Let i, j, k be any three row indices and p, q, r be any three column
indices from the matrix M . As a consequence of Eq. (3), all possible 6-cycles along with
their conditions are shown in Figure 1.

ai,p ai,q

aj,q aj,r

ak,p ak,r

(ak,p−ai,p)=(aj,q−ai,q)+(ak,r−aj,r)

ai,p ai,r

aj,q aj,r

ak,p ak,q

(ak,p−ai,p)=(ak,q−aj,q)+(aj,r−ai,r)

ai,q ai,r

aj,p aj,q

ak,p ak,r

(ak,r−ai,r)=(aj,q−ai,q)+(ak,p−aj,p)

(Type-I) (Type-II) (Type-III)

ai,p ai,r

aj,p aj,q

ak,q ak,r

(ak,r−ai,r)=(ak,q−aj,q)+(aj,p−ai,p)

ai,q ai,r

aj,p aj,r

ak,p ak,q

(ak,q−ai,q)=(aj,r−ai,r)+(ak,p−aj,p)

ai,p ai,q

aj,p aj,r

ak,q ak,r

(ak,q−ai,q)=(ak,r−aj,r)+(aj,p−ai,p)

(Type-IV) (Type-V) (Type-VI)

Figure 1: All possible cycles of length 6 with their corresponding conditions.

Proposition 1. Let ri = (ai,0, ai,1, ai,2, . . . , ai,t) and rj = (aj,0, aj,1, aj,2, . . . , aj,t) be any
two rows from the degree matrix M , defined by (1), of H. The Tanner graph of a QC-
LDPC code with parity-check matrix H contains no 4-cycles if and only if the difference
ri−rj has distinct elements under (mod n), for every pair (i, j) satisfying 0 ≤ i < j ≤ m.

Proof. The proof follows directly from Eq. (3).
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2.2 Entanglement-assisted quantum codes (EAQCs)
EAQCs form a subclass of QECCs that use pre-shared maximally entangled bits (ebits)
between the sender and receiver to enhance coding efficiency. This entanglement enables for
a more effective utilization of quantum resources, facilitating the transmission of quantum
information through noisy channels. EA-QECCs possess multiple advantages. Below, we
outline the two primary ones of particular interest in this work.

Removal of Short Cycles in the Tanner Graph: In EA-QECCs based on the CSS construc-
tion, short cycles can be eliminated in the entanglement-unassisted portion of the joint
Tanner graph; see Figure 3 for an illustration of this unassisted portion.

Utilization of Arbitrary Classical Codes: Any one or two classical codes can be utilized to
construct EA-QECCs using the CSS construction method, as outlined, for qubit case, in
the following theorem.

Theorem 2. [43, Corollary 1] Let [n, k1, d1]2 and [n, k2, d2]2 be two binary linear codes
with their parity-check matrices H1 and H2, respectively. Then there exists an EA quantum
code with parameters [[n, k1 + k2 − n+ c,min (d1, d2) ; c]]2, and requires c ebits, where

c = rank
(
H1H

T
2

)
.

3 Classical QC-LDPC Codes: Tiling Permutation Matrices of Prime and
Composite orders

This section is divided into two subsections. In the first subsection, we construct a family
of parity-check matrices by tiling permutation matrices of prime order, and we derive the
exact rank of the parity-check matrix to compute the code rate. In the second subsection,
we introduce a different family of parity-check matrices formed by tiling permutation ma-
trices of composite order, and we obtain an upper bound on the rank of the parity-check
matrix, which enables us to compute a lower bound on the code rate.

3.1 Classical QC-LDPC codes by tiling permutation matrices of prime order
Let Fp = {0, 1, . . . , p− 1} be the finite field of odd prime order p. We define a matrix

M =


b0,0 b0,1 · · · b0,p−1
b1,0 b1,1 · · · b1,p−1
...

...
. . .

...
bp−1,0 bp−1,1 · · · bp−1,p−1

 , (4)

where bi,j ∈ Fp for all 0 ≤ i, j ≤ (p− 1) and the entries in M are populated based on the
Algorithm 1. Let CM be the collection of all possible distinct p × p matrices constructed
using the Algorithm 1. For each M ∈ CM , we define a block matrix AM as follows:

AM =


P b0,0 P b0,1 · · · P b0,p−1

P b1,0 P b1,1 · · · P b1,p−1

...
...

. . .
...

P bp−1,0 P bp−1,1 · · · P bp−1,p−1

 , (5)
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Algorithm 1 Constructing the Matrix M in the Class CM

1: procedure Construct Matrix M
2: Input: Odd prime p and Fp = {0, 1, . . . , p− 1}.
3: Output: Matrix M ∈ CM .
4: Initialize matrix M = [bi,j ], where 0 ≤ i, j ≤ (p− 1), with all entries set to zero.
5: for each j ∈ {1, 2, . . . , p− 1} do
6: Randomly choose b1,j ∈ Fp \ {0} without repetition.
7: end for
8: Choose k1 ∈ Fp \ {0, 1}
9: for each j ∈ {0, 1, . . . , p− 1} do

10: Set b2,j = (k1b1,j) (mod p).
11: end for
12: for each i ∈ {3, 4, . . . , p− 1} do
13: Choose ki−1 ∈ Fp \ {0, 1, k1, . . . , ki−2}.
14: for each j ∈ {0, 1, . . . , p− 1} do
15: Set bi,j = (ki−1b1,j) (mod p).
16: end for
17: end for
18: return M
19: end procedure

where P is the right circulant permutation matrix of order p and M is known as the degree
matrix of AM . Define a class CA of block matrices associated with the class CM as follows:

CA = {AM |M ∈ CM}. (6)

Let ri and rj be two distinct arbitrary rows from the matrix M . Then there exist distinct
ki, kj ∈ Fp such that ri = (kix0, kix1, . . . , kix(p−1)) and rj = (kjx0, kjx1, . . . , kjx(p−1)),
where xq ∈ Fp, for all 0 ≤ q ≤ (p − 1) and xλ ̸= xµ, for λ ̸= µ. It is easy to check that
the vector ri− rj has non-repeated elements under modulo p. Therefore, by Proposition 1,
the Tanner graph of the classical QC-LDPC code having AM as a parity-check matrix is
devoid of cycles of length 4.

To determine the code rate of the classical QC-LDPC code corresponding to a parity
check matrix AM in the class CA, first we compute the rank of the following particular
block matrix H from the class CA

H =


h0,0 h0,1 · · · h0,p−1
h1,0 h1,1 · · · h1,p−1

...
...

. . .
...

hp−1,0 hp−1,1 · · · hp−1,p−1

 , (7)

where hi,j = Pmod(ij,p) and then we comment on rank(AM ). We require the following
lemma to compute the rank(H).

Lemma 1. [44] For 0 ≤ i, k ≤ (p − 1), let R(k)
i represents ith row in the kth block-row

of H, and let ⟨(v1, . . . , vp2), (u1, . . . , up2)⟩ = v1u1 + · · · + vp2up2, where vi and uj are the
binary scalars for all i and j. Then, we have

⟨R(k)
i , R

(l)
j ⟩ =


p, if i = j and k = l,

0, if i ̸= j and k = l,

1, otherwise.

Accepted in Quantum 2026-07-16, click title to verify. Published under CC-BY 4.0. 8



Remark 1. The above lemma also holds for any block matrix from the class CA.

Theorem 3. [44] Let H be a submatrix of H consisting distinct k (1 ≤ k ≤ p) block-rows.
Then, rank(H) = p+ (k − 1)(p− 1).

Corollary 1. Let B be any submatrix of AM with distinct λ (1 ≤ λ ≤ p) block-rows.
Then, rank(B) = p+ (λ− 1)(p− 1).

Example 1. Let E be any submatrix of AM consisting distinct λ (1 ≤ λ ≤ p) block
rows. Then, by Corollary 1, there exists a classical QC-LDPC code C with parameters
[p2, (p− 1)(p− λ+ 1)]2 such that the Tanner graph of C has girth > 4.

3.2 Classical QC-LDPC codes by tiling permutation matrices of composite order
Let Zn denote a finite ring with n elements, where n is any positive integer. Given two
positive integers q and r such that q < r, we aim to find the smallest composite number n
such that the following matrix G can be defined:

G =


a0,0 a0,1 · · · a0,r−1
a1,0 a1,1 · · · a1,r−1
...

...
. . .

...
aq−1,0 aq−1,1 · · · aq−1,r−1

 , (8)

where ai,j = 0 (for i = 0 or j = 0), ai,j ∈ Zn \ {0} for all 1 ≤ i ≤ q − 1 and 1 ≤ j ≤ r − 1,
and the nonzero entries are populated according to Algorithm 2. We now define CG as the
set of all possible G matrices that can be constructed using Algorithm 2 for the same n.

Let P be the right circulant permutation matrix of order n. We define a class CK of
block matrices KG = [P ai,j ] associated with G ∈ CG. In the subsequent theorem, we have
provided an upper bound on the rank of the matrix KG.

Theorem 4. [44] Let KG be a matrix from the class CK and let S be a set such that i ∈ S
if and only if gcd(ai,0, ai,1, . . . , ai,r−1) ≥ 2 and gcd(ai,0, ai,1, . . . , ai,r−1) divides n, where
(ai,0, ai,1, . . . , ai,r−1) is the ith (0 ≤ i ≤ (q − 1)) row in the degree matrix of KG. Then we
have

rank(KG) ≤ 1 + q(n− 1) + |S| −
∑
i∈S

gcd(ai,0, . . . , ai,r−1).

Proof. The proof of the theorem is presented in [44]; however, for completeness and clarity,
we include a detailed version here. Let gcd (ai,0, ai,1, . . . , ai,r−1) = d ≥ 2 for some ith row.
Now, consider the jth block-column of ith block-row of the matrix KG. Since d is a divisor
of n and ai,j , we assume that n = ℓd, ai,j = md for some positive integers ℓ and m, where
m < ℓ. We partition the identity matrix In and P ai,j into ℓ parts, each part with d rows
as in Figure 2.

Let 1 ≤ t ≤ d, then the positions of entry 1 in all the tth rows from each part of the
partition of the identity matrix are given by the set Y1 = {t, t+ d, t+ 2d, . . . , t+ (ℓ− 1)d}.
Similarly, the positions of entry 1 in all the tth rows from each part of the partition of the
matrix P ai,j are given by the following set:

Y2 = {mod(ai,j+t, n),mod(ai,j+d+t, n),mod(ai,j+2d+t, n) . . . ,mod(ai,j+(ℓ−1)d+t, n)}.

By substituting n = ℓd and ai,j = md in the set Y2, we have

Y2 = {mod(md+ t, ℓd),mod((m+ 1)d+ t, ℓd), . . . ,mod((m+ (ℓ− 1))d+ t, ℓd)} .
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Algorithm 2 Constructing the Matrix G in the Class CG

1: procedure Construct Matrix G
2: Input: Composite integer n, Zn = {0, 1, . . . , n − 1} and integers q, r such that
q < r < n.

3: Output: Matrix G ∈ CG.
4: Initialize matrix G′ = [ai,j ], where 1 ≤ i ≤ q− 1 and 1 ≤ j ≤ r− 1, with all entries

set to zero.
5: for each i ∈ {1, 2, . . . , q − 1} do
6: Initialize itrmax = (n−1)!

(n−r)! .
7: Create a set S = {1, . . . , i}. ▷ Include all the indices of the filled rows.
8: if itr < itrmax then
9: Randomly generate a vector Ri of length (r− 1) over Zn \ {0} such that the

entries of Ri are distinct, Ri ̸= Rj for all j < i, and Ri is not in the set of previously
generated vectors.

10: Replace the ith row in G′ by the vector Ri.
11: for each j ∈ S \ {i} do
12: if The vector mod((Ri−Rj), n) contains repeated entries from Zn then
13: Error: itr = itr + 1 return to step 8
14: end if
15: end for
16: else
17: Choose next n and go to step 2.
18: end if
19: end for
20: return G
21: end procedure



1 0 0 · · · 0
0 1 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 1

0 0 0 · · · 0
0 0 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 0

 d rows · · ·

0 0 0 · · · 0
0 0 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 0
0 0 0 · · · 0
0 0 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 0

1 0 0 · · · 0
0 1 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 1

 d rows · · ·

0 0 0 · · · 0
0 0 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 0
...

...
...

...
0 0 0 · · · 0
0 0 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 0

0 0 0 · · · 0
0 0 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 0

 d rows · · ·

1 0 0 · · · 0
0 1 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 1





ℓ parts

Figure 2: Partition of the identity matrix into ℓ parts where each part has d number of rows.

For any x ̸= y, where 0 ≤ x, y ≤ (ℓ− 1), we have

(m+ x)d+ t = (m+ y)d+ t (mod ℓd)
⇐⇒ (m+ x) = (m+ y) (mod ℓ) (since gcd(d, ℓd) = d)

⇐⇒ x = y (mod ℓ).
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Therefore, all the elements are distinct in the set Y2. By the division algorithm for ℓd and
(m+ x)d+ t, there exist unique integers q′ and r′ such that

(m+ x)d+ t = (ℓd)q′ + r′, where 0 ≤ r′ < ℓd.

Consequently, we have (r′ − t) = kd (mod ℓd), for some k, where 0 ≤ k ≤ (ℓ− 1), which
concludes that (m+x)d+ t = kd+ t under modulo (ℓd) for some k, where 0 ≤ k ≤ (ℓ−1).
Hence, one can conclude that the set Y2 can equivalently be written as follows:

Y2 = {t, t+ d, t+ 2d, . . . , t+ (ℓ− 1)d} (mod n),

with the exception that 0 ≡ ℓd (mod n). So, the vector sum of all the tth rows from
each part of the partition of the identity matrix is equal to the vector sum of all the tth
rows from each part of the partition of P ai,j . By following similar arguments, we can
easily show that this holds for every block-column. Hence, for each t, we have 2ℓ linearly
dependent rows from the first block row and the ith block-row. So, we can delete d =
gcd(ai,0, . . . , ai,r−1) rows from ith block-row. By assumption, we have |S| number of such
block-rows, consequently, we can delete total ∑i∈S gcd(ai,0, . . . , ai,r−1) number of rows
from the all such block-rows. If the gcd(ai,0, ai,1, . . . , ai,r−1) = 1 or gcd(ai,0, ai,1, . . . , ai,r−1)
does not divide n, then, by fixing the first block-row, we can delete any row from such
a block-row since the vector sum of all the rows in each block-row is an all-ones vector.
This proves the result.

Example 2. Let

H =

I I I I I
I P P 2 P 3 P 4

I P 2 P 4 P 6 P 8


be a parity-check matrix, for n = 10. Computationally, we get rank(H) = 27 that meets
the upper bound given in Theorem 4 with the corresponding [50, 23]2 QC-LDPC code.

4 EA-QC-QLDPC Code with Tanner Graph of Girth Greater than 4
In this section, we discuss the construction of EA-QC-QLDPC codes. Based on Theo-
rem 2, we construct two families of EA-QC-QLDPC codes, depending on the classical
QC-LDPC codes used, i.e., one in which a single classical QC-LDPC code is used, and
another where two distinct classical QC-LDPC codes are used. Furthermore, when the
EA-QC-QLDPC code is constructed using two different classical QC-LDPC codes, the
entanglement-unassisted portion of joint Tanner graph has girth greater than 4.

Let

Hx =


A0,0 A0,1 · · · A0,p−1
A1,0 A1,1 · · · A1,p−1

...
...

. . .
...

Aℓ1−1,0 Aℓ1−1,1 · · · Aℓ1−1,p−1

 , Hz =


B0,0 B0,1 · · · B0,p−1
B1,0 B1,1 · · · B1,p−1

...
...

. . .
...

Bℓ2−1,0 Bℓ2−1,1 · · · Bℓ2−1,p−1

 , (9)

be two submatrices of the matrix AM (refer to Eq. (5)). Assume that 1 ≤ ℓ1, ℓ2 ≤ (p− 1)
and ℓ1 + ℓ2 ≤ p. In addition, consider that there is no block-row common to Hx and Hz.
Further, let all the block-rows in each matrix be distinct. In the following theorem we
construct a family of EA-QC-QLDPC codes based on Hx and Hz in Eq. (9).
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Theorem 5. [44] Let C1 and C2 be two classical QC-LDPC codes, and let Hx and Hz be
their parity-check matrices, respectively, defined in Eq. (9). Then there exists an EA-QC-
QLDPC code with the parameters [[p2, p2− 2p− (p− 1)(ℓ1 + ℓ2− 2) + 1; 1]]2. Furthermore,
the unassisted portion of the joint Tanner graph of the EA-QC-QLDPC code has girth > 4.

Proof. The proof of the theorem is omitted in [44]. For completeness and clarity, we
provide a detailed proof here.

Let Hx and Hz, defined in Eq. (9), be the parity-check matrices of the classical QC-
LDPC codes C1 and C2, respectively. Then, by Theorem 2, there exists an EA-QC-QLDPC
code with parameters [[n, k1 + k2 − n + c; c]]2, where n denotes the length of the codes
C1 and C2, ki denotes the dimension of the QC-LDPC code Ci, and c is the Minimum
number of maximally entangled bits (ebits) required. The length of the proposed EA
quantum code is p2 which is evident, since each matrix Ai,j or Bi,j within the matrices
Hx and Hz is a right circulant permutation matrix of size p, and there are p such matrices
in each block-row. The Minimum number of maximally entangled bits required for the
constructed EA-QC-QLDPC code is 1, which is given by

rank(HxH
T
z ) = rank (Jpℓ1×pℓ2) , by Remark 1,

where Jpℓ1×pℓ2 is an all-ones matrix. Therefore, rank(HxH
T
z ) = 1. Moreover, Hx and Hz

are submatrices of the matrix AM defined in Eq. (5). Therefore, by Corollary 1, we have

rank(Hx) = p+ (ℓ1 − 1)(p− 1) and rank(Hz) = p+ (ℓ2 − 1)(p− 1). (10)

Eq. (10), together with the minimum number of required ebits and the code length, directly
yields the dimension of the proposed EA-QC-QLDPC code constructed from Hx and Hz.
By the selection of Hx and Hz, the unassisted portion of the joint Tanner graph of the
EA-QC-QLDPC code has girth greater than 4; hence, the result follows.

Example 3. For p = 3, let Hx =
[
I P P 2

]
and Hz =

[
I P 2 P

]
be two parity-check

matrices of the classical QC-LDPC codes C1 and C2, respectively. Then, by Theorem 5,
there exists an EA-QC-QLDPC code with the parameters [[9, 4, 2; 1]]2. Moreover, the as-
sociated Tanner graph is shown in Figure 3.

Example 4. For p = 7, let

Hx =

I I I I I I I
I P P 2 P 3 P 4 P 5 P 6

I P 2 P 4 P 6 P P 3 P 5

 and Hz =

I P 4 P P 5 P 2 P 6 P 3

I P 5 P 3 P P 6 P 4 P 2

I P 6 P 5 P 4 P 3 P 2 P


be two parity-check matrices of the classical QC-LDPC codes C1 and C2, respectively. Then,
by Theorem 5, there exists an EA-QC-QLDPC code with the parameters [[49, 12, 6; 1]]2.
The minimum stabilizer generators of the code are as follows:

X-stabilizers: (I⊗i⊗X ⊗ I⊗(6−i))⊗7⊗X is the stabilizer generator corresponding to ith
(0 ≤ i ≤ 6) row in the first block-row of Hx. Further, ⊗6

w=0(I⊗(w+i)⊗X⊗ I⊗(6−w−i))⊗X
and ⊗6

w=0(I⊗(2w+i) ⊗X ⊗ I⊗(6−2w−i)) ⊗X are the stabilizer generators corresponding to
the ith (0 ≤ i ≤ 5) row in the second and third block-rows of Hx, respectively.
Z-stabilizers: ⊗6

w=0(I⊗(4w+i) ⊗ Z ⊗ I⊗(6−4w−i)) ⊗ Z is the stabilizer generator corre-
sponding to ith (0 ≤ i ≤ 6) row in the first block-row of Hz. In addition, ⊗6

w=0(I⊗(5w+i)⊗
Z⊗I⊗(6−5w−i))⊗Z and ⊗6

w=0(I⊗(6w+i)⊗Z⊗I⊗(6−6w−i))⊗Z are the stabilizer generators
corresponding ith (0 ≤ i ≤ 5) row in the second and third block-rows of Hz, respectively.
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Figure 3: Tanner graph for the code [[9, 4, 2; 1]]2 contains nine variable nodes v1, . . . , v9 at the transmit-
ter end and variable node vc at the receiver end corresponding to the pre-shared entangled bits. Since
the node vc is assumed to be error-free, it does not participate in the decoding. For entanglement-
unassisted case, the Tanner graph has short cycles of length 4, as shown by red dotted lines.

The extended parity-check matrices of Hx and Hz are given as follows:

Hex =

 I I I I I I I 1̄
I P P 2 P 3 P 4 P 5 P 6 1̄
I P 2 P 4 P 6 P P 3 P 5 1̄

 , Hez =

 I P 4 P P 5 P 2 P 6 P 3 1̄
I P 5 P 3 P P 6 P 4 P 2 1̄
I P 6 P 5 P 4 P 3 P 2 P 1̄

 ,
where 1̄ = [1, 1, 1, 1, 1, 1, 1]T.

Lemma 2. Let p > 3 be a prime, and let M = Jp + Ip, where Jp is the p × p all-ones
matrix and Ip is the p× p identity matrix. Then, rank(M) = (p− 1).

Proof. For all 3 ≤ i ≤ p, replacing row Ri by Ri + R2 in the given matrix M results in
the following matrix M1:

M ∼M1 =



0 1
1 0

1 1 · · · 1 1
1 1 · · · 1 1

0 1
0 1
...

...
0 1
0 1

1 0 · · · 0 0
0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0
0 0 · · · 0 1


.

Next, replacing R1 by R1 +
p∑

i=3
Ri followed by interchanging R2 and R1 (R2 ↔ R1) in the

above matrix M1 results in the following matrix M2:

M1 ∼M2 =



1 0
0 0

1 1 · · · 1 1
0 0 · · · 0 0

0 1
0 1
...

...
0 1
0 1

1 0 · · · 0 0
0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0
0 0 · · · 0 1


.
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Finally, for all 3 ≤ i ≤ (p − 1), replacing Ri by Ri + Rp and R2 ↔ Rp in the matrix M2
results in the following matrix M3:

M2 ∼M3 =



1 0
0 1

1 1 · · · 1 1
0 0 · · · 0 1

0 0
0 0
...

...
0 0
0 0

1 0 · · · 0 1
0 1 · · · 0 1
...

... . . . ...
...

0 0 · · · 1 1
0 0 · · · 0 0


.

Therefore, rank(M) = p− 1, as required.

We employ the previously established lemma in the proof of the following theorem.

Theorem 6. Let C1 and C2 be two classical QC-LDPC codes, and let Hx and Hz be their
parity-check matrices, respectively, defined as follows:

Hx =


P P 2 · · · P (p−1)

P 2 P 4 · · · P 2(p−1)

...
... . . . ...

P ℓ1 P 2ℓ1 · · · P (p−1)ℓ1

 , Hz =


P (ℓ1+1) P 2(ℓ1+1) · · · P (p−1)(ℓ1+1)

P (ℓ1+2) P 2(ℓ1+2) · · · P (p−1)(ℓ1+2)

...
... . . . ...

P (ℓ1+ℓ2) P 2(ℓ1+ℓ2) · · · P (p−1)(ℓ1+ℓ2)

 ,

where p is an odd prime, 2 ≤ ℓ1, ℓ2 ≤ (p − 2), ℓ1 + ℓ2 ≤ (p − 1) and P is the right
circulant permutation matrix of order p. Then there exists an EA-QC-QLDPC code with
the parameters [[p2 − p, p2 − 3p − (p − 1)(ℓ1 + ℓ2 − 2) + (p − 1); (p − 1)]]2. Furthermore,
unassisted portion of the joint Tanner graph of the EA-QC-QLDPC code has girth > 4.

Proof. Let Hx and Hz, defined in the statement of the theorem, be the parity-check
matrices of the classical QC-LDPC codes C1 and C2, respectively. Then, by Theorem 2,
there exists an EA-QC-QLDPC code with parameters [[n, k1 + k2 − n + c; c]]2, where n
denotes the length of the codes C1 and C2, ki denotes the dimension of the QC-LDPC
code Ci, and c is the minimum number of maximally entangled bits (ebits) required.

The length of the proposed EA quantum code is p2 − p, as each entry of the matrices
Hx and Hz is a right circulant permutation matrix of size p, and each block-row contains
p− 1 such matrices.

Next, we find the minimum number of required maximally entangled bits. Let ith
block-row of the matrix Hx be (P ki , P 2ki , . . . , P (p−1)ki) and jth block-row of the matrix
Hz be (Pmj , P 2mj , . . . , P (p−1)mj ), where ki,mj ∈ F∗

p, 1 ≤ i ≤ ℓ1 and (ℓ1 + 1) ≤ j ≤ ℓ2.
Then the (i, j)-th entry of the matrix HxH

T
z is P (ki−mj) +P 2(ki−mj) + · · ·+P (p−1)(ki−mj).

Given that ki ̸= mj for all i and j, we obtain

HxH
T
z =


Jp + Ip Jp + Ip · · · Jp + Ip Jp + Ip

Jp + Ip Jp + Ip · · · Jp + Ip Jp + Ip
...

... . . . ...
...

Jp + Ip Jp + Ip · · · Jp + Ip Jp + Ip

Jp + Ip Jp + Ip · · · Jp + Ip Jp + Ip


(ℓ1p)×(ℓ2p)

,

where Jp is the p × p all-ones matrix and Ip is the p × p identity matrix. By Lemma 2,
one can easily conclude that rank(HxH

T
z ) is (p− 1).
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It remains to establish the rank of Hx and Hz. It is straightforward to see that

rank



P P 2 · · · P (p−1)

P 2 P 4 · · · P 2(p−1)

...
... . . . ...

P ℓ1 P 2ℓ1 · · · P (p−1)ℓ1


 = rank




0 P P 2 · · · P (p−1)

0 P 2 P 4 · · · P 2(p−1)

...
... . . . ...

0 P ℓ1 P 2ℓ1 · · · P (p−1)ℓ1


 .

Now, after adding all the block-columns to the first block-column in the matrix on the
right-hand side, we obtain

rank



P P 2 · · · P (p−1)

P 2 P 4 · · · P 2(p−1)

...
... . . . ...

P ℓ1 P 2ℓ1 · · · P (p−1)ℓ1


 = rank



Jp + Ip P P 2 · · · P (p−1)

Jp + Ip P 2 P 4 · · · P 2(p−1)

...
... . . . ...

Jp + Ip P ℓ1 P 2ℓ1 · · · P (p−1)ℓ1


 ,

where Jp is the p× p all-ones matrix and Ip is the p× p identity matrix. Next, by adding
all the columns of any block-column—except the first one—to each column of the first
block-column in the matrix on the right-hand side, we get

rank



P P 2 · · · P (p−1)

P 2 P 4 · · · P 2(p−1)

...
... . . . ...

P ℓ1 P 2ℓ1 · · · P (p−1)ℓ1


 = rank



Ip P P 2 · · · P (p−1)

Ip P 2 P 4 · · · P 2(p−1)

...
... . . . ...

Ip P ℓ1 P 2ℓ1 · · · P (p−1)ℓ1




= p+ (p− 1)(ℓ1 − 1) by Theorem 3.

Therefore, rank(Hx) = p + (p − 1)(ℓ1 − 1). Similarly, we can show that rank(Hz) =
p+ (p− 1)(ℓ2− 1). By using the ranks of Hx and Hz, together with the minimum number
of required ebits, the dimension of the constructed EA-QC-LDPC code can be readily
determined. By the choice of Hx and Hz, the unassisted portion of the joint Tanner graph
of the EA-QC-QLDPC code has girth > 4; hence, proved.

Remark 2. The extended parity-check matrices of Hx and Hz in the previous theorem
can be written as

Hex =


P P 2 · · · P (p−1) A
P 2 P 4 · · · P 2(p−1) A
...

...
. . .

...
...

P ℓ1 P 2ℓ1 · · · P (p−1)ℓ1 A

 , Hez =


P (ℓ1+1) P 2(ℓ1+1) · · · P (p−1)(ℓ1+1) B
P (ℓ1+2) P 2(ℓ1+2) · · · P (p−1)(ℓ1+2) B

...
...

. . .
...

...
P (ℓ1+ℓ2) P 2(ℓ1+ℓ2) · · · P (p−1)(ℓ1+ℓ2) B

 ,

where A =
[
Ip−1

1̄

]
, B =

[
Ip−1 + Jp−1

1̄

]
, with Ip−1 denoting the (p− 1)× (p− 1) identity

matrix, Jp−1 the all-ones matrix of the same size, and 1̄ = [1, 1, . . . , 1]︸ ︷︷ ︸
(p−1)-tuple

.

Example 5. For p = 7, let

Hx =

 P P 2 P 3 P 4 P 5 P 6

P 2 P 4 P 6 P P 3 P 5

P 3 P 6 P 2 P 5 P P 4

 and Hz =

P 4 P P 5 P 2 P 6 P 3

P 5 P 3 P P 6 P 4 P 2

P 6 P 5 P 4 P 3 P 2 P


be two parity-check matrices of the classical QC-LDPC codes C1 and C2, respectively. Then,
by Theorem 6, there exists an EA-QC-QLDPC code with the parameters [[42, 10; 6]]2.
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The extended parity-check matrices of Hx and Hz are given as follows:

Hex =

 P P 2 P 3 P 4 P 5 P 6 A
P 2 P 4 P 6 P P 3 P 5 A
P 3 P 6 P 2 P 5 P P 4 A

 , Hez =

 P 4 P P 5 P 2 P 6 P 3 B
P 5 P 3 P P 6 P 4 P 2 B
P 6 P 5 P 4 P 3 P 2 P B

 ,
where A =

[
I6
1̄

]
, B =

[
I6 + J6

1̄

]
, where I6 denotes the 6 × 6 identity matrix, J6 is the

all-ones matrix of the same size, and 1̄ = [1, 1, 1, 1, 1, 1].
In the next theorem, we construct EA-QC-QLDPC code using a single classical code.

Theorem 7. [44] Let C be a classical QC-LDPC code with the parity-check matrix H that
contains 1 ≤ ℓ ≤ p distinct number of block-rows from the matrix AM . Then, there exists
an EA-QC-QLDPC code with the parameters [[p2, (p− 1)(p− ℓ+ 1); p+ (ℓ− 1)(p− 1)]]2.
Moreover, the Tanner graph of the code C has girth > 4.

Proof. The code length is straightforward to determine. Moreover, by applying Corol-
lary 1, we obtain rank(H).

Next, we obtain the minimum number of required entangled bits as follows: Let ith
block-row of H be (P kix0 , P kix1 , . . . , P kix(p−1)), where ki ∈ Fp for all 0 ≤ i ≤ (ℓ − 1).
Then the (i, j)-th entry of the matrix HHT is P (ki−kj)x0 +P (ki−kj)x1 + · · ·+P (ki−kj)x(p−1) .
Therefore,

HHT =


Ip Jp · · · Jp Jp

Jp Ip · · · Jp Jp
...

... . . . ...
...

Jp Jp · · · Jp Ip


(ℓp)×(ℓp)

,

where Jp is the p × p all-ones matrix and Ip is the p × p identity matrix. For each
0 ≤ u ≤ (p− 1) and 1 ≤ v ≤ (l− 1), we replace R(v)

u by (R(v)
u +∑(p−1)

u=0 R
(0)
u ) in the matrix

HHT to obtain 
Ip Jp · · · Jp Jp

0 Ip + Jp · · · 0 0
...

... . . . ...
...

0 0 · · · Ip + Jp 0
0 0 · · · 0 Ip + Jp


(ℓp)×(ℓp)

,

where 0 represents the p × p zero matrix. By Lemma 2, one can easily conclude that
rank(HHT ) is p+(ℓ−1)(p−1). Using the rank of H together with the required minimum
number of entangled bits, we can determine the code dimension. By construction, the
Tanner graph of the code C has girth > 4; hence, proved.

Remark 3. In the previous result, if the required catalytic rate is positive, then one may
choose ℓ such that 2ℓ ≤ p.

5 EA-QC-QLDPC Code with Tanner Graph of Girth Greater than 6
In this section, we present the construction of EA-QC-QLDPC codes of girth > 6. This
section has been divided into two subsections, namely Subsection 5.1 and Subsection 5.2.
First, in Subsection 5.1, we introduce an EA-QC-QLDPC code with a parity-check matrix
that has a uniform column weight of 3. Subsequently, in Subsection 5.2, we present two
families of EA-QC-QLDPC codes with a parity-check matrix having a uniform column
weight of 4.
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5.1 EA-QC-QLDPC codes with a parity-check matrix of column weight 3
In the following theorem, we have proposed a class of EA-QC-QLDPC codes with girth > 6.

Theorem 8. For two integers ℓ ≥ 6 and w ≥ 2, let P be a right circulant permutation
matrix of order wℓ + 1. Let

M =

 0 0 · · · 0
w1 w2 · · · wℓ

−w1 −w2 · · · −wℓ


be a degree matrix associated with the parity-check matrix H, where −wx stands for the
additive inverse of wx in Z(wℓ+1). Then there exists an EA-QC-QLDPC code with the
parameters [[(wℓ + 1)ℓ, 2k − (wℓ + 1)ℓ + c; c]]2, where k ≥ (ℓ − 3)(wℓ + 1) + 2 and c ≤
3(wℓ + 1)− 2. In addition, the Tanner graph of H is of girth greater than 6.

Proof. The length is straightforward to determine, and the lower bound on the dimension
k can be easily obtained using Theorem 4. Now, we will show that the Tanner graph of
H is free from cycles of length 4. The existence of 4-cycle requires two columns and two
rows from the matrix M . Each nonzero row in M contains distinct entries under modulo
(wℓ + 1); thus, by Proposition 1, the presence of a 4-cycle is not possible for one zero row
and one nonzero row. Consequently, a 4-cycle may exist between two nonzero rows. By
Proposition 1, a 4-cycle exists between the two nonzero rows in M if and only if

2wa = 2wb mod (wℓ + 1), for some 1 ≤ a, b ≤ ℓ, where a ̸= b

⇐⇒ 2 = 2wb−a mod (wℓ + 1) (since gcd(wa, wℓ + 1) = 1),

which leads to a contradiction. Hence, there is no 4-cycle in the Tanner graph of H.
Next, we show that the Tanner graph of H is devoid of cycles of length 6. To prove

that, consider any three columns from the matrix M as follows· · · 0 · · · 0 · · · 0 · · ·
· · · wa · · · wb · · · wc · · ·
· · · −wa · · · −wb · · · −wc · · ·

 , (11)

where 1 ≤ a < b < c ≤ ℓ. We examine the presence of all possible 6-cycles, as illustrated
in Figure 1, in the segment of the Tanner graph corresponding to a portion of the degree
matrix defined by Eq. (11).
Existence of Type-I 6-cycle: A Type-I cycle of length 6 exists in the Tanner graph of
H if and only if the following condition is satisfied:

−wa = −wc − wc + wb mod (wℓ + 1)
=⇒ 2wc = wb + wa mod (wℓ + 1)

=⇒ 2wc−1 = wb−1 + wa−1 mod (wℓ + 1) (since gcd(w,wℓ + 1) = 1).

This yields a contradiction, since the left-hand side exceeds the right-hand side.
Similarly, the remaining 6-cycles can be easily analyzed, and it is found that the parity-

check matrix H does not contain any 6-cycles.
The minimum number of required ebits is given by c = rank(HHT ), where

HHT =

 I I · · · I

Pw Pw2 · · · Pwℓ

P−w P−w2 · · · P−wℓ



I P−w Pw

I P−w2
Pw2

...
...

...
I P−wℓ

Pwℓ


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=


ℓI

ℓ∑
i=1

P−wi ℓ∑
i=1

Pwi

ℓ∑
i=1

Pwi
ℓI

ℓ∑
i=1

P 2wi

ℓ∑
i=1

P−wi ℓ∑
i=1

P−2wi
ℓI


.

It is easy to verify that the rank(HHT ) ≤ 3(wℓ + 1) − 2, since the vector sum of each
block-row is an all-ones vector or all-zeros vector, depending on whether ℓ is even or odd.
This completes the proof.

Remark 4. In the preceding theorem, the parameter ℓ ≥ 6 is chosen so that the catalytic
rate 2k−(wℓ+1)ℓ

(wℓ+1)ℓ is positive for the entanglement-assisted code [[(wℓ + 1)ℓ, 2k− (wℓ + 1)ℓ+
c; c]]2. We do not discuss the condition guaranteeing a positive entanglement-assisted rate,
since the upper bound for the parameter c is given, which is not sufficient to establish this.
The same holds for the theorems in the next subsection, i.e., some of the conditions on
the code parameters based on positive catalytic rate.

Example 6. For ℓ = 6 and w = 2, we define the degree matrix M and the associated
parity-check matrix H as follows:

M =

 0 0 0 0 0 0
2 4 8 16 32 64
63 61 57 49 33 1

 , H =

 I I I I I I
P 2 P 4 P 8 P 16 P 32 P 64

P 63 P 61 P 57 P 49 P 33 P

 ,
where P is the right circulant permutation matrix of order 65. Then there exists an EA-
QC-QLDPC code with the parameters [[390, 2k− 390 + c; c]]2, where k ≥ 197 and c ≤ 193.

Remark 5. Since 2 + 63 = 64 + 1, the entries in M do not form a Sidon sequence [45].

5.2 EA-QC-QLDPC codes with a parity-check matrix of column weight 4
In the following theorem, we propose a class of EA-QC-QLDPC codes, constructed using
classical QC-LDPC codes which is characterized by a Tanner graph of girth > 6.

Theorem 9. Let S = {a1, a2, . . . , at}, where 2 ≤ a1 < a2 · · · < at and for any p < q < r,
aq − ap = ar − aq = 1 does not hold. Let P be a right circulant permutation matrix of
order (wat+1 − 1), where at ≥ 12 is an integer and w ≥ 2 is an even integer, and let

M =


0 0 · · · 0
wa1 wa2 · · · wat

wa1−1 wa2−1 · · · wat−1

wa1−2 wa2−2 · · · wat−2


be a degree matrix associated with the parity-check matrix H. Then there exists an EA-
QC-QLDPC code with parameters [[n, 2k−n+c; c]]2, where n = (wat+1−1)t, k ≥ (wat+1−
1)(t− 4) + 3 and c ≤ 4(wat+1 − 1)− 3. In addition, the Tanner graph of the parity-check
matrix H is of girth greater than 6.

Proof. The detailed analysis is provided in Appendix B.
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Theorem 10. Let S = {a1, a2, a3, . . . , at}, where 2 ≤ a1 < a2 < a3 · · · < at and for any
1 ≤ p < q ≤ t, aq − ap ≥ 2. For two integers at ≥ 16 and w ≥ 2, let P be a right circulant
permutation matrix of order (wat+1 − 1), and let

M =


0 0 · · · 0
wa1 wa2 · · · wat

wa1−1 wa2−1 · · · wat−1

wa1−2 wa2−2 · · · wat−2


be a degree matrix associated with the parity-check matrix H. Then there exists an en-
tanglement assisted quantum QC-LDPC code with parameters [[n, 2k − n + c; c]]2, where
n = (wat+1 − 1)t, k ≥ (wat+1 − 1)(t − 4) + 3 and c ≤ 4(wat+1 − 1) − 3. In addition, the
Tanner graph of the parity-check matrix H is of girth greater than 6.

Proof. See the Appendix C.

In the following section, we present an efficient encoding scheme for certain families of
the proposed EA-QC-QLDPC codes by leveraging their structural properties.

6 Encoding of the Proposed Quantum Codes
In this section, we develop an efficient encoding scheme for the codes in Theorems 5 and 6.
Before presenting the complete encoding procedure, we introduce several preliminary no-
tions to facilitate understanding. We begin by defining the Pauli group Pn for an n-qubit
system as the following subgroup of the unitary group U(2n) over C:

Pn =

iℓ
n⊗

j=1
XxjZzj : ℓ ∈ Z4, (x1, x2, . . . , xn|z1, z2, . . . , zn) ∈ F2n

2

 ,
where X = |0⟩ ⟨1|+ |1⟩ ⟨0| and Z = |0⟩ ⟨0| − |1⟩ ⟨1| .

Next, we define the Clifford group on n qubits, denoted by Cn, as the normalizer of the
Pauli group Pn within the unitary group U(2n) over C, that is,

Cn =
{
U ∈ U(2n) : UPnU

† = Pn

}
.

The group Cn is generated by the controlled-NOT (CNOT), Hadamard (H), and phase
(S) gates, whose conjugation action maps Pauli operators to Pauli operators and preserves
their commutation relations; this action is summarized in Table 1.

An n-qubit quantum state is represented by a normalized vector |ψ⟩ ∈ (C2)⊗n and can
be expressed in the computational basis {|x⟩}x∈Fn

2
as

|ψ⟩ =
∑

x∈Fn
2

αx |x⟩ ,

where αx ∈ C and
∑

x∈Fn
2
|αx|2 = 1. Physical operations acting on |ψ⟩ are described by

unitary operators in U(2n). Such operations can be conveniently characterized using the
n-qubit Pauli group Pn.

The reason for describing any physical operation on the quantum state |ψ⟩ using el-
ements of the Pauli group is that every element of U(2n) can be expressed as a linear
combination of elements of the Pauli group Pn.
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Table 1: Action of the generators of the Clifford group Cn on binary symplectic vectors corresponding
to elements of the n-qubit Pauli group Pn. A vector [w x | y z ] is isomorphic to the Pauli operator
XwZy ⊗XxZz. For CNOT(i,j), the ith qubit acts as the control and the jth qubit as the target.

Generators of the Clifford Group
Gate Notation Unitary Representa-

tion
Symplectic Vector
Action

Controlled-NOT
(CNOT)

CNOT(i,j) |0⟩ ⟨0|i⊗Ij + |1⟩ ⟨1|i⊗Xj [w x | y z ] 7→ [w w+x |
y+z z ]

Hadamard H(i) 1√
2

∑
c,d∈F2

(−1)cd |c⟩ ⟨d|i [w | x ] 7→ [ x | w ]

Phase S(i)
∑
c∈F2

ic |c⟩ ⟨c|i [w | x ] 7→ [w | x+w ]

The action of a Clifford operator U on an n-qubit state can be equivalently described
in terms of its action on the corresponding stabilizer generators. More precisely, if ρ
denotes the number of stabilizer generators, then for each i ∈ {1, . . . , ρ}, a quantum
state |ψ⟩ is stabilized by a generator gi if and only if the state U |ψ⟩ is stabilized by the
conjugated operator UgiU

†. Since stabilizer generators correspond bijectively to the rows
of the stabilizer matrix, conjugation by a Clifford operator induces corresponding column
operations on the associated X- and Z-type stabilizer matrices as illustrated in Table 1.

To construct the encoder, we first design the corresponding decoder. The decoding
procedure consists of a sequence of Clifford operations, listed in Table 1, which are applied
systematically to transform the stabilizer generators of the code into a form that stabilizes
the initial states. Once the decoder is obtained, the encoder E is naturally defined as its
adjoint, i.e., E = D†.

With these preliminaries established, we are now prepared to present the complete
encoding procedure for the codes constructed in Theorems 5 and 6. The same line of
argument also applies when the quantum code is constructed using a single classical QC-
LDPC code.

Let Hx and Hz denote the parity-check matrices of two distinct classical QC-LDPC
codes, respectively, and the parameters of the constructed entanglement-assisted code be
[[n, k; c]]. Further, let Hex and Hez denote the extended parity-check matrices satisfying
the CSS condition. We apply Gaussian elimination to Hex and Hez to obtain their row-
reduced echelon forms (RREF) and remove any zero rows from each matrix. After Gaussian
elimination, let Hex have ρ1 number of rows and Hez have ρ2 number of rows. Further,
without loss of generality, we assume that ρ1 ≥ ρ2. The resulting matrices are given by
the following equation:

H̃ex =
[

n−transmitter qubits︷ ︸︸ ︷
Iρ1

∣∣∣∣∣ A(x)
ρ1×(n−ρ1−c)

∣∣∣∣∣
c halves of ebits︷ ︸︸ ︷

E
(x)
ρ1×c

∣∣∣∣∣
c halves of ebits︷ ︸︸ ︷

D
(x)
ρ1×c

]
,

H̃ez =
[

Jρ2×ρ1

∣∣∣∣∣ A(z)
ρ2×(n−ρ1−c)︸ ︷︷ ︸

(n−c)−ancilla and information qubits

∣∣∣∣∣ E(z)
ρ2×c

∣∣∣∣∣ D(z)
ρ2×c

]
,


(12)

where the columns of H̃ex and H̃ez are partitioned to facilitate a clearer understanding of
the encoding steps.
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The submatrix [Iρ1 | A(x)] represents the binary support of the X-type stabilizer gener-
ators acting on the ancilla and information qubits. Similarly, the submatrix [Jρ2×ρ1 | A(z)]
represents the binary support of the Z-type stabilizer generators on the ancilla and infor-
mation qubits. The matrices E(x) and E(z) specify the X- and Z-type stabilizer support
on the sender’s halves of the c shared ebits, respectively. Likewise, D(x) and D(z) describe
the X- and Z-type stabilizer support on the receiver’s halves of the ebits, respectively.

For the construction of entanglement-assisted quantum codes, the transformed matri-
ces in (12) must satisfy the dual-containment condition, i.e., H̃exH̃

T
ez ≡ 0 (mod 2). This

condition leads to the following equation:

A(x)A(z)T ⊕ E(x)E(z)T ≡ JT ⊕D(x)D(z)T , (13)
where ⊕ denotes addition over the finite field F2.

Before discussing the encoder and decoder for the EA-QC-QLDPC code, we first inform
the reader that the encoder E takes as input the state |0⟩⊗a |ψ⟩ |ϕ⟩⊗c , where |ψ⟩ denotes the
state of the information qubits, |0⟩⊗a represents a ancilla qubits initialized in the zero state,
and |ϕ⟩ = 1√

2(|00⟩ + |11⟩) is a maximally entangled Bell pair. We describe the decoding
procedure in detail below; in developing the decoder D, we draw upon the methodology
proposed in [37].

(a) For the EA quantum code [[n, k; c]]2, post received valid state |Ψ⟩, the ancilla qubits
|0⟩⊗a are stabilized by Pauli-Z operators, and the information qubits |ψ⟩, are stabilized
by identity operators. Therefore, we transform the submatrix

[
Iρ1 | A

(x)
ρ1×(n−ρ1−c)

]
to zero

submatrix, i.e.,
[
0ρ1 | 0ρ2×(n−ρ1−c)

]
. Moreover, since the information qubits are stabilized

by the identity operator, we make the last k = (n− ρ1 − ρ2 + c) columns of A(z) zero.

(b) The submatrices E(x) and E(z) must be transformed into D(x) and D(z), respectively,
since the Bell pair |ϕ⟩ = 1√

2(|00⟩+ |11⟩) is stabilized by X ⊗X and Z ⊗Z. Consequently,
the corresponding columns of the augmented matrices [E(x) | D(x) ] and [E(z) | D(z) ] must
coincide pairwise.

We now present the decoding procedure that implements the above transformations through
the following steps.

STEP 1: The transformation of the matrix H̃ex in (12) is carried out by applying row-
wise CNOT operations. These operations are chosen such that the submatrix A(x) is
reduced to the zero matrix, while the submatrix E(x) is transformed into D(x). The corre-
sponding unitary operator that implements the desired transformation is given by

U1 =
ρ1∏

i=1

(( ∏
k∈Q

CNOT(i,k)
)

︸ ︷︷ ︸
U

(i)
2

( ∏
ℓ∈P

CNOT(i,ℓ)
)

︸ ︷︷ ︸
U

(i)
1

)
, (14)

where

P =
{
ρ1 + j : A(x)

i,j ̸= 0 for j ∈ {1, 2, . . . , n− c− ρ1}
}
, (15)

Q =
{
n− c+ j : E(x)

i,j ⊕D
(x)
i,j ̸= 0 for j ∈ {1, 2, . . . , c}

}
, (16)

denote the indices of the target columns in the ith rows of H̃ex when A(x)
i,∗ and E(x)

i,∗ ⊕D
(x)
i,∗

are nonzero, respectively 3.

3The symbol Mi,∗ denotes an arbitrary entry of the ith row of the matrix M .
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For the ith row of H̃ex, the operator U (i)
1 adds the ith control column of Iρ1 to the

target columns of A(x)
i,∗ that contain nonzero entries, refer Eq. (15), thereby making the

entries zero, over F2. Similarly, the operator U (i)
2 replaces E(x)

i,∗ with D(x)
i,∗ , since the target

columns are selected according to the nonzero indices of E(x)
i,∗ ⊕D

(x)
i,∗ , refer Eq. (16), i.e.,

E
(x)
i,∗ → E

(x)
i,∗ ⊕ E

(x)
i,∗ ⊕D

(x)
i,∗ = D

(x)
i,∗ .

Therefore, the application of the operator U1 in Eq.(14), transforms the X-type stabi-
lizer matrix H̃ex as follows:

H̃ex =
[
Iρ1 | 0ρ1×(n−ρ1−c) | D

(x)
ρ1×c | D

(x)
ρ1×c

]
.

As we know that the application of CNOT gate affects the columns in H̃ex and H̃ez parts,
i.e., under the action of U1, the target columns of H̃ez are added to its control columns,
refer to Table 1. Therefore, the operator U1 induces a corresponding transformation on
the matrix J in the Z-type stabilizer matrix. For the ith row of H̃ex, the target columns of
U1 in (14) are determined by the nonzero entries of the ith row of the matrix S = [A(x) |
E(x)⊕D(x) ], which are controlled by the columns of Iρ1 . Since the columns of J are indexed
by the same control qubits, the ith column of J is updated using the corresponding target
columns of [A(z) | E(z) ], resulting in the transformation

J 7→ J⊕
[
A(z) | E(z)][A(x) | E(x)⊕D(x) ]T = J⊕A(z)A(x)T⊕E(z)E(x)T⊕E(z)D(x)T . (17)

Therefore, along with Eq. (17), the complete action of the operator U1 in Eq. (14), trans-
forms the stabilizer matrices as follows:

H̃ex =
[
Iρ1 | 0ρ1×(n−ρ1−c) | D

(x)
ρ1×c | D

(x)
ρ1×c

]
,

H̃ez =
[
Bρ2×ρ1 | A

(z)
ρ2×(n−ρ1−c) | E

(z)
ρ2×c | D

(z)
ρ2×c

]
,

where
Bρ2×ρ1 = J ⊕A(z)A(x)T ⊕ E(z)E(x)T ⊕ E(z)D(x)T . (18)

STEP 2: By substituting A(z)A(x)T ⊕ E(z)E(x)T ≡ J ⊕ D(z)D(x)T from Eq. (13) into
Eq. (18), the submatrix Bρ2×ρ1 in Eq. (18) can be simplified to

Bρ2×ρ1 =
(
D(z) ⊕ E(z)

)
D(x)T . (19)

For Theorems 5 and 6, the matrix
(
D(x))T has full row rank equal to c. Therefore, we have

rank(Bρ2×ρ1) = rank
(
D(z) ⊕ E(z)

)
. (20)

We, now, partition D(x)T as
[
D

(x)T
1 |D(x)T

2

]
, where D(x)T

1 consists of the first c linearly

independent columns of D(x)T , and D(x)T
2 contains the remaining columns ρ1−c = λ (say).

Based on the partition of D(x)T , the matrix Bρ2×ρ1 can be written as:

Bρ2×ρ1 =
[
Vρ2×c |Wρ2×(ρ1−c)

]
=
[
(D(z) ⊕ E(z))D(x)T

1

∣∣∣ (D(z) ⊕ E(z))D(x)T
2

]
. (21)

Since the first c columns of D(x)T form the identity matrix of order c, therefore, D(x)T

1 = Ic,
we refer the reader to Remark 2 following Theorem 6 for clarification. For Theorem 5, this
fact is immediate. Consequently, the above Eq. (21) reduces to

Bρ2×ρ1 =
[
Vρ2×c |Wρ2×(ρ1−c)

]
=
[
(D(z) ⊕ E(z))

∣∣∣ (D(z) ⊕ E(z))D(x)T
2

]
. (22)
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Hence, by Eqs. (20) and (22), we obtain

rank(Vρ2×c) = rank
(
D(z) ⊕ E(z)

)
= rank(Bρ2×ρ1).

Consequently, each column of the matrix Wρ2×(ρ1−c) can be written as a linear combination
of the columns of the matrix Vρ2×c, i.e., Vρ2×c and Wρ2×(ρ1−c) can be written as

b1,1 b1,2 · · · b1,c

b2,1 b2,2 · · · b2,c
...

...
. . .

...
bρ2,1 bρ2,2 · · · bρ2,c


︸ ︷︷ ︸

V


x1,1 x1,2 · · · x1,λ

x2,1 x2,2 · · · x2,λ
...

...
. . .

...
xc,1 xc,2 · · · xc,λ


︸ ︷︷ ︸

X

=


b′

1,1 b′
1,2 · · · b′

1,λ

b′
2,1 b′

2,2 · · · b′
2,λ

...
...

. . .
...

b′
ρ2,1 b′

ρ2,2 · · · b′
ρ2,λ


︸ ︷︷ ︸

W

, (23)

for some non-zero matrix Xc×λ, where each column of X contains at least one nonzero
entry. It is obvious from the Eq. (23) that the kth column of W can be written as follow:

x1,k


b1,1
b2,1
...

bρ2,1

+ x2,k


b1,2
b2,2
...

bρ2,2

+ · · ·+ xc,k


b1,c

b2,c
...

bρ2,c

 =


b

′
1,k

b
′
2,k
...

b
′
ρ2,k

 .

Therefore, the kth column in W can be made zero by applying
∏

ℓ∈Ck
CNOT(c+k, ℓ), where

Ck ⊆ {1, 2, . . . , c} denotes the set of row indices of nonzero entries in the kth column of X.
The CNOT gates are applied with controls corresponding to the kth column of Wρ2×(ρ1−c),
while the target columns of Vρ2×c are determined by the nonzero entries of kth column of
X, i.e, X∗,k. Finally, all columns in Wρ2×(ρ1−c) are made zero by applying

U2 =
λ∏

k=1

∏
ℓ∈Ck

CNOT(c+k, ℓ)

 , (24)

where λ = ρ1 − c and Ck ⊆ {1, 2, . . . , c} denotes the set of row indices of nonzero entries
in the kth column of Xc×(ρ1−c). As we know, according to Table 1, the CNOT gate affects
both X- and Z-stabilizer matrices. As a result, U2 adds [0(ρ1−c)×c | Iρ1−c]TXT to the first
c columns, which serve as the target columns of U2.

Finally, the action of the operator U2 in Eq. (24) transforms the stabilizer matrices as

H̃ex =

 Ic 0c×(ρ1−c) 0c×(n−ρ1−c) D
(x)
1 D

(x)
1

XT
(ρ1−c)×c Iρ1−c 0(ρ1−c)×(n−ρ1−c) D

(x)
2 D

(x)
2

 ,
H̃ez =

[
Vρ2×c 0ρ2×(ρ1−c) A

(z)
ρ2×(n−ρ1−c) E

(z)
ρ2×c D

(z)
ρ2×c

]
,

 (25)

where 0s×t, for any positive integers s and t, denotes the zero matrix of dimension s × t,
and this notation is used consistently throughout the encoding section.

STEP 3: We now determine the operator that maps the submatrix E(z) in Eq. (25) to
D(z). By simply adding Vρ2×c to E(z), we can transform E(z) to D(z) as

E(z) ⊕ Vρ2×c = E(z) ⊕ E(z) ⊕D(z) = D(z) (by Eq. (22) Vρ2×c = E(z) ⊕D(z)).
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Accordingly, the resulting unitary operator that transform E(z) to D(z) is given by

U3 =
c∏

j=1
CNOT(n−c+j, j). (26)

The application of operator U3 in Eq. (26) transforms the stabilizer matrices H̃ex and H̃ez

as follows:

H̃ex =
[

Ic ⊕D(x)
1 0c×(ρ1−c) 0c×(n−ρ1−c) D

(x)
1 D

(x)
1

XT ⊕D(x)
2 Iρ1−c 0(ρ1−c)×(n−ρ1−c) D

(x)
2 D

(x)
2

]
,

H̃ez =
[
Vρ2×c 0ρ2×(ρ1−c) A

(z)
ρ2×(n−ρ1−c) D

(z)
ρ2×c D

(z)
ρ2×c

]
 (27)

By Eqs. (19) and (22), it is evident that

D(x)V T
ρ2×c = D(x)(E(z)T ⊕D(z)T) = BT =

[
Vρ2×c |Wρ2×(ρ1−c)

]T
. (28)

By substituting D(x) =
[
D

(x)
1

D
(x)
2

]
in Eq. (28), we have

[
D

(x)
1 V T

ρ2×c

D
(x)
2 V T

ρ2×c

]
=
[

V T
ρ2×c

WT
ρ2×(ρ1−c)

]
. (29)

Assuming that, in developing the encoding procedure based on Theorem 6, we consider
the first block-row

[
P p−1 P 2(p−1) · · · P 2

]
in Hz, for any odd prime p, it can be readily

verified that rank
(
D(z) ⊕ E(z)

)
= rank(Vρ2×c) = c. For Theorem 5, this fact is immediate.

Now, by Eqs. (23) and (29) and full row rank property of V T, we have

D
(x)
2 V T = WT

ρ2×(ρ1−c) =⇒ D
(x)
2 V T = XTV T =⇒ D

(x)
2 = XT. (30)

By substituting the value of D(x)
1 = Ic and D(x)

2 from Eq. (30) into H̃ex given in Eq. (27),
we have

H̃ex =
[

0c 0c×(ρ1−c) 0c×(n−ρ1−c) D
(x)
1 D

(x)
1

0(ρ1−c)×c Iρ1−c 0(ρ1−c)×(n−ρ1−c) D
(x)
2 D

(x)
2

]
,

H̃ez =
[
Vρ2×c 0ρ2×(ρ1−c) A

(z)
ρ2×(n−ρ1−c) D

(z)
ρ2×c D

(z)
ρ2×c

]
.

 (31)

STEP 4: Next, we enforce that the last k = n − ρ1 − ρ2 + c columns of the submatrix
A(z) in H̃ez are zero. Consider the submatrix L =

[
Vρ2×c

∣∣ A(z)
ρ2×(n−ρ1−c)

∣∣ D(z)
ρ2×c

]
of H̃ez.

Since rank(H̃ez) = ρ2, it follows that rank(L) = ρ2.
Since all the c columns of D(z) are linearly independent, they can be extended to a

set of ρ2 linearly independent columns in the matrix L by suitably incorporating columns
from V and A(z). We then reorder the columns of L—by appropriately applying SWAP
gates—so that it takes the form

[
Ṽρ2×c

∣∣ Ã(z)
ρ2×(n−ρ1−c)

∣∣ D(z)
ρ2×c

]
.

In this arrangement, all c columns of Ṽ , the first ρ2 − 2c (ρ2 − 2c > 0 for the codes
proposed in Theorems 5 and 6) columns of Ã(z), and all c columns of D(z) together form
a set of ρ2 linearly independent columns.
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Let Ã(z)
1 denote the submatrix formed by the first ρ2−2c linearly independent columns

of Ã(z), and let Ã(z)
2 denote the submatrix consisting of remaining k = n − ρ1 − ρ2 + c

columns of A(z). Then, the last k = n− ρ1 − ρ2 + c columns of Ã(z) can be written in the
linear combination of the columns of the matrix

[
Ṽρ2×c

∣∣ Ã(z)
1
∣∣ D(z)

ρ2×c

]
, i.e.,

[
Ṽρ2×c

∣∣ Ã(z)
1
∣∣ D(z)

ρ2×c

]
X̃ρ2×k = Ã

(z)
2 ,

for some matrix X̃ρ2×k. For 1 ≤ j ≤ k, let Yj represent the set of row indices of nonzero
entries in the jth column of X̃ρ2×k. Then we apply the following operator to make the all
columns of Ã(z)

2 zero:

U4 =
k∏

j=1

∏
ℓ∈Yj

CNOT
(

ρ1+ρ2−2c+j, Yj+{m}
) , (32)

where {ρ1 + ρ2 − 2c+ j}kj=1 are the positions of the last k-columns of Ã(z) in H̃ez and

m =


0, if 1 ≤ ℓ ≤ c,
ρ1 − c, if c+ 1 ≤ ℓ ≤ ρ2 − c,
ρ1 − c+ k, if ρ2 − c+ 1 ≤ ℓ ≤ ρ2.

(33)

Under the action of U4, the stabilizer matrices transform as

H̃ex =
[

0c 0c×(ρ1−c) 0c×(n−ρ1−c) D
(x)
1 D

(x)
1

0(ρ1−c)×c Iρ1−c 0(ρ1−c)×(n−ρ1−c) D
(x)
2 D

(x)
2

]
,

H̃ez =
[ ancilla qubits︷ ︸︸ ︷
Ṽρ2×c | 0ρ2×(ρ1−c) | Ã

(z)
1

information qbits︷ ︸︸ ︷
0ρ2×k | D(z)

ρ2×c | D
(z)
ρ2×c

]
.


(34)

Consequently, the final stabilizer matrix HS =
[
H̃ex 0
0 H̃ez

]
will look like[

0ρ1×c M 0ρ1×(n−ρ1−c) D(x) D(x) 0ρ1×(n+c)

0ρ2×(n+c) Ṽρ2×c | 0ρ2×(ρ1−c) | Ã
(z)
1 0ρ2×k | D(z) | D(z)

]
,

(35)

where Mρ1×(ρ1−c) =
[

0c×(ρ1−c)
Iρ1−c

]
and k = n− ρ1 − ρ2 + c.

STEP 5: As mentioned earlier, for the transformed matrix to establish the initial state
|0⟩⊗a |ψ⟩ |ϕ⟩⊗c , the binary support of the X-type stabilizers must be zero at the first n−2c
positions. Therefore, to exchange the nonzero columns

[
MT | 0(ρ1−c)×ρ2

]T
in HS with the

zero columns, we apply the Hadamard gates to the qubits indexed from c + 1 to ρ1, as
follows:

U5 =
ρ1∏

i=c+1
H(i).

By combining the operators introduced in Steps 1–5, the overall encoding operator for the
entanglement-assisted quantum code Q is expressed as

E = (U5U4U3U2U1)† .
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Steps 1-5 complete the encoding process for the codes constructed in Theorems 5 and 6.
We now show that the number of CNOT gates required in the decoding procedure is less
than that used by the alternative methods presented in [37]. The justification for the same
is given below:

The maximum number of CNOT-gates required by the U1-operator in Eq. (14) is
ρ1(n−ρ1). Similarly, the U2, U3 and U4-operators require c(ρ1−c), c and k×ρ2 maximum
number of CNOT-gates in Eqs. (24), (26) and (32), respectively. Therefore, the upper
bound on the total number of CNOT-gates required for the encoder E is given by

ρ1(n− ρ1) + c(ρ1 − c) + c+ kρ2.

Substituting k = n− ρ1 − ρ2 + c into the above expression, we then have

n(ρ1 + ρ2) + (c− ρ2)(ρ1 + ρ2)− ρ2
1 − c2 + c < n(ρ1 + ρ2)− ρ2

1 (since c < ρ2). (36)

Therefore, it is quite obvious that the complexity of the CNOT gate O
(
n(ρ1 + ρ2)− ρ2

1
)

is less than the complexity of the gate in [37], which is reported as O (n(ρ1 + ρ2)).
The reader should also note that, although, the maximum number of CNOT-gates

required by the U1-operator is ρ1(n − ρ1), given in Eq. (36). This maximum bound is
achieved only when all the entries of the T =

[
A(x)|E(x)

]
are assumed to be 1. However,

the exact number of CNOT-gates required by the U1 operator is exactly equal to the number
of nonzero elements in A(x) and E(x) + D(x), refer Eq. (14). Therefore, for quasi-cyclic
structure, we can further reduce the gate complexity, which is significant.

Example 7. Let C1 and C2 be two [9, 6]2 classical QC-LDPC codes with the following
parity-check matrices:

Hx =

 1 0 0 0 0 1 0 1 0
0 1 0 1 0 0 0 0 1
0 0 1 0 1 0 1 0 0

 ,
Hz =

 1 0 0 0 1 0 0 0 1
0 1 0 0 0 1 1 0 0
0 0 1 1 0 0 0 1 0

 ,
respectively. It follows from Theorem 5 that there exists an EA-QC-QLDPC code with
parameters [[9, 4, 2; 1]]2.

By using a single entangled qubit pair, stabilizer generator matrices Hex and Hez of
the quantum code Q = [[9, 4, 2; 1]]2 satisfying the dual-containing criteria can be generated,
i.e., HexH

T
ez = 0 (mod 2). The matrices Hex and Hez are given in the following equation:

Hex =

[
9−transmitter qubits︷ ︸︸ ︷

1 0 0
0 1 0
0 0 1

∣∣∣∣∣ 0 0 1 0 1
1 0 0 0 0
0 1 0 1 0

∣∣∣∣∣
half of 1 ebit︷︸︸︷

0
1
0

∣∣∣∣∣
∣∣∣∣∣
half of 1 ebit︷︸︸︷

1
1
1

]
,

Hez =

8−ancilla and information qubits︷ ︸︸ ︷ 1 0 0 0 1 0 0 0
0 1 0 0 0 1 1 0
0 0 1 1 0 0 0 1

∣∣∣∣∣ 1
0
0

∣∣∣∣∣
∣∣∣∣∣ 1

1
1

 .



(37)
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Now, we are ready to design the quantum encoder for the EA-QC-QLDPC code Q =
[[9, 4, 2; 1]]2 based on the techniques described in this paper. On comparing the stabilizer
matrices in Eq. (37) with the matrices in Eq. (12), we get

J = I3 =

 1 0 0
0 1 0
0 0 1

 , A(x) =

 0 0 1 0 1
1 0 0 0 0
0 1 0 1 0

 , A(z) =

 0 1 0 0 0
0 0 1 1 0
1 0 0 0 1

 ,

E(x) =

 0
1
0

 , E(z) =

 1
0
0

 , D(x) =

 1
1
1

 and D(z) =

 1
1
1

 .
The submatrices

[
E(x)|D(x)

]
and

[
E(z)|D(z)

]
have the X and Z type stabilizer support on

the transmitter and receiver side entangled qubits, respectively.
In the next step, we iterate over the rows of Hex and apply CNOT gates to make the A(x)

submatrix zero, which implies that the support of X-type stabilizers on the ancillae qubits
become Pauli-I and transform E(x) submatrix to D(x) in Hex for column-wise matching
of the X-type stabilizer support on the transmitter and the receiver end qubits, and these
desired transformations can be done by the following operator:

U1 =

(CNOT(3,9)CNOT(3,7)
) (

CNOT(3,5)
)

︸ ︷︷ ︸
Transform third row of Hex


 (

CNOT(2,4)
)

︸ ︷︷ ︸
Transform second row of Hex


(CNOT(1,9)CNOT(1,8)

) (
CNOT(1,6)

)
︸ ︷︷ ︸

Transform first row of Hex

 .
The above operator U1 transform the stabilizer matrices as follows:

Hex =

 1 0 0 0 0 0 0 0 1 1
0 1 0 0 0 0 0 0 1 1
0 0 1 0 0 0 0 0 1 1

 ,

Hez =

 0 0 0 0 1 0 0 0 1 1
1 1 1 0 0 1 1 0 0 1
1 1 1 1 0 0 0 1 0 1

 .


(38)

From Eq. (38), the submatrix B is

 0 0 0
1 1 1
1 1 1

 . It is straightforward that the column

rank c of the submatrix B is 1. Therefore, we can solve the following system of linear
equations:

V X =

 0
1
1

X =

 0 0
1 1
1 1

 = W.

It is trivial to check that the solution X is equal to row matrix
[
1 1

]
. Using X, we apply

U2 = CNOT(3,1)︸ ︷︷ ︸
Make 3rd column of B zero

CNOT(2,1)︸ ︷︷ ︸
Make 2nd column of B zero
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which makes the second and third columns of B zero. The transformed matrices Hex and
Hez after applying the operators U1 and U2 are

Hex =

 1 0 0 0 0 0 0 0 1 1
1 1 0 0 0 0 0 0 1 1
1 0 1 0 0 0 0 0 1 1

 ,
Hez =

 0 0 0 0 1 0 0 0 1 1
1 0 0 0 0 1 1 0 0 1
1 0 0 1 0 0 0 1 0 1

 .
Next, we apply the CNOT gate U3 = CNOT(9,1), which maps E(z) to D(z). This operation
transforms the stabilizer matrices as follows:

Hex =

 0 0 0 0 0 0 0 0 1 1
0 1 0 0 0 0 0 0 1 1
0 0 1 0 0 0 0 0 1 1

 ,

Hez =

 0 0 0 0 1 0 0 0 1 1
1 0 0 0 0 1 1 0 1 1
1 0 0 1 0 0 0 1 1 1

 .


(39)

Next, we apply the operator U4 to make the last k = 4 columns of A(z) zero. Now, we
partition A(z) as follows:

A(z) =

[ 0
1
1︸︷︷︸

A
(z)
1

∣∣∣∣∣ 1 0 0 0
0 1 1 0
0 0 0 1︸ ︷︷ ︸

A
(z)
2

]

For obtaining U4, we solve the linear equation

[V |A(z)
1 |D

(z)]X̃ = A
(z)
2 =⇒

 0 0 1
1 0 1
1 1 1

 X̃ =

 1 0 0 0
0 1 1 0
0 0 0 1

 .

Using the columns of X̃ =

 1 1 1 0
0 1 1 1
1 0 0 0

, and from Eq. (32), we obtain

U4 = CNOT(8,4) CNOT(7,{1,4}) CNOT(6,{1,4}) CNOT(5,{1,9}),

where CNOT(x,∗) makes the xth column of Hez zero based on the positions of the target
qubit positions indicated in (*) . The application of U4 transforms the stabilizer matrices
as follows:

Hex =

 0 0 0 0 0 0 0 0 1 1
0 1 0 0 0 0 0 0 1 1
0 0 1 0 0 0 0 0 1 1

 ,
Hez =

 0 0 0 0 0 0 0 0 1 1
1 0 0 0 0 0 0 0 1 1
1 0 0 1 0 0 0 0 1 1

 . (40)
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Figure 4: Encoding circuit of the EA-QC-QLDPC code [[9, 4, 2; 1]]2 presented in the Example 7.

Finally, we apply the Hadamard-gate on the second and third qubits and obtain the complete
stabilizer matrix as follows:

Hs =



0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 1


. (41)

The complete encoding operator is E =
(
H(2,3)U4U3U2U1

)†
. For bringing the encoder

into a systematic form such that the first four qubits are information qubits, a series of
SWAP-gates can be applied followed by E as follows:

SWAP(4,8)SWAP(3,7)SWAP(2,6)SWAP(1,5).

Figure 4 illustrates the complete encoding schematic in the entanglement-assisted setup,
in which a Bell pair |Φ⟩ is pre-shared between the transmitter and the receiver and as-
sumed to be error free. Four information qubits are encoded into the quantum code
Q = [[9, 4, 2; 1]]2 using the encoder E .

For a given entanglement-assisted quantum code [[n, k; c]], we consider several possible
encoding and decoding schemes depending on the specific communication and computa-
tional scenarios in which the code is implemented, as follows:

(1) One-way communication of Bell pairs: The first n qubits of the resulting codeword state
|Ψ⟩ are transmitted to the receiver through a noisy quantum channel N (·). At the receiver,
the stabilizer generators of the code Q are measured on the received n qubits together
with the pre-shared Bell-pair qubits. Based on the resulting syndrome, appropriate error
correction is applied, followed by the inverse encoding operation E†, thereby successfully
recovering the original information qubits, as illustrated in Figure 5a.
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(a) One-way communication protocol.

(b) Two-way communication protocol.

Figure 5: (a) Illustration of a one-way communication protocol, in which a new Bell pair is generated
for every transmission and consumed upon use. The Bell pair can be generated from a gate-based
scheme or from a heralded source. One half of each Bell pair is part of the payload that is encoded
and sent to the receiver. The other half of each Bell pair is shared with the receiver and assumed to be
error free. (b) In this scenario, we illustrate a two-way entanglement-assisted communication protocol
from stations A and B that operate in catalysis mode. Each station thus acts as a transmitter as well
as a receiver. This scenario is practical when the stations can do both computing and communication
using a pool of Bell pairs. The transmitter has access to local Bell pair sources and one half of each
Bell pair is encoded and sent from the transmitter to the receiver. At the receiver, the decoder uses the
other half of the Bell pair assumed to be error free, decodes the information qubits as well as recovering
the Bell pair at the receiver for consuming it in the next iteration. Thus, the Bell pairs are constantly
cycling between the two stations, in a ping-pong fashion. The reader must note that one has to check
for the validity of the decoded Bell pair for successfully using it in a subsequent round of transmission.
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(2) Two-way communication of Bell pairs (catalytic approach): The reader must note that
the catalytic-rate-based transmission scheme shown in Figure 5b does not require creating
new Bell pairs locally and sharing them across the quantum transceiver every time. Instead,
once the n-qubits are transmitted through the channel and successfully decoded, a portion
of that Bell pair successfully decoded at time t−1 could be subsequently used for the next
transmission at the receiver as part of the payload for encoding the information at time t
and relay the portion of that Bell pair to the transmitter. This architecture facilitates a
two-way entanglement-assisted coded transmission of quantum information. We note that
one half of the EPR pair is maintained error free at the receiver and the other is part of
the encoded quantum codeword. In this way, the catalytic scheme is more efficient for
the quantum communication scenario. It is obvious that only in case when the Bell pair
post decoding at the receiver loses its decoherence, a Bell pair must be locally generated
either through gate-based logic or other means, such as entanglement swapping, for the
next round of communications.

Despite the assumption that one of the EPR pairs at the receiver is error free, the EA-
based communications offers significant advantages when soft-decision-based joint decoding
is done over the joint Tanner graph, without having to deal with short cycles.

(3) Entanglement-assisted quantum codes in computing: In the quantum computing sce-
nario, every qubit undergoes noise. Hence, the EPR pair used in the entanglement-assisted
scheme at time t is part of the payload of the previously encoded codeword, i.e., at time
t − 1. Thus, at the expense of the catalytic rate, one can realize coded computing such
that none of the qubits are assumed error free as illustrated in Figure 6.

The proposed constructions are thus amenable for both quantum communications and
computing with a minor sacrifice in the catalytic coding rate in the quantum computing
scenario.

Figure 6: Entanglement-assisted (EA) quantum codes in computation, where halves of shared Bell pairs
are protected through an error correction scheme. One half of the Bell pair is part of the payload during
the encoding and will be decoded jointly using the other half of the Bell pair that is separately encoded
via a second encoder and made available in the entanglement-assisted configuration during decoding.
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7 Code Performance Analysis via Simulations
In this section, we introduce two types of error models: (i) a random error model without
burst errors, and (ii) a burst error model with Markovian correlations. We then evaluate
the performance of the proposed codes over these models under various decoding configu-
rations.

Random Error Model: Consider a quantum state ρ comprising ℓ-qubits transmitted
over a quantum channel. We assume a depolarizing noise channel model for random errors,
denoted by π(pd), where the channel action occurs independently on each qubit. When
applied to a single qubit state σ, the channel introduces a Pauli error with probability pd

as follows: σ 7→ (1 − pd)σ + pd
3 (XσX + Y σY + ZσZ) , where X, Y and Z represent the

Pauli matrices acting on the state σ.
Burst Error Model: Consider a quantum state ρ comprising ℓ-qubits transmitted over

a depolarizing quantum channel with Markovian correlations, resulting in burst errors
[46, 47]. In this model, the Pauli error Ei on the ith qubit can be an element from the set
{I,X, Y, Z}. Due to Markovian correlations in the channel, an error Ei occurring on the
ith qubit influences the likelihood of an error Ej on an adjacent qubit j, where j = i+ 1.
This influence is governed by a correlation parameter η, under a first-order Markov process,
and is mathematically described by the conditional probability:

P (Ej |Ei) = (1− η)P (Ej) + η δEi,Ej ,

where δEi,Ej is an indicator function given by

δEi,Ej =
{

1, if Ei = Ej ,

0, if Ei ̸= Ej .

For each qubit i ∈ {1, 2, . . . , ℓ}, the probability distribution for the error Ei is specified as
P (Ei = I) = 1 − pd for no error, and P (Ei ∈ E) = pd

3 , where E = {X,Y, Z}. This model
captures the correlated nature of errors in the quantum channel, allowing us to analyze
the impact of noise propagation on entangled states in a systematic way. In general, if Φ
is the Markovian error applied on the ℓ-qubit state ρ, then

Φ(ρ) =
∑

E1,...,Eℓ

(
P (E1)

ℓ∏
i=2

P (Ei|Ei−1)
)
Eℓ · · ·E1ρE

†
1 · · ·E

†
ℓ ,

where Ei ∈ {I,X, Y, Z} for all 1 ≤ i ≤ ℓ.
The proposed classical QC-LDPC codes using permutation matrices of order p de-

scribed in Sections 3 has a burst erasure correction capability of at least length p [48].
Consequently, the EA-QC-QLDPC codes constructed in Sections 4 and 5 can correct quan-
tum burst erasures of length p provided that underlying classical codes individually are
capable of correcting burst erasures of length at least p [49].

We have used four configurations of the decoders, namely: (a) a binary layered sum-
product (BLSP) decoder, (b) a quaternary min-sum (QMS) decoder, (c) a quaternary
normalized min-sum (QNMS) decoder, and (d) a quaternary block-layered normalized
min-sum (QBLNMS) decoder, to evaluate the performance of codes under uncorrelated
and correlated X- and Z-type Pauli errors over the depolarizing channel.

For the sake of completeness, we now describe the binary and quaternary versions of
the decoders along with layering improvements used in the simulations.
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7.1 Binary sum-product (BSP) algorithm
For an [[n, k1 + k2 − n, dq]]2 quantum LDPC code, we now describe the syndrome-based
sum-product algorithm with the tanh-based approach [50] over the Tanner graph derived
from the following stabilizer matrix

HS =
[

Hx 0(n−k1)×n

0(n−k2)×n Hz

]
,

where HxH
T
z ≡ 0 (mod 2). The Tanner graph associated with HS is composed of two

separate Tanner graphs: one constructed using Hx with n variable nodes and n − k1
check nodes, and another using Hz with n variable nodes and n − k2 check nodes. The
sum-product algorithm operates concurrently over both the Tanner graphs.

Let the syndrome S = [Sx Sz] be obtained by measuring observables isomorphic to Hx

and Hz on a quantum hardware. The tanh-based message-passing algorithm is used to
pass messages over each graph, individually. Messages are sent from a variable node to the
check node. The check node ascertains if the check is satisfied or not given the incoming
messages. Similarly, for each variable node, all the participating check node messages
are sent to that variable node. Based on exchanging extrinsic messages, the algorithm
converges iteratively. The reader must note that the message passing algorithm in general
cannot reach maximum-likelihood performance but reasonably close to that performance.

For a variable node i connected to a check node j, the message νi,j from the variable
node i to the check node j is updated as:

νi,j = Li +
∑

k∈N (v)
i \{j}

µk,i,

where Li = log
(

1−pd
pd

)
is the log-likelihood ratio (LLR) associated with each qubit in

the depolarizing noise model π(pd), which is fixed to be the same for all n qubits, N (v)
i

represents the neighboring check nodes connected to the variable node i and µk,i represents
the message from the check node k to the variable node i.

For each check node j and its neighboring variable node i, the message µj,i from the
check node j to the variable node i is updated

µj,i = 2(−1)Sj tanh−1

 ∏
k∈N (c)

j \{i}

tanh
(
νk,j

2

) ,
where N (c)

j represents the neighboring variable nodes connected to check node j. The sign
of each syndrome bit Sj determines the sign of the messages at the check nodes.

The algorithm continues iterating until the estimated error vector calculated as follows:

ẽ
(a)
i = sign

(
Li +∑

k∈N (v)
i

µk,i

)
for a = x or a = z reproduces the syndrome Sa, i.e.,

S̃x = Hxẽ
T
z and S̃z = Hz ẽ

T
x . If S̃x = Sx and S̃z = Sz, or the maximum iteration count

wmax is reached, the algorithm terminates.
In practice, a layered implementation of the BSP algorithm can be employed, wherein

the check nodes are processed sequentially in layers, and the variable node messages are
updated immediately within each layer. This results in faster convergence and improved
error-correction performance compared to the conventional flooding schedule. In this work,
we adopt the layered BSP (BLSP) decoder as a benchmark for performance comparison
with the quaternary decoding schemes.
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7.2 Quaternary sum-product algorithm
It is important to note that, although X and Z errors are often treated as statistically in-
dependent in binary decoding frameworks, a Pauli error Y corresponds to the simultaneous
occurrence of both X and Z errors on the same qubit. This induces a form of correlation
at the single-qubit level, distinct from spatial correlations across multiple qubits.

This observation naturally motivates the use of quaternary decoding. Quaternary de-
coders, operating over F4, inherently capture such joint error events by treating Y as a
single symbol. In contrast, binary decoders process X and Z components separately and
typically assume independence between them, leading to a mismatch with the true error
statistics. As a result, quaternary decoders can more accurately model the underlying
noise and achieve improved decoding performance compared to their binary counterparts,
particularly under depolarizing noise, as demonstrated in Subsection 7.4. For clarity and
completeness, we have included the quaternary sum-product decoder below.

The quaternary sum-product decoder [51] operates on a joint Tanner graph constructed
from the quaternary parity-check matrix Hρ×n, with n variable nodes and ρ check nodes,
where each edge carries quaternary messages over {I,X,Z, Y }.

Before presenting the complete discussion of the quaternary algorithm, we first intro-
duce the necessary terminology that will be used in its description.

The (i, j)-th entry of the quaternary parity-check matrix Hρ×n is defined as

Hi,j = (Hx + 2Hz)i,j ∈ {0, 1, 2, 3}.

Next, we associate a Pauli operator with each entry Hi,j . Let H(P )
i,j denote the Pauli

operator corresponding to Hi,j , defined as

H
(P )
i,j =


I, if Hi,j = 0,
X, if Hi,j = 1,
Z, if Hi,j = 2,
Y, if Hi,j = 3.

Now, we are ready to describe the steps involved in quaternary sum-product algorithm.
Initialization: Each variable node i is initialized with a quaternary LLR vector reflecting

the depolarizing channel:

l
(0)
i = [0, γ, γ, γ] , γ = log

(
pd

3(1− pd)

)
,

where the entries correspond to Pauli operators {I,X,Z, Y }. The initial message from
variable node i to check node j, denoted by Mi,j , is updated as follows:

Mi,j = Fmax(0, γ)− Fmax(γ, γ) ,

where Fmax(a, b) = max(a, b)+log
(
1 + e−|a−b|

)
is the Jacobian logarithm for a numerically

stable log-domain computation.
Check node update: To update each check node j with respect to a variable node i,

we aggregate the messages from all neighboring variable nodes excluding i, and update as
follows:

µi,j = 2(−1)Sj tanh−1

 ∏
k∈N (c)

j \{i}

tanh
(
Mk,j

2

) ,
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where the syndrome bit Sj flips the sign when the stabilizer is violated. The scalar µi,j

is expanded into a quaternary vector, penalizing Pauli operators Pk ∈ {I,X,Z, Y } that
anticommute with the Pauli element H(P )

i,j corresponding to the (i, j)-th entry Hi,j in the
quaternary matrix, as follows:

L
(t)
i,j =


[0, 0, 0, 0], if H(P )

i,j = I,

[0, 0,−µi,j ,−µi,j ], if H(P )
i,j = X,

[0,−µi,j ,−µi,j , 0], if H(P )
i,j = Y,

[0,−µi,j , 0,−µi,j ], if H(P )
i,j = Z.

Variable node update and hard decision: Each variable node i updates its outgoing
message using extrinsic information:

l
(t)
i,j = l

(0)
i +

∑
k∈N (v)

i \{j}

L
(t)
i,k.

A hard decision then selects the most likely Pauli error Ei at ith qubit as follows:

Ei = argmax
q ∈ {I,X,Z,Y }

l(0)
i +

∑
k∈N (v)

i

L
(t)
i,k

 (q),

which is mapped to its binary representation ẽi isomorphic to the corresponding Pauli
operator.

Convergence: After each iteration, the recomputed syndrome S̃ = HẽT (mod 2), where
ẽ = (ẽ1, ẽ2, . . . , ẽn), is compared against S. Decoding succeeds when S̃ = S; otherwise
message passing continues until wmax is reached.

7.3 Quaternary min-sum algorithm with normalization, layering, and damping
The quaternary min-sum algorithm is a low-complexity approximation to the sum-product
algorithm, where the tanh-based check node update is replaced by a min function operating
solely on the magnitudes and signs of the incoming messages. Although this approxima-
tion introduces a slight performance degradation, it significantly reduces computational
complexity by eliminating the tanh and tanh−1 operations. The variable node update and
hard decision steps remain structurally identical to the sum-product algorithm, and the
quaternary message structure encoding Pauli commutation and anti-commutation relations
is preserved.

The min-sum approximation is known to overestimate the magnitude of check node
messages, since the min operation is an upper bound on the true sum-product update. A
normalization factor α ∈ (0, 1] is applied to the outgoing check node message to compensate
for this overestimation,

x← α · x,
effectively scaling down the check node contributions before they are mapped to the qua-
ternary message vector µi,j . Without this correction, inflated messages bias the posterior
belief accumulator Λj , degrading error-correction performance. In practice, α ∈ [0.6, 0.9]
yields consistent gains over the unscaled min-sum decoder, and α is treated as a tunable
hyperparameter optimized for the code and the channel under consideration.

Layered decoding updates one group of check nodes at a time and immediately propa-
gates the updated messages to subsequent groups within the same iteration, unlike flood-
ing schedules that wait for a full iteration. This typically accelerates the information flow
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Algorithm 3 Quaternary Block-Layered Normalized Min-Sum Decoding (Part 1)
1: procedure QBLNMS(HS , pd, S, wmax, p, αs, αe, βs, βe)
2: Input: Syndrome vector S, stabilizer matrix HS , maximum number of iterations
wmax, depolarizing probability pd, permutation matrix size p, normalization parame-
ters αs, αe, and damping parameters βs, βe.

3: Output: Estimated error vector ẽ.
4: Let Hx and Hz be the parity-check matrices of the classical LDPC codes. Construct

the quaternary parity-check matrix Hρ×n = Hx + 2Hz, where Hi,j ∈ {0, 1, 2, 3} and
1 ≤ i ≤ ρ denotes a check node index and 1 ≤ j ≤ n denotes a variable node index.
Partition the check nodes into N = ρ/p consecutive blocks B1, . . . ,BN , each of size p.

5: Define the function Fmax(s, t) = max(s, t) + log
(
1 + e−|s−t|

)
and the edge-label-

dependent mapping ϕh(ξ) for h = Hi,j ∈ {1, 2, 3}:

ϕh(ξ) =


Fmax(ξ1, ξ2)− Fmax(ξ3, ξ4), if h = 1,
Fmax(ξ1, ξ3)− Fmax(ξ2, ξ4), if h = 2,
Fmax(ξ1, ξ4)− Fmax(ξ2, ξ3), if h = 3.

6: Initialize the channel LLR vector Lch = [0, γ, γ, γ], where γ = log
(
pd/[3(1− pd)]

)
.

7: Initialize the variable-to-check scalar messages νi,j :

νi,j =
{
Fmax(0, γ)− Fmax(γ, γ), if Hi,j ∈ {1, 2, 3},
+∞, if Hi,j = 0.

8: Initialize all check-to-variable messages (from ith check node to jth variable node)
to zero: µ

(0,·)
i,j = 01×4 for all i, j. Initialize the extrinsic accumulator to zero: Λ(0,0)

j =
01×4 for all j. For any variable, for example νi,j , in the superscript tuple (·, ·), first
coordinate denotes the iteration number and the second coordinate denotes the block
layer; this convention is used consistently throughout the algorithm.

9: for each iteration w = 1 to wmax do
10: Select a uniformly random permutation π of {1, . . . , N}. Let the ordered block

indices for this iteration be b1, b2, . . . , bN where bℓ = π(ℓ) and 1 ≤ ℓ ≤ N .
11: Define the initial accumulator state for this iteration:

Λ(w,0)
j =

Λ(0,0)
j , if w = 1,

Λ(w−1,N)
j , if w > 1.

12: for each scheduled position ℓ = 1 to N do
13: Let b← bℓ ▷ actual block index at scheduling position ℓ
14: Let R = Bb be the current block-layer of p check nodes.
15: Step 0: Syndrome-driven parameter adaptation

For each ith row in R and j ∈ N (v)
i , compute the message from jth variable node

to ith check node:
ν

(w,b)
i,j = ϕh

(
Lch + Λ(w,ℓ−1)

j − µ
(w−1,b)
i,j

)
, h = Hi,j .

Compute the number of unsatisfied checks nu as follows:

nu =
∑
i∈R

1

(−1)Si
∏

k∈N (v)
i

sign(ν(w,b)
i,k ) < 0

 , where 1[·] is the indicator function.

Let κ = nu/p ∈ [0, 1]. Set α = αe + (αs − αe)κ, β = βe − (βe − βs)κ.
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Algorithm 3 Quaternary Block-Layered Normalized Min-Sum Decoding (Part 2)
16: Step 1: Variable-to-check message computation

For each ith row in R and j ∈ N (v)
i we compute:

ν
(w,b)
i,j = ϕh

(
Lch + Λ(w,ℓ−1)

j − µ
(w−1,b)
i,j

)
, where h = Hi,j .

17: Step 2: Check-to-variable message computation
For each ith row in R and j ∈ N (v)

i :

• Let m1 ≤ m2 be the two smallest absolute values among {|ν(w,b)
i,k |}

k∈N (v)
i

.

• Compute the scalar check-node output:

x = α · (−1)Si
∏

k∈N (v)
i \{j}

sign(ν(w,b)
i,k ) ·


1, if m1 = 0,
m2, if |ν(w,b)

i,j | = m1,

m1, otherwise.

• Compute the quaternary vector message µ
(q)
i,j :

µ
(q)
i,j =


[0, 0,−x,−x], if Hi,j = 1,
[0,−x, 0,−x], if Hi,j = 2,
[0,−x,−x, 0], if Hi,j = 3.

18: Step 3: Damped update and accumulator commitment
For each ith row in R and j ∈ N (v)

i , we update: µ
(w,b)
i,j = β µ

(q)
i,j + (1−β) µ

(w−1,b)
i,j .

Accumulate: ∆Λ(w,b)
j ← ∆Λ(w,b)

j +
(
µ

(w,b)
i,j − µ

(w−1,b)
i,j

)
.

Commit the updates: Λ(w,ℓ)
j ← Λ(w,ℓ−1)

j + ∆Λ(w,b)
j for all j.

19: end for
20: Hard decision and syndrome check

For each variable node j = 1, . . . , n, we evaluate:

ẽ(j) = argmax
q ∈ {I,X,Z,Y }

(
Lch + Λ(w,N)

j

)
(q).

Map the vector ẽ to binary vectors (ẽx, ẽz) and compute the estimated syndrome
S̃ = HS [ẽz | ẽx]⊤ (mod 2) 4.

21: if S̃ = S or w = wmax then
22: return ẽ = [ẽx | ẽz]
23: end if
24: end for
25: end procedure

4 The reader should note that if the hard-decision outputs of a block layer show no sign changes relative
to the preceding layers processed earlier in the same iteration, the decoder may exit early to save clock
cycles; skipping this check risks a miscorrection.
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across the Tanner graph, providing coding gains, reducing the number of iterations required
for convergence, and thereby lowering the decoding latency. For QC-QLDPC codes, this
advantage is reinforced by having a structured parity-check matrix, where each group cor-
responds to a block-row composed of circulant permutation matrices, and interconnections
are related by cyclic shifts. This regularity enables efficient message routing using a barrel
shifter, eliminating the need for complex interconnects. Consequently, the decoder can be
realized using a compact and regular hardware architecture with reusable processing units,
where only the shift values vary across groups. Such low-latency implementations with the
needed parallelism are particularly important in quantum error correction, where decoding
must be completed within the physical limits of qubit decoherence times.

We also make use of a stabilization mechanism in the layered setting via message
damping. Since the updated beliefs are immediately visible to subsequent check nodes
within the same iteration, any aggressive updates can cause oscillations, thereby hindering
convergence due to the graphical structure of the code. Damping addresses this issue by
blending the newly computed message with the existing one,

µ
(w,b)
i,j = β µ

(q)
i,j + (1− β) µ

(w−1,b)
i,j ,

where β ∈ (0, 1] is a damping factor that controls how much the new message influences
the update. The term µ

(w,b)
i,j denotes the blended message at iteration w for block-layer

b, µ
(w−1,b)
i,j is the message from the previous iteration, and µ

(q)
i,j is the newly computed

quaternary message vector. Setting β = 1 recovers the undamped decoder, while smaller
values suppress oscillations at the cost of slower convergence. In practice, β ∈ [0.7, 0.98]
provides a good balance, and β is treated as a tunable hyperparameter alongside α. These
practical strategies help in overcoming the convergence issues inherent to the nonlinear
dynamics of the decoding algorithm.

In general, a layered normalized min-sum decoder relies on fixed scaling and damping
parameters α and β that are tuned once before decoding begins. This works well on an
average but is blind to how the decoder is actually performing on a given syndrome in-
stance, i.e., the same parameter values are applied regardless of whether the decoder is
far from convergence or nearly there. The key idea of syndrome-driven adaptation is to
use the decoder’s own internal state as a feedback signal. Before processing each block
of check nodes, we estimate κ from the soft messages as the fraction of unsatisfied parity
checks within that block. This serves as a measure of local convergence. Blocks with a
high fraction of unsatisfied checks require more aggressive updates, while blocks that are
close to convergence benefit from more conservative, stabilizing updates. Accordingly, the
parameters α and β are adapted as simple functions of κ. When κ is large, α is increased
(reducing normalization) and β is decreased to allow stronger updates. When κ is small, α
is reduced and β is increased to damp oscillations and stabilize the solution. The parame-
ters are constrained within predefined ranges, with α ∈ [αs, αe] and β ∈ [βs, βe], where αs

and αe denote the maximum and minimum allowable values of the normalization factor,
respectively, while βs and βe denote the minimum and maximum allowable values of the
damping factor, respectively. This adaptation is performed independently for each block
at every iteration, allowing different regions of the Tanner graph to evolve at different rates
depending on their local state. As a result, the decoder naturally transitions from aggres-
sive correction in poorly converged regions to fine-grained stabilization near convergence,
with only minimal additional computational overhead.

Based on the above discussion, in our simulations, we use the quaternary block-layered
normalized min-sum (QBLNMS) approximation of Algorithm 3. The high-level architec-
ture of the corresponding decoder is as shown in Figure 7.
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Figure 7: Figure shows the high-level hardware architecture of the QBLNMS decoder (Algorithm 3).
The BRAMs store the CN-to-VN messages µ(w−1,b) and the extrinsic accumulator Λ, organized by
block layer. At the start of each block, the block select unit reads the current block’s messages from
the BRAMs under the control of the iteration controller and block permuter. The adder combines
the channel LLR Lch with the block reference accumulator Λ(w,l−1), and the subtractor removes the
prior CN-to-VN contribution µ(w−1,b) to form the extrinsic belief, which is passed to the CNU. The
CNU computes the normalized min-sum scalar x, using the normalization factor α supplied by the α/β
adaptation unit, which determines α and β based on the fraction of unsatisfied parity checks in the
current block. The scalar x is expanded into a four-component CN-to-VN message via the symplectic
mapping, which is then blended with µ(w−1,b) in the damping unit using the factor β to produce the
damped message µ. The resulting message change is accumulated in the ∆Λ accumulator, and upon
completion of the block, the updated Λ and µ are written back to the BRAMs. After each full iteration,
the syndrome check unit forms the hard decision and verifies the estimated syndrome ẽ, signaling the
controller to stop upon convergence.

7.4 Simulation Results and Discussions
In this section, we evaluate the performance of the constructed codes under various decod-
ing schemes and identify the optimal choice as the quaternary block-layered normalized
min-sum decoder. Furthermore, we compare the proposed codes with several prior works
and observe significant performance gains.

Before presenting the performance analysis of the proposed codes, we first introduce
the following definition.

Definition 1 (Logical Error Rate (LER)). Let mE denote the total number of error
instances. The logical error rate (LER) of a quantum code is defined as

LER = nE

mE
,

where nE represents the number of instances resulting in a logical failure. An error instance
is said to result in a logical failure if either of the following conditions holds:

1. E†
2E1 ∈ C(S) \ S, where E1 and E2 are the actual and estimated error operators after

decoding, respectively, S is the stabilizer group, and C(S) is the centralizer of S.

2. The decoder reaches the maximum number of allowed iterations without successful con-
vergence.
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(a) Performance of the [[121, 20, 10; 1]]2 code. (b) Performance of the [[169, 24, 12; 1]]2 code.

Figure 8: Performance curves for the [[121, 20, 10; 1]]2 and [[169, 24, 12; 1]]2 EA-QC-QLDPC codes are
shown under depolarizing noise and depolarizing noise with Markovian burst errors, where the logical
error rate is plotted against the depolarizing probability pd. For p = 11 case (Subfigure (a)), the
quaternary min-sum (QMS) decoder outperforms the binary layered sum-product (BLSP) decoder. For
p = 13 case (Subfigure (b)), both the decoders exhibit comparable performance, as the gain from layered
decoding in BLSP compensates for the advantage of quaternary processing. The normalized variant
(QNMS) provides further performance improvement. The best performance in both cases is achieved
by the block-layered normalized decoder (QBLNMS). Additionally, Subfigures (a) and (b) illustrate
the performance improvement obtained with increasing size of the underlying circulant permutation
matrices from p = 11 to p = 13.

For clarity, we present and discuss the simulation results based on the following points,
using 100 iterations per simulation5.

Performance analysis of proposed codes under different decoding schemes: In
Figures (8a) and (8b), for correlation coefficient η = 0.5, the logical error rate versus
depolarizing probability pd is shown for BLSP, QMS, QNMS, and QBLNMS decoders
under the random and Markovian error models. Monte Carlo simulations are used to
evaluate the [[121, 20, 10; 1]]2 and [[169, 24, 12; 1]]2 EA-QC-QLDPC codes over both random
depolarizing noise and burst errors. Binary decoding is performed on separate Tanner
graphs, while quaternary decoding is carried out on the joint Tanner graph.

From Figures (8a) and (8b) under random errors, the QMS decoder outperforms the
BLSP decoder for the p = 11 case, while for the p = 13 case both decoders show comparable
performance, indicating that the gain from layering in the binary decoder compensates for
the advantage of quaternary processing; this is because as the code length increases, the
ability to update variable nodes after every layer provides more immediate gains than
the quaternary decoder, which must wait for a full iteration to update its variable nodes.
The QNMS decoder provides improved performance over both BLSP and QMS in both
cases, whereas the QBLNMS decoder achieves the best overall performance. In particular,
QBLNMS offers an improvement of approximately one order of magnitude over BLSP for
a maximum of wmax = 100 decoding iterations.

5MATLAB codes available at: https://github.com/Karthik-Bharadwaj-GM/QC-QLDPC-Decoders.git
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Figure 9: The LER vs. η for pd = 0.03 is shown for the EA-QC-QLDPC codes [[25, 8, 4; 1]]2 and
[[49, 12, 6; 1]]2. For both the codes, we assess the LER against (a) the random depolarizing model and
(b) the random depolarizing along with the Markovian noise bursts. We observe the convergence of
the LER for both the channels for these codes when the η → 1 since the code can correct all bursts of
length p.

Under Markovian burst errors, the quaternary normalized decoders continue to out-
perform the binary decoder, as they more effectively capture the correlated nature of the
channel. In this setting, the QBLNMS decoder achieves an improvement of slightly less
than an order of magnitude over the BSP decoder.

Additionally, it is also observed that the performance improves with increasing permu-
tation size p (from p = 11 to p = 13), even when the burst length scales linearly with p
(refer to Figures (8a) and (8b)).

Role of correlation coefficient η: Figure 9 shows the logical error rate vs. η. For sim-
plicity, we have considered the two codes [[25, 8, 4; 1]]2 and [[49, 12, 6; 1]]2. From Figure 9,
we observe that the logical error rate of these codes becomes similar for the random errors
case as well as for a mixture of random and burst errors over higher η. So, we could state
that the codes are capable of correcting nearly all burst errors of length p when η ≃ 1.

Effects of short cycles in joint Tanner graphs: In Figure 10, we compare the logical
error rate performance of the [[42, 4]]2 code from [27] with proposed code [[42, 10; 6]]2
constructed using Theorem 6, under the QBLNMS decoder. At a noise probability of
10−3, our code achieves more than two orders of magnitude improvement in the logical
error rate. This significant improvement is mainly due to the proposed code construction,
which eliminates 4-cycles from the entanglement-unassisted portion of the joint Tanner
graph and thereby enhances the decoding performance compared to the reference code.
It is also important to note that both codes have the same column weight; hence, the
additional gain from layered decoding is limited in this case as the benefit of layering is
closely related to the column weight of the parity-check matrix.
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Figure 10: Performance comparison of the EA-QC-QLDPC code [[42, 10; 6]]2 from Example 5 with the
[[42, 4]]2 CSS quantum code reported in [27]. The decoder employed is the QBLNMS decoder, and the
result clearly illustrates the superior performance of the proposed EA-CSS code, which can be attributed
to the elimination of 4-cycles in the unassisted portion of the joint Tanner graph.

Figure 11: The proposed EA-QC-QLDPC code [[121, 70; 51]]2 is compared with the [[128, 58; 18]]2 EA
quantum code from [40] using the QBLNMS decoder. The proposed code achieves a higher rate of
0.578 compared to 0.453 for the reference code, and delivers better error correction performance despite
having a slightly smaller block length.
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Figure 12: The [[390, 132; 128]]2 EA-QC-QLDPC code with girth greater than 6 outperforms the
[[529, 176; 353]]2 EA-QC-QLDPC code with girth greater than 4 under the QBLNMS decoder over
both the random depolarizing and Markovian burst error channels, despite having a smaller block
length. This confirms that higher girth leads to better error correction performance. Additionally,
the [[390, 132; 128]]2 code has a burst error correction capability of 65, compared to only 23 for the
[[529, 176; 353]]2 code due to the size of the permutation matrices within those codes, making it sig-
nificantly more robust against burst errors.

Additionally, in Figure 10, it is important to note that although our EA quantum
code [[42, 10; 6]]2 requires 6 pre-shared entangled qubits at the receiver side, compared to
[[42, 4]]2, the decoding is performed only on the 42 physical qubits transmitted by the
sender. Therefore, both codes transmit the same number of qubits from the sender’s side;
however, our code encodes significantly more logical qubits, resulting in a higher effective
coding rate. Therefore, the performance gain reported in this figure is achieved alongside
a higher code rate, making our code doubly advantageous.

Impact of column weight: In Figure 11, we compare the logical error rate perfor-
mance of the [[128, 58; 18]]2 code from [40] with our [[121, 70; 51]]2 EA-QC-QLDPC code
constructed using Theorem 7. With the QMS decoder, our code already achieves approx-
imately one order of magnitude improvement in logical error rate at a noise probability
of 10−3. The performance gap widens further when the QBLNMS decoder is used, owing to
the higher column weight of our code (weight 5) compared to the reference code (weight 3),
since layered decoding provides greater gains for higher column-weight codes. Specifically,
with the QBLNMS decoder, our code achieves roughly one and a half orders of magnitude
improvement at pd = 10−2. At pd = 10−3, we simulated 109 depolarizing error instances
for our code and observed zero logical errors, while the reference code registers a logical
error rate of approximately 2 × 10−7 at the same noise level, confirming a coding gain of
at least three orders of magnitude.

Moreover, in Figure 11, it is worth emphasizing that although our EA quantum code
[[121, 70; 51]]2 requires a larger number of pre-shared entangled qubits at the receiver side
compared to [[128, 58; 18]]2, the decoding process operates solely on the n physical qubits
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Figure 13: The plot shows the performance of EA-QC-QLDPC codes constructed from Theorem 5
(for p = 17) under depolarizing noise for various column weights varying from 3 to 8. The decoder
employed is the QBLNMS decoder, and it is evident that increasing the column weights in the Hx and
Hz parity-check matrices leads to enhanced error-correction performance of the quantum code.

transmitted by the sender. In this comparison, our code transmits fewer qubits from the
sender’s side while encoding a greater number of logical qubits, thereby achieving a higher
effective coding rate. Consequently, the performance improvement observed in this figure
is attained alongside a higher code rate, making our code doubly advantageous.

Impact of girth on performance: Figure 12 compares the logical error rate perfor-
mance of the proposed code [[529, 176; 353]]2 which has girth greater than 4, with pro-
posed code [[390, 132; 128]]2 which has girth greater than 6. Despite having a smaller block
length6, the [[390, 132; 128]]2 code significantly outperforms the [[529, 176; 353]]2 code un-
der the QBLNMS decoder. This clearly demonstrates that increasing the girth of the
Tanner graph leads to substantial improvements in error correction performance.

Effect of column weight on code performance: Figure 13 illustrates the perfor-
mance of the EA-QC-QLDPC code [[289, k; 1]]2 as the column weight is varied from 3 to 8,
resulting in a reduction in the number of logical qubits from k = 192 to k = 32. The de-
coder employed is the QBLNMS decoder. Increasing the column weight leads to a higher
variable node degree, which enables more effective use of layered scheduling, resulting in
better error correction performance. Also, specific to the proposed code constructions,
increasing the column weight improves the minimum distance and hence enhances error
correction performance under depolarizing noise. This behavior reflects the fundamental
trade-off between code rate and error correction capability, where higher column weights
yield stronger codes at the expense of reduced code rate.

6Here, block length refers to the number of physical qubits transmitted through the noisy quantum
channel, excluding the qubits pre-shared with the receiver.
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8 Conclusions
We introduced several families of EA-QC-QLDPC codes derived by tiling permutation ma-
trices of prime and composite orders, requiring only a minimum number of ebits, useful in
entanglement-assisted quantum coded communications. When the construction is based
on two distinct classical codes, we ensure that the unassisted portion of the joint Tanner
graph is devoid of short cycles. We present two other families of EA-QC-QLDPC codes,
derived from a single classical QC-LDPC code, whose Tanner graph has a girth > 6. We
have further designed an efficient encoder for the EA-QC-QLDPC codes with computa-
tional complexity of O(n(ρ1 + ρ2) − ρ2

1). The gate complexity can be possibly slightly
improved using greedy algorithms based on circuit equivalences in the design pipeline.

We presented simulation results for various classes of EA-QC-QLDPC codes under the
depolarizing channel with random errors and with Markovian burst errors along with ran-
dom errors. The performance of the proposed codes is evaluated using both binary and qua-
ternary decoders on separate, as well as the joint Tanner graphs, with quaternary decoders
showing performance improvements. We also proposed improved decoding algorithms —
the quaternary min-sum and its normalized and layered variants (QNMS and QBLNMS),
which deliver better decoding performance than the binary sum-product algorithm while
being more hardware-friendly compared to the quaternary sum-product algorithm. The
proposed EA-QC-QLDPC codes can correct a constant number of burst errors. Further-
more, several comparisons are made: (a) the proposed EA-QC-QLDPC code [[42, 10; 6]]2
versus the code [[42, 4]]2 in [27], illustrating the superior performance of the EA-CSS code
due to the elimination of 4-cycles in the unassisted portion of the joint Tanner graph;
(b) the EA-QC-QLDPC code [[121, 70; 51]]2 from Theorem 7 versus the [[128, 58; 18]]2
EA quantum code in [40]; and (c) the EA-QC-QLDPC codes [[390, 132; 128]]2 with girth
greater than 6 and [[529, 176; 353]]2 with girth greater than 4, highlighting the advantages
of larger girth despite shorter code length. The proposed code constructions are scalable
across various coding rates and data payloads, along with the desired parallelism for high-
throughput circuits. With a complete characterization of several code families along with
encoders and decoders, we hope that this work will serve as a blueprint for using such
quantum codes in practice.

Last, we would like to point out several structural advantages based on the geometry of
EA-QC-QLDPC codes against other EA quantum codes derived from combinatorial means
by minimizing the hull dimension of the constituent codes. The stabilizer generators for
the EA-QC-QLDPC codes has predetermined weights along with known properties on the
commutativity or anti-commutativity of the stabilizer generators, which is not the case for
arbitrary EA quantum codes. Based on this, we can conveniently insert the EPR pairs
during the code design and derive a systematic form of the encoding circuit, useful for the
synthesis pipeline.
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A The Proof of Theorem 1
Statement: A cycle of length 2k exists in the Tanner graph of a QC-LDPC code with parity-
check matrixH, defined in (1), if and only if there exists a closed path (i0, j0), (i0, j1), (i1, j1),
(i1, j2), . . . , (ik−1, jk−1), (ik−1, j0) in H such that

P ai0,j0 (P ai0,j1 )−1P ai1,j1 (P ai1,j2 )−1 · · ·P aik−1,jk−1 (P aik−1,j0 )−1 = I (identity matrix).

Proof. In [41], the proof of the theorem is omitted. Consequently, it is imperative to
present the complete proof. Therefore, we shall provide a detailed proof, utilizing certain
hints provided in [42].

For any 0 ≤ s ≤ n − 1, define a right circulant permutation Rs : Zn → Zn by
Rs(i) = (i + s) (mod n). Let ai,j ∈ Zn, then the right circulant matrix P (ai,j) can be
defined by a right circulant permutation Rai,j : Zn → Zn as follows; P (ai,j)(u, v) = 1 if and
only if v = Rai,j (u) = u+ ai,j (mod n), where (u, v) stands for (u, v)-th entry in the right
circulant matrix P (ai,j). For two positive integers m, t ≥ 1, we can define the parity-check
matrix H in terms of right circulant matrices and permutations, respectively as follows:

H =


P a0,0 P a0,1 · · · P a0,t

P a1,0 P a1,1 · · · P a1,t

...
... . . . ...

P am,0 P am,1 · · · P am,t

 , or H =


Ra0,0 Ra0,1 · · · Ra0,t

Ra1,0 Ra1,1 · · · Ra1,t

...
... . . . ...

Ram,0 Ram,1 · · · Ram,t

 .
Consider the closed path of indices as follows:

(i0, j0), (i0, j1); (i1, j1), (i1, j2); . . . , (ik−2, jk−2), (ik−2, jk−1); (ik−1, jk−1), (ik−1, j0),

where iℓ ̸= iℓ+1, jℓ ̸= jℓ+1, for ℓ = 0, 1, 2, . . . , k − 2, and ik−1 ̸= i0, jk−1 ̸= j0. To check
the existence of cycle of 2k-length in the matrix H corresponding to the indices (i0, j0),
(i0, j1); (i1, j1), (i1, j2) ; . . . ; (ik−2, jk−2), (ik−2, jk−1); (ik−1, jk−1), (ik−1, j0), we need the
following steps:

Step 1: Choose any nonzero entry at some position (r0, c0), where 0 ≤ r0, c0 ≤ n− 1,
in the circulant matrix P (ai0,j0 ) and join it horizontally to a nonzero entry at some position
(r0, c1) in the circulant matrix P ai0,j1 . By definition of Rai,j associated with P ai,j , we have

P ai0,j0 (r0, c0) = P ai0,j1 (r0, c1) = 1 ⇐⇒ c0 = Rai0,j0 (r0) and c1 = Rai0,j1 (r0)
⇐⇒ c1 = Rai0,j1 (Rai0,j0 )−1(c0).

Step 2: Join, horizontally, the nonzero entry at some position (r1, c1) in the circulant
matrix P ai1,j1 to a nonzero entry at some position (r1, c2) in the circulant matrix P ai1,j2 .
Then, by definition of Rai,j associated with P (ai,j), we acquire

P ai1,j1 (r1, c1) = P ai1,j2 (r1, c2) = 1 ⇐⇒ c2 = Rai1,j2 (Rai1,j1 )−1(c1).

To avoid redundancy, we, now, consider the final step.
Step k: Connect, horizontally, the nonzero entry at some position (rk−1, ck−1) in the

circulant matrix P aik−1,jk−1 to a nonzero entry at some position (rk−1, ck) in the circulant
matrix P aik−1,j0 . By definition of the permutation P ai,j associated with R(ai,j), we obtain

P aik−1,jk−1 (rk−1, ck−1) = P aik−1,j0 (rk−1, ck) = 1 ⇐⇒ ck = Raik−1,j0 (Raik−1,jk−1 )−1(ck−1).

From the above steps, one can easily conclude that

ck = Raik−1,j0 (Raik−1,jk−1 )−1 · · ·Rai1,j2 (Rai1,j1 )−1Rai0,j1 (Rai0,j0 )−1(c0). (42)
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Since, each Rai,j , where 0 ≤ i ≤ m and 0 ≤ j ≤ t, corresponds to some exponent of right
circulant permutation matrix P , their composition

Raik−1,j0 (Raik−1,jk−1 )−1 · · ·Rai1,j2 (Rai1,j1 )−1Rai0,j1 (Rai0,j0 )−1(c0)

as mappings corresponds to some power of right circulant permutation matrix P . Con-
sequently, from equation (42), a cycle of length 2k will exist in the Tanner graph of the
parity-check matrix H if and only if ck = c0, which is only possible under the following
condition:

Raik−1,j0 (Raik−1,jk−1 )−1 · · ·Rai1,j2 (Rai1,j1 )−1Rai0,j1 (Rai0,j0 )−1(c0) = idZn , (43)

where idZn is the identity map on Zn. The Eq (43) holds if and only if

P aik−1,j0 (P aik−1,jk−1 )−1 · · ·P ai1,j2 (P ai1,j1 )−1P ai0,j1 (P ai0,j0 )−1 = I (identity matrix)
⇐⇒ P ai0,j0 (P ai0,j1 )−1P ai1,j1 (P ai1,j2 )−1 · · ·P aik−1,jk−1 (P aik−1,j0 )−1 = I (identity matrix),

since for any invertible matrix A, A = I if and only if A−1 = I. Hence the result
established.

B The Proof of Theorem 9
Statement: Let S = {a1, a2, . . . , at}, where 2 ≤ a1 < a2 · · · < at and for any p < q < r,
aq − ap = ar − aq = 1 does not hold. Let P be a right circulant permutation matrix of
order (wat+1 − 1), where7 at ≥ 12 is an integer and w ≥ 2 is an even integer, and let

M =


0 0 · · · 0
wa1 wa2 · · · wat

wa1−1 wa2−1 · · · wat−1

wa1−2 wa2−2 · · · wat−2

 (44)

be a degree matrix associated with the parity-check matrix H. Then there exists an EA
quantum QC-LDPC code with parameters [[n, 2k − n + c; c]]2, where n = (wat+1 − 1)t,
k ≥ (wat+1 − 1)(t− 4) + 3 and c ≤ 4(wat+1 − 1)− 3. In addition, the Tanner graph of the
parity-check matrix H is of girth greater than 6.

Proof. The length of the code is obvious to determine, and the lower bound on the di-
mension k can easily be obtained using Theorem 4. We will show that the Tanner graph
of H is free from 4-cycles. Verifying that each nonzero row contains different elements
from Z(wat+1−1) is easy. Therefore, by Proposition 1, the presence of a 4-cycle is not pos-
sible for one zero row and one nonzero row. Consider any two non-zero rows from the
matrix M . Then there exists a 4-cycle in the Tanner graph of H if and only if there exist
p, q ∈ {1, 2, . . . , t}, where p < q, such that

wap−ℓ1 − wap−ℓ2 = waq−ℓ1 − waq−ℓ2 mod (wat+1 − 1), (45)

where ℓ1 ∈ {0, 1}, ℓ2 ∈ {1, 2} and ℓ1 < ℓ2. Equation (45) holds if and only if

(w(ℓ2−ℓ1) − 1)wap−ℓ2 = (w(ℓ2−ℓ1) − 1)waq−ℓ2 mod (wat+1 − 1)
⇐⇒ (w(ℓ2−ℓ1) − 1) = (w(ℓ2−ℓ1) − 1)w(aq−ap) (since gcd(wap−ℓ2 , wat+1 − 1) = 1),

7The parameter at is selected so that the catalytic rate remains positive.

Accepted in Quantum 2026-07-16, click title to verify. Published under CC-BY 4.0. 50



which leads to a contradiction since the number on the left is odd whereas the number on
the right is even.

Next, we will prove that the graphical representation of H does not have cycles of
length 6. We divide the proof into two cases. In the first case, we have one zero row and
two nonzero rows, and in the second case, we have all nonzero rows.

Consider the following three rows and three arbitrary columns from the matrix M
defined in (44):  · · · 0 · · · 0 · · · 0 · · ·

· · · wap−ℓ1 · · · waq−ℓ1 · · · war−ℓ1 · · ·
· · · wap−ℓ2 · · · waq−ℓ2 · · · war−ℓ2 · · ·

 , (46)

where a1 ≤ ap < aq < ar ≤ at and 0 ≤ ℓ1 < ℓ2 ≤ 2. We investigate the existence of
all possible 6-cycles, as shown in Figure 1, within the segment of the Tanner graph that
corresponds to a portion of the degree matrix defined by Eq. (46).

Type-I 6-cycle exists if and only if the following holds:

wap−ℓ2 = war−ℓ2 − war−ℓ1 + waq−ℓ1 mod (wat+1 − 1)
=⇒ war−ℓ1 − waq−ℓ1 = war−ℓ2 − wap−ℓ2 mod (wat+1 − 1)

=⇒ waq−ℓ1(war−aq − 1) = wap−ℓ2(war−ap − 1) mod (wat+1 − 1)
=⇒ waq−ap+(ℓ2−ℓ1)(war−aq − 1) = (war−ap − 1) mod (wat+1 − 1),

since gcd(wap−ℓ2 , wat+1 − 1) = 1. This is a contradiction, as the number on the left is
even, while the number on the right is odd.
Type-II 6-cycle exists if and only if wap−ℓ2 = waq−ℓ2 −waq−ℓ1 +war−ℓ1 mod (wat+1− 1)
if and only if wap−ℓ2 + waq−ℓ1 = waq−ℓ2 + war−ℓ1 mod (wat+1 − 1), which leads to a
contradiction, as the left-hand side is smaller than the right-hand side.
Type-III 6-cycle exists if and only if the following holds:

war−ℓ2 = wap−ℓ2 − wap−ℓ1 + waq−ℓ1 mod (wat+1 − 1)
=⇒ war−ℓ2 − wap−ℓ2 = waq−ℓ1 − wap−ℓ1 mod (wat+1 − 1)

=⇒ wap−ℓ2(war−ap − 1) = wap−ℓ1(waq−ap − 1) mod (wat+1 − 1)
=⇒ (war−ap − 1) = wℓ2−ℓ1(waq−ap − 1) mod (wat+1 − 1),

since gcd(wap−ℓ2 , wat+1 − 1) = 1, which is a contradiction since the number on the left is
odd, whereas the number on the right is even.
Type-IV 6-cycle exists if and only if war−ℓ2 = waq−ℓ2 −waq−ℓ1 +wap−ℓ1 mod (wat+1−
1), which implies war−ℓ2 + waq−ℓ1 = waq−ℓ2 + wap−ℓ1 mod (wat+1 − 1) and leads to a
contradiction, as the left-hand side is greater than the right-hand side.
Type-V 6-cycle exists if and only if the following condition holds:

waq−ℓ2 = wap−ℓ2 − wap−ℓ1 + war−ℓ1 mod (wat+1 − 1)
=⇒ waq−ℓ2 − wap−ℓ2 = war−ℓ1 − wap−ℓ1 mod (wat+1 − 1)

=⇒ wap−ℓ2(waq−ap − 1) = wap−ℓ1(war−ap − 1) mod (wat+1 − 1)
=⇒ (waq−ap − 1) = wℓ2−ℓ1(war−ap − 1) mod (wat+1 − 1),

since gcd(wap−ℓ2 , wat+1 − 1) = 1, which leads to a contradiction since the number on the
left is odd, whereas the number on the right is even.
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Type-VI 6-cycle exists if and only if the following holds:

waq−ℓ2 = war−ℓ2 − war−ℓ1 + wap−ℓ1 mod (wat+1 − 1)
=⇒ war−ℓ2 − waq−ℓ2 = war−ℓ1 − wap−ℓ1 mod (wat+1 − 1)

=⇒ waq−ℓ2(war−aq − 1) = wap−ℓ1(war−ap − 1) mod (wat+1 − 1).

If ap − ℓ1 ≤ aq − ℓ2, then we have

waq−ap−(ℓ2−ℓ1)(war−aq − 1) = (war−ap − 1) mod (wat+1 − 1),

since gcd(wap−ℓ1 , wat+1 − 1) = 1. This is a contradiction since the number on the left is
even, whereas the number on the right is odd, unless aq−ap = ℓ2− ℓ1. If aq−ap = ℓ2− ℓ1,
then (war−aq − 1) = (war−ap − 1) mod (wat+1 − 1) if and only if ap = aq, which is a
contradiction to the fact that ap < aq. Similarly, we can examine the case if ap−ℓ1 ≥ aq−ℓ2.

Now, consider the following three rows and three columns from the matrix M in (44): · · · wap · · · waq · · · war · · ·
· · · wap−1 · · · waq−1 · · · war−1 · · ·
· · · wap−2 · · · waq−2 · · · war−2 · · ·

 , (47)

where a1 ≤ ap < aq < ar ≤ at. We explore the presence of all possible 6-cycles, as depicted
in Figure 1, in the segment of the Tanner graph that corresponds to a portion of the degree
matrix defined by Eq. (47).

Type-I 6-cycle exists if and only if the following condition holds:

wap−2 − wap = war−2 − war−1 + waq−1 − waq mod (wat+1 − 1)
=⇒ (1− w2)wap−2 = war−2(1− w) + (1− w)waq−1 mod (wat+1 − 1)

=⇒ wap−2 + wap−1 = war−2 + waq−1 mod
(
wat+1 − 1
w − 1

)
,

which is a contradiction since the number on the left is less than the number on the right.
Type-II 6-cycle exists if and only if the following condition is satisfied:

wap−2 − wap = waq−2 − waq−1 + war−1 − war mod (wat+1 − 1)
=⇒ (1− w2)wap−2 = waq−2(1− w) + (1− w)war−1 mod (wat+1 − 1)

=⇒ wap−2 + wap−1 = war−2 + waq−1 mod
(
wat+1 − 1
w − 1

)
,

which is a contradiction, as the number on the left is less than the number on the right.
Type-III 6-cycle exists if and only if the following condition is satisfied:

war−2 − war = wap−2 − wap−1 + waq−1 − waq mod (wat+1 − 1)
=⇒ (1− w2)war−2 = wap−2(1− w) + waq−1(1− w) mod (wat+1 − 1)

=⇒ war−2 + war−1 = wap−2 + waq−1 mod
(
wat+1 − 1
w − 1

)
,

which is a contradiction since the number on the left is greater than the number on the
right.
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Type-IV 6-cycle exists if and only if the following condition is satisfied:
war−2 − war = waq−2 − waq−1 + wap−1 − wap mod (wat+1 − 1)

=⇒ (1− w2)war−2 = waq−2(1− w) + wap−1(1− w) mod (wat+1 − 1)

=⇒ war−2 + war−1 = waq−2 + wap−1 mod
(
wat+1 − 1
w − 1

)
.

This leads to a contradiction, as the number on the right is less than the number on the
left.
Type-V 6-cycle exists if and only if the following condition holds:

waq−2 − waq = wap−2 − wap−1 + war−1 − war mod (wat+1 − 1)
=⇒ (1− w2)waq−2 = wap−2(1− w) + (1− w)war−1 mod (wat+1 − 1)

=⇒ waq−2 + waq−1 = wap−2 + war−1 mod
(
wat+1 − 1
w − 1

)
,

which is a contradiction since the number on the left is less than the number on the right.
Type-VI 6-cycle exists if and only if the following condition is satisfied:

waq−2 − waq = war−2 − war−1 + wap−1 − wap mod (wat+1 − 1)
=⇒ (1− w2)waq−2 = war−2(1− w) + (1− w)wap−1 mod (wat+1 − 1)

=⇒ waq−2 + waq−1 = war−2 + wap−1 mod
(
wat+1 − 1
w − 1

)

=⇒ (waq−ap − 1)wap−1 = (war−aq − 1)waq−2 mod
(
wat+1 − 1
w − 1

)

=⇒ (waq−ap − 1) = (war−aq − 1)waq−ap−1 mod
(
wat+1 − 1
w − 1

)
.

This leads to a contradiction, as the number on the left is odd while the number on the right
is even, unless aq − ap = 1. If aq − ap = 1, then the condition (waq−ap − 1) = (war−aq − 1)
mod (wat+1− 1) holds if and only if aq − ap = ar − aq = 1, which leads to a contradiction
with the original assumptions.

The minimum number of required ebits is given by c = rank(HHT ), where

HHT =


I I · · · I

P (wa1 ) P (wa2 ) · · · P (wat )

P (wa1−1) P (wa2−1) · · · P (wat−1)

P (wa1−2) P (wa2−2) · · · P (wat−2)




I I · · · I

P (wa1 ) P (wa2 ) · · · P (wat )

P (wa1−1) P (wa2−1) · · · P (wat−1)

P (wa1−2) P (wa2−2) · · · P (wat−2)


T

=



tI
t∑

i=1
P−wai

t∑
i=1

P−wai−1 t∑
i=1

P−wai−2

t∑
i=1

Pwai tI
t∑

i=1
P (w−1)wai−1 t∑

i=1
P (w2−1)wai−2

t∑
i=1

Pwai−1 t∑
i=1

P−(w−1)wai−1
tI

t∑
i=1

P (w−1)wai−2

t∑
i=1

P (wai−2)
t∑

i=1
P−(w2−1)wai−2 t∑

i=1
P−(w−1)wai−2

tI


.

It is easy to verify that the rank(HHT ) ≤ 4(wat+1 − 1) − 3 since the vector sum of each
block row is either all-ones vector or zero-vector depending on whether t is even or odd,
completing the proof.
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C The proof of Theorem 10
Statement: Let S = {a1, a2, a3, . . . , at}, where 2 ≤ a1 < a2 < a3 · · · < at and for any
1 ≤ p < q ≤ t, aq− ap ≥ 2. For two integers8 at ≥ 16 and w ≥ 2, let P be a right circulant
permutation matrix of order (wat+1 − 1), and let

M =


0 0 · · · 0
wa1 wa2 · · · wat

wa1−1 wa2−1 · · · wat−1

wa1−2 wa2−2 · · · wat−2

 (48)

be a degree matrix associated with the parity-check matrix H. Then there exists an
entanglement assisted quantum QC-LDPC code with parameters [[n, 2k−n+c; c]]2, where
n = (wat+1 − 1)t, k ≥ (wat+1 − 1)(t − 4) + 3 and c ≤ 4(wat+1 − 1) − 3. In addition, the
Tanner graph of the parity-check matrix H is of girth greater than 6.

Proof. The length of the code is straightforward to determine, and the lower bound on the
dimension k can be easily derived using Theorem 4. Following similar arguments used in
proving Theorem 9, one can easily show that the Tanner graph of H is free from 4-cycles.

Next, we will prove that the graphical representation of H does not contain cycles of
length 6. To streamline the proof and avoid repetition, we will consider two cases. In
the first case, we have one zero row and two nonzero rows, while in the second case, all
rows are nonzero. Consider the following three rows and three arbitrary columns from the
matrix M defined in (48): · · · 0 · · · 0 · · · 0 · · ·

· · · wap−ℓ1 · · · waq−ℓ1 · · · war−ℓ1 · · ·
· · · wap−ℓ2 · · · waq−ℓ2 · · · war−ℓ2 · · ·

 , (49)

where a1 ≤ ap < aq < ar ≤ at and 0 ≤ ℓ1 < ℓ2 ≤ 2. We investigate the existence of
all possible 6-cycles, as shown in Figure 1, within the segment of the Tanner graph that
corresponds to a portion of the degree matrix defined by Eq. (49).

Type-I 6-cycle exists if and only if wap−ℓ2 = war−ℓ2 − war−ℓ1 + waq−ℓ1 under modulo
(wat+1 − 1), which implies

war−ℓ1 − waq−ℓ1 = war−ℓ2 − wap−ℓ2 mod (wat+1 − 1)
=⇒ (w − 1)war−ℓ1−1 + (war−ℓ1−1 − waq−ℓ1) = war−ℓ2 − wap−ℓ2 mod (wat+1 − 1).

This is a contradiction, as the number on the left is greater than the number on the right.
Type-II 6-cycle exists if and only if wap−ℓ2 = waq−ℓ2 −waq−ℓ1 +war−ℓ1 mod (wat+1− 1)
if and only if wap−ℓ2 + waq−ℓ1 = waq−ℓ2 + war−ℓ1 mod (wat+1 − 1) which leads to a
contradiction, as the left-hand side is smaller than the right-hand side.
Type-III 6-cycle exists if and only if war−ℓ2 = wap−ℓ2 − wap−ℓ1 + waq−ℓ1 under modulo
(wat+1 − 1), which implies

war−ℓ2 − wap−ℓ2 = waq−ℓ1 − wap−ℓ1 mod (wat+1 − 1)
=⇒ (w − 1)war−ℓ2−1 + (war−ℓ2−1 − wap−1) = waq−ℓ1 − wap−ℓ1 mod (wat+1 − 1),

leads to a contradiction since the number on the right is less than the number on the left.

8The parameter at is selected so that the catalytic rate remains positive.
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Type-IV 6-cycle exists if and only if war−ℓ2 = waq−ℓ2 − waq−ℓ1 + wap−ℓ1 mod (wat+1 −
1), which implies war−ℓ2 + waq−ℓ1 = waq−ℓ2 + wap−ℓ1 mod (wat+1 − 1) and leads to a
contradiction, as the left-hand side is greater than the right-hand side.
Type-V 6-cycle exists if and only if the following condition holds:

waq−ℓ2 = wap−ℓ2 − wap−ℓ1 + war−ℓ1 mod (wat+1 − 1)
=⇒ waq−ℓ2 − wap−ℓ2 = war−ℓ1 − wap−ℓ1 mod (wat+1 − 1)
=⇒ waq−ℓ2 − wap−ℓ2 = (w − 1)war−ℓ1−1 + (war−ℓ1−1 − wap−ℓ1) mod (wat+1 − 1),

which is a contradiction since the number on the left is less than the number on the right.
Type-VI 6-cycle exists if and only if the following holds:

waq−ℓ2 = war−ℓ2 − war−ℓ1 + wap−ℓ1 mod (wat+1 − 1)
=⇒ war−ℓ2 − waq−ℓ2 = war−ℓ1 − wap−ℓ1 mod (wat+1 − 1)
=⇒ war−ℓ2 − waq−ℓ2 = (w − 1)war−ℓ1−1 + (war−ℓ1−1 − wap−ℓ1) mod (wat+1 − 1),

which is a contradiction since the number on the right is greater than the number the
number on the left.

Consider the following three rows and three columns from the matrix M in (48): · · · wap · · · waq · · · war · · ·
· · · wap−1 · · · waq−1 · · · war−1 · · ·
· · · wap−2 · · · waq−2 · · · war−2 · · ·

 , (50)

where a1 ≤ ap < aq < ar ≤ at. We investigate the existence of all possible 6-cycles, as
shown in Figure 1, within the segment of the Tanner graph that corresponds to a portion
of the degree matrix defined by Eq. (50).

There exists type-I 6-cycle if and only if the following condition holds:

wap−2 − wap = war−2 − war−1 + waq−1 − waq mod (wat+1 − 1)
=⇒ (1− w2)wap−2 = war−2(1− w) + (1− w)waq−1 mod (wat+1 − 1)

=⇒ wap−2 + wap−1 = war−2 + waq−1 mod
(
wat+1 − 1
w − 1

)
,

which is a contradiction since the number on the left is less than the number on the right.
Type-II 6-cycle exists if and only if the following condition is satisfied:

wap−2 − wap = waq−2 − waq−1 + war−1 − war mod (wat+1 − 1)
=⇒ (1− w2)wap−2 = waq−2(1− w) + (1− w)war−1 mod (wat+1 − 1)

=⇒ wap−2 + wap−1 = war−2 + waq−1 mod
(
wat+1 − 1
w − 1

)
,

leading to a contradiction, as the number on the left is less than the number on the right.
Type-III 6-cycle exists if and only if the following condition is satisfied:

war−2 − war = wap−2 − wap−1 + waq−1 − waq mod (wat+1 − 1)
=⇒ (1− w2)war−2 = wap−2(1− w) + waq−1(1− w) mod (wat+1 − 1)
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=⇒ war−2 + war−1 = wap−2 + waq−1 mod
(
wat+1 − 1
w − 1

)
,

which is a contradiction since the number on the right is less than the number on the left.
Type-IV 6-cycle exists if and only if the following condition is satisfied:

war−2 − war = waq−2 − waq−1 + wap−1 − wap mod (wat+1 − 1)
=⇒ (1− w2)war−2 = waq−2(1− w) + wap−1(1− w) mod (wat+1 − 1)

=⇒ war−2 + war−1 = waq−2 + wap−1 mod
(
wat+1 − 1
w − 1

)
,

leading to a contradiction, as the number on the left is greater than the number on the
right.
There exists type-V 6-cycle if and only if the following condition holds:

waq−2 − waq = wap−2 − wap−1 + war−1 − war mod (wat+1 − 1)
=⇒ (1− w2)waq−2 = wap−2(1− w) + (1− w)war−1 mod (wat+1 − 1)

=⇒ waq−2 + waq−1 = wap−2 + war−1 mod
(
wat+1 − 1
w − 1

)
,

which is a contradiction since the number on the left is less than the number on the right.
Type-VI 6-cycle exists if and only if the following condition is satisfied:

waq−2 − waq = war−2 − war−1 + wap−1 − wap mod (wat+1 − 1)
=⇒ (1− w2)waq−2 = war−2(1− w) + (1− w)wap−1 mod (wat+1 − 1)

=⇒ waq−2 + waq−1 = war−2 + wap−1 mod
(
wat+1 − 1
w − 1

)

=⇒ waq−2 + waq−1 = (w − 1)war−3 + (war−3 + wap−1) mod
(
wat+1 − 1
w − 1

)
.

This leads to a contradiction, as the number on the left is less the number on the right.
The minimum number of required maximally entangled bits is given by c = rank(HHT ),
where

HHT =


I I · · · I

P (wa1 ) P (wa2 ) · · · P (wat )

P (wa1−1) P (wa2−1) · · · P (wat−1)

P (wa1−2) P (wa2−2) · · · P (wat−2)




I I · · · I

P (wa1 ) P (wa2 ) · · · P (wat )

P (wa1−1) P (wa2−1) · · · P (wat−1)

P (wa1−2) P (wa2−2) · · · P (wat−2)


T

=



tI
t∑

i=1
P−wai

t∑
i=1

P−wai−1 t∑
i=1

P−wai−2

t∑
i=1

Pwai tI
t∑

i=1
P (w−1)wai−1 t∑

i=1
P (w2−1)wai−2

t∑
i=1

Pwai−1 t∑
i=1

P−(w−1)wai−1
tI

t∑
i=1

P (w−1)wai−2

t∑
i=1

P (wai−2)
t∑

i=1
P−(w2−1)wai−2 t∑

i=1
P−(w−1)wai−2

tI


.

It is easy to verify that the rank(HHT ) ≤ 4(wat+1 − 1) − 3 since the vector sum of each
block row is either all-ones vector or zero-vector depending on whether t is even or odd,
completing the proof.
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