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An ensemble of product states is said to exhibit “quantum nonlocality with-
out entanglement” if it cannot be optimally discriminated using local operations
and classical communication (LOCC). We show that this property can depend
on the chosen discrimination measure. Specifically, we construct a family of
ensembles, each consisting of six linearly independent, equally probable bipar-
tite product states, for which LOCC fails to achieve optimal minimum-error
discrimination but succeeds in achieving optimal unambiguous discrimination.
We further extend our construction to multipartite systems and provide strong
numerical evidence that a similar separation between local and global optima
is present for minimum-error discrimination, but not for unambiguous discrim-
ination.

1 Introduction

Composite quantum systems may exhibit nonlocal properties. For example, the celebrated
Bell nonlocality |1, 2] arises from entangled states through violations of Bell-type inequal-
ities. Somewhat less known, though well-studied, is quantum nonlocality without entan-
glement [3]. This nonlocality, which may be viewed as dual to the Bell type, manifests in
state discrimination problems in the distant-lab paradigm of quantum information theory.

Suppose two distant observers, Alice and Bob, share a state chosen from an ensemble
of product states

Eyp = {(m; i) = lai) @ |bi)) - i =1,..., N}, (1)

where 7; is the prior probability associated with [¢;). They have complete knowledge of
&y but do not know which particular [1;) they share. Their objective is to determine this
“‘unknown” state as well as possible.
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The task of determining an unknown state chosen from a known set of states is the
standard state discrimination problem. However, in this case, Alice and Bob being physi-
cally separated cannot perform any measurement of their choice. The only measurements
they can implement belong to the class of local operations and classical communication
(LOCC); that is, they are free to perform quantum operations on their local systems and
communicate via classical channels but cannot exchange quantum systems. Thus, the
question is: Can they optimally discriminate the given states by LOCC? By optimal dis-
crimination, we mean attaining the global optimum corresponding to a measure of state
discrimination; in particular, if the given states are orthogonal, optimal implies perfect
discrimination [4, 5, 6].

One might expect optimal discrimination of product states, parts of which may have
been prepared separately, would be possible by LOCC. However, it turns out this is not
always the case [7]. There exist product ensembles, members of which cannot be optimally
discriminated by LOCC, even when they are mutually orthogonal [3]. Such ensembles are
said to exhibit nonlocality without entanglement. Here, nonlocality refers to the fact that
joint measurements can extract more information about the quantum state than LOCC
protocols.

One could express this nonlocality in terms of a well-defined state discrimination mea-
sure, such as probability of success or fidelity [8]. Let f be such a measure. For an ensemble
£y and a measurement M (a POVM), the quantity 0 < f (£y; M) < 1 then tells us how
well the members of £, can be discriminated by M.

Let f, (&) and f, (£y) be the respective global and local optimum, defined as

fo (&) =sup f(Ey;M) and  f (Ey) = sup f(Ey;M). (2)
M MeLOCC
Since LOCC is a strict subset of all measurements one may perform on a composite system,
we have

fr (5¢) < fG (5¢) : (3)
Therefore, if £ is nonlocal in the sense discussed above, the above inequality must be
strict

fo (Ey) < fo (&) (4)
To check whether a given product ensemble is nonlocal or not, one therefore needs to com-
pute both optima explicitly. However, for orthogonal states, computing the local optimum
may not be necessary as long as one can show whether or not the states can be perfectly
discriminated by LOCC.

Suppose the states |¢;) € &y form an orthonormal basis. Then perfect discrimina-
tion is always possible by a separable measurement [9], the measurement operators being
[ViXi| = |ai)ail @ |bi)Xbi|, i = 1,...,N. Nevertheless, there exist orthogonal product
bases, elements of which cannot be perfectly discriminated by LOCC |[3]. This shows that
LOCC is a strict subset of separable measurements (SEP), which, of course, is a strict
subset of global measurements [10]. This can be conveniently expressed as

LOCC c SEP ¢ GLOBAL. (5)
Thus for any product ensemble £y, (or for any ensemble, for that matter) it holds that

fr (5¢) <fs (gw) <fG (5w)a (6)

where f, (Ey) = supyespp f (Ey; M). If at least one of the above inequalities is strict,
then &, is nonlocal. For example, if &, is an orthonormal product basis and is nonlocal,
it implies that

fuo(€y) < fs(Ep) = [ (Ep) = 1. (7)
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Motivation

In this paper we will consider measures corresponding to minimume-error [11] and unam-
biguous discrimination [12, 13, 14|. The former minimizes the average error and applies
to any set of states; the corresponding measure is the success probability, the maximum
probability that the unknown state is correctly determined [15]. The latter strategy, how-
ever, can only be applied to sets of states satisfying a certain condition. If this condition
is met, the unknown state can be determined, without error, with a nonzero probability;
for example, a set of pure states can be unambiguously discriminated if and only if they
are linearly independent [16]. Note that in the minimum-error case, the conclusion could
be erroneous, whereas in the latter, there’s no room for error — a measurement outcome
either correctly identifies the state or is inconclusive.

Once an ensemble is specified, one might expect the relationships between different
measurement optimas to be measure-agnostic. However, this turns out not to be the case.
Consider the double trine ensemble consisting of three equiprobable two-qubit product

states [7]:
£a = {(; ) @ yaz->> L= 1,2,3} , (8)
where
1) =10 Ja2) = ~510) = 2211y, fag) = 2 o) + L 11y o)

Let p™ (&,) and p“? (€,) denote the (optimum) success probabilities for minimum-error
and unambiguous discrimination, respectively. Then it holds that [17, 18]

Py (Ea) <P (Ea) = pg (Ea) (10)
it (Ea) = pet (Ea) < pi! (Ea)- (11)

Note that &, exhibits nonlocality without entanglement for both measures. However, the
relationships between measurement optimas are different. In the minimum-error case,
LOCC is suboptimal to SEP which achieves the global optimum; in the unambiguous case,
LOCC and SEP are equally good but remain suboptimal to global measurements. This
led the authors of [18] to ask the following question:

Do product ensembles exist that exhibit nonlocality without entanglement for one dis-
crimination measure but not for another?

In this paper, we provide a positive answer to this question. Specifically, we construct
a family of product ensembles, each consisting of six linearly independent, equally prob-
able bipartite product states, for which LOCC fails to achieve optimal minimum-error
discrimination, but achieves optimal unambiguous discrimination. Thus, these ensembles
exhibit nonlocality without entanglement for minimum-error discrimination, but not for
unambiguous discrimination.

The main result is presented in Section 2, with proofs provided in Sections 3 and 4.
We further extend our construction to multipartite systems. Our numerical investigations
provide strong evidence that the resulting multipartite product ensembles exhibit a similar
behavior: they remain nonlocal with respect to minimum-error discrimination, but not with
respect to unambiguous discrimination. These are discussed in Section 5. We conclude in
Section 6.
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2 Results

Consider the following set of states

S={lwi) € C*:i=1,2,3, (wilu;) = s € (0,1) for i # j} . (12)

The above set of states is linearly independent. This follows from the result that a set of
N < d pure states in C¢ with pairwise real and equal inner products is linearly independent
if and only if the inner product lies in the interval (—ﬁ, 1) [19].

Note that S is a set of three symmetric pure states. While discrimination between two
states is well understood with explicit formulas for the optimal success probability known
for both minimum-error [20, 21] and unambiguous discrimination [22], the case is quite
different for three-state discrimination. Nevertheless, the three-state problem has been
investigated under various constraints [23, 24| and under different settings. In particu-
lar, minimum-error and unambiguous discrimination of three optical coherent states have
been studied in Refs. [25, 26] in both one-way LOCC and global measurement scenarios.
Additionally, online strategies for the unambiguous identification of three symmetric pure
states were considered in Ref. [27].

Define the following set of product states

T={lw) @) € CCRC: ), [y) €S, i #j, ij =1,2,3}. (13)

The set T is also linearly independent. That is because its elements can be unambiguously
discriminated, and hence, must be linearly independent (a given set of pure states can be
unambiguously discriminated if and only if they are linearly independent) [16].

We study minimum-error and unambiguous discrimination of the members of the en-
semble

1 .
& = {(6 i) ® rwj>) iy i = 1,2,3}. (14)
The main result is stated as follows.

Theorem 1. Let p° (£7) and p*? (1) denote the respective (optimum,) success probabil-
ities for minimum-error and unambiguous discrimination of the members of Er. Then

pre(Er) < ple(E7), (15)
P (Er) = p" (E7). (16)

Thus £7 is nonlocal with respect to minimum-error discrimination but not unambiguous
discrimination.

We prove Egs. (15) and (16) in Sections 3 and 4, respectively. To prove (15), we
first reduce the problem of optimal LOCC discrimination of the ensemble £ to that of
perfect LOCC discrimination of a corresponding set of orthogonal states, using a theorem
from [17]. We then show that these orthogonal states cannot be perfectly discriminated by
LOCC, which implies that the states in &7 cannot be optimally discriminated using LOCC.
Consequently, in the minimum-error setting, the optimal success probability achievable by
LOCC is strictly smaller than the global optimum.

To prove (16), we explicitly compute the global optimum and show that it can be
achieved using LOCC.
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3  Minimume-error discrimination of £

Given an ensemble &, = {n;, p;i}., and a measurement M = {M, ..., My}, which is a
collection of positive operators forming a resolution of the identity, the error probability is
given by
N
Perror (gpv M) = Z i Tr (M]pz) . (17)
i, =1
i F

In minimum-error discrimination, the goal is to find a measurement that minimizes peyror (€,, M),
thereby maximizing the success probability. The minimum-error probability is given by

DPerror (gp) = mlviﬂnperror (gpa M) (18)
and the success probability

p"e (gp) = 1= Perror (gp) . (19)

The advantage of this approach is that it applies to any set of states. Finding the optimal
solution for an arbitrary ensemble, however, is hard. Nevertheless, if the given states
are pure and linearly independent, as in our case, an optimal measurement consists of
orthonormal, rank one projectors [28]. This result was subsequently strengthened by the
following theorem.

Theorem 2 ([17]). Let & = {n;, |X1>}z]\il be an ensemble of linearly independent pure

states spanning a space Y. There exists a unique orthonormal basis {|§1>}fil of Y such
that a measurement that achieves optimal minimum-error discrimination of the members
of & also perfectly discriminates the states |&1),...,|{n) and vice versa.

The above theorem reduces the problem of optimal minimum-error discrimination of
linearly independent pure states to that of perfect discrimination of mutually orthonormal
pure states. We will make use of this fact to prove (15).

3.1 Proof of LOCC suboptimality
The following proposition follows from Theorem 2.

Proposition 3. Let W be the subspace of C?> @ C3 spanned by the elements of T. There
exists a unique orthonormal basis B of W such that a measurement that achieves the global
optimum p® (E1) perfectly discriminates the elements of B and vice versa.

Corollary 4. LOCC achieves the global optimum p® (E1) if and only if the elements of
B can be perfectly discriminated by LOCC.

In what follows, we will find this unique orthonormal basis and show that its ele-
ments cannot be perfectly discriminated by LOCC. Therefore from Corollary 4, optimal
minimume-error discrimination of the elements of &7 is not possible by LOCC.

For ease of understanding, we will use the following notation to represent the elements

of T:

1) = |91) ® [ab2) |p2) = |¢1) @ [1b3)
|p3) = |1p2) ® [tb1) |pa) = |1p2) @ [1h3)
|p5) = [b3) ® [th1) [p6) = [h3) ® [th2)
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Since the states |¢;) are linearly independent, the optimaf nlleasurement on W consists
of orthogonal rank-one projectors [28]. Let this measurement be {E; = |ei><ei|}?:1, where
Tr (E;Ej) = 6;5 for 1,5 =1,...,6, and Z?Zl E; = 1,y. Thus the optimal measurement on
C? ® C3 is given by {F1,..., Fg, (13x3 — 1)}, where (13x3 — 1yy) is the projector onto
W, Tt follows that B = {|e1),...,|es)} must be the unique orthonormal basis of W
mentioned in Prop. 3.

Our objective is to find the measurement {E; = |e;)e;|}°_; as it would immediately
lead to B. Fortunately, this measurement turns out to be the well-known square-root
measurement (SRM), also known as pretty-good measurement [29]. The SRM operators
are one-dimensional projectors [30, 31, 32|

and therefore our ensemble can be written as £ = {%, \gbz)}

satisfying (u;|p;) = 0;; for all 4,5 =1,...,6 and S0 1 pi = 1yy, where
1 6
iy =p~ P —=ds) and p= G 2ol (21)
=1

Note that the vectors {|u;)}°_, form an orthonormal basis of W.

Proposition 5. The square-root measurement is optimal for minimum-error discrimina-

tion of the members of E7 = {%, \@-)}i .
=1

Proof. We know that for minimum-error discrimination of a set of linearly independent

pure states, the SRM is optimal when all the diagonal elements of the square root of

the Gram matrix of the states are equal [30]. A straightforward calculation shows this is

indeed the case (proof in Appendix C). Therefore our claim is proved. O

We therefore have B = {|u1), ..., |ue)}. Note that while |¢;) are product vectors, |p;)
may not be. We now prove that the vectors |u1) , ..., |us) cannot be perfectly discriminated
by LOCC.

First we prove the following property of W.
Lemma 6. W does not admit an orthogonal product basts.

Proof. The proof is by contradiction. Assume that Bopg is an orthogonal product basis of
W. Let [¢]) be a unit vector orthogonal to |i2) and |i3). Since the subspace orthogonal
to the span of {|i2), |t)3)} is one-dimensional, this vector |¢]) is unique.

Let us now assume that |a) ®|5) is a product state in the subspace orthogonal to that
spanned by Bopp U {|1]) ® |[¢])}. Therefore, |a) @ |3) is orthogonal to every member of
the set

A={1) @ [1), 1) @ [vy) 0,5 =1,2,3, i # j}. (22)

This can happen if |a) is orthogonal to Alice’s state or |3) is orthogonal to Bob’s state, or
both. Since A contains seven states, this means there are at least four states where either
|a) is orthogonal to Alice’s state (and |3) is orthogonal to the rest) or |53) is orthogonal to
Bob’s state (and |«) is orthogonal to the rest).

We first consider the case where |«) is orthogonal to Alice’s side in exactly four states
of A. This can have two possible subcases.
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1. Subcase 1.1: |«) is nonorthogonal to [¢)]).
Given that |a) cannot be orthogonal to all states in {|¢;)};_;, it will be orthogonal
to exactly two of them. Let them be [¢1) and [i¢2). This means |3) is orthogo-
nal to {|¢]),[11),|12)}. We now show that the set {[¢]),|¢1),|12)} is linearly
independent and as a result |3) cannot be orthogonal to all of them.

Let [¢]) = a|y1) +b|12) +c|i3) and note that when ¢ # 0, the set {|¢]) , |v1) , |¥2)}
is linearly independent. Therefore when ¢ = 0,
(a|p1) = as+b=0, and
(Y3|Y1) = as +bs = 0.

Since s € (0.1), it follows that b = 0. This implies |¢)]) and [¢1) are linearly
dependent, which is a contradiction. Therefore, ¢ is necessarily nonzero and as a
result {|]), [11), [12)} is linearly independent. Note that a similar argument shows
that {|¢]), Y1), |¥3)} is linearly independent.

(23)

2. Subcase 1.2: |a) is orthogonal to |¢}).

In this case, [¢]) ® |¢]) can be regarded as an element of the four-state set whose
states on Alice’s side are orthogonal to |a). Therefore |a) has to be orthogonal to at
least two states in {|1;)}?_;. From the previous case it can be noted that each of the

sets {|¥]) , 1), [t2) } and {|)), [¢1) , [13)} is linearly independent. The remaining
set {|v]),|¥2) ,|¥s3)} is linearly independent since [} ) is orthogonal to |3) and |v3).

In both subcases, |a) needs to be orthogonal to a linearly independent spanning set
of C3, which is impossible. Therefore the case where |a) is orthogonal to Alice’s side
in exactly four states of A is ruled out. The remaining cases where |«) is orthogonal
to Alice’s side in five or more states are easy to discard, since these require |a) to be
orthogonal to Alice’s side in at least four states of A. By symmetry, we can argue that
there cannot be four or more states in A where |3) is orthogonal to Bob’s side. Therefore,
we have shown that there exists no product state orthogonal to the subspace spanned by
the states Bopp U {|1]) @ [¢])}. Since [¢]) @ |1]) is orthogonal to the subspace W, this
means that BoppU{|1]) ®[¢])} forms an unextendible product basis (UPB). But we know
that in C3 ® C3 any UPB contains exactly five elements [33, 34] and therefore we reach a
contradiction. Consequently, there is no orthogonal product basis of Y. This completes
our proof. O

Lemma 6 tells us that B cannot be an orthonormal product basis, which means at least
one of its elements |u;) must be entangled. We will now show that all elements of B are
entangled and also have the same Schmidt rank.

Lemma 7. B = {|u1),...,|us)} is an entangled orthonormal basis of W. Moreover, the
vectors |u;) have the same Schmidt rank.

To prove this, we will show that the vectors |u;) are connected by local unitaries. We
suppress the 1//6 factor for convenience.

Proof. Let us write |u;) as
’:Ui> = :0_1/2 ‘wH) ‘¢12> , where 41 7 49
and let U, j, : C*> — C3 be the unitary operator that satisfies

Ui1j1 |¢21> = |wj1> 7Ui1j1 |¢j1> = |w21>
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and is identity on the rest. Note that, since

16
P=53 > i) il
i=1

we have
-1
(Uirjy ® Uinjn) ™ p (Uiyjy @ Uiyjy) = p.

Thus U;, j, ® Us,j, commutes with p and hence p~ /2. Therefore,

Uinji © Usnjs) i) = Uiy © Uings) o7 |03, [hiz)
= 2 Uiy © Uigg) 1) i)
= P72 | ) [hsn)
= luj) -
This completes the proof. O

We now come to the main result of this section.

Lemma 8. The elements of the basis B = {|u1),...,|us)} cannot be perfectly discrimi-
nated by LOCC.

The proof is given in Appendix B, a sketch of which is presented below.
We use a result by Chen et. al. [35] which provides a necessary condition for a set of
orthogonal pure states to be LOCC distinguishable.

Lemma 9. (/35]) If the states |u1),...,|us) can be perfectly discriminated by LOCC,
then for every i € {1,...,6} it holds that

i) =D leig) ©1Bis) (24)

J
where
((im| @ (Biml) |pi) # O for all i, and, (25a)
(g @ (i) ) = 0 for all m and j # 1 (25b)
We know that |u1),...,|us) are entangled. Now if they are LOCC distinguishable,

there must be at least two linearly independent product vectors appearing in the decom-
position of each |u;) such that these two conditions are satisfied. In Appendix B we show
that this is impossible.

As noted earlier, by virtue of Theorem 2, a measurement that achieves optimal minimum-
error discrimination of the members of & must perfectly discriminate the elements of the
basis B. Since LOCC cannot perfectly discriminate the elements of the basis B, by Corol-
lary 4 we have the following theorem:

Theorem 10. The optimal minimum-error discrimination of the elements of Er cannot

be achieved by LOCC.

Therefore, p*® (1) < p® (€7), proving (15) of Theorem 1.
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4 Unambiguous discrimination of &1

Unambiguous discrimination (UD) [12, 13, 14] of the members of an ensemble &, =

{ni, Ixi) 1Y, involves constructing a measurement E = {F;}¥ , with N + 1 outcomes
such that

Tr (s [x;Xx;1) = pids (26)
for all 4,7 € {1,..., N} and Ey corresponds to the inconclusive outcome. Here p;, called

the efficiency for |x;), denotes the probability that upon receiving the input state |y;) the
measurement successfully identifies it. When the efficiencies are demanded to be equal, i.e.,
p; =pforalli =1,..., N, the corresponding task is referred to as equiprobable unambiguous
discrimination [36]. Not all sets of pure states allow for unambiguous discrimination; a
necessary and sufficient condition for unambiguous discrimination of a set of pure states is
that the states should be linearly independent [16].

The objective is to find a measurement that minimizes the probability of the inconclu-

sive outcome
N

p2(Ex, B) =Y mi Tr (Eo [xa)xil) - (27)
i=1

Thus, the maximum probability of conclusively identifying the state is given by

N

p“d(SX) =1- mEinpjz(é’X, E)= mamepz-. (28)
Pir =1

Finding the optimal probability of success is hard for a general problem, with solutions
being known only for the two-state case [22| and in some cases involving symmetries and
constraints [24, 23]. However, it can be cast as a semidefinite program [37, 38|

N
maximize Z 17:Di
subject to I'— P >0

P>0

where P = diag(p1,...,pn) and I' is the Gram matrix of the set of states having the entries
I';j = (xilx;). The dual to the above problem is [39]

minimize  Tr(I'Z)
Z,Z
subject to z; 4+, — Z; =0 (30)
Z,Z = 0.

where Z;; denotes the i*" diagonal entry of Z.

4.1 Proof of LOCC optimality

The states of 7 admit unambiguous discrimination since they are linearly independent.
We can lower bound the optimum probability of success by using the following result
which provides the optimum probability for unambiguous discrimination of any set of
equiprobable linearly independent states whose pairwise inner products are equal and real.
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Lemma 11. (/19]) Let Sy = {|i) : 2 <i < N} be a set of equally likely, linearly inde-
pendent pure states with the property (Yi|;) = s for i # j, where s € (—ﬁ, 1). Then
the optimum probability for unambiguous discrimination is

1—s, s€[0,1)
p_{1+(N—1)s, se(—ﬁ,O}. (31)

Using the above result, we can find a local protocol that unambiguously discriminates
the members of £7 with probability (1 — s)2. Given a state from £7, one can successfully
identify the state of the first component with probability 1 — s. This leaves the second
system in one of the two remaining states of S with equal probability, which again can be
identified with probability (1 — s). To conclusively identify the given state from £y, one
has to obtain conclusive outcomes for both measurements, and hence, the probability of
success is (1 — s)2. Note that this is a local protocol that uses only classical outcome of
the first measurement to design the second measurement. Therefore,

P (ET) = (1-5)% (32)

We prove (16) by showing that this is the maximum probability of unambiguous discrimi-
nation allowed by quantum theory.

Lemma 12. The optimal success probability of unambiguous discrimination of the ele-
ments of Er is given by (1 — s)2.

Proof. We will consider the optimization problem in Equation (29) for different ensembles
of states that are generated by permutations of the set {1,...,6}. First note that if o is
a permutation of {1,2,...,6}, then the set of states

7:7: {‘¢0(1)>‘w0(])> |/ij € {1>273} and?’#]} (33)
has the same Gram matrix as that of 7. Therefore, we can denote the Gram matrix of
T by I' for any permutation o. Moreover, if P = diag(p1,...,ps) is the optimal solution
for &7, then the optimal solution for £7; is given by P, = diag (po(l), ceey pa(ﬁ)).

These solutions satisfy I' — P, = 0 for all permutations . These are 6! conditions, one

for each permutation of the set {1,...,6}. We add them and use the fact that the sum of
two positive semidefinite matrices is again positive semidefinite, to get

' =Py =0 (34)

where

1
Pavg = 5 > P,=)1 (35)
o

and A = (Z?:1 pi> /6. This shows that optimal unambiguous discrimination of the mem-

bers of &7 is achieved by an equiprobable unambiguous discrimination [36]; therefore, the
optimization problem can be expressed as

maximize A\
subject to T'=A1 =0 (36)
A= 0.
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This is a standard SDP whose solution is given by the minimum eigenvalue of T" [37]
that corresponds to the optimum success probability. It is straightforward to compute the
eigenvalues of I' (this matrix is presented in Appendix C). The eigenvalues are

{1—s,l—s,(l—8)2,1—l—s—252,1+8—252,1+25+352}. (37)
It is easy to see that (1 —s)? < 1 —s. For the remaining two eigenvalues, observe that
14+5—2s%=(1—-5)>4+3s(1—5)>(1—s)? and
14+25+3s%=(1—5)2+25(24+5) > (1 —s)

Thus (1 — 5)? is the minimum eigenvalue of T', the Gram matrix of 7, over the entire
interval (0, 1). O

Since we have already established that there is a local protocol that succeeds in unam-
biguously discriminating the members of £ with probability (1—s)?, we have the following
theorem

Theorem 13. Optimal unambiguous discrimination of the members of Er is achievable
by LOCC.

It follows that p¥d(E7) = p&!(E7), proving (16). This completes the proof of Theorem

5 Extension to multipartite systems

One may consider generalizing our construction. Perhaps the simplest way to do so is by
introducing a third party, Charlie, who is assigned the remaining state from the set S as
defined in Eq. (12), with all three parties kept spatially separated. The resulting ensemble
is given by

£ {Q ) ® [1t5) @ w) ), ), ) € 8,5 # 5 # ki gk € 1’2’3}' )

Now the question is whether the elements of this ensemble can be optimally distin-
guished by LOCC in the unambiguous discrimination setting, but not in the minimum-
error setting. For our subsequent discussions, it would be helpful to work with a more
generalized version — one that extends to k spatially separated parties.

Consider a set of N linearly independent states in CV with equal and real pairwise
overlaps,

Sy = {M eCV:i=1,2,... N;@l;) = s € (0,1) for i ¢j}. (39)
From this set, choose k distinct elements to form the set of product states,
TN,k = {WJ“> X ‘1/112> R ® |¢1k> 101,29,...,1k € {1,...,N};ia 751() Va;é b} (40)

The cardinality of this set is [Ty x| = ﬁ = N P,, which corresponds to the number
of injective maps from k positions into NV labels. Distributing each subsystem to each of k
spatially separated parties yields the ensemble

e ={ (i @ @10 1) € S} (41)
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One may note that the ensemble considered in the previous sections corresponds to the
case &30.

Thus the general problem is to investigate LOCC discrimination of the elements of
Eny for N >3 and 2 < k < N for both minimum-error and unambiguous paradigms. Our
numerical results suggest that while LOCC achieves optimal unambiguous discrimination,
it remains sub-optimal for minimum-error discrimination. Notably, in the minimum-error
case, it appears that the global optimum is achieved if and only if all parties come together
— in other words, LOCC is sub-optimal across all bipartitions.

5.1 Minimum-error

Recall that our proof of Theorem 1 in the minimum-error setting began with an appli-
cation of Theorem 2, which guaranteed the existence of a unique orthonormal basis for
the subspace spanned by the states of 7, such that perfect local distinguishability of this
basis is equivalent to optimal LOCC discrimination of £&7. We then showed that this ba-
sis coincides with the square-root measurement (SRM) operators for £, by establishing
their optimality through a property of the Gram matrix of & (Proposition 5). Next, we
demonstrated that this basis is entangled. This allowed us to invoke Lemma 9 to conclude
that the basis is not perfectly distinguishable by LOCC, which in turn implies that LOCC
cannot achieve the global optimum for distinguishing the elements of &

In this subsection, we present evidence suggesting that all these essential features of
the ensemble €7 (equivalently, £32) are present for the more general family Ey j, for all
N>3and 2 <k <N.

We begin by observing that for two states |¢) = [1;,) ® --- @ |¢;,) and |¢) = [¢;,) @

-+ ® [1y,) in Ty g, the Gram matrix entry factorizes as

k
(0l H%I% ) = glictiol (42)

since each factor equals 1 if iy = j, and s otherwise. Consequently, the entry G takes
the value s, where m € {0,1,...,k} counts the number of tensor positions at which the
two index sequences disagree.

Now consider the symmetric group Sym(/N) which acts on Ty ;, by permuting the labels
of the component states. For o € Sym(V),

o (1) @ @ ¥i) = [Yo(iy)) @+ & [Po(iy))- (43)

This action preserves every inner product between states in Ty and hence leaves the
Gram matrix invariant under conjugation by the corresponding permutation matrices P,:

P,GPI'=G Vo Sym(N). (44)
From the uniqueness of the positive semidefinite square root of G we have,
P,G'?PT = G'? Vo e Sym(N). (45)

Additionally, the action of Sym(N) on Ty is transitive: given any two states |1;,) ®

~ @ |¢i,,) and |¢;,) @ - @ |1, ) in Ty, there always exists a permutation o € Sym(NV)
mapping one index sequence to the other (since Sym(N) acts transitively on ordered k-
tuples of distinct elements from {1,...,N}). This means that for the diagonal entries we
have

(G'?),, = (P,G'2PL),, = (G'?) (46)

o(@),0(i)’
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Since this holds for arbitrary o and i, all diagonal entries of G/2 must be equal

(GY?); = enpls) Yi=1,..., 5 (47)
where ¢x ,(s) > 0 is a constant depending on N, k, and the inner product s.

The above analysis implies that the SRM is optimal for discriminating £y . Since the
states of Ty are linearly independent, the SRM operators form an orthonormal basis of
the subspace in (CV)®* that is spanned by the elements of 7y, implying that Theorem
2 is again applicable. To establish features analogous to the £39 case, it remains to show
that these operators are entangled and cannot be perfectly distinguished by LOCC. For
this, we resort to numerical methods. We compare the success probability of the SRM with
that achievable by PPT measurements (i.e., measurements whose operators are positive
under partial transpose) for distinguishing £33, €42, and &4 3. Since PPT measurements
strictly contain LOCC and their optimal performance can be computed via semidefinite
programming [40], any gap immediately certifies LOCC suboptimality.

The results, presented in Figure 1, clearly reveal a gap in all cases. The SDPs were
solved using CVXPY with the MOSEK solver, and the observed gaps—reaching magni-
tudes on the order of 1072 persist across a dense grid of 30 overlap parameter values,
ruling out numerical artifacts. Moreover, since PPT measurements strictly contain LOCC,
the gap between SRM and LOCC performance is at least as large.

0.0150 1

0.0125 1

0.0100 +

me
— PppT

= 0.0075

me
Psrm

0.0050 1

0.0025 1

0.0000 1

0.2 0.4 0.6 0.8
Overlap parameter s

Figure 1: Gap between SRM and PPT success probabilities for minimum-error discrimination of Ex 1, as a
function of the overlap parameter s. A nonzero gap implies that PPT (and hence LOCC) measurements
are suboptimal.

Two remarks are in order. First, since the SRM outperforms PPT measurements, at
least one SRM element must be entangled. By symmetry, there is no preferred element,
suggesting that all SRM operators are entangled, as in the £35 case. Second, in solving
the SDPs for PPT measurements, the bipartition is taken with respect to the first party
and the rest of the system. However, due to the symmetry of the problem, this choice
is equivalent to any other bipartition where one party is separated from the rest. This
implies that even if all but one of the parties come together and perform LOCC, they
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cannot optimally distinguish the ensembles; in other words, LOCC is suboptimal across
all bipartitions. This indicates that these ensembles exhibit genuine nonlocality without
entanglement [41, 42] in the minimum-error setting.

5.2 Unambiguous

The optimal unambiguous discrimination probability of £52 was derived in Lemma 12. Tts
proof relied fundamentally on the permutation symmetry of the system, which dictated
that the optimal discrimination is achieved through an equiprobable discrimination of the
ensemble. By the arguments of the previous subsection, we observe that this symmetry is
also present for all £k, suggesting that the reasoning of Lemma 12 extends to the general
case. Under this symmetry assumption, the optimal success probability is determined by
the minimum eigenvalue of the associated Gram matrix. In the following, we evaluate the
eigenvalues for the ensembles £33, €42 and &4 3 and demonstrate that there exist LOCC
protocols attaining the success probabilities predicted by these minimum eigenvalues.

&3 31 The eigenvalues of the Gram matrix are plotted in Figure 2. The minimum eigen-

Gram matrix eigenvalues for £33

67 (1—5)2(1+ 2s) [min]
— (1—=8)(1+s+s%) (x4)
2 3
5 4 1+ 35"+ 25
e 4
Gy
Q
8
= 34
<
g
5
.Sb
M 2
11 \
0_

0.0 0.2 0.4 0.6 0.8 1.0
Overlap parameter s

Figure 2: Eigenvalues of the Gram matrix I' for £33 as a function of the overlap parameter s. The
lowest curve (red) corresponds to the minimum eigenvalue (1 — s)?(1 + 2s), which equals the optimal
success probability for unambiguous discrimination.

value is (1—s)?(1+2s), which determines the optimal success probability for unambiguous
discrimination. An LOCC protocol achieving this success probability can be constructed
in the following way. Begin by observing that £33 is obtained by appending the remaining
state from S to the states of £32, and we already know that the states of £3 5 can be locally
distinguished with a probability of (1 — s)2. Since identifying the states of the first two
subsystems uniquely identifies the last, the success probability of discriminating £33 is at
least (1 — s)2. But since the third component is available, and identifying any two of the

three is enough to identify the joint state, the success probability for &3 3 increases. Even if
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one of the first two parties fails to identify their state, there is an overall success as long as
the rest are successful. The probability with which exactly one of the first two parties fail,
but the rest succeed is s(1 — s)2. This yields a total success probability of (1 — s)2(1+ 2s),
matching the minimum eigenvalue.

Note that by a similar analysis, ensembles of the form £y n can be locally distinguished
with a success probability of (1 — s)VN=1(1 + (N —1)s).

Ei2 and &, 3: These cases are similar. The eigenvalues of the respective Gram matrices
are plotted in Figure 3. The minimum eigenvalues are (1 — s)? for €49 and (1 — s)? for

1 —5)? (x5) [min]
— ) :
— 144s47s2 / —-
10 20

genvalues of I

F
Eigenvalues of T
] //
EE //
[/
1/
] //// !
W/
W

0.0 02 04 0.6 0.8 1.0 0.0 02 04 06 0.8 10
Overlap parameter s Overlap parameter s

Figure 3: Eigenvalues of the Gram matrix I" for £, 2 (left) and £4 3 (right) as a function of the overlap
parameter s. The minimum eigenvalue is highlighted in red in each panel. The inset in the right panel
zooms near the minimum to resolve closely spaced branches.

&4,3. The inset in the £ 3 panel zooms near the minimum eigenvalue to clearly distinguish
it from nearby branches. LOCC protocols achieving these success probabilities are similar
to the one used in the analysis of £32. To successfully identify the given joint state, each
party must be successful in identifying the state of their subsystem which, by Lemma 11,
can be achieved with a probability (1 — s). This yields an overall success probability of
(1 —s)2? and (1 — s)? for the ensembles &, 2 and &, 3 respectively.

5.3 Conjecture for multipartite systems

The evidence and discussion presented above motivates us to put forward the following
conjecture.

Conjecture 14. For the family of ensembles of multipartite pure product states En . given
by Equation (41) the following holds for all N >3 and 2 <k < N

Pl (ENE) < PR (ENR), (48)
P (Eng) = P (Enyp) - (49)

Moreover, the optimal unambiguous discrimination probability of En . is given by

P (Ex 1) = (1—s)*, when k < N
¢ ' (1—s)N"1(1+(N—1)s), whenk=N.
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6 Discussion

We have shown that quantum nonlocality without entanglement — a property ascribed to
a set of product states that cannot be optimally discriminated by LOCC — is not always
a property of the underlying states but a consequence of the chosen measure of state
discrimination, i.e. a set of product states could be nonlocal under one measure but not
for another. Specifically, we presented a family of sets of linearly independent product
states, where each set has the following property: LOCC is sub-optimal for minimum-error
discrimination of its members but optimal for unambiguous discrimination. The former is
proved by showing that LOCC does not satisfy a condition that a measurement achieving
the global optimum must; the latter is demonstrated by explicitly computing the global
optimum and then showing that an LOCC protocol attains the same.

It is worth noting a curious feature of the ensemble &35 in the context of unam-
biguous discrimination. Although we described the local protocol achieving the opti-
mum success probability as an LOCC scheme, the same success probability can in fact
be achieved without any classical communication between the parties. To see this, sup-
pose Alice performs an optimal measurement for S on her subsystem and identifies the
state as [i1). If she communicates this outcome to Bob, he can update his ensemble from
{(1/3, Wﬁ)}?ﬂ to {(1/2,]12)),(1/2,|¢3))}, and then perform the optimal measurement
for this reduced ensemble, succeeding with probability (1 — s).

In the absence of communication, Bob instead performs the optimal measurement for
the original ensemble {(1/3, [¢;))}?_;, which consists of four measurement operators. How-
ever, the detection operator corresponding to |11) never clicks, as its support is orthogonal
to [12) and |v3). Moreover, for any input state |1);), the probability of obtaining an in-
conclusive outcome is s. Since the states are equiprobable, the overall failure probability
remains s, regardless of whether Bob receives Alice’s outcome. Thus, classical communi-
cation does not improve the success probability. This argument extends straightforwardly
to the ensembles En i, for k < V.

Our work raises several directions for future investigation. In Section 5, we presented
evidence suggesting a broader framework of which our construction appears to be the
simplest instance. In particular, for the ensemble defined in Eq. (41), our results indicate
that pzze (EN,k) < pnGw (SN,k)v while pqid (EN,k) = p'érd (gN,k) forall N >3 and 2 <k < N.
We expect that the symmetry underlying the construction will play a crucial role in possibly
proving this result.

A second open question concerns the precise separation between LOCC and global
measurements in the minimum-error setting. For the examples studied here, we observe
a nonzero, albeit small, gap between the optimal success probabilities achievable by PPT
and global measurements, the latter being attained by the SRM. Whether the optimal
LOCC performance coincides with that of PPT measurements, or exhibits a larger gap
from the global optimum, remains an interesting open problem.

More broadly, our results raise a natural structural question: what properties of an
ensemble give rise to a measure-dependent separation between global and LOCC discrim-
ination [43]? Our construction shares two notable features with the trine ensemble of
Eq. (8), which exhibits nonlocality without entanglement under both minimum-error and
unambiguous discrimination. First, both ensembles are built from equiangular local states.
Second, the local state labels are correlated: in Eq. (8), all parties receive states carrying
the same label, whereas in Eq. (14), the labels are constrained to be distinct. Equiv-
alently, the joint probability distribution of the local labels does not factorize in either
case. Such correlations are necessarily present in any ensemble exhibiting a local-global
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separation, since independently chosen component states can be optimally discriminated
by fixed local measurements in both the minimum-error and unambiguous settings [44].
Correlations among the local labels are therefore necessary, although clearly not sufficient,
for nonlocality without entanglement.

The optimal unambiguous discrimination probability for £3 2, and the fact that it can
be achieved by LOCC, also relies on the discrimination properties of the underlying equally
separated states [19]. It would therefore be interesting to determine whether equiangular-
ity and label correlations are fundamental ingredients of the present construction, useful
sufficient conditions, or merely incidental features. In particular, can these be exploited to
construct an ensemble exhibiting the opposite separation,

P =pge and pi! < pf, (51)

thereby reversing the behavior observed here? Conversely, can one do away with equian-
gularity while retaining suitable correlations among the local labels and still obtain a
measure-dependent separation, perhaps with a larger gap between the optimal LOCC and
global discrimination probabilities?
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Appendix

In this Appendix we present the proof of Lemma 8 and the Gram matrix of the states of T
and its square root. Due to the symmetry of the problem in Lemma 8, two nonorthogonal
ordered bases of C3 ® C3 lend themselves as natural bases to work in. These are (we
suppress the ® symbol to avoid clutter)

B = {[pn) [2) , [¥1) [¥3) , [¥2) 1), [W2) ), [ws) [n) , [bs) [aba) s {Ieda) [oba) Yiea
B' = {[91) [02) , [01) [W5) , [2) [Wh) , [wh) [wh) s [wh) i), [w) ), {[wi) [¥i) i}

where |¢]) is orthogonal to all vectors in S except [¢;), i« = 1,2,3. Since these are
nonorthogonal bases, we present a few elementary definitions from linear algebra in the
following section, in order to review the methods of constructing matrix representation
of operators in a nonorthogonal basis. All the material presented can be found in any
standard linear algebra textbook such as [45].

(52)

A Representing vectors and operators in nonorthogonal basis

Let V be a vector space of dimension n. Let By = {|v1),...,|vn)} be an ordered basis of
V. If |¢) € V has the form

=3 (53)

then the matrix representation of |¢) with respect to the basis {|v1),...,|v,)} is given by
C1

l=1:]- (54)
Cn

It is conventional to write |¢) for both the vector and its matrix representation but we
should bear in mind that the latter is basis dependent and people usually suppress the
basis when it is understood from the context. A consequence of this definition is that, the
basis vectors have a representation consisting of only 1 and 0 in their own basis,

M:(o 010 O)T (55)

i-th position

where T' denotes the transpose. Note that B; need not be an orthogonal basis. This implies
that in the Hilbert space C2, instead of the canonical basis of orthogonal states |0) and |1)
if we use a basis consisting of nonorthogonal states, say |0) and |+) = (|0) +[1))/v/2, then
these two will have the matrix representation

|0):<é> and y+>=® (56)

in their own basis, that is, {|0), |+)}. Of course, in a nonorthogonal basis the inner product

between two vectors
ar b1

ja) =] : and  [b) = | (57)

an by,
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can no longer be computed by (a|b) = ", afb;, a formula which holds only for orthogonal
bases.

Let us now consider another vector space W of dimension m and consider a linear
transformation A : V' — W. In addition to the basis B; in V, fix another ordered basis
By = {|w1),...,|wy)} in W. Then the matrix of A with respect to these bases is the m x n
matrix whose elements aj;, are defined by

Alvg) = arg |wi) + -+ + amk |wm) - (58)

Like vectors, it is conventional to denote both the operator and its matrix representation
by A, but again, the latter is basis dependent which is usually implicitly understood. A
consequence of this definition is that we lose the familiar matrix representation of operators
in nonorthogonal bases. For example, in the basis {|0) , |+)}, the projection operator |0)0]
has the representation

1 L
0)0] = (O g) . (59)

Let us now consider two different ordered bases By = {|v1),...,|vn)} and By =
{|v}), ..., |v,)} of V| which are related as

Joe) = > aa [v7) - (60)
i=1

If |¢) € V' can be written as

) = cifor) + -+ cnvn)

61
= i)+ o) o
then the coefficients are related by
/ aij; aiz2 ... Qin
cy a
asy agzy ... Q9n
D = (62)
c c
n Apl An2 - .. Gpp "

Let us finish this section with one last remark. Suppose we have a Hermitian operator
A acting on an n-dimensional vector space V. We have its matrix representation with
respect to an arbitrary basis By and our task is to find the matrix representation of some
function of that operator f(A). We can find the matrix of f(A) in the same basis By by
the following procedure. First we solve the eigenvalue problem; the eigenvectors will be
obtained in the basis B;. Let A\; and |e;) denote the i-th eigenvalue and its corresponding
eigenvector respectively, and let the matrix of the k-th eigenvector be

€K1
er) = | (63)

€kn

in the B; basis. Construct the matrices P and D given by

€11 €1 ... epl
€12 €22 ... €np2

P=(ler) lea) oo fe))=| . . (64)
€in €2n ... Enn
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and

A0 0
0 A 0 (65)
I
0 0 ... A
These matrices satisfy AP = DP = PD from which it follows that
A=PDP L (66)

Note that the resultant matrix PDP~! of the operator A is obtained in the same basis B;
that we started in, and this basis need not be orthogonal. To find the matrix of f(A) in By,
we replace D by f(D) whose i-th diagonal entry is f();). Then we have f(A) = Pf(D)P~.
Having reviewed all the necessary definitions, we now move on to the proof of Lemma 8.

B LOCC cannot distinguish the orthonormal basis B

Before going into the proof, we give a high-level view of our proof strategy for the readers’
convenience.

Since each element of {|u;)}%_; is entangled, there must be at least two product vectors
appearing in the sum in Eq. (24). As mentioned in the main text, our goal is to show
that any two such vectors must be linearly dependent if they also satisfy the conditions of
Eq. (25). We show this by exploiting a simple property of product states: for any bases
{]ai)}i and {|b;)}; of H4 and H p respectively, the coefficients of any product vector |a) |3)
of Ha ® Hp must satisfy some relations when it is expressed in the basis {|a;) ® [b;)}s ;.
For example, the product of the coefficients of |a;1b;) and |agbe) must equal that of |a;bs)
and |agb1). Note that no assumption of orthogonality is required for this to hold.

A natural basis of C? to work in is given by the set S since it contains three linearly
independent states. But upon closer inspection, the basis S®2 of C3 ® C3? (which is same
as B of Eq. (52)) presents a problem. Let |a)|3) be a product vector that appears in the
decomposition of, say, |u1). Since it is orthogonal to {|u;)}¢_,, we would like to express
it in terms of |p1) and a basis of W*. But none of the elements of B is orthogonal to W,
which makes the expression cumbersome if we were to use it to write |a) |3). To mitigate
this problem we introduce the basis {|¢})}3_; of C and use it to construct the basis B’
containing the vectors {|u!) [¢/)}?_; which span W+. This makes the expression of |a) |3)
much simpler (see Eq. (73) of proof below). We then work in this basis to derive the
relations between the coefficients, as described in our proof strategy, yielding Equations
(75) and (77), from which the condition of linear dependency follows.

The last part of our proof is devoted to showing that certain coefficients of |u1), which
appear as denominators in Eq. (76), does not equal 0 in the interval s € (0,1). This is
done by first expressing 1) in B (Eq. (86)), then finding its expression in B’ by a change
of basis (Eq. (89)).

We now go into the technical details.

Proof of Lemma 8. Suppose the states {|u;)} are LOCC distinguishable. Then by Lemma 9,
the product vectors {|a;;)[Bi;)} € C* ® C3 that appear in the decomposition of |u;)

must belong to the 4-dimensional subspace orthogonal to the 5 vectors {] ,uj>}]6.:1 i A

3
/ / AN
¢j> ’1/)]->}j:1 where [¢;) is or-
thogonal to all vectors in S except |¢;) and [ = 1,2, 3. Therefore, any product vector that

nonorthogonal basis for this subspace is given by {|ui>,
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appears in the decomposition of |u;), say |a;1) |Bi1), can be written as

lin) [Bin) = co lmi) + er [¥1) [v1) + ez |vo) [U5) + ca[¥) |v)3) , where co # 0. (67)

The condition of ¢y # 0 is necessary since |a;1) |3;1) must be nonorthogonal to |u;) and

{vs)
are entangled, there must be at least two linearly independent product vectors |a;1) |Bi1)
and |ay2) |Bi2) in the decomposition of |u;) for all 4. In what follows, we show that this is
impossible.

To have notational convenience, let us, without loss of generality, consider two product
vectors |a) |5) and |v) |d) that appears in the decomposition of, say, |p1) and write them

as
@) 18) = ao i) + a1 [01) [$1) + az [¥5) [¢) + as [¢3) |[v5) a0 # 0,
[7)18) = o lia) + b [94) [91) + b2 [w5) [15) + bs [5) [v5) , bo # 0.

Since |a) |B) is a product vector, we can expand each of |«) and |3) in terms of the basis

{l¥D iy of €,

3
1/)§>} - is orthogonal to the subspace VW and hence to all |u;)’s. Since the |u;)’s
‘]:

(68)

o) = an [1) + g [v3) + as [¢3)
|B) = Bu [91) + B2 |v3) + B3 |5)
where «;, 3; € C Vi. This gives us |a) |3) in the B’ basis

(69)

) [B) = au B |1) |1y) + a1 B3 |W1) |1hs) + caf |1hy) [1h1) + s |iby) |1b3) +
asPu [Us) [1) + asBs [U5) [) + a1 By [P1) [¥1) + aaf [¥) [¥5) + asBs [¢s) [¢5) . (70)
Inspecting the above equation, we see that for any product vector |¢) € C?®C? whose com-

ponents are {(;}?_; in the ordering of the B’ basis given by (52), the following conditions
must be satisfied

C1Go = C2Ge
Gl = 14 (71)
CaC7 = (2(3-

Let the components of |u;) with respect to B’ be denoted by {u1;})_;. We can use
Equation (55) to write [¢}) |¢}) in the basis B,

T
/ ’ 0 ... 0 1 0O ... 0
|wi>|wz->=( L ) |

72
(6 + 7)-th position ( )

This allows us to express |«) |8) in B’ basis using Equation (68) as

T
) |B)pr = (aoun apft12  GoM13  AQoM14  Qoftls  Gofle  GoMlT + @1 GoMis + a2 aGoptig + a3>

(73)
Therefore, the conditions of Equation (71) for the state |a) |3) read

(aop11)(aop19 + az) = app12 aofiie
(aop12)(aopis + az) = appi11 aofiia (74)
(aop14)(aoprr + a1) = aop12 a1z

which can be written as
ai:kiao, i:1,2,3 (75)
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where
_ Hiz2fie

oy = £12H18 p17, ke = L p1s and ks = H19- (76)
H14 K12 K11
Similarly, the conditions of Equation (71) for |y) |d) read
bi = ki bo, i = 1,2, 3. (77)

We will soon show that for s € (0,1) the components pu11, 12 and p14 do not equal 0,
so that Equation (76) and hence Equations (75) and (77) are legitimate. For now let
us consider Equations (75) and (77). These equations imply that the vectors |a) |5) and
|v) [0) can be written as

@) 18) = ao (i) + ke [1) [1) + k2 [h) [U5) + k3 [U3) [¥3)) , a0 # 0,

) 16) = bo (Ipa) + K [91) [1) + ka [¥) [v5) + k3 [¢5) [¥3)) » bo # 0
which shows that they are linearly dependent. Therefore, any two product vectors in the
span of {|u) , {[v5)
implies that the necessary conditions of Lemma 9 are not met, and as a result the states
{|wi)} cannot be distinguished by LOCC.

We now show that we are not dividing by zero in Equation (76) in the interval s € (0,1),
by equating p11, 12 and pi4 to zero and solving for s. To this end, we first write the
components of |u1) in the B basis and then transform them to B’. The components of |p1)
w.r.t. B can be obtained by noting that [p1) = p~ /2 |b1) |1)2), and consequently |u1) is
given by the first column of the matrix of p='/2 in B. If {\;} and {|\;)} are the eigenvalues
and eigenvectors of p then p~'/2 can be computed as

(78)

¢§> 2_,} with nonzero overlap with |u;) are linearly dependent. This

=3 \/}IMXM, A # 0, (79)

and the eigenvectors corresponding to the zero eigenvalues do not contribute to the sum
in Equation (79). To write down p in B, we note that

1.6
P=5 > ldiXel - (80)
i=1

Therefore the matrix of p in B can be found by its action on the basis vectors as given by
Equation (58)

6
ploj) = (éz |¢i><¢i> 95
=1

6 (81)
1
=5 221 (9ild) |¢3)
im
where j € [9] and {|¢;)}]_; are given by {|t;) [¢;) };_,, respectively. This gives us
1 s 2 s2 2 s s s 2
s 1 s2 s s2 2 s §2 s
2 2 1 s s s2 s s s
1 2 s s 1 s s 2 s s
pp=-] 58 s s 2 1 s s s s (82)
6 s s 2 2 s 1 s s s
0O 0 0 0 0O O 0 0 O
0O 0 0 0 0 O 0 0 O
0O 0 0 0 0 0 0 0 O
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1/2

From this we can compute p~"/“ in B as

Yo Y1 Y2 Y3 Y3 M1 Y4 Y4 V5

YoY% Y3 Y1 Y2 Y3 Y4 Y5 T4
Y23 %0 Y1 73 Y1 Y4 Y4 s
172 1 Y3 1 Yo Y3 Y2 Y5 Y4 Y4
P = % Y32 Y3 Y3 Y0 Y1 Y4 Y5 V4
Y18 Y1 Y2 1 Y Y5 Y4 T4
o 0o o0 o0 o o0 0 o0 o
o 0 0 o o O 0 o0 o
O 0 0 0 0 O O 0 O

where

Yo =2v9+2v1+v2+v3, M =-vo+uvi—v2+u3, y2=2v0— 201 —v2+ s
V3= —vo—v1 +v2+tv3, Y4=2v4+ 205, 5= —4vy+ 2v5

and
1 1 1
RV e M VA R e S N S TR
1 S 52 +2s
BT B rasil T Vi—s T B 1251 1(952 1 65+3)
Reading off the first column of p~/2, we have

\/352_}25“ T \/—28§+s+1 T Vi-s t1
\/352T23+1 + \/72$;+s+1 a JlQTs =
\/352T2s+1 o \/—2si+s+1 + \/IITS + ?
V3521 2s+1 N V2534541 N \/1175 T
Nerer B V25T st - \/1175 i
V352 42s+1 T V=2s2+s+1 1—-s T

0

0

0

Sl

|M1>B =

in the B basis.

(83)

(84)

(85)

To find |p1) in B, we need to multiply the matrix of Equation (86) by the change-of-
basis matrix M whose columns are the coefficients of the elements of B in B’. That is,
the (i, j)-th element of M will be the i-th coefficient of |¢;) in terms of B’. This can be
found out by first expressing the states of {|¢;)} in terms of {|¢})}. By straightforward

calculation we can find the relationship between B and B’,

) = [ - |
’ 1+s—2s2 L+s = /
JF (87)
lL+s / & / .
|thi) = 14s_252 |7/’i>+8j; ¢j> ;=123
J#i
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We now express the vectors of B in terms of the basis B’ and construct the matrix M

1 s 2 s2 2 s s s s
s 1 s2 s s2 2 s $2 s
2 2 1 s s s s s s
145 sz 32 S 12 s s? §? 32 S
= Tie_o2 |¥ 5 5 s 1 s s s s (88)
s s2 2 2 s 1 s2 s s
s s s s s s2 1 % &2
s 2 s s s2 s s2 1 s§°
2 s 2 s s s s 2 1

We can now get |u1) in B’ by multiplying its matrix in B by M. This gives us

(s+1) (2v =252+ s+ 1542/ T—5+1/5(35+2) +1+1)
B 6(s—1)(2s+1)

(s41) (= V=252 FsFT—s+v/T—5—/s(3s+2)+1+1)
6(s—1)(2s+1)

(s+1) (—2v/=25%+ s+ 1+5+2v/T—s5+1/5(3s+2)+1-1)
- 6(s—1)(2s+1)

(s+1) (V=252 F s+ 1+s+vT—s—/5(3s+2)+1-1)
6(s—1)(25+1)
(5+1)(\/—232+s+1+s+\/1—s—\/s(35+2)+1—1)
1)y = V6 6(s—1)(25+1) (89)
(s41) (V=22 FsF1—s+T—s—/5(3s+2)+1+1)
6(s—1)(25+1)
s(s+1) (2v/T=s+s(VI=s—/5(35+2)+1)+1/s5(35+2)+1)
3(1—5)3/2(254+1)4/5(35+2)+1
s(s+1) (2vT=s+s(VI=s—/5(35+2)+1)+1/5(3s+2)+1)
3(1—5)3/2(2s+1)/5(35+2)+1
s(s+1) (sv/T—s+2v/T—s+25/5(35+2)+1—24/5(35+2)+1)
3(1—5)3/2(2s+1)4/5(35+2)+1

in the basis B’. To find the values of s for which w11, 12 and p14 equal zero, we set

(s+1) (2vV=22 ¥ s+ 15+ 2/T—s+/s(Bs +2) + 1 +1)

= — - 0 90a
. VB(s —1)(2s +1) (90a)
(s+1) (—\/—282+s+1—s+\/1—s—\/5(38—1—2)—1—1—1—1)
H12 = =0 (90b)
V6(s —1)(25 + 1)
(s+1) (\/—2s2+s+1+s+\/1—s—\/s(3s+2)+1—1>
MH14 = =0. (900)
V6(s —1)(25 + 1)
Solving these three equations, we get as solution s = —1 for Equation (90a) and s = —1,0
for Equations (90b) and (90c). This completes our proof. O
C Gram matrix and its square root
The Gram matrix I' of the set of states T is given by
1 s s s2 s s
s 1 s s §2 s
2 2 2
s s 1 s s s
= 2 s s 1 s2 s2 (91)
2 52 s 2 1 s
s 2 s2 2 s 1
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Its square root is

Yo Y1 Y2 Y3 Y3 M
YoY% Y3 71 2 03
1
Vh=- |7 B % M1 71" (92)
6 [y m 7m % 13 7"
Y372 Y1 73 Y% M
Y3 Y3 2 71 0
where
Yo = 2v9 + 2v1 +v9 +v3, Y1 = V1 — vy — V2 + U3,
Y2 = —2v1 + 209 —v2 + U3, 3= —v1 — v+ v2+ V3 (93)
and
vw=vV1l—-s v1=V-282+s+1, wvy= \/m, v3=1V3s2+2s+1. (94)
Note that all the diagonal entries of v/T' are equal.
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