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Non-commutative polynomial optimization (NPO) problems seek to minimize the state average
of a polynomial of some operator variables, subject to polynomial constraints, over all states and
operators, as well as the Hilbert spaces where those might be defined. Many of these problems are
known to admit a complete hierarchy of semidefinite programming (SDP) relaxations. In this work,
we consider a variant of NPO problems where a subset of the operator variables satisfies a system of
ordinary differential equations. We prove that, under mild conditions of operator boundedness, for
every such problem one can construct a standard NPO problem with the same solution. This allows
us to define a complete hierarchy of SDPs to tackle the original differential problem. We apply this
method to bound averages of local observables in quantum spin systems subject to a Hamiltonian
evolution (i.e., a quench). We find that, even in the thermodynamic limit of infinitely many sites,
low levels of the hierarchy provide very good approximations for reasonably long evolution times.

I. INTRODUCTION

The goal of non-commutative polynomial optimization (NPO) is to minimize the state average of a polynomial of
operator variables, with the condition that a number of polynomials, evaluated on said variables, result in positive
semidefinite operators. The minimization is understood to take place both over all states and tuples of operators
and the Hilbert spaces that those inhabit [1]. Many important problems in quantum physics can be cast as an NPO
problem, e.g.: bounding the maximum quantum value of a Bell inequality [2], estimating the ground state energy
of a local Hamiltonian [3] and, more recently, bounding local observables of many-body systems at zero [4] or finite
temperature [5] or in a stationary state [6, 7]. Nowadays NPO theory is a standard tool in quantum information
theory [8–10].

There exist, however, important physical problems that cannot be formulated within the framework of NPO theory.
Note that the time evolution of a quantum system, open or closed, is modeled by means of differential equations
on non-commuting variables. Since one cannot express them as polynomial inequalities, NPO theory cannot enforce
such ‘differential constraints’. Thus, several tasks in quantum mechanics, such as predicting the future behavior of
a many-body system [11, 12], or mitigating the readout error of a Noisy Intermediate Scale Quantum (NISQ) device
[13] can only be accomplished in very special scenarios (e.g.: one-dimensional many-body systems) [14].

To tackle these challenges, we introduce the notion of differential NPO (DNPO) problems. Such are optimization
problems over non-commuting variables where a subset of the variables, indexed by a continuous number t, satisfies
a system of ordinary differential equations. We show that each DNPO problem can be relaxed to an auxiliary NPO
problem, which can therefore be approached with the usual semidefinite programming hierarchies. Moreover, if the
resulting NPO problem is Archimedean (has bounded variables, so to speak), then its solution equals that of the
original DNPO. Since Archimedeanity is also a sufficient condition for the NPO SDP hierarchies to converge to the
solution of the auxiliary NPO problem, it follows that the proposed hierarchy of SDP relaxations is also complete for
the original DNPO problem.

To illustrate the power of our method, we apply it to solve a very natural problem in statistical physics: the
determination of the local properties of quenched many-body systems. More specifically, picture a finite spin system,
initially in the ground or Gibbs state of some known local Hamiltonian H, and let O be any local operator. We
switch on the local Hamiltonian H ′ for a time τ . What is the new value of ⟨O⟩? We show that this problem
can be cast as a DNPO. Its κth SDP relaxation outputs the quantities uκ, lκ, which satisfy lκ ≤ ⟨O⟩ ≤ uκ, with
limκ→∞ uκ = limκ→∞ lκ = ⟨O⟩, if the initial state is unique. This problem can be generalized to the thermodynamic
limit of infinitely many particles, where one would demand the initial state and Hamiltonians H,H ′ to be translation-
invariant. As in the case of finite size, we provide a complete hierarchy of SDP relaxations. We test low levels of the
two hierarchies and find that the resulting upper and lower bounds are very close to each other for reasonably long
times.

This paper is structured as follows: in section II, we will define the basic DNPO problem and motivate it by
formulating a recent quantum information task as such. In section III we will provide an NPO relaxation for the
general DNPO problem, and derive a hierarchy of semidefinite programming [15] relaxations to tackle the latter. We
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will also state a sufficient criterion for this hierarchy to converge to the solution of the original DNPO problem. The
performance of the hierarchy of SDPs will be tested with two numerical examples in section IV. In section V we show
how our method can be adapted to tackle the problem of characterizing the average of many-body local observables
after a quench. Finally, in section VI we will present our conclusions.

II. DIFFERENTIAL NON-COMMUTATIVE POLYNOMIAL PROBLEMS

Let Y ≡ (Y1, . . . , YN ) be a vector of non-commutative Hermitian variables and let X(t) := (X1(t), . . . , XM (t))
be a collection of vectors of non-commutative variables parameterized by t ∈ [0, 1]. Since the boundary conditions
X(0), X(1) will play a privileged role and do not depend on t, we include them among the variables Y . That is,
Yk := Xk(0), for k = 1, . . . ,M , and Yk := Xk−M (1), for k = M + 1, . . . , 2M . Given the polynomials f(t,X(t), Y ),
{gi(t,X(t), Y )}Mi=1, {pk(t,X(t), Y )}Kk=1, and {qj(t,X(t), Y )}Jj=1 we consider the following optimization problem P:

P :

p⋆ := min ψ
(∫

[0,1]
dtf(t,X(t), Y )

)
,

such that pk(t,X(t), Y ) ≥ 0, for k = 1, . . . ,K, t ∈ [0, 1],∫
[0,1]

dtψ(qj(t,X(t), Y )) ≥ 0, for j = 1, . . . , J,
d
dtXi(t) = gi(t,X(t), Y ), for i = 1, . . . ,M, t ∈ [0, 1]

(1)

where the optimization takes place over all Hilbert spaces H, all operators Yi, Xj(t) ∈ B(H) and all normalized states
ψ : B(H) → C. We call problem (1) a differential non-commutative polynomial optimization (DNPO) problem. If
f(t,X(t), Y ) = f(Y ), the integral over t is superfluous, and the objective function is simply the average of a polynomial
on the operator variables Y . The same holds for the polynomials {qj}j . If M = 0, i.e., if there are no t-dependent
operators X(t), this problem is a non-commutative polynomial optimization (NPO) problem [1].

Throughout the whole article, we will always assume that Problem (1) has feasible points, i.e., that the polynomials
{pk}k ∪ {qj} ∪ {gi}i are such that there exist a Hilbert space H, operators {Xi(t), Yj}ij ⊂ B(H) and a state ψ :
B(H) → C satisfying the problem constraints.

To motivate the study of DNPO problems, we next show that a recently proposed task in quantum information
theory can be formulated as such. The authors of [16] consider the problem of characterizing the correlations generated
by measuring a quantum system of known spin number J ∈ 1

2N with a device that allows rotating the system. Namely,
the observed measurement statistics is of the form

P (a|θ⃗) = tr{MaU(θ⃗)ρU(−θ⃗)}, (2)

where (Ma)
A
a=1 is a projective measurement, ρ ∈ B(H) is a quantum state and U(θ⃗) := e−i

∑3
k=1 θkSk , for some

self-adjoint operators S1, S2, S3 satisfying the relations:

3∑
k=1

S2
k = J(J + 1)I,

[S1, S2] = iS3, [S2, S3] = iS1, [S3, S1] = iS2. (3)

Neither the state nor the projective measurement nor the Hilbert space where they are defined are fixed. The set of all

such “rotation boxes” is dubbed QJ . For finitely-many vectors of angles ζ = {θ⃗j}j , deciding whether a finite collection

of observed measurement statistics {P (a|θ⃗j)}mj=1 admits a representation of the form (2) is an arduous task. In fact,
the authors of [16] only manage to solve this problem for A = 2 and two-angle scenarios ζ = {(0, 0, 0), (0, 0, θ)}.

Characterizing QJ is dual to conducting linear optimizations over this set. For some finite set of angles ζ = {θ⃗j}mj=1,
consider therefore the following problem:

min
P

A∑
a=1

m∑
j=1

fa,jP (a|θ⃗j)

such that P (a|θ⃗) ∈ QJ . (4)
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This problem can be reformulated as:

minψ

 A∑
a=1

m∑
j=1

fa,jUj(1)
†MaUj(1)


such that

3∑
k=1

S2
k = J(J + 1)I,

MaMb −Maδab = 0, a = 1, ..., A,
∑
a

Ma = I,

[S1, S2] = iS3, [S2, S3] = iS1, [S3, S1] = iS2,

Uj(t)Uj(t)
† = Uj(t)

†Uj(t) = I, j = 1, ...,m,

[Uj(t), θ⃗
j · S⃗] = 0, j = 1, ...,m,

dUj(t)

dt
= iUj(t)(θ⃗

j · S⃗), Uj(0) = I, j = 1, ...,m. (5)

Defining

Xj(t) :=
Uj(t) + Uj(t)

†

2
, for j = 1, ...,m,

Xj(t) := i
Uj(t)− Uj(t)

†

2
, for j = m+ 1, ..., 2m,

Y4m+a :=Ma, for a = 1, ..., A,

Y4m+A+k := Sk, for k = 1, 2, 3, (6)

the above problem is revealed to be a DNPO. If we could solve it or at least provide a good enough relaxation thereof,
then we could use this knowledge to certify the randomness of the measurement outcome a, as the authors of [16] do
in two-angle scenarios.

Notice also that

1 + J(J + 1) + 3m−
2m∑
j=1

(
Xj(t)

2 +Xj(0)
2 +Xj(1)

2
)
−
∑
a

M2
a −

∑
k

S2
k

=
1

2

m∑
j=1

{(
1− Uj(t)Uj(t)

†)+ (1− Uj(t)
†Uj(t)

)
+
(
1− Uj(0)Uj(0)

†)+ (1− Uj(0)
†Uj(0)

)
+
(
1− Uj(1)Uj(1)

†)+ (1− Uj(1)
†Uj(1)

)}
+

(
1−

∑
a

Ma

)
+

(∑
a

(
Ma −M2

a

))
+

(
J(J + 1)I−

∑
k

S2
k

)
. (7)

Due to the operator constraints, for any feasible point of Problem (5) the right-hand side of the equation above
vanishes. This implies, by the left-hand side, that any tuple of feasible operators (X(t), Y ) must be bounded. In the
next section we will see that, for any DNPO with non-commuting variables whose norm can be bounded in this way,
we can provide a complete hierarchy of SDP relaxations.

III. A HIERARCHY OF SDP RELAXATIONS FOR DNPO PROBLEMS

Problem (1) cannot be attacked by brute force. Note, indeed, that the optimization in (1) is over all Hilbert spaces
H, finite- or infinite-dimensional: a full parametrization of each operator appearing in (1) would therefore lead us to
a problem with infinitely many real variables. In fact, some undecidable tasks can be reduced to the approximate
resolution of the smaller class of NPO problems [17]. Since there exist complete sets of relaxations for some such
problems, it follows that there are no general and complete variational algorithms to solve NPO problems and thus
DNPO problems.

The previous argument does not preclude, however, the existence of complete sets of relaxations for DNPO problems:
finding these is the goal of this section. To achieve it, we take inspiration from the work of Lasserre et al. [18]. In
this paper, it is shown that classical control problems can be reduced to polynomial optimization problems, which, in
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turn, can be tackled through hierarchies of convex relaxations [19, 20]; more concretely, semidefinite programs (SDP)
[15].

Correspondingly, in the following lines we show how to relax problem P (eq. (1)) to an NPO problem, for which
there also exists a hierarchy of semidefinite programming (SDP) relaxations [15]. This hierarchy is complete under
the assumption that all the relevant operators are bounded [1]. This covers very interesting problems in quantum
mechanics, such as the characterization of the set of rotation boxes (see problem (5) in the previous section), the
extrapolation of quantum measurement data (section IVB), and the computation of averages of local observables in
many-body systems subject to a quench (section V).

Let us then derive the promised NPO relaxation. Suppose, for some Hilbert space H, that the operators
{X1(t), . . . , XM (t), Y1, . . . , YN} ⊂ B(H) satisfy the conditions of problem P. On the extended Hilbert space

H̃ := H ⊗ T , where T := L2[0, 1] is spanned by the generalized vectors1 {|t⟩ : t ∈ [0, 1]}, we define the opera-
tors:

T̃ := IH ⊗
∫
[0,1]

dt t |t⟩⟨t|T ,

X̃i :=

∫
[0,1]

dtXi(t)⊗ |t⟩⟨t|T ,

Ỹj := Yj ⊗ IT for j = 1, . . . , N. (8)

We further define the vectors X̃ := (X̃1, . . . , X̃M ) and Ỹ := (Ỹ1, . . . , ỸN ).
Note that, for any pair of functions s1, s2 : [0, 1] → B(H), it holds that(∫

[0,1]

dts1(t)⊗ |t⟩⟨t|

)
×

(∫
[0,1]

dt′s2(t
′)⊗ |t′⟩⟨t′|

)
=

∫
[0,1]

dts1(t)s2(t)⊗ |t⟩⟨t|. (9)

For any polynomial h(T̃ , X̃, Ỹ ), we thus have that

h(T̃ , X̃, Ỹ ) =

∫
[0,1]

dt h(t,X(t), Y )⊗ |t⟩⟨t|. (10)

For k = 1, . . . ,K, the condition pk(t,X(t), Y ) ≥ 0, for t ∈ [0, 1] is hence equivalent to the condition

pk(T̃ , X̃, Ỹ ) ≥ 0. (11)

Now, define the state ω ≡ ψH⊗βT , where βT ∈ B(T ) is any state assigning a uniform probability distribution over
t ∈ [0, 1], e.g.: βT (•) :=

∫
[0,1]2

dtdt′⟨t| • |t′⟩. From eq. (10) it follows that

ω
(
h(T̃ , X̃, Ỹ )

)
=

∫
[0,1]

dt ψ (h(t,X(t), Y )) . (12)

Thus, we can re-express the objective function of problem P as

ω
(
f(T̃ , X̃, Ỹ )

)
= ψ

(∫
[0,1]

dtf(t,X(t), Y )

)
, (13)

and all constraints of the form
∫
[0,1]

dtψ (qj(t,X(t), Y )) ≥ 0 as

ω(qj(T̃ , X̃, Ỹ )) ≥ 0. (14)

From the definition of T̃ , it follows that spec(T̃ ) = [0, 1], which implies the extra operator inequality:

T̃ − T̃ 2 ≥ 0. (15)

It remains to enforce, by constraints on the new variables T̃ , X̃, Ỹ and ω, that X(t) is the solution of the differential
equation in problem P. To do so, it will be convenient introduce a new set of asbtract, non-commutative variables:
t̃, x̃, ỹ. Those must not be interpreted as operators acting in a specific Hilbert space, but as the generators of an
abstract ∗-algebra P̃, or set of non-commutative polynomials.

Within the set of polynomials P̃ we next define the ‘differentiation’ linear map D : P̃ → P̃ by induction on the
degree of the monomial to which it is applied:

1 Those are assumed to be orthogonal, i.e., ⟨t|u⟩ = δ(t− u).
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Definition 1. The differentiation linear map D : P̃ → P̃ satisfies

D(t̃) = 1,

D(1) = D(ỹk) = 0 ∀k,
D(x̃i) = gi(t̃, x̃, ỹ) ∀i,

D(hh′) = D(h)h′ + hD(h′) ∀h, h′ ∈ P̃. (16)

Note that the differentiation map depends on the tuple of polynomials g1, ..., gM defining the differential equation
in (1).

Example 1. Let h1 = t̃2ỹ8x̃2ỹ9x̃1 + x̃2(1). Then,

Dh1 = 2t̃ỹ8x̃2ỹ9x̃1 + t̃2ỹ8g2(t̃, x̃, ỹ)ỹ9x̃1 + t̃2ỹ8x̃2ỹ9g1(t̃, x̃, ỹ). (17)

If d
dtXi(t) = gi(t,X(t), Y ) for all i, then, for all polynomials h, it can be verified by induction on eq. (16) that:

(Dh)(T̃ , X̃, Ỹ ) =

∫
[0,1]

dt
d

dt
h(t,X(t), Y )⊗ |t⟩⟨t|. (18)

By eq. (12), if we average the expression above on state ω, we arrive at

ω
(
D(h)(T, X̃, Ỹ )

)
= ψ

(∫
[0,1]

dt
d

dt
h(t,X(t), Y )

)
= ψ (h(1, X(1), Y ))− ψ (h(0, X(0), Y ))

= ω
(
h(1, X̃(1), Ỹ )

)
− ω

(
h(0, X̃(0), Ỹ )

)
, (19)

where in the second equality we have invoked the fundamental theorem of calculus and the last equality follows from
eq. (12) and the fact that the last two polynomials do not depend on T̃ or X̃.

Eqs. (11), (13), (14), (15), and (19) suggest the following relaxation Q of problem P (eq. (1)):

Q :

q⋆ := min ω
(
f(T̃ , X̃, Ỹ )

)
,

such that [T̃ , X̃i] = [T̃ , Ỹj ] = 0 ∀i, j,
T̃ − T̃ 2 ≥ 0,

pk(T̃ , X̃, Ỹ ) ≥ 0 for k = 1, . . . ,K,

ω
(
qj(T̃ , X̃, Ỹ )

)
≥ 0 for j = 1, . . . , J,

ω
(
D(h)(T̃ , X̃, Ỹ )

)
= ω

(
h(I, X̃(1), Ỹ )

)
− ω

(
h(0, X̃(0), Ỹ )

)
∀h ∈ P̃,

(20)

where the minimization is over the operators (T̃ , X̃, Ỹ ), the Hilbert spaces on which they act, and the normalized
states ω in those spaces.

This is a non-commutative polynomial optimization (NPO) problem, as defined in Pironio et al. [1], but with a
countable (rather than finite) number of state constraints. Following [1], we next sketch how to derive a hierarchy of
semidefinite programming (SDP) relaxations of problem (20).

The starting point to arrive at an SDP relaxation of (20) is replacing the optimization over ω, T̃ , and Z̃ := (X̃, Ỹ )

in Problem (20) by an optimization over linear functionals ω̃ : P̃ → C. Intuitively, we wish ω̃ to satisfy the relation

ω̃(p(t̃, z̃)) = ω(p(T̃ , Z̃)) (21)

for all polynomials p.
How does relation (21) constrain the functional ω̃? For once, ω is normalized, so the relation above implies ω̃(1) = 1.

Furthermore, ω is a state. Hence,

ω̃(µµ†) ≥ 0 ∀µ ∈ P̃. (22)

Operator positivity constraints of the form p(T̃ , Z̃) ≥ 0 are modeled by demanding that

ω̃(µpµ†) ≥ 0 ∀µ ∈ P̃. (23)
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Equality constraints of the form h(T̃ , Z̃) = 0 are similarly enforced by demanding ω̃ to satisfy

ω̃(µhν) = 0 ∀µ, ν ∈ P̃. (24)

Putting all together, we arrive at the problem:

min ω̃
(
f(t̃, x̃, ỹ)

)
,

such that ω̃(1) = 1, ω̃(µµ†) ≥ 0,∀µ ∈ P̃,
ω̃(µ[t̃, x̃i]ν) = ω̃(µ[t̃, ỹj ]ν) = 0 ∀i, j, ∀µ, ν ∈ P̃,
ω̃(µ(t̃− t̃2)µ†) ≥ 0,∀µ ∈ P̃,
ω̃(µpk(t̃, x̃, ỹ)µ

†) ≥ 0 for k = 1, . . . ,K,

ω̃
(
qj(t̃, x̃, ỹ)

)
≥ 0 for j = 1, . . . , J,

ω̃
(
D(h)(t̃, x̃, ỹ)

)
= ω̃ (h(1, x̃(1), ỹ))− ω̃ (h(0, x̃(0), ỹ)) ∀h ∈ P̃.

(25)

In principle, this problem is just a relaxation of (20). One can relax it further by placing limits on the degrees of the
polynomials appearing above. More explicitly, for k ∈ N, a sound relaxation of (25) is given by:

qk := min ω̃
(
f(t̃, x̃, ỹ)

)
, (26a)

such that ω̃(1) = 1, ω̃(µµ†) ≥ 0,∀µ ∈ P̃, deg(µ) ≤ k, (26b)

ω̃(µ[t̃, x̃i]ν) = ω̃(µ[t̃, ỹj ]ν) = 0 ∀i, j,∀µ, ν ∈ P̃, deg(µ) + deg(ν) ≤ 2k − 2, (26c)

ω̃(µ(t̃− t̃2)µ†) ≥ 0, ∀µ ∈ P̃, deg(µ) ≤ k − 1, (26d)

ω̃(µpl(t̃, x̃, ỹ)µ
†) ≥ 0 for l = 1, . . . ,K, ∀µ ∈ P̃, deg(µ) ≤ k −

⌈
deg(pk)

2

⌉
, (26e)

ω̃
(
qj(t̃, x̃, ỹ)

)
≥ 0 for j = 1, . . . , J, (26f)

ω̃
(
D(h)(t̃, x̃, ỹ)

)
= ω̃ (h(1, x̃(1), ỹ))− ω̃ (h(0, x̃(0), ỹ)) ∀h ∈ P̃, deg(h), deg(D(h)) ≤ 2k, (26g)

where the optimization is over linear functionals ω̃ defined on the set of polynomials in P̃ of degree smaller than or
equal to 2k.

The above is a semidefinite program. To see why, first note that, due to the linearity condition, ω̃ is fully specified
by its value on the (finite) set of monomials of t̃, z̃ of degree smaller than or equal to 2k. That is, the number of
optimization variables is finite. Second, again by linearity, to enforce conditions of the form (26c) or (26g), it is enough
to consider µ, ν, h to be monomials. Similarly, any positivity condition of the form

ω̃(µpµ†) ≥ 0, for all µ ∈ P̃, deg(µ) ≤ r, (27)

is equivalent to demanding the positive semidefiniteness of the matrix

Mjk(ω, p,M) := ω̃(ojpo
†
k), (28)

where {oj}j is the set of monomials of degree r or smaller. The last matrix is called the localizing matrix of the
polynomial p. If p = 1, it is called ω̃’s moment matrix [1].

The sequence of SDP-computable values (qm)m satisfies q1 ≤ q2 ≤ . . . ≤ q⋆. As shown in [1]2, a sufficient condition
for this sequence to converge to the solution q⋆ of problem Q is that the latter satisfies the Archimedean condition.

Definition 2 (Archimedean condition / Sum of Squares). Problem Q is said to satisfy the Archimedean condition
if the polynomials

{ek}k := {pj(z̃)}j ∪ {t̃− t̃2} ∪ {±i[t̃, x̃j ]}j ∪ {±i[t̃, ỹj ]}j (29)

are such that

λ2I− t̃2 −
∑
i

x̃2i −
∑
j

ỹ2j =

∑
j

sj(t̃, z̃)
†sj(t̃, z̃) +

∑
j,k

sjk(t̃, z̃)
†ek(t̃, z̃)sjk(t̃, z̃), (30)

2 In [1], only problems with a finite number of state constraints are discussed. However, the proof of primal convergence in [1][Theorem
1] straightforwardly extends to scenarios with a countable number of state constraints.
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for some λ ∈ R, and some polynomials {sj}j and {sjk}j,k.
The right hand side of eq. (30) is called a sum of squares (SOS) decomposition.

Any polynomial H(t̃, z̃) admitting an SOS decomposition, evaluated on operators T̃ , Z̃ satisfying the constraints of
problem Q, results in a positive semidefinite operator. The Archimedean condition is essentially a condition on the
operator positivity constraints that enforces feasible operators T̃ , X̃ and Ỹ to be bounded.

Remark 1. Any DNPO for which any set of feasible operators has norm bounded by γ ∈ R+ can be reformulated as
an Archimedean DNPO, i.e., a DNPO leading to an Archimedean NPO relaxation. Indeed, if the constraints of the
problem are such that, for any feasible point (H, ψ,X(t), Y ), the relations ∥Xj(0)∥, ∥Xj(1)∥, ∥Xj(t)∥, ∥Yk∥ ≤ γ, ∀j, k
hold, then we can add to the DNPO the redundant constraints:

γ2 −Xj(t)
2 ≥ 0, for j = 1, ...,M,

γ2 − Y 2
k ≥ 0, for k = 1, ..., N. (31)

The associated NPO will then be Archimedean, since

(M +N)γ2 + 1− t̃2 −
M∑
i=1

x̃2i −
N∑
k=1

ỹ2k =
√
2(t̃− t̃2)

√
2 + (1− t̃)2 +

M+N∑
j=1

(
γ2 − z̃2j

)
. (32)

Under the Archimedean condition, the hierarchy of SDP values (qm)m thus converges to q⋆, the solution of Problem
(20). As it turns out, the Archimedean condition also implies that q⋆ = p⋆. Hence, the proposed hierarchy of SDP
relaxations (26) is complete.

Theorem 1. Let problem P (eq. (1)) be such that its NPO relaxation Q (eq. (20)) satisfies the Archimedean condition.
Then, p⋆ = q⋆. That is, the solutions of problems P and Q coincide.

The proof of this statement is presented in Appendix A, and essentially follows by showing that, if the conditions
of the theorem are satisfied, then any feasible point (H̃, X̃, Ỹ , ω) of problem Q can be turned into a feasible point
(H, X(t), Y, ψ) of P with the same objective value.

We conclude this section with two remarks:

1. Due to the constraints [t̃, x̃i] = [t̃, ỹj ] = 0, for any set of operators T̃ , Z̃ satisfying the constraints of problem
(20), it will hold that

(T̃ − T̃ 2)Pk(T̃ , X̃, Ỹ ) ≥ 0 for k = 1, . . .K. (33)

Including the corresponding SDP constraints in the hierarchy (26) will not change its limiting value q⋆ (under
the Archimedean condition). However, it might boost its speed of convergence.

2. The basic DNPO problem (1) can be extended to incorporate state constraints of the form:

ψ (Qj(t,X(t), Y )) ≥ 0 for j = 1, . . . , J, t ∈ [0, 1], (34)

Another interesting extension of problem P is a scenario where the vector variable Y includes, not just the
boundary values X(0), X(1), but (X(t1), . . . , X(tN )), for {tk}k ⊂ [0, 1], with t1 = 0, tN = 1. In Appendix B we
explain how to handle such extended DNPO problems.

A. Markovian DNPO problems

Let Y = (X(0), X(1), Yrest), and consider the following differential problem:

P :

p⋆ := min
∫
[0,1]

dtψ (f(t,X(t), Yrest)) + ψ(f0(X(0), Yrest)) + ψ(f1(X(1), Yrest)),

such that p0k(X(0), Yrest) ≥ 0 for k = 1, . . . ,K0,

p1k(X(1), Yrest) ≥ 0 for k = 1, . . . ,K1,

p
[0,1]
k (t,X(t), Y ) ≥ 0 for k = 1, . . . ,K [0,1],∫
[0,1]

dtψ
(
q
[0,1]
j (t,X(t), Yrest)

)
+ ψ(q0j (X(0), Yrest)) + ψ(q1j (X(1), Yrest)) ≥ 0,

j = 1, . . . , J,
dX(t)
dt = g(t,X(t), Yrest).

(35)
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Note that, save for the boundary conditions in the differential equation and the state average constraints, there are
no relations between the sets of variables {t} ∪ {Xi(t)}i,{Xi(0)}i and {Xi(1)}i. In particular, the constraints of the
problem do not feature mixed products, such as X1(t)X2(0).
DNPO problems of this sort naturally appear in physical scenarios where one wishes to monitor the time evolution

of a quantum system, see section V. We call them Markovian DNPOs.
Eq. (25) suggests us the following relaxation of problem (35):

Q :

q⋆ := min ω̃
(
f(t̃, x̃, ỹ)

)
+ ω̃(f0(x̃(0), ỹrest)) + ω̃(f1(x̃(1), ỹrest)),

such that ω̃(1) = 1, ω̃(µµ†) ≥ 0,∀µ ∈ P̃,
ω̃(µp

[0,1]
k (t̃, x̃, ỹ)µ†) ≥ 0 for k = 1, . . . ,K [0,1], µ ∈ P̃,

ω̃(µp0k(x̃(0), ỹrest)µ
†) ≥ 0 for k = 1, . . . ,K0, µ ∈ P̃,

ω̃(µp1k(x̃(1), ỹrest)µ
†) ≥ 0 for k = 1, . . . ,K1, µ ∈ P̃,

ω̃(µ[t̃, x̃i]ν) = ω̃(µ[t̃, (ỹrest)j ]ν) = 0 ∀i, j, ∀µ, ν ∈ P̃,
ω̃(µ(t̃− t̃2)µ†) ≥ 0,∀µ ∈ P̃,

ω̃
(
q
[0,1]
j (t̃, x̃, ỹrest)

)
+ ω̃(q0j (x̃(0), ỹrest)) + ω̃(q1j (x̃(1), ỹrest)) ≥ 0, j = 1, . . . , J,

ω̃
(
D(h)(t̃, x̃, ỹrest)

)
= ω̃

(
h(I, X̃(1), ỹrest)

)
− ω̃

(
h(0, X̃(0), Ỹrest)

)
, ∀h ∈ M.

(36)

This formulation is, however, unnecessarily complicated. Why should ω̃ be able to evaluate products of variables
x̃, x̃(0), x̃(1), when those do not appear neither in the problem constraints, nor in the objective function?

We next relax the problem above into an NPO that optimizes over three different linear functionals, namely, ω̃[0,1],

b̃0 and b̃1. Functional ω̃[0,1] will only act on the set P̃[0,1] of polynomials of t̃, x̃, ỹrest, while b̃0 (b̃1) will act on the set

P̃0 (P̃1) of polynomial expressions of x̃(0), ỹrest (x̃(1), ỹrest).
With this notation, we propose the following problem:

Q′ :

q⋆ := min ω̃
(
f(t̃, x̃, ỹ)

)
+ b̃0(f

0(x̃(0), ỹrest)) + b̃1
(
f1(x̃(1), ỹrest)

)
,

such that ω̃[0,1](1) = 1, ω̃[0,1](µµ
†) ≥ 0, ∀µ ∈ P̃[0,1],

b̃0(1) = 1, b̃0(µµ
†) ≥ 0,∀µ ∈ P̃0,

b̃1(1) = 1, b̃1(µµ
†) ≥ 0,∀µ ∈ P̃1,

ω̃[0,1](µ(ỹrest)) = b̃0(µ(ỹrest)) = b̃1(µ(ỹrest)), ∀µ ∈ P̃rest,

ω̃[0,1](µp
[0,1]
k (t̃, x̃, ỹ)µ†) ≥ 0 for k = 1, . . . ,K [0,1], µ ∈ P̃[0,1],

b̃0(µp
0
k(x̃(0), ỹrest)µ

†) ≥ 0 for k = 1, . . . ,K0, µ ∈ P̃0,

b̃1(µp
1
k(x̃(1), ỹrest)µ

†) ≥ 0 for k = 1, . . . ,K1, µ ∈ P̃1,

ω̃[0,1](µ[t̃, x̃i]ν) = ω̃[0,1](µ[t̃, (ỹrest)j ]ν) = 0 ∀i, j, ∀µ, ν ∈ P̃[0,1],

ω̃[0,1](µ(t̃− t̃2)µ†) ≥ 0,∀µ ∈ P̃[0,1],

ω̃[0,1]

(
q
[0,1]
j (t̃, x̃, ỹrest)

)
+ b̃0(q

0
j (x̃(0), ỹrest)) + b̃1(q

1
j (x̃(1), ỹrest)) ≥ 0, j = 1, . . . , J,

ω̃[0,1]

(
D(h)(t̃, x̃, ỹrest)

)
= b̃1 (h(I, x̃(1), ỹrest))− b̃0 (h(0, x̃(0), ỹrest)) , ∀h ∈ M̃[0,1],

(37)

where the minimum runs over all functionals ω̃[0,1], b̃0, b̃1; P̃rest denotes the set of polynomials on the variables ỹrest;

and M̃[0,1] is the set of monomials on the variables3 t̃, x̃, ỹrest.
Like the sparse SOS hierarchies of [21] and the sequential hierarchy of [22], relaxation (37) of Problem (36) exploits

the sparsity in both objective and constraints to reduce the size of the moment and localizing matrices involved.
Indeed, the implementation of the kth SDP relaxation of Problem (37) requires considerably less memory resources
than its analog for problem (36). Very conveniently, although Problem (37) looks like a relaxed version of Problem
(36), under mild boundedness conditions, its solution equals that of Problem (1).

Theorem 2. Denote by {χ̃αk}k the degree-1 monomials (namely, the variables) of P̃α, with α ∈ {[0, 1], 0, 1}. Similarly,

denote by {eαj ≥ 0}j all polynomial operator constraints associated to P̃α. As long as the Archimedean condition holds

3 Abusing the notation, on the right-hand side of the last equation we apply them also to x̃(1) and x̃(0).
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for P̃[0,1], P̃0, P̃1 independently, i.e., as long as there exists λ ∈ R+ such that

λ−
∑
j

(χ̃αj )
2 =

∑
j

s†jsj +
∑
j,k

s†jke
α
k sjk, for some {sj}j ∪ {sjk}jk ⊂ Pα, (38)

for α ∈ {[0, 1], 0, 1}, then Problems (36) and (37) are equivalent. Moreover, the associated hierarchy of SDP relaxations

of (37), obtained by restricting the degree of the polynomials where the functionals ω̃[0,1], b̃0, b̃1 are defined, converges
to the solution of the problem.

The reader can find a proof in Appendix C.

IV. NUMERICAL TESTS

We next test the performance of SDP hierarchy (26) in a couple of concrete DNPO problems. For most of our
numerical calculations, here and in the next section, we used the MATLAB optimization package YALMIP [23] in
combination with the SDP solver Mosek [24].

A. A simple non-commuting example

Consider, for starters, the following (merely academic) problem:

P2 :
minψ,Y0,Y1,H ψ (exp(Y0Y1 + Y1Y0))

such that Y0
2 = Y0, Y1

2 = Y1.
(39)

If Y0 and Y1 were demanded to commute, the optimal value would be 1. However, in the general noncommutative
case, the optimal solution is in fact e−1/4 ≈ 0.778800784.
Suppose, though, that we ignored the solution of the problem. Introducing a family of operators X(t) for t ∈ [0, 1],

we can translate problem P2 into the equivalent DNPO P2
′:

P2
′ :

minψ,X,Y0,Y1,H ψ (X(1))
such that d

dtX(t) = (Y0Y1 + Y1Y0)X(t),
Y 2
0 = Y0, Y 2

1 = Y1
X(0) = I

(41)

Indeed, note that the only solution of the differential equation above is X(t) = e(Y0Y1+Y1Y0)t; consequently, the
objective functions of problems P2,P2

′ coincide.
Through the NPO reduction of section III, we relax Problem P2

′ to an NPO problem Q2, with operator vari-

ables T̃ , X̃, ˜X(1), Ỹ1, Ỹ2. To make the variables bounded, which is necessary for convergence, we add the additional

constraints X̃ ≥ 0, X̃(0) ≥ 0, e2I − X̃ ≥ 0, and e2I − X̃(1) ≥ 0. (Y0 and Y1 are already bounded by virtue of
being projectors, so there’s no need to add analogous constraints for them). For k = 2, we obtain the lower bound
0.45363658; for k = 3 we obtain 0.77880078, which equals the problem solution within numerical precision5.

B. Interpolation and extrapolation under Hamiltonian evolution

We next consider an actual problem from quantum information theory: suppose that we initialize a quantum
system, described through the Hilbert space H, on some state ψ. We let the system evolve and, at time τk, we
measure the dichotomic6 observable A. Repeating this experiment several times, we can estimate the average value
a(τk) of observable A at time τk. We assume that the quantum system is closed, and therefore its dynamics are

4 This can be seen by invoking Jordan’s lemma [25, Chapter VII], which allows us to express, modulo a unitary transformation, Yi =
⊕

j Y
j
i ,

where {Y j
i }j are 2× 2 matrices. By convexity, the solution of the above problem is therefore the result of an optimization over pairs of

2× 2 projector operators. Modulo unitary transformations, those can be parametrized by a single real number θ ∈ [0, 2π), i.e., we can
take

Y0 =

(
1 0
0 0

)
, Y1 =

( 1
2
(1 + cos(θ)) 1

2
sin(θ)

1
2
sin(θ) 1

2
(1− cos(θ))

)
. (40)

A line search retrieves the stated result.
5 This might be an artifact of using 8-digit precision: it is unlikely that the values of solution and relaxation exactly coincide.
6 A dichotomic observable A is a self-adjoint operator such that A2 = I.
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governed by a time-independent Hamiltonian H ∈ B(H), which we postulate to be bounded: more specifically, we
assume that Emax ≥ H ≥ 0, for some maximum energy value Emax > 0.

Basic quantum mechanics then tells us that

a(τk) := ψ
(
eiHτkAe−iHτk

)
= ψ

(
Uk

†AUk

)
, (42)

where we have written Uk := e−iHτk .
For times {τk}N−1

k=1 , we estimate the values {a(τk)}k. Given this information, we ask which range of values a(τ)

could take for some other time τ ̸∈ {τk}k. If τ is between the minimum and maximum values of {τk}N−1
k=1 this task

amounts to an interpolation – otherwise we speak of an extrapolation.
This task can be formulated as a pair of non-polynomial optimization problems PU:

PU :

a±(τ) := ±maxA,H,H,ψ ±ψ
(
eiHτAe−iHτ

)
such that A = A†, A2 = I, H = H†,

0 ≤ H ≤ EmaxI,
ψ
(
eiHτkAe−iHτk

)
= a(τk) for k = 1, . . . , N−1.

(43)

If the energy assumption on the quantum system is sound, it then holds that a(τ) ∈ [a−(τ), a+(τ)].
By introducing the family of operators {Uk(t)}Nk=1 for t ∈ [0, 1], we can reformulate the problem above as a DNPO

problem PU
′:

PU
′ :

a±(τ) = ±maxA,H,{Uk}N
k=1,±ψ,H

ψ
(
UN (1)†A UN (1)

)
such that A = A†, A2 = I, H = H†,

0 ≤ H ≤ EmaxI,
ψ
(
Uk(1)

†A Uk(1)
)
= a(τk) for k = 1, . . . , N−1,

d
dtUk(t) = −iτkHUk(t) for k = 1, . . . , N,

Uk(0) = I for k = 1, . . . , N,

(44)

where we set τN = τ . Indeed, as in the prior examples we see that Uk(t) := e−iHτkt for each k are the only set of
solutions to the differential equations in Uk satisfying the boundary conditions Uk(0) = I. Since H is Hermitian,
these are obviously unitary operators (motivating our use of ‘U ’). The associated NPO problem (20), with variables

Ũ1, . . . , ŨN , Ũ1(1), . . . , ŨN (1), H̃, can therefore be taken Archimedean, if we include the constraints

ŨkŨ
†
k = Ũ†

kŨk = Ũk(1)Ũk(1)
† = Ũk(1)

†Ũk(1) = I. (45)

The performance of the method is demonstrated in Fig. 1 for interpolation and extrapolation with three sample
points7 (i.e., N = 4). Remarkably, the relaxation becomes exact at the sample points.
Alternatively, one can model the quantum extrapolation of time series as a DNPO problem with more than two

boundary variables, see Appendix B 2. Let us assume, for simplicity of notation, that the τ ’s are ordered, i.e.,
0 = τ1 < τ2 < . . . < τN . Define τ̄k := τk

τN
, and let k̃ ∈ {1, ..., N} be such that τk̃ = τ . Then we can reformulate the

problem as:

a±(τ) = ±maxA,H,U,ψ,H ±ψ
(
U
(
τ̄k̃
)†
A U

(
τ̄k̃
))

such that A = A†, A2 = I, H = H†,

0 ≤ H ≤ EmaxI,

ψ
(
U (τ̄k)

†
A U (τ̄k)

)
= a(τk), for k ∈ {1, . . . , N} \ {k̃},

d
dtU(t) = −iτNHU(t),

U(0) = I.

(46)

Compared to (44), the alternative formulation (46) of the extrapolation problem allows us, given the same compu-
tational resources, to take into account a higher number of experimental points. Fig. 2 shows how the alternative
method performs for 7 sample points (namely, N = 8).

7 The code for producing and solving this example this may be found at https://github.com/ajpgarner/unitary_extrapolation.

https://github.com/ajpgarner/unitary_extrapolation


11

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Interpolated/extrapolated range
Directly calculated quantum trajectory
Sampled points

FIG. 1. Unitary interpolation and extrapolation. For Emax = 5, the red region indicates the minimum and maximum
values of a(τ) for different values of τ , given the values of a(τ1), a(τ2), a(τ3) at respective times τ1 = 0, τ2 = 0.5 and τ3 = 1,
calculated using level 2 moment matrices and localizing matrices. The blue line indicates a feasible quantum trajectory fitting
the measurement data.

FIG. 2. Unitary interpolation and extrapolation. For Emax = 5, the red region indicates the minimum and maximum
values of a(τ), for different values of τ , given the data {a(τk)}k ̸=k̃ observed at seven sample times, calculated using level 2

moment matrices, level 2 localizing matrices for H̃ and T̃ and level 1 localizing matrices for the constraints in Π̃k. The blue
line indicates a feasible quantum trajectory that passes through all the sample points, indicated by black dots.

V. APPLICATION: MODELING QUENCHES IN 2-REDUCED DENSITY MATRIX THEORY

A. The quantum many-body scenario and 2-Reduced Density Matrix Theory

Consider a system of n spins, let them be qubits for ease of exposition. Let σ
(j)
c , with c ∈ {1, 2, 3} and j ∈ {1, . . . , n}

denote the cth Pauli matrix acting on qubit j ∈ {1, . . . , n}. Normally, it is assumed that the Hamiltonian H that the
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system is subject to consists of sums of two-particle interactions, i.e.,

H =
∑

j<k,a,b

habjkσ
(j)
a σ

(k)
b +

∑
j,a

hajσ
(j)
a , (47)

where {habjk} ⊂ R. When interactions between every pair of particles are allowed, we speak of a spin glass. In some
physical scenarios, though, the spins lie on the sites of a regular lattice. In that case, only interactions between near
neighbors are significant. For instance, in a 1D material with nearest-neighbor interactions, a general Hamiltonian
would look like this:

H =
∑
j,a,b

ha,bj σ(j)
a σ

(j+1)
b +

∑
j,a

hajσ
(j)
a . (48)

In quantum spin systems with a local (or few-particle) Hamiltonian, one seeks to answer questions like “what is the
ground state energy?” Or, “what is the magnetization of the sample at temperature T?”.

The first question can be cast as an NPO problem. It reduces to

minψ(H)

such that {σ(j)
a , σ

(j)
b } = 2δabI, ∀a, b, j,

[σ(j)
a , σ

(k)
b ] = 2iδjk

∑
c

εabcσ(j)
c , ∀a, b, j, k, (49)

where εijk is the Levi-Civita symbol. Indeed, the only irreducible representation of the above operator constraints is
unitarily equivalent to the set of Pauli matrices acting on n qubits.

Since the above is an NPO, one can use the method in [1] to derive a complete hierarchy of SDP relaxations.
This hierarchy, which can be shown to converge at level k = n to the exact solution of the problem, is the basis of
2-Reduced Density Matrix Theory (2-RDMT) [3, 26–30].

Due to the commutation and anticommutation relations of the Pauli operators, polynomials of the non-commuting

variables {σ̃(k)
a }a,k can always be brought to a unique normal form. More specifically, they can always be expressed

as linear combinations of monomials of the form:

M :=


s∏
j=1

σ̃(kj)
aj : kj ̸= kl, for j ̸= l

 . (50)

Note that all these monomials are self-adjoint. From now on, for any Pauli polynomial p, we denote by [p] its normal
form.

In principle, we could relax problem (49) by optimizing over functionals ω̃ defined on the span of {p ∈ M : deg(p) ≤
2k}. For spin glasses, that would make perfect sense. For 1D, 2D or 3D materials, it is computationally preferable to
tailor the considered polynomials to fit the neighboring relations between the n qubits [28].

So, given a Hamiltonian H like in (47), let G(H) be a graph with vertices {1, . . . , n}, and edges

{(j, k) : habjk ̸= 0, for some a, b}. (51)

This graph represents the neighboring relations among the n qubits, e.g.: for a spin glass, the edges of G(H) would
be {(j, k) : k, j = 1, . . . , n}; for a 1D material, {(j, j + 1) : j = 1, . . . , n− 1}.

Next, define

M(G, k) :=


k′∏
j=1

σ̃(sj)
aj : sj ̸= sl, for j ̸= l,distG(sj , sl) < k, k′ ≤ k

 . (52)

With this notation, the kth SDP relaxation of problem (49) is usually presented as:

min ω̃(H)

such that ω̃(1) = 1,

M ≥ 0,

Mo,o′ := ω̃([oo′]), o, o′ ∈ M(G(H), k), (53)
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where the optimization takes place among linear functionals ω̃ : M(G(H), k)2 → C.
For several decades, the only rigorous quantities that 2-RDMT could provide were lower bounds on the ground state

energy. In [31], it is noted that, given an upper bound on the ground state energy (obtained, e.g., through variational
methods), one can define an NPO to bound the value of the average of an arbitrary local operator within the set
of ground states. More recently, it was discovered that, adding extra H-dependent convex constraints to the linear
functional ω, one can restrict the optimization to ground states of H [4, 5], Gibbs states at any given temperature [5]
and steady states of a local Lindbladian [6, 7]. For any set of monomials M, all such constraints have the form

(ω̃(o))o∈M ∈ G(M), (54)

which we abbreviate to ω̃(M) ∈ G(M). As the set M grows, the constraints become tighter, and G(M) exactly
characterizes the desired set of states. In that regime, we simply write ω̃ ∈ G.

B. Quenches in finite systems

In the following lines, we detail how our results in Section III imply that we can add a new functionality to the
2-RDMT toolbox, namely, a technique to model quenches, or time-independent Hamiltonian evolutions. Suppose that
the state of our quantum spin system initially belongs to some set of states G (say, the ground state/Gibbs state of
some local Hamiltonian H or a steady state). We switch on Hamiltonian H for time τ , and consider the problem of
lower bounding the value of the local operator f(σ) on the new state. The problem to solve is therefore:

minψ(eiH(σ)τf(σ)e−iH(σ)τ )

such that {σ(j)
a , σ

(j)
b } = 2δabI, ∀a, b, j,

[σ(j)
a , σ

(k)
b ] = 2iδjk

∑
c

εabcσ(j)
c , ∀a, b, j, k,

ψ ∈ G. (55)

This problem can be tackled by modeling the operator eiH(σ)τ , as we did in Section IVB). There is, however, a
better way to deal with Hamiltonian evolution, which can be generalized to the thermodynamic limit of infinitely
many spins.

First, we move to the Heisenberg picture. Namely, we introduce the time-dependent operator variables

σ(j)
a (t) := eiHtτσ(j)

a e−iHtτ , (56)

H(t) := eiHtτHe−iHtτ . (57)

Then one finds that H(t) = eiHtτHe−iHtτ = H, with

H(t) =
∑
j<k

∑
a,b

ha,bjk σ
(j)
a (t)σ

(k)
b (t) +

∑
j,a

hajσ
(j)
a (t). (58)

Thus, the variables σ
(j)
a (t) follow the differential equation:

dσ
(l)
c (t)

dt
= iτ [H,σ(l)

c (t)] = iτ [H(t), σ(l)
c (t)] =

− 2τ

∑
k>l

∑
a,b,d

ha,blk ε
acdσ

(l)
d (t)σ

(k)
b (t) +

∑
j<l

∑
a,b,d

ha,bjl ε
bcdσ(j)

a (t)σ
(l)
d (t) +

∑
a,d

hal ε
acdσ

(l)
d (t)

 . (59)

We arrive at the following problem:

min ψ (f(σ)) ,

such that {σ(j)
a (t), σ

(j)
b (t)} = 2δabI,

[σ(j)
a (t), σ

(k)
b (t)] = 2iδjk

∑
c

εabcσ(j)
c (t), (60)

dσ
(l)
c (t)

dt
= −2τ

∑
k>l

∑
a,b,d

ha,blk ε
acdσ

(l)
d (t)σ

(k)
b (t) +

∑
j<l

∑
a,b,d

ha,bjl ε
bcdσ(j)

a (t)σ
(l)
d (t) +

∑
a,d

hal ε
acdσ

(l)
d (t)

 ,

ψ ∈ G. (61)
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This is a fairly general Hamiltonian simulation problem, which is widely believed to be intractable for classical
computers. However, a relaxation of this problem would provide us with a lower bound µ− on ⟨f(σ)⟩ψ′ , where ψ′

denotes the time-evolved state. By changing the sign of the objective function, one arrives at a problem whose
relaxation would provide an upper bound µ+. Provided that µ+ − µ− ≪ 1, the problem can be considered solved for
all practical purposes.

Problem (61) is a Markovian, independently Archimedean DNPO with the extra state constraints ψ ∈ G. The
proof of Theorem 2 trivially extends to cover this case, so we can use the results of Section IIIA to reduce Problem
(61) to an optimization over three linear functionals, namely, ω̃[0,1], b̃0 and b̃1. Functional ω̃[0,1] will only act on the

set P̃[0,1] of polynomials of t̃, σ̃, while b̃0 (b̃1) will act on the set P̃0 (P̃1) of polynomial expressions of σ̃(0) (σ̃(1)).
To simplify the presentation of the SDP relaxations, we note that, due to the Pauli relations and the commutation

with t̃, the sets of polynomials P[0,1],P0,P1 respectively admit a normal form. Namely, for kσ, kt large enough, any
polynomial can be expressed as linear combinations of the self-adjoint monomials:

M[0,1](G, kσ, kt) :=

t̃r
s∏
j=1

σ̃(kj)
aj : kj ̸= kl, for j ̸= l,distG(kj , kl) < kσ, s ≤ kσ, r ≤ kt

 ,

M0(G, kσ) :=


s∏
j=1

σ̃(kj)
aj (0) : kj ̸= kl, for j ̸= l,distG(kj , kl) < kσ, s ≤ kσ

 ,

M1(G, kσ) :=


s∏
j=1

σ̃(kj)
aj (1) : kj ̸= kl, for j ̸= l,distG(kj , kl) < kσ, s ≤ kσ

 . (62)

Given a polynomial p, we will be dealing with moment and localizing matrices of the form

Λα(p, k⃗) := {(Λα)o,o′ := ωα([opo
′]), o, o′ ∈ Mα(G(H), k⃗}, (63)

for α ∈ {[0, 1], 0, 1}.
Let κ := (kσ, kt). With this notation, the κth SDP relaxation of Problem (61) is:

qκ := min b̃1 (f(σ̃(1))) ,

such that ω̃[0,1](1) = 1,Λ[0,1](1, kσ, kt) ≥ 0,

Λ[0,1](t̃− t̃2, kσ, kt − 1) ≥ 0,

b̃0(1) = 1,Λ0(1, kσ) ≥ 0,

b̃0 ∈ G
([
M0(G(H), kσ)

2
])
,

b̃1(1) = 1,Λ1(1, kσ) ≥ 0,

ω̃[0,1]

([
jt̃j−1o(σ̃) + iτ t̃j [H(σ̃), o(σ̃)]

])
= b̃1 (o(σ̃(1)))− δj,0b̃0 (o(σ̃(0))) ,

∀o ∈ [M0(G(H), kσ)
2],
[
jt̃j−1o(σ̃) + iτ t̃j [H(σ̃), o(σ̃)]

]
∈ span

([
M[0,1](G(H), kσ, kt)

2
])
. (64)

Note that, if we restrict the optimization to functionals {ω̃j}j=0,1, respectively defined in {Mj(G(H), kσ, kt)
2}j=0,1,

and functionals ω̃[0,1], defined in M[0,1](G(H), kσ, kt)
2, then the size of the greatest positive semidefinite (PSD) con-

straint is 1 + kt times greater than the only PSD constraint needed to run 2-RDMT relaxations of order kσ.
To illustrate the performance of the hierarchy of SDPs (64), we consider a quenching scenario where the initial

many-body state is an element of the computational basis |a1, . . . , an⟩, with a⃗ ∈ {0, 1}n. The corresponding set of
constraints on local momenta is in this case very simple, namely:

G|⃗a⟩ = {⟨σ̃(j)
3 ⟩ = (−1)aj , ∀j}. (65)

As a local observable, we choose f(σ) = σ
(n)
3 , the spin of the last particle of the chain in the direction ẑ. We assume

that the Hamiltonian H is the Heisenberg Hamiltonian:

H =
1

4

n−2∑
i=0

∑
a=1,2,3

σ(i)
a σ(i+1)

a . (66)
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Taking n = 18 and the initial state |1, 0⟩⊗9, we set kσ = kt = 2 in (64) and compute upper and lower bounds for

⟨σ(18)
3 ⟩, for τ ∈ [0, 1], see Table I 8. We find that the greatest difference between upper and lower bounds is 0.0012,

achieved at τ = 1. This example illustrates that even low levels of hierarchy (64) can provide good bounds for
reasonably long evolution times.

τ Lower bound Upper bound
0.1000 0.9950 0.9950
0.2000 0.9801 0.9802
0.3000 0.9557 0.9558
0.4000 0.9223 0.9224
0.5000 0.8807 0.8808
0.6000 0.8317 0.8318
0.7000 0.7763 0.7765
0.8000 0.7159 0.7163
0.9000 0.6514 0.6520
1.0000 0.5842 0.5854

TABLE I. Local Hamiltonian evolution. Lower and upper bounds for ⟨σ(18)
3 ⟩ for several values of τ .

When we tried to run system sizes greater than n = 18 in our 256GB RAM desktop tower, the second-order
SDP solver MOSEK [24] reported an ‘out of memory’ message. Therefore, we switched to the first-order solver SCS
[32–34], which allowed us to reach n = 25 qubits in a desktop tower with 512 GB RAM. Taking as a starting state

|1, 0⟩⊗12⊗|1⟩, we also sought to compute the average ⟨σ(2)
3 ⟩. The results for kσ = kt = 2 are shown in the table below.

The difference between upper and lower bounds is comparable to that of Table I, which makes us conjecture that the
approximation of the kσ = kt = 2 SDP relaxation to the actual figures is essentially independent of n. It is worth
remarking that SCS’s actual memory use during the computations was just 15 GB. For system sizes beyond n = 25,
our program crashes at the pre-processing stage, from which we infer that MATLAB’s poor allocation of memory
resources is the main factor limiting the system size. Future implementations of our algorithm in other programming
languages, such as Julia or C++, might allow reaching much larger system sizes with the same hardware.

τ Lower bound Upper bound
0.1000 −0.9950 −0.9949
0.2000 −0.9800 −0.9800
0.3000 −0.9557 −0.9555
0.4000 −0.9225 −0.9222
0.5000 −0.8809 −0.8803
0.6000 −0.8320 −0.8312
0.7000 −0.7768 −0.7757
0.8000 −0.7165 −0.7149
0.9000 −0.6523 −0.6502
1.0000 −0.5857 −0.5830

TABLE II. Local Hamiltonian evolution. Lower and upper bounds for ⟨σ(25)
3 ⟩ for several values of τ with SCS.

C. Quenches in the thermodynamic limit

We next consider a scenario where there are infinitely many spins in a regular lattice. We will assume, for simplicity,
that the lattice is 1D, i.e., an infinite chain.

Systems in the thermodynamic limit of infinitely many particles are typically studied under the assumption of
translation invariance. This means that both the initial state of the system and the Hamiltonian are invariant under
the action of the translation operator T, an invertible homomorphism defined as:

T(σ(j)
a ) := σ(j+1)

a . (67)

8 Our MATLAB codes for optimizations over 1D quantum systems can be found in https://github.com/Navascues1980/1DEvol/tree/

main.

https://github.com/Navascues1980/1DEvol/tree/main
https://github.com/Navascues1980/1DEvol/tree/main
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In this context, a general translation-invariant Hamiltonian with nearest-neighbors interactions is written as:

H =
∑
j∈Z

∑
a,b

ha,bσ(j)
a σ

(j+1)
b +

∑
a

haσ(j)
a

 . (68)

Note that the coefficients ha,b, ha are site-independent.
The problem we want to solve is therefore:

min ψ (f(σ(1))) ,

such that {σ(j)
a (t), σ

(j)
b (t)} = 2δabI, j ∈ Z, a, b = 1, 2, 3,

[σ(j)
a (t), σ

(k)
b (t)] = 2iδjk

∑
c

εabcσ(j)
c (t), j, k ∈ Z, a, b = 1, 2, 3, (69)

dσ
(l)
c (t)

dt
= iτ [H(σ(t)), σ(l)

c (t)],

ψ ∈ G,

ψ ◦ T = ψ, (70)

Note that this time the index j of the variables σ
(j)
a (t)} ranges from −∞ to ∞. In addition, we are enforcing the initial

state to be translation-invariant (TI). Notice as well that, despite the fact that H(σ̃) is not a polynomial, expressions
of the form

[H(σ̃), p(σ̃)] (71)

are. Namely, for any polynomial p, the above equation represents a local observable.
If ψ is TI, then so will be any state of the form ψt(•) := ψ(eiHt • e−iHt). In the Heisenberg picture, this implies

that

ψ(p(T(σ(0)))) = ψ(p(σ(0))), ∀p ∈ P̃0,

ψ(p(T(σ(1)))) = ψ(p(σ(1))), ∀p ∈ P̃1. (72)

Following the derivation in Section III of the NPO formulation of Problem (1), we find that the functionals ω̃[0,1], b̃0, b̃1
satisfy

b̃0(p(T̃(σ̃(0)))) = b̃0(p(σ̃(0))), ∀p ∈ P̃0,

b̃1(p(T̃(σ̃(1)))) = b̃1(p(σ̃(1))), ∀p ∈ P̃1,

ω̃[0,1](p(t̃, T̃(σ̃))) = ω̃[0,1](p(t̃, σ̃)),∀p ∈ P̃[0,1], (73)

where T̃ is a linear map from polynomials to polynomials, defined by the relation

T̃(p(t̃, (σ̃(j)
a )a,j , (σ̃

(j)
a (0))a,j , (σ̃

(j)
a (1))a,j) = p(t̃, (σ̃(j+1)

a )a,j , (σ̃
(j+1)
a (0))a,j , (σ̃

(j+1)
a (1))a,j). (74)

The last line of eq. (73) is proven as follows:

ω̃(t̃kp(σ̃)) =

∫
[0,1]

tkdtψ(e−iHtp(σ(0))eiHt) = ψ̂(p(σ(0))), (75)

with ψ̂ =
∫
dttkψt. Since ψt is TI, so is ψ̂. Hence,

ψ̂(p(σ(0))) = ψ̂ ◦ (p(T(σ(0))))
= ω̃(t̃kp(T̃(σ̃))) = ω̃ ◦ T̃(t̃kp). (76)

Identifying the right-hand side of this equation with the left-hand side of eq. (75) we arrive at the third line of eq.
(73).

To model a thermodynamic state ω with finite computational resources, we consider its action on a finite set O of
local operators and enforce that ω(o) = ω(o′), ∀o, o′ ∈ O such that o′ = T(o) (such ‘local’ conditions are termed local
translation invariance (LTI) in the statistical physics literature [35]).
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To handle the corresponding linear functionals, it will be useful to define the following sets of monomials:

M1D
[0,1](kσ, kt, n) =

t̃r
s∏
j=1

σ̃(kj)
aj : |kj − ki| < kσ, ki ̸= kj , ∀i ̸= j, s ≤ kσ, {kj}j ⊂ {1, . . . , n}, r ≤ kt

 ,

M1D
0 (kσ, n) =


s∏
j=1

σ̃(kj)
aj (0) : |kj − ki| < kσ, ki ̸= kj , ∀i ̸= j, s ≤ kσ, {kj}j ⊂ {1, . . . , n}

 ,

M1D
1 (kσ, n) =


s∏
j=1

σ̃(kj)
aj (1) : |kj − ki| < kσ, ki ̸= kj , ∀i ̸= j, s ≤ kσ, {kj}j ⊂ {1, . . . , n}

 . (77)

Intuitively, the sets above represent normal Pauli monomials generated by the first n particles of the chain. The
action of a translation operator over those will thus return a monomial with support on particles {2, . . . , n+1}. Some
of those will also have support in {2, . . . , n}, which will allow us to enforce the LTI conditions on the state.

As before, we use some special symbols for the localizing matrices to lighten the notation:

Λ1D
α (p, k⃗, n) := {(Λα)o,o′ := ωα([oo

′]), o, o′ ∈ M1D
α (k⃗, n)}, (78)

for α ∈ {[0, 1], 0, 1}.
Once more, given a finite set of monomials M, we denote by G(M) the set of convex constraints on the variables

(ω(o) : o ∈ M) that relax the property of ω being the ground or Gibbs state of some translation-invariant Hamiltonian
H. See [4, 5] for complete sets of SDP or convex constraints characterizing the local averages of physically-relevant
many-body states in the thermodynamic limit.

With the notation above, we define the SDP relaxation of order κ = (kσ, kt, n) of problem (70) to be:

qκ := min b̃1 (f(σ̃(1))) ,

such that ω̃[0,1](1) = 1,Λ1D
[0,1](1, kσ, kt, n) ≥ 0,

Λ1D
[0,1](t̃− t̃2, kσ, kt − 1, n) ≥ 0,

ω̃[0,1](o) = ω̃[0,1](o
′), ∀o, o′ ∈

[
M1D

[0,1](kσ, kt, n))
2
]
, o′ = T̃j(o), for some j ∈ Z,

b̃0(1) = 1,Λ1D
0 (1, kσ, n) ≥ 0,

b̃0 ∈ G(M1D
0 (G(H), kσ)

2),

b̃0(o) = b̃0(o
′), ∀o, o′ ∈

[
M1D

0 (kσ, n))
2
]
, o′ = T̃j(o), for some j ∈ Z,

b̃1(1) = 1,Λ1(1, kσ, n) ≥ 0,

b̃1(o) = b̃1(o
′), ∀o, o′ ∈

[
M1D

1 (kσ, n))
2
]
, o′ = T̃j(o), for some j ∈ Z,

ω̃[0,1]

([
jt̃j−1o(σ̃) + iτ t̃j [H(σ̃), o(σ̃)]

])
= b̃1 (o(σ̃(1)))− δj,0b̃0 (o(σ̃(0))) ,

∀o ∈ [M1D
0 (kσ, n)]

2,
[
jt̃j−1o(σ̃) + iτ t̃j [H(σ̃), o(σ̃)]

]
∈ span(M1D

[0,1](kσ, kt, n)
2). (79)

Clearly, qκ ≤ qκ
′
, for κ ≤ κ′. This means, in particular, that the limit of the net (qκ)κ exists.

Since the original DNPO problem (70) has infinitely many non-commuting variables, the convergence of the hier-
archy (79) is not guaranteed by Theorem 2. However, in Appendix D we prove the following result:

Theorem 3. Define q⋆ := limκ→∞ qκ. Then, there exists a Hilbert space H, a representation π : P0 → B(H) and a

TI state ψ : B(H) → C, with ψ ∈ G, such that, for σ
(k)
a := π(σ̃

(k)
a (0)), it holds that

{σ(j)
a , σ

(j)
b } = 2δab, ∀a, b, j,

[σ(j)
a , σ

(k)
b ] = 2iδjk

∑
c

εabcσ(j)
c , ∀a, b, j, k,

(80)

and

ψ(f(σ(1))) = q⋆, (81)
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where σ(t) is the solution of the differential equation

dσ
(k)
a (t)

dt
= iτ [H(σ(t)), σ(k)

a (t)],

σ(k)
a (0) = σ(k)

a . (82)

To test the performance of the SDP hierarchy, we consider our initial state to be the “all spins up” state ψ ∈ G|0⟩⊗∞

and investigate what happens if we switch on the Hamiltonian

H =
∑
j∈Z

σ
(j)
1 σ

(j+1)
2 . (83)

Note that neither this Hamiltonian is reflection-invariant nor the local terms commute with each other. H has
appeared earlier in the context of entanglement detection in large 1D systems [36, 37].

Figure 3 shows the result of applying the SDP relaxations κ ∈ {(2, 2, 7), (2, 5, 7), (2, 2, 10), (3, 3, 7)} for different
values of τ . It is worth noting that, for the datasets corresponding to κ ∈ {(2, 2, 7), (2, 5, 7)}, which were generated
by a 32GB desktop, upper and lower bounds are essentially undistinguishable up to τ ≈ 0.7. Hierarchy (79) thus
provides very good results for short times, given reasonable computational resources.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

−0.5

0

0.5

1

τ

⟨σ
3
⟩

FIG. 3. Thermodynamic limit. The plot indicates upper and lower bounds for ⟨σ3⟩ at time τ , calculated with the SDP
relaxation (79), with κ = (2, 2, 7) (dashed black), κ = (2, 5, 7) (dotted red), κ = (2, 2, 10) (dashed green) and κ = (3, 3, 7) (solid
blue). As the curves attest, increasing a bit the values of both kσ and kt significantly boosts predictability for larger times τ .

D. Higher local and spatial dimensions

In the last sections, we have been assuming that our many-body system is made of n (or infinitely many) qubits.
Our results, however, easily extend to condensed matter systems with higher local dimensions. Suppose, indeed, that
we wished to deal with condensed matter systems of local dimension D. The first step would be finding a basis of
Hermitian operators in B(CD). One can take, e.g., the generators of SU(D) in dimension D. A simpler alternative
is using the operators

I,
P̄j := |k⟩⟨k|, k = 1, . . . , n− 1,

X̄jk := |k⟩⟨j|+ |j⟩⟨k|, j, k ∈ {1, . . . , n}, j > k,

Ȳjk := i(|k⟩⟨j| − |j⟩⟨k|), j, k ∈ {1, . . . , n}, j > k, (84)
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with j > k, j, k = 1, . . . , D. One can uniquely express any product of operators in OD := {X̄jk, Ȳjk, P̄j}j,k as a linear

combination of elements of OD. If we define one such set Ol
D := {X̄(l)

jk , Ȳ
(l)
jk , P̄

(l)
j }j,k of variables for each subsystem

l, i.e.,

P̄
(l)
j := I⊗(l−1) ⊗ P̄k ⊗ I⊗(n−l), k = 1, . . . , n− 1,

X̄
(l)
jk := I⊗(l−1) ⊗Xjk ⊗ I⊗(n−l), , j, k ∈ {1, . . . , n}, j > k,

Ȳ
(l)
jk := I⊗(l−1) ⊗ Yjk ⊗ I⊗(n−l), j, k ∈ {1, . . . , n}, j > k, (85)

then again any product of those can be expressed as linear combinations of tensor products of operators in OD. Thus,

like in the qubit case, any polynomial of the corresponding abstract, non-commuting variables {x(l)jk , y
(l)
jk , p

(l)
j } admits

a unique normal form. Crucially, for any irreducible representation π satisfying the constraint

µ(π(x), π(y), π(z)) = [µ](π(x), π(y), π(z)), ∀µ, (86)

it holds that

π(p̃
(l)
j ) = UP̄

(l)
j U†,

π(x̃
(l)
ij ) = UX̄

(l)
jk U

†,

π(ỹ
(l)
ij ) = UȲ

(l)
jk U

†,

(87)

for some unitary U .
It is then trivial to tackle the D-dimensional analogs of (61) or (70) through hierarchies of SDP relaxations similar

to (64) and (79). For finite systems, the higher-dimensional hierarchy will be complete by virtue of Theorem 2. For
infinite systems, the proof of Theorem 3 trivially extends to cover higher local dimensions.

When considering thermodynamical systems, we stuck to 1D systems. Dealing with cubic lattices of higher spatial
dimension is, however, easy. Take, e.g., a 2D material, in which case each site is labeled by a pair of integers
(j, k) ∈ Z2, which denote its coordinates in the square lattice. The only changes we need to enforce on the hierarchy
(79) to cover this case involve defining two translation operators TH ,TV , respectively for horizontal and vertical

translations, demand the functionals ω̃[0,1], b̃0, b̃1 to be invariant under the action of both, and replace the sets of

monomials M1D
α with M2D

α (kσ, kt, N) := Mα(G2D, kσ, kt, N), with G2D = {((i, j), (i+1, j))}∪{((i, j), (i, j+1))}. The
proof of Theorem 3 does not rely on the 1D geometry, so it immediately generalizes to 2D.

VI. CONCLUSION

In this paper, we have introduced the notion of differential non-commutative polynomial optimization problems. We
have shown that each such problem can be relaxed into an NPO problem. If the latter happens to be Archimedean,
then it is equivalent to the original problem. Since all Archimedean NPO problems admit a complete hierarchy of
SDP relaxations, so do all such differential non-commutative polynomial optimization problems.

We tested the speed of convergence of the SDP hierarchy with a number of examples, obtaining reasonably good
results with reasonable computational resources. Notably, our hierarchy solves the problem of extrapolating or inter-
polating a quantum time series, a basic quantum information task for which no general algorithm existed previously.

Most importantly, our reformulation of DNPO problems into NPOs leads to a complete hierarchy of tractable
relaxations for the time-evolved local observables of condensed matter systems, be they finite or infinite. Together
with the results in [4–7], they imply that one can model the effect of a quench on ground and Gibbs states of (some
other) local Hamiltonians, as well as steady states of local Lindbladians. Our numerical tests suggest that the first
levels of the hierarchy already provide very accurate approximations to the local properties of the quenched system,
even in the thermodynamic limit. We therefore expect that our algorithm finds application in the study of quenched
2D models, for which the usual approximation methods, e.g., via tensor network states [38] fail.
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Appendix A: Proof of Theorem 1

Problem (20) is a relaxation of problem (1), so q⋆ ≤ p⋆. In the next pages we will prove that, if problem (20) is
Archimedean, then p⋆ ≤ q⋆, and thus p⋆ = q⋆. We will prove the claim p⋆ ≤ q⋆ by showing that, for any feasible point
of Problem (20), we can construct a feasible point of Problem (1) with the same objective value.

Before proceeding, though, some words on notation. As in the main text, we will use upper case Latin letters to
represent operators (e.g.: X̃1(0), X(t)), while small case letters will denote abstract, non-commuting variables (e.g.:

x̃1(0), x(t)). The symbols P̃Y , P̃Z will respectively denote the set of all polynomials on the variables ỹ or z̃ := (x̃, ỹ).
Similarly, P (PY ) will denote the set of polynomials on the (also abstract) variables x(t), y (y). As opposed to t̃, the
symbol t will represent a complex number.

To evaluate abstract variables with actual operators acting on some Hilbert space, we will make use of operator
representations. Given a set of abstract, non-commuting variables r = (r1, . . . , rn), a representation π̂ of the set R of

polynomials in r1, . . . , rn is a map from R to B(Ĥ), for some Hilbert space Ĥ, with the following properties:

1. π̂(1) = IĤ.

2. For all p, q ∈ R, π̂(pq) = π̂(p)π̂(q).

3. For all a, b ∈ C, p, q ∈ R, π̂(ap+ bq) = aπ̂(p) + bπ̂(q).

4. For all p ∈ R, π̂(p)† = π̂(p†).

With this terminology, a feasible point of Problem (1) takes the form of a triple (H, ψ, π), respectively representing
a Hilbert space, a state for the set B(H) of bounded operators acting in H and a map π : P → B(H) satisfying the

properties above. A solution of Problem (20) similarly corresponds to a triple (H̃, ω̃, π̃ : P̃ → B(H̃)).
We next define a classical system of ordinary differential equations (ODE), related to the differential constraint

appearing in Problem (1), which will play an important role in the proof of convergence.

Definition 3. For γ > 0, τ ∈ R, consider the (classical) system of ordinary differential equations on the vector of
real numbers ξ(t):

d

dt
ξ(t) = g+(t, ξ(t), γ1⃗N ),

ξ(τ) = γ1⃗M , (A1)

where the vector of polynomials g+ is the result of replacing each coefficient of the polynomial g in Problem (1) by

its complex modulus and 1⃗K denotes the all-ones K-dimensional vector. We will call (A1) the associated ODE with
initial time τ and magnitude γ.

For clarity, we next provide an example of the action of the operator •+:

Example 2. For g1(X(t)) = (1 − i)X1(t)X2(t) + (1 + i)X2(t)X1(t), we have that g+1 (X(t)) =
√
2X1(t)X2(t) +√

2X2(t)X1(t).

To prove Theorem 1, we will need the following lemma:

Lemma 4. Let γ ∈ R+. Then, there exist 0 = t1 < t2 < . . . < tN = 1 such that, for each k, the associated ODE with
initial time τ = tk and magnitude γ has an analytic solution ξk(t) in a ball B(tk, Rk) := {z ∈ C : |z− tk| ≤ Rk}, with
Rk > tk+1 − tk.

Proof. We begin by defining the plus differentiation linear map D+ : P̃ → P̃, which satisfies:

D+(t̃) = I,
D+(I) = D+(ỹk) = 0 ∀k,

D+(x̃j) = g+j (t̃, x̃, ỹ) ∀j,

D+(hh′) = D+(h)h′ + hD+(h′) ∀h, h′ ∈ P̃. (A2)

Let ξ(t; τ) be a solution of (A1), analytic in t. Then, for any polynomial h, it holds that

dkh(t, ξ(t; τ), γ1⃗N )

dtk
= ((D+)kh)(t, ξ(t; τ), γ1⃗N ). (A3)
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In particular,

dkh(t, ξ(t; τ), γ1⃗N )

dtk

∣∣∣
t=τ

= ((D+)kh)(τ, γ1⃗M , γ1⃗N ), (A4)

where we invoked the boundary condition ξ(τ ; τ) = γ1⃗M .
By the Cauchy-Kovalevskaya theorem [39], for any τ, γ ≥ 0, there exists a solution ξ(t; τ) of the associated ODE

with initial time τ and magnitude γ, analytic within an open ball of radius µ(τ) > 0 around the point τ . One can
thus express ξ(t; τ) as a Taylor series on t from t = τ , i.e.,

ξ(t; τ) =

∞∑
k=0

1

k!

dkξ(t; τ)

dtk

∣∣∣
t=τ

(t− τ)k = γ1⃗M +

∞∑
k=1

1

k!

(
(D+)k−1g+

)
(τ, γ1⃗M , γ1⃗N )(t− τ)k, (A5)

where we invoked eq. (A4). Due to the positivity of the coefficients of g+, each of the Taylor coefficients is a polynomial
on τ, γ with real, non-negative coefficients. Moreover, for 0 ≤ τ ≤ τ ′ it holds that

0 ≤ 1

k!

dkξ(t; τ)

dtk

∣∣∣
t=τ

=
(
(D+)k−1g+

)
(τ, γ1⃗M , γ1⃗N ) ≤

(
(D+)k−1g+

)
(τ ′, γ1⃗M , γ1⃗N ) =

1

k!

dkξ(t; τ ′)

dtk

∣∣∣
t=τ ′

. (A6)

That is, the coefficients of the Taylor series for ξ(t; τ ′) at t = τ ′ dominate those of ξ(t; τ) at t = τ . For τ ≥ 0,
the convergence radius µ(τ) is thus a decreasing function. Take then µ := µ(1), which is greater than zero by the
Cauchy-Kovalevskaya theorem. Then, for any N ∈ N with µ > 1

N−1 , the times {tk = k−1
N−1}

N
k=1 satisfy the conditions

of the lemma.

The rest of the proof of Theorem 1 is quite complicated; to guide the reader through it, here is a roadmap:

• Starting from a feasible point (H̃, ω, π̃) of Problem (20), with ∥π̃(t̃)∥, ∥π̃(x̃)∥, ∥π̃(ỹ)∥ ≤ γ, we find t1, ..., tN
satisfying the conditions of Lemma 4.

• Next, we define states ω1, ..., ωN with representations π̃j : P̃ → B(H̃j) satisfying π̃j(t̃) = tj , π̃j(z̃k) ≤ γ, for all
j, k and

ω (Πkπ̃(Dh)) = ωk+1(π̃k+1(h))− ωk(π̃k(h)), (A7)

for all h ∈ P̃, where Πk := χ[tk+1,tk](π̃(t̃)). Intuitively, π̃j(x̃) corresponds to X(tj) in Problem (1).

• For any j, the associated ODE with initial time τ = tj and magnitude γ is analytic in B(tj , Rj), with Rj >
tj+1 − tj . This implies that the series (A5), with τ = tj , has convergence radius greater than or equal to Rj .
Hence, for j = 1, ...,N − 1, the series

X̂j(t) := π̃j(x̃) +

∞∑
k=1

(t− tj)
k

k!
Dk−1g(tj , π̃j(x̃), π̃j(ỹ)) =: s(t, π̃j(x̃), π̃j(ỹ); tj) (A8)

also converges in B(tj , Rj), since the norm of each term in the series is dominated by corresponding term in eq.
(A5).

• It is then proven that

ω (Πj π̃(h)) =

∫
[tj ,tj+1]

dtωj

(
h(t, X̂j(t), π̃j(ỹ))

)
, (A9)

for all polynomials h ∈ P̃. Moreover,

ωj

(
h(X̂j(tj+1), π̃j(ỹ))

)
= ωj+1 ◦ π̃j+1(h(x̃, ỹ)), (A10)

for all h ∈ P̃Z .

• To construct a feasible point (H, ψ, π) of Problem (1), we set H = H̃1, ψ = ω1, and define π(y) = π̃1(ỹ),

π(x(t)) = X̂(t), with

X̂(t) = s(t, π̃1(x̃(0)), π̃1(ỹ); t1), for t ∈ [t1, t2],

X̂(t) = s(t, X̂(tj), π̃1(ỹ); tj), for t ∈ [tj , tj+1]. (A11)

From eq. (A10) and the fact that π̃j(z̃k) ≤ γ,∀j, k, one shows that the series above converge and that X̂(1) =

π(x(1)). Moreover, by construction X̂(t) satisfies dX̂(t)
dt = g(t, X̂(t), π(y)).
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• It just remains to prove that (H, ψ, π) satisfies the constraints of Problem (1) and that it has the same objective

value as (H̃, ω, π̃) in Problem (20). The proof relies on (A9), (A10) and the fact that, to certify that some

operator O ∈ B(H) is positive semidefinite, it suffices to argue that ψ(µ(π(y))Oµ(π(y))†) ≥ 0 for all µ ∈ P̃Y .

We continue with the proof. Let (H̃, ω, π̃) be a feasible point of Problem (20), let γ be the maximum norm of the
operators π̃(t̃), π̃(x̃), π̃(ỹ), and let 0 = t1 < . . . < tN = 1 satisfy the conditions of Lemma 4. We will further assume

that H̃ is separable, that ω(•) = ⟨ϕ| • |ϕ⟩, for some |ϕ⟩ ∈ H̃, and that H̃ = span{π̃(a)|ϕ⟩ : a ∈ P̃} (this condition is
called cyclicity); otherwise, we apply the Gelfand-Neimark-Segal (GNS) construction [40] to ω and find a new feasible

representation (H̃′, ω′, π̃′) with those two properties and such that ω(π̃(p)) = ω′(π̃′(p)), for all p ∈ P.
Notice that the condition π̃(t̃)− π̃(t̃)2 ≥ 0 implies that the spectrum of π̃(t̃) lies in [0, 1]. Furthermore, the operator

π̃(t̃) has no eigenvalues. Indeed, suppose that τ ∈ [0, 1] is an eigenvalue of π̃(t̃), and let |ψτ ⟩ ∈ H̃ be one of its

eigenvectors. Then, for any p ∈ P̃, we have that

π̃(t̃)π̃(p)|ψτ ⟩ = π̃(p)π̃(t̃)|ψτ ⟩ = τ π̃(p)|ψτ ⟩. (A12)

That is, π̃(p) maps eigenvectors of π̃(t̃) to eigenvectors of π̃(t̃) with the same eigenvalue. Now, setting h = t̃k in
eq. (19), one finds that the distribution νω(t)dt := ω(δ(π̃(t̃) − t))dt of values of π̃(t̃) in ω has the same moments as
the uniform distribution in [0, 1]. Since the spectrum of π̃(t̃) is bounded, both distributions must be the same. This
means that ⟨ϕ′τ |ϕ⟩ = 0, for any eigenvector |ϕ′τ ⟩ of π̃(t̃) with eigenvalue τ ; otherwise, the distribution νω(t)dt would

have a non-zero mass at t = τ . We therefore have that ⟨ϕτ |π̃(p)|ϕ⟩ = 0, for all p ∈ P̃, which, for |ϕτ ⟩ ̸= 0, contradicts
the cyclicity of |ϕ⟩.

From the above argument, it follows, not only that π̃(t̃) has no eigenvalues, but also that the spectrum of π̃(t̃) is
exactly [0, 1].

For k = 2, . . . ,N − 1, consider the family of polynomials on the real variable t given by

dn(t; tk) := 1−
∫ t

0

δn(τ ; tk)dτ, (A13)

with

δn(t; tk) :=
Γ
(
2n+ 3

2

)
Γ (1 + 2n)

√
πmax(1− tk, tk)

(
1−

[
tk − t

max(1− tk, tk)

]2)2n

. (A14)

One can verify that, for t ∈ [0, 1],

lim
n→∞

δn(t; tk) = δ(t− tk), lim
n→∞

dn(t; tk) = Θ(tk − t), (A15)

where δ(•) denotes the Dirac delta distribution and Θ(•) is the Heaviside function. It follows that

lim
n→∞

ω
(
dn(π̃(t̃); tk)h(π̃(t̃), π̃(z̃))

)
= ω

(
Θ(tk − π̃(t̃))h(π̃(t̃), π̃(z̃)

)
. (A16)

Moreover, since π̃(t̃) has no eigenvalues, Θ(tk − π̃(t̃)) is a projector9.
On the other hand, for k = 2, . . . ,N − 1, the limit of the sequence of functionals

ω̃
(n)
k (h) := ω ◦ π̃

(
δn(t̃; tk)h

)
, (A17)

with h ∈ P̃, might not exist. However, for every h ∈ P̃, k = 2, . . . ,N − 1, the sequence (ω̃
(n)
k (h))n is bounded. This

follows from the fact that π̃(δn(t̃; tk)) is positive semidefinite (and so ω(δn(π̃(t̃); tk)•) is an unnormalized state) and
that

lim
n→∞

ω̃
(n)
k (1) = lim

n→∞

∫
[0,1]

dtνω(t)δn(t̃; tk) = 1. (A18)

By the Banach-Alaoglu theorem [41, Theorem IV.21], there exists a subsequence (ns)s such that the limits are well-

defined, for k = 2, . . . ,N − 1 and all h ∈ P̃. For k = 2, . . . ,N − 1, define thus the linear functionals ω̃k : P̃ → C:

ω̃k(•) := lim
s→∞

ω ◦ π̃(δns(t̃; tk)•). (A19)

9 Note that, if |ψtk ⟩ were an eigenvector of π̃(t̃) with eigenvalue tk, then Θ(tk − π̃(t̃))|ψtk ⟩ =
1
2
|ψtk ⟩.
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From the previous considerations, it follows that ω̃k is positive and normalized, i.e., ω̃k(1) = 1. Moreover, for

i = 1, . . . , N +M and µ ∈ P̃, it holds that

ω̃j(µ(γ
2 − z̃2i )µ

†) = lim
s→∞

ω

(√
δns(π̃(t̃); tj)π̃(µ)(γ

2 − π̃(zi)
2)π̃(µ)†

√
δns(π̃(t̃); tj)

)
≥ 0. (A20)

In addition, for any ϵ > 0 it holds that limn→∞ δn(t; tk) = 0, for t ̸∈ [tk − ϵ, tk + ϵ]. Thus, for all µ ∈ P̃,

ω̃k(µ(tk − t̃+ ϵ)µ†) = lim
s→∞

ω
(
π̃(µ)(tk − π̃(t̃) + ϵ)δns

(π̃(t̃); tk)π̃(µ)
†) ≥ 0,

ω̃k(µ(t̃− tk + ϵ)µ†) = lim
s→∞

ω
(
π̃(µ)(π̃(t̃)− tk + ϵ)δns

(π̃(t̃); tk)π̃π̃(µ)
†) ≥ 0. (A21)

If we apply the GNS construction to ω̃k we will therefore extract a representation π̃k : P̃ → B(H̃k) and a state

ωk : B(H̃k) → C such that

ωk(π̃k(h)) = ω̃k(h), (A22)

for all h ∈ P̃. This representation will satisfy ∥π̃j(z̃i)∥ ≤ γ for all i by eq. (A20) and −ϵ ≤ π̃k(t̃)− tk ≤ ϵ, for all ϵ > 0
by eq. (A21). Thus, π̃k(t̃) = tk. Altogether, for k = 2, . . . ,N − 1, we have that

ωk(1) = 1, ωk ≥ 0, ωk(π̃k(h)) = ω̃k(h),

π̃k(t̃) = tk, ∥π̃k(z̃i)∥ ≤ γ, ∀i. (A23)

Finally, define the states ω1 = ωN and the representations π̃1 = π̃N by applying the GNS construction to ω,
restricted to π̃(P̃Y ). We extend the representations π̃1, π̃N to P̃ through π̃1(x̃) := π̃1(x̃(0)), π̃1(t̃) := 0, π̃N (x̃) :=

π̃N (x̃(1)), π̃N (t̃) = 1. Since it comes from a GNS construction, ω1 is cyclic in π̃1(P̃Y ), i.e., for all A ∈ B(H̃1), it holds
that

ω1(π̃1(µ)Aπ̃1(ν)) = 0, ∀µ, ν ∈ P̃Y ⇒ A = 0,

ω1(π̃1(µ
†)Aπ̃1(µ)) ≥ 0, ∀µ ∈ P̃Y ⇒ A ≥ 0. (A24)

Next, notice that, by the definition of D,

D
(
dn(t̃; tk)h(t̃, x̃, ỹ)

)
= −δn(t̃; tk)h(t̃, x̃, ỹ) + dn(t̃; tk)(Dh)(t̃, x̃, ỹ). (A25)

Setting n = ns, averaging with ω and taking the limit s → ∞, it follows, by the last line of Problem (20) and eq.
(A23), that

ω
(
Θ(tk − π̃(t̃))π̃

(
(Dh)(t̃, x̃, ỹ)

))
= ωk(π̃k(h))− ω1(π̃1(h)), (A26)

where we invoked the fact that dn(1; tk) → 0 when n → ∞. Note that Θ(tk − π̃(t̃)) = χ[0,tk](π̃(t̃)), where χA(•)
denotes the characteristic function of set A. For k = 1, ...,N − 1, we next define the projectors Πk := χ[tk,tk+1](π̃(t̃)),
which can also be expressed in term of Heaviside functions:

Πk = Θ(tk+1 − π̃(t̃))−Θ(tk − π̃(t̃)), k = 1, . . . ,N − 1. (A27)

From eq. (A26), we have that

ω (Πkπ̃(Dh)) = ωk+1(π̃k+1(h))− ωk(π̃k(h)), (A28)

for k = 1, . . . ,N − 2. The relation above also holds for k = N − 1 by virtue of eq. (19). This result is intuitive, if
we think the operators π̃(t̃), π̃(x̃), π̃(ỹ) having the form (8). In that case, eq. (A28) follows from the fundamental
theorem of calculus.

We next prove that, for j = 1, . . . ,N − 1, there exists a trajectory of operators {X̂j(t) : t ∈ [tj , tj+1]} ⊂ B(H̃j)
that solves the equation

dX(t)

dt
= g(t,X(t), π̃j(ỹ)),

X(tj) = π̃j(x̃). (A29)
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and such that

ω (Πj π̃(h)) =

∫
[tj ,tj+1]

dtωj

(
h(t, X̂j(t), π̃j(ỹ))

)
, (A30)

for all polynomials h ∈ P̃.
Let h ∈ P̃ be an arbitrary polynomial. By the chain rule D(hh′) = D(h)h′ + hD(h′), we have that

(tj+1 − t̃)n

n!
Dnh = −D

(
(tj+1 − t̃)n+1

(n+ 1)!
Dnh

)
+

(tj+1 − t̃)n+1

(n+ 1)!
Dn+1h. (A31)

Applying π̃, multiplying by Πj and averaging with ω, we have, by conditions (A28), that

ω

(
Πj

(tj+1 − π̃(t̃))n

n!
π̃(Dnh)

)
=

(tj+1 − tj)
n+1

(n+ 1)!
ωj (π̃j(Dnh)) + ω

(
Πj

(tj+1 − π̃(t̃))n+1

(n+ 1)!
π̃(Dn+1h)

)
. (A32)

The final term of the right-hand side of the equation above is the same as the left-hand side, with the replacement
n→ n+ 1. Thus we can start from n = 0 and iteratively substitute to arrive at

ω (Πj π̃(h)) =

n∑
k=0

ωj

(
(Dkh)(tj , π̃j(x̃), π̃j(ỹ))

(k + 1)!
(tj+1 − tj)

k+1

)
+ ω

(
Πj

(tj+1 − π̃(t̃))n+1

(n+ 1)!
π̃(Dn+1h)

)

=

∫
[tj ,tj+1]

dtωj

(
n∑
k=0

(Dkh)(tj , π̃j(x̃), π̃j(ỹ))

k!
(t− tj)

k

)
+ ω

(
Πj

(tj+1 − π̃(t̃))n+1

(n+ 1)!
π̃(Dn+1h)

)
. (A33)

We next show that the expression evaluated by ωj in the second line is the Taylor expansion of h(t, X̂j(t), π̃j(ỹ)) from
t = tj , with

X̂j(t) := s(t, π̃j(x̃), π̃j(ỹ); tj), (A34)

for

s(t,X, Y ; t′) := X +

∞∑
k=1

(t− t′)k

k!
Dk−1g(t′, X, Y ). (A35)

To do so, we will need the following lemma.

Lemma 5. Let the associated ODE (A1), with initial time τ and magnitude γ, admit a solution ξ(t), analytic in
B(τ ; r) ≡ {z ∈ C : |z − τ | ≤ r}. Then, the series s(t, X̄, Ȳ ; τ), as defined in (A35), converges for t ∈ B(τ ; r),
X̄ ∈ {X : ∥X1∥, . . . , ∥XN∥ ≤ γ} =: X (γ), Ȳ ∈ {Y : ∥Ȳ1∥, . . . , ∥ȲM∥ ≤ γ} =: Y(γ). Moreover, given X̄ ∈ X (γ),
Ȳ ∈ Y(γ), the series X̄(t) := s(t, X̄, Ȳ ; τ) is, for t ∈ [τ, τ + r], the solution of the system of operator differential
equations

d

dt
X̄(t) = g(t, X̄(t), Ȳ ),

(A36)

with boundary condition X̄ at t = τ .

Proof. To see that the series s(t, X̄, Ȳ ; τ) converges for t ∈ B(τ, r), X̄ ∈ X (γ), Ȳ ∈ Y(γ), it is enough to prove the
convergence of

∥X̄i∥+
∞∑
k=1

1

k!
∥(Dk−1gi)(τ, X̄, Ȳ )∥|t− τ |k. (A37)

By assumption, for the associated ODE there exists a solution ξ(t), analytic in B(τ, r). Hence, one can express
ξ(t) as a Taylor series on t from t = τ as in eq. (A5), see the proof of Lemma 4. Each of the Taylor coefficients is a
polynomial on τ, γ with real, non-negative coefficients, expressed in terms of the plus differentiation map D+. This
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map has two convenient properties. One is that, for any polynomial s with real, non-negative coefficients, it holds
that (D+s)+ = D+s. The other one is that, for any tuple of non-negative scalars/scalar vectors t, x, y,

(Dks)+(t, x, y) ≤ ((D+)ks)(t, x, y). (A38)

Now, for any vector of natural numbers i⃗, define Z i⃗ :=
∏
k Z

ik . Then, by the properties of the operator norm, the

norm of any polynomial p(Z1, . . . , Zn) =
∑
i p⃗iZ

i⃗, evaluated on the tuple Z, is upper bounded by
∑
i |p⃗i|

∏
k ∥Zik∥ =

p+(∥Z∥), with ∥Z∥ = (∥Z1∥, ∥Z2∥, . . .). Hence,(
(D+)k−1g+i

)
(τ, γ1⃗M , γ1⃗N ) ≥

(
(D+)k−1g+i

)
(τ, ∥X̄τ∥, ∥Ȳ ∥)

=
(
(D+)kx̃i

)
(τ, ∥X̄τ∥, ∥Ȳ ∥)

(A38)

≥ (Dkx̃i)
+(τ, ∥X̄τ∥, ∥Ȳ ∥),

≥ ∥(Dkx̃i)(τ, ∥X̄τ∥, ∥Ȳ ∥)∥
= ∥(Dk−1gi)(0, X̄

τ , Ȳ )∥. (A39)

for all k, i. Since the left-hand side are the Taylor coefficients of ξ(t) and this function is analytic in B(τ, r), it follows
that the series (A37) converges in t ∈ B(τ, r), and so does the series s(t, X̄, Ȳ ; τ).
The so-defined function X̄(t) is therefore analytic in t ∈ B(τ, r), and so is the polynomial vector g(t, X̄(t), X̄ , Ȳ ).

The Taylor coefficients of the functions dX̄(t)
dt and g(t, X̄(t), X̄ , Ȳ ) are the same, so dX̄(t)

dt = g(t, X̄(t), Ȳ ). Finally,

evaluated at time t = τ , X̄(t) returns the boundary condition X̄. We have just proven that X̄(t) is a solution of
(A36).

Now, since the associated ODE with initial time τ = tj is analytic in B(tj , tj+1 − tj) and the norm of the entries of

the operator tuples π̃j(x̃), π̃j(ỹ) is bounded by γ, by Lemma 5 X̂j(t) is analytic for t ∈ B(tj , tj+1 − tj). Also, X̂j(t)
is a solution of the differential equation (A29) for t ∈ [tj , tj+1]. As such, for t ∈ [tj , tj+1] it holds that

dk

dtk
h(t, X̂j(t), π̃j(ỹ)) = (Dkh)(t, X̂j(t), π̃j(ỹ)). (A40)

Since X̂j(tj) = π̃j(x̃), we have that

dk

dtk
h(t, X̂j(t), π̃j(ỹ))

∣∣∣∣
t=tj

= (Dkh)(tj , π̃j(x̃), π̃j(ỹ)). (A41)

Thus, as promised, the Taylor expansion of h(t, X̂j(t), π̃j(ỹ)) from t = tj coincides with the operator evaluated by ωj
on the second line of (A33). Since h is a polynomial, the former function is also analytic in t ∈ B(tj , tj+1 − tj) and

hence, for t ∈ [tj , tj+1], the series converges to h(t, X̂j(t), π̃j(ỹ)) in the limit n→ ∞.
In addition, the norm of the operator in the second term of the right-hand side of eq. (A33) tends to zero for

n→ ∞. This is so because the norm of the evaluated operator is upper bounded by

max
t∈[tj ,tj+1]

∥∥∥∥ (tj+1 − t)n+1

(n+ 1)!
π̃(Dn+1h)(t, x̃, ỹ)

∥∥∥∥ , (A42)

which follows from the spectral measure of π̃(t̃), the fact that π̃(t̃) commutes with π̃(P̃) and the definition of Πj . Let
t⋆ be the maximizer of the expression above. Then, the argument of the operator norm ∥ • ∥ in (A42) is the nth

coefficient of the Taylor expansion of h(t, X̌(t), π̃(ỹ)), from t = t⋆ to t = tj+1, with

X̌(t) := s(t, π̃j(x̃), π̃(ỹ); t
⋆). (A43)

We claim that the fact that the associated ODE with initial time τ = tj and magnitude γ is analytic in B(tj , tj+1− tj)
implies that the associated ODE with initial time τ = t⋆ and magnitude γ is analytic in B(t⋆, tj+1 − t⋆). Therefore,

by Lemma 5, X̌(t) is analytic in B(t⋆, tj+1 − t⋆), and so is h(t, X̌(t), π̃(ỹ)). Consequently, its Taylor term tends to
zero for n→ ∞, and so does the last term of eq. (A33).

To prove the claim, first notice that the solution ξ(t; tj) of the associated ODE with initial time τ = tj and magnitude
γ is also analytic in B(t⋆, tj+1− t⋆), as this region is contained in B(tj , tj+1− tj). Thus, one can Taylor expand ξ(t; tj)
from t⋆ to tj+1, and, due to the form of eq. (A1), its nth Taylor coefficient can be expressed as qn(t

⋆, ξ(t⋆; tj)) for
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some polynomial qn with positive coefficients. On the other hand, the nth Taylor coefficient of the solution ξ(t; t⋆) of

the associated ODE with initial time τ = t⋆ and magnitude γ is qn(t
⋆, γ1⃗M ). Since ξ(t; tj) increases with t, we thus

have that ξ(t⋆; tj) ≥ γ1⃗M entry-wise, and therefore qn(t
⋆, ξ(t⋆; tj)) ≥ qn(t

⋆, γ1⃗M ). The Taylor coefficients of ξ(t; tj)
majorize those of ξ(t; t⋆), and so the Taylor series of the latter must also converge for t ∈ B(tj , tj+1 − tj). The claim
is proven.

We conclude that, for any polynomial h ∈ P̃,

ω (Πj π̃(h)) =

∫
[tj ,tj+1]

dtωj

( ∞∑
k=0

π̃j(Dnh)

k!
(t− tj)

k

)
=

∫
[tj ,tj+1]

dtωj

(
h(t, X̂j(t), π̃j(Y ))

)
, (A44)

hence proving eq. (A29).

Let h ∈ P̃Z . Then,

ωj

(
h(X̂j(tj+1), π̃j(ỹ))

)
− ωj (π̃j(h))

= ωj

(
h(X̂j(tj+1), π̃j(ỹ))

)
− ωj

(
h(X̂j(tj), π̃j(ỹ))

)
=

∫
[tj ,tj+1]

dtωj

(
dh(X̂j(t), π̃j(Y ))

dt

)

=

∫
[tj ,tj+1]

dtωj

(
D(h)(X̂j(t), π̃j(Y ))

)
(A44)
= ω (ΠjD(h)(x̃, ỹ))

(A28)
= ωj+1 (π̃j+1(h))− ωj (π̃j(h)) . (A45)

It follows that, for all h ∈ P̃Z ,

ωj

(
h(X̂j(tj+1), π̃j(ỹ))

)
= ωj+1 ◦ π̃j+1(h(x̃, ỹ)). (A46)

For arbitrary j = 1, . . . ,N − 1 and k ≤ j, we define the function sj(Ȳ ) by recursion:

s1(Ȳ ) = X̄(0),

sj+1(Ȳ ) = s(tj+1, s
j(Ȳ ), Ȳ ; tj). (A47)

That way, we can easily formulate the next proposition.

Proposition 6. For j = 1, . . . ,N , the series sj(π̃1(ỹ)) converges and its entries have norm bounded by γ. Moreover,

for any polynomial µ ∈ P̃Z ,

ω1(µ(s
j(π̃1(ỹ)), π̃1(ỹ))) = ωj(µ(π̃j(x̃), π̃j(ỹ))). (A48)

In addition, sN (π̃1(ỹ)) = π̃1(x̃(1)).

Proof. We will prove the first part of the proposition (namely, eq. (A48) and ∥sj(π̃1(ỹ))i∥ ≤ γ, i = 1, . . . ,M) by
induction on j. For j = 1, the claim is obvious, so let us assume that the claim holds for j−1. First, since sj−1(π̃1(ỹ))
is bounded by γ, by Lemma 5 it follows that the series

sj(π̃1(ỹ)) = s(tj , s
j−1(π̃1(ỹ)), π̃1(ỹ); tj−1) (A49)

converges. Call s(t, X̄, Ȳ ; t′, n) the polynomial in X̄, Ȳ that results when we sum the first n terms of the series (A35).

By the induction hypothesis, we have that, for any polynomial µ ∈ P̃Z and any n ∈ N,

ω1

(
µ(s(tj , s

j−1(π̃1(ỹ)), π̃1(ỹ); tj−1, n), π̃1(ỹ)
)
= ωj−1 (µ(s(tj , π̃j−1(x̃), π̃j−1(ỹ); tj−1, n), π̃j−1(ỹ)) . (A50)

Since the series on both sides converge, we can take the limit n→ ∞. This results in the identity

ω1

(
µ(sj(π̃1(ỹ)), π̃1(ỹ))

)
= ωj−1

(
µ(X̂j−1(tj), π̃j−1(ỹ))

)
. (A51)
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By eq. (A46), the right-hand side equals the right-hand side of eq. (A48). Thus, eq. (A48) is proven to hold for j as
well.

To prove that the entries of sj(π̃1(ỹ)) are bounded by γ, we set

µ(x̃, ỹ) := ν(ỹ)
(
γ2 − x̃2i

)
ν(ỹ)† (A52)

in eq. (A48). This results in the relation

ω1

(
ν(π̃1(ỹ))

(
γ2 − sji (π̃1(ỹ))

2
)
ν(π̃1(ỹ))

†
)
= ωj

(
ν(π̃j(ỹ))

(
γ2 − (π̃j(x̃i))

2
)
ν(π̃j(ỹ))

†) ≥ 0, (A53)

where the inequality follows from the fact that π̃j(x̃i) is bounded by γ. Since the relation holds for arbitrary ν and ω1

is cyclic, we have that the operator between the ν’s on the left-hand side of the equation above is positive semidefinite.
Thus, ∥sj(π̃1(ỹ))∥ ≤ γ. This completes the induction step and so the first part of the lemma holds for all j.
To finish the proof, we need to show that sN (π̃1(ỹ)) = π̃1(x̃(1)). This follows from eq. (A48) with j = N . Indeed,

set µ = ν(ỹ)(x̃i − x̃(1))ν′(ỹ). Then we have that

ω1

(
ν(π̃1(ỹ))(s

N (π̃1(ỹ))− π̃1(x̃(1)))ν
′(π̃1(ỹ))

)
= ωN (ν(π̃N (ỹ))(π̃N (x̃i)− π̃N (x̃(1)))ν′(π̃N (ỹ))) = 0, (A54)

where the last equality follows from the identity π̃N (x̃i) = π̃N (x̃(1)). As before, since the relation holds for all
polynomials ν, ν′ and ω1 is cyclic, it follows that sN (π̃1(ỹ)) = π̃1(x̃(1)).

Proposition 6 allows us to replace expressions containing of ωj , j = 1, . . . ,N by the corresponding expressions with

ω1. For ease of notation, from now on we rename H̃1 → H and ω1 → ψ, and define the representation π : PY → B(H)
through π(p(y)) := π̃1(p(ỹ)). Of course, ψ inherits from ω1 its cyclicity with respect to π(PY ).

Now, consider the trajectory of operators in B(H) given by:

X̂(t) := s(t, sj(π(y)), π(y)), for tj ≤ t ≤ tj+1. (A55)

This is by construction a solution of the differential equation

dX̂(t)

dt
= g(t, X̂(t), π(y)), (A56)

for t ∈ [0, 1], with boundary conditions X̂(0) = π(x(0)), X̂(1) = π(x(1)). From now on, we thus extend the

representation π from PY to P, through π(x(t)) := X̂(t).
In the next lines, we prove that (H, ψ, π) is a feasible point of Problem (1), with the same objective value as

(H̃, ω, π̃).
We first tackle the objective value. First, note that, in the ψ, π notation, Proposition 6 implies, for t ∈ [tj , tj+1],

that

ψ(h(t, s(t, sj(π(y)), π(y); tj , n), π(y)) = ωj(h(t, s(t, π̃j(x̃), π̃j(ỹ); tj , n), π̃j(ỹ))). (A57)

Taking the limit n→ ∞, we have

ψ(h(t, π(x(t)), π(y))) = ωj(h(t,X
j(t), π̃j(ỹ))), for t ∈ [tj , tj+1]. (A58)

Now, let h ∈ P̃. We have that ∫
[0,1]

dtψ(h(t, π(x(t)), π(y)))

=

N−1∑
j=1

∫
[tj ,tj+1]

dtψ(h(t, π(x(t)), π(y)))

(A58)
=

N−1∑
j=1

∫
[tj ,tj+1]

dtωj(h(t,X
j(t), π̃j(ỹ)))

(A44)
=

N−1∑
j=1

ω(Πj π̃ ◦ h(t̃, x̃, ỹ)) = ω(π̃ ◦ h(t̃, x̃, ỹ)), (A59)
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where we made use of the identity
∑
j Πj = 1.

Setting h = f in eq. (A59), we have that

ψ

(∫
[0,1]

dtf(t, π(x(t)), π(y))

)
= ω

(
π̃ ◦ f(t̃, x̃, ỹ)

)
, (A60)

i.e., the objective values of (H, ψ, π), (H̃, ω, π̃) are the same.
We still need to prove that (H, ψ, π) satisfies the constraints of Problem (1). In this regard, the state-dependent

constraints also follow straightforwardly from eq. (A59):∫
[0,1]

dtψ(π(qj(t, x(t), y))) = ω ◦ π̃(qj(t̃, x̃, ỹ)) ≥ 0. (A61)

It remains to prove that π ◦ pk(t, π(x(t)), π(y)) is a positive semidefinite operator for t ∈ [0, 1] and k = 1, . . . ,K.
Since ψ is cyclic in π(PY ), this is equivalent to showing that

ψ

(
h†(π(y))

(∫
[0,1]

dtν(t)pk(t, π(x(t)), π(y))

)
h(π(y))

)
≥ 0, (A62)

for all non-negative polynomials ν(t) in [0, 1] and all polynomials h. By eq. (A59), the left-hand side equals

ω
(
h†(π̃(ỹ))ν(π̃(t̃))pk(π̃(t̃), π̃(x̃), π̃(ỹ))h(π̃(ỹ))

)
. (A63)

The averaged operator above is positive semidefinite10, and so its average over state ω is non-negative.
In sum, (H, ψ, π) is a feasible point of Problem (1), with the same objective value as (H̃, ω, π̃). Theorem 1 has been

proven.

Appendix B: Extensions of the hierarchy

In this appendix, we show how to deal with DNPO problems with more exotic constraints.

1. Time-dependent average constraints

Suppose that we are interested in solving a variant of problem P (eq. (1)), with state constraints of the form (34).
Namely, we wish to enforce time-dependent restrictions on the quantum state.

As it turns out, such constraints admit an easy representation in terms of the auxiliary operators X̃, Ỹ , T̃ and the
state ω.

First of all, under eq. (12), the relation (34) is equivalent to the condition:

ω
(
P (T̃ )Qj(T̃ , X̃, Ỹ )

)
≥ 0 for j = 1, . . . , J, for all polynomials P with P (t) ≥ 0,∀t ∈ [0, 1]. (B1)

Indeed, suppose that eq. (34) holds and let P (t) be a polynomial with P (t) ≥ 0, for t ∈ [0, 1]. By eq. (12) we have
that

ω
(
P (T̃ )Qj(T̃ , X̃, Ỹ )

)
=

∫
[0,1]

P (t)dtψ (Qj(t,X(t), Y )) ≥ 0, (B2)

Let us next assume that (B1) holds. For any t̂ ∈ [0, 1], there exists a sequence of polynomials (Pn(t))n, positive in
t ∈ [0, 1], such that

lim
n→∞

Pn(t) = δ(t− t̂). (B3)

10 This follows from the fact that π̃ ◦ ν(t̃), π̃ ◦ pk(t̃, x̃, ỹ) are positive semidefinite and π̃ ◦ ν(t̃) commutes with π̃ ◦ pk(t̃, x̃, ỹ).
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Invoking eq. (12), we have that

0 ≤ lim
n→∞

ω
(
Pn(T̃ )Qj(T̃ , X̃, Ỹ )

)
= ψ

(
Qj(t̂, X(t̂), Y )

)
, (B4)

and so eq. (34) follows.
Now, by [42], a polynomial P (t) on a variable t ∈ [0, 1] is positive if and only if it admits a decomposition into

polynomials {fj}j , {f+j }j and {f−j }j of the form

P (t) =
∑
j

fj(t)
2 +

∑
j

tf+j (t)
2 +

∑
j

(1− t)f−j (t)2. (B5)

Hence, condition (B1) can be enforced in the SDP relaxations of problem Q by imposing the positive semi-definiteness
of the matrices {Γj ,Γ+,j ,Γ−,j}Jj=1, defined through the relations:

Γjkl = ω̃(t̃k+lQj(t̃, x̃, ỹ))

Γj,+kl = ω̃(t̃k+l+1Qj(t̃, x̃, ỹ)),

Γj,−kl = ω̃(t̃k+l(1− t̃)Qj(t̃, x̃, ỹ)). (B6)

The proof of Theorem 1 generalizes when constraints of the form (34) are dealt with in this way. Thus, under the
Archimedean condition, the corresponding hierarchy of SDPs converges to the solution of the differential problem.

2. More than two boundary conditions

Another interesting extension of problem P is a scenario where the vector variable Y includes, not just the boundary
values X(0), X(1), but (X(t1), . . . , X(tN )), for {tk}k ⊂ [0, 1], with t1 = 0, tN = 1. In order to relax this problem to

a non-commutative polynomial optimization problem, we define the extended operators X̃, Ỹ , T̃ as before, and add
projector-type variables Πk ≡ Θ(tk+1 − T̃ ) − Θ(tk − T̃ ), where Θ denotes the Heaviside function, to the lot. These

projectors not only commute with the auxiliary variables X̃, Ỹ , T̃ , but also satisfy
∑
k Πk = I and, most importantly,

the relation

ω
(
D(h)(T̃ , X̃, Ỹ )Πk

)
= ω

(
h(tk+1, X̃(tk+1), Ỹ )

)
− ω

(
h(tk, X̃(tk), Ỹ )

)
. (B7)

The proof of Theorem 1 similarly extends to this scenario.

Appendix C: Proof of Theorem 2

The proof of Theorem 2 is very similar to that or Theorem 1. There is, however, an extra difficulty. This time, the
state ω1 is cyclic with respect to the algebra generated by the operators π̃1(ỹrest), π̃1(x̃). Namely, to prove that some

operator O ∈ B(H̃1) is positive semidefinite, one must show that

ω1(µ(π̃1(x̃), π̃1(ỹrest))Oµ(π̃1(x̃), π̃1(ỹrest))
†) ≥ 0,∀µ ∈ P̃0. (C1)

Nonetheless, due to the structure of Problem (37), very often we will rather derive something like this:

ω1(µ(X̂(t), π̃1(ỹrest))Oµ(X̂(t), π̃1(ỹrest))
†) ≥ 0, ∀µ ∈ P̃0. (C2)

Our first step is to ensure that the two conditions are equivalent. This is tackled by the next lemma.

Lemma 7. Let X(t) = (X1(t), . . . , XM (t)) be a solution of the differential equation:

dX

dt
= g(t,X(t), Y ), (C3)

for t ∈ [t0, tf ] and, for each i and some R > 0, let Xi(t) be analytic within the region R := {t : |Im(t)| ≤ R,Re(t) ∈
[−R+ t0, tf +R]}. Then, for any t ∈ [t0, tf ], the C

∗-algebra A(t) generated by X(t), Y does not depend on t.



32

Proof. Let τ, τ ′ ∈ [t0, tf ), with r := |τ − τ ′| < R. Then Xi(t) is analytic within the ball {|t − τ | ≤ r} ⊂ R, which
implies that one can expand Xi(t) as a series of powers in t− τ all the way up to t = τ ′. Thus,

Xi(τ
′) = Xi(τ) +

∞∑
k=1

Dk−1(g)(t,X(t), Y )

k!

∣∣∣
t=τ

(τ ′ − τ)k. (C4)

This implies that {Xi(τ
′)}i ⊂ A(τ). Thus, A(τ ′) ⊂ A(τ). The argument is symmetric and so it also holds that

A(τ) ⊂ A(τ ′), and therefore A(τ) = A(τ ′). Now, for any τ, τ ′ ∈ [t0, tf ], with τ < τ ′, one can find R > ∆ > 0, n ∈ N
such that τ + ∆n = τ ′ and the ball {|t − τ + ∆k| ≤ ∆} is contained in ⊂ R, for k = 0, . . . , n. By the previous
argument, we therefore have that A(τ) = A (τ +∆) = . . . = A(τ ′).

Proof of Theorem 2. The last statement of the theorem follows from the proof of [1, Theorem 1]: in a nutshell, if the
Archimedean condition holds independently for the three sets of variables, then the solution of each SDP relaxation
can be taken bounded, and the Banach-Alaoglu theorem [41, Theorem IV.21] guarantees that there is a converging
subsequence of the resulting sequence of triples of partially defined functionals. The limiting triple will satisfy all
constraints of problem (37), and thus the sequence of SDP lower bounds converges to the solution of (37).

For the equivalence between (36) and (37), the second one is clearly a relaxation of the first one. Thus, to prove

the theorem it suffices to show that any tuple of feasible functionals ω̃[0,1], b̃0, b̃1 satisfying the constraints of Problem
(37) can be used to construct feasible operators X(t), Yrest and a state ψ such that

p0k(X(0), Yrest) ≥ 0, for k = 1, . . . ,K0,

p1k(X(0), Yrest) ≥ 0, for k = 1, . . . ,K1,

p
[0,1]
k (t,X(t), Yrest) ≥ 0, for k = 1, . . . ,K[0,1],

dX(t)

dt
= g(t,X(t), Yrest),∫

[0,1]

dtψ(h(t,X(t), Yrest) = ω̃[0,1](h(t̃, x̃, ỹrest)), ∀h ∈ P[0,1],

ψ(h(X(0), Yrest) = b̃0(h(x̃(0), ỹrest)), ∀h ∈ P0,

ψ(h(X(1), Yrest) = b̃1(h(x̃(1), ỹrest)), ∀h ∈ P0. (C5)

The remaining state constraints of problem (35), as well as the preservation of the value of the objective function,
follow from the last three conditions.

As already anticipated, to demonstrate the above we will closely follow the proof of Theorem 1. Given the functionals
ω̃[0,1], b̃0, b̃1, let (H̃[0,1], ω, π̃[0,1]), (H̃0, b0, π̄0), (H̃1, b1, π̄1) respectively be the result of applying the GNS construction
to each of them. We can assume (see the proof of Theorem 1 for details) that the three Hilbert spaces are separable and
that π̃[0,1](t̃) has spectrum [0, 1] and no eigenvalues. Define γ to be the greatest norm of {π̃α(z̄i) : i}α=0,1∪{π̃[0,1](z̃i)}
and let 0 = t1 < . . . < tN = 1 be such that, for each k, the associated ODE (A1) at tk and initial value γ is analytic
in a ball |t− tk| ≤ Rk, with Rk > |tk+1 − tk| (the existence of such a finite set {tk}k is guaranteed by Lemma 4).

To adapt to the notation of the proof of Theorem 1, we define the states ω1 := b0, ωN := b1; and the representations
π̃1 = π̄0, π̃N = π̄1. We also define the states {ωk}N−1

k=2 and representations {π̃k}N−1
k=2 , as the result of applying the

GNS construction to any limiting subsequence of the functionals

ω̃
(n)
k (•) := ω(δn(π̃[0,1](t̃); tk)π̃[0,1](•)), (C6)

with δn(t; tk) defined as in (A14). As shown in the proof of Theorem 1, {ωk}N−1
k=2 are positive, normalized states,

∥π̃k(z̃i)∥ ≤ γ and π̃k(t̃) = tk, for k = 1, . . . ,N − 1. The same holds for ω1, ωN , if we define π̃1(x̃) := π̃1(x̃(0)),
π̃1(t̃) := 0, π̃N (x̃) := π̃N (x̃(1)), π̃N (t̃) = 1.

The same argument that led to eq. (A44) also holds, but this time the formula only applies to polynomials h ∈ P[0,1].
Namely, we have that:

ω
(
Πj π̃[0,1](h)

)
=

∫
[tj ,tj+1]

dtωj

( ∞∑
k=0

π̃j(Dnh)

k!
(t− tj)

k

)
=

∫
[tj ,tj+1]

dtωj

(
h(t, X̂j(t), π̃j(yrest))

)
, (C7)

for all h ∈ P[0,1], where {Πk}k are the projectors:

Πk := Θ(tk+1π̃[0,1](t̃))−Θ(tkπ̃[0,1](t̃)), (C8)
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and X̂j is defined through eq. (A34), but replacing ỹ with ỹrest.
Next, one would have to prove an analog of Proposition 6. First, for arbitrary j = 1, . . . ,N − 1 and k ≤ j, we

define the functions:

s1(X̄, Ȳrest) = X̄(0),

sj+1(X̄, Ȳrest) = s(tj+1, s
j((X̄, Ȳrest)), Ȳrest; tj). (C9)

We can now formulate the modified proposition:

Proposition 8. For j = 1, . . . ,N , the series sj(π̃1(x̃), π̃1(ỹrest)) converges and its entries have norm bounded by γ.

Moreover, for any polynomial µ ∈ P̃[0,1],

ω1(µ(s
j(π̃1(x̃), π̃1(ỹrest)), π̃1(ỹrest))) = ωj ◦ π̃j(µ). (C10)

Proof. The proposition holds for j = 1 trivially. Assuming that the proposition holds for j − 1, we prove that it also
holds for j. Following mutatis mutandis the proof of Proposition 6, one shows that eq. (C10) holds for j. To complete
the induction step, we must prove that sj(π̃1(x̃), π̃1(ỹrest)) is norm-bounded by γ. To do that, we set

µ(x̃, ỹ) := ν(x̃, ỹrest)
(
γ2 − x̃2i

)
ν(x̃, ỹrest)

† (C11)

in eq. (C10). The result is:

ω1

(
ν(X̌(tj), π̃1(ỹrest))

(
γ2 − X̌i(tj)

)
ν(X̌(tj), π̃1(ỹrest))

†)
= ωj ◦ π̃j

(
ν(x̃, ỹrest)

(
γ2 − x̃2i

)
ν(x̃, ỹrest)

†) ≥ 0, (C12)

where, for t ∈ [tj−1, tj ], X̌(t) is defined as:

X̌(t) = s(t, sj−1(π̃1(x̃), π̃1(ỹrest)), π̃1(ỹ)). (C13)

Note that, by Lemma 5, the series above converges and X̌(t) is the solution of the equation

dX(t)

dt
= g(t,X(t), π̃1(ỹrest)),

X(tj−1) = sj−1(π̃1(x̃), π̃1(ỹrest)). (C14)

By the induction hypothesis and Lemma 5, X̌(t) can be extended to t ∈ [0, tj ] so that X̌(t) satisfies the equation

above for t ∈ [0, tj ] with X̌(0) = π̃1(x̃). Moreover, X̌(t) is analytic in Z =
⋃j
k=0{|t − tk| ≤ Rk}, which implies that

there exists R > 0 such that {|Im(t)| ≤ R,−R ≤ Re(t) ≤ tj +R} ⊂ Z. The conditions for Lemma 7 are thus fulfilled,

and so the C∗-algebras generated by {X̌(t), π̃1(ỹrest)} and {π̃1(x̃), π̃1(ỹrest)} coincide. Since eq. (C12) holds for all ν,
we have that

ω1

(
ν(π̃1(x̃), π̃1(ỹrest))

(
γ2 − X̌i(tj)

)
ν(π̃1(x̃), π̃1(ỹrest))

†) ≥ 0. (C15)

Now, ω1, the result of a GNS construction, is a cyclic state, so the above implies that

γ2 − sji (π̃1(x̃), π̃1(ỹrest)) = γ2 − X̌i(tj) ≥ 0, (C16)

that is, ∥sji (π̃1(x̃), π̃1(ỹrest))∥ ≤ γ.

Next, we rename H̃1 → H and ω1 → ψ, and define the representation π : P → B(H) through

π(yrest) := π̃1(ỹrest),

π(x(t)) := X̂(t),

(C17)

where

X̂(t) := s(t, sj(π(x(0)), π(yrest)), π(y)), for tj ≤ t ≤ tj+1. (C18)
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By Proposition 8, this operator is well-defined for t ∈ [0, 1] (because all involved series converge). Moreover, by
Lemma 5, it is a solution of the differential equation

dX̂(t)

dt
= g(t, X̂(t), π(yrest)), (C19)

which admits an analytic extension to Z =
⋃j
k=0{|t − tk| ≤ Rk} ⊃ {|Im(t)| ≤ R,−R ≤ Re(t) ≤ tj + R}, for some

R > 0. By Lemma 7, we thus have that the C∗-algebras A(t) generated by X(t), Y rest satisfy A(t) = A(0), for all
t ∈ [0, 1].

Following the proof of Theorem 1, we derive the analog of eq. (A59):∫
[0,1]

dtψ(h(t, π(x(t)), π(yrest))) = ω(π̃[0,1] ◦ h(t̃, x̃, ỹrest)). (C20)

Similarly,

ψ(h(π(x(0)), π(yrest))) = ω1(h(π̃1(x̃(0)), π̃1(ỹrest))),

ψ(h(π(x(1)), π(yrest))) = ωN (h(π̃N (x̃(1)), π̃N (ỹrest))), (C21)

where the two identities follow from the definition of (H, ψ, π) and Proposition 8. This allows us to prove that (H, ψ, π)
satisfies the last three lines of eq. (C5).

For the operator constraints, the first three lines of eq. (C5), let ν(t) be a polynomial, non-negative in t ∈ [0, 1].
From eq. (C20), we have that, for any polynomial h,∫

[0,1]

dtψ(ν(t)h(π(x(t)), π(yrest))p
[0,1]
k (t, π(x(t)), π(yrest))h(π(x(t)), π(yrest))

†)

= ω ◦ π̃[0,1]
(
ν(t̃)h(x̃, ỹrest)p

[0,1]
k (t̃, x̃, ỹ)h(x̃, ỹrest)

†
)
≥ 0. (C22)

Since this holds for all positive polynomials ν(t), it follows that, for all t ∈ [0, 1],

ψ(h(π(x(t), π(yrest))p
[0,1]
k (t, π(x(t)), π(yrest))h(π(x(t), π(yrest))

†) ≥ 0. (C23)

As this relation holds for all h and A(t) = A(0), we have that

ψ ◦ π(h(t, x(0), yrest)p[0,1]k (t, x(t), yrest)h(t, x(0), yrest)
†) ≥ 0, (C24)

for all polynomials h. By cyclicity of ψ, this implies that

π(p
[0,1]
k ) ≥ 0. (C25)

The operator constraints

π(pαk ) ≥ 0, (C26)

for α ∈ {0, 1} are proven similarly. It follows that (H, ψ, π) satisfies eq. (C5). The theorem is proven.

Appendix D: Spin systems in the thermodynamic limit

In the following lines, we explain why Theorem 3 holds. Our starting point is the net (ω̃κ)κ, where ω̃κ :=

(ω̃κ[0,1], b̃
κ
0 , b̃

κ
1 ) denotes a solution of the SDP (79), with κ = (kσ, kt, n). We need to show that this net implies

the existence of a Hilbert space H, operators {σ(k)
a : a = 1, 2, 3}k∈Z and a TI state ψ such that conditions (81) and

(82) hold.
The proof is essentially identical to that of Theorem 2, so we just focus on solving the theoretical hurdles that

appear when one tries to adapt the methods of Appendix C to systems with an infinite number of operator variables.
There are four such hurdles:
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• The Archimedean condition is not independently satisfied, because σ̃, σ̃(0), σ̃(1) represent infinite sets of vari-
ables. This is not a real problem: it suffices when, for each non-commuting variable x̃i, we have that the
polynomial

Ki − x̃2i (D1)

is SOS (with respect to the set of operator constraints of the set of variables to which x̃i belongs) for some
Ki ∈ R+. This is the case in our problem, since

1− (σ̃(k)
a )2, 1− σ̃(k)

a (0)2, 1− σ̃(k)
a (1)2 (D2)

are operator identities and

1− t̃2 =
√
2(t̃− t̃2)

√
2 + (1− t̃)2. (D3)

Condition (D1) is, indeed, enough to bound the values of ω̃κ, see the proof of [1, Theorem 1]. Like their finite-
variable counterparts, these functionals are defined by their (bounded) values on a countable set of monomials.
Thus, one can invoke the Banach-Alaoglu theorem as usual and deduce the existence of a subnet (h(κ′))κ′ such

that the limit limκ′→∞ ω̃h(κ
′) exists.

• The limiting functionals ω̃[0,1], ω̃0, ω̃1 can only evaluate polynomials spanned by products of operator vari-

ables corresponding to the qubits (1, 2, . . .) (and also products of t̃, when we deal with ω̃[0,1]). To arrive at

translation-invariant functionals, respectively defined for all polynomials in P̃[0,1], P̃0, P̃1, we thus extend the
original functionals in this form:

ω̃α(p) := ω̃α(Tk(p)(p)), (D4)

where k(p) is any natural number k such that Tk(p) only contains operators pertaining qubits 1, 2, . . .. This
definition is consistent due to LTI.

• Following the proof of Theorem 2 would require applying the GNS construction to the functionals ω̃[0,1], ω̃0, ω̃1 on
polynomials with infinitely many variables. This is not problematic. Moreover, since the three sets of variables
are countable, the constructed Hilbert space will be separable in each case.

• Define the polynomial

ga(σ̃
(k−1), σ̃(k), σ̃(k+1)) := iτ [H(σ̃), σ̃(k)

a ]. (D5)

The proof of Theorem 2 relies on Lemma 4, which in turn requires that the (classical) ODE

dξ
(k)
a (t)

dt
= g+a (ξ

(k−1)(t), ξ(k)(t), ξ(k+1)(t)),

ξ(k)a (τ) = γ > 0, (D6)

admits an analytic solution for some open ball around τ = 0 in the complex plane. In Appendix A, this was
dealt with by invoking the Cauchy-Kovalevskaya theorem [39]. However, this theorem does not apply here, since

the vector of variables (ξ
(k)
a )a,k is infinite.

Nonetheless, we next show that eq. (D6) does admit an analytic solution around t = 0. Consider the simpler
ODE:

dξa(t)

dt
= g+a (ξ(t), ξ(t), ξ(t)), a = 1, 2, 3,

ξa(0) = γ > 0, a = 1, 2, 3. (D7)

This system of ODEs is finite dimensional, so Cauchy-Kovalevskaya applies: for some R > 0, there exists a

solution ξ̂(t) of eq. (D7), analytic in |t| ≤ R. Define ξ̂
(k)
a (t) := ξ̂a(t). Then, (ξ̂

(k)
a (t))a,k is an analytic solution

of (D6); note, indeed, that ξ̂
(k)
a (0) = ξ̂a(0) = γ and

dξ̂
(k)
a (t)

dt
=
dξ̂a(t)

dt
= g+a (ξ̂(t), ξ̂(t), ξ̂(t)) = g+a (ξ̂

(k−1)(t), ξ̂(k)(t), ξ̂(k+1(t)). (D8)

From this point on, one can follow the proof of Theorem 2 without further obstructions.
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