arXiv:2504.02944v3 [quant-ph] 23 Jul 2026

Quantifiers and witnesses
measurements and of states

Yujie Zhang!23, Yilé Ying®?, and David Schmid®

for

the nonclassicality

Ynstitute for Quantum Computing, University of Waterloo, Waterloo, Ontario Canada N2L 3G1
2Department of Physics & Astronomy, University of Waterloo, Waterloo, Ontario, Canada, N2L 3G1
3Perimeter Institute for Theoretical Physics, 31 Caroline Street North, Waterloo, Ontario Canada N2L 2Y5

of

In recent work [1], we proposed a uni- Nonclassicality of a set of states 10
fied notion of nonclassicality that applies
to arbitrary processes in quantum theory, Certifying and quantifying the nonclassi-
including individual quantum states, mea- cality of a set of states 12
sur?ments, and sets t.heI:eof. This IlOth:Il is 6.1 Robustness-based nonclassicality
derived from the principle of generalized quantifier for a set of states 12
noncontextuality, but in a novel manner . .
. o qes 6.2 Nonclassical fraction for prepara-
that applies to individual processes rather . 13
than full experiments or theories. In TOMS e
the present work, we develop semidefinite- . Lo
programming-based certificates and wit- Using nonclassicality of assemblages to
nesses for the nonclassicality of states, witness entanglement 14
sources, measurements, and sets thereof.
These theory-dependent methods com- Discussion 15
plement theory-independent approaches
based on noncontextuality inequalities. Author contributions 15
We demonstrate the framework through a
variety of explicit examples. Acknowledgements 15
Contents Flag-convexification preserves white-noise
robustness 15
1 Introduction 2
Flag-convexification preserves the non-
2 Preliminaries 2 classical fraction 16
3 Nonclassicality of a multi-measurement Nonclassicality of measurements in mutu-
and a measurement 3 ally unbiased bases 16
4 Certifyi d tifying th lassi- . . .
caelgt;/ );lfnf ;I;asgr:rlrlleln)‘;mg ¢ nonciasst 5 Upper bounding the white-noise robust-
ness of nonclassical measurements 18
4.1 Robustness-based quantifier for
nonclassical measurement . . . . . 6 . . .
19 The nonclassical fraction of a mea- Explicit demonstration that nonclassi-
' surement 8 cal measurement witnesses are theory-
4.3 Theory-independent certification dependent 18
of nonclassicality of measurements 9
Noncontextuality inequality for Exam-
Yujie Zhang: yujie4physics@gmail.com
ple 10 19
Yile Ying: yile.ying@gmail.com
David Schmid: davidschmid10@gmail.com References 20
Accepted in (Yuantum 2026-07-22, click title to verify. Published under CC-BY 4.0. 1


https://quantum-journal.org/?s=Quantifiers%20and%20witnesses%20for%20the%20nonclassicality%20of%20measurements%20and%20of%20states&reason=title-click
https://quantum-journal.org/?s=Quantifiers%20and%20witnesses%20for%20the%20nonclassicality%20of%20measurements%20and%20of%20states&reason=title-click
mailto:yujie4physics@gmail.com
mailto:yile.ying@gmail.com
mailto:davidschmid10@gmail.com
https://arxiv.org/abs/2504.02944v3

1 Introduction

A principled way to demonstrate that a the-
ory or experiment resists classical explanation is
to prove that it cannot be represented in any
generalized-noncontextual ontological model |2,
3]. This approach can be motivated by a method-
ological version of Leibniz’s principle of the iden-
tity of indiscernibles [4]. It is also equivalent to
the impossibility of a positive quasiprobability
representation [5, 6, 3]. Furthermore, it coincides
with the natural notion of classical explainability
in GPTs [6, 3] arising in the framework of gener-
alized probabilistic theories (GPTs) [7, §].

In most works, the principle of generalized
noncontextuality is applied to experimental phe-
nomena, as a rigorous criterion for determining
whether or not they are classically explainable.
For any observed phenomenon, one can deter-
mine whether or not it admits of a noncontex-
tual explanation. Aided by a growing toolkit of
analytical methods [9, 10, 11, 3, 6, 12, 13, 14,
15, 16, 17|, such investigations have been done
in the areas of quantum computation [18, 19],
state discrimination [20, 21, 22, 23|, interfer-
ence [24, 25, 26, 27|, compatibility |28, 29, 30],
uncertainty relations [31], metrology [32], ther-
modynamics [32, 33, 34, weak values [35, 36], co-
herence [37, 38, 39], quantum Darwinism [40], in-
formation processing and communication [41, 42,
43, 44, 45, 46, 47|, cloning [48], broadcasting [49],
pre- and post-selection paradoxes 50|, random-
ness certification [51], psi-epistemicity [52], and
Bell [53] and Kochen-Specker scenarios [54, 55,
56, 57, 58, 59, 60|. Generalized noncontextual-
ity also gives a rigorous criterion for determining
whether or not a full theory is classically explain-
able or not. Some work has been done to charac-
terize what can be said about generalized noncon-
textuality at the level of full theories [3, 6, 61, 62].

In Ref. [1], we showed how noncontextuality
can also be used to induce a notion of non-
classicality at the level of an individual quantum
process—for example, for a single state, measure-
ment, or channel. The basic idea is simple: a
quantum process is nonclassical if and only if it
can be leveraged in a nontrivial way within some
quantum circuit to generate data that cannot be
reproduced in any generalized-noncontextual on-
tological model.

The resulting boundary between classical and
nonclassical does not always coincide with what

one might intuitively expect based on traditional
notions of classicality found in the literature. For
instance, we showed in Ref. [1] that, while it is
true that all entangled states, incompatible sets of
measurements, and entanglement-non-breaking
channels are nonclassical according to our pro-
posal, some separable states, compatible sets of
measurements, and entanglement-breaking chan-
nels are also nonclassical. This raises the question
of characterizing the classical-nonclassical bound-
ary for individual quantum processes. First re-
sults regarding this boundary are given in Ref. [1].

One would moreover like to have quantitative
methods for certifying and quantifying the non-
classicality of any given process. Here, we pro-
vide several semidefinite programs (SDPs) for
this purpose. By considering the duals to these
SDPs, we construct witnesses for the nonclassical-
ity of a measurement or of a state. However, these
SDP-based witnesses rely on the validity of quan-
tum theory, analogous to how entanglement wit-
nesses are not device-independent [63]. This com-
plements the derivation of theory-independent
means of certifying the nonclassicality of a given
measurement or state using noncontextuality in-
equalities [9, 16, 11|, analogous to how Bell in-
equalities are device-independent. Using known
tools for deriving such inequalities, we show how
one can certify entanglement of bipartite states
that do not violate any steering (or Bell) inequal-
ities.

We apply these methods to many specific ex-
amples, and in particular to study the nonclassi-
cality of some quantum measurements and collec-
tions of states that traditionally would have been
considered to be classical.

2 Preliminaries

We give a brief introduction to generalized non-
contextuality in the simplest case of prepare-and-
measure scenarios [2|, adapted from the formu-
lation in our companion work [1]. As in that
work, here we will also focus only on quantum
theory, even though our approach can be imme-
diately generalized to any generalized probabilis-
tic theory |7, 8. As shown in Ref. [6], there
exists a noncontextual model for a prepare-and-
measure scenario if and only if there exists a lin-
ear and diagram-preserving ontological model for
the GPT representation of that scenario. The
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GPT representation of quantum theory is just the
familiar one from quantum information theory,
where a preparation is associated with a quan-
tum state p and a measurement is associated
with a positive operator-valued measure (POVM)
M = {Mb}b.

In this work, we consider also preparation
processes such as sources (probabilistic ensem-
bles of states), denoted P := {p(a)pq}q, multi-
states (sets of states), denoted P := {p,},, and
most generally multi-sources (sets of ensembles of
states), denoted P = {{p(a|r)pq|s }a}s; similarly,
we consider measurements, denoted M = { M},
and sets of measurements, which we call multi-
measurements, denoted M = {{Mj, }},. These
types of processes are pictured and discussed fur-
ther in Ref. [1].

p p(Aalx)
X X

Quantum circuit Ontological model

Figure 1: A prepare-and-measure circuit (left) involv-
ing the composition of a multi-source and a multi-
measurement, and an ontological model for it (right).

The most general prepare-and-measure sce-
nario in quantum theory involves implementing
a multi-measurement on the output of a multi-
source, as shown in Figure 1. The quantum pre-
dictions for such a scenario are given by

plablzy) = p(alz) Tr[Myjy pajo]- (1)

In such a scenario, diagram-preservation im-
plies that each normalized state pg, is repre-
sented by a probability distribution p(A|a, x) over
a set A of ontic states, while each effect M,
is represented by a response function p(by, ).
Equivalently, the subnormalized state p(a|z)pq|»
is represented by the joint distribution

p(a; Az) = p(alz)p(Ma, z). (2)

These ontological quantities must reproduce the
quantum statistics according to

plablzy) = p(bly, Np(a, Alz). (3)
A

The states and effects in such a circuit can sat-
isfy certain nontrivial linear relations, which we
call operational identities. We identify these oper-
ational identities by their coefficients, and denote
the set of all operational identities for the prepa-
ration procedures and that for the measurement
procedures, respectively, by

O(P) = {{O‘a,az}a,m Zaa,wp(a|x)pa|x = 0}7

a,r

OM) = {{Boy}0y

Zﬁb,y My, = 0}'
by

If the ontological representation is linear, then
these operational identities must also be re-
spected at the ontological level. That is, for every
ontic state A\, we must have

Z Qg pla, Az) =0 V{agz}tae € OP),

v (5a)

> Boyp®ly, ) =0 V{Byylsy € OM).

N (5b)
Definition 1. A prepare-and-measure ex-
periment with a quantum  multi-source

P = {{p(alr)pgz}a}z and a quantum multi-
measurement M = {{My,}y}, is classically
explainable if and only if there exists an ontolog-
ical model with ontic state space A, preparation
assignments p(a, A|z), and response functions
p(bly, A) such that Egs. (3), (5a), and (5b) are
satisfied.

In other words, a prepare-and-measure experi-
ment is classically explainable precisely when its
statistics can be reproduced by a linear, diagram-
preserving ontological representation [3, 1].

3 Nonclassicality of a  multi-

measurement and a measurement

Let us begin by defining the nonclassicality of a
quantum measurement, or of a set of quantum
measurements, following Ref. [1].

Definition 2. A multi-measurement is classical
if and only if the statistics generated by the set of
circuits where it is contracted with any state (i.e.,
where the set ranges over all states) are classically
explainable in the sense of Def. 1.
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Let us stress the conservative, compositional
character of this definition. The sense in which a
measurement process is classical here is that it is
stable under arbitrary composition with processes
of the dual type: no choice of quantum state can
make it participate in operational statistics that
fail to be classically explainable. Thus, if a multi-
source P and a multi-measurement M generate
prepare-and-measure statistics that are not clas-
sically explainable, then M is necessarily nonclas-
sical in the present sense. If M were classical, its
composition with every quantum state, and hence
with the states arising from any source, would
be classically explainable. The same nonclassical
statistics necessarily also witness the nonclassi-
cality of P according to the dual definition below.
This is not an artificial feature of the definition,
but rather the intended consequence of defining
process classicality through stability under arbi-
trary composition with dual processes.

To begin characterizing nonclassicality of
measurements, consider first the noncontextual
measurement-assignment polytope for a given
set {{Myy}p}y of measurements satisfying oper-
ational identities O(M):

Definition 3. The noncontextual measurement-
assignment polytope Py associated with a multi-
measurement M = {{ My, },} is the set of points
{p(bly)}s,, that satisfy the following constraints:

(i) p(bly) =0 Vb,y (6a)
Zp y)=1 Wy (6b)

v{ﬁb,y} € O(M)

(6¢)

where O(M) is defined by the operational identi-
ties holding among effects, as in Eq. (4b).

Then, following Theorem 3 of Ref. [1], the char-
acterization of classical sets of measurements can
be equivalently rewritten in terms of the noncon-

textual measurement-assignment polytope Py
defined in Def. 3 as follows.

(iii) Zﬁbyp bly) =0

b,y

Theorem 1. A set of measurements M =
UMy o}y is classical if and only if its effects
can be decomposed as

My, =Y p(bly, )G
X

with {p(b’y,)\)}by € Pwm VA (8)

vb,y  (7)

where {G}) is a POVM and Py is the polytope
defined in Def. 3.

Proof. For completeness, we include a brief
proof, adapted from the proof of Theorem 3 in
Ref. [1].

If the multi-measurement M is classical, then
by Def. 2, for every quantum state p,

Tr[ My, p) = Zpbly, p(Alp)

Vb, y,p, (9)

where, for each A, the conditional probabilities
{p(bly, \) }»,y satisfy the ontological identities as-
sociated with O(M). Since p(\|p) is linear in p
for all p, by the Riesz representation theorem,
there exists a positive semidefinite operator Gy
such that

p(Alp)

Since >\ p(Alp) = 1 for all p, it follows that
Y2 Gxr =1, 50 {G,} is a POVM. Therefore,

=Tr[Grel V. (10)

Tr[MbkL/p] =Tr [(Z p(b|y, )‘)G)\>p‘| Vb, Y, P,
A
(11)
and hence

My, = Vb, y. (12)

Zp(b|y’ )‘)G)\
A

Since each {p(bly, A)}»,, is nonnegative, normal-
ized, and respects O(M), we have {p(bly, \) }s, €
Pm for all A.

Conversely, if Egs. (7)—-(8) hold, define

p(Alp) =

Then p(A|p) is a valid probability distribution,
linear in p, and

Tr[Gp]. (13)

Tr[ My, p] = Zpbly, p(Alp).  (14)

Because {p(bly, ) }s., € Pm, the ontological iden-
tities associated with O(M) are satisfied. Hence,
the statistics generated by contracting M with ar-
bitrary states are classically explainable, so M is
classical. O

One can equivalently rewrite this condition in
terms of the extreme points Dp,, € Py of the
polytope in Def. 3. (These extreme points can
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be explicitly computed by solving the vertex enu-
meration problem [64, 65].) In particular, a set of
measurements M = {{My, }}, is classical if and
only if its effects can be decomposed as

Mb|y = ZDPM (b|ya )‘)G)\v (15)
A

where {G)}) is a POVM. This is because we

can decompose each individual response function

in terms of extremal points of the polytope as

p(b’ya /\) = Z)\’ DPM (b|ya )‘/)p(A/p\)a so that
My, = Zp(b|y, A)GA (16)
= Z Y Dey (bly, \)p(N' NGy (17)
AN
= De 0l X)C (18)

where we defined Gy, = >, p(N|A)G\ (which
also constitutes a POVM).

As noted in corollary 5 of Ref. [1], Theorem 1
immediately implies that every set of incompat-
ible measurements is nonclassical, since Eq. (7)
describes the usual condition for a set of mea-
surements to be compatible—namely, that there
exists a single POVM {G,}, which can be post-
processed to recover any of those measurements.
But in Theorem 1, one does not allow arbitrary
postprocessings, but only those consistent with
Eq. (8). So, unlike incompatibility, this notion
of nonclassicality is nontrivial even for a single
measurement { Mp}p.

Corollary 1. A single measurement M = { My},
is classical if and only if its effects can be decom-
posed as

= Dpy, (BIN)G), (19)
A

where {G)\} is a POVM and Dp,, (b|A) is an ex-
treme point of the polytope defined in Def. 3 (for
the case when y is trivial).

In fact, the qualitative nonclassicality of any
set of measurements can be deduced by studying
a single related measurement, using the idea of
flag-convexification introduced in Ref. [28].

In flag-convexification, the classical input vari-
able encoding one’s choice of measurement has
its value sampled according to some full-support
probability distribution, and then this value is
copied and encoded in a new classical output

variable. We depict an example of this on the
right-hand side of Figure 2. (In this example and
henceforth, we take the probability distribution
in question to be the uniform distribution, al-
though our results hold just as well for any other

full-support distribution.)

Flag Conwv.

Figure 2: A multi-measurement (left) and its flag-
convexification with a uniform distribution ﬁ (right).

Proposition 1. A set of measurements

{{Myy}p}y is monclassical if and only if its
flag-convexification {MM ﬁMbly}b,y is

nonclassical.

This was implicitly established in Ref. [28],
and the analogous result for non-uniform flag-
convexification was proven in Ref. [29]. Specif-
ically, Ref. [28] showed that, in a prepare-and-
measure scenario, the statistics generated by a
measurement set {{Mp,}p}, together with an
arbitrary preparation set P are classically ex-
plainable if and only if the statistics generated
by the flag-convexified measurement {Mby =
ﬁMb‘y}@y together with P are classically ex-
plainable. Hence, by Def. 2, qualitative nonclas-
sicality is preserved under flag-convexification.

Proposition 1 does not say anything about the
quantitative amount of nonclassicality in a multi-
measurement under flag-convexification. We
show in Appendix A and Appendix B that many
of the measures we introduce in this work do not
change under flag-convexification. We do not ex-
pect such a quantitative equivalence to hold for
general measures of nonclassicality.

4 Certifying and quantifying the non-
classicality of a measurement

In this section, we will focus solely on certify-
ing and quantifying the nonclassicality of a single
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measurement. These methods can also be ap-
plied directly to quantify arbitrary sets of mea-
surements (i.e., multi-measurements), since (as
we will show in Appendix A and Appendix B) the
quantifiers we introduce here give the same values
for a multi-measurement as for the single mea-
surement generated by that multi-measurement
under flag-convexification.

The methods introduced in the following first
two subsections are theory-dependent: they
certify nonclassicality relative to the quantum
description of the processes involved, rather
than in a device-independent manner. Theory-
independent certification will be discussed sepa-
rately in Sec. 4.3.

Similar to the characterization methods used
extensively to study quantum steering and stan-
dard measurement incompatibility [66], the non-
classicality of a given measurement {Mp}, can
be certified numerically by solving a semidefinite
program. This program follows immediately from
Corollary 1:

max [
{Gxr}a
st. > Dp(bJA)Gy=M, Vb
A
Gy>pl VA (20)

(Note that the condition that ), G\ = 1 follows
from the first constraint in the SDP, as one can
see by summing both sides over b.) If the pro-
gram returns an optimal value p that is negative,
then it follows that there is no decomposition as
in Corollary 1 where G > 0, and so {Mp}, is
nonclassical. If, however, the given measurement
{My}p is classical, the solution to the SDP gives
the parent POVM {G,}, and response functions
for its simulation.

4.1 Robustness-based quantifier for nonclassi-
cal measurement

One can also quantify the nonclassicality of a
given measurement, using techniques like those
used for entanglement [67], quantum steering [68],
and many other quantum resources [69]. In what
follows, we will discuss both robustness-based and
weight-based quantifiers. We leave the more am-
bitious task of developing a full resource-theoretic
framework for understanding nonclassicality for
future work. The programs we introduce here

also yield optimal linear witnesses for the certifi-
cation of resources.

Quantifiers of nonclassicality based on robust-
ness ask how much noise must be added to a
given measurement for it to become classical. De-
pending on the noise model, one can define dif-
ferent measures such as the generalized robust-
ness, standard robustness, and random robust-
ness [66, 69]. Here, we consider the white-noise
robustness (which is also termed as resource ran-
dom robustness [69]), which asks how much white
noise would need to be added for the nonclassi-
cality of a given measurement to be completely
destroyed. Given a measurement { M}, one de-
fines a noisy POVM with the effects

Tr[My]

M = My + (1 — )=t (21)
where d is the dimension of the Hilbert space; the
critical parameter 1 at which the transition to
classicality occurs is the white-noise robustness.
Notice that—following an awkward but standard
convention—lower values correspond to higher re-
sourcefulness. All classical measurements have
the maximum value 1.

The white-noise robustness can be computed
(following, e.g., Refs. [70, 71]) using the following
semidefinite program:

My} = {Hgf}i”
s.t. > Dp(BA)Gx =M Vb
A

<1, Gy>0 VA (22)

where the Dp(b|)) are the extreme points in the
polytope P of Def. 3 (for the case when y is triv-
ial).

This SDP can be efficiently computed. One can
also get an analytical upper bound on this quan-
tifier by studying the dual of the primal problem
above, which is

M) = Jin (1 + ; TI"[Xbe]>

st. 1+ Z TI‘[Xbe]

b
1
> g;TI‘Xb TI“Mb,
> Dp(b|A) X, >0 VA (23)

b
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By a standard result in semidefinite program-
ming, the solution to this dual is greater than or
equal to the solution 7 of the primal program. It
follows that any specific feasible solution { X3} of
the above dual problem provides an upper bound
on 7qar,)- By optimizing a cleverly chosen fam-
ily of dual variables of the form X, = al — M,
(where v and /3 are constrained so that X is a
feasible solution), one can obtain an analytical
upper bound on the white-noise robustness |71],
namely

- d?A — 3, (Tr My)?
T = S AT Mg — (T My

where A = max, [|>°, Dp(b|A\) M|, and where
| X||, is the spectral norm defined as the largest
absolute value of the eigenvalues of X. For a
rank-1 POVM {M}F_, with k effects having
equal trace Tr My = %, this further simplifies to

kA —1
d—1"
We expand on this argument in Appendix D.
We now give some examples and compute their
white-noise robustness. Surprisingly, we found
the upper bound just given in Eq. (25) to be tight
for all of these measurements, a fact we showed

numerically by lower-bounding it with the primal
SDP in Eq. (22).

(24)

n < (25)

Example 1. Consider a measurement composed
of k effects arranged symmetrically in a plane,

namely the measurement My = {M;}f_| with
effects
1 2mb
My, = %[1 + cos Opo, +sinbyo,]|, O = %
(26)

The white-noise robustness 7 of this measure-
ment is

B 1

~ 2cos(m/k)

(When k < 4, such a measurement is always clas-
sical.) This value can be found using the upper
bound in Eq. (25), and then checked to be tight
by constructing an explicit simulation model in
Eq. (22). For small k, one can check explicitly
that the optimal {G,}, for simulating the noisy
{My}%_, is given by the measurement itself when
k is odd

Tk Vk > 4. (27)

1 2
GA:E[l-I-COS@)\O'x—I-SiHG)\O'Z], GA:%)\

(28)

and by

1
Gy = E[l + cosO\o; + sinOy0,],

0, — 2”)‘% (29)

when k is even.

Both the pentagon measurement in [28] and
the BB84 measurement are special cases of such
a k-outcome symmetric planar measurement.

Table 1: White-noise robustness 7 for various k-
outcome symmetric planar qubit measurements, as de-
fined in Eq. (26).

Mk
1

~ 0.707
~ 0.618
~ 0.577

1 ~
seomy ~ 0555

2232~ 0.541

Lol
N

BN e N O
S
i

5

Example 2. Consider a measurement composed
of k effects that are the vertices of a platonic solid
embedded in the qubit (centered, and with effects
rescaled appropriately) [72]. The white-noise ro-
bustness 7 of such measurements was computed
in the same manner as for Example 1, and is
shown in Table 2. The optimal {G,}, for sim-
ulating different noisy platonic measurements is
given by the polytope dual’; e.g., the optimal
{Gx} for simulating a noisy cubic POVM is the
octahedron POVM.

Table 2: White-noise robustness 1 for various k-
outcome Platonic solid measurements, as defined in Ex-
ample 2. Codes are available at [73].

# of Vertices nhlat
4 1
6 B~ 0.577
8 Y3~ 0.577
12 V225 & 04195
20 V225 & 04195

I The vertices of the dual polytope are given by the
set of unit vectors from the origin that are normal to each
face of the given polytope.
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Example 3. Consider a set of measurements
in mutually unbiased bases, for dimensions d €
{2,3,4}. The white-noise robustness 1 of each
such set of measurements was computed in the
same manner as for Example 1, and examples are
shown in Table 3. Note that, as a consequence of
Proposition 1, one would in each case obtain the
same white-noise robustness for the single mea-
surement constructed by flag-convexifying these
multi-measurements.

Table 3: White-noise robustness for the complete set of
d 4+ 1 MUB measurements in dimension d.

Dim Nd

2 VB~ 0.577
14+3V5

35 ~ 0.4818

4 3R 04309

4.2 The nonclassical fraction of a measure-
ment

A second class of measures commonly used to
quantify quantum resources consists of weight-
based quantifiers |74, 75, 69]. Such measures are
defined as the minimal cost of generating the
measurement in question by mixing together an
arbitrary measurement with an arbitrary classical
measurement, such that the measurements being
mixed satisfy the same operational identities as
the given measurement. That is, the effects in
any given measurement {M;};, can be written as

My = wNy + (1 —w)Kb, (30)

where 0 < w < 1, where {N}; is an arbitrary
measurement while { K3}, is classical, and where
both {Ny}, and {Kp}p satisfy the same opera-
tional identities as {Mp}s.
of w that can be used in such a decomposition
is a weight-based quantifier of nonclassicality of
a measurement, and we term it the nonclassi-
cal fraction (analogous to, e.g., the nonlocal frac-
tion [76]). Higher values correspond to higher
nonclassicality, with a maximum of 1 (and all
classical resources have value 0).

Note that we do not allow {Np}, and {Kp}s
to be an arbitrary measurement and an arbitrary
classical measurement, respectively. This is be-
cause the nonclassical set of measurements is non-
convex, and very little is known about weight-
based quantifiers in nonconvex contexts |77, 78].

The minimal value

By stipulating that the sets of measurements to
be mixed satisfy the same operational equiva-
lences as the measurement to be decomposed,
we return to a convex setting. As such, it is
better viewed as a collection of measures, rather
than a single measure on the space of all multi-
measurements. In any case, our main purpose for
introducing this quantity is for the construction
of nonclassicality witnesses, as we will discuss.
Whether or not the quantity defined without this
stipulation is useful and interesting remains an
open question.

The nonclassical fraction can be computed us-
ing the following SDP:

. Tr Z,\ G
w= minl] - ——2—=
{Gx}xr d
s.t. My > ZDp(b‘)\)G,\ Vb
A

Gy>0 VYA (31)

The nonclassical fraction takes its maximum
value, 1, for any nonclassical measurement with
rank-one effects (as such effects cannot be non-
trivially decomposed in terms of other effects).
In fact, all of the examples we gave in the pre-
vious section are rank-one measurements, and so
this quantifier has no power to discriminate which
of those measurements is more or less nonclassi-
cal (other than the fact that it assigns value 0 to
the two measurements we considered that were
classical).

The dual formulation of this SDP is

w = max l—TrZFbe
b

{Fv}p
1
t. > —
s.t zb:Dp(b])\)Fb >S5 VA
F,>0 Vb (32)

This can be used to construct an optimal lin-
ear witness for a given nonclassical measurement
{My}p, in a manner analogous to the construction
of steering witnesses [74]. In particular, consider
any set of Hermitian matrices {Fy}; that is a fea-
sible solution to the SDP. Since F;, > 0, these
can be renormalized to generate a set of density
operators {pf := in}b.

In the prepare-measure scenario defined by
measuring {M,}, on the states {pf};, the vio-
lation of inequality 3, f, Tr[pf My] > 1 serves
as a witness for the nonclassicality of the mea-
surement {M;},. This is because any classical
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measurement {K3}, (with nonclassical fraction
WKk, = 0) satisfies

0= Wik} = ?13“?})1(, (1 — TI"ZFI;Kb>
b

>1-Tr Zfbprb] ;
b
= > HTrlpf K > 1. (33)
b

So if one finds a measurement for which the in-
equality is violated, then one can conclude that
the measurement is nonclassical. Moreover, the
witness constructed using the optimal solution to
the SDP is an optimal witness.

One should emphasize, however, that the in-
equalities obtained from the dual SDP are not
noncontextuality inequalities in the usual theory-
independent sense [9]. Rather, they are theory-
dependent witnesses: violations of such inequal-
ities certify nonclassicality only relative to the
quantum description assumed in the derivation,
in the same sense that entanglement witnesses
are not device-independent. In particular, a vio-
lation of such an inequality constitutes a proof of
nonclassicality of one’s measurement only under
the assumption that the states used in the exper-
iment are genuinely the specific quantum states
{pE'}; appearing in the derivation above. In con-
trast, standard theory-independent noncontextu-
ality inequalities are derived without making any
assumptions about the nature of the states in the
experiment beyond the operational identity rela-
tions that hold among them. Moreover, viola-
tions of these witness-based inequalities are not
impossible in all noncontextual ontological mod-
els. Indeed, in Appendix E, we give an example of
a nonclassical measurement, a witness that cer-
tifies its nonclassicality if quantum theory were
assumed, and a noncontextual ontological model
that nevertheless reproduces all the statistics of
the prepare-and-measure scenario defined by that
witness together with the measurement.

This is analogous to how entanglement wit-
nesses are device-dependent—they certify that
one’s state is entangled provided that one has
access to well-characterized quantum measure-
ments. If one wishes to certify nonclassicality of
measurements in a device-independent manner,
one must instead use a different approach, like
the one we discuss in the next section.

4.3 Theory-independent certification of non-
classicality of measurements

If one wishes to find theory-independent wit-
nesses of nonclassicality, one need look no fur-
ther than standard noncontextuality inequalities,
as studied in, for example, Refs. [9, 16, 11].
Prior works used violations of noncontextuality
inequalities to witness the nonclassicality of an
entire scenario rather than of any given single
process. However, it is evident that one can use
such inequalities to witness the nonclassicality of
individual processes as well. The only challenge
in doing so is that one cannot assume that every
individual process in a given circuit that violates
a noncontextuality inequality is itself nonclassi-
cal; some components of the circuit are necessar-
ily nonclassical, but not necessarily all of them
We elaborate on the question
of when one can be certain that a given pro-
cess is implicated in a proof of nonclassicality
in Ref. |1, Sec. III]. For instance, in the sim-
ple context of a prepare-measure experiment on
a unipartite system, one can conclude from any
violation of a theory-independent noncontextual-
ity inequality that the set of measurements in the
scenario is nonclassical and that the set of states
in the scenario is nonclassical.

are nonclassical.

Our work in Ref. [1] also leads naturally to an
interesting new class of questions regarding what
operational means are necessary and/or sufficient
to certify the nonclassicality of a given process in
a theory-independent way.

Consider the analogous questions in the con-
text of Bell nonclassicality. It is well-known
that the entanglement of a given state cannot
always be detected via violations of a standard
Bell inequality; for example, local measurements
on some entangled Werner states do not lead to
the violations of any Bell inequalities. So this
approach to theory-independent certification of
entanglement does not allow one to identify the
boundary between entangled (nonfree in the re-
source theory of Local Operations and Shared
Randomness, or LOSR [79, 80, 81]) and separa-
ble (LOSR-free). Only by introducing more com-
plicated causal structures can one find theory-
independent witnesses of the entanglement of
an arbitrary entangled state (see, for example,
Ref. [82], or Section 8 of Ref. [80] for more de-
tails).

Here, it is clear that one does not need
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any causal structure beyond that of a prepare-
measure scenario to witness (in a theory-
independent way) the nonclassicality present in
a given measurement, by the very fact that non-
classicality is defined with respect to the statistics
arising in such a scenario (for all possible quan-
tum states). However, it is not clear whether one
can always witness the nonclassicality of a partic-
ular measurement using a finite number of states,
rather than actually needing to consider all pos-
sible quantum states.

This is particularly unclear for measurements
that are near the classical-nonclassical boundary
(analogous to how Werner states with a small
amount of entanglement do not violate Bell in-
equalities). However, we now give an example
where just five states are sufficient to witness the
nonclassicality of a particular measurement under
any amount of noise that does not fully destroy
its nonclassicality. So at least in some cases, one
can delineate the exact boundary between clas-
sical and nonclassical measurements in a theory-
independent manner.

Example 4. Consider the 5-outcome symmetric
planar measurement Ms defined as in Eq. (26)
and studied in Ref. [28]. The results of Ref. [28]
imply that the nonclassicality of this measure-
ment can be certified in a theory-independent
manner in a scenario with only five preparations
by violating the noncontextual inequality

q(p1jo +p1j2) + (¢ = 1)pajo +poj2 — (¢ +1)p1j1 > 0,

(34)
where py, = Tr[Mpp,] and ¢ = @, if one
uses preparations that satisfy the same pentag-
onal symmetry—that is, that satisfy operational
identities of the same form as those satisfied by
the effects.

Consider now the family of noisy measure-
ments where one implements this measurement
with probability n and implements the trivial
measurement with probability 1 — 7. As we
showed in the previous section, every measure-
ment in this family is nonclassical if n > @
It turns out that the nonclassicality of every such
measurement can be witnessed by a violation
of a noncontextuality inequality using just five
states, provided one chooses the states appropri-
ately. The specific five quantum states that were
used in Ref. [28]

1 2
Pa = 5[1+COS 040 +sin eaUZ]v 0 = %a (35)

are only sufficient to verify the nonclassicality of
measurements in the family if n > 0.764. If one
instead uses a rotated set of quantum states de-
fined as

1 2
Pa = 5[1+c086aa$+sin9aaz], 0, = ?—i—%,
(36)

and considers the noncontextuality inequality

p3jo + (¢ — 1)p1jo — Pojo + qpop — P1j1 + P13 = 0
(37)

(obtained from Farkas’ lemma using linear
programming in Ref. [9]), then one can in-
stead violate the inequality for all nonclassical

V5-1
o

measurements—for all 7 >

More work is needed to understand whether ex-
amples of this sort are generic or not. We have
checked numerically that for the measurements
discussed in Example 1 and Example 2, one can
always find a finite set of preparations that is op-
timal for testing the nonclassicality of that mea-
surement through noncontextual inequalities—
the preparations are simply pure quantum states
having Bloch vectors corresponding to the dual
of the polytope defined by Bloch vectors of the
measurements (see footnote 1 for the definition
of a polytope’s dual). On this basis, we make the
following conjecture.

Conjecture 1. A finite number of preparations
is sufficient for the theory-independent certifica-
tion of any nonclassical measurement with a fi-
nite number of outcomes (through the violation
of some noncontextual inequality).

5 Nonclassicality of a set of states

In the previous section, we focused on defining,
certifying, and quantifying nonclassical measure-
ments. We now study the analogous questions,
but for the nonclassicality of procedures of the
preparation variety. We will do so more suc-
cinctly, since the methods are entirely analogous.

We begin by defining the nonclassicality of a
multi-source, which includes a single source and
a set of states as special cases, following Ref. [1].

Definition 4. A multi-source is classical if and
only if the statistics generated by the set of cir-
cuits that contract it with any effect (i.e., where
the set ranges over all effects) are classically ex-
plainable in the sense of Def. 1.
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The analogous conservative interpretation ap-
plies to sources. A multi-source is counted as
classical only if no quantum effect, and hence
no quantum measurement, can make it partici-
pate in a prepare-and-measure experiment whose
statistics fail to be classically explainable. Con-
sequently, if a multi-source P and a measurement
M generate nonclassical statistics, then P is nec-
essarily nonclassical in the present sense. If P
were classical, its contraction with every quan-
tum effect, including the effects of M, would be
classically explainable. Thus, in a prepare-and-
measure scenario, nonclassical statistics certify
the nonclassicality of both components in their
respective process-level senses.

Then, following Theorem 2 of Ref. [1], one has
the following characterization.

Theorem 2. A  multi-source P =
Up(alz)pgz}ate is classical if and only if
each of its unnormalized states p(a|z)p,, can be
decomposed as

p(alz)pajs = Zp a,Nz)oy Va,z (38)

for some fixed set of normalized states {o)}
and some conditional probability distribution
p(a, A|z) satisfying

Z agqp(a, Az) =0, (39)
V{az}az € O(P).
for all A\, where O(P) is defined in Eq. (4a).

Proof. For completeness, we briefly recall the
proof, adapted from the proof of Theorem 2 in
Ref. [1].

If the multi-source P is classical, then by Def. 4,
for every quantum effect M,

Zp (M[N)p

plalz) Tr[Mp,y.] (a, Aa),

Va,z,M. (40)

where, for each A, the assignments {p(a, A|z)}az
satisfy the ontological identities associated with
O(P). Since p(M|)) is linear in the effect M, pos-
itive, and normalized on the unit effect, the gen-
eralized Gleason theorem [83] implies that there
exists a normalized state o) such that

p(M|A) = Tr[Moy] VM. (41)

Hence

plalz) Tr[Mpy,] = Tr [M(Zp(a, AIﬂf)fnﬂ :
A
Va,z, M. (42)
and therefore

P(al2)pae = Yo pla Na)on  Va,z.  (43)
A

Moreover, the ontological identities on p(a, A|x)
are exactly those in Eq. (39).

Conversely, if Eq. (38) holds with p(a, A|z) sat-
isfying Eq. (39), define

p(M[A) = Tr[Ma,]. (44)

Then p(M|)) is a valid response function, linear
in M, and

plalz) Te[Mp, ]

Zp M|N)p

Thus, the statistics generated by contracting P
with arbitrary quantum effects are classically ex-
plainable, so P is classical. ]

(a,Nx). (45)

Unlike the measurement case, a direct poly-
tope characterization is not available for general
multi-sources. We therefore proceed in two steps.
First, using Proposition 2, we reduce the qualita-
tive problem to the case of a set of normalized
Second, in that reduced setting, Theo-
rem 2 naturally leads to a preparation-assignment
polytope, allowing us to develop the quantitative
theory. The obstruction for general multi-sources
was already noted in Ref. [11, Sec. III].

states.

Proposition 2. A multi-source
{{p(alz)pajp}a}s® is mnonclassical if and only

if the set of states {p,|s }a, is nonclassical.

Indeed, as noted in Refs. [29, 1], in a prepare-
and-measure scenario, the statistics generated by
a multi-source P = {{p(a|z)pyjz}a}s together
with an arbitrary measurement M are classically
explainable if and only if the statistics generated
by the flag-convexified set of states {pz}a,z to-
gether with M are classically explainable. Hence,
by Def. 4, qualitative nonclassicality is preserved
under flag-convexification.

“Throughout this work, we assume p(ajz) > 0 for
all a,x; otherwise, one should restrict to the support of

p(alz).
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Accordingly, in the remainder of this section,
we focus on sets of states, which we denote simply
by {pa}a; the extension back to general multi-
sources is discussed in Appendices A and B. Let
k denote the number of states in the set. By the
same flag-convexification logic as above, {p,}4 is
classical if and only if the uniform source {1 pa}a
is classical. Applying Theorem 2 to this uniform
source, Eq. (38) becomes

1
TP = Zp(a, Aoy = Zp(a\)\)p()\)a)\ Va.
A A
(46)
Equivalently,

pa =y plal\)or  Va, (47)
A

where &) := kp(\)oy. Thus, once we restrict at-
tention to sets of states, the relevant ontological
data are the conditional probabilities {p(a|))}q,
exactly as in the measurement case. This moti-
vates the following definition.

Definition 5. A noncontextual preparation-
assignment polytope Pp associated with a set of
states {pq }aq is the set of vectors {p(a)}, that sat-
isfy the constraints

(i) p(a) >0 Va, (48a)
(ii) Y pla) =1, (48b)
V{a.} € O(P), (48c)

(i) 3 cupla) =0

where, for a set of states {p,}a, O(P) denotes the
operational identities among the states, i.e.,

OP) = {{0a}a| Y aapa =0} (49)

Following logic exactly like that in Eq. (16) to
write the decomposition in terms of the extremal
points of the polytope just defined, we obtain the
following;:

Corollary 2. A set of states {py}, is classical if
and only if it can be decomposed as

po=Y Dp(alNoy  Va,  (50)
A

where {7}, is a set of unnormalized states, and
Dp(al)) are the extremal points in the noncon-
textual preparation-assignment polytope Pp for
the set of states.

6 Certifying and quantifying the non-
classicality of a set of states

In this section, we show how one can certify
and quantify the nonclassicality of a set of states
{pa}a. With only small notational modifications
(given in Appendix B), our approach can be ap-
plied to general multi-sources rather than sets of
states; however, we have opted to focus on the
latter special case due to the fact that they are
much more commonly studied.

We again introduce a quantifier based on the
robustness of nonclassicality to white noise, and
a weight-based quantifier. The former of these
can be used directly to quantify the nonclassical-
ity of general multi-sources, since (as we prove
in Appendix A) the white-noise robustness is
unchanged under moving from a given multi-
source to its associated set of normalized states.
Whether the latter is preserved under this move
is not known, and so minor modifications would
need to be made to apply our results to general
multi-sources (as we discuss in Appendix B).

Like for measurements, the nonclassicality of
a set of states {p,}, can be certified using an
SDP written in terms of the finitely many ex-
treme points Dp(a|)) of the polytope in Def. 5;
namely, the SDP

max [

{631
s.t. ZDPP(CL\)\)&)\ = pa Va
A

Ga>pl VA (51)

If the program returns an optimal value p that is
negative, then {p,}, is nonclassical. Otherwise,
it is classical.

6.1 Robustness-based nonclassicality quanti-
fier for a set of states

One can also quantify nonclassicality of sources
using a quantifier based on robustness to noise,
just as we did above for measurements. Again,
we take the white-noise robustness as an exam-
ple, and we consider mixing each state with white
noise, as

1
Pa=mpa+(L—n)-1, (52)
where d is the Hilbert space dimension. When

n = 0, every element of the ensemble is propor-
tional to the maximally mixed state, and so the
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source is always classical. The critical parameter
n at which the transition to classicality occurs
is the white-noise robustness of the source, and
can be computed using the following semidefinite
program:

N{p,} = Maxmn

{21
s.t. ZDP(CLP\)&)\ = pZ Ya
A
n<1l x>0 VA (53)

Again, we can get an analytical upper bound on
this measure by studying the dual of the primal
problem above, which is

Nipa} = {I;(li?a 1+ ZTr[Xapa}

s.t. 1+ ; Tr[Xapa] > % ; Tr X,
> Dp(al]A)X, >0 VA (54)

By optimizing a cleverly chosen family of dual
variables of the form X, = al— fp, following the
same procedure as in Ref. [71] (and Appendix D),
one can obtain an analytical upper bound on the
white-noise robustness, namely

Mgy <~
‘ dZazl Tr pg —k

, (55)

where k is the number of states in the set {ps}q
and A = max, [[|>, Dp(a|\)pa|ly. For a set of k
pure quantum states {p, }*_;, this further simpli-
fies to

dA —1
d—1"
Example 5. The set {|0),|1),|+),|—)} of four
states used in the standard BB84 protocol has

white-noise robustness n = 12 ~ 0.7071.

n < (56)

S

Example 6. The set {|0),|1),|+),|=), |+ 1), | —
i)} of states in the 6-state QKD protocol [84] has

white-noise robustness n = 13 ~ 0.5774.

S

7. The set {[0),[1),3]0) =+
V311), ¥210) + 1[1)} studied in Ref. [2] has

white-noise robustness n = % ~ 0.5774.

Example 8. The set of states {p, = %(1 + Ny -
#)}8_,, where {f,;}_, are unit vectors corre-
sponding to the eight vertices of a regular cube
inscribed in the Bloch sphere has white-noise ro-

bustness n = % ~ 0.5774.

Example

Example 9. The set of states {p, = (1 + ty -
#)}12 ) where {f,}12, are unit vectors corre-
sponding to the twelve vertices of a regular icosa-

hedron inscribed in the Bloch sphere, has white-

1~ 04195, where

noise robustness n =

g =5

6.2 Nonclassical fraction for preparations

Like for measurements, one can study the min-
imal cost required to generate the set of states
{pa}a in question by mixing together an arbitrary
nonclassical set of states with an arbitrary classi-
cal set of states such that the sets of states being
mixed satisfy the same operational identities as
the given set of states. (The constraint on opera-
tional identities is included to enforce convexity,
for the same reasons as in Section 4.2. ) That is,
the states in any given set {p,}, can be written
as

Pa = wYa + (1 — W)k, (57)

where 0 < w < 1, where {v,}, is an arbitrary
set of states while {k,}, is classical, and where
they both satisfy the same operational identities
as {pa}a. The minimal value of w that can be
used in such a decomposition is the nonclassical
fraction of the set of states. This quantity can be
computed using the following SDP:

Gx>0 VA (58)

Note that the nonclassical fraction takes its max-
imum value, 1, for any nonclassical set of pure
states.

The dual formulation of this SDP is

B Tr>, Fupa
W = Imax 1 _ -
{Fa}a k

st. Y Dp(a)F, >1 VA
a
F,>0 V. (59)

This formulation can be used to construct an op-
timal linear witness for a given nonclassical set
of states {pa}q. Given a feasible solution {F}q,
one can rescale F, = f,F, using any f, such
that F, < 1, and then introduce the set of two-
outcome measurements {Fa, 1- Fa}a. This set of
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measurements constitutes a witness for the non-
classicality of the given set of states. One con-
siders the prepare-and-measure experiment with
the k states {p, }*_; and the k two-outcome mea-
surements {{F,,1 — F,}}*_,; if the inequality

> faTr[Fapa) > 1 (60)

is violated, then the set of states is nonclassical. If
the feasible solution is optimal, then the witness
is optimal.

7 Using nonclassicality of assemblages
to witness entanglement

Having developed witnesses for nonclassical sets
of states, we now apply them to assemblages,
where they yield entanglement certification re-
sults beyond steering-based certification.

A special case of a multi-source is a steering
assemblage [85]. Steering assemblages are distin-
guished from general multi-sources by the addi-
tional constraint ), p(a|r)p,|, = 0, where o is a
fixed state that does not depend on the setting
variable . This extra constraint is often called
the no-signaling principle.

We now reprove a result of Ref. [86], stated in
passing right after their Theorem 2 (and where
we have rephrased the result in the language of
nonclassical sets of states).

Corollary 3. A two-qubit state is entangled if
and only if it can be steered to a nonclassical set
of states.

Proof. Tt was shown in Ref. [87, 88] that for any
separable two-qubit state, the set of states one
can steer to on either side can be embedded in
a tetrahedron inside the Bloch ball; this set of
states is classical, as they fit inside a simplex in-
side the quantum state space (see Corollary 1 in
Ref. [1]). So, separable states can only be steered
to classical sets of states.

The other direction is given by Theorem 1 in
Ref. [86], which states that a bipartite state is
separable if there is a noncontextual model for
the prepare-measure scenario involving the set of
all states to which the other subsystem can be
steered, together with all quantum effects—that
is, if the set of all states to which the other sub-
system can be steered is classical. O

This corollary should be contrasted with the
well-known fact that entanglement is necessary
but not sufficient for being steered to an assem-
blage that is nonfree in the resource theory of
LOSR nonclassicality [81, 89, 90]. The difference
arises because nonclassicality of an assemblage in
the sense of LOSR (namely, steerability) is not
implied by nonclassicality in the sense defined
here.

It follows that even for two-qubit states whose
entanglement cannot be certified by witnessing
the steerability of the assemblages it can gener-
ate, one can always certify its entanglement by
studying the nonclassicality (in the sense defined
in this work and in Ref. [1]) of the assemblages it
can generate. We now give an explicit example.

Example 10. Consider the family of noisy
isotropic states given by pl == n[¥T)TT| +
(1 — n)71. It has recently been proven that
for n < 1/2, the state is local and unsteer-
able [91]. However, if one performs a measure-
ment with effects forming the vertices of a reg-
ular icosahedron, namely Ny, = %(1 + Ny - 5)
where {£7,}5_,, then the corresponding normal-
ized states in the resulting assemblage are the
noisy version of that in Example 9. Hence, by
Prop. 2, the resulting assemblage is nonclassical

for n > \/%*/5 ~ 0.4195. One can also cer-

tify the nonclassicality of this bipartite state in a
theory-independent manner using (for example)
the inequality (and quantum violation) that we
give in Appendix F.

Beyond the two-qubit case, however, one can-
not in general guarantee that a state is entan-
gled simply by verifying that it can be steered
to a nonclassical set of states (as already noted
in Ref. [86] and articulated clearly in Ref. [92]).
Further investigation of these ideas is left for fu-
ture work.

Theorem 2 of Ref. [30] states that ‘an as-
semblage is unsteerable if and only if its statis-
tics admits a preparation and measurement non-
contextual model for all measurements’. How-
ever, our work shows that this claim is not accu-
rate. For example, the assemblage {p(a|z)pq, =
TrA[(Najz®1)plso) Ya,e in Example 10 for 0.4195 ~

\/% < n < 1/2 [91, 93] is unsteerable but
nonclassical, and so there is no preparation and
measurement noncontextual model for its statis-
tics. The mistake arises because the purported
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proof of this theorem does not take into account
all possible operational identities in the scenario
it considers, but rather only those derived from
the no-signaling principle. But other operational
identities typically arise in such scenarios; we give
an exhaustive list in Eqgs. 42(a)-42(e) of Ref. [1].

8 Discussion

We introduced two measures of nonclassicality:
one that quantifies how robust a given process is
to white noise, and a weight-based quantifier. A
natural next step would be to see if an entire re-
source theory can be developed to systematically
and exhaustively quantify the nonclassicality of
any given process.

Robustness-based quantifiers are often linked
to discrimination tasks [71]. Consequently, an-
other natural question is whether the measures
we introduced here are closely linked to any in-
teresting information-theoretic tasks for which
nonclassicality of a given multi-measurement or
multi-source offers a quantum advantage.

A final interesting question for future work is
to consider ‘liftings’ of noncontextual inequalities,
analogous to the lifting of Bell inequalities [94].

Author contributions

All authors contributed to the conceptual devel-
opment, technical analysis, and preparation of
the manuscript. Large language models were
used for language editing, organizational sugges-
tions, critical feedback on the exposition, and as-
sistance with reference checking. All scientific
claims, derivations, numerical results, and the fi-
nal text were independently verified and approved
by the authors.

Acknowledgements

We acknowledge valuable discussions with Robert
Spekkens. YZ thanks Elie Wolfe and Ravi Kun-
jwal for many useful discussions. YZ is sup-
ported by the Natural Sciences and Engineering
Research Council of Canada (NSERC) and the
Canada Foundation for Innovation (CFI). YZ is
grateful for the hospitality of Perimeter Institute,
DS and YY
were supported by Perimeter Institute for Theo-
retical Physics. Research at Perimeter Institute is

where this work was carried out.

supported in part by the Government of Canada
through the Department of Innovation, Science
and Economic Development and by the Province
of Ontario through the Ministry of Colleges and
Universities. YY was also supported by the Nat-
ural Sciences and Engineering Research Council
of Canada (Grant No. RGPIN-2024-04419).

A Flag-convexification
white-noise robustness

preserves

Proposition 1 states that the qualitative nonclas-
sicality of a set of measurements coincides with
that of its flag-convexification. We now show
that flag-convexification also does not change the
white-noise robustness of sets of quantum mea-
surements. (We expect that general measures
of nonclassicality will not remain invariant un-
der flag-convexification, but it remains an open
question.)

Proposition 3. The white-noise robustness
M{m,,} for a set of measurements {{ My, }p}y co-
incides with the white-noise robustness 7 (814} of

its flag-convexification { M, , = ‘Tl/‘Mb\y}b,y-

Proof. As a consequence of Proposition 1,

any 7-noisy multi-measurement {{anLy +(1-

n)%l}b}y is nonclassical if and only if

{nMp,+(1 —U)%l}b,y is nonclassical, which
is just the flag-convexified version of the n-noisy
multi-measurement. Since this equivalence holds
for every 7, the white-noise robustness of any set
of measurements remains unchanged under flag-

convexification. O

Similarly, by using Proposition 2, we can show
that flag-convexification also does not change the
white-noise robustness of sets of quantum prepa-
rations.

Proposition 4. The white-noise robustness
N{p(alz)p,,} for a multi-source {p(alz)pqgjz} coin-
cides with the white-noise robustness Mo} of
the corresponding set of normalized states {pq|, }-

Proof. This follows directly from Proposition 2:
the multi-source {{p(a|z) pZ|z}a}x is nonclassical
if and only if the set of states {pZ\x}a,x is non-
classical for any 7, where pZ|x = NpPaje + (1 — n)%.
Since this equivalence holds for every 1, the claim

follows. O
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Similarly, the white-noise robustness of a multi-
source is equivalent to that of the source obtained
from it by flag-convexification. Indeed, one can
by a similar proof show that the white-noise ro-
bustness of both multi-measurements and multi-
sources is unchanged under flag-convexification
by an arbitrary (non-uniform) full-support flag-
convexification [29].

B Flag-convexification preserves the
nonclassical fraction

Proposition 5. The nonclassical fraction
win,,y for a set of measurements {{My,}}y
coincides with the nonclassical fraction Wit}

of its flag-convexification {Mbg = |71|Mb|y}b,y-

Proof. This follows from the fact that if there
exists a set of measurements {{Ny,}y}, and a
classical set of measurements {{Ky,}p}, (both
respecting the same operational identities as

{{My), }s}y) such that

Myjy = wing,, 3 Nojy + (1 — wing,, 1) Kyl

One can directly define the corresponding
flag-convexified measurements {Nb’y}b,y =
{|71|Nb|y}b,y and {Kb,y}b,y = {ﬁwa}@y, which
have the same classicality /nonclassicality, respec-
tively, according to Proposition 1; these evidently
satisfy the same operational identities as {Mbyy},
as well as

My = Wiy, 1 Noy + (1 = wing, 1) Kby

Thus, Wiy} < WMy} (This is just an upper
bound rather than an equality, since we have con-
structed one specific decomposition of My, from
the given decomposition of My, but have not
necessarily found the optimal decomposition).
For the other direction, since any {Np,}
and {Kj,} must necessarily satisfy >, Ny, =
> Ky ﬁl as they respect the same
operational identity as {Mb,y}' By similar
logic, one could always construct {{N, =
Y[Noytoty and {{Ky, = [Y[Kpy}p}y as de-
composition of {{My,}p}y. One can thus show
that Wiy} > WMy, b and therefore we have

w{Mb,y} - w{Mb\y} D

One can similarly prove the analogous result
for flag-convexification of sources.

The nonclassical fraction of a
{{p(alr)pgjp}atz can be defined analogously
to the definition we gave for sets of states;
namely, it is the smallest number 0 < w < 1,

such that one can write

source

p(a’$)pa|x = wp/(a’l')/yam + (1 - W)p”(a|$)’%\x,
(61)
where {{p'(alz)V4)z}a}s is an arbitrary multi-
source, {{p"(alr)kqajz}a}z is a classical multi-
source, and both of these satisfy the same op-
erational identities as {{p(a|®)pq)z}a}a-

Proposition 6. The nonclassical fraction
Wip(alz)p,),} for a multi-source {{p(alz)py|s}ate
coincides  with  the  nonclassical  frac-

tion Wip(a,2)pafs} of its flag-convexification

{p(a, x)ﬁah: = ﬁp(a‘m)pa\w}aﬂ?'

The proof is identical to that of Prop. 5, replac-
ing the measurement label y by the source-setting
label x.

We note that p(alz), p'(a|z), and p”(a|z) need
not be the same. Therefore, it is not obvious
that the nonclassical fraction defined for a general
multi-source coincides with the nonclassical frac-
tion for the set of renormalized states associated
with it. In other words, flag-convexification pre-
serves the nonclassical fraction of a multi-source,
but this does not imply equality with the nonclas-
sical fraction of the associated normalized-state
set, because renormalization changes operational
identities.

C Nonclassicality of measurements in
mutually unbiased bases

In a complex Hilbert space of dimension d, a set of
projective measurements {{My, }i_,}, is called
mutually unbiased if

T My, My ] = - (62)
for all b,b’ whenever y # 3. The robustness of
incompatibility of mutually unbiased bases under
noise has been studied extensively [95, 71].

We now show that, for measurements obtained
from mutually unbiased bases by adding white
noise, nonclassicality coincides with incompatibil-

ity. More precisely, consider the noisy effects

~ 1
M = nMy, + (1-n)>

N S 0<n<1(63)
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We will show that for 0 < n < 1, the noncontex-
tual measurement-assignment polytope Py asso-
ciated with the noisy MUB measurements is sim-
ply Pm = @, Ag, where Ay is the d-simplex de-
fined only by positivity and normalization. In
that case, Eq. (8) imposes no restrictions be-
yond stochasticity, and Eq. (7) reduces exactly
to the standard condition for joint measurability.
Hence, for 0 < 1 < 1, these noisy MUB mea-
surements are nonclassical if and only if they are
incompatible.

The key point is that the only linear depen-
dence relations among the effects of mutually un-
biased bases are those implied by POVM normal-
ization, namely

d d
Y My, = My
b=1

b'=1

Vy,y'.  (64)

These relations imply no constraints on the
response  functions  beyond
pr(b|y’ A) =1, Vy, A

We first establish the corresponding statement
for the sharp MUB measurements {M,,}, and

then transfer it to the noisy ones {MVZSIZ)}

normalization

Lemma 1. Let {{Mb|y}§:1};}:1 be a collection
of mutually unbiased bases in dimension d. Then
the set

{My }oma U U {My 3521 (65)
y=2

is linearly independent.

Proof. Suppose, for contradiction, that there ex-
ist coefficients oy, not all zero, such that

d n d—1
0= Z ab,le|l + Z Z ab,yMb|y- (66)
b=1 y=2 b=1

Taking the Hilbert—Schmidt inner product of
Eq. (66) with any included effect My, gives

1
vy + Y TNy =0, (67
b

y#y’

where the inner summation runsover b =1,....,d
fory=1andoverb=1,...,d— 1 for y > 2.
Since the second term is independent of ¥/, it
follows that for each fixed ¢/, the coefficient ayy
is independent of &'. Hence there exist scalars oy
such that
Ay = Qy (68)

for all included effects in basis 7/.
Equation (66) therefore reduces to a linear sys-
tem

Aa =0, (69)
where
1 d=l d—1 d—17
d d d
1 d—1 d—1
d—1 d dil
A= T 1 | (70)
d—1 d—1
R e

Subtracting the first row from each of the re-
maining rows yields an upper-triangular matrix
with diagonal entries [1, é, ce é], all of which are
nonzero. Hence A is invertible, so o = 0. This
contradicts the assumption of a nontrivial linear
dependence. Therefore the set in Eq. (65) is lin-

early independent. O

We can now determine all linear dependence
relations among the full family {{Mbly}gzl}y- If
there are n bases, then the full family contains
nd effects, while the linearly independent set in
Eq. (65) contains

d+(n—-1)(d—-1)=nd—(n—1) (71)

effects. Therefore the space of linear relations
among the full family has dimension at most n—1.

On the other hand, the n — 1 normalization
relations

d d
> My, — > My; =0, y=2,...,n, (72)
b=1 b=1

are clearly linearly independent since each rela-
tion is the unique one involving the effect My, for
a given y > 2. Hence these n—1 relations exhaust
all linear dependence relations among the effects.
Therefore the only operational identities among
the MUB effects are those implied by normaliza-
tion, and so Py = @, Ag. It follows from The-
orem 1 that, for sharp mutually unbiased bases,
nonclassicality is equivalent to incompatibility.

Finally, consider the noisy MUB effects in
Eq. (63) with 0 < n < 1. Since

v _
Zb:Mb'Z’ =1, (73)

the identity operator lies in the span of the noisy
effects. Therefore, for every b, y,

— 1/\1n)__1-_77l’ (74)
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so each sharp effect lies in the span of the noisy
ones. The converse inclusion is immediate from
Eq. (63), and hence the noisy and sharp fam-
ilies have the same linear span. Consequently
they satisfy exactly the same operational iden-
tities, and therefore the associated noncontex-
tual measurement-assignment polytope is again
Py = @, Aq. Thus, for noisy mutually unbiased
bases with 0 < 1 < 1, nonclassicality is equivalent
to incompatibility as well.

More generally, the same conclusion holds
whenever the linear spans of the effects of two
measurements intersect only in span{1}. In that
case, there are no operational identities relating
the two measurements beyond those implied by
normalization, and the notion of nonclassicality
studied here again reduces to incompatibility.

D Upper bounding the white-noise ro-
bustness of nonclassical measurements

The dual SDP for the robustness test we dis-
cussed in the main text is

M) = i (1 + Zb:Tf[Xbe]>

st 14> Tr[X, M)
b
1
> =N Tr X, Tr M,
deb: p LI My,

> Dp(b|A)X, >0 VA (75)
b

By weak duality, the value of any feasible dual so-
lution upper-bounds the primal optimum; more-
over, all feasible solutions { X3 }; to the above dual
problem provide an upper bound on the white-
noise robustness 7¢,7,}. Consider a family of dual
variables X, = al — M, [71]. Such an X}, is fea-
sible if the two constraints in the dual SDP are
satisfied, so

1

d

al— B> Dp(b|A)M, > 0,VA. (76)
b

1— B> [Tr My — —(Tr M,)*] >0
b

Define A = maxy ||, Dp(b|A)My||,, where | X]||,
is the spectral norm defined as the largest abso-
lute value of the eigenvalues of X. When the

above two inequalities are saturated, we obtain
1

P S ME — LT b)) (77)

> Dp(b|]A)M,
b

B =PBA,

2

(77b)

G — Imax
A

so the optimal dual variable in this class is

Al — M,
X, = e = (78)
Zb[TI' Mb — E(TI' Mb) ]

Plugging this into the objective function, we can
obtain a nontrivial upper bound on the robust-
ness:

n< d*A — 37, (Tr My)?
= YopldTr ME — (T My)?

(79)

For a rank-1 POVM {M}, in a d-dimensional
space with k elements having equal trace
Tr[M,] = %, this further simplifies to

EA—1

E Explicit demonstration that nonclas-
sical measurement witnesses are theory-
dependent

As noted in the main text, the nonclassicality wit-
nesses we introduced in Section 4.2 are theory-
dependent. That is, a violation of those inequal-
ities only constitutes a proof of nonclassicality of
one’s measurement assuming that the states in
one’s experiment are genuinely the specific quan-
tum states {pf }p assumed in the above deriva-
tion. Moreover, it is not the case that violations
of these inequalities are impossible to generate in
any noncontextual ontological model. We now
demonstrate this by giving an example of a non-
classical measurement, a nonclassicality witness
that certifies its nonclassicality, and a noncontex-
tual ontological model that reproduces the statis-
tics of the prepare-measure scenario defined by
the witness together with the measurement.

Take the BB84 measurement My = {M,}{_, as
an example:

b

1
M, = Z[1 + cosOpo, +sinbyo.] O, = o (81)

The corresponding optimal dual variables {Fp}y,
obtained by solving the dual SDP in Eq. (32),
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form a set of unnormalized quantum states with
Bloch vectors anti-parallel to the corresponding
measurements { My}, i.e.,

2 2 b
F, = +4\[[1 —cosOpo, —sinbpo,| 6y = %
(82)

By definition, any classical measurement Kj, (that
has the same operational identity as My) must
obey

> Tr[F K] > 1.
b

However, for the noisy BB84 measurement M) =
{M]}i_, with n > %, (which is nonclassical as

mentioned in Example 1), we have

> Tr[F,M] < 1. (83)
b

By defining a set of states {pp}p with p, :=
o be, we obtain a nonclassicality witness of
the form discussed in Section 4.2. In particu-
lar, for any classical set of measurement { K b}é:p
the statistics one can generate in a prepare-and-
measure experiment whose states are taken to be
{pp}» must satisfy

Zp blpy) : ZTr [ppKp] >2— V2. (84)

However, the BB84 measurement can achieve

> p(blp) =0, (85)
b

and so is nonclassical. The violation of this in-
equality does not imply the impossibility of a non-
contextual model for such a prepare-measure ex-
periment, however; indeed, we will now give a
noncontextual model for the BB84 measurement
together with this set of states. The quantum

statistics in such a prepare-measure scenario are

POin) = 0 1 > i} P(blps) = {4,0,1 5}
P(blps) = {5 1.0 11 POlos) = (550 301

(86)

where the four numbers in each set correspond
to the probabilities for b = 1, 2, 3, 4, respectively.
Plugging in the relevant probabilities, one can
verify that quantum theory achieves Eq. (85) and
so violates the inequality in Eq. (84).

One can reproduce the quantum predictions
for this scenario in the following noncontextual
model (which is simply the Spekkens toy theory
in Ref. [96]). The epistemic states are defined as

pNilp1) = (0,5, 5,0k A(Ailpa) = {5,0,5,0}
M()\i|p3) = {5’0707 5}3 M()\i|p4) = {O’ 5707 5}3
(87)

and the response functions for the measurement
are defined as

p(b|A1) = { 0,0, }p(blkz):{o
1

p(b|)\3) = {070’ 57 5}7 p(b’)\4) {

l\D\r—lN’“—‘

1
1500
0,0}

N |

(83)

One can check directly that this model repro-
duces the quantum predictions and also the op-
erational identities in the scenario.

This shows explicitly that the witness in ques-
tion is theory-dependent, as there exist noncon-
textual theories that can violate the bound in
question. Only if one assumes the correctness of
quantum theory (and in particular, has an exact
characterization of one’s states) does a violation
of this bound certify the nonclassicality of the
measurement in question.

F Noncontextuality inequality for Ex-
ample 10

Consider the prepare-and-measure scenario ob-
tained by steering the noisy isotropic state from
Example 10. The corresponding statistics are

p(ablzy) = p(alz) Tr[Myy,p;, ], (89)
p(alz)py), = Tra[(Noj ® 1)pi, ], (90)
where
1 . 1 T
Ni|x:§(1i’flz0’), Mi\y (1imy 0')
(91)

Here, {7, }2_, and {:tmy}zzo correspond, re-
spectively, to the vertices of a regular icosahedron
and its dual dodecahedron. It can be verified di-
rectly, for instance using the linear program of
Ref. [97], that the resulting behavior p(ab|zy) is
nonclassical whenever

1+ ¢?
3¢*

n> ~ 0.4195, (92)
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where ¢ = @

Using Farkas’ lemma together with the tools
of Ref. [9], we derived the following inequality,
which is satisfied by every noncontextual behav-
ior obeying the same operational identities as
those induced by {p(a|x)pZ|z} and { My, }:

p(00]02) + p(00]12) + p(00]22) — p(00/01)
1
— p(00[10) — p(00[23) < 7 03820,

(93)
To exhibit a quantum violation, take
0= ———[~1.~,0)
ny=——=|—1, s Y]y
e
1
ﬁ EES e 70717
=g e
1

Ny = ———=[—q, 0, —1],
e

. 1
mo = 73[_17 17_1]7

. 1
mlz—?)[—q?q 170]5

A 1 [ —1 0]
m = —7=|—¢,— s Yy

2 /3 q,—q

1

mg = —[—1,—1,1]. 94

For these choices, the left-hand side of Eq. (93)

3n . .
evaluates to NCTI Hence Eq. (93) is violated

precisely when

S 1
31+¢%) ¢
1 2
= 0> y/L ~04195.
3q
(95)

At n =1, the corresponding quantum value is

3

2 ~0.9106.
3(1+¢%)

(96)
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