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The Clifford group plays a central role in quantum information science. It is the
building block for many error-correcting schemes and matches the first three moments
of the Haar measure over the unitary group—a property that is essential for a broad
range of quantum algorithms, with applications in pseudorandomness, learning theory,
benchmarking, and entanglement distillation. At the heart of understanding many
properties of the Clifford group lies the Clifford commutant: the set of operators that
commute with k-fold tensor powers of Clifford unitaries. Previous understanding of this
commutant has been limited to relatively small values of k, constrained by the number
of qubits n. In this work, we develop a complete theory of the Clifford commutant.
Our first result provides an explicit orthogonal basis for the commutant and computes
its dimension for arbitrary n and k. We also introduce an alternative and easy-to-
manipulate basis formed by isotropic sums of Pauli operators. We show that this
basis is generated by products of permutations— which generate the unitary group
commutant— and at most three other operators. Additionally, we develop a graphical
calculus allowing a diagrammatic manipulation of elements of this basis. These results
enable a wealth of applications: among others, we characterize all measurable magic
measures and identify optimal strategies for stabilizer property testing, whose success
probability also offers an operational interpretation to stabilizer entropies. Finally,
we show that these results also generalize to multi-qudit systems with prime local
dimension.

1 Introduction
The Clifford group is fundamental to quantum information science, with wide-ranging applications
in a wealth of both theoretical and practical domains. These include notions of quantum error
correction and fault tolerance [33], quantum simulation [1, 7, 25, 73], randomized benchmarking [29,
60], as well as in the context of resource theories [55, 55, 76]. It consists of unitary transformations
that map Pauli operators to Pauli operators (up to a phase) under conjugation. This structure
enables efficient classical simulation of Clifford circuits [1, 34], as one can efficiently track the
Heisenberg evolution of Pauli operators through the circuit gate-by-gate, making them a standard
benchmark for quantum devices.

Beyond their efficient simulability, Clifford circuits exhibit a wealth of interesting mathematical
properties. In particular, the uniform distribution over the multi-qubit Clifford group constitutes an
exact unitary 3-design [36], meaning it replicates the first three moments of the Haar measure over
the unitary group. This property is central to quantum learning, such as classical shadows [8, 30, 49]
and randomized benchmarking [29, 60]—as well as in readings of quantum error correction [33],
the resource theory of magic [55, 76], and entanglement distillation [24, 38]. Consequently, random
Clifford operators are fundamental in the field of quantum information science.

A useful way to characterize the effects of applying random Clifford unitaries is through the
Clifford average. From a technical point of view, the Clifford average of any polynomial function
f(C) (or a function that can be approximated by a polynomial) reduces to computing the so-called
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twirling operator. This operator corresponds to the uniform average of an operator Of , which
encodes the function f , over k tensor powers of the Clifford group Cn

Φ(k)
Cl (Of ) := 1

|Cn|
∑
C∈Cn

C⊗kOfC
†⊗k . (1)

While this definition provides a formal procedure to compute the Clifford average, direct evaluation
becomes infeasible as both the tensor powers k and the number of qubits n grow. A way to

circumvent this obstacle is through a key observation: the twirling operator Φ(k)
Cl (·) commutes with

the k-fold tensor power of any Clifford operators C⊗k. Consequently, its image belongs to the k-th
order commutant: the set of linear operators that commute with k tensor powers of any Clifford
unitary.

The commutant is a vector space that is also closed under multiplication (i.e., it is an algebra),
a fact that follows directly from its definition. Therefore, a basis of the commutant is sufficient to
fully characterize any of its elements, including the image of the twirling operator. Consequently,
given the widespread use of random Clifford circuits, understanding the k-th order commutant of
the Clifford group is of fundamental importance.

For the unitary group, the commutant is well understood and is spanned by permutation
operators [19, 20]. However, for the Clifford group, the analysis is significantly more involved, as
its commutant contains substantially more elements. Major progress has been made in the seminal
work of Gross, Nezami, and Walter [37], which provided a characterization of the Clifford group
commutant for k ≤ n + 1. In this work, we extend their results to arbitrary values of n and k,
a generalization that is particularly desirable given that higher-order commutants play a central
role in applications such as deriving concentration bounds of the “Lévy’s lemma” type—where
one typically requires k ∼ 2n—as well as in the construction of high-order unitary designs, which
often demand k ∼ poly(n). Notably, even for small values of k, practical computational techniques
remain limited.

In particular, in this work, we develop a complete and practical theory of the Clifford group
commutant, presenting three main results:

(i) For any k ∈ N, we identify a minimal generating set of the algebra, consisting of at most three
additional elements beyond those required for the unitary group. Specifically, we show that
the k-th commutant of the Clifford group is generated by products of permutations (which
also span the k-th commutant of the unitary group), together with the elements∑

P∈Pn

P⊗4,
∑
P∈Pn

P⊗6, and, if k is divisible by 4,
∑
P∈Pn

P⊗k, (2)

where Pn denotes the Pauli basis on n qubits. This also demonstrates that uniform sums
of Pauli operators raised to tensor powers

∑
P∈Pn

P⊗2m with m ∈ N suffice to generate the
Clifford commutant. As a particular case of this finding, one can recover the main result
of Ref. [84], where it has been shown that

∑
P∈Pn

P⊗4 has been sufficient, together with
permutations, to generate the (k = 4)-th Clifford group commutant. Surprisingly, we show
that at most two more operators are sufficient to generate the Clifford commutant for any k.

(ii) We explicitly construct an orthogonal basis from first principles, and explicitly compute the
dimension of the commutant for any n, k ∈ N.

(iii) We introduce a graphical calculus, a useful tool for practically analyzing and manipulating the
operators in the commutant. In particular, this method allows us to derive explicit and com-
pact formulas for Clifford averages for k = 8-th moments averages with direct applications,
despite the basis containing nearly 10 million elements.

We explore applications of our theoretical results. Specifically, in the context of magic-state re-
source theory, we show that any ‘measurable’ magic monotone [53, 76] lies within the commutant
of the Clifford group. Furthermore, we demonstrate that the characterization of the Clifford group
commutant is essential for analyzing the property testing of stabilizer states—a well-studied prob-
lem in the quantum learning literature [4, 35, 37].
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2 Overview of the results
In this section, we provide a high-level overview of the main contributions of this work, guiding
the reader through the structure of this work. We begin in Section 2.1 by discussing the core
contribution: a complete characterization of the Clifford group commutant, both from algebraic
and vector space perspectives. Next, in Section 2.2, we introduce a graphical calculus that plays a
central role in our analysis, which is developed in detail later in the manuscript. In Section 2.3, we
present an overview of the applications of our framework, specifically in magic-state resource theory
and the property testing of stabilizer states. While our primary focus is the Clifford commutant
for n qubits, our results naturally extend to the case of n qudits with local prime dimension, as
outlined in Section 2.4. Finally, in Section 2.5, we discuss related prior works. This concludes the
high-level summary of our results, which should help orient the reader before diving into the more
detailed analysis in the following sections. Before proceeding, we introduce some notation that will
be useful throughout the work.

Notation. We denote by Fk2 the k-dimensional vector space over the finite field F2. For a
vector x ∈ Fk2 , |x| represents the Hamming weight of x, i.e., the number of non-zero components.

Let H ≃
(
C2)⊗n

be the Hilbert space of n qubits, and H⊗k its k-fold tensor power. B(H⊗k)
denotes the set of operators on H⊗k, and U(2n) the unitary group acting on H. The Pauli basis is
Pn := {I,X, Y, Z}⊗n. The Clifford group Cn is the group of unitaries that map the Pauli basis to
itself under conjugation up to phase, i.e., Cn := {C ∈ U(2n) : CPC† ∈ ±Pn for all P ∈ Pn}. The
k-th commutant of the Clifford group is defined as

Com(C⊗k
n ) := {O ∈ B(H⊗k) : C†⊗kOC⊗k = O for all C ∈ Cn}. (3)

Throughout the manuscript, we often use d := 2n to denote the Hilbert space dimension of an
n-qubit system.

2.1 Full theory of the Clifford group commutant: generators and orthogonal basis
We now provide a comprehensive characterization of the Clifford commutant. Here, we first present
a generating set for the commutant, demonstrating that every operator in the commutant can be
written as a linear combination of products of elements from this set. Then, we construct an
orthogonal basis for the k-th order commutant, valid for any k ∈ N. It is important to note that
this subsection serves as an overview of the main results. Later in the manuscript, specifically in
Sections 4 to 6, we will present additional properties of the commutant and its basis elements,
which are not summarized here for the sake of brevity.

Generating set for the Clifford group commutant. Two key ideas underpin our results. First,
the commutant of the Clifford group should naturally be describable in terms of Pauli operators, as
they inherently define its symmetry—specifically, for any two Pauli operators P,Q ∈ Pn, we have
C†PC ∝ Q for some Clifford unitary C. Second, it is well known that applying a random Clifford
unitary to a Pauli operator P maps it uniformly at random to another non-identity Pauli operator.
Consequently, to account for this behavior, the operators spanning the commutant of the Clifford
group in Eq. (3) must include isotropic sums over Pauli operators. To this end, we introduce
various types of Pauli monomials—uniform sums of Pauli operators that remain invariant under
the Clifford group.

Definition (Primitive Pauli monomials. Informal version of Definition 28). Let n, k ∈ N. Let
v ∈ Fk2 be a vector satisfying |v| = 0 (mod 2). We define a primitive Pauli monomial as an
operator on B(H⊗k) defined as

Ω(v) := 1
d

∑
P∈Pn

P⊗v, (4)

where P⊗v :=
⊗k

i=1 P
vi .

Accepted in Quantum 2026-04-11, click title to verify. Published under CC-BY 4.0. 3



For example, when the vector v satisfies |v| = 2, the corresponding primitive Pauli monomial
reduces to a swap operator. Given a binary vector, denoted as vi,j , with non-zero i-th and j-th
components, we define T(i j) := Ω(vi,j), where T(i j) is the swap operator between the i-th and j-th
tensor copy. Thus, primitive Pauli monomials generalize swap operators to vectors with higher
Hamming weight.

For the vector (1, 1, 1, 1, 0, . . . , 0), the corresponding Pauli monomial coincides with the projec-
tor

Ω(1, 1, 1, 1, 0, . . . , 0) = 1
d

∑
P∈Pn

P⊗4 ⊗ 1⊗k−4, (5)

originally introduced in Ref. [84], during the early stages of understanding the Clifford group
commutant. Specifically, such an operator, together with all permutations (which generate the
commutant of the unitary group [19, 20]), has been shown to be the sole element required to
gracefully generate the k = 4-th commutant of the Clifford group.

Our first main result is that only two additional primitive Pauli monomials, besides Ω(v4) and
permutation operators, suffice to gracefully generate the full commutant for any k ∈ N. This will
be the focus of the following theorem.

Theorem (Algebraic structure of the commutant. Informal version of Theorem 57). Let n, k ∈ N.
Let Ωl be the primitive Pauli monomial associated to (1, . . . , 1︸ ︷︷ ︸

l times

, 0, · · · , 0). The following facts hold:

(A) The k-th order commutant of the Clifford group is generated, up to permutations, by Ω4, Ω6,
and, if k is divisible by 4, also Ωk, referred to as fundamental primitive Pauli monomials.

(B) The above constitutes a minimal set of generators for every k and n.

(C) Any product of primitive Pauli monomials is equal to dαΩ, where α ∈ N and Ω is the product
of at most k + 1 primitive Pauli monomials as defined in Eq. (4).

Thus, while the k-th order commutant of the unitary group—defined analogously to Eq. (3)—can
be generated by permutation operators (which themselves are generated by at most k − 1 swap
operators), the mere addition of the operators corresponding to the primitive Pauli monomials Ω4,
Ω6, and Ωk suffices to generate the k-th order commutant of the Clifford group.

An orthogonal basis for the k-th . To take a step further and construct an orthogonal basis,
we observe that any Pauli operator P ∈ P⊗k

n can be decomposed as P = ϕ
∏m
i=1 P

⊗vi
i , where

{P1, . . . , Pm} is a set of algebraically independent Pauli operators, m ≤ k, ϕ ∈ {±1,±i}, and
the vectors V := {v1, . . . , vm} ∈ Fk×m

2 are linearly independent. Given such a decomposition, we
associate to {P1, . . . , Pm} the (binary) adjacency matrix G of their anticommutation graph, where
vertices label the Pauli operators and an edge connects two vertices if the corresponding Pauli
operators anticommute. The concept of anticommutation graph has also recently emerged as a
crucial tool in other contexts of quantum information [2, 3, 6, 16, 50].

Hence, each decomposition of P determines a pair (V,G). Crucially, different choices of alge-
braically independent generating sets for the same Pauli operator are related by the action of a
matrix (gauge) A ∈ GL(Fm×m

2 ), acting as (V,G) 7→ (V A,A−1GA−T ), without affecting the re-
constructed operator P ∈ P⊗k

n . Here A−T denotes the inverse transpose. We therefore define the
equivalence class

[V,G] :=
{

(V ′, G′)
∣∣∃A ∈ GL(Fm×m

2 ) such that V ′ = V A, G′ = A−1GA−T} ,
which is uniquely associated with P . In particular, we define the map M : P 7→ M(P ) = [V,G].
Together with a choice of algebraically independent generators {P1, . . . , Pm}, the equivalence class
[V,G] uniquely specifies P . We are now ready to introduce a second type of Pauli monomials,
which will provide a complete basis for the k-th order commutant of the Clifford group for any n.

Definition (Independent graph-based Pauli monomials). The independent graph-based Pauli mono-
mials are defined as the isotropic sum

℧I([V,G]) = 1
|S[V,G]|

∑
P∈P⊗k

n

M(P )=[V,G]

φ(P )P , (6)
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where S[V,G] := {P ∈ P⊗k
n : M(P ) = [V,G]}, and φ(P ) := tr

(
P T(k k−1)T(k−1 k−2) · · ·T(2 1)T(1 k)

)
/d,

with T(i j) denoting the swap operator between the i-th and j-th tensor copies.

It is not difficult to verify that ℧I([V,G]) ∈ Com(C⊗k
n ) for any choice of V and G. We also

show that ℧I([V,G]) is non-zero if and only if rank2(G) ≥ 2(m−n). Here, rank2 denotes the rank
on F2. Proving that these non-zero elements form an orthogonal basis of the commutant for all n
and k, as shown in Section 4, leads to the following main result.

Theorem (Basis of the commutant. Informal version of Theorems 25 and 26). For any n, k ∈ N,
the following holds:

• The set of non-zero operators ℧I([V,G]) in Eq. (6) forms an orthogonal basis for Com(C⊗k
n ).

• The dimension of the commutant is given by

dim(Com(C⊗k
n )) ≃

{
2 k2−3k

2 2n ≥ k − 1
22kn−2n2−3n 2n < k − 1

, (7)

where ≃ means up to constant factors. We refer to Eq. (98) in Theorem 26 for the complete
expression.

This theorem provides a complete characterization of the commutant of the Clifford group, as
well as explicitly computing its dimension, which has previously been known only for k ≤ n + 1
[37].

We also provide new insights into the commutant basis introduced in Ref. [37]. In Section 6.2,
we demonstrate that this basis exactly coincides with the one formed by products of primitive Pauli
monomials, defined in Eq. (4) and referred to as reduced Pauli monomials (see Definition 30), for
which we establish a range of important properties.

Furthermore, we establish the existence of an invertible Fourier-like transformation between
independent graph-based Pauli monomials and reduced Pauli monomials (see Section 5.3.2). Al-
though the set of reduced Pauli monomials remains linearly independent for k ≤ n + 1, linear
dependencies emerge when k > n+ 1. Our work characterizes these dependencies, which are cap-
tured by the condition ℧I([V,G]) = 0, holding if and only if rank2(G) < 2(m− n). In particular,
for k ≤ n + 1, this condition rank2(G) ≥ 2(m − n) is automatically satisfied, which naturally
explains why the set of reduced Pauli monomials forms a linearly independent set in this regime.
Additional properties of these operators are discussed in Sections 4, 5 and 5.4, and we encourage
the reader to consult these sections for further details.

2.2 Graphical calculus
The graphical calculus provides a powerful yet reader-friendly method for manipulating Pauli
monomials, central objects in the commutant of the Clifford group. In general, a product of
primitive Pauli monomials takes the form (see Definition 30)

Ω(V,M) := 1
dm

∑
P1,...,Pm∈Pn

P⊗v1
1 P⊗v2

2 · · ·P⊗vm
m ×

 ∏
i,j∈[m]
i<j

χ(Pi, Pj)Mi,j

 , (8)

where Ω(V,M) is identified by the columns {vj}mj=1 of the binary matrix V ∈ Fk×m
2 along with

the matrix M ∈ Fm×m
2 , which encodes the phase information and is assumed to be symmetric

with a zero diagonal. Here, χ(Pi, Pj) = 1 if [Pi, Pj ] = 0, and χ(Pi, Pj) = −1 otherwise. We call
the operators in Eq. (8) Pauli monomials because they are isotropic sums over Pauli operators
in Pn and arise from products of primitive Pauli monomials, as defined in Eq. (4). The set of
Pauli monomials with V being full rank form the set of reduced Pauli monomials and provide
a basis for the commutant, provided that k ≤ n + 1 (see Corollary 56). As discussed above, if
instead k > n+ 1, linear dependencies arise. Given that Pauli monomials form a basis for the k-th
commutant, we refer to general elements of the commutant as Pauli polynomials.

We can represent the operator in Eq. (8) diagrammatically using the following rules:
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• The columns {vj}mj=1 are represented sequentially, with each column represented as a vector
of black and white dots, corresponding to entries 1 and 0, respectively (see the following
example for clarity).

• Each off-diagonal element Mi,j of the matrix M is represented by a line (denoted as a phase)
connecting the columns i-th and j-th if Mi,j = 1, with no line drawn if Mi,j = 0 (again, see
the next example).

The power of this graphical representation lies in its ease of manipulation, which, at a mathematical
level, corresponds to applying elementary transformations A ∈ GL(Fm×m

2 ) that leave the overall
operator Ω(V,M) (see Theorem 37) unchanged. These transformations are straightforward in the
graphical representation but become significantly more cumbersome when working directly with
products of primitive Pauli monomials.

We now illustrate an example that demonstrates both a non-trivial manipulation of Pauli
monomials and its graphical representation, within the k = 6-th commutant Com(C⊗6

n ). The
operator

Ω




1 0
1 0
1 1
1 1
0 1
0 1

 ,

(
0 1
1 0

)
 = 1

d2

∑
P1,P2

P⊗2 ⊗ (PQ)⊗2 ⊗Q⊗2χ(P1, P2) (9)

belongs to Com(C⊗6
n ). Using the simple rules outlined above, we can represent the operator in

terms of the diagram

Ω




1 0
1 0
1 1
1 1
0 1
0 1

 ,

(
0 1
1 0

)
 = . (10)

The advantage of this approach lies in a set of rules, proven analytically and developed in this
manuscript, particularly in Theorem 38, which facilitate the manipulation of Pauli monomials
and demonstrate their equivalences. While hiding the non-trivial manipulation of the diagram in
Eq. (10), we present one such equivalence below,

(i)= = Ω6T(12)T(34)T(56) , (11)

where (i) encapsulates the non-trivial manipulation of Pauli monomials using graphical calculus.
Eq. (11) shows that the Pauli monomial in Eq. (10) is, up to permutations, exactly equal to Ω6
defined above. Although finding such relations is non-trivial, the graphical calculus allowed us,
among many other technical proofs, to characterize the commutant up to k = 8, up to left/right
multiplication by permutations, as detailed in Section 7.5. Pauli monomials, up to left/right
multiplication by permutations, are particularly relevant when dealing with tensor powers of pure
states.

2.3 Applications: Clifford-Weingarten Calculus, Magic-state resource theory and prop-
erty testing

Magic-state resource theory. As an application of this framework, we analyze the deep connection
between magic-state resource theory and the commutant of the Clifford group. Magic-state resource
theory is based on a key dichotomy: while stabilizer operations can be implemented fault-tolerantly
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in a direct manner—through transversal gates in many settings [13]—the fault-tolerant implemen-
tation of non-stabilizer operations is considered significantly more challenging [28]. Consequently,
stabilizer operations are designated as the free operations within this resource-theoretic frame-
work, with stabilizer states identified as the corresponding free states. In contrast, non-Clifford
operations and non-stabilizer states are considered resources. Additionally, the Gottesman–Knill
theorem establishes that quantum circuits composed exclusively of Clifford gates can be efficiently
simulated on a classical computer [1]. However, the inclusion of non-Clifford components markedly
increases the difficulty of classical simulation, further highlighting the resourceful nature of such
elements in the context of quantum advantage.

A central challenge in any resource theory lies in identifying an appropriate resource mono-
tone—a function that faithfully quantifies the resource content of a given state. Typically, such
monotones are positive scalar functions. Although general-purpose resource monotones exist and
can be applied across different resource theories [18], they often suffer from computational or ex-
perimental intractability. For a resource theory to be useful in practice—especially in the realms
of quantum many-body physics and quantum computation—it is essential to identify resource
measures that are both experimentally measurable and computationally tractable.

In this context, stabilizer entropies [55] have recently emerged as the only known magic mono-
tones [53] that are experimentally accessible in an efficient manner [43, 69]. The set of primitive
Pauli monomials is deeply connected to magic-state resource theory. To see this, it suffices to note
that the stabilizer k-Rényi entropies Mk(ψ) can be expressed in terms of 2k-order primitive Pauli
monomials (Eq. (4)) as

Mk(ψ) := 1
1 − k

log tr
(
Ω2kψ

⊗2k) . (12)

In the manuscript, we further explore the connection between magic-state resource theory and the
structure of the Clifford commutant.

First, it is worth noting that any (polynomial) function that quantifies magic should be invariant
under Clifford operations. This invariance property implies that the operators characterizing such
functions must lie in the commutant of the Clifford group for some order k, as shown in Lemma 72.
Given this, it is natural to extend the definition of stabilizer purities - the argument of the logarithm
in the definition of stabilizer entropy in Eq. (12)—to any Pauli monomial Ω(V,M) arising from
products of primitive Pauli monomials. We therefore introduce the generalized stabilizer purities
as

∆Ω(ψ) := Re tr
(
Ωψ⊗k) , (13)

and demonstrate that ∆Ω(ψ) satisfies the fundamental properties required of a magic measure:
it is naturally Clifford-invariant, and ∆Ω(ψ) = 1 if and only if ψ is a stabilizer state. Since any
measurable magic monotone is fully characterized by an operator lying in the commutant of the
Clifford group, it must be expressible as a linear combination of the generalized stabilizer purities
introduced in Eq. (13).

We summarize our findings in the following informal theorem: all magic monotones (restricted
to pure states) that admit an (unbiased) experimental measurement procedure are fully specified
by operators belonging to the commutant of the Clifford group. Thus, all magic measures are
ultimately expectation values of Pauli polynomials.

Theorem (Magic-state resource theory and the commutant. Informal summary of Section 7.2).
The following facts hold:

(A) Any measurable magic monotone is fully specified by an operator belonging to the k-th order
commutant of the Clifford group.

(B) Any measurable magic monotone is a linear combination of generalized stabilizer purities
∆Ω(ψ) := tr

(
Ωψ⊗k) where Ω is a product of primitive Pauli monomials, defined in Eq. (4),

obeying the following fundamental property ∆Ω(ψ) = 1 if and only if ψ is a pure stabilizer
state.

The above result suggests that every measurable magic monotone can be related to stabilizer
entropies [53, 55], which constitute “primitive” stabilizer purities. One of the few measurable
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magic metrics introduced in the literature beyond stabilizer entropies is the so-called Bell magic
B(ψ) [42] (defined in Definition 78).

Here, we provide a proof of this connection by establishing lower and upper bounds

2M3(ψ) ≤ B(ψ) ≤ 4M3(ψ), (14)

on the Bell magic, as derived in Theorem 80 using the graphical calculus developed above. More-
over, we express B(ψ) explicitly as the expectation value of a specific Pauli monomial evaluated
on ψ⊗8 (see Lemma 79).

Property testing. We apply our framework to analyze the commutant structure of the Clifford
group; we derive meaningful insights into property testing for stabilizer states (Section 7.3). This
topic has recently attracted considerable attention in the quantum information community [4, 6,
12, 17, 35, 37, 46, 64]. Property testing of stabilizer states aims to determine, with high probability,
whether an unknown quantum state is close to or far from the stabilizer set (e.g., in trace distance),
based on measurements performed on multiple copies of the state. Assuming the state is pure,
the task reduces to deciding whether its stabilizer fidelity [17, 76] exceeds or falls below given
thresholds. Mathematically, the goal is to construct a two-outcome POVM {E, I − E} that can
reliably distinguish between these two cases. A key observation from the literature [37, 46, 64],
which follows naturally from symmetry arguments, is that the optimal stabilizer-testing POVM E,
acting on k copies of the unknown state, must lie within the k-th order commutant of the Clifford
group. This establishes the commutant as the central object to analyze when designing efficient
testing protocols. Using our framework, it immediately follows that no stabilizer testing strategy
can succeed when fewer than six copies of the unknown state are available, a fact previously noted
in Refs. [21, 37]. We show how this conclusion arises directly from the fact that, for k ≤ 5, the
commutant of the Clifford group consists solely (up to permutations) of primitive Pauli monomials
that are proportional to projectors, rather than unitaries. While we establish the impossibility of
testing with fewer than six copies (i.e., the success probability of any strategy, up to exponentially
small corrections in the number of qubits, is 1/2, equivalent to random guessing), we also show
that when access to six copies is available, no strategy outperforms the POVM associated with Ω6.
This POVM can be efficiently implemented using Bell sampling [43] and is intimately related to
the (k = 3)-stabilizer entropy in Eq. (12). This, in turn, provides an operational interpretation to
the (k = 3)-stabilizer entropy. Namely, given 6 copies of a state ψ, the optimal (and achievable)
success probability for testing whether ψ is a stabilizer state or not is given by

poptimal
succ = 1

2 + 1
4

(
1 − 2−2M3(ψ)

)
. (15)

We can also generalize this result to multiple copies. In Proposition 85, we prove that for
any fixed k = O(n2−γ) with any γ > 0, the optimal stabilizer-testing POVM must be a linear
combination of Pauli monomials corresponding to unitary operators. These findings establish a
meaningful connection between stabilizer purities and stabilizer property testing, highlighting the
relationship between these two areas under the umbrella of the Clifford group commutant.

2.4 Generalization to qudits
All of the results discussed above can be generalized to the qudit setting. While the main focus
of this work is on qubits, in Section 8 we generalize our findings to systems of n qudits of local
dimension q. Crucially, we assume that q is a prime number, which ensures that the generalized
Pauli operators—also known as Weyl operators—share the same eigenvalue structure. This enables
a meaningful generalization of the multi-qudit Clifford group, analogous to the qubit case. For
simplicity, we adopt the same notation used in the qubit setting: Pn and Cn now denote the Pauli
group and the Clifford group on n qudits, respectively, and d = qn denotes the dimension of the
corresponding Hilbert space.

Analogous to the qubit case, the independent graph-based Pauli monomials introduced in
Eq. (6) form an orthogonal basis for the commutant for any number of qudits n and tensor power
k, provided that rankq(G) ≥ 2(m−n), where rankq is the rank of Fq matrices in the finite field Fq.
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Here, the matrices V ∈ Fk×m
q and G ∈ Fm×m

q are defined over the finite field Fq, with G encod-
ing the commutation structure of the Weyl operators. From this construction, one can explicitly
compute the dimension of the commutant, given by

dim(C⊗k
n ) ≃

{
q

k2−3k
2 if 2n ≥ k − 1,

q2kn−2n2−3n if 2n < k − 1,
(16)

where the full expression is provided in Eq. (392).
Using a Fourier-like transform, we define the qudit analogue of Pauli monomials (introduced in

Eq. (8)) as Weyl monomials, which may also admit a graphical calculus for manipulation—though
more involved than in the qubit case. As in the qubit setting, the Weyl monomial basis can
be generated from products of primitive Weyl monomials, defined analogously to Eq. (4), which
therefore provide generators for the algebra of the commutant.

Although we do not explore specific applications in the qudit regime, we expect that nearly all
of our conclusions regarding magic-state resource theory and stabilizer property testing naturally
extend to the qudit case. Notably, as observed in Ref. [74], Weyl monomials allow one to define
a family of qudit generalizations of stabilizer entropies, as introduced in Eq. (12). In particular,
when restricted to primitive Weyl monomials, these entropies have been shown to be monotones
under magic-state-free operations, as discussed in Ref. [74].

2.5 Prior works
In this section, we contextualize our results by discussing previous literature. The Clifford group
commutant has garnered significant attention because, although Clifford operators form classically
simulable quantum circuits, their randomness properties are remarkable. The uniform distribution
over multiqudits Clifford unitaries is a unitary 2-design for prime-dimensional qudits [22, 23, 27]
and can be shown to be 3-designs for qubits [78, 83]. While demonstrating that the Clifford group
forms a unitary 3-design does not necessarily require understanding its commutant for k = 3, this
understanding becomes fundamental for larger values of k.

As noted in Ref. [37], early connections to the commutant of the Clifford group can already
be found in the work of Nebe, Rains, and Sloane on self-dual codes and Clifford-Weil groups [66].
Their work studies invariant spaces associated with tensor powers of the Clifford group in a broad
algebraic setting. From the perspective of quantum information theory, the commutant of the
Clifford group arises naturally within this framework, although explicit descriptions of its structure
were not the primary focus of their work. Beyond k = 3, one of the first significant results is
presented in a series of works, see Refs. [45, 84], which proved that the Clifford group is not a
4-design but fails gracefully to be a unitary 4-design by requiring only an additional element to
generate the commutant of the Clifford group for k = 4. This result marked the beginning of
new insights into the theory of nonstabilizerness or magic, indicating that k = 4 copies are the
minimal number sufficient for quantifying magic, leading to the inception of stabilizer entropies [55].
However, until then, the commutant of the Clifford group for higher values of k remained unknown.

Significant progress has been made in Ref. [37]. Building on key insights from Nebe et al. [65],
Gross, Nezami, and Walter exploited the fundamental observation that the Clifford commutant can
be characterized by examining Clifford orbits — specifically, via the Clifford twirling introduced
in Eq. (1) applied to Pauli operators, an approach that had been tentatively explored in [75, 84].
This key observation greatly simplifies the characterization of the commutant. Using this strategy,
the authors developed a basis — corresponding to our independent graph-based Pauli monomials
basis — to compute the dimension of the commutant for k ≤ n+ 1. Additionally, they introduced
an alternative basis for k ≤ n+ 1 using the notion of Lagrangian subspaces, which coincides with
the basis of the reduced Pauli monomials (see Definition 39), leading to a number of interesting
applications.

Our work builds on all the insightful and fundamental results discussed above. We extend
the results of Ref. [37] by characterizing the commutant for any n and k, fully characterizing
the independent graph-based Pauli monomials, exploring some of their properties, and computing
its dimension. We also present an alternative way of understanding the basis of the commutant
initially introduced in Ref. [37] using Pauli monomials, providing fruitful insights, and showing how
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the two bases of the commutant can be transformed into each other via a Fourier-like transform.
We conclude by demonstrating that the Clifford group continues to gracefully fail to be a unitary
k-design for any k, requiring at most three additional generating elements compared to the full
unitary group, generalizing the seminal findings of Ref. [84].

2.6 Structure of this work
In the remainder of the manuscript, we present a self-contained and pedagogical exposition of the
Clifford group commutant through our framework, covering all relevant details in a systematic
manner.

Specifically, we begin with Section 3, which introduces essential notation and foundational
concepts necessary for the proofs throughout this work. In Section 4, we establish one of our main
results: a simple construction of a basis for the k-th order commutant of the n-qubit Clifford group
for arbitrary n and k, using only the algebraic properties of Pauli operators. While conceptually
straightforward—relying on independent graph-based Pauli monomials (Definition 52)—this basis
may not be the most convenient for direct manipulation.

To address this, Section 5 introduces the broader notion of Pauli monomials, defined as various
isotropic sums of Pauli operators. We develop a graphical calculus, a diagrammatic framework
for handling these operators, and demonstrate invertible transformations between different Pauli
monomial bases. This formalism allows us to systematically explore alternative bases for the
commutant.

In Section 5.4, we prove our second main result that provides a minimal generating set for the
commutant of the Clifford group. This reveals the algebraic structure of the commutant through
the lens of the semigroup of Pauli monomials. The generalization of our results from qubits to
qudits is outlined in Section 2.4.

Section 7 is devoted to applications and examples, demonstrating the practical implications
of our results. Specifically, in Section 7.1, we develop tools and techniques for computing Haar
averages over the Clifford group—arguably the most natural motivation in quantum information for
studying the Clifford group commutant. We introduce the so-called Clifford-Weingarten calculus,
inspired by the analogous Weingarten calculus used for Haar averages over the unitary group.
Additionally, we provide asymptotic behaviors for large n (n ≫

√
k), which significantly simplify

the computation of the twirling operator in Eq. (1) for relatively low values of k. In Section 7.2,
we explore the deep connection between the commutant of the Clifford group and magic-state
resource theory, while in Section 7.1, we discuss its relation to stabilizer property testing. Finally,
in Section 7.5, we explicitly construct the commutant of the Clifford group up to k = 8, leveraging
the framework of graphical calculus. In this context, we also demonstrate how to perform high-
order Clifford averages through a series of practical calculations and examples. Furthermore, we
provide a detailed Mathematica notebook containing Clifford-Weingarten matrices encoded up to
k = 8, enabling readers to experiment with these tools using their own examples [10].

3 Preliminaries
We use the notation [n] to denote the set [n] := {1, . . . , n}, where n ∈ N. The finite field F2 consists
of the elements {0, 1} with addition and multiplication defined modulo 2. The vector space Fk2
comprises all k-dimensional vectors over F2. The Hamming weight of a vector x ∈ Fk2 , denoted by

|x|, is defined as |x| :=
∑k
i=1 xi. The set of k × m binary matrices over F2 is denoted by Fk×m

2 .
The rank of a matrix is given by the number of linearly independent columns (or equivalently, row
vectors). We denote the rank of a matrix A over F2 as rank2(A).

The set Sym0(Fm×m
2 ) denotes the set of all symmetric m×m matrices over F2, having a null

diagonal. That is,

Sym0(Fm×m
2 ) :=

{
M ∈ Fm×m

2 : MT = M , Mj,j = 0 ∀j ∈ [m]
}
. (17)

Similarly, we define set Even(Fk×m
2 ) as the set of binary matrices V ∈ Fk×m

2 with m ∈ [k] with
column vectors V•,i of even Hamming weight

Even(Fk×m
2 ) := {V ∈ Fk×m

2 : |V•,i| = 0 mod 2 ∀i ∈ [m]}. (18)
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Lemma 1 (Cardinality of Sym0(Fm×m
2 ) [59]). The cardinality of Sym0(Fm×m

2 ) matrices of rank2
equal to 2r is given by

N0(m, r) =
r∏
i=1

22i−2

22i − 1 ×
2r−1∏
i=0

(2m−i − 1) (19)

= 22mr−r−2r2
r∏
i=1

(1 − 2−m+i−1)(1 − 2−m+r+i−1)
1 − 2−2i .

The total number of Sym0(Fm×m
2 ) matrices is given by 2m(m−1)/2.

Lemma 2 (Number of subspaces with even Hamming weight). The number of m-dimensional
subspaces V ⊂ Fk2 such that all vectors in V have even Hamming weight, i.e., for all v ∈ V , |v| = 0
(mod 2), is given by the Gaussian binomial coefficient(

k − 1
m

)
2

:=
m∏
j=1

2k−j − 1
2j − 1 = 2km−m2−m

m∏
j=1

1 − 2−k+j

1 − 2−j . (20)

The maximal dimension is m ≤ k − 1.

Proof. The dimension of the subspace of Fk2 consisting of all vectors with even Hamming weight
is k − 1. Also, all even weight subspaces are themselves subspaces of this subspace. The proof
is concluded by using the operational definition of the Gaussian binomial coefficient

(
k−1
m

)
2 which

counts the number of these subspaces (see Ref. [15]).

Let us also set the notation for the general linear group over Fm×m
2

GL(Fm×m
2 ) :=

{
A ∈ Fm×m

2 | A is invertible
}

(21)

that consists of all the invertible matrices over Fm×m
2 .

3.1 Haar measure
We denote by H the Hilbert space of n qubits, that is, H ∼=

(
C2)⊗n

, and consider k copies of it,
H⊗k. Throughout this manuscript, we use d := 2n to represent the dimension of the Hilbert space
for an n-qubit system. The set of Hermitian operators on H⊗k is denoted by B(H⊗k), and the
unitary group on H is denoted by U(2n). Let Gn ⊆ U(2n) be a continuous or discrete subgroup of
the unitary group. The Haar measure on Gn is defined as the unique probability measure that is
both left- and right-invariant. Throughout this manuscript, we denote the Haar measure as µH.
Mathematically, the Haar measure satisfies the invariance property [19, 20, 51, 62, 77]∫

dµH(G) = 1,
∫

dµH(G) f(G) =
∫

dµH(G) f(GG′) =
∫

dµH(G) f(G′G), (22)

for all G′ ∈ Gn and any arbitrary function f .
For discrete groups, such as the Clifford group, the Haar measure reduces to a sum over delta

functions, and integration simplifies to a normalized summation over the group’s elements. With
this formalism in place, we now introduce a central object of this work: the twirling super-operator.

Definition 3 (Twirling (super-)operator over a group Gn). Let O ∈ B(H⊗k), and µH be the Haar
measure over Gn. The twirling super-operator is defined as

Φ(k)
Gn

(O) :=
∫

dµH(G)G⊗kOG†⊗k . (23)

The super-operator ΦGn
(·) is sometimes referred to as the k-fold channel of the group Gn applied

to the operator O, or simply the Haar average of O over Gn.

A crucial tool in analyzing the twirling super-operator is the so-called commutant, which we
now define.

Accepted in Quantum 2026-04-11, click title to verify. Published under CC-BY 4.0. 11



Definition 4 (k-th order commutant of a group Gn). Let k ∈ N and let Gn be a subgroup of the
unitary group Un. The k-fold commutant of the group Gn is the set defined as

Com(G⊗k
n ) := {O ∈ B(H⊗k) | U†⊗k

g OU⊗k
g = O, ∀Ug ∈ Gn}. (24)

The commutant is a subspace of linear operators, and moreover, the product of two operators
in the commutant remains in the commutant. Thus, the commutant is an algebra. The following

lemma establishes the fundamental principles for computing the k-fold channel Φ(k)
Gn

, linking it to

the commutant of the subgroup G⊗k
n .

Lemma 5 (The image of the twirling operator belongs to the commutant). Let Gn ⊆ U(2n)
be any subgroup of the unitary group, and let Φ(k)

Gn
(·) be the twirling operator. For any operator

O ∈ B(H⊗k), we have Φ(k)
Gn

(O) ∈ Com(G⊗k
n ).

The proof follows directly from the invariance of the Haar measure. For twirling operations
over a finite group, one can establish the following general property.

Lemma 6 (Effect of group twirling over finite groups). Let G be a finite group, x ∈ X an element
of a vector space, and (g, x) 7→ g ⋆ x ∈ X the group action. Then, it holds that

1
|G|

∑
g∈G

g ⋆ x = 1
|orb(x)|

∑
y∈orb(x)

y , (25)

where the orbit of x is defined as orb(x) := {y ∈ X | ∃g ∈ G : y = g ⋆ x}.

Proof. We can express the group twirling as

1
|G|

∑
g∈G

g ⋆ x = 1
|G|

∑
y∈orb(x)

|costab(y, x)| y , (26)

where costab(y, x) := {g ∈ G | y = g ⋆ x} denotes the set of elements in G that map x to y. Now,
let g ∈ costab(y, x). Then, we can rewrite the set as

costab(y, x) = g−1costab(x, x) = g−1stab(x), (27)

where the multiplication acts entry-wise, and we have used that stab(x) := costab(x, x). This
implies that |costab(y, x)| is the same for all y ∈ orb(x). Using the orbit-stabilizer theorem [32],
which states that |stab(x)| = |G|

|orb(x)| , the result follows.

3.2 Pauli operators
In this section, we provide a brief introduction to Pauli operators and their relevant proper-
ties, which will be used throughout the manuscript. Let us introduce the qubit Pauli matrices
{I,X, Y, Z} in the standard way as

I =
(

1 0
0 1

)
, X =

(
0 1
1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0
0 −1

)
. (28)

The Pauli matrices are Hermitian, and the Pauli group on n-qubits is defined as the n-fold tensor
product of the Pauli matrices multiplied by a phase factor from {−1, 1,−i,+i}. We denote the
Pauli group modulo phases as Pn := {I,X, Y, Z}⊗n, which, seen as an operator basis, is often
referred to as the Pauli basis. Let us define the bitstring representation of Pauli operators, which
enables efficient manipulation of Pauli operators.

Definition 7 (bitstring representation of a Pauli). Let P ∈ Pn be a Pauli operator. The bitstring
representation of P is the binary vector

b(P ) := (b1, b2, . . . , b2n)T ∈ F2n
2 (29)

Accepted in Quantum 2026-04-11, click title to verify. Published under CC-BY 4.0. 12



which uniquely determines the Pauli operator by the relation

P = ϕ(P ) ×Xb1
1 Zb2

1 ⊗Xb3
2 Zb4

2 ⊗ · · · ⊗Xb2n−1
n Zb2n

n , (30)

with ϕ(P ) := (i)b(P )T Jb(P ) = (i)#Y (P ), where the symplectic inner product of x, y ∈ F2n
2 is defined

as

aTJb =
n∑
j=1

a2jb2j−1, where J :=
n⊕
j=1

(
0 0
1 0

)
. (31)

In the following, we summarize some well-known properties of the bitstring representation
of Pauli operators. Specifically, for any two Pauli operators P,Q ∈ Pn, the multiplication can
be represented in the following way: ϕPQ = R where b(R) = b(P ) + b(Q) (mod 2) and ϕ =
ϕ(R)ϕ(P )−1ϕ(Q)−1(−1)b(P )T Jb(Q). It also holds that ϕ2 = χ(P,Q) (because of Lemma 18). As
such, we have

[P,Q] = 0 if and only if b(P )T (J + JT ) b(Q) = 0 (mod 2) . (32)

Lemma 8. For P = (P1, . . . , Pm) ∈ Pmn , with Q = ϕ(Q,P )P1P2 · · ·Pm, it holds that

ϕ(Q,P ) = ϕ(Q)
m∏
i=1

ϕ−1(Pi) × (−1)
∑

i<j
b(Pi)T Jb(Pj) (33)

= i#Y (Q)−
∑m

i=1
#Y (Pi) × (−1)

∑
i<j

b(Pi)T Jb(Pj)
.

Proof. This follows from applying the product formula multiple times and using b(PQ) = b(P ) +
b(Q) (mod 2).

Definition 9 (Algebraically independent Pauli operators). Let P := (P1, P2, . . . , Pm) ⊆ Pmn be
an ordered collection of Pauli operators. The set of Pauli operators P is said to be algebraically
independent if no operator Pi ∈ P can be expressed as a product of the remaining operators in P
(up to a phase factor).

We call BP = (b(P1), . . . b(Pm)) ∈ F2n×m
2 the bitstring matrix of the collection BP . A collection

of Pauli operators P is algebraically independent if and only if the matrix BP has full rank over
F2, i.e., the bitstring representations b(P1), . . . , b(Pm) are linearly independent in F2n

2 .
To simplify the notation, we often denote a subset of Pauli operators by a bold character, as

in the previous definition.

Definition 10. Given a vector v ∈ Fk2 and a Pauli operator P ∈ Pn, we define the tensor product
of Pauli operators weighted by the vector v as

P⊗v := P v1 ⊗ P v2 ⊗ · · · ⊗ P vk , (34)

where P vi denotes the Pauli operator P raised to the power corresponding to the i-th entry of the
vector v. In particular, if vi = 0, then P vi = 1, where 1 denotes the identity operator. We also
define the binary matrix representation B(P⊗v) = vb(P )T ∈ Fk×2n

2 , where the copies represent
rows and the system columns.

Note that the binary matrix representation B(P⊗v) = vb(P )T corresponds to the vectorization
of the bitstring: b(P⊗v) = v ⊗ b(P ).

We now introduce the concept of anticommutation graph associated with a subset of Pauli
operators, which is a common tool in other contexts of quantum information theory [2, 3, 6, 16,
26, 50, 81]. To define it formally, we first establish the notation for graphs and their adjacency
matrices.

Definition 11 (Graph and its adjacency matrix). A graph G is a pair G = (W,E), where

• W = {w1, w2, . . . , wm} is a finite set of elements called vertices (also referred to as nodes),

Accepted in Quantum 2026-04-11, click title to verify. Published under CC-BY 4.0. 13



• E ⊆ {(wi, wj) | wi, wj ∈ W,wi ̸= wj} is a set of edges, where each edge is an unordered pair
of distinct vertices from W , i.e., (wi, wj) represents an edge between wi and wj.

The adjacency matrix A ∈ Fm×m
2 of a graph G = (W,E) is a (symmetric) matrix where the rows

and columns correspond to the vertices w1, w2, . . . , wm. The entries Ai,j are defined as

Ai,j =
{

1, if (wi, wj) ∈ E,

0, otherwise.
(35)

Definition 12 (anticommutation graph). Given a collection of Pauli operators P := (P1, . . . , Pm) ∈
P×m
n , we define its associated anticommutation graph as the graph given by the pair (P, E), where

• The vertices are given by P := (P1, . . . , Pm),

• The set of edges is defined by

E := {(Pi, Pj) | Pi, Pj ∈ P, [Pi, Pj ] ̸= 0}, (36)

where an edge connects two vertices Pi and Pj if their corresponding Pauli operators anti-
commmute. We denote by A(P) the adjacency matrix of anticommutation graph associated
with P. Note that, by construction, A(P ) ∈ Sym0(Fm×m

2 ).

The element A(P)i,j can be expressed in terms of the bitstring representation of the Pauli
operators in P as

A(P)i,j = b(Pi)T (J + JT )b(Pj), (37)

as it follows from Eq. (32) and the definition of anticommutation graph (see also Ref. [2]). Thus,
we have

A(P ) = BTP (J + JT )BP , (38)

where we recall that BP denotes the matrix whose columns correspond to the bitstring represen-
tations of the Pauli operators in P . We now present the following lemma, which will be crucial in
subsequent sections.

Lemma 13 (Decomposition of Pauli operators into tensor products). For any Pauli operator
Q ∈ P⊗k

n , there exists a unique integer m ≤ k (referred to as the order) such that Q can be expressed
in terms of linearly independent binary vectors v1, . . . , vm ∈ Fk2 and algebraically independent Pauli
operators P := (P1, . . . , Pm) ∈ Pmn , satisfying

Q = ϕP⊗v1
1 P⊗v2

2 · · ·P⊗vm
m , (39)

for some phase factor ϕ ∈ {±1,±i}. Moreover, any two such decompositions of the same operator
Q are related by an invertible transformation A ∈ GL(Fm×m

2 ), acting as

V 7→ V ′ = V A, BP 7→ BP ′ = BPA
−T , (40)

where

• V ∈ Fk×m
2 is the matrix whose columns are v1, . . . , vm,

• BP ∈ F2n×m
2 is the matrix whose columns correspond to the bitstring representations of the

Pauli operators in P,

• A−T denotes the inverse transpose of A.

Equivalently, Q can be written as Q ∝ P
′⊗v′

1
1 P

′⊗v′
2

2 · · ·P ′⊗v′
m

m , where v′
i is the i-th column of V A,

and P ′
i is the Pauli operator whose bitstring representation is encoded in the i-th column of BPA

−T ,
i.e., P ′

i ∝
∏m
j=1 P

A−1
i,j

j , up to an overall phase factor.
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Proof. The bitstring representation of Q ∈ P⊗k
n , denoted as b(Q) ∈ F2nk

2
∼=
(
F2n

2
)⊗k, can be

mapped to a matrix B(Q) ∈ Fk×2n
2 via the vectorization isomorphism, where each row corresponds

to the Pauli bitstring in one of the k copies. For a Pauli operator P ∈ Pn and a vector v ∈ Fk2 , the
bitstring representation of P⊗v via the vectorization isomorphism is given by

B(P⊗v) := vb(P )T . (41)

Furthermore, given a collection of Pauli operators P = (P1, . . . Pm) ∈ P×k
n and vectors V =

(v1, . . . , vm) ∈ Fk×m
2 , by the vectorization isomorphism, this leads to the matrix expression

B(P⊗v1
1 P⊗v2

2 · · ·P⊗vm
m ) =

m∑
j=1

vjb(Pj)T = V BTP . (42)

This implies that the claim of the lemma, which asserts the existence of a decomposition of Q into
tensor products of Pauli operators, can be shown by decomposing B(Q) in the form

B(Q) = V BTP, (43)

where V ∈ Fk×m
2 and BP ∈ Fm×2n

2 are matrices with linearly independent columns. The linearly
independent columns of V correspond to the vectors v1, . . . , vm, while the linearly independent
columns of BP correspond to the bitstring representations of the Pauli operators P1, . . . , Pm,
ensuring that these operators are algebraically independent.

Furthermore, to ensure that m is unique, we take m to be m = rank(B(Q)), which represents
the number of linearly independent rows of B(Q) over F2. Consequently, we can choose V and BP
to be the minimal rank decompositions of B(Q). This decomposition can be achieved by performing
Gaussian elimination, writing B(Q) as

B(Q) = A

(
X

0(k−m)×2n

)
, (44)

where X ∈ Fm×2n
2 has maximal rank m = rank(B(Q)), 0(k−m)×2n ∈ F(k−m)×2n

2 is the zero matrix,
and A ∈ GL(Fk,k2 ) is the invertible matrix resulting from Gaussian elimination on the rows. Thus,
by taking V to be the matrix formed by the first m columns of A (which are linearly independent,
since A ∈ GL(Fk,k2 )), and defining BP := XT , we obtain the desired decomposition

B(Q) = A

(
X

0k−m,2n

)
= V BTP. (45)

Moreover, this decomposition is not unique. Specifically, we haveB(Q) = V BTP = (V A)
(
A−1BTP

)
for any A ∈ GL(Fm×m

2 ), which implies that also V ′ := V A and B′
P := BPA

−T also give rise to a
valid decomposition. This establishes the desired transformation, with all minimal m-rank transfor-
mations related by this gauge transformation. Furthermore, all the possible decompositions must
be of this form: in fact, the condition span(V ) = span(B(Q)) = span(V ′) must hold, meaning
that the column vectors of V , B(Q), and V ′ span the same vector space, regardless of the specific
decomposition. Since all bases are related by an invertible linear transformation, we conclude that
V ′ = V A for some invertible matrix A, which is captured by the gauge transformation.

Lemma 14 (Canonical graph form). Let P := (P1, . . . , Pm) ∈ Pmn be a set of Pauli operators, and
define r := rank2(A(P ))/2, where A(P ) is the adjacency matrix of the anticommutation graph
associated with P . Then, there exists a transformation Pi 7→ Qi given by

Qi :=
m∏
j=1

P
Aj,i

j , for all i ∈ [m], (46)

for some A ∈ GL(Fm×m
2 ), such that the adjacency matrix of the anticommutation graph A(Q)

associated with Q := {Q1, . . . , Qm} takes the block-diagonal form

A(Q) =
r⊕
i=1

(
0 1
1 0

)
⊕ 0m−2r,m−2r. (47)
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Proof. The proof follows inductively. We begin by selecting two Pauli operators Pi and Pj which
anticommmute. Next, for α ∈ [m] \ {i, j}, if Pα anticommmutes with Pi, we map Pα 7→ PαPj
so that it now commutes with Pi. After this transformation, if Pα anticommmutes with Pj , we
map Pα 7→ PαPi, ensuring that it now commutes with Pj as well. This ensures that Pi and
Pj anticommmute with each other but commute with any other Pauli operator in the new set.
Repeating this process for all other pairs of anticommmuting Pauli operators results in a new set
Q that has the desired structure of the graph after relabeling.

Let BP be the binary matrix whose columns are the bitstring representations of the Pauli
operators in P . Similarly, let BQ be the corresponding matrix for Q. Since the operation Pα 7→
PαPj is invertible, there must exist an invertible mapping between the associated bitstring matrices
BP and BQ, meaning that BQ = BPA, for some A ∈ GL(Fm×m

2 ). Thus, Q can be expressed in
terms of P as in Eq. (46). This implies that the adjacency matrix of the anticommutation graph
of Q, A(Q), satisfies

A(Q) = (BPA)T (J + JT )(BPA) = ATA(P )A, (48)

where J + JT is the standard symplectic matrix (see Eq. (38)). Furthermore, since

rank2(A(Q)) = rank2(ATA(P )A) = rank2(A(P )), (49)

the rank of the anticommutation graph is preserved.

So from the previous Lemma it follows this standard fact regarding the normal form of skew-
symmetric binary matrices:

Let M ∈ Sym0(Fm×m
2 ) be a symmetric binary matrix with vanishing diagonal. Then there

exists an invertible matrix A ∈ GL(Fm×m
2 ) such that

ATMA =
r⊕
i=1

(
0 1
1 0

)
⊕ 0m−2r, (50)

where rank(M) = 2r.

3.3 Clifford group
The Clifford group can be defined as follows:

Definition 15 (Clifford group). The Clifford group Cn is a subgroup of the unitary group U(2n),
consisting of all unitary operators that map the Pauli basis Pn onto itself under conjugation

Cn := {C ∈ U(2n) | CPC† ∈ Pn up to a ± phase, ∀P ∈ Pn} . (51)

It is straightforward to verify that the set of Clifford operators forms a group under matrix
multiplication.

Definition 16 (Stabilizer states). The set of n-qubit stabilizer states consists of all pure quantum
states that can be obtained from the computational basis state vector |0⟩⊗n via the action of a
Clifford unitary C ∈ Cn. This set is denoted as STAB(n).

We now state a lemma that will be used extensively in our analysis. Although the lemma can be
shown as a corollary of the Witt’s extension lemma [52], here we provide a proof for self-consistency
and pedagogical clarity.

Lemma 17 (Clifford action on multiple Pauli operators). For two lists of algebraically independent
Pauli operators P = (P1, . . . , Pm) and Q = (±Q1, . . . ,±Qm) ∈ (±Pn)×m, where Q represents any
choice of signed Pauli operators, there exists a Clifford C that maps P to Q under conjugation
(i.e., CPC† = Q) if and only if A(P ) = A(Q).
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Proof. The fact that the two sets P and Q must have the same anticommutation graph when
mapped into each other by a Clifford follows directly from the unitarity of Clifford operators. The
non-trivial aspect of the proof is the existence of a Clifford operator, given that A(P ) = A(Q),
which we outline below. The proof is constructive. First of all, note that it cannot be m > 2n,
because otherwise the Pauli operators in P must necessarily be algebraically dependent. Thus, let
us first assume that m = 2n. This means that both sets form a generating set of the Pauli group
Pn. Let us denote Pα :=

∏m
i=1 P

αi
i , where α ∈ Fm2 , and analogously Qα :=

∏m
i=1 Q

αi
i . We can

define the linear map C : B(H) → B(H) as

C(X) = 1
d

∑
α∈{0,1}m

tr
(
P †
αX
)
Qα. (52)

Notice that C(Pα) = Qα as desired, so we are just left to show that C is a unitary transformation
in order to conclude that it corresponds to a Clifford operator, thus finishing the proof.

To do this, it is sufficient to show that the corresponding Choi state, defined as

ρC := C ⊗ I

 1√
d

d∑
i,j=1

|i, i⟩ ⟨j, j|

 ∈ B
(
H⊗2) , (53)

is a pure state and that tr1(ρC) = 1
d , where tr1 denotes the partial trace over the first copy of H

(to ensure trace preservicity) [77]. It is not difficult to be convinced that the Choi state of the map
C(·) is ρC = 1

d2

∑
α∈{0,1}m Qα ⊗ P ∗

α. To show that ρC is a pure state, let us compute the purity.
The following chain of identities holds

ρ2
C = 1

d4

∑
α,β∈{0,1}m

(Qα ⊗ P ∗
α)(Qβ ⊗ P ∗

β ) (54)

= 1
d4

∑
α,β∈{0,1}m

QαQβ ⊗ P ∗
αP

∗
β

= 1
d4

∑
α,β∈{0,1}m

Qα+β ⊗ P ∗
α+β

= 2m
d4

∑
α∈{0,1}m

Qα ⊗ P ∗
α = 2m

d2 ρC ,

where the third step holds because Pi and Qi have the same anticommutation relations, meaning
the signs arise from the commutation relations when reordering cancel. This means that for
m = 2n, the Choi-state of C is a pure state. As tr1(ρC) = 1

d , one can conclude that C(·) is a unitary
and, therefore, a Clifford operation, since it maps Pauli operators to Pauli operators.

In the case when m < 2n, it is sufficient to add 2n−m algebraically independent Pauli operators
to both sets P and Q, completing them to generating sets P̄ and Q̄, respectively, for the full Pauli
group Pn, while ensuring that

A(P̄ ) = A(Q̄). (55)

This allows us to proceed with the previous proof. We can perform this completion step due to
Lemma 14, as it suffices to only consider the canonical graph

A(P ) =
r⊕
i=1

(
0 1
1 0

)
⊕ 0m−2r,m−2r, (56)

as A(P ) 7→ AA(P )AT (A ∈ GL(Fm×m
2 ) only corresponds to a generator change of the algebra

generated by P and Q, meaning the algebra is the same). Adding Pauli operators to P and Q as
in the proof of Lemma 14 to maintain the canonical forms until m = 2n ensures that

A(P̄ ) = A(Q̄) =
n⊕
i=1

(
0 1
1 0

)
(57)

holds. Afterwards the transformation (A) can be inverted.
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Following Definition 4, we denote the commutant of k-tensor powers of the Clifford group as
Com(C⊗k

n ), we denote the twirling super-operator over the Clifford group (see Eq. (23)) as

Φ(k)
Cl (·) := 1

|Cn|
∑
C∈Cn

C⊗k(·)C†⊗k. (58)

According to Lemma 5, the twirling channel projects any operator onto the k-th order commutant

of the group. Thus, Φ(k)
Cl (O) for any operator O can be expressed as a linear combination of

the basis elements of the k-th order Clifford commutant. Finding a basis for the commutant is,
therefore, crucial for computing such object and, consequently, the average properties of random
Clifford circuits—an essential component in numerous applications in quantum information [29,
30, 39, 48, 58, 60, 71]. Since the Clifford group Cn is a subgroup of the unitary group U(2n), it
follows that the commutant of the unitary group is contained in the commutant of the Clifford
group, i.e.,

Com(U(2n)⊗k) ⊆ Com(C⊗k
n ). (59)

It has been shown that the two commutants are equal, i.e., Com(U(2n)⊗k) = Com(C⊗k
n ), only if

k ≤ 3, making the Clifford group a unitary 3-design, but not a 4-design [84]. Additionally, the
k-th commutant of the unitary group is spanned by the so-called permutation operators acting on
k copies of the Hilbert space, which we define in the next subsection.

Let us conclude the section, by introducing the function

χ(A,B) := 1
d

tr
(
ABA†B†), (60)

where A and B are operators. This function satisfies the easy-to-verify symmetry properties

χ(A,B) = χ(ϕAA, ϕBB), (61)
χ(A,B) = χ(B†, A) = χ(A†, B†), (62)
χ(A,B) = χ(UAU†, UBU†), (63)

where ϕA, ϕB ∈ {±1,±i} and U is any unitary operator.

Lemma 18. Let P,Q be operators from the set Pn. The following properties hold:

1. χ(P,Q) can be written as

χ(P,Q) =
{

1, if [P,Q] = 0,
−1, if {P,Q} = 0,

(64)

and we have that PQP = χ(P,Q)Q.

2. It holds that
∑
Q∈Pn

χ(P,Q) = d2δP,1.

3. If R belongs to Pn up to a phase factor, we have χ(R,PQ) = χ(R,P )χ(R,Q).

4. If K =
√
χ(P,Q)PQ, then K belongs to Pn up to a ±1 factor, and

χ(P,Q) = χ(P,K) = χ(K,P ) = χ(Q,K) = χ(K,Q). (65)

Proof. The first claim follows directly from the definition of χ(P,Q) and the commutation relations
of Pauli operators. The second claim follows from the fact that∑

Q∈Pn

χ(P,Q) = 1
d

∑
Q∈Pn

tr(QPQP ) = tr(P )2 = d2δP,1, (66)

where in the third step we have used that 1
d2

∑
Pn
QPQ = tr(P )

d 1, which follows from the fact that
the uniform distribution over the Pauli basis is a 1-design.
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For the third claim, we have

χ(R,PQ) = 1
d

tr
(
RPQR†(PQ)†) = 1

d
tr(RPQRQP ) = 1

d
χ(R,Q) tr

(
RPR†P †) = χ(R,Q)χ(R,P ),

(67)

where in the first step we have used the definition of χ, and in the third step we have used that
QRQ = χ(R,Q)R.

For the last claim, define K ′ = ϕPQ, where ϕ ∈ {±1,±i} is a phase factor such that K ′ ∈ Pn
up to a ±1 factor. Since K ′2 = 1, we have

1 = K ′2 = (ϕPQ)2 = ϕ2PQPQ = ϕ2χ(P,Q)1. (68)

This implies ϕ2χ(P,Q) = 1, so ϕ = ±
√
χ(P,Q). Thus, K ′ =

√
χ(P,Q)PQ is in Pn, up to a ±1

factor.
Finally, χ(P,Q) = χ(P,K) follows from the first item in this list, along with the fact that

[P,K], up to a ±1 factor, is given by

[P,K] ∝ [P, PQ] = P 2Q− PQP = Q− χ(P,Q)Q = (1 − χ(P,Q))Q, (69)

i.e., P and Q commute if and only if P commutes with K. We have χ(P,K) = χ(K,P ) due to
Eq. (61) and the fact that K and P are Hermitian. Similarly, it follows χ(P,Q) = χ(Q,K).

3.4 Permutation operators
We denote Sk as the group of permutations of k objects, also known as the symmetric group [32].
The symmetric group Sk is a discrete group of order |Sk| = k!. For π ∈ Sk, we define Tπ ∈ B(H⊗k)
as the unitary representation of π on k copies of the Hilbert space of n-qubits, given by the following
definition.

Definition 19 (Permutation operators). Given π ∈ Sk, an element of the symmetric group Sk,
the permutation matrix Tπ is the unitary matrix satisfying:

Tπ |ψ1⟩ ⊗ · · · ⊗ |ψk⟩ =
∣∣ψπ−1(1)

〉
⊗ · · · ⊗

∣∣ψπ−1(k)
〉
, (70)

for all |ψ1⟩ , . . . , |ψk⟩ ∈ Cd.

Permutation operators are linearly independent for k ≤ d, and linearly dependent otherwise.
With this definition in hand, we can state the following result, often referred to as Schur-Weyl

duality, which provides a full characterization of the commutant of the unitary group. The following
lemma characterizes a basis for the commutant of the unitary group as permutation operators Tπ
with π ∈ Sk.

Lemma 20 (Commutant of the unitary group). Let U(d) be the unitary group, Com(U(d)) the
k-th order commutant of the unitary group, and Sk the symmetric group. Then

Com(U(d)⊗k) = span{Tπ : π ∈ Sk}, (71)

i.e., permutation operators provide a basis of the commutant of the unitary group. For k ≤ d,
then the dimension of the commutant coincides with the number of permutation operators, i.e.,
dim(Com(U(d)⊗k)) = k!. For the proof, we refer to Refs. [19, 20].

Note that from the definition of permutation operators, it follows that TσTπ = Tσπ and Tπ−1 =
T †
π . Equivalently, we can write the permutation matrix as

Tπ =
∑

i1,...,ik∈[d]k

∣∣iπ−1(1), . . . , iπ−1(k)
〉〈
i1, . . . , ik

∣∣ . (72)

Thus, we have the property

Tπ (A1 ⊗ · · · ⊗Ak)T †
π = Aπ−1(1) ⊗ · · · ⊗Aπ−1(k), (73)
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for A1, . . . , Ak ∈ B(H).
Another notable property of permutation operators Tπ is that they factorize on n-qubits. Specif-

ically, for any π ∈ Sk, one can express Tπ as a product of permutation operators

Tπ = t⊗nπ (74)

acting on individual qubits, where tπ :=
∑
i1,...,ik∈{0,1}k

∣∣iπ−1(1), . . . , iπ−1(k)
〉〈
i1, . . . , ik

∣∣ is the oper-
ator representation of π on the single-qubit Hilbert space B(C2). Swap operators are defined as the
permutation operators T(ij), where π = (ij) corresponds to swapping the i-th and j-th registers.
We can also express swap operators in the Pauli basis. For example,

T(1 2) = 1
d

∑
P∈Pn

P⊗2 ⊗ 1dk−2 . (75)

A generating set of permutations consists of the k−1 neighboring swap operations {T(i i+1)}i∈[k−1].
In fact, the minimal number of swaps m required to generate a given permutation π follows

from its cycle notation: since a cycle of length l can be generated by l − 1 swaps, we obtain
m = k − #cycles ≤ k − 1.

3.5 Haar average over the unitary group
We now review the Haar average over the full unitary group and introduce the key techniques for
computing the twirling operator when Gn = U(2n). For a more comprehensive tutorial on this
topic, we refer to other references (e.g., see Refs. [51, 62]). For simplicity, we denote the twirling

operator over the full unitary group as Φ(k)
Haar(·), following the common convention in the literature,

where the Haar measure over the unitary group is often referred to simply as the Haar measure.

Exploiting Lemma 20, we can write the twirling operator Φ(k)
Haar(O) in Eq. (23) as

Φ(k)
Haar(O) =

∑
π∈Sk

cπ(O)Tπ . (76)

To determine the explicit form of the coefficients, we now introduce the so-called Weingarten
calculus [79].

Lemma 21 (Weingarten calculus). Let Φ(k)
Haar(O) be the k-fold twirling of an operator O ∈ B(H⊗k),

and let Sk be the symmetric group. Then, we have

Φ(k)
Haar(O) =

∑
π,σ∈Sk

(Λ−1)π,σ tr(TσO)Tπ, (77)

where the coefficients (Λ−1)π,σ are the Weingarten functions, defined through the (pseudo-)inverse
of the symmetric matrix Λ with components

Λπ,σ = tr(TπTσ) = d|πσ|. (78)

Here, |π| denotes the length of the permutation, defined as the number of cycles in the cycle de-
composition of π.

Proof. Multiplying both sides of Eq. (76) by a permutation operator Tπ and taking the trace, we
obtain

tr(Φ(k)
Haar(O)Tσ) =

∑
π∈Sk

cπ(O) tr(TπTσ). (79)

From this expression, it is evident that Λ is a symmetric matrix. Using Eq. (23) and the fact that
Tπ ∈ Com(U(2n)⊗k), we observe that tr(Φ(k)

Haar(O)Tσ) = tr(OTσ). Now, defining the k! × k! matrix
Λ with components Λπ,σ = tr(TπTσ), we can invert the above relation to solve for the coefficients
cπ(O), to get

cπ(O) =
∑
σ∈Sk

(Λ−1)π,σ tr(TσO). (80)
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The matrix Λ is invertible for k ≤ d, since it is the Gram matrix of the linearly independent
family {Tπ}π∈Sk

with respect to the Hilbert–Schmidt inner product. When k > d, it is still possible
to employ the Moore-Penrose pseudoinverse.

Hence, after obtaining the matrix Λ—which is independent of the specific choice of opera-
tor O—fully characterizing the twirling channel as given in Eq. (23) requires computing the k!
coefficients tr(OTσ) for every σ ∈ Sk.

Lastly, let us introduce the asymptotic behavior of the Weingarten functions (see Lemma 21)
in the limit of large d and k = o(d). In many cases–if not most–we are primarily interested in
studying the asymptotic behavior of averaged quantities as d grows. Notably, Don Weingarten has
been the first to analyze the asymptotic behavior of Weingarten functions in Ref. [79], and later,
Collins [20] provided a general formula for integration over the unitary group U(2n).

Lemma 22 (Asymptotics of Weingarten functions [79]). Let Λ be the k! × k! matrix with compo-
nents Λπ,σ = tr(TπTσ). Then, in the limit of large d, the components of the inverse matrix Λ−1

behave as
(Λ−1)π,π = d−k +O(d−(k+2)),
(Λ−1)π,σ = O(d−(k+|πσ|)), π ̸= σ.

(81)

The above asymptotics provide an extremely useful tool for applications (see also Ref. [57]).
In the following proposition, we present an example of a Haar average over the unitary group
in the context of the orbit of a pure quantum state, which serves as a useful illustration for the
subsequent discussion on averaging over the Clifford group. Additionally, in Appendix A.1, we
provide a user-friendly guide on how to perform such averages for relatively low values of k.

An example of particular interest arises when the operator O ∈ B(H⊗k) in Eq. (23) is chosen

as O = |ψ0⟩⟨ψ0|⊗k, where we consider k identical copies of a state vector |ψ0⟩.

Proposition 23 (Haar orbit of pure states). Let d and k be natural numbers. Consider a pure
quantum state ψ0. Throughout this manuscript, we denote the uniform (Haar) measure over pure
states in the Hilbert space by dψ. Specifically, we have the expression

Ψ(k)
Haar := Φ(k)

Haar(ψ
⊗k
0 ) =

∫
dψ ψ⊗k = Πsym

tr(Πsym) (82)

for the Haar average, where Πsym := 1
k!
∑
π Tπ, and

tr(Πsym) =
(
d+ k − 1
d− 1

)
= 1
k!d(d+ 1)(d+ 2) · · · (d+ k − 1). (83)

Proof. The Haar orbit of a pure state vector |ψ0⟩ is independent of the chosen specific state, due to
the invariance of the Haar measure. To determine the coefficients cπ(ψ⊗k

0 ) in Eq. (76), we can make
use of the symmetric property of Ψ(k)

Haar, which is invariant under left and right multiplication by
permutation operators Ψ(k)

Haar = TπΨ(k)
Haar = Ψ(k)

HaarTπ. This symmetry implies that the coefficients
cπ(ψ⊗k

0 ) must be equal for all π, i.e., cπ(ψ⊗k
0 ) = N−1, where N is a normalization constant.

Importantly, this step does not require the permutations to be linearly independent. Thus, we can
express ΨHaar as ΨHaar = N−1∑

π Tπ. To determine the normalization constant N , we impose the
condition tr(ΨHaar) = 1, which gives us the final result. The dimension of the symmetric subspaces
can be verified explicitly (see, e.g. Ref. [41]).

4 Characterization of the Clifford commutant from first principles
In this section, we present a rigorous construction of the k-th order commutant of the Clifford
group from first principles. Our approach is based solely on the fundamental properties of Pauli
operators, introduced in Section 3, ensuring a clear and self-contained derivation.

To this end, we begin by defining an equivalence class associated with a Pauli operator acting on
multiple tensor copies of the system. This class is characterized by a decomposition matrix V and
the anticommutation graph G corresponding to the Pauli operators appearing in the decomposition.
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Definition 24 (Equivalence class of Pauli operators). Let P ∈ P⊗k
n be a Pauli operator. Let

P1, . . . , Pm ∈ Pn be algebraically independent Paulis and V ∈ Fk×m
2 with columns V = (v1, . . . , vm)

such that P ∝ P⊗v1
1 · · ·P⊗vm

m . Let G ∈ Fm×m
2 be the anticommutation graph of P1, . . . , Pm. We

define the equivalence class of the pair (V,G) as

[V,G] := {(V ′, G′) | ∃A ∈ GL(Fm×m
2 ) such that V ′ = V A, G′ = A−1GA−T }, (84)

where A−T denotes the inverse transpose of A. Furthermore, we can define the map M : P⊗k
n →

{[V,G]}V,G which maps P 7→ [V,G].

We now verify that the above definition is well posed, i.e., the mapping P 7→ [V,G] is consistent.

Proof. By Lemma 13, any Pauli operator P ∝ P⊗v1
1 · · ·P⊗vm

m is associated with a matrix V ∈ Fk×m
2

whose columns are (v1, . . . , vm), and a matrix BP whose columns encode the bitstring represen-
tation of the Pauli operators P := (P1, . . . , Pm) ∈ P×k

n . Any other valid decomposition, say
(V ′, BP ′), must be related to (V,BP ) through an invertible transformation A ∈ GL(Fm×m

2 ), such
that V ′ = V A and BP ′ = BPA

−T (Lemma 13). Since the adjacency matrix of the anticommu-
tation graph associated with P is G := BTP (J + JT )BP (by Eq. (38)), it follows that under the
transformation BP ′ = BPA

−T , the corresponding adjacency matrix becomes G′ = A−1GA−T .
This confirms that [V,G] is well defined.

4.1 An orthogonal basis for the commutant: the algebraic independent graph-based
basis

We now present the first of our main results, namely an orthogonal basis for the k-th order
commutant of the Clifford group for any k and n, denoting number of qubits. In subsequent
sections, we will refer to this basis as algebraically independent graph-based basis (see Definition 52).

Theorem 25 (Orthogonal basis for the Clifford commutant). Let M : P ∈ P⊗k
n 7→ M(P ) = [V,G]

be the map from the Pauli operators P⊗k
n to the equivalence class [V,G], defined in Definition 24.

Then, the set of operators
℧I([V,G]) := 1

|S[V,G]|
∑

P∈S[V,G]

φ(P )P (85)

where S[V,G] = {Q ∈ P⊗k
n |M(Q) = [V,G]}, φ(P ) := tr

(
PT(k···21)

)
with V ∈ Even(Fk×m

2 ) and
G ∈ Sym0(Fm×m

2 ) with rank2(G) ≥ 2(m−n) (which is equivalent to requiring that ℧I([V,G]) ̸= 0),
forms an orthogonal basis for Com(C⊗k

n ) for any n, k.

Proof. Our proof strategy is similar to that used in the proof of Lemma 4.8 in Ref. [37], which
exploits the fact that a basis of the commutant is given by the image of the twirling operator acting
on Pauli operators.

In particular, we start by noticing that the image of the Clifford twirling super-operator Φ(k)
Cl (·)

defined in Eq. (58) is precisely the commutant of the Clifford group. So that we can consider the
operator basis of Pauli operators P⊗k

n and construct the commutant as

Com(C⊗k
n ) = span{Φ(k)

Cl (P ) : P ∈ P⊗k
n } . (86)

Using Lemma 6, we obtain

Φ(k)
Cl (P ) = 1

|Cn|
∑
C∈Cn

C⊗kPC†⊗k = 1
|orb(P )|

∑
Q∈orb(P )

Q , (87)

where orb(P ) := {Q ∈ ±Pn | ∃C ∈ Cn : Q = C⊗kPC†⊗k} is the orbit of P under the Clifford
group which maps Pauli operators to Pauli operators up to phases.

We observe that Φ(k)
Cl (P ) can be zero (for instance, if −P ∈ orb(P ), then Φ(k)

Cl (P ) = 0). Thus,
we seek necessary and sufficient conditions under which the twirl is non-zero. To this end, we apply
Lemma 13 and write P = ϕP⊗v1

1 · · ·P⊗vm
m , with associated matrices V , BP , and anticommutation

graph G associated to the tuple P = (P1, . . . , Pm).
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We now show that the following conditions are equivalent:

Φ(k)
Cl (P ) ̸= 0 ⇐⇒ φ(P ) ̸= 0 ⇐⇒ V ∈ Even(Fk×m

2 ), (88)

where we define

φ(P ) := 1
d

tr
(
PT(k···21)

)
, (89)

which is invariant under Clifford conjugation, since T(k···21) ∈ Com(C⊗k
n ) (due to the fact that it

lies in the unitary group commutant).
First, we show that φ(P ) ̸= 0 implies Φ(k)

Cl (P ) ̸= 0. Indeed, we have φ(P ) = φ
(

Φ(k)
Cl (P )

)
,

because φ is linear and Clifford-invariant. Therefore, if φ(P ) ̸= 0, then Φ(k)
Cl (P ) ̸= 0.

Next, we show that φ(P ) ̸= 0 is equivalent to V ∈ Even(Fk×m
2 ). We can write

φ(P ) = 1
d

tr
(
PT(k···21)

)
= 1
d
ϕ tr

(
k∏

α=1

m∏
i=1

P
(vi)α

i

)
, (90)

where we used the identity tr
(
O1 ⊗ · · · ⊗Ok T(k···1)

)
= tr(O1 · · ·Ok), valid for any operators

O1, . . . , Ok (see Eq. (70)). The trace is non-zero if and only if the total product of Pauli opera-
tors is proportional to the identity, which holds when

∑
i,j(vi)j b(Pi) ≡

∑
i |vi| b(Pi) ≡ 0 (mod 2).

Since the Pi are algebraically independent (see Lemma 13), this condition is equivalent to requiring
|vi| ≡ 0 (mod 2) for all i, i.e., V ∈ Even(Fk×m

2 ).
Finally, we show that Φ(k)

Cl (P ) ̸= 0 implies V ∈ Even(Fk×m
2 ) (and therefore φ(P ) ̸= 0). Suppose,

for contradiction, that V /∈ Even(Fk×m
2 ). Then there exists an index i such that |vi| ≡ 1 (mod 2).

Consider a Clifford operator that maps Pi 7→ −Pi while leaving all Pj with j ̸= i unchanged.
Under this conjugation, P 7→ −P , which implies Φ(k)

Cl (P ) = −Φ(k)
Cl (P ), and thus Φ(k)

Cl (P ) = 0, a
contradiction.

We have therefore established the equivalence claimed in Eq. (88).
We now show that the elements of orb(P ) correspond to the elements of S[V,G] = {Q ∈ P⊗k

n |
M(Q) = [V,G]}, each multiplied by a specific sign ±1, denoted θ(P,Q), depending on P .

Given a Pauli operator written as P = ϕP⊗v1
1 · · ·P⊗vm

m , the action of a Clifford unitary C ∈ Cn
on P takes the form

C⊗kPC†⊗k = ϕC⊗k (P⊗v1
1 · · ·P⊗vm

m

)
C†⊗k = ϕ

m∏
i=1

(
C⊗kP⊗vi

i C†⊗k) . (91)

and, therefore, both V and G are preserved by the action of C. Thus, M(C⊗kPC†⊗k) = M(P ),
and so C⊗kPC†⊗k ∈ S[V,G], up to a global sign. Conversely, for any Q ∈ S[V,G], there exists a
Clifford unitary C ∈ Cn such that C⊗kPC†⊗k = θ(P,Q)Q, where θ(P,Q) ∈ {±1}. Hence, the
Clifford orbit of P consists of all the elements of S[V,G], each weighted by a sign θ(P,Q).

We can therefore express the Clifford twirl of P as

Φ(k)
Cl (P ) = 1

| orb(P )|
∑

R∈orb(P )

R = 1
|S[V,G]|

∑
Q∈S[V,G]

θ(P,Q)Q, (92)

where [V,G] = M(P ).
We can now observe that θ(P,Q) = φ(Q)/φ(P ) = φ∗(P )φ(Q). To see this, consider a

Clifford C and C⊗kPC†⊗k = θQ with θ = ±1. Since ϕ(P ) is Clifford invariant, we have
ϕ(P ) = ϕ(C⊗kPC†⊗k) = θϕ(Q), which implies θ = ϕ(P )/ϕ(Q) = φ(Q)/φ(P ) = φ∗(P )φ(Q)
proving Eq. (92).

We can, therefore, write

Φ(k)
Cl (P ) = φ∗(P )℧I([V,G]) where [V,G] = M(P ). (93)
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Thus, we have established that the set of operators ℧I([V,G]) generates the commutant. Next,
we demonstrate that these operators are orthogonal with respect to the Hilbert-Schmidt inner
product,

tr
(
℧I([V,G])†℧I([V ′, G′])

)
= 0 for [V,G] ̸= [V ′, G′]. (94)

In fact, we have

tr
(
℧I([V,G])℧†

I([V ′, G′])
)

= 1
|S[V,G]||S[V ′,G′]|

∑
P∈S[V,G]
P ′∈S[V ′,G′]

φ(P )φ−1(P ′) tr
(
PP ′†) =

dkδ[V,G],[V ′,G′]

|S[V,G]|
,

(95)

since the trace tr
(
PP ′†) vanishes unless P = P ′, which requires P and P ′ to belong to the same

orbit. That is, the contribution is nonzero only when [V,G] = [V ′, G′], because orbits are disjoint.
This result demonstrates that the operators ℧I([V,G]) are linearly independent, provided that

℧I([V,G]) ̸= 0. Since P ∈ P⊗k
n serves as an operator basis, it follows that the set of non-zero,

independent graph-based monomials forms a basis of the commutant for any n and k.
The remainder of the proof is now devoted to determining the conditions on V,G under which

℧I([V,G]) is non-zero, which is the case if and only if the set S[V,G] is not empty. First we note,
that this property is independent of V , as long as V ∈ Even(Fk×m

2 ). As such, it reduces to
asking whether a matrix G ∈ Sym0(Fm×m

2 ) can represent a valid anticommutation graph of Pauli
operators on n qubits. By Lemma 14, we can take a representant of [V,G], where

G :=
r⊕
i=1

(
0 1
1 0

)
⊕ 0m−2r,m−2r (96)

and where r := rank2(G)/2. Naturally, we can construct a set of Pauli operators that satisfy the
anticommutation graph by choosing the set {Xi, Zi}i≤r ∪ {Zi}r+1≤i≤m. This requires n ≥ m− r
many qubits. If instead n ≤ m− r, we have that S[V,G] must be the empty set, as it must contain
m − r algebraically independent and commuting Pauli operators, which requires at least m − r
many qubits. As such, r ≥ m−n needs to be satisfied for ℧I([V,G]) to not vanish. This concludes
the proof.

Another way to express ℧I([V,G]), up to a global phase factor, is as follows. Given V ∈
Even(Fk×m

2 ) and G ∈ Sym0(Fm×m
2 ), one can define the operator

℧I(V,G) := 1
|S[V,G]|

∑
P∈P×m

n

A(P)=G
P alg. ind.

m∏
j=1

P
⊗vj

j , (97)

where the sum runs over algebraically independent tuples of Pauli operators P = (P1, . . . , Pm) such
that A(P) = G. By construction, ℧I(V,G) is proportional to ℧([V,G]), as defined in the previous
theorem, with a proportionality factor given by a global phase in {±1,±i}, which depends on the
choice of representative V for the equivalence class [V,G].

4.2 Dimension of the Clifford commutant
Theorem 25 provides a basis for the commutant for any k, n, by leveraging the fact that the image
of the Clifford twirling on the Pauli group P⊗k

n yields an orthogonal basis of the commutant. The
crucial element of the proof is the identification of nonzero orbits through the equivalence classes
[V,G] into which each Pauli operator P ∈ P⊗k

n falls. Specifically, the vector space V and the
anticommutation graph G associated with P correspond to the only invariants of the Clifford orbit

of P . By establishing a necessary and sufficient condition for Φ(k)
Cl (P ) ̸= 0 through the equivalence

class [V,G], we can directly determine the dimension of the commutant, as stated in the following
theorem.
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Theorem 26 (Dimension of the Clifford group commutant). The dimension of the Clifford group
commutant for any n and k is given by the expression

dim(Com(C⊗k
n )) =

k−1∑
m=0

⌊m/2⌋∑
r=max(m−n,0)

2(k+2r−m−1)m−r−2r2
m∏
j=1

1 − 2−k+j

1 − 2−j

r∏
i=1

(1 − 2−m+i−1)(1 − 2−m+r+i−1)
1 − 22i

(98)

≃

{
2 k2−3k

2 2n ≥ k − 1,
22kn−2n2−3n 2n < k − 1,

where ‘≃’ means ‘up to factors’ bounded with constants from above and below in the subsequent
proof. In particular, if n ≥ k−1, the dimension is independent of n, and is equal to dim(Com(C⊗k

n )) =∏k−2
i=0 (2i + 1).

Proof. Using Theorem 25, to determine the dimension of the commutant it is sufficient to count
the number of equivalence classes [V,G] corresponding to an operator ℧I([V,G]) ̸= 0. First, the
number of binary vector subspaces of Fk2 spanned by m vectors with even Hamming weight is given
by the Gaussian Binomial coefficient

(
k−1
m

)
2, see Lemma 2, which we can rewrite as(

k − 1
m

)
2

= 2km−m2−m
m∏
j=1

1 − 2−k+j

1 − 2−j . (99)

for future convenience. This determines the number of matrices V , up to the linear transformation
A ∈ GL(Fm×m

2 ), see Definition 24. Thus, we have:

dim(Com(C⊗k
n )) =

k−1∑
m=0

(
k − 1
m

)
2

× (# of allowed m×m graphs G). (100)

We are now left to count the number of allowed anticommutation graphs G on n qubits. The
requirement for this is computed in Theorem 25, namely n ≥ m − r, where 2r = rank2(G). The
number N0(m, r) of m-dimensional symmetric matrices with zero diagonal with a given even binary
rank 2r is given by Lemma 1:

N0(m, r) = 22mr−r−2r2
r∏
i=1

(1 − 2−m+i−1)(1 − 2−m+r+i−1)
1 − 2−2i (101)

which exactly counts the number of graphs. Therefore, to determine the dimension of the k-th
order commutant of the Clifford group, we use that this corresponds to the number of all even
Hamming weight vector spaces of dimension m times the number different anticommutation graphs
of m Pauli operators allowed on n qubits. Hence:

dim(Com(C⊗k
n )) =

k−1∑
m=0

(
k − 1
m

)
2

⌊m/2⌋∑
r=max(m−n,0)

N0(m, r) (102)

=
k−1∑
m=0

⌊m/2⌋∑
r=max(m−n,0)

2(k+2r−m−1)m−r−2r2
m∏
j=1

1 − 2−k+j

1 − 2−j

r∏
i=1

(1 − 2−m+i−1)(1 − 2−m+r+i−1)
1 − 2−2i

=:
k−1∑
m=0

⌊m/2⌋∑
r=max(m−n,0)

(#℧I)(k,m, r)

where

(#℧I)(k,m, r) = ck,m,r × 2(k+2r−m−1)m−r−2r2
, (103)

and ck,m,r is the factor arising from the product terms in Eq. (102). In Eq. (102), we remark
that whenever m − n ≤ ⌊m2 ⌋, then (#℧I)(k,m, r) ̸= 0. This condition is equivalent to requiring
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that m ≤ 2n. Hence, overall m ≤ max{k − 1, 2n}. We now determine simplified lower and upper
bounds. By setting r = ⌊m/2⌋ − x and defining m0 = min(k − 1, 2n) to choose m = m0 − y, we
arrive at the following expression:

(#℧I)(k,m=m0 − y, r=⌊m/2⌋ − x) = 2(k−3/2)m0−m2
0/2×2(m0−k+3/2)y−y2/2×2(−1)m0−yx−2x2

×ck,m0−y,⌊(m0−y)/2⌋−x.
(104)

As can be seen, the number of elements drops exponentially in x and y. This allows us to bound
the overall size of the commutant by computing the prefactor explicitly

m0∑
y=0

2(m0−k+3/2)y−y2/2
⌊(m0−y)/2⌋∑

x=0
2(−1)m0−yx−2x2

ck,m0−y,⌊(m0−y)/2⌋−x

=
m0∑
y=0

2(m0−k+3/2)y−y2/2
⌊(m0−y)/2⌋∑

x=0
2(−1)m0−yx−2x2

×
m0−y∏
j=1

1 − 2−k+j

1 − 2−j

⌊(m0−y)/2⌋−x∏
i=1

(1 − 2−m0+y+i−1)(1 − 2−m0+y+⌊(m0−y)/2⌋+i−1−x)
1 − 2−2i (105)

(i)
≤

∞∑
y=0

2y/2−y2/2 ×
∞∑
x=0

2x−2x2
×

∞∏
j=1

1
1 − 2−j ×

∞∏
i=1

1
1 − 2−2i

(ii)
≤ 20.3.

In (i) we have used that m0 ≤ k − 1, hence m0 − k + 3/2 ≤ 1 and then we upper bounded
(1 − 2−m0+y+i−1)(1 − 2−m0+y+⌊(m0−y)/2⌋+i−1−x) ≤ 1; further we noticed that the arguments of
the products are increasing functions greater then 1. In (ii) we have used a numerical solver. Let
us now turn to discussing the lower bound. We can use only the term when y = x = 0

m0∏
j=1

1 − 2−k+j

1 − 2−j

⌊m0/2⌋∏
i=1

(1 − 2−m0+i−1)(1 − 2−m0+⌊m0/2⌋+i−1)
1 − 22i

(i)
≥

m0∏
j=1

1 − 2−m0+j−1

1 − 2−j

∞∏
i=1

(1 − 2i)
(ii)
≥ 0.28 .

(106)

In (i) we have used the fact that 0 ≤ m0 ≤ k − 1 and in (ii) we have employed a numerical solver.
This gives the following bounds

0.28 × 2(k−3/2)m0−m2
0/2 ≤ dim(Com(C⊗k

n )) ≤ 20.3 × 2(k−3/2)m0−m2
0/2 . (107)

We now discriminate two cases, namely 2n < k−1 and 2n ≥ k−1, to determine m0 = min{2n, k−
1}, leading to:

0.56 × 2k
2/2−3k/2 ≤ dim(Com(C⊗k

n )) ≤ 40.6 × 2k
2/2−3k/2 2n ≥ k − 1

0.28 × 22kn−2n2−3n ≤ dim(Com(C⊗k
n )) ≤ 20.3 × 22kn−2n2−3n 2n < k − 1 . (108)

In the case where n ≥ k − 1, all graphs are allowed, and thus there is no restriction on their rank.
Consequently, the number of distinct basis elements ℧I is solely a function of k and m. This results
in a much simpler expression for the dimension of the commutant, given by

dim(C⊗k
n ) =

k−1∑
m=0

(
k − 1
m

)
2
2

m(m−1)
2 =

k−2∏
i=0

(2i + 1), if n ≥ k − 1 (109)

using the Gaussian binomial theorem. We also observe that Eq. (109) coincides with the dimension
of the commutant derived in Ref. [37].
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4.3 Properties of the orthogonal basis elements
The following lemma establishes some key properties of the operators ℧I that provide a orthogonal
basis for the Clifford group commutant for any n, k.

Lemma 27 (Properties of the operators ℧I). Let ℧I([V,G]) be the set of operators defined in
Theorem 25, with V ∈ Even(Fk×m

2 ) and G ∈ Sym0(Fm×m
2 ) with rank2(G) ≥ 2(m− n). They obey

the following properties:

(i) tr(℧I([V,G])) = 0 for all V ̸= 0;

(ii) ∥℧I([V,G])∥∞ ≤ 1;

(iii) irank2(G)℧I([V,G]) is Hermitian;

(iv) For S[V,G] = {Q ∈ P⊗k
n |M(Q) = [V,G]}, it holds that

|S[V,G]| = 22mn−m2/2+m/2
n∏

j=r−(m−n)+1

(1 − 4−j). (110)

(v) ∥℧I([V,G])∥2 =
√

2nk

|S[V,G]|
= 2(k/2−m)n−m/4+m2/4 ×

∏m−r−1
i=0

√
1 − 2−2(n−i).

Proof. Condition (i) and (ii) can be obtained by noticing that ℧I([V,G]) = φ∗(P )Φ(k)
Cl (P ) with

M(P ) = [V,G]. For condition (iii), we note that φ(P )℧I([V,G]) is Hermitian, for P ∈ S[V,G].
Condition (v) follows from (iv) and Eq. (95). Indeed, computing the 2-norm reduces to com-

puting the size of the set S[V,G] = {Q ∈ P⊗k
n | M(Q) = [V,G]}. Note that by Lemma 17, the size

of the set is equal to

|S[V,G]| = |{P ∈ P×k
n : P is an algebraic independent Pauli set and A(P ) = G}| (111)

we can use the invariance of the equivalence class under A ∈ GL(Fm×m
2 ) and Lemma 14 to rewrite

G 7→ G′ = A−1GA−T such that

G′ =
r⊕
i=1

(
0 1
1 0

)
⊕ 0m−2r,m−2r (112)

with rank(G) = 2r. One particular set of Pauli operators that satisfies the anticommutation graph
G is consisting of (Zi, Xi)i∈[r] pairs, followed by (Zr+i)i∈m−2r stabilizers. This consideration helps
in computing |orb(P )|. To count them, we first start by selecting the first anticommuting pair of
Z1-like and X1-like operators. There are (4n − 1) × 4n/2 many options. As any further selected
Pauli operators need to commute with the previous ones to ensure algebraic independency. This
restricts our choices effectively reducing the number of qubits by 1 each time. As such, we have
that there are

r−1∏
i=0

(22(n−i) − 1) × 22(n−i)−1 (113)

many options to select algebraically independent pairs of X-like, Z-like operators. We now count
the Z components. Here we have effectively m′ = m−2r many Z type Pauli operators on n′ = n−r
many qubits. This reduces the counting on selecting algebraically independent Pauli operators all
commuting with the previous ones, giving

m′−1∏
i=0

(22n′−i − 2i). (114)

Multiplying Eqs. (113) and (114) gives the desired result.
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5 A natural and easy-to-manipulate basis for the Clifford commutant:
Pauli monomials

While in Section 4 we derived the commutant of the Clifford group for any n, k, here we aim
to develop a framework that allows us to handle the commutant in a more direct and simplified
manner. In particular, this section introduces a fundamental concept of our work: Pauli monomials.
These are constructed as products of isotropic sums of Pauli operators. In the following, we
familiarize the reader with various types of Pauli monomials, which will serve as a key tool for
constructing a simple basis for the commutant of the Clifford group.

The underlying intuition is that, since the Clifford group leaves invariant the set of Pauli
operators, all operators that commute with every Clifford element must be constructed as isotropic
sums over Pauli operators.

To begin with, we introduce the simplest and most intuitive type of Pauli monomials, referred
to as primitive Pauli monomials. These monomials encapsulate many essential properties of the
full commutant and, as we demonstrate in Theorem 57, generate the entire commutant.

Definition 28 (Primitive Pauli monomials). Let v ∈ Fk2 be a vector satisfying |v| ∈ 2N. Define
the operator

Ω(v) := 1
d

∑
P∈Pn

P⊗v. (115)

The primitive Pauli monomials satisfy the following properties.

Lemma 29 (Properties of primitive Pauli monomials). The primitive Pauli monomials satisfy the
following properties:

A) If |v|/2 = 0 (mod 2) (v is even), then d−1Ω(v) is a projector of rank dk−2.

B) If |v|/2 = 1 (mod 2) (v is odd), then Ω(v) is a Hermitian unitary operator.

C) If v, w ∈ Fk2 satisfy v · w = 0 (mod 2), then [Ω(v),Ω(w)] = 0.

Proof. That Ω(v) is Hermitian follows directly from the Pauli operators being Hermitian. We can
compute

Ω(v)2 = 1
d2

∑
P,Q∈Pn

(PQ)⊗v = 1
d2

∑
P,R∈Pn

( 1√
χ(P,R)

R
)⊗v

, (116)

where we have defined R :=
√
χ(P,Q)PQ and we have used that χ(P,Q) = χ(P,R) (because of

Lemma 18). Thus, we have

Ω(v)2 = 1
d2

∑
P,R∈Pn

χ(P,R)|v|/2R⊗v (117)

=


1
d2

∑
P,R∈Pn

R⊗v =
∑
R∈Pn

R⊗v = dΩ(v), |v| ∈ 4N,

1
d2

∑
R∈Pn

(∑
P∈Pn

χ(P,R)
)
R⊗v =

∑
R∈Pn

δR,1R
⊗v = 1 |v| ∈ 4N + 2,

where we have used that
∑
P∈Pn

χ(P,R) = d2δR,1. For this, property A) and property B) follow
directly. Property C) follows straightforwardly from

P⊗v1Q⊗v2 = (−1)v1·v2Q⊗v2P⊗v1 , (118)

where the commutator vanishes for v1 · v2 = 0 (mod 2).

Properties A) and B) were already established in Remark 3.9 of [37].
From now on, we classify Pauli monomials as even (projectors) or odd (unitaries) depending

on whether |v|
2 is even or odd, respectively. Importantly, this classification is based on the parity

Accepted in Quantum 2026-04-11, click title to verify. Published under CC-BY 4.0. 28



of |v|
2 , rather than on whether |v| itself is even or odd. We remark that a specific type of Pauli

monomial is given by the swap operator, which corresponds to an even vector v; see Eq. (75).
We are now ready to introduce the Pauli monomials, which generalize the primitive Pauli

monomials introduced in Definition 28 and arise from their products, as rigorously shown below.

Definition 30 (Pauli monomials). Let k,m ∈ N, V ∈ Even(Fk×m
2 ) and M ∈ Sym0(Fm×m

2 ). A
Pauli monomial, denoted Ω(V,M) ∈ B(H⊗k), is defined as

Ω(V,M) := 1
dm

∑
P ∈Pm

n

P⊗v1
1 P⊗v2

2 · · ·P⊗vm
m ×

 ∏
i,j∈[m]
i<j

χ(Pi, Pj)Mi,j

 , (119)

where χ(Pi, Pj) is defined in Lemma 18.

Thus, the primitive Pauli monomial Ω(v) for v ∈ Fk2 , as defined in Definition 28, can be
written as Ω(v) = Ω((v), 0), where (v) is the single-column matrix containing v as its column.
Consequently, this structure hints at the role of the primitive Pauli monomials as fundamental
building blocks of the set of Pauli monomials. Given a Pauli monomial, we refer to the linear
combination of Pauli monomials as a Pauli polynomial.

An intriguing characteristic of Pauli monomials is that, while they are expressed as a sum
of tensor products of Pauli operators, they can still be decomposed into a tensor product over
individual qubits, as stated by the following lemma.

Lemma 31 (Tensor product structure of Pauli monomials). Pauli monomials factorize as tensor
products over qubits. Specifically, for any Ω(V,M), we have

Ω(V,M) =
(
ω(V,M)

)⊗n
, (120)

ω(V,M) := 1
2m

∑
P ∈Pm

1

m∏
i=1

P⊗vi
i

∏
1≤i<j≤m

χ(Pi, Pj)Mi,j , (121)

Proof. We have

(
ω(V,M)

)⊗n = 1
(2n)m

n⊗
k=1

 ∑
P (k)∈Pm

1

m∏
b=1

P
(l)⊗vb

b

∏
1≤i<j≤m

χ(P (l)
i , P

(l)
j )Mi,j

 (122)

= 1
(2n)m

∑
P (1),...,P (n)∈Pm

1

n⊗
l=1

 m∏
b=1

P
(l)⊗vb

b

∏
1≤i<j≤m

χ(P (l)
i , P

(l)
j )Mi,j

 (123)

= 1
(2n)m

∑
P (1),...,P (n)∈Pm

1

 n∏
l=1

∏
1≤i<j≤m

χ(P (l)
i , P

(k)
j )Mi,j

 m∏
b=1

n⊗
l=1

P
(l)⊗vb

b .

Using the property χ(P1, Q1)χ(P2, Q2) = χ(P1⊗P2, Q1⊗Q2) valid for Pauli operators P1, P2, Q1, Q2,
we get

(
ω(V,M)

)⊗n = 1
(2n)m

∑
P (1),...,P (n)∈Pm

1

∏
1≤i<j≤m

χ

(
n⊗
l=1

P
(l)
i ,

n⊗
k=1

P
(l)
j

)Mi,j m∏
b=1

n⊗
l=1

P
(l)⊗vb

b (124)

= 1
(2n)m

∑
P ∈P×m

n

∏
1≤i<j≤m

χ(Pi, Pj)Mi,j

m∏
b=1

P⊗vb

b ,

where in the last step we collected the sums into a single sum over P×m
n =

(
{I,X, Y, Z}⊗n)×m.

This matches the definition of Ω(V,M), concluding the proof.

We now show that Pauli monomials belong to the k-th order commutant of the Clifford group.

Accepted in Quantum 2026-04-11, click title to verify. Published under CC-BY 4.0. 29



Lemma 32 (Pauli monomials belong to the Clifford commutant). Every Pauli monomial Ω(V,M)
belongs to the k-th order commutant of the Clifford group.

Proof. For all C ∈ Cn, we have

C†⊗kΩ(V,M)C⊗k = 1
dm

∑
P ∈Pn

(C†P1C)⊗v1 · · · (C†PmC)⊗vm ×

 ∏
i,j∈[m]
i<j

χ(Pi, Pj)Mi,j

 (125)

(i)= 1
dm

∑
Q∈Pn

Q⊗v1
1 · · ·Q⊗vm

m ×

 ∏
i,j∈[m]
i<j

χ(C†QiC,C
†QjC)Mi,j


(ii)= 1

dm

∑
Q∈Pn

Q⊗v1
1 · · ·Q⊗vm

m ×

 ∏
i,j∈[m]
i<j

χ(Qi, Qj)Mi,j


= Ω(V,M),

where in step (i) we have used that C†PjC = ±Qj for each j ∈ [m], and since |vj | = 0 (mod 2), it
follows that (C†PjC)⊗vj = Q

⊗vj

j . In step (ii), we have used the fact that if two matrices commute,
their adjoint actions with respect to any unitary also commute.

5.1 Graphical calculus to manipulate Pauli monomials
As a useful tool to enhance the reader’s understanding of Pauli monomials, we introduce a graphical
representation that simplifies their manipulation. This graphical calculus has applications beyond
our focus on the Clifford commutant’s basis elements, proving useful in any context involving
products of isotropic sums over tensor products of Pauli operators.

5.1.1 Pauli monomial diagrams

A Pauli monomial Ω(V,M) can be identified from the columns {vj}mj=1 of the binary matrix V ,
along with the matrixM , which encodes the ‘phase’ information, see Definition 30. To facilitate this
identification, we now introduce in the following definition a graphical representation for keeping
track of the columns of V and for the entries of M . For rapid understanding, refer to the example
immediately following.

Definition 33 (Pauli monomial diagram). Let Ω(V,M) denote a Pauli monomial, where V ∈
Even(Fk×m

2 ), and M ∈ Sym0(Fm×m
2 ). The graphical representation is defined as

• The columns {vj}mj=1 are depicted sequentially, where each column is represented as a vector
of black and white dots corresponding to entries 1 and 0, respectively (see the following
example for clarity).

• Each off-diagonal element Mi,j of the matrix M is represented by a line (denoted phase)
connecting the i-th and j-th columns if Mi,j = 1, with no line drawn if Mi,j = 0 (again, see
the next example).

Example 1. Consider V ∈ Even(Fk×m
2 ) and M ∈ Sym0(Fm×m

2 ), where k = 6 and m = 3, and
their corresponding Pauli monomial Ω(V,M), as follows:

Ω(V,M) = Ω




1 1 0
1 1 0
1 1 0
1 1 0
0 1 1
0 1 1

 ,

0 0 1
0 0 1
1 1 0


 = , (126)
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where Ω(V,M) can be written explicitly as

Ω(V,M) = 1
dm

∑
P ∈Pn

(
P⊗v1

1 P⊗v2
2 · · ·P⊗vm

m

) ∏
j,l∈[m]
j<l

χ(Pj , Pl)Mj,l (127)

= 1
d3

∑
P1,P2,P3∈Pn

(
P

⊗(1,1,1,1,0,0)
1 P

⊗(1,1,1,1,1,1)
2 P

⊗(0,0,0,0,1,1)
3

)
χ(P1, P3)χ(P2, P3)

= 1
d3

∑
P1,P2,P3

P1P2 ⊗ P1P2 ⊗ P1P2 ⊗ P1P2 ⊗ P2P3 ⊗ P2P3 × χ(P1, P2)χ(P2, P3) .

Utilizing this diagrammatic representation, as we will see, will facilitate the execution of oper-
ations on Pauli monomials.

5.1.2 Substitution rules

Given a Pauli monomial Ω(V,M), it is useful to establish rules for manipulating the matrices
V and M in such a way that the Pauli monomial remains invariant. In particular, we focus on
the case where Gaussian column operations (such as adding and swapping columns) are applied
to V . Indeed, as we will see in full generality in Theorem 37, Ω(V,M) = Ω(V A,M(A)) for any
A ∈ GL(Fm×m

2 ), where M(A) denotes a suitable transformation of the matrix M . At the level of
V , this transformation corresponds to performing Gaussian column operations.

To start, we investigate the case where two nearest-neighbor columns of V are added, and we
explore how the matrix M must be adjusted to maintain the invariance of the Pauli monomial
under this transformation. Throughout, we will label a vector (v) odd or even based on the halved

Hamming weight |v|
2 .

Theorem 34 (Equivalence rule for adding columns in Pauli monomials). Let a± ∈ [m] denote
either a + 1 or a − 1, where a is a fixed index. Let V ∈ Even(Fk×m

2 ) be a matrix with columns
{vj}mj=1, where each |vj | = 0 (mod 2), and let M ∈ Sym0(Fm×m

2 ) be a symmetric matrix with a
zero diagonal.

Define V ′ ∈ Even(Fk×m
2 ), a matrix with columns {v′

j}mj=1, identical to those of V , except for
the column v′

a±
, which is defined as

v′
a±

= va + va± , (128)

where the addition is taken modulo 2.
Let M ′ ∈ Sym0(Fm×m

2 ) be a symmetric matrix with a zero diagonal, whose elements are iden-
tical to those of M , except for the following modifications:

M ′
a,a±

= Ma,a± + |va|
2 , (129)

M ′
j,a±

= Mj,a± +Mj,a, for any j ∈ [m] such that j /∈ {a, a±}, (130)

and their corresponding symmetric entries, ensuring that M ′ remains symmetric. The substitution
(V,M) 7→ (V ′,M ′) leaves the corresponding Pauli monomial invariant, i.e.,

Ω(V,M) = Ω(V ′,M ′). (131)

Proof. Let us analyze the case in which a± = a+ 1; the case a± = a− 1 follows analogously. We
recall the definition of a Pauli monomial:

Ω(V,M) = 1
dm

∑
P1,...,Pm∈Pn

(
P⊗v1

1 P⊗v2
2 · · ·P⊗vm

m

) ∏
j,l∈[m]
j<l

χ(Pj , Pl)Mj,l . (132)

Focusing on terms relevant to the substitution, we isolate the summation over Pa and Pa+1, to get∑
Pa,Pa+1

P⊗va
a P

⊗va+1
a+1 χ(Pa, Pa+1)Ma,a+1

∏
j /∈{a,a+1}

χ(Pj , Pa)Ma,jχ(Pj , Pa+1)Ma+1,j . (133)
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Define the operator R as

R = PaPa+1
√
χ(Pa, Pa+1), (134)

which belongs to the Pauli basis up to a ±1 phase (see Lemma 18, Property 3). Inverting the
definition of R, we can rewrite Pa (up to a ±1 phase) as

Pa ∝
√
χ(Pa, Pa+1)RPa+1 =

√
χ(R,Pa+1)RPa+1, (135)

where, in the last step, we have used Property 3 of Lemma 18.
Substituting this expression for Pa into Eq. (133), recognizing that the global ±1 phase does

not affect the result since |va| = 0 (mod 2), and summing over R instead of Pa, we obtain∑
R,Pa+1

(
RPa+1

√
χ(R,Pa+1)

)⊗va

P
⊗va+1
a+1 χ(R,Pa+1)Ma,a+1 ×

∏
j /∈{a,a+1}

χ(Pj , RPa+1
√
χ(R,Pa+1))Ma,jχ(Pj , Pa+1)Ma+1,j

(i)=
∑

R,Pa+1

χ(R,Pa+1)|va|/2+Ma,a+1R⊗vaP
⊗(va+va+1)
a+1 ×

∏
j /∈{a,a+1}

χ(Pj , RPa+1
√
χ(R,Pa+1))Ma,jχ(Pj , Pa+1)Ma+1,j

(ii)=
∑

R,Pa+1

χ(R,Pa+1)|va|/2+Ma,a+1R⊗vaP
⊗(va+va+1)
a+1 ×

∏
j /∈{a,a+1}

χ(Pj , R)Ma,jχ(Pj , Pa+1)Ma+1,j+Ma,j

(iii)=
∑

Pa,Pa+1

P⊗va
a P

⊗(va+va+1)
a+1 χ(Pa, Pa+1)|va|/2+Ma,a+1 ×

∏
j /∈{a,a+1}

χ(Pj , Pa)Ma,jχ(Pj , Pa+1)Ma+1,j+Ma,j ,

where in step (i) we have used the identity(√
χ(R,Pa+1)

)|va|
= χ(R,Pa+1)|va|/2, (136)

and the fact that P⊗va
a+1 P

⊗va+1
a+1 = P

⊗(va+va+1)
a+1 . In step (ii), we have used the property

χ(Pj , RPa+1
√
χ(R,Pa+1))Ma,j = χ(Pj , RPa+1)Ma,j = χ(Pj , R)Ma,jχ(Pj , Pa+1)Ma,j , (137)

where, in the last step, we applied χ(P,QR) = χ(P,Q)χ(P,R) (see Lemma 18, Property 2). In
step (iii), we just renamed the variable from R to Pa.

After introducing the notion of the sum between columns, it is useful to establish a rule that
determines the parity of the sum of two columns based on the parity (even or odd) of the individual
columns.

Lemma 35 (Parity of the sum of two columns). Let v1 and v2 be two columns as defined above.
The following relation holds:

1
2 |v1 + v2| = 1

2 |v1| + 1
2 |v2| + v1 · v2 (mod 2). (138)

This relation leads to the following rules:

• If v1 · v2 = 0 (mod 2), then v1 + v2 is odd if exactly one of v1 or v2 is odd; otherwise, it is
even.

• If v1 · v2 = 1 (mod 2), then v1 + v2 is even if exactly one of v1 or v2 is even; otherwise, it is
odd.

Proof. The quantity |v1 +v2| counts the number of dots in v1 +v2, that is the sum of dots in which
v1 and v2 do not overlap. That is, the number of dots in v1 + v2 is

|v1 + v2| = |v1| + |v2| − 2v1 · v2, (139)

from which the claim follows.
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From now on, we say that two columns v1, v2 commute if v1 · v2 = 0 (mod 2) (which also implies
that the respective Pauli monomials commute, see Lemma 29).

The rules introduced in Theorem 34 provide the moves on such diagrams that leave the Pauli
monomial invariant. Here we illustrate the graphical implementation of this rule.

Example 2 (Graphical implementation of Theorem 34). Consider the following Pauli monomial
Ω(V,M):

Ω(V,M) = . (140)

We now demonstrate how the equivalence relation shown in Theorem 34 can be implemented graph-
ically. Specifically, Theorem 34 describes how the matrix M should change when we add nearest-
neighbor columns of V , to ensure that the Pauli monomial remains invariant.

If we add the first column to the second, the following ‘phases addition’ applies:

• Add a phase if the vector being added is odd: A phase is added between the first and
second columns if |v1| = 2 (mod 4), as dictated by Eq. (129) of Theorem 34. (Note that if a
phase already exists between these columns, it is removed, since 1 + 1 = 0 (mod 2).)

• Add shared phases between columns: Phases are added between the second column and
any other column that shares a phase with the first column, as dictated by Eq. (130) of
Theorem 34.

Hence, the resulting equivalent diagram obtained by adding the first column to the second is

Ω(V,M) = = . (141)

Similarly, if we had instead added the second column to the first in Eq. (140), we would have
obtained:

Ω(V,M) = = . (142)

Let us now consider the case where two nearest-neighbor columns of V are swapped and in-
vestigate how the matrix M must be adjusted to ensure the invariance of the Pauli monomial
Ω(V,M). Although this rule can be derived from the previous one (e.g., by sequentially adding
the first column to the second, then the second to the first, and again the first to the second), we
provide a direct proof here for simplicity and clarity.

Theorem 36 (Swapping columns in Pauli monomials). Let a ∈ [m − 1]. Let V ∈ Even(Fk×m
2 )

have columns {vj}mj=1, where |vj | = 0 (mod 2), and let M ∈ Sym0(Fm×m
2 ) be a symmetric matrix

with a null diagonal.
Define V ′ ∈ Fk×m

2 with the columns {v′
j}mj=1 identical to those of V , except that columns a and

a+ 1 are swapped, i.e.,
v′
a = va+1 and v′

a+1 = va. (143)
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Define M ′ ∈ Sym0(Fm×m
2 ), a symmetric matrix with a null diagonal, whose elements are

defined as those of M , apart from the element:

M ′
a,a+1 = Ma,a+1 + va · va+1, (144)

M ′
j,a+1 = Mj,a and M ′

j,a = Mj,a+1 for any j ∈ [m] such that j /∈ {a, a+ 1}, (145)

and its corresponding symmetric entries.
Then the substitution (V,M) 7→ (V ′,M ′) leaves the corresponding Pauli monomial invariant

Ω(V,M) = Ω(V ′,M ′). (146)

Proof. The invariance of the Pauli monomial follows directly from the fact that:

P⊗va
a P

⊗va+1
a+1 = χ(Pa, Pa+1)(va·va+1)P

⊗va+1
a+1 P⊗va

a , (147)

where χ(Pa, Pa+1) is the phase factor arising from the commutation relation between Pa and Pa+1.
Thus, swapping va and va+1 in V introduces the phase adjustment va ·va+1 into the matrix M ′.

Example 3 (Graphical implementation of Theorem 36). In this example, we show the graphi-
cal implementation of the equivalence relation in Theorem 36, which deals with the operation of
swapping two nearest-neighbor columns.

Specifically, according to Eq. (144), if we swap two nearest-neighbor columns (say v2 and v3),
an additional phase is introduced between these two columns if their overlap is one modulo 2 (i.e.,
v2 · v3 = 1 (mod 2)), and each of these columns retains its previous phases when they are swapped.

Consider Ω(V,M) as defined in the previous example. If we swap the second and third columns,
we obtain

Ω(V,M) = = . (148)

With these two theorems in hand, we are now confident that arbitrary Gaussian-like column
operations (i.e., addition and swapping of arbitrary columns) can be performed on the matrix V ,
with corresponding modifications to the matrixM , which can be derived by iteratively applying the
previous two rules. Alternatively, general Gaussian operations can be tracked explicitly through
the following result:

Theorem 37 (Arbitrary Gaussian-like column operations). Let V ∈ Even(Fk×m
2 ) and M ∈

Sym0(Fm×m
2 ), and let Ω(V,M) denote the corresponding Pauli monomial. Then, for any matrix

A ∈ GL(Fm×m
2 ), it holds that

Ω(V,M) = Ω(V A,M(A)) , (149)

where M(A) ∈ Sym0(Fm×m
2 ) is a function of the matrix A, determined as follows. Define

H := V TV, (150)

wi := |vi|
2 , (151)

Λi,j := Mi,j + wiδi,j +Hi,jδi<j , (152)

where all operations are (mod 2). Then, for any A ∈ GL(Fm×m
2 ), we obtain the transformations

Λ(A) = ATΛA, (153)
H(A) = Λ(A) + Λ(A)T , (154)
wi(A) = Λi,i(A), (155)

Mi,j(A) = Λi,j(A)δi>j + Λj,i(A)δj>i. (156)

Accepted in Quantum 2026-04-11, click title to verify. Published under CC-BY 4.0. 34



Proof. First we note that the transformation (w,M,H) ↔ Λ is bijective, meaning we can transfer
between them arbitrarily. Next, we note the action of A is decomposable BTΛ(A)B = Λ(AB).
We can also use that every A ∈ GL(Fm×m

2 ) can be decomposed into A =
∏
α(1 + Eiα,iα+(−1)sα )

for some lists of integers and signs (iα, sα), where Ei,j is the canonical matrix basis. Using the
argument above it suffices to show that the generating transformation

(1 + Ei±1,i)Λ(1 + Ei,i±1) = Λ + Ei±1,iΛ + ΛEi,i±1 + Ei±1,iΛEi,i±1 (157)
(158)

correctly preserves (w,M,H). This corresponds to the elementary transformation of adding the
i-th column vector to the i± 1-th. For w, we have

wj 7→ (ATΛA)j,j = Λj,j + δj,i±1(Λi,j + Λj,i + Λi,i) = wj + δj,i±1(Hi,j + wi) (159)

meaning that wj is unchanged, unless the j-th column vector is added onto the (j ± 1)-th, where
it changes if the one added is an odd weight or the two primitives do not commute, as it is the
requirement, see Theorem 34. For M , we have for j > k

Mjk 7→ Mjk + δj,i±1Λi,k + δk,i±1Λj,i + δj,i±1δk,i±1Λi,i (160)
= Mjk + δj,i±1(δi,kwi + δi>kMik) + δk,i±1(δj,iwi + δj>iMj,i) (161)
= Mjk + wi(δj,i±1δi,k + δk,i±1δj,i) + δj,i±1Mi,k + δk,i±1Mj,i (162)

which corresponds to adding the phases onto the i ± 1-th column and row as well as changing
the phase between i ± 1 if the respective wi odd weight primitive as required. Finally, for H, we
already know that H(A) = ATV TV A = AT (Λ + ΛT )A transforms adjointly meaning that H and
Λ + ΛT transform identically.

The above theorem establishes that a Pauli monomial remains invariant under column transfor-
mations A ∈ GL(Fm×m

2 ) when applied appropriately and explicitly describes how these operations
affect the matrix M . Therefore, following the same approach as in Definition 24, we can define an
equivalence relation for Pauli monomials. In fact, the substitution rules discussed above correspond
precisely to exploring the equivalence class of a Pauli monomial.

We now present a theorem that encompasses several important properties derived from the
aforementioned basic rules. These properties serve as the foundation for establishing the following
key fact: primitive Pauli monomials generate the full commutant of the Clifford group.

Theorem 38 (Graphical moves for Pauli monomials). Consider a Pauli monomial Ω(V,M), where
V ∈ Even(Fk×m

2 ) has columns {vj}mj=1. The following properties hold:

(1) Arbitrary Gaussian-elimination operations can be performed on the columns of the Pauli
monomial diagram, by appropriately adjusting the phases.

(2) If there exists an ‘odd’ column v (i.e., |v| = 2 (mod 4)) in the diagram, then it is possible to
remove all phases attached to v and reposition v to any desired position by suitably modifying
the remaining columns of V and M .

(3) If we have linear dependence between the columns, by performing Gaussian-elimination op-
erations on these columns, we can reduce Ω(V,M) to Ω(V ′,M ′), which satisfies one of the
following two cases:

• There is a column v = 0 with no phase attached to it in the transformed diagram
Ω(V ′,M ′). In this case, we can further reduce it to

Ω(V ′,M ′) = dΩ(Vr,Mr), (163)

where Vr ∈ Fk×m−1
2 and Mr ∈ Fm−1×m−1

2 are the matrices obtained by removing the
respective column (and its associated rows) corresponding to v.
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• There is a column v = 0 with one or more phases attached to it in the transformed
diagram Ω(V ′,M ′). In this case, we have

Ω(V ′,M ′) = Ω(Vr,Mr), (164)

where Vr ∈ Fk×m−2
2 and Mr ∈ Fm−2×m−2

2 are the matrices obtained by removing both
the zero column v and the column connected to it through the phase (and their associated
rows).

(4) If there are two even non-identical columns that share a phase and commute (i.e., overlap
in an even number of dots), they can be transformed into four odd columns without a phase.
More specifically, the matrix V containing two even, commuting columns that share a phase
can be converted into a new matrix V ′ ∈ Fk×(m+2)

2 , where these columns are replaced by four
odd commuting columns that do not share any phases.

Proof. We prove the properties one by one:

(1) This is a restating of Theorem 37 in diagram terminology, where Gaussian elimination on the
columns of the diagram corresponds to permissible transformations that preserve the Pauli
monomial structure, up to phases.

(2) Assume there is an odd column v in the diagram, possibly with some phases attached. Begin
by swapping this column to the leftmost position. During this process, additional phases
may appear, but these are inconsequential for the argument.
Once v is in the first position, swap it with the second column. If a phase exists between
the first and second columns after this swap, add the second column v to the first. Since v
is odd (|v| = 2 (mod 4)), this operation generates a new phase between the first and second
columns, which cancels the pre-existing phase.
Repeat this process by swapping v from the second position to the third, and so on, always
adding the now-swapped v to the left column if a phase exists between them. By continuing
this procedure all the way to the rightmost position, v will have no attached phases and will
occupy the far-right position.
To move v to any desired position, reverse the process: bring v leftward, adding to the right
to removing phases as necessary to ensure that no phases remain attached to v at each step.
This completes the proof of the second property.
Below is an example of such a procedure. Without loss of generality, assume that the column
is already positioned on the leftmost side and we position it on the rightmost side without
phases attached to it:

= = = = = .

(165)

(3) If there is linear dependence between the columns, we can, by virtue of property 1, perform
Gaussian-elimination moves to transform the diagram into an equivalent form Ω(V ′,M ′),
where at least one column is v = 0.
There are three possible cases to consider: the column v = 0 has no phases attached to it,
exactly one phase, or more than one phase. We analyze these cases one by one and explicitly
show that the last case can always be reduced to one of the first two. This will conclude the
proof.

• No attached phases: If a column v = 0 has no connected phases, it corresponds to a
free sum contributing only a global factor. By Definition 30, this implies:

Ω(V ′,M ′) = dΩ(Vr,Mr), (166)
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where Vr and Mr are obtained by removing the respective columns and rows of v. The
factor d arises from the d2-element sum, normalized by 1/d.

• One attached phase: If a column v = 0 has exactly one connected phase, the relation
1
d

∑
P

χ(P,Q) = d δQ,1 (167)

ensures that the sum associated to the connected column vanishes. Consequently, we
have

Ω(V ′,M ′) = Ω(Vr,Mr), (168)
where Vr excludes both the column v = 0 and the column associated with the phase.

• Multiple attached phases: Without loss of generality, assume the first column is v = 0,
and subsequent columns have phases attached to it in order, followed by the columns
that do not share any phase with the first zero column. This can be achieved without
loss of generality through Gaussian elimination moves (column swaps). We will focus
only on the phases interacting with the first zero column and disregard those between
other columns.
For example, consider the following configuration:

. (169)

We begin by handling the rightmost column that has a phase with the first zero column.
Applying the graphical addition rule, we add this rightmost column to its left neigh-
bor, thereby canceling the phase between them. After this step, the diagram becomes
(neglecting to draw any possible new phase generated between columns that are not
connected to the first zero column for simplicity):

. (170)

Next, we swap the rightmost column with the one on the left, yielding the diagram:

. (171)

At this point, we are in a similar situation as initially, but with one fewer column. By
induction, we repeat this process until only one column remains connected to v = 0.
For instance, the progression would proceed as

= = . (172)

At this stage, the system has effectively reduced to the case of a single attached phase,
which we have already addressed.
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(4) If there are two even terms that share a phase and commute (overlap in an even number
of dots modulo two), we can transform them into 4 odd commuting columns with no phase
between them.
Let us explain the reason why. First, we can assume these terms to be nearest neighbors
(due to Gaussian elimination moves). We can ‘add for free’ two identical two-dot columns
with no phase next to these columns. This follows because it corresponds to applying two
identical swap operators consecutively, which is equivalent to multiplying the monomial by
the identity.
We are free to place such two-dot columns in any position, and the following argument remains
essentially unchanged, provided that the added columns commute with both commuting
primitives. In the example below, we place them where the two original columns both have
dots (or both have no dots). Such a position exists because the columns are assumed to
overlap in an even number of points.
An example for such setup looks like

= . (173)

Now, the idea is to sum these two-dot columns to the left, changing the parity of the neigh-
boring columns. In detail, we proceed as follows: We add the first two-dot column to the
column on its left, introducing a phase between these two columns (because the two-dot
column is odd). For example, in the diagram above, we would obtain

= . (174)

By Lemma 35, this changes the parity of the column we added to (i.e., the second column)
from even to odd.
Next, we add the second column (now odd) to the first column (even). Since these two
columns still overlap in an even number of dots (modulo two), the first column becomes
odd after this transformation (by Lemma 35). Furthermore, this introduces an additional
phase between the first and second columns (due to adding an odd column), while the second
column retains its phases with the third column.
In the example, we obtain

= . (175)

At this point, we have four (commuting) odd columns, but we still need to remove the
introduced phases.
To remove the phases, recall that there is now a phase between the first column and the
third, and between the second column and the third. We begin by adding the second column
(odd) to the third (odd). Since they commute, the third column becomes even after this
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addition (by Lemma 35), and we remove the phase (because adding an odd column add an
additional phase).
In the example, this yields

= . (176)

Now, we are left with only the phase between the first and the second columns, but the
third column is now even. To address this, we swap the first column to the second position.
Since the columns commute, this introduces no additional phase. Finally, we add the second
column (odd) to the third (even), removing the remaining phase. After this, the third column
becomes odd (by Lemma 35), and we achieve the desired configuration with no phases. We
also observe that all columns commute, as the operations of swapping and summing even
columns preserve the fact that they commute.
In the example, we obtain

= = . (177)

5.2 Properties of Pauli monomials: reduction, normal form and inner product
Having outlined the substitution rules for Pauli monomials, we now use them to establish their
fundamental properties. We begin by introducing the notion of reduced Pauli monomials.

Definition 39 (Reduced Pauli monomial). Let Ω(V,M) be a Pauli monomial with V ∈ Even(Fk×m
2 )

and M ∈ Sym0(Fm×m
2 ). We say that Ω(V,M) is a reduced Pauli monomial if and only if

rank(V ) = m, i.e., the column vectors of V are linearly independent.
At this point, one might question the reasoning behind introducing an extra set of Pauli mono-

mials; however, this is justified by the following lemma.

Lemma 40 (Pauli monomial reduction). Every Pauli monomial is proportional to a reduced Pauli
monomial. More precisely, for any Ω(V,M) with V ∈ Even(Fk×m

2 ), there exists a reduced Pauli
monomial Ω(V ′,M ′) with V ′ ∈ Even(Fk×m′

2 ) with m′ ≤ m, such that

Ω(V,M) = dαΩ(V ′,M ′), (178)

where α ∈ N is a natural number such that α ≤ m−m′.

Proof. The statement descends from graphical rule (3) of Theorem 38. Specifically, in the presence
of linear dependencies, we can perform Gaussian elimination to produce zero columns, which,
without loss of generality, can be positioned at the beginning of the matrix. By then applying rule
(3) from Theorem 38, we can further reduce the number of columns, repeating this process until
no linear dependencies remain. This yields the desired result.

Lemma 40 is crucial because it implies the existence of an essential set of Pauli monomials, to
which all other monomials are proportional to, thereby allowing us to focus our analysis exclusively
on the set of reduced Pauli monomials.

It is evident that reduced Pauli monomials differ based on the number of independent column
vectors. Consequently, we can classify Pauli monomials according to the rank of the associated
reduced Pauli monomials, leading to the concept of order.
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Definition 41 (Order of Pauli monomials). Let Ω(V,M) be a Pauli monomial. Let Ω(V ′,M ′)
be the reduced Pauli monomial corresponding to Ω, i.e., there exists α such that Ω(V,M) =
dαΩ(V ′,M ′). The order of Ω, hereby denoted as m(Ω), is defined as m(Ω) := rank(V ′).

Definition 42 (Set of reduced Pauli monomials). We define the set of reduced Pauli monomials
as

P := {Ω(V,M) |V ∈ Even(Fk×m
2 ) : rank(V ) = m, M ∈ Sym0(Fm×m

2 ) , m ∈ [k − 1]} . (179)

Remark 43 (Representative Pauli monomials). Two remarks about Definition 42 are in order.
First, by the definition of the set, only a single representative of the equivalence class [V,M ] :=
{(V A,M(A)) : A ∈ GL(Fm×m

2 )} is sufficient to specify P, similarly to Definition 24. Here,
M(A) is defined in Theorem 37. Second, since we require rank(V ) = m, the corresponding Pauli
monomial Ω(V,M) is reduced, as all the column vectors in V are linearly independent.

The following lemma determines the value of the trace of a general Pauli monomial.

Lemma 44 (Trace of Pauli monomials). Let Ω be a Pauli monomial with β many iteratively
removable linear dependencies, corresponding to m many column vectors. It holds that

tr(Ω) = dk−m+2β . (180)

Proof. Let us first assume that β = 0, i.e., the Pauli monomial is reduced. For every Ω there
exists a transformation that puts Ω in a pivotal structure, i.e., (V,M) 7→ (V ′,M ′), where V ′

contains pivotal vectors with no linear dependencies. As such, we can perform the trace starting
from the first column of V . Since (v1)1 = 1 and (vi)1 = 0 for i ̸= 1, this sets P1 to the identity,
since tr(P ) = dkδI,P and there are no linear dependencies. Hence, the only term contributing
is the all identity term. As tr(1) = dk, then we have tr(Ω) = dk−m. Now, let us assume that
β > 0. By Lemma 40, every Pauli monomial can be reduced as Ω = dαΩR, with ΩR ∈ P. Then,
tr(Ω) = dα tr(ΩR) = dk−(m(Ω)−α), where m(Ω) denotes the order of Ω according to Definition 41.
Iterating rule 3 Theorem 38 for β many linear dependencies, we know that m(Ω) − α = m − 2β.
Therefore, the result follows.

After defining the concept of Pauli monomials and their reduction to a more compact set of
components, comprehending their features remains crucial. To this end, let us introduce the notion
of unitary and projective Pauli monomials.

Lemma 45 (Unitary and projective Pauli monomials). Let Ω(V, 0) ∈ P be a reduced Pauli mono-
mial, where V ∈ Fk×m

2 with columns {vj}mj=1. The following hold:

• If V consists exclusively of even column vectors satisfying vi · vj = 0 (mod 2) for i ̸= j, then
Ω(V, 0), called projective Pauli monomial and denoted ΩP (V ) := Ω(V, 0), satisfies ΩP (V )/dm
is a projector of rank dk−2m1.

• If V consists exclusively of odd column vectors, then Ω(V, 0), called unitary Pauli monomial
and denoted ΩU (V ) := Ω(V, 0), is a unitary operator.

We denote the set of reduced Pauli monomials which are unitary as PU , and reduced Pauli mono-
mials which are projectors as PP .

Proof. We can express Ω(V, 0) as

Ω(V, 0) = Ω(v1) · · · Ω(vm), (181)

where {vj}mj=1 are the columns of V . If the vectors {vj}mj=1 are all even, then, by Lemma 29, each
d−1Ω(vj) is a projector (property A of Lemma 29). Additionally, since vi · vj = 0 (mod 2) for
i ̸= j, these projectors commute with each other (property C of Lemma 29). Since the product

1The projective Pauli monomials of Lemma 45 coincide with the CSS code projectors identified by Gross, Nezami,
and Walter [37] in their Lagrangian subspace description of the Clifford commutant. For example, the operator Ω4
is proportional to a CSS code projector onto a subspace of dimension dn−2.
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of commuting projectors is itself a projector, we can conclude that Ω(V, 0)/dm is a projector. The
rank of this projector is given by its trace:

1
dm

tr(Ω(V, 0)) = 1
d2m

∑
P ∈Pn

tr
(
P⊗v1

1 P⊗v2
2 · · ·P⊗vm

m

)
(182)

= dk−2m,

where the only non-zero contribution arises when P⊗v1
1 P⊗v2

2 · · ·P⊗vm
m equals the identity. This

occurs only if all Pauli matrices P1, . . . , Pm are equal to the identity, which follows from the linear
independence of v1, . . . , vm

2.
If the vectors {vj}mj=1 are all odd, then, by Lemma 29 (property B), each d−1Ω(vj) is a unitary.

Since the product of unitaries is also a unitary, Ω(V, 0) is a unitary operator.

It is clear that when V = (v), this notion reduces to what is shown in Lemma 29 for primitive
Pauli monomials.

Given this characterization of the Pauli monomials, we can provide a general decomposition
for every Pauli monomial, which we refer to as normal form. For the sake of simplicity, we restrict
ourselves to the case of reduced Pauli monomials (Definition 39), although it also holds for general
Pauli monomials due to Lemma 40.

Lemma 46 (Normal form). Let Ω(V,M) ∈ P be any reduced Pauli monomial. It can be decom-
posed as a product of a projective Pauli monomial and a unitary Pauli monomial as introduced in
Lemma 45. Specifically:

Ω(V,M) = ΩP (V ′) × ΩU (V ′′), (183)

where ΩP (V ′) and ΩU (V ′′) denote a projective and a unitary Pauli monomial, respectively.

Proof. We consider a general reduced Pauli monomial Ω(V,M) along with its associated Pauli
diagram. The goal is to partition V into a left part (V ′), representing the projective component,
and a right part (V ′′), representing the unitary component. The left part will consist of even
commuting columns with no phases, while the right part will contain odd columns with no phases.
The procedure is as follows:

• Step 1: Move odd columns to the rightmost positions. Examine the columns of
V . For each odd column (|v| = 2 (mod 4)), move it to the rightmost position among the
remaining columns, ensuring no phase is attached, as guaranteed by rule (2) of Theorem 38.
Fix this column in place, mark it as settled, and exclude it from further consideration.
Continue this process until no odd columns remain in V .
This process terminates in at most m iterations, where m is the total number of columns in
V . If all columns are moved to the right, then Ω(V,M) is a unitary Pauli monomial, i.e.,
V ′ = 0.

• Step 2: Ensure the left part contains only even commuting columns. After Step
1, the remaining columns on the left are even (|v| = 0 (mod 4)). If any of these columns do
not commute, add one to another as prescribed by Lemma 35. By doing so, any odd column
resulting from the sum can be moved to the rightmost position without a phase, as in Step
1. Repeat this process until all remaining columns on the left are even and commute with
each other.

• Step 3: Eliminate phases between even commuting columns. If the left part con-
tains even commuting columns with non-zero phases, proceed as follows (otherwise, we can
conclude the proof). First, bring the two columns with a phase between them close to each
other and position such column pairs in the rightmost part of the left part. Next, apply

2Indeed, the bitstring representation of the product is b(P ⊗v1
1 · · · P ⊗vm

m ) =
∑m

j=1 b(Pj) ⊗ vj , which must vanish,
since it corresponds to the identity (i.e., the zero vector). Projecting this sum onto canonical basis elements of the
first tensor factor and using linear independence of the vj , we conclude that b(Pj) = 0 for all j.
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rule (4) of Theorem 38 to transform the two even commuting columns into four commuting
odd columns with no phases between them. These four odd columns may share phases with
other columns in the left part. To remove these phases, take each of the four odd columns
in turn and use rule (1) of Theorem 38 to eliminate the phase, keeping the column fixed in
its position. Since these columns commute with each other, they can then be moved to the
right part as part of the unitary component.
After this process, the left part loses two columns, while the right part gains four odd columns.
Any odd columns created in the left part during this process are moved to the rightmost
positions as in Step 1. Repeat this procedure until the left part contains only even commuting
columns with no phases.

This iterative procedure ensures that V ′ and V ′′ are properly partitioned into the projective and
unitary components, respectively, satisfying the conditions of the lemma. The process terminates
in a finite number of steps, as each iteration strictly reduces the number of columns of the left
part. This concludes the proof.

Thus, we immediately obtain the following.

Corollary 47 (Primitive Pauli monomials generate Pauli monomials). Any reduced Pauli mono-
mial Ω can be written as a product of primitive Pauli monomials.

Therefore, any reduced Pauli monomial Ω ∈ P can be expressed as Ω = ΩPΩU , where ΩP ∈ PP
and ΩU ∈ PU . The following proposition determines the order of these respective monomials (see
Definition 41).

Proposition 48. Let Ω be a reduced Pauli monomial, reading Ω = ΩPΩU in normal form, where
ΩP (resp. ΩU ) are the corresponding projective (resp. unitary) Pauli monomials. Then, their
order satisfies (cf. Definition 41)

m(ΩP ) = dim(kern(Λ(Ω)), (184)
m(ΩU ) = dim(Λ) − dim(kern(Λ(Ω)) = rank(Λ(Ω)), (185)

where Λ(Ω) is defined in Theorem 37.
Proof. In Lemma 46, we showed that any reduced monomial Ω can be expressed as the product of
a projective and a unitary monomial, Ω = ΩPΩU . In particular, ΩP is reduced, whereas ΩU may
not be.

We observe that for step 3 of Lemma 46 to succeed, it suffices to add two new permutations
commuting with any other primitive. This eliminates the phase from the even commuting columns,
effectively rendering them unitary. A convenient strategy is to introduce two additional registers
(i.e., increasing the number of copies from k to k + 2) and place the new permutations there. By
construction, these columns commute with all others. In this setting, we can write Λ 7→ Λ ⊕ 12.

Now, by Lemma 46, there exists a matrix A ∈ GL(Fm×m
2 ) such that the transformation

Λ⊕12 7→ AT (Λ⊕12)A yields an upper triangular matrix. In the unitary part of the normal form, the
unitary primitives have a 1 on the diagonal, implying that the corresponding columns are linearly
independent. In contrast, the projectors have a 0 on the diagonal and commute with one another.
Consequently, the corresponding columns are all-zero columns, meaning that all and only the pro-
jective primitives contribute to the kernel dimension. Hence, m(ΩP ) = dim ker

(
AT (Λ ⊕ 12)A

)
=

dim ker(Λ ⊕ 12) = dim ker(Λ). Therefore, we have m(ΩU ) = m(Ω) − m(ΩP ) = m − dim (ker(Λ)),
which proves the statement.

As a consequence of the normal form, we have the following corollary about the Hilbert-Schmidt
product between Pauli monomials.

Lemma 49 (Hilbert–Schmidt inner product between Pauli monomials). Let Ω := Ω(V,M) and
Ω′ := Ω(V ′,M ′) be two reduced Pauli monomials in P. Then their Hilbert–Schmidt inner product
satisfies:

Tr
(
Ω†Ω′) =


dk if Ω = Ω′,

≤ dk−2 if Ω ̸= Ω′ with V = V ′ and M ̸= M ′,

≤ dk−1 if Ω ̸= Ω′ with V ̸= V ′.

(186)
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Proof. The case Ω = Ω′ follows directly by expressing Ω in its normal form Ω = ΩUΩP .
We now consider the case Ω ̸= Ω′, which we split into two subcases.

• Case 1: V ̸= V ′.
Note that Ω†Ω′ is again a (not necessarily reduced) Pauli monomial. Applying the reduction
procedure, we obtain Ω†Ω′ = dα Ω(V +V ′,Mr), for some integer α ≤ dim(V ∩V ′), and some
phase matrix Mr. Here, Ω(V + V ′,Mr) is in reduced form. Taking the trace gives

Tr
(
Ω†Ω′) = dα Tr(Ω(V + V ′,Mr)) = dα · dk−dim(V+V ′) = dk−dim(V+V ′)+α. (187)

Since α ≤ dim(V ∩ V ′), this yields the upper bound Tr
(
Ω†Ω′) ≤ dk−dim(V+V ′)+dim(V ∩V ′).

Now, dim(V + V ′) > dim(V ∩ V ′), so dim(V + V ′) − dim(V ∩ V ′) ≥ 1, and we conclude
Tr
(
Ω†Ω′) ≤ dk−1, as claimed.

• Case 2: V = V ′ but M ̸= M ′.
The previous bound would yield Tr

(
Ω†Ω′) ≤ dk, whereas we want something smaller. Since

V = V ′, we have

Tr
(
Ω†Ω′) = dk−dim(V )+α. (188)

To ensure this is at most dk−1, we need α < dim(V ). Assume that M ′ ̸= 0. In the reduction
of Ω†Ω′, the nontrivial phases in M ′ survive until the final steps. When a zero column is
removed as per Rule 3 in Theorem 38, we fall into the second case of the rule, which strictly
reduces α compared to dim(V ∩ V ′) = dim(V ). Specifically, from the rule we would get
α ≤ dim(V ) − 2, and thus Tr

(
Ω†Ω′) ≤ dk−2.

If instead M ′ = 0 but M ̸= 0, we can invoke cyclicity of the trace: Tr
(
Ω†Ω′) = Tr

(
Ω′Ω†),

and apply the same reasoning to Ω′Ω†, reducing to the previous case.

This completes the proof.

From this follows that Pauli monomials are approximately orthogonal with respect to the
Hilbert-Schmidt inner product, similar to the permutations operators.

Lemma 50. Let Ω be a Pauli monomial. If ψ is a stabilizer state, then Tr
(
Ωψ⊗k) = 1.

Proof. Since ψ is a stabilizer state, there exists a Clifford unitary C such that ψ = C |0⟩⟨0|C†.
Using cyclicity of the trace and the fact that Pauli monomials are in the Clifford commutant, we
have

Tr
(
Ωψ⊗k) = Tr

(
C†⊗kΩC⊗k |0⟩⟨0|⊗k

)
= Tr

(
Ω |0⟩⟨0|⊗k

)
. (189)

Write Ω = Ω(V,M) in pivotal form, with columns v1, . . . , vm forming an upper-triangular binary
matrix. Then

Tr
(

Ω |0⟩⟨0|⊗k
)

= 1
dm

∑
P1,...,Pm

Tr
(
P⊗v1

1 · · ·P⊗vm
m |0⟩⟨0|⊗k

)
·

∏
1≤i<j≤m

χ(Pi, Pj)Mi,j , (190)

where χ(Pi, Pj) are the phase factors.
Now evaluate this trace row by row starting from the last non-zero one. At each row, we

take the overlap with the zero state and use that only Pauli operators composed of I and Z have
nonzero expectation on |0⟩. Each such term contributes ⟨0|P |0⟩ = 1, and only d of the d2 Pauli
matrices can contribute per index. Thus, for each row, we gain a factor d, and since there are m
rows, the total is dm, exactly canceling the 1/dm prefactor. Note that the phase factors were all
1 (regardless of M) since all Pauli composed only by Identity and Z commute with each other.
Hence, we conclude.
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5.3 Alternative basis for the commutant: Graph and algebraically independent Pauli
monomials

In this section, we define two alternative representations of Pauli polynomials, namely graph-based
Pauli monomials and algebraically independent Pauli monomials (which we already introduced
in Section 4). Here, instead of summing over all Pauli operators, we restrict the sum to only
consider Pauli operators with a certain anticommutation relation and/or Pauli operators that are
algebraically independent (i.e., cannot be written as products of each other). These representations
have the advantage that they form Hilbert-Schmidt orthogonal operators, which is a useful property
for twirling and the Weingarten calculus. They also have drawbacks, most notably, they do not
factorize on qubits, meaning that the structure is way more dependent on the number of qubits.
In this section, first, we define the different representations and show that they can be bijectively
transformed into each other.

5.3.1 Definition of alternative basis

Let us start by introducing the definition of Graph-based Pauli monomial. We note that we
use different scaling conventions here, as this allows for a better relation between various bases of
the commutant.

Definition 51 (Graph-based Pauli monomials). Let G ∈ Sym0(Fm×m
2 ), and V ∈ Even(Fk×m

2 ).
The graph-based Pauli monomials are defined as

℧(V,G) := 1
dm

∑
P ∈Pn

A(P )=G

m∏
j=1

P
⊗vj

j , (191)

where A(P ) denotes the adjacency matrix of the anticommutation graph (as defined in Defini-
tion 12) associated with the set {P1, . . . , Pm}. We denote the set of graph-based Pauli monomials
as P̂, to reflect the fact that the two sets are connected by a binary Fourier transform, as we will
show later in Lemma 53.

An equivalent formulation of ℧(V,G) is

℧(V,G) = 1
dm

∑
P ∈Pn

m∏
j=1

P
⊗vj

j ×

 ∏
i,j∈[m]
i<j

1 + (−1)Gi,jχ(Pi, Pj)
2

 (192)

which can be verified as the latter term gives δA(P )=G. We conclude our set of definitions on
graph-based Pauli monomials, by introducing the notion of algebraically independent graph-based
Pauli monomials.

Definition 52 (Independent graph-based Pauli monomials). Let G ∈ Sym0(Fm×m
2 ) be a symmetric

binary matrix, and V ∈ Even(Fk×m
2 ). We define independent graph-based Pauli monomials as

℧I(V,G) = 1
|S[V,G]|

∑
P∈P×m

n

A(P)=G,
P alg. ind.

m∏
j=1

P
⊗vj

j (193)

i.e., the sum runs over the set of algebraically independent Pauli operators P = (P1, . . . , Pm).
Notice that ℧I(V,G) ∝ ℧I([V,G]) holds, introduced in Section 4. In particular, the proportionality
factor is a phase {±1,±i} that is uniquely determined by a choice of the representative V .

5.3.2 Transformations of different Pauli monomials

Thus far, we have introduced various notions of Pauli monomials. Since the set of monomials
remains the same, a transformation between these definitions must exist. In the following lemmas,
we show that such transformations do exist.
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Lemma 53 (Linear transformation between Pauli and graph-based monomials). Let Ω(V,M) de-
note a Pauli monomial (Definition 30) and ℧(V,G) a graph-based Pauli monomial (Definition 51).
The following ‘Fourier transform’ expresses the linear transformation between these two represen-
tations:

Ω(V,M) =
∑

G∈Sym0(Fm×m
2 )

(−1)
∑

i<j
Gi,jMi,j℧(V,G), (194)

℧(V,G) = 1
2(m

2 )
∑

M∈Sym0(Fm×m
2 )

(−1)
∑

i<j
Gi,jMi,j Ω(V,M). (195)

Here, the summation in both equations runs over all symmetric m×m matrices M or G with zero
diagonal entries.

Proof. To prove the lemma, we verify the validity of the transformations. We first confirm Eq. (194)
as ∑
G∈Sym0(Fm×m

2 ):
diag(G)=0

(−1)
∑

i<j
Gi,jMi,j℧(V,G) (i)=

∑
G∈Sym0(Fm×m

2 )

∑
P∈P×m

n

m∏
b=1

P⊗vb

b

∏
i,j∈[m]
i<j

1 + (−1)Gi,jχ(Pi, Pj)
2 (−1)Gi,jMi,j

(196)

=
∑

P∈P×m
n

m∏
b=1

P⊗vb

b

∑
G∈Sym0(Fm×m

2 )

∏
i,j∈[m]
i<j

1 + (−1)Gi,jχ(Pi, Pj)
2 (−1)Gi,jMi,j

(ii)=
∑

P∈P×m
n

m∏
b=1

P⊗vb

b

∏
i,j∈[m]
i<j

1 + χ(Pi, Pj) + (−1)Mi,j (1 − χ(Pi, Pj))
2

(iii)=
∑

P∈P×m
n

m∏
b=1

P⊗vb

b

∏
i,j∈[m]
i<j

χ(Pi, Pj)Mi,j

= Ω(V,M).

In step (i), we have used Eq. (192). In step (ii), we have employed the identity∑
G∈Sym0(Fm×m

2 ):
diag(G)=0

∏
i,j∈[m]
i<j

(
1 + (−1)Gi,jχ(Pi, Pj)

)
(−1)Gi,jMi,j =

∏
i,j∈[m]
i<j

∑
Gi,j∈{0,1}

(
1 + (−1)Gi,jχ(Pi, Pj)

)
(−1)Gi,jMi,j

(197)

=
∏

i,j∈[m]
i<j

(
(1 + χ(Pi, Pj)) + (1 − χ(Pi, Pj)) (−1)Mi,j

)
.

Finally, in step (iii), we have used the case distinction

(1 + χ(Pi, Pj)) + (1 − χ(Pi, Pj)) (−1)Mi,j =
{

2 if Mi,j = 0,
2χ(Pi, Pj) if Mi,j = 1,

(198)

= 2χ(Pi, Pj)Mi,j . (199)

Similarly, we verify Eq. (195) as

1
2(m

2 )
∑

M∈Sym0(Fm×m
2 ):

diag(M)=0

Ω(V,M) × (−1)
∑

i<j
Gi,jMi,j= 1

2(m
2 )

∑
M∈Sym0(Fm×m

2 ):
diag(M)=0

1
dm

∑
P∈P×m

n

m∏
b=1

P⊗vb

b

∏
i,j∈[m]
i<j

χ(Pi, Pj)Mi,j (−1)Gi,jMi,j

(200)
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= 1
dm

∑
P∈P×m

n

m∏
b=1

P⊗vb

b

∑
M∈Sym0(Fm×m

2 ):
diag(M)=0

∏
i,j∈[m]
i<j

χ(Pi, Pj)Mi,j (−1)Gi,jMi,j

2

= 1
dm

∑
P∈P×m

n

m∏
b=1

P⊗vb

b

∏
i,j∈[m]
i<j

1 + (−1)Gi,jχ(Pi, Pj)
2

= ℧(V,G),

where in the final step, we have again used Eq. (192). This completes the proof.

Lemma 54. The sets of operators {℧I(V,G)} and {℧(V,G)} span the same vector space. In
particular, there exists a bijective linear transformation between the two families.

Proof. First, we observe that the definition of graph-based monomials in Definition 51 and the
definition of independent graph-based monomials in Definition 52 are identical (up to a constant),
except for the additional requirement in the latter that the set of Pauli operators must be algebraic
independent. Consequently, starting from ℧(V,G), we can write

℧(V,G) =
|S[V,G]|
dm

℧I(V,G) + 1
dm

∑
P ∈P×m

n not alg. ind.
A(P )=G

∏
i∈[m]

P⊗vi
i . (201)

Let us analyze the second term. If the set of Pauli operators P is not algebraically independent,
there exists at least one linear relation within the set P . As such, we can express Pk = θ

∏
i ̸=k P

ai
i ,

where θ ∈ {±i,±1}. Notably, θ2 depends only on the anticommutation graph G (as we show in
Lemma 18) of P and, since V ∈ Even(Fk×m

2 ), only θ2 appears. We can, therefore, rewrite∏
i∈[m]

P⊗vi
i = ϕ(G)

∏
i∈[m]\k

P
⊗(vi+aivk)
i (202)

where the proportionality factor depends on the anticommutation graph G originating from per-
muting the Pauli operators in the product to the correct spot. We can reiterate the argument in
the presence of more than one algebraic relations. We can, therefore, write

℧(V,G) =
ΦV |S[V,G]|

dm
℧I(V,G) +

∑
a∈lin relations

ϕa(G)|S[Va,Ga]|
dm

℧I(Va, Ga) (203)

where ma < m and ϕa(G) only depends on the anticommutation graph G. Eq. (203) proves that
there exists a map {℧I(V,G)} → {℧(V,G)}. This map is also bijective. To prove it, we note that
for m = 0, we have that ℧I(0, 0) = ℧(0, 0) = 1. Then, by induction, we simply note that if one
can generate all ℧I(V,G) from ℧(V,G) for m = m′ − 1, we can invert Eq. (203) and get all the
℧I(V,M) for m = m′:

ΦV |S[V,G]|
dm

℧I([V,G]) = ℧(V,G) −
∑
a

ϕa(G)|S[Va,Ga]|
dm

℧I(Va, Ga). (204)

This shows that we can generate all the set {℧I(V,G)} from P̂, and, therefore, the map is bijective.

Corollary 55. The sets P, P̂,{℧I([V,G])}[V,G] generate the same vector space, i.e.,

span(P) = span(P̂) = span({℧I([V,G])}[V,G]). (205)

Proof. The proof follows from the fact that there exists a bijective correspondence between P and
P̂ by Lemma 53, and similarly, a bijective correspondence between P̂ and {℧I(V,G)} by Lemma 54.
Moreover, we have that ℧I(V,G) = ΦV ℧I([V,G]) for a choice of representative V .
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5.4 Pauli monomials form a basis of the commutant
In this section, building on the results of Sections 4 and 5, we demonstrate that Pauli monomials
form a basis for the Clifford commutant.

The next corollary shows that the set of reduced Pauli monomials as defined in Definition 42
span all the commutant of the Clifford group, and are independent provided that k ≤ n+ 1.

Corollary 56 (Reduced Pauli monomials form a basis of the commutant). The span of set of
reduced Pauli monomials P is the commutant of the Clifford group

span(P) = Com(C⊗k
n ); (206)

moreover, if k ≤ n+ 1, then P contains linearly independent operators and thus P provides a basis
of Com(C⊗k

n ).

Proof. Both claims follow directly from Corollary 55 and Theorem 25, as together they establish
a bijective transformation between the set of operators ℧I([V,G]), which constitute a basis for
rank2(G) ≥ 2(m− n) trivially (verified for k ≤ n+ 1).

6 The Clifford commutant is generated by permutations and three fun-
damental operators

6.1 The Clifford commutant is generated by only three additional elements
In this section, building on the formalism of Pauli monomials introduced in Section 5, we state and
prove one of the main results of this work. The following theorem shows that the k-th order Clifford
group commutant is generated by only three additional elements compared to the commutant of
the full unitary group, namely the primitives corresponding to 1

d

∑
P P

⊗4, 1
d

∑
P P

⊗6, and, if k
is a multiple of 4, also 1

d

∑
P P

⊗k. In this sense—as already observed for the specific case k = 4
in Ref. [84], which showed that the Clifford group fails “gracefully” to be a unitary 4-design—we
show that the Clifford group fails gracefully to be a unitary k-design for any k, thereby providing
a natural generalization of this result.

Theorem 57 (The k-th order Clifford group commutant is generated by only three additional
elements). Let Com(C⊗k

n ) be the commutant of the Clifford group.

(i) All Pauli monomials are generated by

Ω4 :=
∑
P∈Pn

P⊗4, Ω6 :=
∑
P∈Pn

P⊗6, and, if k is divisible by 4, Ωk :=
∑
P∈Pn

P⊗k, (207)

and permutations.

(ii) All unitary Pauli monomials are generated by Ω6 and permutations.

(iii) Every reduced Pauli monomial Ω can be generated by the product of at most min(m(Ω) +
4, k + 1) many primitives.

Proof. First of all, let us notice that, with Ω4,Ω6 and Ωk and permutations, we can generate
every primitive Ω(v) with |v| = 4, 6, k. Then, thanks to the result of Lemma 46, we know that
any reduced Pauli monomial Ω can be written as Ω = ΩPΩU with ΩU ∈ PU and ΩP ∈ PP , a
unitary and projective Pauli monomial, see Lemma 45. This result automatically implies that the
commutant of the Clifford group is generated by products of primitives Ω(v) with |v| ∈ [k]. We are
therefore just left to show that we can generate every primitive Pauli monomial by Ω4 and Ω6 and
permutations. First, we show that we can generate Ω(v′) from Ω(v) with |v′| = |v| + 4 and two Ω6
(up to the adjoint action of permutations), using one extra register, as the following diagrammatic
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calculation shows:

= = = . (208)

Since, in the above diagrammatic calculation, we only use the property that the middle primitive
anticommmutes with the two Ω6, we can generate all Ω(v) with |v| = 0 (mod 2) from Ω4, Ω6, and
permutations using one extra register. This only leaves Ωk if k is even, which cannot be generated
by this method, because there is no extra register to be used, and it commutes with all other
primitives.

Let us see how to generate Ωk. It turns out that there are two cases.

• If k = 4N, then the primitive Ωk is a projector (see Lemma 29) and, as we show below,
it cannot be generated by lower order primitives. To proceed with the proof, let assume,
towards contradiction, that we can create Ωvk

by lower primitives as

Ωk ∝
∏
m

Ω(vm) (209)

where |vm| < k, and the proportionality factor arises from the fact that the product of lower-
order primitives may not be reducible (cf. Definition 39). Using Theorem 38, we then move
all unitary primitives to the right and result in the following expression:

Ωk ∝
∏
m

ΩP (v′
m) ×

∏
m

ΩU (v′′
m) (210)

where ΩP (v′
m) ∈ PP and ΩU (v′′

m) ∈ PU for every m. We note that this process cannot
generate an Ωk primitive, since Ωk commutes with everything. Hence we have |v′

m| < k for
every v′

m. Consequently, we have Ωk = ΩP × ΩU , where ΩP is the product of commuting
non-full-weight primitives. Notably, ΩP may be non-reduced, meaning that ΩP = dαΩ′

P , as
stated in Lemma 40. Thus, we obtain

Ωk ∝ Ω′
PΩU . (211)

Now, multiplying both sides by the conjugate—specifically, Ωk on the left and (Ω′
PΩU )† on

the right—we arrive at
dΩk ∝ dαΩ′

P , (212)
where we have used the fact that ΩU is a unitary operator. However, since both Ωk and Ω′

P

are reduced, it follows that Ωk = Ω′
P , which contradicts our initial assumption that |vm| < k.

This establishes the contradiction.

• If k = 4N+2, then Ωk is unitary and can be generated as a product of lower-order primitives.
Therefore, it lies in the algebra generated by, Ω4, Ω6, and permutations as shown by the
diagrammatic calculation.

= = (213)
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The above only applies the rules of Theorem 38. The weight of the first primitive can be
arbitrary, as long as it is unitary.

The above reasoning thus shows items (i) and (ii).
Let us prove item (iii). For the minimal number of terms, we proceed as in the normal form

proof, see Lemma 46. Hence, we can write every monomial as

Ω = ΩP Ω̃ΩU (214)

where ΩP ∈ PP , i.e., is a multiplication of even commuting primitives with no phase, ΩU ∈ PU
i.e., is a product of odd primitives and Ω̃ is a monomial of commuting projective primitives, which
share a phase. The form in Eq. (214) is obtained right before Step 3 of the proof of Lemma 46.
We note that, through Theorem 38, we can always write Ω̃ as products of pairs of commuting
projective primitives with a phase. An example of this kind is provided below.

= . (215)

Crucially, to obtain the product form in Eq. (214), the number r of primitives is r = m(Ω), which
corresponds to the order of the reduced monomial Ω. Indeed, is only after Step 3 of Lemma 46 that
the number of primitives increases. Indeed, Step 3 consists of adding commuting permutations and
then expanding the product of two even-commuting primitives sharing a phase into four unitaries.
However, this approach is suboptimal in the present case, as our goal is to develop a strategy that
minimizes the number of primitives. To address this, let us carefully analyze the problem. First,
we identify two possible scenarios that may arise.

(a) ΩU ̸= 1. First, we observe that if there exists a primitive Ω(u) in the decomposition of ΩU
that commutes with every element of every pair in Ω̃, then, by Rule (4) of Theorem 38, we
can decompose Ω̃ into a product of unitaries, resulting in r = m̃ with no additional cost in
terms of primitives.
We can then assume that there exists an Ω(u) in the decomposition of ΩU that does not
commute with at least one element of some pairs in Ω̃. Note that if Ω(u) does not commute
with both elements of a given pair, we can sum the elements of the pair, ensuring that only one
of them fails to commute with Ω(u). Suppose that there are at least two pairs whose elements
do not commute with Ω(u), and, without loss of generality, consider the first element of each
pair as the non-commuting one. In this case, summing the first elements of each pair together
and the second elements of each pair together results in one completely commuting pair and
one pair where only the first element does not commute. This implies that, without loss of
generality, we can assume that in Ω̃ there is exactly one pair of even-commuting primitives
sharing a phase that does not commute with Ω(u) (or any other odd primitive in ΩU ). If this
holds, we simply apply Rule (4) of Theorem 38, adding two commuting permutations and
generating four unitaries from the non-commuting pair, while using Ω(u) to unfold all other
pairs at no additional cost. Consequently, this case results in a total number of primitives
r = m(Ω) + 2.

(b) ΩU = 1. In this case, we apply Rule (4) of Theorem 38, adding two permutations to unfold,
without loss of generality, the first pair of even-commuting primitives in Ω̃, thereby creating
four unitaries in the process. At this stage, ΩU ̸= 1, allowing us to proceed as in case (i).
This procedure ultimately results in a total number of primitives r = m(Ω) + 4.

Let us then bound the total number of primitives by considering two distinct scenarios.
In the first scenario (A), in the worst case, we have m(Ω) = k− 1, and therefore the number of

primitives satisfies r ≤ (k − 1) + 2 = k + 1.
In the second scenario (B), since ΩU = 1 from the outset, the worst case corresponds to having

all commuting primitives contained in ΩP and Ω̃. However, the maximum number of commuting
primitives is k

2 , and thus r ≤ k
2 + 4 ≤ k for any k ≥ 8. Item (iii) thus follows.
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For the second scenario (B), we can also construct an example that cannot be generated using
only m(Ω) + 2 generators unless we extend k → k + 2. Such an example can be constructed for
k = 8 to be

. (216)

Here, no unitary primitive commutes with all four operators. Consequently, constructing it requires
the product of four additional primitives.

Let us point out that, due to Corollary 56, Theorem 57 provides not only a set of generators
for the set of Pauli monomials but also a set of generators for the Clifford commutant.

6.2 Equivalence of basis
In this section, building on Theorem 57, we provide a brief argument supporting the claim that
the basis of Pauli monomials, introduced in Definition 30, precisely coincides with the basis found
in Ref. [37]. Let us first recall the main result given in Ref. [37].

Proposition 58 (Commutant basis of Ref. [37]). Let T ⊆ Fk2 × Fk2 be a subspace. Labelling the
elements of T as (x, y) for x, y ∈ Fk2 , T is a Lagrangian subspace if the following conditions are
met:

(i) |x| = |y| (mod 4) for all (x, y) ∈ T ;

(ii) dim(T ) = k;

(iii) (1, 1, . . . , 1) ∈ T .

For every n ≥ k − 1, the following operators

R(T ) =

 ∑
(x,y)∈T

|x⟩⟨y|

⊗n

(217)

form a basis of the Clifford commutant Com(C⊗k
n ).

In the next lemma, we show that the above mentioned basis corresponds to the basis of Pauli
monomials.

Lemma 59 (Equivalence of basis). The basis {R(T )} corresponds to the set P.

Proof. To prove this result, we proceed in a few steps. First, in the proof of Lemma 4.25 of Ref. [37],
it has been established that the product of any two operators satisfies R(T1)R(T2) ∝ R(T ) for some
Lagrangian subspace T .

Next, the primitive Pauli monomials Ω(vm) (see Definition 28) correspond to what the authors
of Ref. [37] define as the antiidentity 1̄m (see, e.g., Eq. (1.4) in Ref. [37]). Hence, we have the
relation R(1̄m) = Ω(vm). In Theorem 57, we showed that at most three fundamental primitive
Pauli monomials (up to permutations), namely Ω4, Ω6, and Ωk, generate the set P. Since the set
{R(T )} is closed under multiplication, it follows that the above primitives generate a subset of
{R(T )}. Therefore, we immediately obtain the inclusion P ⊆ {R(T )}.

However, since the set P contains linearly independent operators (for n ≥ k − 1) that span
Com(C⊗k

n ), as shown in Corollary 56, and since the set {R(T )} also contains linearly independent
operators (for n ≥ k − 1) that span Com(C⊗k

n ), we must conclude that P = {R(T )}.

Accepted in Quantum 2026-04-11, click title to verify. Published under CC-BY 4.0. 50



7 Applications and examples
This section explores several applications and examples based on the Clifford commutant. We
begin by introducing the Haar average over the Clifford group in Section 7.1. Next, we establish a
connection between magic state resource theories and the Clifford commutant in Section 7.2. We
then demonstrate how the Clifford commutant serves as a useful tool to characterize the property
testing of stabilizer states in Section 7.3. Following this, we extend our discussion to group-
symmetric states, where the group we consider is the Clifford group. Finally, we conclude with a
few examples in Section 7.5, considering the Clifford commutant for values of k ranging from 4 to
8.

7.1 Haar average over the Clifford group
In this section, we provide the essential tools to compute the averages of the Clifford group, one
of the key applications of the Clifford group commutant.

7.1.1 Twirling over the Clifford group

Let us provide an explicit expression for the twirling operator (see Eq. (23)) over the Clifford
group, for any n and k, as a direct of Theorem 25.

Corollary 60 (Twirling operator over the Clifford group). Let n, k > 0. Consider the twirling
operator, defined in Eq. (58), applied on O ∈ B(H⊗k). Then, Φ(k)

Cl (O) belongs to Com(C⊗k
n ), and

can be expressed as

Φ(k)
Cl (O) =

∑
℧I ([V,G])

tr[O℧I([V,G])]
∥℧I([V,G])∥2

2
℧I([V,G]) , (218)

where the 2-norm of the operators ℧I([V,G]) is computed in Lemma 27.

Proof. Given that the twirled operator Φ(k)
Cl (O) belongs to the commutant of the Clifford group,

it can be expressed as a linear combination of basis elements. In particular, we can use the
orthogonal basis formed by the operators ℧I([V,G]) for V ∈ Even(Fk×m

2 ) and G ∈ Sym0(Fm×m
2 )

with rank2(G) ≥ 2(m− n), see Theorem 25. Therefore, we can express the twirled operator as

Φ(k)
Cl (O) =

∑
℧I ([V,G])

b℧I ([V,G])℧I([V,G]) . (219)

To determine the coefficients, one can multiply each side of the equation by ℧I([V ′, G′]) and use
the orthogonality of the coefficients to obtain

b℧I ([V ′,G′]) =
tr
(

Φ(k)
Cl (O)℧I([V ′, G′])

)
∥℧I([V ′, G′])∥2

2
; (220)

noticing that tr
(

Φ(k)
Cl (O)℧I

)
= tr(O℧I) concludes the proof.

7.1.2 Clifford-Weingarten calculus

In Corollary 60, we introduced a decomposition of the twirling operator using the operator
basis ℧I([V,G]). Here, we express the twirling super-operators in terms of the simpler basis of
Pauli monomials. Based on such a decomposition, we introduce the notion of Clifford-Weingarten
calculus, which plays a key role in analytical calculations involving the twirling operator over
the Clifford group—analogous to the role of Weingarten calculus for the full unitary group; see
Lemma 21.

Consider the set of reduced Pauli monomials P. We know that the twirling operator, because
of Lemma 5, can be written as a linear combination of elements of P

Φ(k)
Cl (O) =

∑
Ω∈P

cΩ(O)Ω, (221)

where we drop the explicit dependence on the matrix M and the m-dimensional vector space V ,
introduced in Definition 30.
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Lemma 61 (Clifford-Weingarten calculus). Let Φ(k)
Cl (O) be the k-fold twirling operator O ∈

B(H⊗k) and let P be the set of (reduced) Pauli monomials. Then it reads

Φ(k)
Cl (O) =

∑
Ω,Ω′∈P

(W−1)Ω,Ω′ tr(OΩ)Ω′
(222)

where we call the coefficients (W−1)Ω,Ω′ Clifford-Weingarten functions, which can be obtained as
the (pseudo-)inverse of the Gram-Schmidt matrix WΩ,Ω′ := tr

(
Ω†Ω′).

Proof. Similarly to what done in Lemma 21, we multiply both sides of Eq. (221) with Ω† ∈ P and
trace both sides:

tr
(

Ω†Φ(k)
Cl (O)

)
=
∑

Ω′∈P

cΩ′(O) tr
(
Ω†Ω′). (223)

Noticing that the channel Φ(k)
Cl (·) is self-adjoint and acts trivially on Ω† ∈ P, we can rewrite the

coefficients cΩ(O) as
cΩ′(O) =

∑
Ω∈P

(W−1)Ω,Ω′ tr
(
Ω†O

)
, (224)

where we have defined the (symmetric) Gram-Schmidt matrix WΩ,Ω′ := tr
(
ΩΩ′†).

The Gram matrix is defined as the matrix generated by Hilbert-Schmidt inner products between
the operators in the reduced Pauli monomial set P. Therefore, the Gram matrix is invertible if and
only if the operators in P are linearly independent. This condition holds if and only if k ≤ n+ 1,
as established in Corollary 56.

The following lemma explores the properties of the matrix W3.

Lemma 62 (Properties of the Gram-Schmidt matrix W). Let P be the set of reduced Pauli
monomials and |P| = dim(Com(C⊗k

n )) be the dimension of the k-th order commutant of the Clifford
group. The matrix W, with components WΩ,Ω′ = tr

(
Ω†Ω′), obeys the following properties:

(i) W is symmetric.

(ii) 1 ≤ WΩ,Ω′ ≤ dk−1, Ω ̸= Ω′ ∈ P.

(iii) WΩ,Ω = dk, Ω ∈ P.

(iv) dk − |P|dk−1 ≤ λ(W) ≤ dk + |P|dk−1 where λ(W) is any eigenvalue of W.

(v) det(diag W)
(

1 − |P|2

d

)
≤ det(W) ≤ det(diag W)

(
1 + 2|P|2

d

)
, if n ≥ k2 − 3k + 13.

Proof. To prove item (i), it is sufficient to notice that tr
(
Ω†Ω′) is real, hence (WT )Ω,Ω′ = WΩ′Ω =

tr
(
Ω′†Ω

)
= tr

(
Ω†Ω′)∗ = tr

(
Ω†Ω′). Item (ii), (iii) follows from Lemma 49. From points (ii) and

(iii), we can lower and upper bound all the eigenvalues of W. Denoting λ(W) any eigenvalue of
W, we have, through the Gershgorin circle theorem [9]

min
Ω

(
WΩ,Ω −

∑
Ω′ ̸=Ω

WΩ,Ω′

)
≤ λ(W) ≤ max

Ω

(
WΩ,Ω +

∑
Ω′ ̸=Ω

WΩ,Ω′

)
(225)

bounding
∑

Ω′ ̸=Ω WΩ,Ω′ ≤ |P|dk−1, item (iv) readily follows.
Let us show item (v). Denoting diag(W) the diagonal part of W, and W ′ := diag(W)−1W − I,

where I denotes the |P| × |P| identity matrix. We can write det(W) = det(diag(W)) det(I + W ′).
Let us bound the eigenvalues of W ′ by using the Gershgorin circle theorem. Denoting λ(W ′) any
eigenvalue of W ′, from item (ii), it follows that

|λ(W ′)| ≤ max
Ω

∑
Ω′ ̸=Ω

WΩ,Ω′

WΩ,Ω
≤ |P|

d
. (226)

3A closely related analysis of the commutant’s Gram matrix was performed in Lemmas 11 and 12 of [39]
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Using the Bhatia inequality (Theorem VI.7.1 in Ref.[9]), we have

(1 − |λ(W ′)|)|P| ≤ det(I + W ′) ≤ (1 + |λ(W ′)|)|P|. (227)

Let us now carefully upper and lower bound the two terms. We use (1 + x)C ≤ 1 + 2xC, valid for
x ≤ 1

2C , to get

(1 + |λ(W ′)|)|P| ≤ 1 + 2|λ(W ′)||P| ≤ 1 + 2|P|2

d
, if 2|P|2 ≤ d . (228)

Similarly, we use (1 − x)C ≥ 1 − Cx valid for x ≥ −1 and C > 1, and we get

det(I + W ′) ≥ 1 − |P|2

d
. (229)

Hence, overall, for the inequalities Eq. (228) and Eq. (229) to hold, we need to require d ≥ 2|P|2,
for which a sufficient condition is n ≥ k2 − 3k+ 13 (where we have used the results of Theorem 26.
We are left to compute det(diag W) =

∏
Ω tr(ΩΩ) = dk|P|. Putting it all together, this implies

item (v).

The following theorem, on the other hand, examines the properties of the inverse, specifically
those of the Clifford-Weingarten functions.

Theorem 63 (Asymptotics of Clifford-Weingarten functions). Let W the Gram-Schmidt matrix,
and let W−1 be its inverse. Let n ≥ k2 − 3k + 13. Then the properties∣∣∣∣(W−1)Ω,Ω − 1

dk

∣∣∣∣ ≤ 6|P|2

dk+1 , (230)

|(W−1)Ω,Ω′ | ≤ 5|P|2

dk+1 , (231)

hold true.

Proof. By the definition of inverse, (W−1)Ω,Ω = det(W/Ω)
det(W) , where W/Ω denotes the (|P|−1)×(|P|−

1) matrix obtained by W by erasing the row and the column corresponding to Ω. If n ≥ k2−3k+13,
and using the same proof as for item (v) of Lemma 62, it can be shown that

det
(

diag W/i
)(

1 − |P|2

d

)
≤ det

(
W/i

)
≤ det

(
diag W/i

)(
1 + 2|P|2

d

)
. (232)

Notice that det
(
diag W/i

)
= dk(|P (k)|−1). Let us use item (v) of Lemma 62, to upper and lower

bound (W−1)Ω,Ω. First

(W−1)Ω,Ω =
det
(
W/Ω)

det(W) ≤
det
(
diag W/Ω)

det(diag W)

(
1 + 2|P|2

d

)
(

1 − |P|2

d

) ≤ 1
dk

(
1 + 6|P|2

d

)
, if 2|P|2 ≤ d, (233)

where we have used the fact that (1+x)
(1−x/2) ≤ 1 + 3x for x ≤ 1. Similarly for the lower bound we get

W−1
Ω,Ω =

det
(
W/Ω)

det(W) ≥ 1
dk

(
1 − |P|2

d

)
(

1 + 2|P|2

d

) ≥ 1
dk

(
1 − 4|P|2

d

)
, if 2|P|2 ≤ d. (234)

Notice that together Eqs. (233) and (234) prove the first bound. To prove the second bound, we
make use of

|W−1
i,j | ≤ ∥W−1 − diag(W−1)∥∞

≤ ∥W−1 − diag(W)−1∥∞ + ∥ diag(W)−1 − diag(W−1)∥∞

≤ ∥W−1∥∞∥W diag(W)−1 − I∥∞ + ∥ diag(W)−1 − diag(W−1)∥∞

= ∥W−1∥∞∥W ′∥∞ + ∥ diag(W)−1 − diag(W−1)∥∞

(235)
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where, similarly to Lemma 62, we have defined W ′ := W diag(W)−1 − I. Now, since ∥W−1∥∞ ≤
1

λmin(W) , we can exploit item (iv) of Lemma 62, to bound

∥W−1∥∞ ≤ 1
dk

(
1 + 2|P|

d

)
, if 2|P| ≤ d. (236)

From Eq. (226) in the proof of Lemma 62, we know that ∥W ′∥∞ ≤ |P|
d . We are left in upper

bounding ∥ diag(W)−1 −diag(W−1)∥∞. From point (ii) of Lemma 62 and point (i) above, we have

∥ diag(W)−1 − diag(W−1)∥∞ = max
Ω

( 1
WΩ,Ω

− (W−1)Ω,Ω

)
≤ 4|P|2

dk+1 . (237)

Putting it altogether, we finally have

|W−1
i,j | ≤ |P|

dk+1 + 2|P|2

dk+2 + 4|P|2

dk+1 ≤ 5|P|2

dk+1 , if 2|P|2 ≤ d . (238)

To conclude the proof it is sufficient to note that n ≥ k2 − 3k+ 13 is sufficient to ensure 2|P|2 ≤ d
due to the dimension of the Clifford group Theorem 26.

As an application of the asymptotics of Clifford-Weingarten functions, in the next lemma, we
show that the only contributing terms are the ones coming from unitary Pauli monomials whenever
we twirl an operator O with constant operator norm.

Lemma 64 (Unitary Pauli monomials dominate). Fix n ≥ k2 − 3k + 13. Let O be an operator
with ∥O∥∞ ≤ K, and let cΩ(O) be the coefficients of the twirling operator Φ(k)

Cl (O) for Ω ∈ P, then

|cΩ(O)| ≤ 6K|P|3

d
, ∀Ω ∈ P \ PU (239)

i.e., for any non-unitary monomial Ω, it holds that |cΩ(O)| = O(2 3
2k

2−n).

Proof. The proof directly descends from Theorem 63. Indeed, we have

|cΩ(O)| =
∣∣∣∣∣∑

Ω′

(W−1)Ω,Ω′ tr(Ω′O)
∣∣∣∣∣ ≤ | tr(ΩO)|

(
1
dk

+ 6|P|2

dk+1

)
+ 5|P|3

dk+1 max
Ω′ ̸=Ω

| tr(Ω′O)|. (240)

Now notice that if Ω ̸∈ PU , then ∥Ω∥1 ≤ dk−1. In fact, in normal form (see Lemma 46) we can
write Ω = ΩUΩP then ∥Ω∥1 = ∥ΩP ∥1 = tr(ΩP ) ≤ dk−1, as proven in Lemma 44. However, if
Ω ∈ PU , we have ∥ΩU∥1 = dk. Therefore, we can bound

|cΩ(O)| ≤ ∥O∥∞

(
1
d

+ 6|P|2

d2 + 5|P|3

d

)
(241)

where we have bounded | tr(ΩO)| ≤ ∥Ω∥1∥O∥∞. Upper bounding 1 + 6|P|2/d ≤ |P|3, which holds
for n ≥ k2 − 3k + 13, concludes the proof.

7.1.3 Clifford orbit of quantum states

In Proposition 23, we analyzed the orbit of k-copies of a pure quantum state, |ψ⟩⟨ψ|⊗k, under the
action of the full unitary group. As anticipated, the orbit remains the same for any reference state
vector |ψ⟩ and is proportional to the projector onto the symmetric subspace, Πsym = 1

k!
∑
π∈Sk

Tπ.

In contrast, the Clifford orbit of a pure quantum reference state |ψ⟩⟨ψ|⊗k is more intricate and
strongly depends on the choice of the reference state vector |ψ⟩. However, the calculations for the
Clifford orbit of pure quantum states are more tractable compared to those for general operators
O.

Thanks to the symmetry Tπ |ψ⟩⊗k = |ψ⟩⊗k
of pure states under permutations, we can write the

twirling operator applied on |ψ⟩⟨ψ|⊗k in terms of Pauli monomials modulo the equivalence class
given by permutations.
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Lemma 65 (Clifford orbit of a pure quantum state). Let |ψ⟩ be a quantum state vector and define
ψ = |ψ⟩⟨ψ| its density matrix. Define the following equivalence relation Ω ∼ Ω′ if and only if there
exists π, σ ∈ Sk such that Ω = TπΩ′Tσ. Define P/Sk as the set of representative elements of the
equivalence relation. The Clifford twirling operator Φ(k)

Cl (·), applied on k copies of ψ reads

Φ(k)
Cl (ψ⊗k) =

∑
Ω∈P/Sk

pΩ(ψ)ΠsymΩΠsym

tr(ΩΠsym) (242)

where pΩ(ψ) are quasi-probabilities, i.e.,
∑

Ω pΩ(ψ) = 1, but in general they are not positive and
Πsym = 1

k!
∑
π∈Sk

π. Moreover,

pΩ(ψ) =
∑

Ω′∈P/Sk

(S−1)Ω,Ω′
tr
(
Ω′ψ⊗k)

tr(ΠsymΩ′) (243)

where SΩ,Ω′ := tr(ΩΠsymΩ′Πsym)
tr(ΠsymΩ) tr(ΠsymΩ′) .

Proof. The proof of Eq. (242) follows identically compared to the derivation of Clifford-Weingarten
functions, see Lemma 61. Let us show that pΩ(ψ) are only quasi-probabilities. The fact that they
sum to 1, simply follows from tr

(
Φ(k)

Cl (ψ⊗k)
)

= 1. It suffices to compute the average over a Haar
random state of pΩ(ψ):∫

dψpΩ(ψ) =
∑

Ω′∈P/Sk

(S−1)Ω,Ω′

∫
dψ

tr
(
Ω′ψ⊗k)

tr(ΠsymΩ′) =
∑

Ω′∈P/Sk

(S−1)Ω,Ω′
1

tr(Πsym) . (244)

Now, it is sufficient to note that SΩ′,1 = tr(Πsym)
tr(Πsym) tr(Πsym) = 1

tr(Πsym) . Hence∫
dψpΩ(ψ) = δΩ,1 (245)

This demonstrates that pΩ(ψ) is generally non-positive. Suppose, for contradiction, that pΩ(ψ) ≥ 0
for all states. Given that the average is zero, this would imply pΩ(ψ) = 0 for all Ω ̸= 1 and for any
state. Consequently, this would lead to Φ(k)

Cl (ψ⊗k) = Φ(k)
Haar(ψ⊗k) for any state ψ, meaning that

the Clifford orbit—such as that of stabilizer states—forms a projective k-design for all k, which is
clearly a contradiction. Therefore, pΩ(ψ) must be non-positive in general.

Lemma 66 (Clifford orbit of a stabilizer state [37]). While the Clifford orbit depends on the
reference state, it attains a simple value for stabilizer states. It is possible to show that, for every
n, k ≥ 1, it holds that

Φ(k)
Cl

(
|0⟩⟨0|⊗k

)
= 1
Zd,k

∑
Ω∈P

Ω (246)

with Zd,k = d
∏k−2
i=0 (d+ 2i).

Proof. This lemma has been proven in Ref. [37], which we include here for completeness. For this
proof, we explicitly denote the dependence of n in the twirling operator as Φ(k)

Cl

(
|0n⟩⟨0n|⊗k

)
. For

any n′ < n, uniformity over Clifford circuits implies that〈
0⊗k
n−n′ |Φ(k)

Cl

(
|0n⟩⟨0n|⊗k

)
|0⊗k
n−n′

〉
∝ Φ(k)

Cl

(
|0n′⟩⟨0n′ |⊗k

)
. (247)

Now, consider n ≥ k − 1. From Lemma 61, we know that we can express

Φ(k)
Cl (|0n⟩⟨0n|⊗k) =

∑
Ω∈P

cn,ΩΩ(n), (248)

here we introduced the notation Ω(n) to make explicit the dependence from the number of qubits
of the system we are considering, and we use the fact that tr

(
Ω(n) |0n⟩⟨0n|⊗k

)
= 1, which holds
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for any k-tensor copies of a stabilizer state. We also define cn,Ω =
∑

Ω′(W−1)Ω,Ω′ . Since
⟨0⊗k
n−n′ |Ω(n)|0⊗k

n−n′⟩ = Ω(n′) due to the tensor product structure Ω(n) = ω⊗n (see Lemma 31),
Eq. (247) implies that ∑

Ω∈P

cn,ΩΩ(n) ∝
∑
Ω∈P

cn′,ΩΩ(n′). (249)

This necessarily implies that cn,Ω = cncΩ. Since this equation holds for any n′, in particular for
n′ < k − 1, it must hold for all n. We can thus express the twirling operator for any n as

Φ(k)
Cl (|0n⟩⟨0n|⊗k) ∝

∑
Ω∈P

cΩΩ(n). (250)

Next, we show that the coefficients cΩ must be equal. Consider the expectation value of a Pauli
monomial Ω′. On one hand, we have

tr
(

Ω
′(n)Φ(n)

Cl (|0n⟩⟨0n|⊗k)
)

= ⟨0n|Ω
′(n)|0n⟩ = 1. (251)

On the other hand, we have

1 = cn
∑
Ω∈P

cΩ tr
(

Ω
′(n)Ω(n)

)
= cnd

kcΩ′ +
∑

Ω̸=Ω′∈P

cΩ tr
(

Ω
′(n)Ω(n)

)
= dkcn(cΩ′ +O(d−1)) ∀Ω′.

(252)
Taking the limit of large d, it follows that all coefficients cΩ′ must be equal. However, since cΩ′ is
independent of n, the result holds for every n. Thus for any n and k, we can write

Φ(k)
Cl (|0⟩⟨0|⊗k) = 1

Zd,k

∑
Ω∈P

Ω, (253)

where Zd,k =
∑

Ω∈P tr(Ω), which can be computed directly from Lemma 44, using the fact that
tr(Ω) = dk−m and similarly from Theorem 26 one can obtain that the number of reduced Pauli
monomials with order m is given by

(
k−1
m

)
2 × 2m(m−1)/2.

Proposition 67 (Clifford Weingarten notable identities). Let G be the Gram matrix of Pauli
monomials with entries GΩ′,Ω := Tr

(
Ω′†Ω

)
, and let W := G+ be its Moore–Penrose pseudoinverse

(the Weingarten matrix). Then, for all Ω′ ∈ P,∑
Ω∈P

GΩ′,Ω = Zd,k ,
∑
Ω∈P

WΩ′,Ω = 1
Zd,k

, (254)

where Zd,k = d
∏k−2
i=0 (d+ 2i). Notably, both sums are independent of Ω′.

Proof. Let ψ0 := |0⟩⟨0|⊗k. The Clifford moment operator satisfies Φ(k)
Cl (ψ0) = 1

Zd,k

∑
Ω∈P Ω,

as shown in Lemma 66. Taking the Hilbert–Schmidt inner product with any Ω′ ∈ P, and
using that Φ(k)

Cl is self-adjoint, that Ω′ lies in the commutant, and that Tr(Ω′ψ0) = 1, gives
1

Zd,k

∑
Ω∈P Tr

(
Ω′†Ω

)
= 1, establishing the first identity.

For the second identity, write Φ(k)
Cl (ψ0) =

∑
Ω′ cΩ′ Ω′, where the vector c of coefficients satisfies

(see Lemma 61) c = W1, with 1 ∈ R|P| the all-ones vector, since Tr(Ωψ0) = 1 for all Ω. Equiva-
lently, c satisfies Gc = 1. A particular solution is given by c = 1

Zd,k
· 1, since all rows of G sum to

Zd,k, as shown above. It is well known that the Moore–Penrose pseudoinverse selects the unique
solution of minimal Euclidean norm. Consider any other solution c̃ to Gc = 1. Then, by basic
linear algebra, we can write c̃ = 1

Zd,k
· 1 + v for some v ∈ ker(G). Since G is symmetric, its kernel

is orthogonal to its image, and 1 ∈ Im(G), so ⟨1,v⟩ = 0. It follows that

∥c̃∥2
2 =

∥∥∥∥ 1
Zd,k

· 1
∥∥∥∥2

2
+ ∥v∥2

2 + 2
〈

1
Zd,k

· 1,v
〉

=
∥∥∥∥ 1
Zd,k

· 1
∥∥∥∥2

2
+ ∥v∥2

2 ≥
∥∥∥∥ 1
Zd,k

· 1
∥∥∥∥2

2
, (255)

with equality if and only if v = 0. Hence, the unique minimal-norm solution is c = W ·1 = 1
Zd,k

·1,
from which it follows that each row of W sums to 1/Zd,k, as claimed.
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7.2 Magic-state resource theory
In this section, we apply the framework developed for the Clifford commutant to a closely related
topic: magic-state resource theory. As in other resource theories, magic-state resource theory
focuses on defining resource monotones, which are functions that do not increase under Clifford
operations [47, 72, 76]. In a broader context, Clifford operations encompass not only Clifford
unitary transformations but also computational basis measurements, partial traces, and operations
conditioned on measurement outcomes. The presence of these general operations significantly
complicates the search for computable magic monotones. As a result, most magic monotones
involve a minimization procedure over the entire set of stabilizer states [56, 72], rendering them
fundamentally unmeasurable in experimental settings and analytically intractable [44]. However,
stabilizer entropy has emerged as the first magic monotone that is both experimentally measurable
and analytically tractable [55]. Nevertheless, this experimental feasibility is largely limited to pure
states. This limitation is not surprising, as it is a common feature across other resource theories,
such as entanglement resource theory. For this reason, in the remainder of the section, we will
primarily focus on magic-state resource theory as applied to pure states.

In the following, we will use the term magic measures to refer to quantities that are not
necessarily magic monotones. The key distinction is that magic measures are required only to be
resource non-increasing under Clifford unitaries, a necessary condition for being a magic monotone
but not sufficient on its own, while magic monotones must exhibit monotonic behavior under a
much broader class of stabilizer operations. In our terminology, every magic monotone is also a
magic measure, but the converse is not true. For a more detailed discussion, see [53].

To begin, let us formally define the notion of measurable function in the context of quantum
information.

Definition 68 (Measurement strategy). A measurement strategy is a quantum algorithm A(ρ⊗k) 7→
[0, 1] with arbitrary classical processing. Any such strategy describes a statistical process from shot-
noise statistics and potentially a randomized classical processing strategy. We assume that both the
classical and quantum processing can have arbitrary circuit complexity and arbitrary auxiliary bits
and qubits.

Definition 69 (Measurable function). A measurable function f is the expectation value of a
measurement strategy f(ρ⊗k) := ⟨A(ρ⊗k)⟩, where the expectation value ⟨·⟩ is over all possible
measurement outcomes of the measurement strategy A.

Moving on to magic measures, let us introduce stabilizer entropies, which will serve as the
central objects of our subsequent discussion.

Definition 70 (Stabilizer entropy [55]). Let |ψ⟩ be a pure quantum state vector and ψ = |ψ⟩⟨ψ|
its density matrix. Then, the stabilizer entropies Mα(ψ) are defined

Mα(ψ) = 1
1 − α

log ∆2α(ψ), ∆2α(ψ) := 1
d

∑
P∈Pn

tr2α(Pψ) . (256)

Upon closer examination, it becomes evident that the ∆2α(ψ) in the definition of stabilizer
entropy is, in fact, the expectation value of the primitive Pauli monomial (see Definition 28):

Ω2α = 1
d

∑
P∈Pn

P⊗2α, ∆2α = tr
(
Ω2αψ

⊗2α) . (257)

This equivalence and the ordering of Rényi entropies [55], allows us to write ∆2(α+1) ≤ ∆2α ≤
∆1−1/α

2(α+1).

This observation hints at a profound connection between magic-state resource theory and the
commutant of the Clifford group. Specifically, in what follows, we prove that any measurable magic
measure can be expressed as a Pauli polynomial, that is, a linear combination of Pauli monomials.

Before stating the main result, let us lay down the following lemma in the context of magic-state
resource theory.
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Lemma 71 (Invariance under unitary Clifford operations). Let M(ψ) be any magic measure.
Then M(ψ) is invariant under Clifford unitary operations, that is, M(ψ) = M(CψC†) for every
C ∈ Cn.

Proof. Due to their invertibility, the fact that a resource does not increase under Clifford unitaries
implies that it remains invariant under Clifford unitaries.

Lemma 72. Every measurable function M(ρ⊗k) on k copies, which is invariant under Clifford
unitary operations, is equal to an expectation value of a positive operator Π ≤ 1 that belongs to
Com(C⊗k

n ), i.e.,

M(ρ⊗k) = tr
(
ρ⊗kΠ

)
, Π =

∑
Ω∈P

αΩΩ. (258)

Proof. Let us first show that any measurable function in the sense of Definition 69 can be recast as
an expectation value of a positive operator Π. Notice that every classical process can be described
by a quantum circuit. Quantum measurements can be simulated using an auxiliary qubit and a
CNOT gate. To turn the distribution of classical outcome estimates into an expectation value, the
experimenter implements the state

ρ =
(
r 0
0 1 − r

)
(259)

where r is the classical estimate. The final measurement is then π = |0⟩⟨0|. Therefore, supplying
with k′ additional registers initiated in the state |0⟩, any measurement strategy can be implemented.
Since measurable functions are expectation values of measurement strategies, we can write

M(ρ⊗k) = tr
(
ρ⊗k ⊗ |0⟩⟨0|⊗k

′
UΠU†

)
(260)

where U is a classical-quantum circuit and π = |0⟩⟨0|. Defining Π := ⟨0⊗k′ |UπU†|0⊗k′⟩, we can
thus write the measurable function f(ρ⊗k) = tr

(
Πρ⊗k). Notice that since π ≤ 1, so is Π. Now we

just have to prove Π ∈ Com(C⊗k
n ). Let us exploit the invariance under Clifford unitary operations

M(C⊗kρ⊗kC†⊗k) = f(ρ⊗k), ∀C, ρ =⇒ tr
(
C†⊗kΠC⊗kρ⊗k) = tr

(
Πρ⊗k), ∀C, ρ. (261)

By the requirement that this equality holds for any state ρ, it follows that the operator Π must
satisfy Π = C†⊗kΠC⊗k for all C ∈ Cn, implying that Π ∈ Com(C⊗k

n ), and thus a Pauli polynomial.
This concludes the proof.

Lemma 72 says that any measurable function corresponding to a measurement strategy on k
copies that is also invariant under Clifford operations belongs to the k-th order commutant of the
Clifford group. This result suggests that measurable magic measures, which must be invariant
under Clifford operations, see Lemma 71, are nothing more than Pauli polynomials. This result is
formalized in the following theorem, the proof of which descends from the above lemma.

Theorem 73 (Measurable magic measures as Pauli polynomials). Any magic measures M(ρ), for
which there exists an unbiased estimator employing k copies of the state ρ, is a Pauli polynomial
of degree k.

Proof. Let M(ρ) be the magic measure and let M̂(ρ⊗k) be an unbiased estimator for M(ρ). By
definition of unbiased estimator, we have that ⟨M̂(ρ⊗k)⟩ = M(ρ), where the expectation value
is over all the possible outcomes of the measurement strategy used on k copies. Hence, M(ρ)
is a measurable function according to Definition 69. Moreover, M(ρ) must be invariant under
the action of Clifford unitaries, as per Lemma 71. Hence, by virtue of Lemma 72, we can write
M(ρ) = tr(Πρ) with Π ∈ Com(C⊗k

n ) being a Pauli polynomial of degree k.

This result demonstrates that any experimentally measurable magic measure must be express-
ible as the expectation value of an operator in the k-th order commutant of the Clifford group,
underscoring the strong connection between magic-state resource theory and the Clifford commu-
tant. Moreover, the argument above also reveals that the minimal polynomial order for which a
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magic measure can exist is k ≥ 4. For k < 4, the Clifford commutant coincides with the commutant
of the full unitary group and, therefore, cannot contain any useful information.

While the above general results apply to possibly mixed states, in the remainder of the section,
we restrict our attention to pure states. In Theorem 73, we have shown that any measurable magic
measure is equivalent to an expectation value of a positive Pauli polynomial. If we restrict to
pure states, we can assume, without loss of generality, that such operator lives in the symmetric
subspace with projector Πsym. As shown in Lemma 65, we can define the equivalence relation of
Pauli monomials under left and right actions of permutations, and define the set P/Sk as the set
of independent Pauli monomials that are permutationally inequivalent. Consequently, without loss
of generality, we can write any measurable magic measure restricted on pure states as

M(ψ) =
∑

Ω∈P/Sk

cΩ tr
(
Ωψ⊗k), (262)

i.e., the magic measure M(ψ) is simply a linear combination of independent, permutationally
nonequivalent Pauli monomials, suggesting that these monomials represent more fundamental
magic measures. This observation motivates the following definition.

Definition 74 (Generalized stabilizer purities). Let Ω ∈ P/Sk, where P/Sk is the set of reduced
Pauli monomials up to permutations with representative elements Pauli monomials with the least
possible order m. The Ω-stabilizer purity is defined as

∆Ω(ψ) := Re(tr
(
Ωψ⊗k)). (263)

Notice that ∆Ω(ψ) = 1 for stabilizer states, and it is manifestly invariant under Clifford opera-
tions. Moreover, if Ω(v) is a primitive Pauli monomial, we abbreviate it as ∆Ω(v)(ψ) = ∆|v|(ψ),
consistently with Definition 70. The real part is used because not every tr

(
Ωψ⊗k) is necessarily

real. An alternative definition could also involve taking the absolute value of the expectation value.

In the context of qudits, Ref. [74] introduced generalized stabilizer purity in the same fashion.
In the next theorem, we show that generalized stabilizer purities attains their maximum values for
stabilizer states.

Theorem 75 (Faithfulness of generalized stabilizer purities). Let ψ be a pure quantum state, then
for any Ω-stabilizer purity, it holds that

∆Ω(ψ) ≤ 1 (264)

while ∆Ω(ψ) = 1 if ψ is a stabilizer state.

Proof. We divide the proof into three cases:

(i) If Ω ∈ PU is a unitary Pauli monomial, the result follows directly from a simple Hölder
inequality as

∆Ω(ψ) ≤ ∥Ω∥∞∥ψ∥k1 ≤ 1. (265)

(ii) If Ω(V,M) ∈ PP is a projector, it corresponds to a vector space V containing only even-
weight primitives with no phases, i.e., M = 0. Let us now use the invariance under linear
transformations, formally established in Theorem 37. There exists a transformation V 7→ V A
that performs Gaussian elimination on the column vectors of V , resulting in V A having a
pivot structure. Since for projectors, H = 0 (mod 2), this linear operation ensuresM(A) = 0.
For the sake of clarity, after the transformation, we express Ω as Ω = Ω(v1)Ω(v2) · · · Ω(vm),
with the property that (v1)1 = 1, while (vi)1 = 0 for i = 2, . . . ,m. Denoting T1 as the partial
transpose on the first tensor copy, we use the invariance of the trace under partial transpose:

∆Ω(ψ) = tr
(
ψ⊗kΩψ⊗k) = tr

(
ψT ⊗ ψ⊗(k−1)Ω(v1)T1Ωrestψ

T ⊗ ψ⊗(k−1)
)
, (266)

where, crucially, the partial transpose does not affect the remaining terms, denoted as Ωrest =∏m
i=2 Ω(vi), because of the pivot structure.
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It is straightforward to verify that Ω(v1)T1 is a unitary operator, while Ωrest is proportional
to a projector, i.e., Ω2

rest = dm−1Ωrest. We now bound ∆Ω(ψ), to get

∆Ω(ψ) = 1
dm−1 tr

(
ψT ⊗ ψ⊗(k−1)Ω(v1)T1ΩrestΩrestψ

T ⊗ ψ⊗(k−1)
)

≤ 1
dm−1 ∥Ωrestψ

T ⊗ ψ⊗(k−1)Ω(v1)T1∥2∥Ωrestψ
T ⊗ ψ⊗(k−1)∥2

= 1
dm−1 ∥Ωrestψ

T ⊗ ψ⊗(k−1)∥2
2,

(267)

where we applied Hölder inequality and, in the last step, used the unitary invariance of the
2-norm to eliminate Ω(v1)T1 .
Thus, we obtain

∆Ω(ψ) ≤ 1
dm−1 ∥Ωrestψ

T ⊗ ψ⊗(k−1)∥2
2 = tr

(
Ωrestψ

T ⊗ ψ⊗(k−1)ψT ⊗ ψ⊗(k−1)
)

= tr
(

ΩT1
restψ ⊗ ψ⊗(k−1)

)
.

(268)
In the last step, we have used the pivot structure of Ωrest, which ensures that ΩT1

rest = Ωrest.
Iterating this argument m− 1 more times, we arrive at: ∆Ω(ψ) ≤ ∆|vm|(ψ), where ∆|vm| is a
stabilizer purity corresponding to a primitive Ω(vm). Since it is known that ∆|vm| ≤ 1 [55],
the bound holds.

(iii) When Ω = ΠU is a product of a projector Π and a unitary U , we can apply the same
reasoning as above to obtain tr

(
Ωψ⊗k) ≤ tr

(
Πψ⊗k), which completes the proof.

Before presenting explicit examples of generalized stabilizer purities, let us compute the average
Ω-stabilizer purity for Haar random states. This result will aid in establishing a hierarchy of
generalized stabilizer purities based on their order m(Ω), as defined in Definition 41. Haar random
states can be thought of as states with the maximal level of magic since they asymptotically (in
the number of qubits n) saturate the bounds of all known magic monotones (see Refs. [55, 56]).
Consequently, generalized stabilizer purities that achieve larger values for Haar random states are
the most sensitive, as they would vary within a smaller range, making them more practical for
experimental measurements.

Lemma 76 (Haar average of Ω-stabilizer purity). Let ∆Ω(ψ) be a Ω-stabilizer purity with order
m(Ω). The average value over Haar random state is∫

dψ∆Ω(ψ) = cΩ

dm(Ω) +O

(
1

dm(Ω)+1

)
(269)

where cΩ ≤ k!.

Proof. We know from Section 7.1 that the average Ω-stabilizer purity is simply∫
dψ∆Ω(ψ) = tr

(
ΩΨ(k)

Haar

)
= k!

tr(Πsym)
∑
π∈Sk

tr(ΩTπ) = cΩ

dm(Ω) +O

(
1

dm(Ω)+1

)
, (270)

where cΩ := |{ΩTπ : m(ΩTπ) = m(Ω)}| is the number of permutations not increasing the order
of the monomial Ω. The above statement follows from Lemma 44, from the fact that tr(Πsym)

k! =
dk + O(dk−1), and from the fact that the Ω-stabilizer purity is defined to be the one within the
equivalence class with the smallest order m(Ω).

Lemma 76 tells us that Ω-stabilizer purities vary in a range depending on their order m(Ω), i.e.,
[O(d−m(Ω)), 1]. From a practical point of view, it is convenient to consider those with smallm(Ω) to
reduce the number of measurement shots to measure magic in quantum states. This is particularly
relevant for those stabilizer purities corresponding to the expectation value of unitary operators
that can be efficiently measured in quantum experiments via a simple Hadamard test [67].
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Given that Ω-stabilizer purities corresponding to unitary monomials are efficiently measurable
magic measures, it is natural to expect that every measurable magic measure can be expressed as
a linear combination of unitary generalized stabilizer purity. We prove this intuition to be true in
the following lemma.

Lemma 77. Let M(ψ) be a measurable magic monotone, for which there exists an unbiased
estimator on k copies of ψ. Then for any n ≥ k2 − 3k + 13, it holds that

M(ψ) =
∑

Ω∈PU

αΩ∆Ω(ψ) +O(2 3
2k

2−n). (271)

Proof. Thanks to Theorem 73, we can write M(ψ) = tr
(
M̂ψ⊗k

)
. Since M̂ belongs to the com-

mutant and, without loss of generality, lives in the symmetric subspace because ψ is pure, we can
express it as M̂ =

∑
Ω∈PU

αΩ(M̂)Ω with Ω being Pauli monomials. Using Lemma 64, and using
that ∥M̂∥∞ ≤ 1, we know

αΩ(M̂) ≤ O(2 3
2k

2−n) (272)

Since |∆Ω(ψ)| ≤ 1 (see Theorem 75), then it immediately follows that

M(ψ) =
∑

Ω∈PU

αΩ(M̂)∆Ω(ψ) +O(22k2−n) (273)

From the condition of M(σ) = 1 for every stabilizer state and recalling that tr
(
Ωσ⊗k) = 1 for

every stabilizer state, one gets the condition
∑

Ω αΩ = 1, from which it immediately follows that∑
Ω∈P/Sk

αΩ = 1 −O(22k2−n).

7.2.1 Examples of generalized stabilizer purities

Having defined generalized stabilizer purity and having drawn intuition of their hierarchy, let
us discuss some practical examples.

In Section 7.5, we identify all non-permutationally independent operators up to k = 8. As
previously noted, for k < 4, no polynomial can capture the magic of pure quantum states. At
k = 4, the first magic measure is provided by the Pauli monomial Ω4, which corresponds to the
α = 2 stabilizer entropy. Thus, the α = 2 stabilizer entropy represents the minimal expectation
value capable of quantifying magic. Using the graphical calculus, this equivalence can be expressed
as

∆4(ψ) = tr
(
Ω4ψ

⊗4) = tr

 ψ⊗4

 = 1
d

∑
P∈Pn

tr4(Pψ). (274)

where for the sake of clarity we use the shorthand notation ∆x = Ωx. For ∆4(ψ), we can compute
the leading order Haar average as done in Lemma 76. In fact, from Section 7.5 we know that
cΩ = 4, and therefore Eψ[∆4(ψ)] = 4d−1+O(d−2). Despite being the minimal stabilizer purity that
can quantify magic and having an order m(Ω4) = 1, the second stabilizer entropy has a significant
limitation. For large numbers of qubits, which are often the most common case of interest, it cannot
be measured efficiently. Specifically, there is no known algorithm with non-exponential sample
complexity in n that can measure ∆4 to additive precision [63]. This inefficiency arises because the
primitive Ω4 is proportional to a projector with a proportionality factor of d, see Lemma 29. As a
result, it has an exponential operator norm. Moreover, there are strong arguments suggesting that
the efficiency of unbiased estimators for measuring the expectation values of observables depends
on the operator norm of the observables. These facts motivate the search for magic measures
corresponding to higher-order polynomials.

For k = 6, two additional elements arise that correspond to Pauli monomials. The first is Ω6,
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which corresponds to the third stabilizer entropy:

∆6(ψ) = tr
(
Ω6ψ

⊗6) = tr

 ψ⊗6

 = 1
d

∑
P∈Pn

tr6(Pψ). (275)

The second arises from the product of two weight-4 primitives as

∆4,4(ψ) = tr
(
Ω4,4ψ

⊗6) = tr

 ψ⊗6

 = 1
d2

∑
P,Q∈Pn

tr2(Pψ) tr2(PQψ) tr2(Qψ), (276)

where we have used the shorthand Ω4,4 := Ω(1, 1, 1, 1, 0, 0)Ω(0, 0, 1, 1, 1, 1) (Note that we will use
this shorthand notation from now on for all the Ωs).

We can compute the Haar average of the two above explicitly, being Eψ[∆6(ψ)] = d−1 +O(d−2)
thanks to its unitarity, while Eψ[∆(ψ)] = 24d−2 +O(d−3)

While the latter is proportional to a projector, being the product of two operators proportional
to projectors (see Lemma 29, and hence cannot be measured efficiently, ∆6(ψ) can be measured
efficiently as it corresponds to a unitary operator. This observation motivates the introduction of a
second criterion to give a hierarchy to the Ω-stabilizer purities. Specifically, generalized stabilizer
purities corresponding to Pauli monomials that are projectors are less appealing because of their
inefficiency in measurements, whereas those corresponding to unitary Pauli monomials are more
practical.

From the previous discussion, we know that for k = 6, there exists a unitary Pauli monomial
corresponding to the third stabilizer entropy. This fact makes the α = 3 stabilizer entropy to be the
minimal-order monomial that quantifies magic and can be experimentally measured efficiently. As
we will see in Section 7.3, this fact also has profound consequences for stabilizer property testing.

However, it is intriguing to explore whether higher-order polynomials give rise to other measures
with similar properties. Extending this to k = 8, as further discussed in Section 7.5, there is only
one unitary Pauli monomial in addition to Ω6, that is, Ω6,6 := Ω(1, 1, 1, 1, 1, 1, 0, 0)Ω(0, 0, 1, 1, 1, 1, 1, 1).
Graphically, we find

∆6,6(ψ) = tr
(
Ω6,6ψ

⊗8) tr


ψ⊗8


= 1
d2

∑
P,Q∈Pn

tr2(Pψ) tr4(PQψ) tr2(Qψ). (277)

However, since the Pauli monomial described above is the product of two primitives, we know that
m(Ω6,6) = 2 and, therefore, achieves a typical value, when averaged over Haar random states, of
d−2 +O(d−3).

Open Question 1. As noted above, invariance under Clifford operations alone is not sufficient
for a quantity to qualify as a monotone. The generalized stabilizer purities defined in Definition 74
have not yet been proven to be monotones for magic-state resource theory. Specifically, the question
of whether Ω-stabilizer purity for Ω not being a primitive Pauli monomial (hence corresponding to
stabilizer entropies) is non-decreasing under stabilizer operations remains an open question. See
also Ref. [74].
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7.2.2 Stabilizer entropy and Bell magic

Bell magic is a magic measure, i.e., a quantity invariant under Clifford unitaries (though it
is not known to be a magic monotone), introduced in Ref. [42]. It has the property of being
experimentally measurable via Bell difference sampling [40]. In Theorem 73, we proved that any
measure of this kind, denoted asM(ψ), belongs to the k-th order commutant of the Clifford group,
where k corresponds to the number of copies in the unbiased estimator. In this section, we first
express Bell magic in terms of Pauli monomials and then show that it is tightly upper and lower
bounded by stabilizer entropies.

Definition 78 (Bell magic [42]). Let ψ be a pure quantum state. The Bell magic is defined as

B(ψ) =
∑

P1,P2∈Pn

Q(P1)Q(P2)∥[P1, P2]∥∞, Q(P1) := 1
d2

∑
Q∈Pn

tr2(Qψ)| tr(PQψ)|2 (278)

and it obeys 1) B(ψ) = 0 if and only if ψ is a stabilizer state and 2) it is invariant under Clifford
unitaries.
Lemma 79 (Bell magic in terms of Pauli monomials). The Bell magic can be expressed as an
expectation value of the unitary Pauli monomial Ω6,6 belonging to Com(C⊗8

n ). In particular, we
find

B(ψ) = 1 − tr
(
Ω6,6ψ

⊗8) = 1 − tr


ψ⊗8


. (279)

Proof. To prove the result, let us first observe that we can rewrite
∥[P1, P2]∥∞ = 1 − χ(P1, P2)
| tr(PQψ)|2 = tr2(QPψ)χ(P,Q)

(280)

Hence, we can write the Bell magic as the following expression:

B(ψ) = 1 − 1
d4

∑
P1,P2,Q1,Q2∈Pn

tr2(Q1ψ) tr2(Q2ψ) tr2(Q1P1ψ) tr2(Q2P2ψ)χ(P2, Q2)χ(P1, Q1)χ(P1, P2)

(281)
This describes a Pauli polynomial, where the latter term can be expressed with the following
diagrammatic representation

1
d4

∑
P1,P2,Q1,Q2∈Pn

tr2(Q1ψ) tr2(Q2ψ) tr2(Q1P1ψ) tr2(Q2P2ψ)χ(P2, Q2)χ(P1, Q1)χ(P1, P2) = tr


ψ⊗8


.

(282)
To conclude the proof, it is sufficient to use the machinery developed in Section 5.1 and manipulate
this diagram

= = = = = (283)
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Notice that the last diagram is the product of odd primitives without phases and, as such, it is
a unitary operator. Moreover, as we discussed in Section 7.2, the operator corresponding to the
expectation value of a magic measure can be projected in the symmetric subspace without loss of
generality. As a consequence, the permutation can be canceled and we are left with the following
identity:

1
d4

∑
P1,P2,Q1,Q2∈Pn

tr2(Q1ψ) tr2(Q2ψ) tr2(Q1P1ψ) tr2(Q2P2ψ)χ(P2, Q2)χ(P1, Q1)χ(P1, P2) = tr


ψ⊗8


.

(284)
The Ω in Eq. (284) under the adjoint action of permutations corresponds to the unitary Pauli
monomial Ω6,6 and since ψ⊗8 is invariant under the action of permutation, we can rearrange the
diagram concluding the proof.

As speculated in Section 7.2, any computable magic measure can be recast as the expectation
value of an operator residing in the commutant of the Clifford group. Since any operator in the
commutant of the Clifford group is a linear combination of Pauli monomials, which, in normal form,
can be expressed as products of primitive Pauli monomials, and since the expectation values of these
primitives correspond to stabilizer entropies, it is natural to conjecture that any such computable
monotone is equivalent to the stabilizer entropy. In the following theorem, we demonstrate that
for Bell magic, this conjecture holds true: we establish upper and lower bounds for Bell magic in
terms of the stabilizer entropy, thereby proving the universality of the stabilizer entropy in relation
to Bell magic.

Theorem 80 (Stabilizer entropy upper and lower bounds Bell magic). Let B(ψ) the Bell magic
defined in Definition 78 and let Mα = 1

1−α log ∆2α(ψ) be the stabilizer entropy defined in Defini-
tion 70. The bounds

1 − ∆2
4(ψ) ≤ B(ψ) ≤ 1 − ∆2

6(ψ) (285)
hold true, which, in terms of stabilizer entropies and additive Bell magic defined in [42] − log(1 −B(ψ)),
the above bounds can be expressed in terms of the stabilizer entropy as

2M3(ψ) ≤ 2M2(ψ) ≤ − log(1 −B(ψ)) ≤ 4M3(ψ). (286)

Proof. Using the result of Lemma 79, we can write Bell magic in terms of Ω6,6:

B(ψ) = 1 − 1
d2

∑
P,Q∈Pn

tr2(Pψ) tr2(Qψ) tr4(PQψ). = 1 − tr

(1
d

∑
P∈Pn

tr2(Pψ)P⊗4ψ⊗4

)2
 (287)

Then, we have the following inequality between expectation values of Pauli monomials

∆6,6(ψ) = tr


ψ⊗8


≥ tr2

 ψ⊗6

 = ∆2
6(ψ). (288)

where we used the fact that given a Hermitian operator H tr
(
H2ψ⊗4) ≥ tr2(Hψ⊗4), this holds in

our case because 1
d

∑
P∈Pn

tr2(Pψ)P⊗4 is a Hermitian operator with infinity norm smaller than 1.
Now, let us proceed with the upper bound.
1
d2

∑
P,Q

tr2(Pψ) tr2(Qψ) tr4(PQψ) = 1
d2

∑
P,Q

tr2(Pψ) tr2(PQψ) tr2(Qψ) tr2(PQψ)
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≤
√

1
d2

∑
P,Q∈Pn

tr4(Pψ) tr4(PQψ)
√

1
d2

∑
P,Q∈Pn

tr4(Qψ) tr4(PQψ)

= 1
d2

∑
P,Q∈Pn

tr4(Pψ) tr4(PQψ) = tr


ψ⊗8


= tr


ψ⊗8


.

(289)

where we have used Hölder inequality to get the upper bound. Putting it all together gives

∆6,6(ψ) = tr


ψ⊗8


≤ tr


ψ⊗8


= ∆2

4(ψ), (290)

which concludes the proof.

The above theorem confirms our intuition: stabilizer entropies tightly bound Bell magic from
above and below, effectively an intermediate between ∆2

4 and ∆2
6. Bell magic gained significant

attention upon its introduction because of its efficient measurability via Bell difference sampling,
while the efficient measurability of stabilizer entropies has initially been unclear. However, as
shown, odd stabilizer entropies are related (through the non-linear function − log) to the expecta-
tion values of unitary primitive Pauli monomials, which can be directly measured as we know that
Pauli monomials factorize on qubits (see Lemma 31).

7.2.3 The triple purity

So far, we have shown that any magic measure is a Pauli polynomial and, therefore, a lin-
ear combination of generalized stabilizer purities. These generalized stabilizer purities provide a
meaningful extension of stabilizer purities (entropies), as they can be expressed as the expectation
value of an operator obtained from the product of Ω2α, whose expectation value yields ∆2α (see
Definition 70). The term ”entropy” in stabilizer entropy arises from the fact that these quantities
serve as entropy measures for the Pauli distribution of a pure quantum state. Specifically, for
any pure state vector |ψ⟩, one can define a normalized distribution over Pauli operators given by

Ξψ(P ) := tr2(Pψ)
d , known as the characteristic distribution. The Rényi entropies of Ξψ correspond,

up to an offset, to stabilizer entropies. Since stabilizer entropies are magic monotones [53], the
property of magic can be understood purely as a function of the Pauli distribution Ξψ. However,
not every magic measure depends solely on the Pauli distribution. This distinction becomes evident
when considering generalized stabilizer purities. In particular, for k = 9, we encounter the first
measurable generalization of stabilizer purities—one that extends beyond being a mere function of
the Pauli distribution.

Definition 81 (Triple purity). The triple purity ∆triple is defined as the expectation value of the
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following Pauli monomial

∆triple(ψ) = tr


ψ⊗9


= 1
d2

∑
P,Q∈Pn

tr3(Pψ) tr3(Qψ) tr3(PQψ). (291)

From the definition of triple purity it becomes evident that ∆triple is not a mere function of the
Pauli distribution, as not only the absolute value of expectation values of Pauli operators | tr(Pψ)|
matters but also their signs.

7.3 Property testing of stabilizer states
In this subsection, we revisit the well-studied problem of property testing for stabilizer states [4, 6,
12, 17, 35, 37, 46, 64], connecting it with the commutant structure of the Clifford group. The idea of
connecting property testing with the commutant—or the invariant symmetries of the problem—is
well established in the literature (see, e.g., [37, 46, 64]). Our aim here is not to introduce new
methods, but to emphasize how the characterization of the Clifford group commutant constrains the
design of optimal measurement strategies in this context. In particular, we show that generalized
stabilizer purities emerge as essentially the only viable measurements for stabilizer property testing
when the number of available copies is fixed.

We begin by briefly introducing the problem. Property testing of stabilizer states involves
determining whether an unknown quantum state is close to or far from the stabilizer set, based on
measurements on multiple copies of the state. Formally, we define the problem as follows.

Problem 82 (Property testing of stabilizer states). Let 1 ≥ εB ≥ εA > 0. Given access to k
copies of an unknown quantum state ρ, assume that ρ satisfies one of the following conditions:

• ρ is εA-close to some stabilizer state, i.e., there exists ϕ ∈ STAB(n) such that ∥ρ−ϕ∥1 ≤ εA.

• ρ is at least εB-far from all stabilizer states, that is, minϕ∈STAB(n) ∥ρ− ϕ∥1 ≥ εB.

The goal is to design a measurement strategy that acts on k copies of ρ that distinguishes these two
cases with probability at least 2/3.

Equivalently, the task is to find a two-outcome POVM {E, I − E} such that

if ρ is εA-close to a stabilizer state, then tr
(
Eρ⊗k) ≥ a, (292)

if ρ is εB-far from all stabilizer states, then tr
(
Eρ⊗k) ≤ b. (293)

We note that the threshold values a and b are arbitrary, and any constants satisfying a := 1
2 +Θ(1)

and b := 1
2 − Θ(1) suffice to solve the property testing problem. Moreover, if an tester is given k-

copies of a stabilizer state or k-copies of a non-stabilizer state with 1/2 probability, the probability
of success of the property testing algorithm associated with the POVM E is given by

psucc = 1
2(a+ (1 − b)) . (294)

We observe that a natural figure of merit for the k-copy testing problem is the maximal success
probability achievable over all possible POVMs acting on k copies. We now show that the op-
timal POVM must lie in the commutant. This follows from the observation that any optimal
measurement strategy must respect the symmetry constraints imposed by the problem. Since the
commutant consists of operators that commute with the symmetry group, it forms the natural
space in which the optimal POVM resides.
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Proposition 83 (Characterization of the optimal two-outcome POVM). An optimal two-outcome
POVM E solving the property testing problem (Problem 82) acting on k-copies of the unknown
state must lie in the commutant.

Proof. To prove this, we show that for any POVM E satisfying Eq. (292), the POVM given by

E′ = Φ(k)
Cl (E) = 1

|Cn|
∑
C∈Cn

C⊗kEC†⊗k (295)

performs at least as well as E in the testing problem.
First, if ρ is εA-close to a stabilizer state ϕ, then for any Clifford C, the state CρC† is also

εA-close to a stabilizer state (i.e., C†ϕC), due to the unitary invariance of the trace distance. This
gives:

tr
(
E′ρ⊗k) = 1

|Cn|
∑
C∈Cn

tr
(
E(CρC†)⊗k) ≥ 2

3 . (296)

Similarly, if ρ is εB-far from all stabilizer states, then CρC† is εB-far from all stabilizer states
for any Clifford C. This gives:

tr
(
E′ρ⊗k) ≤ 1

3 . (297)

Therefore, we conclude that E′ satisfies the property testing criteria and performs as well as
E, which implies that the optimal POVM must lie in the commutant of the Clifford group.

A concrete family of operators in the commutant are the projectors onto stabilizer tensor powers
constructed by Gross, Nezami, and Walter [37, Theorem 5.6] (denoted Πmin

k there). In the language
of Pauli monomials, these projectors are linear combinations of products of primitive monomials
Ω(v). For qubits and k = 6, the relevant projector is proportional to 1 + Ω6.

7.3.1 No efficient testing algorithm with ≤ 5 copies

We now prove that no stabilizer property testing algorithm can succeed using at most five
copies of the unknown state, as also noted in Refs. [21, 37].. This follows from the fact that the
commutant of the Clifford group up to k = 5 contains only primitives proportional to projectors.

Proposition 84. No quantum algorithm can solve the stabilizer property testing problem (Prob-
lem 82) using at most five copies of the unknown state.

Proof. To prove the statement and thus the hardness of stabilizer testing using k = 5 copies, we
can focus on showing the hardness, for the less hard case for which εA = 0 and the unknown state
is assumed to be pure.

Suppose, towards contradiction, that there exists a two-outcome POVM tester {E, I − E}
satisfying Eq. (292), capable of testing stabilizer states. First, let us show that the existence of
such POVM also implies the existence of a POVM capable of separating Haar random states from
uniformly random stabilizer states. First, by definition of stabilizer tester we have

Eψ∼STAB tr
(
Eψ⊗k) ≥ min

ϕ∈STAB
tr
(
Eψ⊗k) ≥ 2

3 . (298)

On the other hand, we also have

Eψ∼Haar tr
(
(I − E)ψ⊗k) ≥ 2

3 · Pr
ψ∼Haar

(
min

ϕ∈STAB
∥ψ − ϕ∥1 ≥ εB

)
(299)

= 2
3 · Pr

ψ∼Haar

(
2 min
ϕ∈STAB

√
1 − | ⟨ψ|ϕ⟩ |2 ≥ εB

)
= 2

3

(
1 − Pr

ψ∼Haar

(
max

ϕ∈STAB
| ⟨ψ|ϕ⟩ |2 ≥ 1 − ε2

B

4

))
≥ 2

3

(
1 − exp

(
0.52n2 − (2n − 1)

(
1 − ε2

B

4

)))
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= 1
2 + Ω(1),

where in the first step we have used that 1 − tr
(
Eψ⊗k) ≥ 2

3 if ψ is εB-far from all stabilizer
states, while the fourth step follows from the union bound and Lévy’s lemma (as done explicitly
in Ref. [56]). Therefore, we have

tr
(
E
(
Eψ∼STABψ

⊗k − Eψ∼Haarψ
⊗k)) = Eψ∼STAB tr

(
Eψ⊗k)+ Eψ∼Haar tr

(
(I − E)ψ⊗k)− 1 (300)

= Ω(1).

However, this provides a contradiction, since the one-norm distance between the moment operators
satisfies:

sup
E:0<∥E∥∞≤1

∣∣tr (E (Eψ∼STABψ
⊗k − Eψ∼Haarψ

⊗k))∣∣ =
∥∥Eψ∼STABψ

⊗k − Eψ∼Haarψ
⊗k∥∥

1 = exp(−Ω(n)) ,

(301)
i.e., it is exponentially small in n for k ≤ 5, as we show in Example 6.

7.3.2 Optimal testing by measuring the unitaries in the commutant basis

In the previous section, we established that there is no strategy to solve the stabilizer testing
problem when strictly fewer than six copies of the unknown state are available. This result has
been derived by reducing the problem of testing stabilizer states to a simpler problem: testing
Haar-random states against random stabilizer states, for which we showed hardness.

In this section, we first demonstrate that testing Haar-random states from random stabilizer
states becomes feasible when six copies of the unknown state are provided. Specifically, we show
that the two-outcome POVM element E = 1+Ω6

2 , where Ω6 := 1
d

∑
P⊗6, enables the testing of

Haar-random states against random stabilizer states.
First, note that E is a valid POVM element since Ω6 is a unitary operator, and its operator

norm is equal to one (see Lemma 45). Moreover, we have

tr
(
E
(
Eψ∼STABψ

⊗6 − Eψ∼Haarψ
⊗6)) = 1

2Eψ∼STAB tr
(
Ω6ψ

⊗6)− 1
2Eψ∼Haar tr

(
Ω6ψ

⊗6) (302)

= 1
2 − exp(Ω(−n)) = Ω(1),

where in the second line we have used Example 7. Thus, we conclude that Ω6 allows for efficient test-
ing of Haar-random states against random stabilizer states, i.e.,

∥∥Eψ∼STABψ
⊗6 − Eψ∼Haarψ

⊗6
∥∥

1 =
Ω(1).

In general, we can state the following.

Proposition 85 (Best POVM for testing given any k = O(n2−c) for c > 0 copies must be in the
span of the unitary basis elements of the commutant). For any k = O(1) copies of the unknown
state, the best POVM which solves the property testing problem must lie in the span of the unitary
elements in the commutant basis. If we have the additional assumption that the unknown state is
pure, the best POVM is a linear combination of basis elements of the commutant, projected onto
the symmetric subspace that are also unitary.
Proof. This follows directly from Lemma 64 by expressing the POVM element as E ∈ Com(C⊗k

n ).
Indeed, we can express it as E =

∑
Ω∈P αΩ(E)Ω with Ω being a Pauli monomial. Using Lemma 64,

and using that ∥E∥∞ ≤ 1, we know

αΩ(E) ≤ O(2 3
2k

2−n) (303)

Therefore, we can express the expectation value of E on ψ⊗k as tr
(
Eψ⊗k) =

∑
Ω αΩ(E) tr

(
Ωψ⊗k).

Since tr(Ωρ) ≤ 1 (see Theorem 75), then it immediately follows that

tr
(
Eψ⊗k) =

∑
Ω∈PU

αΩ(E) tr
(
Ωψ⊗k)+O(22k2−n), (304)

where we have used the fact the dimension of the k-th order commutant in this regime isO(2k2/2) [65].
Therefore, the operator E =

∑
Ω∈PU

αΩ(E)Ω performs as well as the POVM E up to an exponen-
tially small error in n (in the hypothesis that k2 = o(n2−c) for c > 0. This proves the statement.
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In contrast to Theorem 5.6 in [37], Proposition 85 shows that the optimal distinguishing POVM
is essentially unitary (i.e., supported on unitary Pauli monomials). This explains why the minimal
number of copies required for a dimension-independent test in [37] corresponds to the first k for
which the commutant contains a non-trivial unitary element (e.g., k = 6 for qubits).

Corollary 86 (Best POVM for testing given k = 6 copies must be given by Ω6). For k = 6 copies
of the unknown pure state, the best POVM which solves the property testing problem (even in the
possibly general tolerant scenario) must be given by E = α11 + α2Ω6.

Proof. This follows directly from the previous proposition and the fact that Ω6 is the only unitary
residing in the k = 6 order commutant of the Clifford group, when projected onto the symmetric
subspace. For an explicit construction of the k = 6 order commutant, see Section 7.5.3.

In fact, Ref. [37] has shown that Ω6 enables testing using only 6 copies. Using the same
argument and our computation of the k = 8 commutant, it follows that an optimal algorithm with
access to 8 copies can only use Ω6 and Ω6,6 associated with Bell magic.

7.3.3 An operational meaning for stabilizer entropies

In this section, we build on the results of the previous section to show that stabilizer property
testing provides a simple and powerful operational interpretation of the (α = 3) stabilizer entropy.

Specifically, we formulate the stabilizer testing problem as follows. A tester is given k = 6
copies of an unknown pure quantum state, which is either a stabilizer state σ with probability 1/2,
or a pure (non-stabilizer) state |ψ⟩ with probability 1/2. The task of the tester is to determine
which of the two cases applies. From Corollary 86, we know that the optimal POVM is of the form
E = α11 + α2Ω6. The condition E ≥ 0 for a valid POVM implies α1 ≥ α2, since Ω6 is a unitary
operator (cf. Lemma 29).

Using Eq. (294), the success probability for correctly identifying the state in this scenario is
given by

psucc = 1
2 tr
(
Eσ⊗6)+ 1

2 tr
(
(1 − E)ψ⊗6) (305)

= 1
2[(α1 + α2) + (1 − α1) − α2∆6(ψ)]

= 1
2 [1 + α2(1 − ∆6(ψ))],

where we recall the definition of the stabilizer purity ∆6(ψ) from Definition 70, and the fact that
∆6(σ) = 1 for all stabilizer states σ.

Maximizing over α2 under the constraint α1 ≥ α2, we obtain the optimal success probability
for the k = 6 property testing problem:

poptimal
succ = 1

2 + 1
4(1 − 2−2M3(ψ)), (306)

and the optimal property testing algorithm (i.e., the one with the highest success probability) is
given by 1+Ω6

2 . Eq. (306) endows the (k = 3) stabilizer entropy with a clear operational meaning,
revealing a deep connection between magic-state resource theory and stabilizer property testing.

7.4 Clifford-symmetric quantum states
The findings here immediately translate into a framework of symmetric states. Group-symmetric
states play an important role in quantum information theory, prominently in entanglement theory,
where states that are U ⊗ U -symmetric go under the name of Werner states. The commutant
Com(U ⊗ U : U ∈ U(2n)) is spanned by the identity 1 and the swap operator T [80]. Hence, the
set of Werner states is a one-dimensional set of quantum states. In fact, many interesting research
questions can be decided on this set, such as their entanglement distillability. Being able to precisely
characterize the commutant of symmetry groups is also instrumental for computing asymptotic
entanglement measures under symmetry [5]. The importance of being able to characterize sets
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of group symmetric quantum states for the field of quantum information theory can hardly be
overestimated.

Similar statements can also be made for Clifford-symmetric states that are invariant under Cn,
again with

Com(C⊗k
n ) := {O ∈ B(H⊗k) : C†⊗kOC⊗k = O for all C ∈ Cn}. (307)

The set of symmetric quantum states is then nothing but the intersection of the commutant with
the quantum mechanical state space,

DCl(H⊗k) := Com(C⊗k
n ) ∩ D(H⊗k), (308)

which in turn is the positive semi-definite cone intersected with unit trace operators. Since the
commutant is spanned by Pauli monomials Ω ∈ P, membership to the set DCl(H⊗k) of Clifford-
symmetric quantum states is characterized by the semi-definite feasibility problem [11]∑

Ω∈P cΩΩ ≥ 0, (309)∑k−1
m=0 d

k−m∑
Ω :m(Ω)=m cΩ = 1, (310)

which can be solved for relatively small k, with interior point methods, given the dimension
dim(Com(C⊗k

n )) = exp
(
Θ(k2)

)
(see Theorem 26) of Com(C⊗k

n ).

7.5 Explicit characterization of the commutant up to k = 8
In this section, we explicitly construct the commutant of the Clifford group for low values of
k. Specifically, we begin with k = 4, which represents the first non-trivial case, and extend our
analysis up to k = 8. We provide explicit constructions of the Clifford-Weingarten functions (when
restricted to pure quantum states), as introduced in Section 7.1.2, and illustrate their applications
with concrete examples.

7.5.1 k = 4
Let us start from the first non-trivial case, i.e., k = 4. There are two possible types of Pauli

monomials to be defined. One class corresponds to permutations S4. The second non-trivial
element are generated by Ω4 equal to

Ω4 = 1
d

∑
P

P⊗4 (311)

which is proportional to a projector (Ω4)2 = dΩ4. The dimension of the commutant is dim(Com(C⊗4
n )) =

30. As such, Weingarten calculus is straightforward. Through graphical calculus, one can verify
the following identities

Ω4 = Ω4T(12)(34) = Ω4T(13)(24) = Ω4T(14)(23) (312)

For example, the first identity is verified via the following diagrammatic calculation

= = (313)

and the others follow identically. It follows that, in addition to permutations, there are only 6
additional elements, that is, Ω4, Ω4T(12), Ω4T(13), Ω4T(14), Ω4T(123), Ω4T(132). The Gram-Schmidt
matrix is a 30 × 30 matrix, which in a compact notation reads

W(4) =
(

tr(TπTσ) tr(TκΩ4)
tr(TκΩ4) tr(TκTκ′Ω4)

)
(314)

where π, σ ∈ S4 runs over all the permutation group S4, while κ, κ
′ ∈ {(), (12), (13), (14), (123), (132)},

for a total of 30 elements. While in Ref. [10] we explicitly provide the Gram-Schmidt matrix and its
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inverse for readers interested in utilizing them, here we apply this framework to derive the Clifford
orbit of a pure quantum state. Following Lemma 61, we can now simply compute the Clifford

twirling operator Φ(4)
Cl , by computing the Clifford-Weingarten functions (W−1)Ω,Ω′ . As such, one

can express the Clifford twirling of any operator O ∈ B(H⊗4) as

Φ(4)
Cl (O) =

(
tr(TπTσ) tr(TκΩ4)
tr(TκΩ4) d tr(TκTκ′Ω4)

)−1( tr(TπO)
tr(TκΩ4O)

)
. (315)

One can express the Clifford orbit of a pure quantum state ψ⊗4 = |ψ⟩⟨ψ|⊗4
as

Φ(4)
Cl (ψ⊗4) = p(ψ) Πsym

tr(Πsym) + (1 − p(ψ)) Ω4Πsym

tr(Ω4Πsym) (316)

where the (quasi)-probability is equal to

p(ψ) =
(d+ 3)(d− tr

(
Ω4ψ

⊗4))
(d+ 4)(d− 1) . (317)

Example 4 (Purity fluctuations of Clifford orbit states [54, 68]). In Example 8, we computed
starting from the average purity in a subsystem; we computed the average entropy in a subsystem.
Let us now focus on the average purity fluctuations. Let us show the example for both the unitary
and Clifford cases to also show the relevant differences. Starting from the unitary case, we have
seen in the previous section how the 4-fold channel is built; let us use these tools to compute the
average purity fluctuations. Let us start from the definition of purity fluctuations for a state ψ.

∆ψ∼HaarPur(ψA) :=
∫

dψPur2(ψA) −
(∫

dψPur(ψA
)2

. (318)

That can also be rewritten in a more convenient form as

∆ψ∼Haar(Pur(ψA)) = tr
(
TA(12)(34)ΦHaar(ψ⊗4)

)
− d2

A + d2
B + 2dAdB

(dAdB + 1)2 (319)

=
∑
π T

A
(12)(34)T

A
π T

B
π

dAdB(dAdB + 1)(dAdB + 2)(dAdB + 3) − d2
A + d2

B + 2dAdB
(dAdB + 1)2

=
2
(
d2
A − 1

) (
d2
B − 1

)
(dAdB + 1)2 (dAdB + 2) (dAdB + 3)

where we have used the results of Example 8. Shown, as an example, are the purity fluctuations
with respect to the unitary group; we are now able to show what happens when we instead consider
the Clifford group. The purity fluctuations read

∆ψ∼STABn(Pur(ψA)) = tr
(
TA(12)(34)Φ

(4)
Cl (ψ⊗4)

)
− d2

A + d2
B + 2dAdB

(dAdB + 1)2 (320)

+ tr
(
TA(12)(34)

(
p(ψ) Πsym

tr(Πsym) + (1 − p(ψ))(ψ) Ω4Πsym

tr(Ω4Πsym)

))
− d2

A + d2
B + 2dAdB

(dAdB + 1)2

=
(
d2
A − 1

) (
d2
B − 1

) (
(dAdB + 1) tr

(
Ω4ψ

⊗4)− 2
)

(dAdB + 1) 2 (d2
Ad

2
B + dAdB − 2) .

As a last application, we compute the trace norm between the Clifford twirling of a pure state
and a Haar random state, which is exponentially vanishing.

Example 5 (Trace distance of random Clifford orbit). Let us compute ∥Φ(4)
Cl (ψ⊗4)−Φ(4)

Haar(ψ⊗4)∥1.
Let us start by recalling that the twirling over the whole unitary group of a pure quantum state is
equivalent to Proposition 23

Φ(4)
Haar(ψ

⊗4) = Πsym

tr(Πsym) . (321)
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Now by using Eq. (316) we have that the 1-norm can be rewritten as follows∥∥∥Φ(4)
Cl (ψ⊗4) − Φ(4)

Haar(ψ
⊗4)
∥∥∥

1
= |1 − p(ψ)|

∥∥∥∥ Ω4Πsym

tr(Ω4Πsym) − Πsym

tr Πsym

∥∥∥∥
1
. (322)

To proceed, let us notice that given an operator in its spectral decomposition A =
∑
i ai |ai⟩⟨ai| its

1-norm is equal to ∥A∥1 =
∑
i |ai|. Then, note the following: (i) Ω4Πsym/ tr(Ω4Πsym) is a mixed

quantum state of H⊗4 with purity tr−1(Ω4Πsym). (ii) Πsym/ tr Πsym and Ω4Π(4)
sym/ tr(Ω4Πsym)

commute [Πsym,Ω4Πsym] = 0 and thus admit a common basis in the Hilbert space H⊗4. (iii) The
product of Πsym and Ω1Πsym is proportional to Ω4Πsym as we have Ω4ΠsymΠsym = Ω4Πsym. (iv)
Both Πsym and Ω4Πsym are proportional to projectors and therefore have flat spectra.

Therefore, the eigenvalues λ1, λ2 of Φ(4)
Cl (ψ⊗4) − Φ(4)(ψ⊗4)

Haar are

λ1 = 1
tr Ω4Πsym

− 1
tr Πsym

(323)

with multiplicity given by the rank of Ω4Πsym, i.e., mλ1 = tr(Ω4Πsym) and

λ2 = − 1
tr Πsym

(324)

with multiplicity given by the difference of the ranks, i.e., mλ2 = tr(Πsym)−tr(Ω4Πsym). Therefore,
we get ∥∥∥Φ(4)

Cl (ψ⊗4) − Φ(4)
Haar(ψ

⊗4)
∥∥∥

1
= (1 − p(ψ))(mλ1λ1 +mλ2 |λ2|)

= (1 − p(ψ))
(

2 − 2tr Ω4Πsym

tr Πsym

)
= 2
d(d+ 1) |∆4(ψ) − 4|

(325)

and for large d, we obtain
∥∥∥Φ(4)

Cl (ψ⊗4) − Φ(4)
Haar(ψ⊗4)

∥∥∥
1

≃ 2∆4(ψ)/d.

7.5.2 k = 5
Let us analyze the commutant for the Clifford group for k = 5. The cardinality of the com-

mutant is given by | Com(C⊗5
n )| = 270. According to Theorem 57, the commutant of the Clifford

group is generated by permutations and Ω4. It turns out that, other than permutations, there
are only 5 more additional elements that, on top of left and right multiplication for permutations,
generate the entire commutant, which are TπΩ4Tπ. While Ω4 is the only one with m(Ω) = 1, we
can ask if there are others with a higher weight.

= =Ω4T(15), = =T(15)Ω4 (326)

This tells us that the product of any two adjoint permutations of Ω4 for i ∈ [5], regardless of
whether a phase is included, results in another instance of Ω4, up to permutations.

Therefore, the 5 order commutant looks very similar to the 4 order commutant embedded in a
larger space. The reason is that there is no additional register in which to embed the unitary Ω6
that, together with Ω4 and permutations, generates the commutant for any k.

Exploiting the fact that we do not really have a different non-trivial object in the commutant
for k = 5, but only Ω4 embedded in k = 5 copies of the Hilbert space, it is easy to see that
there are 30 independent elements for each non-trivial Ω generated by right multiplication for
permutations. This can be seen by the fact that any permutation in S5 can be written as a
permutation π ∈ S4 times a permutation in the set S5/4 := {e, (15), (25), (35), (45)}, thus generating
a total of 30 × 5 + 5! = 270, recovering the dimension of the full Clifford group.
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We can thus express the Clifford twirling operator Φ(5)
Cl (O) for any O ∈ B(H⊗5) as

Φ(5)
Cl (O) =

∑
πσ∈S5

ασ,πTσΩ4Tσ−1Tπ + βπTπ (327)

where the coefficients can be determined by computing the Gram-Schmidt matrix and inverting it to
get the Clifford-Weingarten functions. Although we omit the explicit computation of the Clifford-
Weingarten functions in this case, we focus again on the computation of the Clifford twirling
applied on 5 tensor copies of a pure quantum state, giving explicit details for its computation.

Note that, from Section 7.1.3, we can write

Φ(5)
Cl (ψ) = p(ψ) Πsym

tr(Πsym) + (1 − p(ψ))ΠsymΩ4Πsym

tr(Ω4Πsym) (328)

which is very similar to the one for the case k = 4, but not exactly. Indeed note that while for
k = 4 [Ω4,Πsym] = 0, for k = 5 we have

ΠsymΩ4Πsym ∝
∑
σ

(TσΩ4Tσ−1)Πsym (329)

and thus clearly [Ω4,Πsym] ̸= 0. To find the probabilities, we proceed in the way sketched in
Section 7.1.3 and write the matrix S down as

S = 1
tr(Πsym)

(
1 1
1 tr(Ω4ΠsymΩ4Πsym) tr(Πsym)

tr(Ω4Πsym)2

)
. (330)

Let us compute the matrix elements. First of all, tr(Πsym) = d(d+1)(d+2)(d+3)(d+4)/120. Then,
because of the structure of the symmetric group, one can write the projector onto the symmetric
subspace as Πsym = 1

5!
∑
π∈S4,σ∈S5/4

TπTσ, which allows us to compute the trace right away as

tr(Ω4Πsym) = 1
5!

∑
π∈S4,σ∈S5/4

tr(Ω4TπTσ) = 1
5!

∑
π∈S4,σ∈S5/4

tr(Ω4Tπ tr5 Tσ) = (d+ 4)
5 tr(Ω4Πsym),

(331)
where we have used the fact that tr5 T4,5 = d−1∑

P 1⊗3 ⊗ P ⊗ tr(P ) = 1⊗4. Thus, we have
tr(Ω4Πsym) = d+4

5 tr(Ω4Πsym). Similarly

tr(Ω4ΠsymΩ4Πsym) = 1
5!
∑
π,i

tr(ΠsymΩ4Ω4Tπ)

= 1
5 tr
(
ΠsymΩ4(d1⊗5 + T(15) + T(25) + T(35) + T(45))

)
= (d+ 4)

5 tr(Ω4Πsym),

(332)

where we have used the identity Ω4TπΩ4Tπ = Ω4T(i5) for any i ∈ [2, . . . , 5], which we showed by
the graphical calculus in Eq. (326). Finally, we can express the matrix S, and its inverse

S = 1
tr(Πsym)

(
1 1
1 (d+4)(d+3)

5

)
, S−1 = d(d+ 1)(d+ 2)(d+ 3)(d+ 4)

6(d+ 8)(d− 1)

( (d+4)(d+3)
20 −1
−1 1

)
.

(333)
Therefore, according to Section 7.1.3, we can compute the quasi-probabilities as

(
p(ψ)

1 − p(ψ)

)
= S−1

 tr(Πsymψ
⊗5)

tr(Πsym)
tr(ΠsymΩ4Πsymψ

⊗5)
tr(ΠsymΩ4)

 =
( (d+3)(d+4−5∆4(ψ)))

(d+8)(d−1)
5[(d+3)∆4(ψ))−4]

(d+8)(d−1)

)
(334)

where ∆4(ψ) is the stabilizer purity, see Definition 70.

As an application, let us compute the trace distance between Φ(5)
Cl (ψ⊗5) and Φ(5)

Haar(ψ⊗5) and
show that 5 copies of a stabilizer state cannot be distinguished by 5 copies of a Haar random state.
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Example 6 (Trace distance of random Clifford orbit). Let us compute ∥Φ(5)
Cl (ψ⊗5)−Φ(5)

Haar(ψ⊗5)∥1.
Using Eq. (328), we can immediately write∥∥∥Φ(5)

Cl (ψ⊗5) − Φ(5)
Haar(ψ

⊗5)
∥∥∥

1
= (1 − p(ψ))

∥∥∥∥ Πsym

tr(Πsym) − ΠsymΩ4Πsym

tr(ΠsymΩ4)

∥∥∥∥
(1 − p(ψ))

(∥∥∥∥ Πsym

tr(Πsym)

∥∥∥∥+
∥∥∥∥ΠsymΩ4Πsym

tr(ΠsymΩ4)

∥∥∥∥) ≤ 2(1 − p(ψ))
(335)

where we have used the fact that p(ψ) ≥ 0. Using Eq. (334), we get∥∥∥Φ(5)
Cl (ψ⊗5) − Φ(5)

Haar(ψ
⊗5)
∥∥∥

1
≤ 10[(d+ 3)∆4(ψ)) − 4]

(d+ 8)(d− 1) = O(d−1). (336)

7.5.3 k = 6
Let us analyze the commutant for the Clifford group for k = 6. As done before, let us consider

the independent Pauli monomials that generate the Clifford commutant. We do it iteratively, by
iterating over m, i.e., the number of primitives in the matrix V . For m = 0, we only have the
identity. m = 1, we have the primitive Pauli monomials,.

Ω4 = , Ω6 = . (337)

Starting from these monomials, we need to add to the vector spaces other primitives with two
premises: 1) the primitive should be independent, so the full Pauli monomial is reduced. 2)
the vector space does not contain weight 2 vector, which would correspond to a permutation, 3)
avoiding repeated monomials. We get only two possible candidates

(338)

Thanks to Section 5.1, we know that two even primitives overlapping evenly with a phase are
equivalent to an odd primitive up to right multiplication for permutations. Therefore, the second
term is permutationally equivalent to Ω2. So the only possible candidate for m = 1 is

Ω4,4= (339)

This concludes the possible terms, since it is not difficult to see that adding an additional Ω1 term
would return us still Ω3 up to permutations. Hence, the commutant, other than permutations, is
spanned by the following operators, up to left and right action of permutations

Ω4 = 1
d

∑
P

P⊗4 ⊗ 1⊗2,

Ω6 = 1
d

∑
P

P⊗6,

Ω4,4 = 1
d2

∑
P,Q

P⊗2 ⊗ (PQ)⊗2 ⊗Q⊗2. (340)
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While it is clear that multiplying the different Ω among themselves does not generate new elements
of the commutant, the same is not true when considering permutations. To generate all possible
elements of the commutant, we must permute the representative elements. Thus, the most general
element of the commutant for k = 6 is TπΩ(6)Tσ, where Tπ and Tσ are permutation matrices. In
Table 1, we show the cardinality of the different classes generated.

Ω #(TπΩTσ)
Ω2 720
Ω4 2700
Ω6 720

Ω4,4 450

Table 1: Cardinality of the independent class forming the basis for Com(C⊗6
n ).

Once we have given the Clifford commutant for k = 6, we can then introduce the action of the
twirling operator. By noticing that all the terms are given by TπΩTσ, the twirling operator for
k = 6 can be written as

Φ(6)
Cl (O) =

∑
Ω∈P
πσ∈S6

Tπ

(
α(Ω)
π,σΩ

)
Tσ (341)

where each of the coefficients can be computed through the inverse of the Gram-Schmidt matrix
through the rules introduced in Section 7.1.2.

As done before, instead of directly computing the Clifford Weingarten functions, let us focus
our attention on the twirling of a pure quantum state. We can write

Φ(6)
Cl (ψ) =

∑
Ω,∈P/S6

pΩ(ψ)ΠsymΩΠsym

tr(ΠsymΩ) (342)

where the pΩs are equal to

pΩ(ψ) =
∑

Ω′∈P/S6

(S−1)ΩΩ′
tr
(
Ωψ⊗k)

tr(ΠsymΩ) . (343)

One can then use the definition of S from Section 7.1.3 with k = 6, leading to the computation of

S = 1
tr(Πsym)


1 1 1 1
1 tr(Ω4ΠsymΩ4Πsym) tr(Πsym)

tr(Ω4Πsym)2
tr(Ω4ΠsymΩ6Πsym) tr(Πsym)

tr(Ω4Πsym) tr(Ω6Πsym)
tr(Ω4ΠsymΩ4,4Πsym) tr(Πsym)

tr(Ω4Πsym) tr(Ω4,4Πsym)

1 tr(Ω6ΠsymΩ4Πsym) tr(Πsym)
tr(Ω6Πsym) tr(Ω4Πsym)

tr(Ω6ΠsymΩ6Πsym) tr(Πsym)
tr(Ω6Πsym)2

tr(Ω6ΠsymΩ4,4Πsym) tr(Πsym)
tr(Ω6Πsym) tr(Ω4,4Πsym)

1 tr(Ω4,4ΠsymΩ4Πsym) tr(Πsym)
tr(Ω4,4Πsym) tr(Ω4Πsym)

tr(Ω4,4ΠsymΩ6Πsym) tr(Πsym)
tr(Ω4,4Πsym) tr(Ω6Πsym)

tr(Ω4,4ΠsymΩ4,4Πsym) tr(Πsym)
tr(Ω4,4Πsym)2

 .

(344)

The computation of S reduces to the computation of a few elements, and then combines them. So
we have, by brute force computation, the result

tr(ΠsymΩ4) = 1
180d(d+ 5)(d+ 4)(d+ 2)(d+ 1), (345)

tr(ΠsymΩ4,4) = 1
30d(d+ 4)(d+ 2)(d+ 1), (346)

tr(ΠsymΩ6) = 1
6!d(d+ 23)(d+ 4)(d+ 2)(d+ 1), (347)

tr(ΠsymΩ4ΠsymΩ4) = 1
2700d(d+ 1)(d+ 2)(d+ 4)(76 + 13d+ d2), (348)

tr(ΠsymΩ4,4ΠsymΩ4) = (d+ 4)
5 tr(ΠsymΩ4,4), (349)

tr(ΠsymΩ6ΠsymΩ4) = tr(ΠsymΩ4), (350)
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tr(ΠsymΩ4,4ΠsymΩ6) = 1
450d(d+ 4)2(d+ 2)2(d+ 1), (351)

tr(ΠsymΩ6ΠsymΩ4,4) = tr(ΠsymΩ4,4). (352)

Consequently, the matrix S can be written as

S = 1
tr(Πsym)


1 1 1 1
1 (d2+13d+76)(d+3)

60(d+5)
(4+d)(d+3)

20
(5+d)(d+3)

23+d
1 (d+3)(4+d)

20
(d+5)(d+4)(d+3)(d+2)

360
(5+d)(d+3)

23+d
1 (5+d)(d+3)

23+d
(5+d)(d+3)

23+d
(5+d)2(d+3)2

(23+d)2

 . (353)

Therefore, according to Section 7.1.3 we get that the quasi-probabilities are


p2
p4
p6
p4,4

 =

 1
tr(Πsym)


1 1 1 1
1 (d2+13d+76)(d+3)

60(d+5)
(4+d)(d+3)

20
(5+d)(d+3)

23+d
1 (d+3)(4+d)

20
(d+5)(d+4)(d+3)(d+2)

360
(5+d)(d+3)

23+d
1 (5+d)(d+3)

23+d
(5+d)(d+3)

23+d
(5+d)2(d+3)2

(23+d)2




−1


tr(Πsymψ
⊗6)

tr(Πsym)
tr(ΠsymΩ4Π(6)

symψ
⊗6)

tr(Ω4Πsym)
tr(ΠsymΩ6Π(6)

symψ
⊗6)

tr(Ω6Πsym)
tr(ΠsymΩ4,4Π(6)

symψ
⊗6)

tr(Ω4,4Πsym)


(354)

=



(d+5)(d+3)[(d2+13d)−tr(Ω4,4ψ
⊗6)(d−32)−(15d+60) tr(Ω4ψ

⊗4)+30 tr(Ω6ψ
⊗6)]

(d+16)(d+8)(d−1)(d−2)
15(d+5)[−4(d+4)−4(d+4) tr(Ω4,4ψ

⊗6)−(d2+8d+52) tr(Ω4ψ
⊗4)−3(d+6) tr(Ω6ψ

⊗6)]
(d+16)(d+8)(d−1)(d−2)

720+720 tr(Ω4,4ψ
⊗6)+270(d+6) tr(Ω4ψ

⊗4)+15(d+14)(d+1) tr(Ω6ψ
⊗6)

(d+16)(d+8)(d−1)(d−2)
(d+23)[−(d−32)+d(d+13) tr(Ω4,4ψ

⊗6)−(15d+60) tr(Ω4ψ
⊗4)+30 tr(Ω6ψ

⊗6)]
(d+16)(d+8)(d−1)(d−2)

 ,

where we are adopting the lighter notation of px := pΩx
. Let us point out that, for the sake of

completeness, the inverse matrix of S is given in Ref. [10].
In Examples 5 and 6, we showed that the trace distance between five coherent copies of Haar-

random states and random stabilizer states is exponentially small. In the following, we show that
for k = 6, the trace distance becomes large. This occurs because the commutant supports the first
non-trivial unitary primitive, Ω6.

Example 7 (Trace distance of random Clifford orbit). Let us compute the lower bound ∥Φ(6)
Cl (ψ⊗6)−

Φ(6)
Haar(ψ⊗6)∥1. To do it, let us start by considering the unitary primitive Ω6. The expectation value

over ψ⊗6 corresponds to the stabilizer purity ∆6(ψ) = tr
(
Ω6ψ

⊗6), see Definition 70. If ψ is a pure
quantum state vector it follows

∆6(ψ) − tr
(

Φ(6)
HaarΩ6

)
= tr

(
Ω6(Φ(6)

Cl (ψ⊗6) − Φ(6)
Haar(ψ

⊗6))
)

≤ ∥Ω6∥∞∥Φ(6)
Cl (ψ⊗6) − Φ(6)

Haar(ψ
⊗6)∥1

(355)
which implies that

∥Φ(6)
Cl (ψ⊗6) − Φ(6)

Haar(ψ
⊗6)∥1 ≥ ∆6(ψ) −O(d−1). (356)

For the case of σ ∈ STAB, since ∆6(σ) = 1 (see Definition 70), then ∥ΦCl(σ⊗6) − Φ(6)
Haar(σ⊗6)∥1 ≥

1 −O(d−1).

7.5.4 k = 8
In this section, we construct the commutant for k = 8. We want to construct all the Pauli

monomials that are independent up to left and right multiplication for permutations. The analysis
is quite similar to the one done for k = 6, and previously for k = 5 and k = 4. We do it iteratively,
by iterating over m, i.e., the number of primitives in the matrix V . For m = 0, we only have the
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identity. m = 1, we have the primitive Pauli monomials, which are listed below.

Ω4 = , Ω6 = , Ω8 = . (357)

Then, we use the same prescriptions used in Section 7.5.3 in order to build the other terms for
m > 1. Starting from Ω4, we obtain the following Pauli monomials obeying such prescriptions:

. (358)

Thanks to Section 5.1, we know that two even primitives overlapping evenly with a phase are
equivalent to an odd primitive up to right multiplication for permutations. Therefore, the fourth
and the sixth monomial in Eq. (358) are permutationally equivalent to Ω6. Through graphical
calculus, we can manipulate the fifth one as

= = T(17)T(26)T(35) T(17)T(26)T(35) (359)

which shows that the second and the fifth are (non-trivially) the same up to the action of the
adjoint permutation T(17)T(26)T(35). For convenience, we can manipulate the last one to take the
phase away

= 7→ (360)

where the last arrow refers to permutational equivalence. This leaves us in defining three more
Pauli monomials that are independent up to permutations as

Ω4,4 = , Ω4,41 ,= , Ω4,42 = , Ω4,6 = , Ω6,6 = .

(361)
We can now start adding primitives to Ω(8)

2 . However, we have already exhausted all the possibilities
allowed by analyzing Ω4 by Eq. (360) and Ω4,6.
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Now, we can construct Pauli monomials with m = 3 from Ω4,4, · · · ,Ω6,6. We observe that it
is only sufficient to add the weight four primitives. Indeed, adding a weight 8 primitive would
necessarily make the Pauli monomial not reducible anymore, and adding a weight 6 primitive
would necessarily result in a Pauli monomial corresponding to a V equivalent to one with weight

2 vectors in the span. Therefore, we can add weight 2 vectors only to Ω(8)
4 ,Ω(8)

5 ,Ω(8)
6 . However, it

will be sufficient to add all the possible weight 2 primitives to Ω(8)
4 to exhaust all possibilities. Let

us first write all the possibilities as

Ω4,4,4 = , Ω4,4,41 = , Ω4,4,42 , = . (362)

Notice that we did not consider any phases yet, as it turns out that all the Pauli monomials with
phases are dependent on all the others that we already defined. Indeed, since in Ω4,4,4 and Ω4,4,41

all primitives commute, by virtue of Section 5.1, we know that any commuting weight 2 primitive
with a phase can be reduced to a weight 6 primitive up to permutation, which has already been
covered by the Pauli monomials defined above with m = 2. However, for Ω4,4,42 , the argument is
even simpler: the third and the second primitive anticommute with each other, and therefore any
phases put between them can be canceled by a trivial swapping, cf.Section 5.1.

We are now left with the last case, that is, m = 4. Following the reasoning above, the only
possibility is to add a weight 4 primitive to Ω4,4,4,Ω4,4,41 ,Ω4,4,42 . However, by the same argument
as before, it will be sufficient to add it to just the first one. In particular, for Ω4,4,4 and Ω4,4,41

there is one possibility in each case that would result in the same Pauli monomial with m = 4,
namely

Ω4,4,4,4 = (363)

whereas, it is not possible to add anything to Ω4,4,42 as it would result in a vector space with a
weight 2 vector in it. By the same argument as in the case m = 3, adding any phase would result
in a lower m Pauli monomial, since two weight 4 primitives sharing a phase are permutationally
equivalent to a weight 6 primitive. At this point, it is easy to get convinced that no more primitive
can be added to Ω4,4,4,4 without violating our 3 above principles. Hence, the commutant with
k = 8 is spanned by the following operators, up to left and right action for permutations

Ω2 = 1, (364)

Ω4 = 1
d

∑
P

P⊗4 ⊗ 1⊗4, (365)

Ω6 = 1
d

∑
P

P⊗6 ⊗ 1⊗2, (366)

Ω8 = 1
d

∑
P

P⊗8, (367)

Ω4,4 = 1
d2

∑
P,Q

P⊗2 ⊗ (PQ)⊗2 ⊗Q⊗2 ⊗ I⊗2, (368)

Ω4,41 = 1
d2

∑
P,Q

P⊗3 ⊗ (PQ) ⊗Q⊗3, (369)
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Ω4,42 = 1
d2

∑
P,Q

P⊗4 ⊗Q⊗4, (370)

Ω4,6 = 1
d2

∑
P,Q

P⊗2 ⊗ (PQ)⊗2 ⊗Q⊗4, (371)

Ω6,6 = 1
d2

∑
P,Q

P⊗2 ⊗ (PQ)⊗4 ⊗Q⊗2, (372)

Ω4,4,4 = 1
d3

∑
P,Q,K

P⊗2 ⊗ (PK)⊗2 ⊗ (QK)⊗2 ⊗Q⊗2, (373)

Ω4,4,41 = 1
d3

∑
P,Q,K

P ⊗ (PK) ⊗ (PQ) ⊗ (PQK) ⊗ (QK) ⊗Q⊗K ⊗ 1, (374)

Ω4,4,42 = 1
d3

∑
P,Q,K

(PK) ⊗ P ⊗ (PQK) ⊗ (PQ) ⊗Q⊗2 ⊗K⊗2, (375)

Ω4,4,4,4 = 1
d4

∑
P,Q,K,L

(PL) ⊗ P ⊗ (PQKL) ⊗ (PQK) ⊗ (QL) ⊗Q⊗ (KL) ⊗K. (376)

Extending the logic from the k = 6 case, the commutant for k = 8 is generated by permuting its
representative elements, Ω. Specifically, any element can be expressed as TπΩTσ, where Tπ and Tσ
are permutation matrices. The cardinality of the resulting classes is presented in Table 2.

Ω #(Tπi
ΩTσi

)
Ω2 40320
Ω4 705600
Ω6 1128960
Ω8 40320

Ω4,4 705600
Ω4,41 2822400
Ω4,42 88200
Ω4,6 2116800
Ω6,6 1411200

Ω4,4,4 22050
Ω4,4,41 57600
Ω4,4,42 705600
Ω4,4,4,4 900

Table 2: Cardinality of the independent class forming the basis for Com(C⊗8
n ).

Once built the commutant for k = 8, we can also write the general equation for the twirling of
an operator O as

Φ(8)
Cl (O) =

∑
Ω∈P
πσ∈S8

Tπ(α(Ω)
π,σΩ)Tσ (377)

where each of the coefficients can be computed through the inverse of the Gram-Schmidt matrix
through the rules introduced in Section 7.1.2. As done before, instead of directly computing the
Clifford Weingarten functions, let us focus our attention on the twirling of a pure quantum state.
We can write

Φ(8)
Cl (ψ⊗8) =

∑
Ω∈P/S8

pΩ(ψ)ΠsymΩΠsym

tr(ΠsymΩ) (378)

where the pΩs are equal to

pΩ(ψ) =
∑

Ω′∈P/S8

(S−1)ΩΩ′
tr
(
Ωψ⊗k)

tr(ΠsymΩ) . (379)
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8 Clifford commutant in the multi-qudit scenario
Preliminaries: We consider a system of n qudits with local dimension q, being a prime number.
It is crucial for q to be a prime number, so that the generalized Pauli operators have the same
eigenvalues and the Clifford group can be defined analogously to the qubit case, as those unitary
operators that map Pauli operators to Pauli operators. In the reminder of the section, we adopt
the same notation that we have used for the qubit case, and Pn, Cn denotes the Pauli group and
the Clifford group on n qudits. Similarly, the dimension of the Hilbert space is denoted as d ≡ qn.
The generalized Pauli operators on n qudits, that in the following will be called as Weyl operators
to adapt better to the current literature, are generated by the following X- and Z-like operators:

X |i⟩ = |i+ 1⟩ and Z |i⟩ = ωi |i⟩ (380)

where ω = e−2πi/q. We also define τ =
√
ω = eiπ(q2+1)/q. Notice that for q > 2, the square root

can be uniquely defined as a power of ω. The single qudit Weyl operators are given by

P = τacXaZc . (381)

for a, c ∈ Fq. Analogously to the qubit case, we can encode each Weyl operator P ∈ Pn into a
string b(P ) ∈ F2n

q , which gives the rule

PQ = τ b(P )T Jb(Q)K, (382)

PQ = ωb(P )T Jb(Q)QP (383)

of the product between Weyl operators. In the above

J :=
n⊕
i=1

(
0 −1
1 0

)
, (384)

while b(K) = b(P )+ b(Q) (mod q). By recalling Eq. (60), and from the equations above, it follows
that one can identify

χ(P,Q) = ωb(P )T Jb(Q). (385)

Since the branch of the square root is fixed by demanding that it remains a q-th root of unity, we
can define √

χ(P,Q) := τ b(P )T Jb(Q) . (386)

Orthogonal basis for the commutant and its dimension: Let us now outline a proof
analogous to that of Theorem 25. The key step in the proof of Theorem 25 is the definition of
the equivalence class [V,G]. We begin by identifying the analog of V . Observe that for k tensor
copies and any Q ∈ P⊗k

n , we have b(Q) ∈ F2nk
q , which allows us to construct B(Q) ∈ Fk×2n

q via
the vectorization isomorphism. One can also prove an analog of Lemma 13. Specifically, we can
decompose B(Q) as B(Q) = V BTP , where V ∈ Fk×m

q and BP ∈ F2n×m
q , with m denoting the

minimal rank. This means we can write

Q ∝ P⊗v1
1 · · ·P⊗vm

m , (387)

where V = (v1, . . . , vm) and P1, . . . , Pm ∈ Pn. As in Lemma 13, all such decompositions are related
by multiplication with an invertible matrix A ∈ GL(Fm×m

q ).
We also define the weighted anticommutation graph G, with associated matrix A(P )i,j , via the

relation

PiPj − ωA(P )i,jPjPi = 0 , Pi, Pj ∈ Pn . (388)

From this, it follows that A(P ) is anti-symmetric, i.e., A(P )T = −A(P ), and χ(Pi, Pj) = ωA(P )i,j .
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We define the phase φ(P ) (as in the statement of Theorem 25) for Weyl operators analogously
to be

φ(P ) =
tr
(
PT(k···2 1)

)
d

. (389)

The condition φ(P ) ̸= 0 is necessary and sufficient for Φ(k)
Cl (P ) ̸= 0. For φ(P ) ̸= 0, we require∑

i vi = 0 (mod q). For each v ∈ Fq, this condition determines the last entry, effectively yielding
a (k − 1)-dimensional vector space.

Clifford operators on qudits can likewise map any list of Weyl operators to any other, provided
the algebraic and anticommutation relations are preserved, as one can similarly prove an analog
of Lemma 17. Hence, the equivalence class [V,G] is defined identically.

This procedure defines the independent-based graph monomials ℧I([V,G]), which form a basis
for any n and k, analogous to the qubit case as

℧I(V,G) := 1
|S[V,G]|

∑
P ∈P×m

n

A(P )=G
P is alg. indep.

m∏
j=1

P
⊗vj

j , (390)

where S[V,G] denotes the set of all such Weyl operators, which forms the Weyl orbit under Clifford
operations.

We now consider which graphs are admissible. The strategy used in Theorem 25—constructing
pairwise noncommuting and otherwise commuting Weyl operators by multiplication—works also
for Fq. Therefore, we can replicate the same argument from Theorem 25, sketched below. Any
matrix G can be brought by invertible transformations to the canonical (anti-symmetric) form:

G =
r⊕
i=1

(
0 1

−1 0

)
⊕ 0m−2r,m−2r. (391)

We can describe a noncommutation graph on m−r qudits by choosing appropriate Weyl operators
for each noncommuting pair. Since any two algebraically independent Weyl operators on a single
qudit do not commute, we get rankq(G) ≥ 2(m− n). Consequently, in analogy with Theorem 26,
the dimension of the commutant is given by

dim(Com(C⊗k
n )) =

k−1∑
m=0

⌊m/2⌋∑
r=max(m−n,0)

(
k − 1
m

)
q

Nq(m, r) (392)

≃

{
q

k2−3k
2 +1 if 2n ≥ k − 1,

q2kn−2n2−3n if 2n < k − 1,

where Nq(m, r) (see, e.g., Ref. [14]) denotes the number of m × m anti-symmetric matrices over

Fq with rank 2r, and the Gaussian binomial coefficient
(
k−1
m

)
q
count the number of even vector

subspaces of Fq of dimension m. The approximation in Eq. (392) follows identically to the one in
Theorem 26, since the structure of the expressions remains the same apart from the base of the
exponentials. The bounds should also become increasingly accurate with increasing q.

Weyl monomials (Ω): Similarly to the qubit case, alternative bases—beyond the one formed
by independent graph-based monomials—can be defined. These alternative bases often offer more
manageable or insightful representations. The strategy to define such bases is to directly generalize
the linear transformations that connect them in the qubit setting, as explored in Section 5.3.2.

Starting from Eq. (390), we extend the definition to include ordered lists of Pauli operators
that are not necessarily algebraically independent:

℧(V,G) := 1
dm

∑
P ∈P×m

n

A(P )=G

m∏
j=1

P
⊗vj

j . (393)
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These are precisely the qudit analogues of the “℧” basis introduced in Section 5.3. Following the
approach of Section 5.3.2, we employ a Fourier-like transform over Fq to define Weyl monomials.
Starting from the definition above, we proceed as follows:

℧(V,G) := 1
dm

∑
P ∈P×m

n

A(P )=G

m∏
j=1

P
⊗vj

j (394)

= 1
dm

∑
P ∈P×m

n

m∏
j=1

P
⊗vj

j

∏
i<j

δA(P )i,j=Gi,j

= 1
dmqm(m−1)/2

∑
P ∈P×m

n

m∏
j=1

P
⊗vj

j

∏
i<j

∑
Mi,j∈Fq

ωMi,j(A(P )i,j−Gi,j)

= 1
dmqm(m−1)/2

∑
M∈Asym(Fm×m

q )

ω
−
∑

i<j
Mi,jGi,j

∑
P ∈P×m

n

m∏
j=1

P
⊗vj

j

∏
i<j

χ(Pi, Pj)Mi,j

=: 1
qm(m−1)/2

∑
M∈Asym(Fm×m

q )

ω
−
∑

i<j
Mi,jGi,j Ω(V,M),

where we have used the identity 1
q

∑q
i=1 ω

qi = δi0, and the fact that χ(Pi, Pj) = ωA(P )i,j . Since

the Fourier-like transform is invertible, it follows that the monomials Ω(V,M) form a well-defined
basis of the commutant for n ≥ k − 1. From Eq. (395), they are defined as

Ω(V,M) := 1
dm

∑
P ∈Pm

n

P⊗v1
1 P⊗v2

2 · · ·P⊗vm
m ×

 ∏
i,j∈[m]
i<j

χ(Pi, Pj)Mi,j

 . (395)

Primitive monomials: Among the Weyl monomials, some are particularly simple and funda-
mental: the primitive Weyl monomials, defined as

Ω(v) := 1
d

∑
P∈Pn

P⊗v, (396)

where v ∈ Fkq satisfies the constraint
∑
i vi = 0 (mod q).

Analogously to Lemma 29, we can determine when these primitives are unitary or proportional
to projectors. Specifically, by using the identity∑

P∈Pn

χ(P,Q) = d2δP=1, (397)

we obtain the following classification:

• If
∑
i v

2
i = 0, then Ω(v) is proportional to a projector of rank dk−2, i.e., Ω2(v) = dΩ(v);

• Otherwise, Ω(v) is a unitary operator.

Substitution rules: In Section 5, we introduced the graphical calculus—an intuitive method for
manipulating Pauli monomials, which are generated as products of primitive Pauli monomials. At
the core of this calculus lies the substitution rule for Pauli monomials, formalized in Theorem 38.

While it is possible to extend this framework to a colored graphical calculus for qudits, such an
extension can become increasingly intricate as the local dimension grows. Therefore, in this section
we restrict ourselves to sketching the algebraic version of the substitution rule, which serves as a
generalization of Theorem 37. The relations

P⊗vQ⊗w =
(√

χ(K,Q)KQ
)⊗v

Q⊗w =
(√

χ(K,Q)
)∑

i
v2

i

K⊗vQ⊗(v+w), (398)
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χ(P,L) = χ
(√

χ(K,Q)KQ,L
)

= χ(KQ,L) = χ(K,L)χ(Q,L), (399)

hold, where P =
√
χ(K,Q)KQ. Then, the substitution rules result in the mapping:

vi+1 7→ vi+1 + vi, M·,i+1 7→ M·,i+1 +M·,i +
∑
α(vi)2

α

2 e⃗i, Mi+1,· 7→ Mi+1,· +Mi,· −
∑
α(vi)2

α

2 e⃗i.

(400)

This operation mirrors the substitution rule used in the qubit case. Consequently, one can employ
the same algebraic expressions to compute equivalences and define the matrix Λ, as introduced in
Theorem 37

H
1/2
i,j :=


(V TV )i,j if i < j,

(V TV )i,i/2 if i = j,

0 otherwise,

(401)

Λ := H1/2 +M. (402)

Normal form and generators: The final aspect to address is the structure of the multi-qudit
Clifford commutant from the perspective of algebra. In Section 6, we demonstrated that primitive
monomials generate the full commutant in the qubit case. In line with other generalizations, we
now discuss how this result extends to the multi-qudit setting.

The reduced form, as introduced in Definition 39, is inherently preserved in the qudit general-
ization and remains well-defined. Similarly, the notion of a normal form (see Lemma 46) carries
over naturally. The proof of Lemma 46 relies solely on the substitution rules established in Theo-
rem 38, which can be replicated in the qudit case with analogous arguments. This is because these
rules depend only on the underlying algebraic transformations, and as shown in the preceding
paragraphs, the matrix Λ governing these transformations behaves identically in the qudit setting.

In particular, a primitive corresponding to a unitary can be shifted to the right, effectively
absorbing any global phases. Additionally, two projectors that do not commute can be rewritten
as a combination of a unitary and a projector. Commuting projectors with non-trivial relative
phases can also be rewritten as a product of unitary primitives via conjugation with a commuting
unitary. Consequently, we can define a normal form for Weyl monomials

Ω = ΩP × ΩU , (403)

where ΩP is a product of commuting projective primitives and ΩU is a product of unitary primitives.
This implies that the entire commutant in the multi-qudit setting can also be generated by products
of primitive Weyl monomials.

Applications: In Section 7, we employed the framework developed in the previous sections to
explore scenarios in which the Clifford commutant plays a central role—most notably, in magic-
state resource theory and stabilizer property testing. Just as in the qubit case, these two topics
are of significant interest in the qudit setting as well. In particular, the results of Section 7.2 can
be generalized to qudits, allowing for the definition of a measurable family of magic measures that
meaningfully extend stabilizer entropies to multi-qudit quantum states.

We note that parts of this generalization have already been explored in Ref. [61, 74], where the
authors showed that generalized stabilizer entropies for qutrits (q = 3), defined via the expectation
values of primitive Weyl monomials, are not only valid magic measures (according to our definition
in Section 7.2) but also satisfy the stronger condition of being magic monotones.

For stabilizer property testing, similar conclusions to those presented in Section 7.3 can be
drawn in the qudit context. In particular, we can determine, as a function of the local dimension q,
the minimal number of copies required to achieve a non-exponentially vanishing success probability
for testing stabilizerness. This critical threshold depends on whether the commutant—beyond the
permutation operators—is spanned by unitary or projective Weyl monomials, just as discussed in
Section 7.3.
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As an example, we can see why qudit Cliffords are not 3-designs. This follows as non-trivial
Weyl monomials exist

Ω(1, 1,−2) = 1
d

∑
P∈Pn

P ⊗ P ⊗ P †2, (404)

For qutrits (q = 3), we only have this Ω(1, 1,−2) = Ω(1, 1, 1) and permutations. As Ω(1, 1, 1) is a
projector, testing stabilizer properties using only k = 3 copies is not possible for qutrits, meaning
stabilizer states form an approximate state 3-design. In contrast, for local dimension q = 5, the
same monomial Ω(1, 1,−2) becomes unitary, making testing feasible with just three copies.
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Appendix

A.1 Examples of Haar average over the unitary group step by step
In this section, we are going to show an example for relatively small order k of the k-fold twirling
in Eq. (23). For a more comprehensive reference and tutorial, see also Refs. [62, 82]. Let us start
with the following definition

Γ(k)
Haar :=

∫
dUU⊗k ⊗ U†⊗k (A1)

It is useful to write down the relation between the k-fold channel Φ(k)
Haar(·) and the Γ(k)

Haar as

Φ(k)
Haar(O) = tr1,...,k(T̂Γ(k)

HaarO ⊗ 1). (A2)

Note, indeed, that Γ(k)
E is an operator on H⊗2k. Let us compute the operator Γ(k)

Haar ∈ B(H⊗2k).
Let us recall that

Φ(k)
Haar(O) =

∑
π,σ

(Λ−1)π,σ tr(TπO)Tσ =
∑
π,σ

(Λ−1)π,σ tr1,...,k(Tπ ⊗ TσO ⊗ 1). (A3)

By comparing Eqs. (A2) and (A3) which are valid for every O ∈ B(H⊗k), it is easy to be convinced
that

Γ(k)
Haar = T̂

∑
π,σ

(Λ−1)π,σTπ ⊗ Tσ (A4)

where T̂ has been defined above as a product of elementary swaps T̂ =
∏k
j=1 Tk,k+j . To check the

validity of Eq. (A4), it suffices to note that T̂ 2 = 1.
As a useful application, let us begin by considering the Haar 1-fold channel in Eq. (23). The

symmetric group S1 = {e} is filled by just the identity. Therefore, the matrix Λ is just a number
equal to Ω = tr(1) = d; consequently, we only have one Weingarten function W = d−1 and thus it

is straightforward to write the operator Γ(1)
Haar, defined below in Eq. (A4), as

ΓHaar = T

(
1 ⊗ 1
d

)
= T

d
(A5)

where T is the swap operator between the two copies of H. Now, consider the operator A ∈ B(H).
The 1-fold channel applied in A reads

Φ(1)
Haar(A) = tr(A)

d
1. (A6)

The 2-fold channel, i.e., k = 2, is the first non-trivial example of a Haar channel that has found
an enormous number of applications. In this section, we will explore just a couple of those.

The symmetric group S2 = {e, (12)} is given by the identity 1 and the swap operator T on
H⊗2. The matrix Λ reads

Λ =
(

tr(1) tr(T )
tr(T ) tr(TT )

)
=
(
d2 d
d d2

)
(A7)

and the inverse, whose components are the Weingarten functions, reads

Λ−1 = 1
d2 − 1

(
1 − 1

d
− 1
d 1

)
. (A8)
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Thus, the operator Γ(2)
Haar, defined later on in Eq. (A4), reads

Γ(2)
Haar =

T(13)(24)

d2 − 1

(
1 ⊗ 1 + T ⊗ T − 1 ⊗ 1 + T ⊗ T

d

)
(A9)

where T(13)(24) is the permutation unitary operator corresponding to the cycle (13)(24) ∈ S4. Recall

in fact that the operator Γ(2)
Haar ∈ B(H⊗4). Multiplying permutations one gets T(13)(24)T(12)T(34) =

T(14)(23) and thus

Γ(2)
Haar = 1

d2 − 1

(
T(13)(24) + T(14)(23) −

T(13)(24) + T(14)(23)

d

)
(A10)

while the 2-fold channel applied on an operator A ∈ B(H⊗2) reads

Φ(2)
Haar(A) = 1

d2 − 1

(
tr(A)1 − tr(A)

d
T − tr(TA)

d
1 + tr(AT )T

)
. (A11)

Example 8 (Average subsystem entropy). Over many application of the Haar orbit of pure states,
we find the computation of average entropy on subsystem of typical states. With the tool of the
Weingarten calculus (cf. Lemma 21), we can compute it right away. Let A|B be a bipartition of
the system of n qubits, with nA, nB qubits respectively. Let |ψ⟩ an n-qubit state vector, then the
purity of the reduced density matrix ρA := trB |ψ⟩⟨ψ| is defined as

Pur(ψA) := tr
(
ψ2
A

)
= tr

(
TAψ

⊗2) (A12)

Let us compute the average purity by integrating over dψ∫
dψPur(ψA) = 1

tr(1 + T ) tr(TAΠsym) = 1
tr(Πsym) tr(TA + TB) = d2

AdB + dAd
2
B

d(d+ 1) (A13)

where we have denoted dA(B) = 2nA(B) . Note that we have used the fact that permutation operators
are factorized on qubits, i.e., T = TATB, where TA(B) acts non-identically on A(B). If one
considers the subsystem A to be much smaller than B, i.e., dA ≪ dB, one has∫

dψPur(ψA) = 1
dA

+O(d−1) (A14)

which tells us that, on average, states are maximally entangled, up to an error exponentially small
in the total number of qubits n.

Example 9 (Twirling of a quantum channel). An interesting and non-trivial application of the
2-fold channel is the following: consider a completely positive trace preserving map K with kraus
operators Ak, i.e., K(·) =

∑
k Ak(·)A†

k. In the same fashion as the operator Γ(1)
Haar, we can define

K̃ =
∑
k

Ak ⊗A†
k (A15)

and let K̃ act on states ρ ∈ H via the following isomorphism

K(ρ) 7→ tr1(T K̃ρ⊗ 1). (A16)

Note that K̃ is an operator on H⊗2, thus we can apply the 2-fold Haar channel Φ(2)
Haar(·)

Φ(2)
Haar(K̃) = 1

d2 − 1
(
tr
(
K̃
)
[1 − T/d] − 1 + Td

)
(A17)

where we have used the fact that tr
(
T K̃
)

=
∑
k tr
(
A†
kAk

)
= tr(1) = d for every CPTP map. Let

us act with Φ(2)
Haar(K̃) on a state ρ as in Eq. (A16)

tr1(TΦ(2)
Haar(K̃)ρ⊗ 1) =

tr
(
K̃
)

− 1
d2 − 1 ρ+

(
1 −

tr
(
K̃
)

− 1
d2 − 1

)
1
d

(A18)
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that is a depolarizing channel D(ρ) = pρ + (1 − p)1/d with p = tr(K̃)−1
d2−1 . We just found out

that, on average, over Kraus operators Ak 7→ UAkU
† every channel is a depolarizing channel with

probability depending on the trace of K̃ in Eq. (A15).
Let us now go a step further and consider the 3-fold channel. The symmetric group S3 con-

tains 3! = 6 permutation operators S3 = {e, (12), (23), (13), (123), (132)}. Denote Tσ the unitary
representation of σ on H⊗3 and let us compute the matrix Λ

Λ =


tr(1) tr

(
T(12)

)
tr
(
T(23)

)
tr
(
T(13)

)
tr
(
T(123)

)
tr
(
T(132)

)
tr
(
T(12)

)
tr(1) tr

(
T(132)

)
tr
(
T(123)

)
tr
(
T(13)

)
tr
(
T(23)

)
tr
(
T(23)

)
tr
(
T(123)

)
tr(1) tr

(
T(132)

)
tr
(
T(12)

)
tr
(
T(13)

)
tr
(
T(13)

)
tr
(
T(132)

)
tr
(
T(123)

)
tr(1) tr

(
T(23)

)
tr
(
T(12)

)
tr
(
T(123)

)
tr
(
T(23)

)
tr
(
T(13)

)
tr
(
T(12)

)
tr
(
T(132)

)
tr(1)

tr
(
T(132)

)
tr
(
T(13)

)
tr
(
T(12)

)
tr
(
T(23)

)
tr(1) tr

(
T(123)

)

 =


d3 d2 d2 d2 d d
d2 d3 d d d2 d2

d2 d d3 d d2 d2

d2 d d d3 d2 d2

d d2 d2 d2 d d3

d d2 d2 d2 d3 d

, (A19)

where we have computed the above matrix following the rule sketched in Lemma 22, i.e., tr(Tσ) =
d|σ| for σ ∈ S3 where |σ| is the length of σ, the number of cycles in the cycle-representation. For
example, we have |e| = |(1)(2)(3)| = 3 or |(123)| = |(132)| = 2 because (123) = (12)(23) and
(132) = (23)(12). The inverse reads

Λ−1 = 1
d(d3 − 4)(d2 − 1)


d2 − 2 −d −d −d 2 2

−d d2 − 2 2 2 −d −d
−d 2 d2 − 2 2 −d −d
−d 2 2 d2 − 2 −d −d
2 −d −d −d 2 d2 − 2
2 −d −d −d d2 − 2 2

 . (A20)

We avoid explicitly writing the operator Γ(3)
Haar and the twirling Φ(3)

Haar. We instead show an appli-
cation by computing the average value of a 6-point OTOC.

Example 10 (Average 6-point OTOC). Consider P,Q ∈ Pn 2 non-identity Pauli operator and
the following correlation function

OTOC6(U) = 1
d

tr(P (U)QQ(U)PQ(U)P (U)PQ) (A21)

where P (U) = U†PU . Note that for U = 1 one has OTOC6(U) = 1. Let us use the following trick
tr(ABC) = tr

(
T(132)A⊗B ⊗ C

)
= tr

(
T(123)A⊗ C ⊗B

)
and write OTOC6(U) as

OTOC6(U) = 1
d

tr
(
T(132)U

†⊗3[P ⊗Q⊗QP ]U⊗3[Q⊗ P ⊗ PQ]
)
. (A22)

Let us average over the realizations of the unitary operator U according to the Haar distribution∫
dU OTOC6(U) = 1

d
tr
(
T(132)Φ(3)

Haar(P ⊗Q⊗QP )Q⊗ P ⊗ PQ
)
. (A23)

In order to compute the above twirling using the matrix formalism, and thus Λ−1, let us compute
the following 6-components vectors vσ = tr(TσP ⊗Q⊗QP ) and wσ = tr(TσQ⊗ P ⊗ PQ). First
note that vσ = wσ for two non-identity Pauli operators. Thus

v =


tr(P ⊗Q⊗QP )

tr
(
T(12)P ⊗Q⊗QP

)
tr
(
T(23)P ⊗Q⊗QP

)
tr
(
T(13)P ⊗Q⊗QP

)
tr
(
T(123)P ⊗Q⊗QP

)
tr
(
T(132)P ⊗Q⊗QP

)

 =


0
0
0
0

dχ(P,Q)
dχ(P,Q)

 (A24)

where χ(P,Q) = 1
d tr(PQPQ) and χ(P,Q) = 1 for commuting Pauli operators [P,Q] = 0 and −1

for anticommuting Pauli operators {P,Q} = 0. We can write the average OTOC6 as∫
dU OTOC6(U) = 1

d

∑
π,σ

Λ−1
π,σvσvπ = 2d2

(d2 − 4)(d2 − 1) (A25)

cf. also the results in Ref. [70].
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We now consider the 4-fold channel, i.e., k = 4. Being the symmetric group of 4 objects of 4!
elements, calculations with the 4-fold channel are long and tedious. However, in this section, we
outline a systematic and general method to conduct such calculation by reducing the possibility of
making typos around. First, let us list the permutations in S4 ordered by conjugacy class

1-cycle: e

2-cycle: (12), (13), (14), (23), (24), (34)
3-cycle: (123), (132), (142), (234), (243), (132), (124), (143)
4-cycle: (1234), (1324), (1423), (1342), (1243), (1432)
22-cycle: (12)(34), (13)(24), (14)(32)

(A26)

For clarity, we omit to report the Λ matrices for k = 4 due to their size, but it is possible to
find them in the .nb file attached to the manuscript together with its inverse. Let us apply the
above formalism to see in what conditions a channel can be well approximated with a depolarizing
channel.

Example 11 (Approximating a channel with the depolarizing channel). In Example 9, we showed
that on average every channel is a depolarizing channel with probability depending on the trace of
K̃ =

∑
k Ak ⊗A†

k. Let us compute the fluctuations around the average evaluated for an expectation
value of a Hermitian operator A with null trace (for simplicity). We need to evaluate the following
average square distance from the average (variance)

tr
(
T(12)(34)Φ(4)

Haar(K
⊗2)(ρ⊗A)⊗2

)
− tr

(
T(12)Φ(4)

Haar(K)ρ⊗A
)2

(A27)

where K̃ is defined in Example 9, see Eq. (A15). Let us specialize the discussion to a specific,
although quite general, quantum channel referred to as Pauli channel [31]

K(ρ) =
∑
P

kPPρP (A28)

where P are Pauli operators
∑
P kP = 1 to preserve the trace. Although the second term in

Eq. (A27) has already been computed in Eq. (A18), let us consider the first term and define the vec-
tors v,w with components in S4 defined as vσ = tr

(
K̃⊗2Tσ

)
and wσ = tr

(
T(12)(34)Tσ(ρ⊗ 1)⊗2A⊗2).

In terms of v,w we have

tr
(
T(12)(34)Φ(4)

Haar(K
⊗2)(ρ⊗ 1)⊗2A⊗2

)
=
∑
π,σ

Λ−1
π,σvσwπ. (A29)

Let us compute the first vector

v = (d4k2
1, d

3k1, d
3k2

1, d
3k2

1, d
3k2

1, d
3k2

1, d
3k1, d

2k1, d
2k1,

d2k1, d
2k1, d

2k1, d
2k1, d

2k1, d
2k1, s, s, s, d, d, d, d

2, d2Pur(k), d2Pur(k)),
(A30)

where s =
∑
P,Q kP kQ tr(PQPQ), and Pur(k) =

∑
P k

2
P is the purity of the probability distribution

k.

w = ( tr2(ρA), 0, tr2(ρA), tr
(
ρA2), tr(ρA2), tr2(ρA), 0, 0, tr

(
ρA2), tr(ρA2), 0, tr(ρA2), tr(ρA2), 0, tr(ρA2),

0, tr
(
ρA2), tr(ρA2), 0, 0, tr(A2), 0, tr2(ρA), tr

(
A2)),

(A31)
where we have taken into account that ρ2 = ρ and tr(A) = 0. We obtain

tr
(
T(12)(34)Φ(4)

Haar(K
⊗2)(ρ⊗A)⊗2

)
− tr

(
T(12)Φ(4)

Haar(K)ρ⊗A
)2

= tr2(Aρ)(k1 − k2
1) +O(d−1).

(A32)
We thus conclude that, on average, every channel behaves like a depolarizing channel and the
fluctuations around the average are small in two cases: (i) in the case of an almost unitary channel
k1 − k2

1 ≪ 1 or (ii) for noisy channels k1 ≪ 1.
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