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Quantum Error Correction (QEC) is re-
garded as the most promising path to
quantum advantage. The success of QEC
relies on achieving quantum gate fidelities
below the error threshold of the QEC code,
while accurately decoding errors through
classical processing of the QEC stabilizer
measurements. In this paper, we uncover
the critical system-level requirements from
a controller-decoder system (CDS) neces-
sary to successfully execute the next mile-
stone in QEC: a non-Clifford circuit. Us-
ing a representative non-Clifford circuit,
of Shor’s factorization algorithm for the
number 21, we convert the logical-level cir-
cuit to a QEC surface code circuit and
finally to the physical level circuit. By
taking into account realistic implementa-
tion aspects using typical superconducting
qubit processor parameters, we reveal a
broad range of core requirements from any
CDS aimed at performing error corrected
quantum computation. Our findings in-
dicate that the controller-decoder closed-
loop latency must remain within tens of
microseconds, achievable by distributing
decoding data into several decoders while
ensuring fast communication between de-
coders and with the controller. By extend-
ing existing simulation techniques, we sim-
ulate the complete fault-tolerant factoriza-
tion circuit at the physical level, demon-
strating that near-term hardware perfor-
mance in the scale of 0.1% physical er-
ror rates and 1000 qubits, are sufficient
for a successful circuit execution. Over-
all, the requirements outlined here set the
stage for near- and medium-term exper-
imental realizations of non-Clifford QEC
circuits.

1 Introduction
Quantum error correction (QEC) offers a con-
crete route for reaching practical quantum com-
putation through its ability to suppress logical
quantum errors by orders of magnitude, provided
the physical quantum error rates are below a
certain threshold [1, 2]. As quantum hardware
scales from a few qubits to hundreds, and even
thousands, experimental demonstrations have be-
gun to reach critical QEC milestones. These
milestones range from extending the lifetimes of
bosonic codes within a single optical cavity [3, 4]
to multi-qubit stabilizer-code demonstrations [5,
6]. The stabilizer codes have shown great success
in suppressing logical idle errors when increas-
ing number of qubits [7, 8], and running fault-
tolerant shallow Clifford circuits [9, 10, 11, 12].

Two classical hardware components determine
the performance of an error-corrected quantum
computer: (i) the controller, which executes the
quantum logic, is vital in minimizing the physical
gate error Pphys for a given quantum hardware.
First, the controller’s analog pulse-generation ca-
pabilities, noise levels, and stability significantly
affect gate fidelity and qubit coherence times [13,
14]. Second, the controller’s ability to run cali-
brations efficiently, quickly, and frequently allows
continuous optimization and stabilization of the
fidelities to achieve higher average fidelities over
time [15, 16, 17]. (ii) the quantum error decoder,
which classically processes the physical measure-
ments of the QEC sequence to detect quantum
errors[18]. After decoding, the QEC logical error
rate follows the general scaling formula [19],

Plog ∝
(
Pphys
Pth

)(d+1)/2
, (1)

where d is the QEC code distance and Pth is the
QEC code error threshold.

The error threshold, Pth, is governed primar-
ily by the chosen QEC code, but also by the
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decoding algorithm and the prior information it
uses. Surface-code implementations have demon-
strated remarkably high thresholds of order Pth ∼
1% [1, 19], with variances according to the de-
coder’s knowledge about the quantum hardware
[7, 8] and the specific decoding strategy employed
(showing tradeoff between the accuracy and com-
plexity) [20]. Overall, reducing logical errors is
possible by increasing the code distance (adding
qubits) only if Pphys < Pth, that is, only if across
the up-scaled quantum processor the controller
maintains a low average Pphys and the decoder
preserves a high Pth.

Reaching these controller and decoder require-
ments does not ensure a system’s ability to sup-
port quantum computation with QEC. Execut-
ing non-Clifford circuits with QEC, essential for
achieving quantum advantage [21], necessitates
incorporating a decoding-dependent gate (feed-
forward) into the circuit for each non-Clifford
gate [19, 22]. Until the decoding result is reached
and these gates are implemented, additional to-
be-decoded data is accumulated during QEC
idling. Therefore, QEC circuits composed from a
set of non-Clifford gates create new requirements
on the real-time performance of the controller,
decoder, and their integration.

To date, the primary decoder requirement has
been to maintain a decoding rate faster than the
QEC data-generation rate [18]. This through-
put requirement is the benchmark for state-of-
the-art decoders [8, 23, 24, 25] and a driving fac-
tor for QEC-focused controller architectures [26],
decoder architectures [27, 28], and system archi-
tectures [29]. In a recent design [28], the authors
showed how the memory requirements, the decod-
ing latency, and the logical error rates may vary
as the data to decode increases, going beyond pre-
vious high-level resource estimation approaches
[30]. Finally, preliminary real-time benchmarks
for a combined controller–decoder system have
recently been proposed [31], with real-time, low-
latency feedback recently demonstrated experi-
mentally on a superconducting processor [32].

However, a comprehensive analysis that is
based on an end-to-end breakdown of a con-
crete circuit has been lacking, making it diffi-
cult to specify requirements and identify criti-
cal bottlenecks for the next experimental QEC
milestone. In particular, gaps remain in under-
standing precise latency requirements—the time

between the last measurement that can flip a
decoding-dependent feed-forward gate and the
gate’s execution. In addition, it is unclear what
are the effects of exceeding these latency lim-
its, the required real-time control-flow operations,
and the sizes of the decoding graphs, number,
and internal connectivity requirements in order
to support non-Clifford QEC circuits.

In this paper, we present an end-to-end anal-
ysis of the controller–decoder system (CDS) re-
quirements based on the surface-code imple-
mentation of a 5-qubit factorization circuit for
the number 21 (Fig. 1; circuit derived in Ap-
pendix B). Based on this representative non-
Clifford circuit, we perform a detailed step-by-
step breakdown to establish concrete CDS re-
quirement. First, we map the logical circuit
to a surface-level circuit comprised by 18 sur-
faces when assuming nearest-neighbor connectiv-
ity constraints. The 5 computational surfaces are
dynamically teleported while ancillary surfaces
are used for fault-tolerant logic. We then com-
pile the surface-level circuit to a physical-level
circuit in an end-to-end physical-level simulation,
showing that physical errors of 0.1% and a surface
distance of d = 5 (1000 physical qubits) are suffi-
cient for reaching meaningful logical results. The
physical-level simulations allowed extracting the
data flow requirements as well as the controller’s
front-end execution requirements.

To analyze the decoding aspects, we group
syndrome measurements into separate decod-
ing tasks according to the feed-forward opera-
tions they affect. Having more than a single
non-Clifford gate create multi-task dependencies
where the result and feed-forward time of one
task modify the size of subsequent tasks [31]. In
our concrete example, the surface-level circuit in-
cludes 13 decoding tasks, with a parallel process-
ing requirements of up to 4 decoding tasks. We
analyzed the number of syndromes in each de-
coding task and their feed-forward latency as a
function of the physical error rate and the code
distance. In addition, we find that the additional
error due to delayed feed-forward is not dominant
if it remains within tens of microseconds through-
out the circuit (assuming superconducting quan-
tum hardware), which is expected to be the case
until utility-scale fault-tolerant computation.

Although physical error rates of 0.1% enable
a more accurate execution of our circuit with-
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Figure 1: Controller-decoder system (CDS) for executing non-Clifford QEC circuits. (a) The examined logical
circuit which factorizes the number 21. (b) A distance-3 surface-code layout. Data qubits (black) store the logical
information; ancilla qubits (blue, pink) perform stabilizer measurements. (c) Control and decoding stack: a high-
performance computer (HPC) compiles the logical circuit and chosen QEC code into real-time instructions for
the controller-decoder system (CDS, dashed red), comprising the quantum controller and low-latency HPC nodes
implementing the decoder. During execution, the controller drives the QPU, streams stabilizer outcomes (syndromes)
to the decoder, and applies feed-forward updates to subsequent gates as a result of real-time decoding. The resulting
real-time data flow and processing set explicit requirements on CDS latency, throughput, resources, and structure,
needed for surface-code-protected non-Clifford circuits.

out QEC, the conceptual requirements and un-
derlying logic described here remain relevant once
QEC surpasses near-intermediate-scale-quantum
(NISQ) computation. While our derivation fo-
cuses on a specific example, the analysis sets clear
requirements on each component of the CDS, de-
tails the inter-decoder and controller-decoder in-
tegration requirements, as well as the control-flow
commands. These practical set of specifications
for controller-decoder systems in QEC circuits is
a foundational framework for advancing towards
scalable fault-tolerant quantum computation.

2 Non-Clifford surface code circuits
The first step in deriving the control procedure for
the factorization circuit is to convert the original
logical circuit into a logical circuit which uses the
native gate set of the QEC code, thereby maxi-
mizing fault-tolerant gates. In this section, we ex-
plain the gate set for the surface code, how these
gates are implemented, and what are their high-
level requirements on the CDS.

2.1 Clifford gates with surface codes

Fault-tolerant (FT) logical gates are defined in
the context of QEC as gates that obey the rela-

tion of Eq. (1): their logical error rate is exponen-
tially reduced as the code distance increases. In
the surface code, the basic FT block corresponds
to d stabilizer rounds of a distance-d surface. The
single-surface FT gates include (i) initialization
in the X or Z basis, implemented by data qubit
initialization followed by d stabilizer rounds, (ii)
measurement in the X or Z basis, implemented
by measuring the data qubits after d stabilizer
rounds, and (iii) idling, implemented by d stabi-
lizer rounds. After decoding the stabilizer mea-
surements, these three gates have a similar logical
error of a single FT block. Recent experiments
have showed the FT of these protocols [7, 8].

The fundamental FT two-surface gate, which
is the central building block of surface-code
logic [33, 34, 35] is the lattice surgery [36], shown
in Fig. 2a. This process implements the parity
measurement between two or more surfaces in
the Z/X basis (e.g., ZZ, XX, or ZX for two
surfaces). A logical measurement outcome of 0
corresponds to even parity (e.g., collapsing into
the |00⟩ and |11⟩ subspace for a ZZ surgery). In
the example in Fig. 2a, an XX measurement be-
tween two distance-3 surfaces is done by convert-
ing them into an elongated surface for d rounds,
where the logical X edges of the two surfaces are
patched together. This is implemented by initial-
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Figure 2: Surface-code quantum computation. (a) Fault-tolerant (FT) two-surface gates are performed via lat-
tice surgery, i.e., measurements the parity in the Z/X bases between multiple surfaces. Shown is an XX parity
measurement using a line of ancillary qubits which are initialized, take part in d stabilizer rounds (depth-8 circuit)
on the merged surface, and then measured to terminate the surgery. (b) Logical surface-level building blocks: FT
initializations/measurements along logical Pauli axes and lattice surgeries, and a non-Clifford gate implemented
by a magic-state preparation with decoder-dependent feed-forward. We chose a T = diag(1, eiπ/4) gate, using a
|T ⟩ = |0⟩ + eiπ/4 |1⟩ state that can be prepared A non-FT within d rounds or with higher fidelity using distillation or
cultivation at larger space–time cost. In this T -gate implementation, the feed-forward (e.g., an S-gate correction)
must be applied before the next non-commuting gate. In all types of surface codes gates, measuring an ancillary
surface modifies a computational qubit Pauli frame (dashed). (c) Surface-level circuit example: a logical CNOT
(cyan) followed by a T gate (yellow) using five surfaces. Each timestamp equals d stabilizer rounds. In this example,
all surfaces are active at timestamps 3 and 4. The q2 and |S⟩ surfaces continue to idle (via stabilizer rounds) before
their decoding-dependent surgery, until the controller knows the decoding outcome of the yellow ZZ at 3.

izing a line of ancillary qubits located between
the relevant edges and adding four X-stabilizers
whose joint parity corresponds to the logical XX
operator. This operation is FT because the log-
ical XX is probed for d rounds, and it is ter-
minated by measuring all ancillary qubits. After
decoding, the two-surface lattice surgery has a
logical error rate equivalent to that of two FT
blocks plus an additional contribution from the
relative patching volume.

These FT single-surface and multi-surface
gates in the Z/X basis are sufficient to imple-
ment Clifford computation along the Z and X
axes. For example, a CNOT between two sur-
faces is implemented using an additional ancil-
lary surface and two lattice-surgery operations
(Fig. 2b, middle) [36]. Notably, the three log-
ical measurements in this construction, and in
fact all projective measurements appearing in

surface-code computation, are intrinsically ran-
dom and yield ’0’ or ’1’ with equal probability,
where a ’1’ measurement outcome implies that
the computational qubits experienced a byprod-
uct gate. Within a Clifford circuit, the measure-
ment outcomes from a lattice surgery or from an
ancillary surface also determine whether a logical
Pauli byproduct has been applied to the partic-
ipating computational qubits (dashed squares in
Fig. 2b). Importantly, these Pauli byproducts do
not require physical correction. Instead, they are
tracked in software as Pauli-frame updates, which
may only flip the outcomes of future logical mea-
surements (for example, a logical X frame will
flip an Z-basis measurement outcome) [19]. To
complete the Clifford gate set, the X1/2 and S
gates (Fig. 2b, top) rely on logical initialization
of an |S⟩ = |0⟩ + i |1⟩ state, which was recently
shown to admit a fault-tolerant preparation pro-
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cedure, albeit with a higher error rate than the
Z/X initializations [37].

In terms of CDS requirement, implementing
Clifford circuits with surface codes (using only
the gate set described above) mainly relies on
maintaining Pphys < Pth. The gate sequence of
the entire circuit is deterministic, all byproduct
operations are Pauli-frame updates that can be
propagated to the end of the computation, and
decoding can in principle be deferred until after
the circuit executing has finished. In other words,
a slow decoder or controller–decoder communica-
tion channel does not accumulate additional logi-
cal errors, it only delays the circuit outcome. This
picture fundamentally changes once non-Clifford
gates are introduced.

2.2 Non-Clifford gates with surface codes

Non-Clifford gates are required to complete a uni-
versal gate set and introduce an additional, crit-
ical set of requirements for the CDS. The stan-
dard route is to implement them via a prepara-
tion of a magic state [38] (a state outside the car-
dinal axes of the Bloch sphere), such as |T ⟩ =
|0⟩+eiπ/4 |1⟩. The key advantage is that, once the
magic state has been prepared, all subsequent op-
erations needed to enact the corresponding non-
Clifford gate can be FT [38, 19]. Specifically, the
byproduct operation resulting from a logical mea-
surement outcome of 1 in a lattice-surgery imple-
mentation of the T gate is a Clifford gate; how-
ever, this Clifford correction cannot be absorbed
into the Pauli frame. If a logical 1 is obtained,
which is only known after decoding, the corre-
sponding Clifford correction must be physically
applied (as illustrated in the T -gate implementa-
tion in the bottom panel of Fig. 2b).

This requirement is the origin of a crucial CDS
constraint in non-Clifford circuits: the need for
decoding-dependent feed-forward. The imple-
mentation shown in Fig. 2b (right) allows this
feed-forward to be delayed until after any com-
muting gates in the surface-level circuit, thereby
relaxing the requirement on the feed-forward la-
tency (the time between the last measurement
in the decoding task and the feed-forward pulse
that depends on it). If the feed-forward is not ap-
plied in time, syndrome measurements that still
need to be decoded continue to accumulate, since
|ψ⟩ must remain idle. As a consequence, when
running non-Clifford circuits the CDS must sup-

port a fast controller–decoder round trip as well
as fast, high-throughput decoding [18, 31]. No-
tably, in alternative T -gate constructions, such
as the “π/4-autocorrected” scheme [34], the feed-
forward instead determines the measurement ba-
sis of an ancillary surface, and the required cor-
rection can be implemented at any point prior to
the decoding-dependent feed-forward of the sub-
sequent non-commuting gate.

An example of a small segment of a non-
Clifford circuit is shown in Fig. 2(c), which im-
plements a logical CNOT (cyan) followed by a T
gate (yellow) using the primitives from Fig. 2(b).
The circuit includes five surface-level timestamps
(each d stabilizer rounds) and five surfaces ar-
ranged on a two-dimensional grid: two compu-
tational surfaces, denoted q1 and q2, and three
ancillary surfaces. The example shows how log-
ical gates are parallelized. At timestamp 2 an
ancillary surface performs an XX lattice surgery
with the computational surface q2 while a |T ⟩
state is initialized on another ancillary surface as
part of a T-gate on q1. This initialization can
be performed within d stabilizer rounds without
additional time or qubit overhead via state injec-
tion, or the state can be teleported from extra
ancillary surfaces after preparation using any of
the methods discussed below.

Notably, the decoding outcome of the yellow
ZZ measurement at timestamp 3 (associated
with the non-Clifford gate) determines whether
the lattice surgery at timestamp 4 is executed.
This decoding processes all previous syndrome
measurements that can flip the effective ZZ out-
come at timestamp 3, including physical errors
during the XX surgery at timestamp 2 and dur-
ing the |0⟩ initialization. In the schematic, the
feed-forward is depicted as being applied immedi-
ately after the yellow ZZ measurement in times-
tamp 3. In practice, decoding is not instanta-
neous, so the q2 surface and the surface initially
prepared in the |S⟩ state must idle under stabi-
lizer rounds until the CDS executes the decoding
decision. These additional stabilizer rounds gen-
erate extra syndromes that must also be decoded
to determine the feed-forward for the next non-
Clifford gate or the final circuit outcome. This
idling-induced desynchronization between logical
qubits’ syndrome-extraction cycles, and policies
to mitigate it, have recently been studied di-
rectly [39].
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Apart from the requirement of fast decoding-
dependent feed-forward, a second major challenge
in running non-Clifford circuits is the magic-
state initialization. These initializations in sur-
face codes are non-FT in the sense that increasing
the code distance does not exponentially suppress
their logical error, even when Pphys < Pth, be-
cause no two-dimensional stabilizer code admits
a transversal universal gate set [40].

Several techniques address the magic-state ini-
tialization challenge, trading target initialization
error against time or qubit overhead. Magic-state
injection [41, 42] is the most resource-efficient ap-
proach, but it yields the highest error rate. In-
jection is performed in d stabilizer rounds and
produces a logical |T ⟩-state with an infidelity
that scales linearly with the physical error rate
p. Zero-level distillation is a method that ap-
plies a small error-detecting code before initial-
ization, improving the scaling to O(p2) at mod-
est additional cost [43]. Magic-state distillation
reaches the lowest initialization errors, with infi-
delity scaling as O(pr), where increasing r arbi-
trarily is done by concatenating distillation pro-
tocols [44, 45]. However, distillation requires sub-
stantial space–time resources, making it imprac-
tical in the near-term and even medium-term.
A recent approach called magic-state cultivation,
achieves intermediate target infidelities between
injection and distillation by starting from injec-
tion and gradually increasing the logical code dis-
tance through multiple verification stages [46].
The resulting fidelity can be tuned down to 10−10

(for p = 10−3), depending on the chosen discard-
ing thresholds. Choosing between these methods
is primarily dictated by the target initialization
error and the available physical-qubit and time
budgets. Resource estimates for large-scale fault-
tolerant quantum computation show that magic-
state preparation is often the dominant contrib-
utor to total algorithm cost [19, 34], and that re-
ducing this overhead can lower the required qubit
count by more than an order of magnitude [47].

From the perspective of CDS requirements,
magic-state injection, zero-level distillation,
and cultivation all rely on fast, real-time
measurement-based branching at the controller
level. The controller must support low-latency
conditional operations (“if–else”-style flow con-
trol) to implement repeat-until-success proto-
cols efficiently, rather than relying on purely

offline post-selection after the full circuit ex-
ecution, which is prohibitively inefficient at
scale. Cultivation additionally involves real-
time measurement-dependent feed-forward and
decoding-dependent branching. Measurement-
dependent feed-forward requires sub-100-ns la-
tencies to correct local stabilizers, whereas the
decoding-dependent discarding decisions can be
deferred until just before the state is consumed.
Finally, magic-state distillation can be viewed as
a full non-Clifford circuit that includes injected
or cultivated |T ⟩ states, FT Clifford gates, and
decoding-dependent feed-forward.

3 The surface-level circuit

In this section, we present the steps needed to
convert the target logical quantum circuit into
a full circuit constructed by surface-code opera-
tions, i.e., a surface-level circuit. That is, to im-
plement the target logical circuit using the build-
ing blocks described in Sec. 2.

3.1 Surface-compatible logical circuit

The first step is to convert the original circuit
from Fig. 1a into a circuit compatible with sur-
face codes, composed from the logical-gate build-
ing blocks shown in Fig. 2b. In our circuit, we
modify each Toffoli gate of the original circuit into
seven T gates, magic-state initializations, CNOT
gates, and S or X1/2 gates [48], resulting in the
circuit shown in Fig. 3a. Several methods can
be used to optimize the conversion from a gen-
eral logical circuit to a surface-code-compatible
circuit, such as ZX-calculus techniques [49] or T -
reduction tools [50, 51]. This step will be crucial
for application-level circuits, where every logical
gate introduce a significant overhead[47].

The circuit from Fig. 3a is neither unique nor
optimized with respect to any parameter. An
equivalent circuit can be use fewer logical qubits
in expense of a longer logical circuit when using
mid-circuit logical measurements [52] (which, in
QEC, will result in another decoding-dependent
operation). Another potential reduction can pos-
sibly be achieved by removing the logical qubit
q1, since it is only involved in Clifford gates. We
keep this circuit un-optimized, since the goal of
our manuscript is to derive the CDS requirement
for a mid-range QEC circuit, of which we suggest
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the circuit in Fig. 3a, comprising 14 T -gates, as
one potential candidate.

3.2 The surface-level circuit

Given a QEC-compatible circuit, the next chal-
lenge is to compile it into a circuit using the
surface-level implementations in Fig. 2b, while
taking into account the physical constraints.
We consider the case where the physical qubits
are fixed in a two-dimensional plane and have
nearest-neighbor connectivity, similar to recent
demonstrations of QEC with superconducting
qubits [8]. We assume flexibility in the qubit al-
location, in the sense that we can freely add an-
cillary qubits and surfaces as needed in order to
run the algorithm, envisioning a dedicated super-
conducting chip for a target algorithm.

The physical-qubit layout constraints the sur-
faces to remain arranged in a grid (as in Fig. 2c).
Each grid coordinate corresponds to a distance-d
surface that includes d2 − 1 physical qubits (in
the rotated-surface implementation). On each
surface in our implementation, the left and right
edges allow an XX surgery and the top and bot-
tom edges allow a ZZ surgery. This imposes a
constraint on the locations of the logical qubits,
which must be connected by a physical path with
the correct logical Z or X edges in order to im-
plement a CNOT gate. Naively, an N×N surface
array can be used to execute an N -qubit Clifford
algorithm, with the computational qubits placed
along the diagonal and paths of ancillary surfaces
connecting each pair of qubits which should be
added on top of the ancillary surfaces of the non-
Clifford gates. Finding an optimal allocation is
assumed to be NP-hard [53]. Mapping schemes
are currently under active development [54, 55,
56], and recent work shows linearly scaling lay-
outs in partially-FT algorithms [56].

The complete surface-level factorization cir-
cuit, expressed in native surface-code gates, is
depicted in Fig. 3(b) and uses 18 surfaces. The
five computational qubits, highlighted in the fig-
ure, are initialized during the circuit and remain
active, either by idling or via teleportation, un-
til their logical measurement. Thirteen ancillary
surfaces are used to implement the quantum logic
under the constraints imposed by the logical Z or
X edges of each logical qubit and by the surface-
level gate sequence. These additional surfaces are
necessary for the logical T , S, and CNOT gates.

A video of the resulting physical-level gate se-
quences for this circuit (surface distance d = 3)
is available in Ref. [57].

The inset of Fig. 3b shows a top view of the sur-
face grid at timestamps 7 and 18. The top views
denote the location of the logical qubits, with
diagonal connections between them that allow
CNOT operations. The figure illustrates how the
primitive surface-level gates belonging to several
logical gates are parallelized (encircled in Fig. 3a).
For example, timestamp 7 includes three par-
allel XX surgeries corresponding to two logical
CNOTs and the teleportation of q0, a magic-state
initialization towards a T † gate, and an ancillary-
surface measurement that finalizes a T gate.

With this parallelization, the layout includes
40 surface-level timestamps, each implemented
physically with d stabilizer rounds (as shown in
Fig. 2). As explained in Sec. 2, a single surface-
level timestamp is sufficient to implement the FT
gates (single-qubit initializations and measure-
ments, and lattice surgeries). A single surface-
level timestamp is also shown as the footprint of
magic-state initializations, corresponding to non-
FT magic-state injection, with or without post-
selection. Additional footprint in timestamps and
surfaces is required when using magic-state ini-
tializations based on distillation or cultivation.
This additional footprint is not included in our
analysis, as the injection error is assumed to be
low enough to provide a reliable output to the
target circuit (shown below). However, in large-
scale algorithms, this extra footprint, on top of
the resources captured in our analysis, may dom-
inate the overall algorithm time or space [47]

Apart from the magic-state initialization, non-
Clifford gates also include decoding-dependent
feed-forward operations, colored in orange in
Fig. 3(b). The number of timestamps available
for the CDS to process the QEC physical mea-
surements and apply the feed-forward, without
delaying the circuit, corresponds to the horizon-
tal length of each orange line. The feed-forward
latency demands are relaxed in our circuit by (i)
propagating the feed-forward operation through
the circuit until the next non-commuting gate
(timestamps 20–31, surface (2, 2)), and (ii) by
exploiting idling periods when logical surfaces
wait for an available ancillary qubit (timestamps
12–15, surface (1, 1)). We further discuss the de-
coding aspects of the circuit in Sec. 5.
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Figure 3: The surface-level factorization circuit. (a) Surface-code–compatible logical circuit derived from Fig. 1a
using the logical building-block gates of Fig. 2b. (b) Surface-level implementation of the factorization circuit with
18 surfaces. The computational surfaces q1–q5 (colored) are continuously teleported to satisfy the logical gate
implementations geometric constraints. Fault-tolerant (FT) gates are indicated in blue–purple, and magic-state
(MS) initializations in green. Because each logical gate spans multiple surface-level timestamps, we parallelize their
execution when possible. Insets show top views of timestamps 7 and 18, corresponding to parts of the gates highlighted
in (a). Our manual layout could be further optimized for surface count, circuit depth, or feed-forward timestamps
between the conditional gates and their control measurement. Feed-forward can be delayed when commuting with
subsequent gates (timestamps 20–31 on q0, surface (2, 2)) or be delayed until an ancilla becomes available (timestamps
12–15 on q3, surface (1, 1)).

Table 1 summarizes the parameters of the
surface-level implementation of the factorization
circuit. Some of these parameters may be re-
duced under specific optimizations, for example
by space–time trade-offs. Reducing the number
of surfaces is clearly possible at the expense of
increased circuit depth, since the surfaces at co-
ordinates (3, 4) and (0, 1) are used for only three
timestamps. In addition, the feed-forward la-
tency demands may be eased by using alterna-
tive T -gate implementations, such as the “π/4-
autocorrected” scheme [34], at the expense of ad-
ditional surfaces, total circuit time, and FT Clif-
ford gates. Overall, the requirements that we de-
rive in the next sections are relevant to all non-
Clifford surface-code circuits with similar param-

Table 1: Summary of the surface-level circuit parameters
according to the implementation in Fig. 3b

Parameter Size
Total surfaces used 18
Average number of active surfaces 7.5
Total measurements 105
Feed-forward gates 13
Average fault-tolerant gates (with idling) 296
Average magic-state initializations 13.5
Average feed-forward latency [d rounds] 2.1

eters as summarized in Table 1.
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3.3 Surface-level circuit error estimates

In this section, we estimate the logical circuit er-
ror given the surface-level circuit, and compare
it to the error tolerated by the algorithm. This
method allows to estimate the required physical
error rates, the code distance, and the magic-
state initialization scheme. That is, we seek
physical-level parameters that reach a surface-
level circuit error which remains below the maxi-
mal value compatible with a reliable (algorithm-
dependent) output probability distribution.

The circuit’s error budget is estimated by cate-
gorizing the surface-level gates into FT gates and
magic-state initializations, counting the number
of gates of each type within the circuit (see
Table 1), and calculating their individual error
contributions. This estimate is especially use-
ful when the variation between surfaces is small
(i.e., their physical qubits follow a similar error
model). In that case, instead of simulating the
entire circuit, a QEC simulation of a single FT
gate and a single magic-state initialization can
already provide valuable guidance for the circuit
design. If the error rates vary significantly be-
tween surfaces, the same estimation method can
still be applied by summing the contributions for
each surface according to its assigned gates mul-
tiplied by its corresponding error parameters.

For our target factorization circuit, we show
in Appendix B that the ideal output distribu-
tion on the logical qubits q0–q2 has three high-
probability outcomes (≥ 0.235), while all remain-
ing outcomes have probabilities ≤ 0.063. For this
distribution, a maximal circuit error of 8.6% (in
total-variation distance) is sufficient to keep the
three target outcomes statistically dominant over
all others (see Appendix B for details). We there-
fore seek physical error rates, code distance, and
a magic-state initialization scheme that keep the
overall errors below a 8.6% threshold.

As explained in Sec. 2.1, the FT gate set con-
sists of single surface-level timestamps of idling,
Pauli-state initializations or measurements, and
parity measurements in the Z/X bases. FT gates
exhibit exponential error reduction when increas-
ing distance below the error threshold (after de-
coding), and their error rates are determined by
the logical error of d stabilizer rounds on a sin-
gle surface, i.e., a volume of order d3. Lattice
surgery is counted as two FT gates, since it in-
volves two surfaces. The |S⟩ initializations or
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Figure 4: Error estimation for the factorization circuit.
(a) Single FT error example: logical error from idling
for d stabilizer rounds. (b) Error from a non-FT magic-
state initialization using state injection. Increasing code
distance does not suppress this contribution. (c) Esti-
mated total error for the circuit, computed binomially
as the probability of an odd number of flips across 14
nFT gates and 296 FT gates. Inset: total error versus
distance d, saturating near ∼ 5%. From this estimate,
achieving a circuit error below 8.6%, as needed from our
circuit (see Appendix B) requires a physical error rate of
≈ 0.1% and d≥5.

measurements in the Y basis are also counted as
two FT gates [37]. Figure 4a shows the FT error,
plotting the simulated idling error for a distance-
d surface over d stabilizer rounds.

Different manifestations are possible for initial-
izing magic-states in surface-codes, with signif-
icant tradeoffs (further explained in Sec. 2.2).
The goal here is to find the simplest initial-
ization method that can support a circuit er-
ror within the error budget defined by the al-
gorithm. For our target circuit, we suggest us-
ing a non-FT magic-state initialization, using the
hook-injection technique [42]) and post-selection.
This technique allows initialization of a distance-
d surface in d stabilizer rounds (a single surface-
level timestamp) without additional qubits. A
post-selection (or repeat-until-success in real im-
plementations) keeps only the shots which did not
include any syndrome event, i.e., when all sta-
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bilizer measurements during the injection were
measured as ’0’. Figure 4b presents the injec-
tion error simulation results, showing how the
initialization error are distance agnostic (beyond
distance-3).

Figure 4c presents the total estimated error of
the factorization circuit, obtained by combining
the error outcomes of the two small-scale sim-
ulations in Figs. 4a,b. We find that a physical
error rate of Pphys = 0.1% with d ≥ 5 is suffi-
cient to reach a total error below the 8.6% thresh-
old, whereas for Pphys = 0.3% the total error re-
mains above this bound for all distances consid-
ered. This estimate shows that, for Pphys = 0.1%
and d ≥ 5, the magic-state initializations through
injection dominate the error budget, leading to a
saturation of the total fidelity as the distance is
increased (see the inset of Fig. 4c).

The error budget can therefore be interpreted
as follows. At fixed Pphys, the FT contributions
decrease with increasing d, while the non-FT
magic-state initialization contribution is essen-
tially distance-independent. In the regime where
the total error has saturated, any residual differ-
ences between curves at different distances orig-
inate from the FT part of the circuit, whereas
the used magic-state initializations provide an
distance-independent error.

For larger circuits or more stringent logical er-
ror requirements, this picture suggests two main
levers: (i) adopting higher-fidelity magic-state
initialization schemes (e.g., distillation or cultiva-
tion) to reduce the magic-state initialization con-
tribution, and (ii) increasing the code distance d
to further suppress the FT contribution. In the
future, we believe that large-scale non-Clifford al-
gorithms will often require both measures, to-
gether with circuit-level optimizations that re-
duce the overall gate count. This back-of-the-
envelope estimate can be useful for logical or
surface-level circuit optimization when including
an error variations between surface-coordinate.

These simulations, and the large-scale ones (in
Sec. 4), uses stim simulator [58]. We use an er-
ror rate of pphys for depolarizing any two-qubit
gate and flipping a physical measurement, while
the single-qubit gate error was pphys/10. This
circuit-level model reflects the empirical hierar-
chy on current superconducting devices [8], and
is a useful single-parameter abstraction for qual-
itative QEC studies. On real hardware, noise is

often biased and correlated (e.g., crosstalk, leak-
age), which practical decoders should cover to
maintain a high error threshold.

4 Physical-level simulations

After reaching the surface-level circuit and deter-
mining the magic-state initialization method ex-
pected, we now turn to the circuit’s end-to-end
physical-level implementation, involving thou-
sands of qubits. These simulations establish the
surface-level to physical-level compilation, verify
the required physical-level error rates, and are
useful for deriving the physical-level control re-
quirements of QEC circuits of similar magnitude.
To execute correctly these physical-level simula-
tions, we constructed additional functionalities
on top of the commonly used stim Python pack-
age [58], that enable coding of the surface-level
circuit in a logical & surface-level intermediate
representation from which the complete physical-
level sequences, errors, and decoding graphs, are
automatically compiled (see Appendix A).

The advantage of using stim is that it en-
ables the simulation of noisy quantum circuits
at the scale of thousands of qubits including the
mapping of the physical measurement data into
a weighted decoding graph according to an in-
put error model, and integrates with decoders
such as pymatching [59]. However, the abil-
ity of stim to simulate noisy circuits in the
thousand-qubit scale relies on restricting the dy-
namics to the Clifford group. As a result, it can-
not include any non-Clifford gate, and thus the
magic-state initialization. In addition, stim (at
least in the version which we have used) does
not incorporate decoding-dependent feed-forward
(mid-circuit) gate modifications. These are key
features of any non-Clifford circuit.

Our approach to overcome these limitations is
as follows. The errors and performance of the
magic-state initialization are inferred by simulat-
ing the initialization of a Clifford state, such as
an |S⟩ state, using the same gate sequence that
would be used for preparing a |T ⟩ state, up to few
single-qubit non-Clifford gates for each surface
initialization (which are now Clifford gates). This
methodology is commonly used to analyze the
performance of magic-state initialization schemes
using stim [42, 46]. The decoding-dependent
feed-forward gates are more challenging to cap-
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ture within stim. We simulate the circuit with-
out these operations, and extract the additional
error due to extended decoding times separately
(in Sec. 5 and Fig. 7). Thus, although simulated
circuit is not the exact physical-level circuit which
implements the surface-level circuit in Fig. 3b, it
represents the expected errors from the circuit’s
physical implementation up to the decoding la-
tency delay errors which are analyzed and added
separately.

Following these modifications, the simulated
logical circuit is depicted in Fig. 5a. We replaced
the logical |T ⟩-state initializations with |S⟩-state
initializations and all T gates with S gates. At
the surface level, these modifications correspond
to replacing the magic-state initializations (green
in Fig. 3b) with |S⟩-state initializations. At the
physical level, where we implement the magic-
state initialization with state-injection [42], the
change is a single physical-qubit gate per initial-
ization, altering a X1/4 rotation with a X1/2 ro-
tation, while leaving the rest of the initialization
gate sequence unchanged. With this change, we
can verify the correctness of the logic, without
any further circuit modifications, through 3 out
of 5 logical stabilizers, Xq0Xq4 , Xq1Xq2 , and Xq3 ,
which we define as the simulation observables for
the circuit. We do not check the remaining two
stabilizers as they correspond to logical measure-
ments that require additional circuit modifica-
tions in the form of logical S rotations. Each
of the checked observables is associated with de-
coding graphs containing up to tens of thousands
of nodes, and any error in the physical gate se-
quence or in the mapping of physical measure-
ments to graph nodes would prevent the decoding
graph from compiling and would preclude obtain-
ing meaningful (non-random) logical-level decod-
ing outputs.

A detailed description of the simulation struc-
ture is provided in Appendix A and Fig. 8.
Briefly, as in Fig. 3, each surface is defined by
its coordinate in a two-dimensional grid and its
orientation (which edges correspond to the logical
Z and X operators). The surface-level operations
in each timestamp are translated to their physical
implementation, consisting of d stabilizer rounds.
All gates in the Z/X bases, including surface ini-
tializations, measurements, and lattice surgeries,
are implemented fault-tolerantly at the physical
level (as explained in Sec. 2.1), while |S⟩-states

(or |
√
X⟩ = |+⟩ + i |−⟩) are prepared using hook

injection [42]. The full video of the physical-level
gate sequences for distance d = 3 is presented in
Ref. [57].

Importantly, we retain part of the original
logical-level circuit information when construct-
ing the decoding graphs which affect the logi-
cal circuit’s results. Knowing the order of the
non-commuting logical gates and their surface-
level implementations is essential for connecting
the logical circuit with the Pauli frame correc-
tions which arise from lattice-surgeries or ancil-
lary qubit measurements (discussed in Sec. 2).
These dependencies are compiled using our
intermediate-level representation when describing
each surface-level gate not only by its participat-
ing surfaces and surface-level timestamp, but also
by the logical gate which is being implemented
and its position within the logical circuit.

Because each logical gate is realized by sev-
eral surface-level operations, their execution or-
der in the surface-level schedule does not neces-
sarily coincide with their order in the logical cir-
cuit. Therefore, we add a compilation layer which
constructs the decoding graphs according to the
XOR (exclusive-or) of all logical surface measure-
ments which might flip the final logical opera-
tor of interest. These decoding graphs eventu-
ally include all physical measurements within all
stabilizer rounds and data qubit measurements
which may flip the logical outcomes. This pro-
cedure relief the need of any unnecessary Pauli
feed-forward physical correction to the quantum
circuit. stim’s compiler verifies that the decod-
ing graphs are consistent and there is no error
in their construction. Overall, our simulation
structure allows the execution of QEC algorithms
while treating the code distance and error-model
parameters as free inputs.

Figures 5b and 5c present the simulation out-
puts: the logical errors of the physical implemen-
tation of the surface-level circuit as a function
of code distance, for physical error rates of 0.1%
and 0.3%, with and without post-selection (PS)
during the magic-state injection. These plots in-
dicate that both a low physical error rate of 0.1%
and post-selection during magic-state injection
are necessary to achieve sufficient circuit fidelity.
At a physical error rate of 0.3%, none of the ex-
amined code distances reached the target error
threshold, regardless of post-selection. At 0.1%,
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Figure 5: Physical-level simulation results of the factorization circuit. (a) Simulated logical circuit mirroring Fig. 3(a),
with T gates replaced by S gates implemented (marked in red). The simulated physical-level implementation omits
feed-forward. (b) Logical error versus physical error, with and without post-selection (PS). Because of non-FT magic-
state initializations, the gain at d=7 is negligible relative to d=5 for physical errors of 0.1%. Target logical error of
8.6% is out of reach at 0.3% physical error. Error bars indicate 99.9% binomial confidence intervals. (c) Logical error
versus code distance d, showing saturation with increasing d due to dominance of magic-state initializations errors.

Table 2: Physical-level implementation aspects, as extracted from simulations.

No. of physical qubits Total stabilizer rounds max active qubits max parallel 2-Q gate max parallel measurements No. of physical measurements Avg data creation [bit per QEC round]

scaling d2 d d2 d2 d2 d3 d2

d = 3 419 117 232 88 112 8061 69
d = 5 1015 195 632 268 312 36687 188
d = 7 1867 273 1224 544 608 96006 363
d = 9 2975 351 2008 916 1000 203874 595

logical errors were dominated by magic-state ini-
tialization, with increasing code distance having
only a minor effect. Due to this error saturation
with distance, a surface distance of d = 5 was
sufficient to reduce the circuit error below 8.6%.
These requirements on code distance and physical
error rate, as well as the observed saturation of
logical error with distance, are consistent with the
anticipated error-summation behavior shown in
Fig. 4c. The exact simulation errors differ slightly
from those in Fig. 4 due to the inclusion of addi-
tional qubits associated with lattice surgery.

From this analysis we conclude that approxi-
mately 1000 physical qubits are sufficient to exe-
cute QEC non-Clifford circuits containing ∼ 15
non-Clifford gates, with a circuit target error
above 7% when the physical error rate is 0.1%.
Achieving lower circuit errors requires a higher-
fidelity magic-state initialization scheme. Only
then should increasing the code distance be con-
sidered. These findings emphasize the implica-

tions for CDS design: maintaining a sufficiently
low physical error rate Pphys is essential. High-
fidelity analog control, accurate readout, and low-
noise electronics are required to keep Pphys in the
∼ 10−3 regime or below. Otherwise, even large
code distances and advanced magic-state proto-
cols will be insufficient to achieve the desired cir-
cuit error.

In addition to characterizing logical error be-
havior, the physical-level simulation enables ex-
traction of resource estimates for the factorization
circuit, as summarized in Table 2. These esti-
mates are particularly relevant for future experi-
mental demonstrations of QEC circuits with com-
parable numbers of logical qubits and surface-
level gates and without magic-state distillation
or cultivation overhead. Regarding qubit count,
the required quantum chip size ranges from sev-
eral hundred to a few thousand physical qubits,
scaling as d2. For circuit run-time, executing a
single shot of the complete factorization circuit
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requires approximately 100–350 µs on supercon-
ducting qubits, since the total number of stabi-
lizer rounds scales only linearly with d.

For the controller part of the CDS design, a
critical resource metric is the number of simul-
taneous control channels needed to implement
physical gates. Although single-qubit gates must
be applied to all active qubits in parallel, imply-
ing that the number of single-qubit control chan-
nels should equal the total qubit count, our imple-
mentation shows that only up to 55–65% of the
qubits are active simultaneously (column 3). This
reduction enables multiplexed control, where the
same control lines are shared among multiple
qubits, with signals switched between them at
the cryogenic stage during circuit execution. A
similar observation holds for two-qubit gates and
readout (columns 4 and 5). The maximum par-
allel readout further defines the requirements
for classical analog-to-digital signal processing
throughput, as the control system must convert
up to thousands of analog measurements into dig-
ital data. The average measurement rate (col-
umn 6), which corresponds to the data-creation
rate, is a critical determinant of data transfer be-
tween the controller and decoder in a CDS, set-
ting the required channel bandwidth in bits per
second. For superconducting qubits with stabi-
lizer rounds of 1 µs duration [7], bandwidths of
1 Mbit/s×qubits are sufficient to transfer all mea-
surement data. Finally, the total number of mea-
surements provides a scaling estimate for the data
volume the decoder must process, which grows as
d3.

5 Decoding requirements for near-
term non-Clifford circuits

The decoder is a classical processor that de-
tects local quantum errors based on physical
QEC measurement results and an error model
for the gate sequence executed by the con-
troller. The field of decoding algorithms is rapidly
advancing, with solutions exhibiting trade-offs
among accuracy, decoding time, and classical re-
sources [60, 61, 25, 62, 63, 64, 65, 66]. As dis-
cussed in Sec. 2.2, achieving quantum computa-
tion with QEC relies on the CDS’s ability to ap-
ply mid-circuit, decoding-dependent gates for ev-
ery non-Clifford operation. Recent studies have
shown that control-system latency and tight con-

troller–decoder integration are critical for the suc-
cessful implementation of large-scale non-Clifford
circuits [28, 31], motivating a focus on CDS archi-
tectures designed for low-latency feed-forward. In
this chapter, we examine key aspects of real-time
decoding requirements, including the division of
the physical circuit into decoding tasks, specific
CDS decoding latency values, and the influence
of code distance and physical error rates, based
on our proposed near-term use case.

In our example, decoding the logical measure-
ment value of the lattice surgery between a log-
ical qubit and a T-state determines whether an-
other lattice surgery between the same logical
qubit and an S-state should be performed (i.e.,
the decoding-dependent gate). These decision-
making events define the division of the surface-
level circuit into 13 distinct decoding tasks,
shown in Fig. 6a, where each highlighted color
represents a separate task. Each decoding task
terminates at the end of the lattice surgery with
a T-state (or at the end of the circuit) and be-
gins either when another task ends or at the
start of the circuit, ensuring no overlap between
tasks to minimize double decoding of the same
syndromes. Importantly, the boundary between
two decoding tasks is not strict, as certain er-
rors may only be fully detectable only few QEC
rounds after the lattice surgery has concluded.
Our task-division method minimizes the number
of inter-task boundaries and multiple decoding of
the same syndromes; however, alternative divi-
sions are possible—for example, assigning each
task to decode from the beginning of the circuit or
employing sub-tasks and fusion, as in the fusion-
Blossom algorithm [61]. The critical requirement
is that the decoding unit produces the task’s log-
ical output and communicates it to the controller
and the dependent tasks as quickly as possible.

Figure 6b illustrates the active duration of each
task and their interdependencies. We find that
non-Clifford circuits require the decoding unit to
execute multiple decoding tasks in parallel, up to
four in this example, and to enable communica-
tion between tasks for updating Pauli frames and
task shapes. Two types of dependencies arise.
First, feed-forward gates introduce a shape de-
pendency between a decoding task and its pre-
decessors (indicated by solid arrows): if the de-
coding task output delays beyond the expected
feed-forward time or the lattice-surgery output of
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Figure 6: Decoding aspects of shallow non-Clifford circuits. (a) Surface-level circuit from Fig. 3b showing 13 color-
coded decoding tasks. (b) Active time windows for each task and their inter-task dependencies (arrows). In our
surface-level implementation, the decoder must process at least five tasks simultaneously. Interdependencies include
shape (solid arrows) and frame (dashed arrows) dependencies, where one decoding output modifies the shape or
boundary-condition Pauli frames of another, respectively. (c) Decoding task size measured in FT d3 blocks (top)
and average number of syndromes per task (bottom), shown for different code distances d and physical error rates
pphys. Separate axes are provided for each d and pphys.

a preceding task is “1” (in our T-gate implemen-
tation), the subsequent decoding task becomes
larger [31]. That is, the number of physical mea-
surements to analyze in a decoding task (i.e.,
its size) depends on the prior decoding outcome
and its latency. Second, a frame update occurs
when two decoding tasks share a boundary or
when a logical measurement in one task can flip
the output of another. In our T -gate implemen-
tation, shape dependencies must be communi-
cated immediately between decoders. In contrast,
other implementations [34] can convert some of
the shape dependencies into frame dependencies,
which only need to be transferred before the feed-
forward gate of the receiving task.

This analysis of a full non-Clifford circuit high-
lights the need for a new perspective on the de-
coder architecture within the CDS: shifting from
a single decoder handling the entire QEC exper-
iment to a decoding unit that processes multiple
tasks in parallel, with explicit dependencies and
communication channels between them. This ar-

chitecture can be implemented by allocating sets
of CPU or GPU cores to each decoding task,
where tasks support shape and frame dependency
managements. An implementation using FPGA
decoders is also suitable for the multi-task de-
coder when including a coordinator unit [29].

To estimate the classical processing load re-
quirements on the decoding unit, we calculate
the expected number of detected syndromes (ei-
ther physical or measurement errors) within each
decoding task. This estimation is based on
the space–time volume of the task, defined as
the number of FT blocks (d stabilizer rounds
for a distance-d surface). Figure 6c shows the
space–time volume of each decoding task in the
factorization circuit (top) and the corresponding
average number of syndromes for different dis-
tances and physical error rates (bottom). For
low error rates (0.1%), we find that a signifi-
cant portion of tasks contain only a few tens
of syndromes on average. These low numbers
motivate the development of embedded decoders
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within the controller (e.g., FPGA-based decod-
ing schemes [23]), as suggested in various micro-
architecture proposals [27] for similar near- to
medium-term demonstrations. Additionally, a
pre-decoder stage, as recently proposed [67, 68],
could resolve a substantial fraction of syndromes
when they are sparse in the decoding graph, leav-
ing only the remainder to be handled by fast, ded-
icated decoding hardware (e.g., [24, 27, 69]).

Another key question in CDS designs is the
impact of the controller–decoder communication
round-trip time and the decoding latency. We
combine these into a single parameter, CDS la-
tency, defined as the time interval between the
last measurement of a decoding task and the ex-
ecution of the first mid-circuit gate that depends
on it. This parameter is critical because QEC
rounds, implemented as logical idling, must con-
tinuously run on the surfaces of the logical qubits
to preserve the encoded quantum state. Conse-
quently, the size of the pending task will con-
tinue to grow beyond the values shown in Fig. 6c
until the decoding output is received. At scale,
this size dependency is the root cause of poten-
tial catastrophic backlogs [18], creating a require-
ment for sub-linear decoder complexity so that
the decoder’s throughput exceeds the syndrome
data generation rate [31].

In our surface-level circuit design, most feed-
forward gates are not placed immediately after
their corresponding task. This time gap creates a
task-specific latency budget: if the CDS latency
remains below this budget, decoding and com-
munication delays do not alter the quantum cir-
cuit or introduce additional errors (the quantum-
limited regime in Ref. [31]). If the CDS latency
exceeds this budget, at least one logical qubit
must idle, increasing the overall logical error of
the circuit. An upper bound on the additional
logical error due to feed-forward latency for dif-
ferent distances and physical error rates is shown
in Fig. 7. This error is calculated as

Pdelay = N · PFT · Tdelay
d · Tround

, (2)

where Tdelay is the CDS additional latency be-
yond the budget of each task, Tround is the dura-
tion of a single stabilizer round, and PFT is the
error of a single FT gate per d rounds for one
surface. N denotes the number of logical qubits
in the circuit (five here), which must remain idle
until the feed-forward is applied. We assume no
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Figure 7: Added circuit error vs the additional CDS
latency which delays the circuit until the feed-forward
is applied. Larger d and lower pphys relax latency re-
quirements. For example, every 20 rounds of delay at
pphys = 0.1% and d = 5 adds only ∼ 0.1% to the total
circuit error.

classical errors occur during controller–decoder
communications, given the negligible error rates
of expected protocols (e.g., RDMA over Con-
verged Ethernet).

For the superconducting-qubit implementation
of our circuit, if the total Tdelay across all de-
coding tasks remains below a few tens of µs, the
additional error is negligible compared to the rest
of the quantum circuit. As shown above, without
considering this delay, achieving a logical error
below the target of 8.6% requires a physical er-
ror rate of 0.1% and a code distance of at least
5. Within this regime, even a 50 µs delay adds
less than 0.3% (or 0.02%) error for distance-5 (or
distance-7) circuits. The maximum total delay
budget for a distance-5 circuit is on the order of
400 µs, determined by the additional error that
closes the gap between the simulated circuit with-
out delay and the target error. We note that in-
creasing the distance improves tolerance to delay
through two factors: the denominator in Eq. (2)
and a smaller PFT.

The analysis presented above applies to any
decoding-dependent protocol, though the allowed
delay depends on the circuit’s target logical error.
For example, the qubit-efficient 15-to-1 magic-
state distillation scheme [34] involves five logi-
cal qubits and 11 decoding tasks, requiring the
decoder to be organized into multiple units and
necessitating communication between them. The
permissible circuit delay, derived from the addi-
tional error introduced by CDS latency, is ex-
pected to follow Eq. (2). For concrete values, the
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scheme allows N = 1 for each task, such that
maintaining Pdelay < 10−8 for a distance-15 code
(where PFT ≈ 5 × 10−10 for Pphys = 0.1%) re-
quires a total additional CDS latency below 20d
stabilizer rounds. This corresponds to approxi-
mately 300 µs in total, translating to an average
extra latency of about 27 µs per task, on top of
the 15 µs latency per task permitted by the pro-
tocol. This latency is relaxed in magic-state culti-
vation, which involves a single decoding task per
magic-state initialization, such that a single-task
CDS latency of 300 µs can support a similar tar-
get of Pdelay < 10−8. Thus, in terms of decoding-
dependent latency, the cultivation scheme ap-
pears to offer an order-of-magnitude relaxation
in CDS latency requirements for keeping high-
fidelity magic-state initialization.

6 Summary and Discussion

Throughout this manuscript, we have examined
key aspects of the control system required for
the successful execution of a non-Clifford circuit
with surface QEC code. Below, we summarize
our main findings, grouping the requirements into
three categories: the controller, the communica-
tion channel, and the decoding unit.

• Controller

– Low coherent control errors (∼ 0.1%)

– QPU–controller latency of 100 ns

– Decoding-dependent pulse branching
(conditional commands, while loops)

• Communication channel

– Few µs latency communication protocol

– Channel bandwidth ∼ 1 Mbit/sec ×
qubits

– Syndrome allocation within decoders

• Decoding unit

– Parallelize decoders

– Real-time decoding task modification

– Communication between decoding
tasks

– decoding latency up to few tens of µs

Regarding the controller, we emphasize the
importance of minimizing coherent control er-
rors which are systematic errors arising from
imperfect calibrations and control fields. This
requirement stems from the need to maintain
a physical error rate on the order of 0.1% for
systems with ∼ 1000 qubits. A second criti-
cal control requirement is ultra-low latency be-
tween the controller and the QPU during condi-
tional gate execution for real-time feed-forward
operations, which are not necessarily decoding-
dependent. This capability underpins real-time
code branching, such as in repeat-until-success
magic state protocols. Keeping a low QPU–
controller latency is also necessary to minimize
the controller footprint in the overall CDS de-
coding latency. Finally, the control flow must
support decoding-dependent operations, includ-
ing conditional statements (if/else) and itera-
tive loops (while), to enable adaptive execution
based on decoding-dependent real-time feedback.

Supporting low-latency decoding-dependent
feed-forward operations is the primary rationale
behind the requirements for the communication
channel and the decoding unit. Assuming a
worst-case scenario with quantum hardware re-
quiring a microsecond for a stabilizer round, as
in superconducting transmon qubits [7], the to-
tal two-way communication and decoding latency
must remain within tens of microseconds. This
time budget should be allocated primarily to the
decoder to maximize decoding time, leaving the
communication channel with a latency timescale
of a few microseconds. The communication chan-
nel should support a bandwidth of around Mbit/s
for each active qubit if all syndromes are trans-
mitted (1 bit per physical qubit per stabilizer
round). However, this requirement can be re-
duced with a pre-processing stage within the con-
troller to transmit only the detected syndromes.

Maintaining low latency necessitates that the
decoding unit can execute multiple decoding
tasks in parallel, support dependencies and com-
munication between tasks, and dynamically mod-
ify the shape of the decoding tasks in real time.
To quantify decoder resources, each decoding task
can be associated with a sparse Tanner graph
(or the detector matching graph equivalently for
MWPM-based decoders) whose size scales with
the task space–time volume. For task volumes
of up to tens of FT d3 blocks, as shown above,
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the required hardware memory can reach the MB
scale per graph. This follows from the number of
check (detector) nodes, which scales as O(B d3)
for a task of size B FT blocks, together with a
linear number of edges determined by the graph
connectivity, characterized by a constant factor κ
(typically in the range 1–5 for local noise models).

Although these requirements were derived from
a specific circuit, they can serve as general guide-
lines for any non-Clifford circuit involving ap-
proximately 15 π/4 logical rotations with a small
number of logical qubits and a total error bud-
get of a few percent. Many of these require-
ments can also be extended to more demand-
ing circuits. Similar compilation stages are ex-
pected: first, minimizing the logical circuit (e.g.,
using ZX calculus [70], which can reduce gate
count by tens of percent); then mapping the logi-
cal circuit to a QEC-compatible version based on
the building blocks of the chosen code; followed
by conversion to the code-level (surface-level in
our manuscript) and finally to the physical cir-
cuit. All controller requirements, particularly
decoding-dependent real-time modifications, re-
main essential for non-Clifford circuits. Likewise,
the decoder must support parallelized tasks that
correspond to decision-making events, with de-
pendencies in frames and shapes. At scale, or-
chestration among multiple decoders will require
a dedicated compiler and coordination framework
[29]. Importantly, these requirements are inde-
pendent of the specific decoding algorithm or
QEC code.

From a hardware perspective, we note that
there is no conceptual limit on the number of
gates that can be executed in parallel: each
parallel gate can be driven from a separate
room-temperature control channel or multiplexed
within a cryogenic stage. Current control hard-
ware is already mature enough to drive gates
through hundreds of synchronized channels in
parallel, and channel density is expected to dou-
ble within the next few years. Practically, how-
ever, we do not expect current control solutions
for superconducting qubits to support parallel ex-
ecution of a full ∼1000-qubit algorithm in the
near term, although this may become feasible
as channel density continues to scale; compa-
rable parallel control is already achievable with
neutral-atom QPUs. Should the achievable hard-
ware parallelism fall short of a circuit’s schedul-

ing requirements, gates that cannot be executed
concurrently must instead be serialized, increas-
ing the overall circuit execution time and depth.
This in turn relaxes the real-time requirement on
the decoder, since decoding tasks are correspond-
ingly spread out over a longer time window, at the
cost of a longer overall circuit runtime.

As these circuits scale, the number of non-
Clifford gates dictates the number of required
decoding tasks, and we expect the size of these
tasks to grow with the number of logical qubits
due to additional connectivity routing. In all
such circuits, the total error can be estimated as
the sum of errors from FT gates and magic-state
initializations (see Sec. 3.3). To achieve lower
logical circuit errors or increase circuit depth,
magic-state initialization cannot rely on the in-
jection method used here. Improvements can be
achieved through magic-state cultivation, where
the target error is controlled by the level of real-
time discarding, code distance, and physical er-
ror rate [46]. This approach does not alter any
CDS requirements but requires additional space-
time volume to prepare states prior to execu-
tion. Furthermore, scaling will demand larger
code distances to reduce FT errors below magic-
state initialization errors. Once this condition is
met, requirements on decoding and communica-
tion latency will reduce to a 10 µs scale to min-
imize extra FT errors. In any case, CDS decod-
ing latency and communication will not delay the
quantum circuit or introduce additional errors,
provided the feedback loop remains below d sta-
bilizer rounds when using the π/8 auto-corrected
scheme [34].

In parallel, it is crucial to advance computa-
tional techniques for quantum LDPC codes [71],
which rely on long-range interactions. Recent
proposals suggest that a 3D architecture could
enable computation with a cat-LDPC code [72],
potentially mitigating the high connectivity over-
head of surface codes. In all these scenar-
ios, control requirements are expected to fol-
low similar guidelines, as computation remains
measurement-based and demands real-time de-
coding.

To reach low error rates at scale, scalable
qubit characterization techniques [73, 74] or er-
ror learning [68] are essential, which may be fa-
cilitated by the fact that only specific physical
gates are required. From an algorithmic perspec-
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tive, developing a compiler that transforms a log-
ical circuit to a surface-level circuit, considering
qubit-topology constraints, would be highly ben-
eficial. Moreover, it is crucial to find ways to de-
code lattice surgery during circuit execution, en-
able decoding-dependent mid-circuit operations
(a limitation of the simulation within this paper),
and enable communication between decoders.

In conclusion, this paper outlines the key re-
quirements for executing fault-tolerant quantum
algorithms, focusing on non-Clifford circuits. By
specifying control-system constraints, decoding
dependencies, and fidelity considerations, we pro-
vide a foundation for implementing these ad-
vanced algorithms. As hardware scales to hun-
dreds or thousands of qubits, these insights will
guide the CDS development, which are critical for
building quantum supercomputers [75]. Apply-
ing these guidelines to real hardware will mark
a significant milestone toward scalable, error-
corrected quantum computation.
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A Simulation structure

The simulations presented in this work are available in Ref. [76]. The simulations are based on the stim
Python package [58], which supports QEC simulation with thousands of physical qubits, and provides
an automatic mapping between syndromes (detectors) and a matching graph. We used decoding via
the PyMatching package [59] and sinter for fast QEC Monte Carlo sampling, which we limited to
30,000,000 shots or 1200 errors. The main challenge in enabling these simulations was converting
a logical circuit to the physical implementation of 18 surfaces and 38 surface-level timestamps. It
was necessary to keep the exact gate sequence and exact detector definitions to reach a fault-tolerant
implementation of the Z/X logical gates and an S-state (or X1/2-state) initialization through magic
state injection, while enabling parallel operations across all active qubits.

The simulations were built in two layers. In the bottom layer, we developed the physical-level
infrastructure, which specifies (i) the physical structure of a surface or pair of surfaces for lattice-
surgery and (ii) the physical implementation of specific surface-level operations under a specified error
model. Examples include initializing a surface in a chosen basis, initializing surgery between two
surfaces, performing a stabilizer round over all active surfaces, adding logical measurements, and
adding observables. Observables are required by the decoder, which outputs if there was a flip in the
observable value; such flips occur due to induced physical errors in the simulation. In our simulations,
we used a depolarizing error with probability p for a physical measurement and a two-qubit gate,
and p/10 for a single-qubit gate (though the code can support distinct error rates for each physical
operation). This physical-level layer is sufficient to generate the required gate sequence for surface-
code experiments, but it becomes cumbersome at scale and its connection to the logical circuit is not
straightforward.

To simplify implementation and verify the correctness of the surface-level operation sequence, we
built an intermediate representation (IR) code. This layer contains information regarding the logical-
level circuit (the logical qubits and logical gate sequence, Figure 3a) and the surface-level circuit
(surface coordinates and surface-level gate sequence, Figure 3b). This IR layer produces a surface-
level quantum circuit that includes observables constructed from all surface-level measurements upon
which the observable depends, according to Pauli-frame propagation in the logical circuit. Pauli-frame
propagation is crucial for eliminating unnecessary corrective physical gates in the physical sequence.
Technically, knowing the logical timestamp and the logical operation associated with each surface-level
gate enables correct frame propagation. The resulting surface-level circuit is then verified within stim
so that each observable is well defined.

To combine the two layers, we implemented a compiler that converts the surface-level circuit into
a physical-level circuit. The compiler verifies correct gate implementation at the physical level. For
example, each surface-level timestamp is realized as d stabilizer rounds. In addition, logical initial-
izations (data-qubit initializations) occur at the beginning of a surface-level timestamp, and logical

Logical_gate(surf_coords, log_qubits, log_tick, gate_tick)
Intermediate logical&surface-level commands Physical-level commands

R 22031 22032 22033 ...
DEPOLARIZE1(p/10) 22031 22032 22033

DEPOLARIZE2(p) 22031 22009 22032 
CX 22031 22009 22032 23000 .....

...

X_ERROR(p) 22031 22032 22033
Measure 22031 22032 22033

Surface-operation commands
init_surgery([(2,2),(2,3)])
run_d_stabilizer_rounds()
terminate_surgery([(2,2),(2,3)]) DETECTOR rec[-1] rec[-28]

Manual input, from surface-level circuit

Automatic Automatic 

CNOT([(2,3),(2,2),(2,1)], [q0,q1], 20, 2)

Figure 8: Simulation structure. An intermediate representation of the logical circuit with surface-level operations
(manual input) is automatically transformed into surface-operation commands and then into a noisy physical-level
schedule (e.g., depolarizing channels) with detector definitions (parity checks) for decoding.
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measurements (data-qubit measurements) occur at its end. Thus, the compiler assembles the physical-
level circuit by invoking the appropriate routines from the physical-level code to implement the desired
surface-level circuit.

B Reaching the factorization quantum circuit
Shor’s factorization algorithm [77] includes several steps, in which one of them can reach a super-
polynomial speedup if implemented on a quantum computer. The algorithm for factoring a number N
includes:

1. Choose a random number 1 < a < N such that gcd(a,N) = 1 (i.e., a and N are coprime).

2. Use a quantum computer to find the (unknown) period r of the function

f(x) = ax mod N so that f(x) = f(x+ r) = ax+r mod N.

3. If r is odd, return to Step 1 and choose another a. If r is even, note that (ar/2 − 1)(ar/2 + 1) =
ar − 1 ≡ 0 (mod N) and proceed.

4. Compute d = gcd
(
ar/2 − 1, N

)
. If d = 1 return to Step 1; otherwise d is a nontrivial factor (and

so is N/d).

The way a quantum computer is used to find the period proceeds in two steps. First, a circuit
prepares the entangled state

|ψ⟩ = 1
2 q−1

2q−1∑
x=0

|f(x), x⟩ ,

which entangles the q “input” qubits encoding x (in binary) with ancillary qubits encoding ax mod N
(in binary). Second, the circuit applies the inverse quantum Fourier transform (QFT). Due to phase
kickback, measuring the input register yields outcomes whose binary value divided by 2q equals s/r
with nonzero probability, for s = 0, 1, . . . , r − 1 (each with equal probability).

The first part of the circuit can be executed schematically with q qubits satisfying N2 ≤ 2q < 2N2,
and ⌈log2N⌉ ancillary qubits to span all numbers up to N , with q controlled unitaries. For factoring
N = 21 with a = 4, the state to prepare is

|ψ⟩ = |4x mod 21, x⟩ = |1, 0⟩ + |4, 1⟩ + |16, 2⟩ + |1, 3⟩ + |4, 4⟩ + |16, 5⟩ + |1, 6⟩ + |4, 7⟩ + · · ·

showing that 4x mod 21 has period r = 3. Thus it suffices to choose q = 3 (so x ∈ {0, . . . , 7}), and the
pre-QFT state can be written as

|ψ⟩ = |00001, 000⟩ + |00100, 001⟩ + |10000, 010⟩ + |00001, 011⟩
+ |00100, 100⟩ + |10000, 101⟩ + |00001, 110⟩ + |00100, 111⟩ ,

where the comma inside the ket state description is for readability. Since only three ancillary values
appear, two ancillary qubits suffice. Mapping |00001⟩ 7→ |00⟩, |10000⟩ 7→ |11⟩, and |00100⟩ 7→ |10⟩, the
state just before the inverse QFT becomes

|ψ⟩ = |00, 000⟩ + |10, 001⟩ + |11, 010⟩ + |00, 011⟩
+ |10, 100⟩ + |11, 101⟩ + |00, 110⟩ + |10, 111⟩ .

The circuit in Figure 1a prepares this state and performs the QFT.
Since r = 3, we would like probability 1/3 for outcomes corresponding to 0, 1/3, and 2/3. With three

qubits, 0 is |000⟩, while the closest binary fractions to 1/3 and 2/3 are |011⟩ (3/8) and |101⟩ (5/8),
respectively; other outcomes have nonzero probability. The histogram probabilities are

(0.344, 0.015, 0.063, 0.235, 0.031, 0.235, 0.063, 0.015)
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for logical outcomes 000, 001, 010, 011, 100, 101, 110, 111. This distinctive distribution was useful for
validating correctness of our logical circuits when converting it from the original one from Fig. 1a to
the surface-compatible shown in Fig. 3a.

To reach the maximal allowed error in our circuit, we note that the goal of Shor’s algorithm is to
measure the most-probable values in the circuit’s final probability distribution. Within our circuit’s
distribution, the outcomes 000, 011, 101 have the largest probabilities, 0.344, 0.235, 0.235, respectively,
whereas all remaining outcomes occur with probability at most 0.063. We refer to {000, 011, 101} as
the heavy outcomes and to the remaining bitstrings as light outcomes. To quantify the deviation of
the implemented circuit from this ideal output distribution p = {pz}, we define the circuit error as the
total-variation distance between p and the realized distribution q = {qz},

εcirc := 1
2

∑
z∈{0,1}3

∣∣pz − qz

∣∣. (3)

The minimal ideal separation between any heavy outcome h and any light outcome ℓ is ∆min =
minh∈H, ℓ∈L(ph − pℓ) = 0.235 − 0.063 = 0.172. For any distribution q with total-variation error εcirc,
the difference between a heavy and a light probability can be reduced by at most 2εcirc, so

qh − qℓ ≥ ∆min − 2εcirc ∀h ∈ H, ℓ ∈ L. (4)

Consequently, any implementation satisfying

εcirc <
∆min

2 ≈ 0.086 (5)

is guaranteed, in the worst case over all noise consistent with this total-variation error, to preserve the
strict ordering qheavy > qlight for all heavy–light pairs. In this sense, a circuit error below about 8.6%
is sufficient to keep the three target outcomes statistically dominant over all others.
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