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How many T gates are needed to approximate an arbitrary n-qubit quan-
tum state to within error €? Improving prior work of Low, Kliuchnikov, and
Schaeffer, we show that the optimal asymptotic scaling is

o (W + log(l/e))

if we allow ancilla qubits. We also show that this is the optimal T-count for
implementing an arbitrary diagonal n-qubit unitary to within error €. We
describe applications in which a tensor product of many single-qubit unitaries
can be synthesized in parallel for the price of one.
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1 Introduction

The Gottesman-Knill theorem [Got98] reveals a remarkable corner of Hilbert space occu-
pied by Clifford circuits and stabilizer states — classically efficiently simulable but never-
theless equipped with genuinely quantum features such as many-body entanglement and
superposition. Only non-Clifford operations can move us out of this corner, a requirement
for universal quantum computation. A standard choice is to compile quantum circuits
using the Clifford+7 gate set, in which only the single-qubit T = diag(1, e'™/*) gate! is
non-Clifford.

In recent years there has been an interest in quantifying how much non-Cliffordness,
aka magic, is required to implement quantum states and operations (see e.g., [VMGE14,
BSS16, BBCT19, LOH22]). This directly relates to the cost of fault-tolerant quantum
computation based on 2D stabilizer error correcting codes such as the surface code, where
the implementation of T gates using magic state distillation is vastly more costly than the
transversal implementation of Clifford gates [BK05].2 A second reason to study quantum
magic is its relevance to classical simulation of quantum computers: extensions of the
Gottesman-Knill theorem give rise to classical simulation algorithms with a cost that
scales polynomially in all parameters except the number of non-Clifford gates [BSS16,
BG16, BBCT19]. Another line of work has explored the role that magic plays in quantum
many-body physics and phases of matter [LW22, EKLH21].

So how much magic is needed to make a quantum state, in the worst case? In particular,
let us consider the number of T' gates, or T'-count, required to e-approximate an arbitrary
n-qubit state to within e-error in the 5 norm. Here we consider unitary state preparation
circuits composed of Clifford and T gates.

For n = 1, a remarkable series of works incorporated techniques from algebraic number
theory to give a fairly complete answer to this question [KMM13, Sell5, RS16]. The
algorithm of Ross and Selinger [RS16] computes a sequence of® O(log(1/¢)) single-qubit H
and T gates that e-approximates a given single-qubit unitary U (or prepares a 1-qubit state
U|0)), matching information-theoretic lower bounds [HRC02, BCHK20]. These methods
leverage beautiful structural properties of the group generated by single-qubit Clifford
and T gates established in [KMM13] to outperform the well-known approximate synthesis
technique based on the Solovay-Kitaev theorem [NC10].

These methods can also be used to prepare an n-qubit state; one can first express it as
U|0™) where U is a sequence of O(2") CNOT and single-qubit gates (see e.g., [BBC195]),
and then use the Ross-Selinger algorithm [RS16] to approximate each of the single-qubit
gates as a sequence of H and T gates. In this way one can upper bound the number of T’
gates for n-qubit state preparation as O(2"(n+log(1/¢))). Note that this is also an upper
bound on the total number of gates used. Surprisingly, [LKS24, Section 3] showed that
the T-count of n-qubit state synthesis can be improved by almost a square-root factor to

0 (,/2nnlog(n/s) + 1og2(n/e)> , (1)

if we allow the use of ancilla qubits that are prepared and returned to the all-zeros state.*

'We use diag(ci, ..., cm) to denote the diagonal matrix with ci, ..., cm on the diagonal in order.

2A recent line of research [Lit19, GSJ24] shows that 7' gates might not be as expensive as previously
thought for certain architectures and fault tolerance schemes.

3In this paper, asymptotic notations O(-), Q(-) only hide absolute constants that do not depend on any
parameter, and log(x) is the base 2 logarithm of z.

1t is possible to tighten their analysis to give better (but still sub-optimal) results. See Section B for

Accepted in { Yuantum 2026-06-20, click title to verify. Published under CC-BY 4.0. 2



The synthesis algorithm of [LKS24] has two important ingredients. The first ingredient
is a state preparation method proposed by Grover and Rudolph [GR02], which we now
describe. For simplicity suppose the target state [¢) = 3 ¢ (013" az|z) has non-negative
real amplitudes a, > 0. Then, starting with |0"), we first apply a single-qubit rotation

on the first qubit to ensure it has the correct marginal, ie., [0) — /> ..., —o@2[0) +

\/ 2wz, =1 @2|1). Then, controlled on the first qubit, we rotate the second qubit to have

the correct marginal. We repeat this process until the n-th qubit. This reduces state
preparation to the task of synthesizing n multiply-controlled single-qubit unitaries, or
(using Euler angles) 3n diagonal multiply-controlled single-qubit unitaries. The second
ingredient is a method for approximating diagonal controlled single-qubit unitaries that
starts with a b = O(log(n/e))-bit approximation of the rotation angle and then implements
a controlled rotation corresponding to each bit. The technique used to implement the latter
controlled rotations can be viewed as a generalization of the fact that an n-qubit Boolean
diagonal unitary, with nonzero entries in +1, can be implemented with T-count © (\/27)

[Nec62, Sch89, Mas16, LKS24].

If we look beyond the headline square-root dependence /27, we can identify contribu-
tions to the T-count from each of these two ingredients that we might hope to improve: an
overhead from the Grover-Rudolph method that scales with the number of qubits n (under
the square root in the first term of (1)) as well as an overhead that scales as log?(n/e)
that arises from implementing b controlled single-qubit rotations, each to within e-error.

In this work we show that indeed both of these overheads can be avoided. Our main
result is the following improvement which gives an optimal upper bound on the T-count
of an n-qubit state.

Theorem 1.1 (Quantum state preparation with optimal T-count). Any n-qubit state can
be prepared up to error € by a Clifford+T circuit starting with the all-zeros state using

0 ( 27 log(1/) + log(1 /5)> 2)

T gates and ancillas.” Furthermore, no Clifford+T circuit (even with measurements and
adaptivity) can use asymptotically fewer T' gates.

More precisely, for any n-qubit state L’L/J>, we show there is a Clifford+T circuit U such
that U[0™)|0%) = [¢)]|0%), where |||¢)) — |[¢}|| < e. The T-count of U and a, the number of
ancillas used, are upper bounded by (2).

The lower bound in Theorem 1.1, which we formally establish in Theorem 4.1, holds
in an even stronger model that we call adaptive Clifford+T circuits (defined formally in
Section 4). In this model, the algorithm may apply mid-circuit measurements and any
future gates may depend on the outcomes of prior measurements. Such a circuit naturally
outputs a mixed state, and even if we only require this state to be e-close to the target state
in trace distance, we show that the lower bound on T-count in (2) still holds. The lower
bound is established combining the 2(log(1/¢)) lower bound from [BCHK20], which holds

for adaptive Clifford+T circuits, and a slight generalization of the 2 ( 2" log(1/ 5)) lower
bound in [LKS24], which only holds for unitary Clifford+7 circuits.® Thus Theorem 1.1

details.
This construction uses O(2" log(1/¢)) Clifford gates.
SWe thank Luke Schaeffer for confirming that their Q( n2n log(l/s)) lower bound at the end of

[LKS24, Section 5] should actually be Q (\/2" log(l/a)).
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represents the best of both worlds, with the upper bound being established in the weak
model, but the lower bound being established in the strong model.

The circuit in Theorem 1.1 is obtained by refining each of the two ingredients in
the LKS construction to avoid the overheads described above. We now describe our
refinements.

For the first ingredient, we use a variant of recent methods from [INN 22, Ros24] which
reduce quantum state synthesis to the synthesis of O(1) diagonal unitaries — far fewer than
are needed in the Grover-Rudolph method. We start with a coarse approximation: we use
just two Boolean diagonal unitaries to construct a state |¢) that has a constant overlap with
the target state [¢) (i.e., € is a constant). Specifically, we show that there exist two diagonal
unitaries By, B2 with diagonal entries in +1, such that |¢) := BoH®"BiH®"|0") has a
constant overlap with |¢). Starting from this coarse approximation, we use an idea from
[Ros24] to improve the accuracy to the desired value of €. Since |¢) already has a constant
overlap with |¢), intuitively their difference |1)) — |¢) should have a small length. Then
our goal becomes to construct |1)) — |¢), for which we again have a coarse approximation.
Iterating this, we obtain [¢) in the limit, where the error decays exponentially: |[¢)) is

e-close to
O(log(1/e))

WYy =8 > o) (3)

k=0

for some constants § and ~y, where each |¢y) = Bék)H ®"Bik)H ®1|0") is a coarse approx-
imation of the previous step. To prepare this state, we use the LCU (linear combination
of unitaries) method along with amplitude amplification, see Subsection 3.3 for details.

For the second ingredient, we give a new method to synthesize diagonal unitaries with
optimal T-count.

Theorem 1.2 (Diagonal unitary synthesis with optimal T-count). Any diagonal unitary
on n qubits can be implemented up to error € by a Clifford+T circuit using

O <\/2" log(1/¢) +log(1/5)> (4)

T gates and ancillas.” Furthermore, no Clifford+T circuit (even with measurements and
adaptivity) can use asymptotically fewer T gates.

Here, the distance between two unitaries is the operator norm (aka spectral norm) of
their difference, i.e., U implements V to error ¢ if |[U — V|| = ¢. The lower bound in
Theorem 1.2, which is formally proved in Theorem 4.2, holds in the stronger model of
adaptive Clifford+7T circuits, as before. The lower bound is proved by a reduction to the
previous lower bound; see Section 4 for details.

To prove the upper bound from Theorem 1.2, we first note that an n-qubit diagonal
unitary D can be regarded as a single-qubit diagonal unitary G, controlled on n — 1
qubits |y). Now we use the fact that any single-qubit unitary G, can be approximated
by a sequence of O(log(1/¢)) Hadamard and T gates (using no ancillas) [KMM13, Sell5,
KMM15, RS16]. To synthesize D, we start by applying a Boolean oracle B: |y)|z)|0) —
ly)|2)|sy), where y € {0,1}"7 L, 2 € {0,1}, and s, is a binary string of length O(log(1/¢))
that describes a sequence of H and T' gates that e-approximates G. This Boolean oracle B
can be implemented with T-count O <«/2” 10g(1/6)> [Mas16, LKS24]. After this step, we

apply a sequence of controlled-Hadamard and controlled-T" gates on the n-th qubit, each

"This construction uses O(2" log(1/¢)) Clifford gates.
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controlled on a bit of |s,). The total T-cost of this last step is O(log(1/¢)), proportional to
the length of s,. Finally, we uncompute the Boolean oracle B, returning the third register
to the all-zeros state.

We note that it is possible to directly improve on the state synthesis technique from
[LKS24] using Theorem 1.2; this gives a better T-count than (1), but still worse than the
optimal bound (2). See Section B for details.

1.1 Applications

There are some immediate gains by using our bounds in place of those from [LKS24]
in known applications. For instance, we obtain slight improvements to the state-of-the-
art lower bound on the stabilizer rank of magic states, due to Mehraban and Tahmasbi
[MT24].% Our results also improve some related lower bounds concerning decompositions
of Boolean functions as linear combination of quadratic functions [FHH" 14]; see [MT24]
for details. We can also obtain improved bounds for “partial unitary synthesis” where the
goal is to implement the first K columns of an n-qubit unitary. Here state preparation
corresponds to the case of K = 1 and unitary synthesis is the case of K = 2". Using House-
holder reflections [Hou58], this can be reduced to the task of preparing up to K different
n-qubit states [Klil3, LKS24]. Via this reduction and with our Theorem 1.1, we obtain
a T-count of O (K 27 Jlog(K/e) + K log(K /5)), which similarly shaves polylogarithmic
factors from the bounds in [LKS24].

Below we discuss two further applications of Theorem 1.2 to synthesizing tensor prod-
ucts of single-qubit unitaries.

Batched Synthesis of Single-Qubit Unitaries. Results from [Sell5, BCHK20] show
that synthesizing a single-qubit unitary has T-count O(log(1/¢)). What is the cost of
implementing m single-qubit unitaries U; ® - - - ® Uy, to error €?° The most natural bound
would be O(mlog(m/e)) by implementing each up to €/m error. Surprisingly, a corollary
of our previous result implies that the total cost remains the same log(1/¢) even if m has
slightly superconstant dependence on 1/e.

Theorem 1.3. Let m = O(loglog(1/¢)) be an integer. A tensor product of m (potentially
different) single-qubit unitaries Uy @ --- @ Uy, can be implemented up to error € by a
Clifford+T circuit using O (log(1/€)) T gates and ancillary qubits.'

Theorem 1.3 is a simple consequence of Theorem 1.2. To see this, note that we can
use the Euler angle decomposition to express each single-qubit unitary U; as a sequence
of Hadamards and at most 3 diagonal unitaries, i.e, U; = D3 jHD> ;HD j, where D ;
are diagonal single-qubit unitaries for i € {1,2,3} and j € [m]. This reduces our synthesis
task to the case in which all the single-qubit unitaries are diagonal; clearly it is enough
to synthesize D; 1 ® D;j2 @ --- ® D;, for i = 1,2,3. But now we can apply Theorem 1.2
which implies that any loglog(1/e)-qubit diagonal unitary can be implemented with 7-
count O(log(1/e)).

An interesting direction for future work would be to improve on this batched synthesis
result (or show that improvements are not possible). In particular, it is an open question

8In particular, we can shave off two factors of log m to get a slightly improved bound for the approximate
stabilizer rank xs(|T)®™) = Q (b;”%m) for § = Q(1).

9Here ¢ is the operator-norm error in approximating the entire unitary Uy ® - - - ® Up,.

10This construction uses O(log(1/¢)) Clifford gates.
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whether or not an exponentially strengthened version of the above theorem holds with
m = Q(log(1/e)).

Mass Production of a Single-Qubit Unitary. The batched synthesis result (The-
orem 1.3) focused on implementing m different single-qubit unitaries. It is natural to
ask what happens if we want to prepare m identical single-qubit unitaries. This is called
“mass production” [Uli74, Uhl92, Kre23] in circuit synthesis and lives in a richer family of
direct sum problems; see the survey [Pan12] for details. As an application of Theorem 1.2,
we prove the following optimal T-count for mass production of a single-qubit unitary.

Theorem 1.4. Let U be an arbitrary single-qubit unitary. Then U®™ can be imple-
mented up to error e by a Clifford+T circuit using O (m +log(1/¢)) T gates and ancillary
qubits.''  Furthermore, no Clifford+T circuit (even with measurements and adaptivity)
can use asymptotically fewer T gates.

The bound in Theorem 1.4 is indeed better than the one in Theorem 1.3 if the goal is
to implement the same unitary several times: Theorem 1.4 shows that using O(log(1/¢))
T gates, we can prepare m = O(log(1/e)) copies of a given single-qubit unitary U, in
contrast to Theorem 1.3, which says we can implement m = O(loglog(1/¢)) (potentially
different) unitaries.

Theorem 1.4 is also a corollary of Theorem 1.2. Using the Euler angle decomposition,
we can reduce to the case where U is diagonal, say, U = diag(1,¢e?). Then U®™|z) =
ehe |y, where h, € {0,1,...,m} is the Hamming weight of € {0,1}. Therefore,
we can first compute the Hamming weight into a second register containing L = [logm]
qubits |z) — |z)|hs), then apply the corresponding phase change |h,) — ¢®"=|h,). The
first step can be done with O(m) complexity in a standard way (see Fact 2.6 for details).
For the second step, since h, has L bits, the phase change is a diagonal unitary on L =
[logm] qubits, which can be implemented with T-count O (\/mlog(l/&:) + log(l/s)) <
O (m +log(1/e)) by Theorem 1.2.

Note that one can implement a similar but sub-optimal strategy without the use of
Theorem 1.2, see, e.g., [BCHK20, Section 3.2]. Indeed, one can implement the second step
as R(0) ® R(20) ® ... R(2%0)|hy) = €= |h,) where R(a) = diag(1, ') and then use the
Ross-Selinger algorithm to approximate each single-qubit gate R(2%6) to within error /L.
This strategy gives an overall T-count of

O(m+ L -log(L/e)) = O(m + log(m) log(log(m)/e)) (5)
= O(m + log(m)log(1/¢)), (6)

which is worse than the optimal bound given above.

Finally we remark that it is easy to see that the T-count upper bound O(m+log(1/¢))
from Theorem 1.4 is asymptotically tight. On the one hand, the Q(log(1/e)) T-count lower
bound holds even if m = 1 [BCHK20]. On the other hand, if U is the T' gate, we cannot
hope to compress T®™ in a generic way, which otherwise contradicts the optimality of
Theorem 1.1. See details in Subsection 2.2.

Discussion. In this work we have characterized the worst-case T-count of quantum
states and diagonal unitaries. A challenging open question is to understand the optimal
T-count for general n-qubit unitaries. We can prove an (2") T-count lower bound (see

"This construction uses O(mlog(1/¢)) Clifford gates.

Accepted in { Yuantum 2026-06-20, click title to verify. Published under CC-BY 4.0. 6



Theorem 4.3 for details). However there is a glaringly large gap between this lower bound
and the best known upper bound O (21'5”) [LKS24, Ros21]. This upper bound is obtained
in [LKS24] by reducing the unitary synthesis task to that of preparing 2" n-qubit states,

each of which uses O (\/ 2”) T gates; [Ros21] also shows how to synthesize a unitary

efficiently with O (\/ 2”) calls to a 2n-qubit Boolean oracles, each of which needs O(2") T

gates (see Lemma 2.1).

While our focus is on T-count and our construction gives the asymptotic optimal
bound, the number of Clifford gates in our state preparation circuit is O(2"log(1/¢)),
which can be verified given the explicit description of our synthesis procedure. This bound
is close to the optimal ©(2"/n) lower bound. In particular, if the goal is to minimize total
gate count, we can replace Lemma 2.1 and Remark 2.2 with the construction that achieves
the O(2"/n) gate count for Boolean functions; then our final circuit will have O(2"/n)
gates, albeit a similar amount of T gates. It remains an open problem whether it is possible
to achieve O(y/2") T-count and O(2"/n) total gate count at the same time.

We emphasize that our savings on the T-count is made possible with the use of ancillary
qubits, which is also necessary by a simple counting argument. By tuning the construction
for Lemma 2.1 with different number of ancillas and T-count, we believe our construction
achieves near optimal tradeoffs between ancillas and T-count (with some logarithmic slack
in n and 1/¢). The best achievable tradeoff between these two metrics is still unknown.

A similarly interesting question is to study the T-depth in place of T-count. The most
depth-consuming part in our construction is the synthesis of (Boolean) diagonal unitaries,
which, in light of Remark 2.2, should be poly(n). The optimal T-depth is still open and we
expect that the lower bound side will be significantly more challenging, if given unbounded
ancillas.

Subsequent Work. A recent followup by Tan [Tan25] showed how to improve the
unitary synthesis T-count to 0(24"/ 3). This is a significant improvement over the afore-
mentioned O(2!°") bound, but is still far from the Q(2") lower bound.

Paper Organization. The remainder of the paper is organized as follows. In Sec-
tion 2, we establish the optimal T-count for diagonal unitaries (Theorem 1.2) and in
Subsection 2.1 and Subsection 2.2 we describe the applications to batched synthesis (The-
orem 1.3) and mass production (Theorem 1.4). In Section 3, we bring in other techniques
and prove the optimal T-count for state preparation (Theorem 1.1). Detailed proofs of
lower bounds for Theorem 1.1 (as Theorem 4.1) and Theorem 1.2 (as Theorem 4.2) are
presented in Section 4. A canonical form for Clifford+7" circuit with Pauli postselections
is proved in Section A, which generalizes [BCHK20]. An improved analysis of [LKS24] is
in Section B.

2 Diagonal unitary synthesis with optimal T-count

In this section, we prove Theorem 1.2 (restated below) and give details of the applications
described in the previous section.

Theorem 1.2 (Diagonal unitary synthesis with optimal T-count). Any diagonal unitary
on n qubits can be implemented up to error € by a Clifford+T circuit using

0 <,/2n log(1/2) + log(1 /5)) (4)
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T gates and ancillas.'?> Furthermore, no Clifford+T circuit (even with measurements and
adaptivity) can use asymptotically fewer T gates.

In Theorem 1.2, the diagonal entries of the diagonal unitary D can be arbitrary com-
plex numbers of magnitude 1. An important special case is obtained by restricting to
“Boolean phase oracles”: diagonal unitaries with +1 diagonal entries. Such unitaries can
be implemented using Clifford+7 circuits with zero error. Moreover, it is known how
to achieve this using very few T' gates [Nec62, Sch89, Mas16, LKS24]. We shall use the
following statement which is phrased in terms of the standard oracle that computes the
Boolean function into an ancilla register.

Lemma 2.1 ([LKS24, Theorem 2]). Let b > 1 be an integer and f: {0,1}"* — {0,1}® be
an arbitrary Boolean function. Define Uy as the unitary mapping |x)|y) to |x)|y® f(z)) for
all z € {0,1}",y € {0,1}. Then Us can be implemented exactly by a Clifford+T" circuit

using O (\/b : 2”) T gates and ancillary qubits.'3

Remark 2.2. We sketch the idea to prove Lemma 2.1. Assume f has a classical circuit
consisting of XOR, gates and AND gates with bounded fan-in. By converting XOR, gate
into CNOT gate (which is Clifford) and AND gate into Toffoli gate (which has a constant
T-count), we can synthesize Uy with T-count proportional to the number of AND gates.
The latter quantity is termed “multiplicative complexity” in the classical complexity the-
oretic literature and is thoroughly studied in e.g., [Nec62, Sch89]; here we also give a brief
overview of the upper bound.

Assume b = 1 for simplicity. One way to compute f is to gradually fix each input
bit: f(x) = (x1 A fi(za,...,xn)) ® falze,...,x,), where fy (resp., f1 @ f2) is f with z1
fixed to O (resp., 1). Let d € [n] be an integer to be optimized later. If we iterate the
above expansion for z1, ..., x4, then we need 2¢ AND gates and it remains to compute 2¢
Boolean functions on 441, ...,2,. Now observe that once all conjunctions A;cgz;, for
S C{d+1,...,n} are computed (which takes 2"~¢ AND gates'?), we just need to XOR
some of them for each one of the remaining 2¢ Boolean functions. Therefore, the total
number of AND gates is 2¢ 4+ 279 which has the claimed minimum value O(y/2") by
setting d = n/2. In the case of b > 1, an analogous calculation shows the total number of
AND gates is roughly b-2¢ + 2"~¢ which has minimum value O(v/b - 27) as claimed.

Note that the number of XOR gate used is O(b - 2™).

We shall also use the known T-optimal synthesis of single-qubit unitaries without
ancillas [KMM13, Sell5, KMM15, RS16].

Lemma 2.3 ([Sell5, RS16]). Any single-qubit unitary with determinant 1'5 can be im-
plemented up to error € by a Clifford+T circuit using O(log(1/e)) T gates and without
ancillary qubits.'

12This construction uses O(2" log(1/e)) Clifford gates.

13This construction uses O(b - 2™) Clifford gates.

'To see this, note that each |S| = k is an AND of some size-(k — 1) conjunction and one extra variable.
Therefore, building on size-(< k) conjunctions, we only need to introduce (”;d) AND gates to get size-
(< k) conjunctions. So the total cost is ), ., (";d) < 2nd,

'5As noted in [Sell5], this determinant condition is needed since a Clifford+7 circuit has determinant
in {e”’r/4: t=0,1,...,7}. This is not a problem in practice because the determinant can be adjusted by
multiplying the unitary with a global phase.

15Tn particular, the number of Clifford gates is also O(log(1/e)).
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Below we give the proof of Theorem 1.2. The idea is to view the diagonal unitary D
as a single-qubit unitary acting on the nth qubit, controlled on the state of the first n — 1
qubits. For each fixed value of the control bits, we have a single-qubit unitary that can be
approximated by a sequence'” of Hadamard and T' gates using Lemma 2.3. To implement
D, we first use Lemma 2.1 to compute a Boolean function that takes as input the n — 1
control bits, and outputs a description of the approximating sequence of Hadamard and
T gates into an ancilla register. Controlled on this ancilla register, we then apply the
corresponding sequence of single-qubit gates.

Proof of Theorem 1.2. Let D = diag(ay, ..., aon) where oy, ..., agn are complex numbers
on the unit circle. Define a diagonal unitary D’ = diag(ay,aq,...,aon,qn) on n + 1
qubits, where @; is the complex conjugate of a;. Note that D' = D® |0) (0] + DT @ |1) (1].
In order to implement D, it suffices to implement D’ on our n-qubit input register along
with an ancilla initialized in the |0) state.

For each j = 1,2,...,2", define U; = diag(cj,@;), which is a single-qubit unitary
with determinant 1. Then D’ = diag(Ux,...,Usn). Moreover, we know from Lemma 2.3
that each Uj; is e-close to a single-qubit unitary ﬁj that can be exactly implemented as
a sequence of O(log(1/e)) Hadamard and T gates. It follows that ||D’ — U|| < e, where
U = diag(ﬁl,...,ﬁgn). To complete the proof we describe a Clifford+7" circuit that
exactly implements U using the number of T gates and ancillas claimed in the Theorem
statement.

From Lemma 2.3 we infer that for some K = ©(log(1/¢)) and each Uj, we have

U; = HS5TU HSTY - B T (7)
for some Boolean variables ajl, . ,aJK,bjl., .. ,ij € {0,1}. Define a Boolean function
£:{0,1}" = {0,1}?K to record the gate sequence information a, b for each U;:

N1l K K
f(])_(aj>bja'~-aaj7bj )- (8)

Then by Lemma 2.1, the corresponding (n + 2K)-qubit unitary F mapping |j)|y) to
|9y @ f(4)) can be implemented with O (\/K-2”) = O( on log(1/5)> T gates and
ancillas.

Once the gate sequence is computed into an ancilla register, it remains to apply H or
T on the (n+1)-th qubit controlled on this ancilla register. For this purpose, we note that
controlled-H and controlled-T" are two-qubit unitaries that can be exactly implemented
with O(1) T gates without ancillas [GS13].

Putting this together, we arrive at the following implementation of U.

1. Let A = (Ap, A;) be the (n + 1)-qubit register where we implement U. Note that
Ap is an n-qubit register and A; is a single-qubit register.
Let B = (Bi,...,B2k) and C be auxiliary registers where each B; is single-qubit and
Cis O ( 27 log(1/ 5))—qubit. These registers are initialized in the all-zero state and
serve as ancillas.

2. Using C, we apply the unitary F' described above on Ay and B.

3. For each £ =1,2,...,2K, we either apply H on .4; controlled by By (if ¢ is odd), or
we apply T on A; controlled by By (if ¢ is even).

'"Since Lemma 2.3 uses no ancilla, the Clifford gates are only Hadamard H and Phase gate S = T2,
Hence we simply assume the sequence contains only Hadamard and T gates.
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4. Using C, we apply the unitary F' again to restore the ancillas in B to the all-zeros
state.

To see that this implements U as desired, we can verify the action of each of the
above steps when the initial state of registers Ay and A; are basis vectors |j) and |z),
respectively, where j € {1,2,...,2"} and z € {0,1}:

1) |2).4,10)810)c — |i)x).a, | £(5))8l0)c (9)
— ) U;|2).a, 1 £(5))5]0)e (10)
— |7)Uj|z) 4,10)5/0)c. (11)

The number of T' gates used in the above implementation is upper bounded as

O < 2n log(l/s)) + 2K- \Oz(’l% =0 <\/2n log(1/¢) —Hog(l/e)) . (12)

Ttem 2 and Item 4 in Item 3

It is also clear that this upper bounds the number of ancillas used.
The tightness of Theorem 1.2 is deferred as Theorem 4.2 to be proved in Section 4. [

2.1 Batched synthesis

We now discuss the applications of Theorem 1.2 mentioned in the introduction.

First we discuss batched synthesis of single-qubit unitaries: we will see that we can
implement m = O(loglog(1/¢)) single-qubit gates to error ¢ with T-count O(log(1/¢)).

We are interested in synthesizing a general tensor product U ® Us ® - - - @ Uy, of single-
qubit unitaries. In order to use Theorem 1.2 we will first reduce to the case where each
U;j is diagonal in the standard basis. To this end we can use the well-known Euler angle
decomposition (see e.g., [NC10]) which expresses a single-qubit unitary U as a product
U = eYeZePXei?Z for some real numbers o, 3,7, 6. Here X, Y, Z are the Pauli matrices.
Since X = HeP% H we can summarize this fact as follows.

Fact 2.4. Let U be a single-qubit unitary. Then there exist single-qubit diagonal unitaries
A, B,C such that U = AHBHC, where H is the single-qubit Hadamard matriz.

Now we reduce the batched synthesis task to Theorem 1.2.

Corollary 2.5. Let m > 1 be an integer and Uy,Us, ..., Uy, be arbitrary single-qubit
unitaries. Define an m-qubit unitary U = U1 ® --- @ Uy,. Then U can be implemented up
to error € by a Clifford+T circuit using O <\/2m log(1/¢e) + log(l/s)) T gates and ancilla

qubits. '8

Proof. By Fact 2.4, each U; can be expanded as A;HB;HC; where A;, B;,C; are single-
qubit diagonal unitaries. As a result, we have U = AH®"BH®"(C where A= A1 ® - ®
A, B=B1® - @B, C=C®-- -®Cy are m-qubit diagonal unitaries, which can each
be implemented using Theorem 1.2 with the claimed number of T gates and ancillas. [

Theorem 1.3 then follows directly from Corollary 2.5.

'8 This construction uses O(2™ log(1/¢)) Clifford gates.
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Theorem 1.3. Let m = O(loglog(1/¢)) be an integer. A tensor product of m (potentially
different) single-qubit unitaries Uy @ --- @ Uy, can be implemented up to error € by a
Clifford+T circuit using O (log(1/¢)) T gates and ancillary qubits.'

Proof. We divide the m single-qubit unitaries into K = O(1) groups of [loglog(1/e)]
each. It then suffices to implement each group up to error ¢/K. This is handled by
Corollary 2.5. O

2.2 Mass production

Next we consider the mass production of a single-qubit unitary. Here the goal is to
implement U®™ for some single-qubit unitary U.

Theorem 1.4. Let U be an arbitrary single-qubit unitary. Then U®™ can be imple-
mented up to error e by a Clifford+T circuit using O (m +log(1/¢)) T gates and ancillary
qubits.?’  Furthermore, no Clifford+T circuit (even with measurements and adaptivity)
can use asymptotically fewer T gates.

Before proving this, let us describe our high-level strategy. We can use Fact 2.4 to
reduce to the special case of implementing a diagonal single-qubit unitary A := diag(1, e?),
by choosing the (irrelevant) global phase to be such that all 3 diagonal unitaries are of
this form. For any computational basis input |z) where z € {0,1}™, we have A®™|z) =
e 1#l|z), where || is the Hamming weight of . A natural approach is then to first compute
the Hamming weight into a second register containing [logm| qubits, then apply the
corresponding phase controlled on this register. The Hamming weight can be computed
using O(m) gates, as we discuss below. In the second step we need to implement a
diagonal unitary on [logm] qubits. We can do this using Theorem 1.2, incurring a 7-

count O (y/mlog(1/e) +log(1/2)) = O (m +log(1/z)).

We start by showing how to compute the Hamming weight using O(m) gates.

Fact 2.6. Let Uyam be the unitary such that

Ubtam|2)]y) = |2)]y @ [x]) (13)

for all z € {0,1}™ and y € {0,1}1°¢™1 where |z| € {0,1,...,m — 1} is the Hamming
weight of x. Then Uyam can be exactly prepared by Clifford+T circuit using O(m) total
gates and ancillary qubits.

We also remark that [BP05] gives the exact multiplicative complexity of computing
the Hamming weight function, which upper bounds the T-count of implementing Uyam
(using the connection in Remark 2.2). Their construction has slightly lower T-count than
Fact 2.6.

Proof. We describe a classical Boolean circuit with O(m) gates to compute the Hamming
weight of an m-bit string. Here the circuit contains AND, OR, NOT gates with bounded
fan-in. Then we can convert this to a reversible classical circuit in the standard way using
Toffoli gates and O(m) ancilla qubits; implementing each Toffoli using O(1) T gates gives
Fact 2.6.

19This construction uses O(log(1/¢)) Clifford gates.
20This construction uses O(mlog(1/¢)) Clifford gates.
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Firstly note that given two ¢-bit numbers, we can compute their sum as a (¢ + 1)-bit
number using O(t) gates, by the textbook algorithm sequentially computing each bit and
the corresponding carry bit. The Boolean circuit to compute the Hamming weight will
use the above observation iteratively for t = 1,2,...,logm as follows. We view the input
as m 1-bit numbers. Then we partition it into m/2 pairs and compute the sum of each
pair as a 2-bit number. Continuing in this way, at the t-th stage we will have m/2¢ t-bit
numbers. The total gate complexity is

[logm] m
Z o O(t) = O(m). (14)
t=1 ]

Given Fact 2.6, we can now prove Theorem 1.4.

Proof of Theorem 1.4. By Fact 2.4, we obtain single-qubit diagonal unitaries A, B, C' such
that U = AHBHC. Thus U®™ = A®m &M Bem gg&ma®m  Therefore it suffices to show
how to implement A®™.

By ignoring the (irrelevant) global phase, we assume A = diag(1,e”). Observe that
A% z) = 1ol 2) for all z € {0,1}™. Let K = [log(m)]. We implement A®™ as follows:

1. Start with |2)|0%). We apply Unam from Fact 2.6 to obtain |z)||z).
This uses O(m) T gates and ancillary qubits by Fact 2.6.

2. Define a K-qubit diagonal unitary D such that D|c) = e"%¢|c). We apply D on the
Hamming weight register and obtain e*%1#l|z)||z]).
This uses O (\/W(l/e) + log(l/a)) < O(m+log(1/e)) T gates and ancilla qubits
by Theorem 1.2.

3. Finally uncompute the Hamming weight by applying Uyan, from Fact 2.6 again.
This again uses O(m) T gates and ancilla qubits by Fact 2.6.

Finally we prove the tightness of Theorem 1.4. On the one hand, the Q(log(1/e))
T-count lower bound holds even if m = 1 [BCHK20]. On the other hand, consider the
special case where U is the T gate. Then U®™ = T®™ and it is impossible to implement
it using o(m) T gates. Otherwise, by gate injection |T)®™ can be approximated with
T-count o(m). Plugging this in Theorem 1.1, we have that any n-qubit state can be
approximated up to any constant error with T-count o(y/27), contradicting the lower
bound for Theorem 1.1.%! O

3 Quantum state preparation with optimal T-count

In this section we prove our main result, Theorem 1.1 (restated below).

Theorem 1.1 (Quantum state preparation with optimal T-count). Any n-qubit state can
be prepared up to error € by a Clifford+T circuit starting with the all-zeros state using

0 (,/zn log(1/2) + log(1/5)> 2)

T gates and ancillas.*> Furthermore, no Clifford+T circuit (even with measurements and
adaptivity) can use asymptotically fewer T gates.

2IThe lower bound for Theorem 1.1 holds in the presence of Pauli postselections, as needed here after
gate injection. See details in Section 4.

*2This construction uses O(2™ log(1/¢)) Clifford gates.
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Remark 3.1. Our overall state preparation approach is similar to the one by Rosenthal
[Ros24]. Motivated by the Aaronson-Kuperberg problem [AK07, Aar16], [Ros24] focuses
on the number of Boolean oracle calls needed for efficient state preparation. While the
context is different, the T-count of the algorithm presented in [Ros24] is near optimal.
To obtain our Theorem 1.1, we combine Rosenthal’s algorithm with the crucial missing
pieces Theorem 1.2 and Theorem 1.3. Along the way, we also simplify and improve some
of Rosenthal’s analysis: our Lemma 3.2 simplifies and improves [Ros24, Lemma 3.2],
which was implicit in [INNT22]; our Lemma 3.5 improves the query complexity in [Ros24,
Theorem 4.2].

We already know from Theorem 1.2 how to implement an arbitary diagonal unitary
using the claimed number of T" gates and ancillas. For the state preparation task, this
lets us specialize without loss of generality to the case where the target state has real
amplitudes: after preparing a target state with real entries, we can apply a diagonal
unitary to apply any desired complex phases.

As a first step, we show how to synthesize a real-valued target state to within a constant
approximation error.

Lemma 3.2. Let [¢)) be an arbitrary n-qubit state with real amplitudes. There exists an
n-qubit state |¢) with real amplitudes such that (P|p) > % and |¢) = BoH®™" B H®"|0"™)
for some n-qubit Boolean phase oracles By and Bs (i.e., diagonal unitaries in which all

diagonal entries are £1).

Results similar to Lemma 3.2 are obtained in [BBCT19, INNT22 Ros24], but our
analysis is arguably simpler and achieves better bounds.?®> The proof of Lemma 3.2 is
given in Subsection 3.1.

To implement the Boolean phase oracles in Lemma 3.2, one can apply Lemma 2.1
directly, along with the phase kickback trick [CEMM98]. This is stated as the following
Fact 3.3.

Fact 3.3. Let B be an n-qubit Boolean phase oracle. Then B can be prepared exactly by
a Clifford+T circuit using O (\/2”) T gates and ancillary qubits.”*

As a result of Fact 3.3, we can prepare the approximation |¢) from Lemma 3.2 using
only O (\/27‘) T gates and ancilla qubits. We see that Lemma 3.2 already establishes the
special case of Theorem 1.1 where the error ¢ is a sufficiently large constant.

To handle the small error case, we use the fact that Lemma 3.2 can be used to ap-
proximate any quantum state [¢)). Hence we can reduce the approximation error by
approximating the difference state [1)) — |¢). Continuing iteratively in this way, we are
able to reduce the error below any target value, as in [Ros24]. This idea is formalized in
Lemma 3.4, which is proved in Subsection 3.2.

Lemma 3.4. Let 1)) be an arbitrary n-qubit state with real amplitudes. For any integer

T > 1, there exist ¢ € [\/52_1, %} and n-qubit states o), |¢1), ..., |tr-1) such that

27T/ (15)

T—1 e 1

ZThe constant 1/1/2 in this lemma is optimal, as evidenced by the cat state |¢) = %(\O”) +[1™).

24This construction uses O(2") Clifford gates.
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where each |¢y) = Bék)H®"B£k)H®"|O”> for some n-qubit Boolean phase oracles B%k) and
B

Following the strategy from [Ros24|, we then use the linear combination of unitaries
(LCU) method [WC12, BCK15] to prepare the weighted sum of states in Lemma 3.4,
flagged by an additional ancilla. We carefully tune the amplitude of the flagged part of
the state to enable the use of exact amplitude amplification [Gro98, BHMT02] to get rid

of the junk part and obtain the desired € approximation.
Our implementation of this strategy gives the following Lemma 3.5.

Lemma 3.5. Let ¢ € (0,1/2] and |¢) be an arbitrary n-qubit state with real amplitudes.
There exist some t = loglog(1/e) + O(1) and an n-qubit normalized state |¢) such that
o) — )| < e and |0Y) 4l¢)g = R1RaR1R2V|0"T) 45 where

Ry =V (2 ’0”“} <0”+tj —1)vh, (16)
Ry = (2[07) (0] 1) s (17)
and V' is a quantum circuit with the following structure in order:
o one layer of single-qubit gates on A;
e Hadamard on B;
e a Boolean phase oracle on AB;
e Hadamard on B;
e another Boolean phase oracle on AB;
e another layer of single-qubit gates on A.

The proof of Lemma 3.5 is deferred to Subsection 3.3. We now prove Theorem 1.1.

Proof of Theorem 1.1. Using Theorem 1.2 to correct phases, we assume without loss of
generality that the target state |¢)) has real amplitudes. Then it suffices to analyze the
T-count and ancilla count for the circuit in Lemma 3.5. To this end, we analyze the
components separately, each of which appears constant number of times in the whole
circuit in Lemma 3.5. Assume ¢ < 1/2.

o The reflection 2[0™*) (0"**| — I used in Ry is a Boolean phase oracle and can be
constructed by Fact 3.3 with O (\/ 2”+t) =0 ( 2n log(l/e)) T gates and ancillas.?”

e Ry is the same reflection (with a smaller scale) as above, which is also handled by
Fact 3.3.

e The Hadamard layer used in V' is Clifford and requires no T' gates or ancilla.
e The Boolean phase oracle on AB used in V can be again prepared using Fact 3.3
with O (\/ 2”“) =0 ( 2n 10g(1/5)) T gates and ancillas.

o The layer of single-qubit gates on A used in V' can be synthesized by Theorem 1.3
since A only has ¢ = loglog(1/¢) + O(1) qubits. This uses O (log(1/¢)) T gates and
ancillas by Theorem 1.3. The approximation error does not blow up since this is
only used a constant number of times in total.

Summing over costs of the above components establishes Theorem 1.1. The tightness of
Theorem 1.1 is deferred as Theorem 4.1 to be proved in Section 4. ]

Z5This reflection can be implemented with much lower cost. We use Lemma 2.1 as a loose upper bound
since it does not affect the asymptotic bound in the end.
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3.1 Approximating a state to constant error: Lemma 3.2

In this section we describe how to approximate a state to constant error (Lemma 3.2) and
in the next section we discuss the finer approximation (Lemma 3.4).

To get the coarse approximation of Lemma 3.2, we take our target state and apply
a random diagonal unitary with +1 entries followed by a binary Fourier transform (i.e.,
the Hadamard matrix). This does a reasonable job of flattening the amplitudes of the
state, by which we mean that most of the amplitudes are now of similar magnitude. We
then apply a diagonal unitary to make all the phases +1, which gives a state that has
constant overlap with the uniform superposition |[4+™). To implement this strategy we use
the standard Khintchine inequality.

Fact 3.6 (Khintchine inequality [Haa81, Wik24b]). Let N > 1 be an integer and 31, ..., BN
be arbitrary complex numbers satisfying 3 ;e 1Bj|*> =1. Then

ZBJ Ty

\2 Sw{ﬂcl} { ] - (18)

Using Fact 3.6, we show how to flatten the amplitudes of a quantum state.

Lemma 3.7. Let |[¢) be an arbitrary n-qubit state. Let F = H®™ or more generally, let
F be any n-qubit unitary such that |Fj| = 1/+/2" fori,j € {0,1}". Then

- Vi
zN{iE{O,l}" I diag(z)[¥)]],] = Nk

Proof. Write [1) =3 cq0.13n B5l4) With 350,130 81> = 1. Then

(19)

E(|F disg(a)lv) ) = E|

] (20)

|-3g

Z Fijz;B;li)

:15[

where the last equality used the linearity of expectation. By assumption, F; = fi;/v/2",
where f;; is a complex number of unit modulus. Then f;;3; satisfies the assumption of
Fact 3.6 since > ;c(0,1)n | fi;B8;1* = 1, and hence

> Fyjz;B; > Fyjx;B; ]7 (21)
J J

E | F diag(a)[)]]]

as claimed. 0

After flattening, the state becomes essentially a uniform superposition with different
phases. Moreover, in the case of interest where |1)) is assumed to have real amplitudes,
these phases are simply +1. Then we can correct the Boolean phases and reverse the
flattening procedure to obtain an approximation of the original state [1)).

Proof of Lemma 3.2. Let |1)) be an n-qubit state with real amplitudes. By Lemma 3.7,
there exists a Boolean phase oracle By such that [1) := H®"Bs|t¢) has £; norm

V2n

[l = -~ (23)

Accepted in { Yuantum 2026-06-20, click title to verify. Published under CC-BY 4.0. 15



Since [¢)) has real amplitudes, so does |1Z> Let B; be the Boolean phase oracle such that
(x| B1|x) = sign({z]y)) for all x € {0,1}".
Letting |¢) = BoH®" B H®™|0"), we have

1 ~ 1
an Al > Vel (24)

as desired. ]

(]d) = (| Bo HE" By HE™|0) = ()| By HZ™|0) =

3.2 Approximating a state to € error: Lemma 3.4

Now we discuss how to reduce the approximation error. We prove the following statement
and show that Lemma 3.4 follows from it. The proof follows the reasoning from [Ros24,
Lemma 3.1}, but completes an edge case (see “Case T' > j*” in the proof) missed in the
previous analysis.

Lemma 3.8. Let a € (0,1] be a real number. For any n-qubit state |¢), let Uy be an
n-qubit unitary that satisfies R{(¢|Uys|0™) > .?® Define

fy:min{a,\}i} and Bzm- (25)

Then for every n-qubit state |¢) and integer T' > 1, there exist v- (1 — ) < { <~ and
[o), [t1), - .., [1r—1) such that

Hrw ~¢ Zﬁ’“ w0 < 725 67 (26)
Proof. Since $(p|Uy|0™) > e > =y, we have
l18) — 7 - Uslo™)ll = /1472 — 29 - R(G[T|0") < /12 = (27)

Since v > 0, we know 5 < 1. Thus our task of approximating |¢) is now reduced to that of
approximating [¢)) — - Uy|0") which has a smaller length. We will show that (26) follows
by iteratively applying (27).

Formally, define |¢) = |@Z0> = |¢) and recursively for j > 1

j—1
i) =) — - > B Uy, J0™) (28)
k=0
and |~ >
¥j
;) = (29)
1]

until some j* > 1 for which |1;j> becomes a zero vector. Set j* = +oo if \r[@ is never
zero.

26For a complex number v, Rv equals its real part.
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Case T < j*. We first handle the case where T' < j*. Below we give an inductive proof
that

193] < & (30)

for each 1 < j < j*. Then we simply set ¢ =~ and (26) follows from (30) as v, 5 € [0, 1].
To establish (30), first note that the base case j = 1 follows directly from (27). For
J > 2, we have

1160 = [195-1) =487 - U, 1M (31)
= = - W) =78 0| (32)
= |@-1>H2 +778%97% = 2y ||[dg-0)| - Ry [Uy,_, 07 (33)
<50 22672 = 2287 1G5 (sinee Riw; [Ty, 107 > )

Since v < % and 8 = /1 —~2, we know v < . Then by the induction hypothesis we
have

= |12 2, .202j-2 o 2p4i-1
HWJ)H < pmax 3t +p 2y (34)
— max {2542, g2 42942 (35)
- max {72ﬂ2j_2, 52]} =% (since v* + % = 1 and v < f3)

as desired.

Case T > j*. Now we turn to the case where T" > j*. For each j > j* > 1, define
195) = ¥} mod j*). Let t = LI*J and m =T mod j*. Then

T-—1 t—1 J*=1 m
D B8 U 0m) =D 85T N B Uy 0") + D BT Uy, 07) (36)
k=0 =0 k=0 k=0
= )4+ BT Ty, 07 (by the definition of j*)
=0 k=0
1— Bt-j* m .
= ———=~ [0y + D BT Uy, |07, (37)
v-(1=p57) ,;0 o
Define ¢ = A’ng ]J* ). Then we have
Y22y (1) 2y (1-5) (38)

as claimed. In addition,

LHS of (26) = HC Zﬂt~j*+k . U¢k|0n> <(- Zﬁt-j*ﬂc (39)
k=0 k=0
i1 1- g

SCOY B = P g (sincem =T mod < 57 - 1)
k=0
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=BT e

< i« T gtd* ; <
R LAt (since ¢ <)
_ 0 glE et | T
=173 E1%; (smcet—b*J)
< ﬁ-ﬂT/Z, (since T' > j* and |z] > x/2 for x > 1)
which verifies (26). O

Given Lemma 3.8, we immediately obtain Lemma 3.4.

Proof of Lemma 3.4. In light of Lemma 3.8, we set o = % and design Uy as the BHBH
circuit from Lemma 3.2. Note that all states used in Lemma 3.8 have real amplitudes since
we start with [¢) that has real amplitudes. Therefore circuits Uy are all well-defined. [

3.3 Flagging and exact amplitude amplification: Lemma 3.5

In this Section we describe the circuit that prepares an n-qubit state with optimal T-count,
establishing Lemma 3.5.

We first use the linear combination of unitaries technique to deduce a circuit that
prepares the approximating state from Lemma 3.4.

Lemma 3.9. Let € € (0,1/2] and |¢) be an arbitrary n-qubit state with real amplitudes.
There exist some t = loglog(1/e) + O(1), an n-qubit normalized state |p), and an (n+t)-
qubit unnormalized state |T) such that

1 |llg) — 1)l < e.
2. (|0 (0f| ® I,) |[7) = 0, where I, is the n-qubit identity operator.

3. For some £ > 4‘[5& > 0.33, the normalized state £]0%) 4|¢)g + |T) a5 can be prepared
as follows, starting from the initial state |0%) 4|0™)5:

(a) Apply one layer of single-qubit gates on A.

(b) Apply Hadamard on B.

(¢) Apply a Boolean phase oracle on AB.

(d) Apply Hadamard on B.

(e) Apply another Boolean phase oracle on AB.
(f) Apply another layer of single-qubit gates on A.

Proof. Let T =2 and B = % By Lemma 3.4, there exist states |¢o), |¢1), ..., [¢r—1) and

Boolean phase oracles B\*), B{® for 0 < k < T—1, such that |v) = B e B gron|on)

and

1 €
T < = 40
V2 -1 ~ 10 (40)
where ( € {\/52_1, %] and for the last inequality we used the fact that ¢t = loglog(1/e) +
O(1).
Define ¢ = Hg YTl 5k|¢k>H and

<

H\w ¢S Bl
k=0

£ (1-p)
G- pT)

To get the circuit for Item 3 we use the linear combination of unitaries technique:

C T-1
) =33 An) and €= (41)
k=0
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o In Item 3a we apply a layer of single-qubit gates on A that transforms |0) 4 to
g LU0+ 827210 =[5 3 62k (42)
£=0 k=0

o Items 3b to 3e correspond to, controlled on index k at register A, Bék)H ®”BYC)H @n
is applied on |0™)3 to obtain

1-5 - k/2
—5 2 Bk ® ). (43)
-85

Here we use the fact that, since each ng),Bék) are Boolean phase oracles, their

controlled versions are Boolean phase oracles on registers AB.

e In Item 3f we apply the inverse of the layer of single-qubit gates from Item 3a, which
gives

094 7 5

by (41). From the above we see that Item 2 is satisfied.

a7l
LB S~ Rl + 1) as = €107 alé)s + 17 as (44)
k=0

It remains to prove Item 1 and verify the range of ¢ in Item 3. By (40), we have
T/2

[l¥) =€) < \%_1 and hence

BT/Q BT/Q
1-— </ <1+4+ .
V2—-17 — V2 -1

Therefore |||¢) — |¥)|| < |[|) —€-|o)]| + 1 —¢| < 2\/%T_/12 < e, which verifies Item 1. Plug-
ging (40) and (45) into (41), we have

(1-p"2)-(1-p) 1- 5 1- 4

(45)

= ; T/2 £
§> ¢-(1-p7) C'(1+/3T/2)2C-(1+%) (since Sz)
z i_g (since e < 1/2 and ¢ < %)
V2 4
B 4(\£2_1) =033 (since 8 = %)
as claimed. -

Item 3 in Lemma 3.9 is a coarse flagging scheme where the approximation |¢) of the
target [¢) is flagged with some undetermined amplitude £ > 0.33. In order to enable the
use of exact amplitude amplification, it will be convenient to fix this amplitude to a known
value.

Corollary 3.10. Lemma 3.9 holds with the replacement £ = sin ({5).

Proof. By Lemma 3.9, £ > 0.33 > 0.31 > sin ({5). Therefore there exists a single-qubit
unitary G such that

_ sin(7/10)

B sin?(7/10) .
¢ 1l—————~

G|0) 0) + e 1) (46)
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Recall that Lemma 3.9 constructs the state £|0%) 4|¢)s + |7)45. Now add an extra an-
cilla in A and apply G to it. This gives the state sin () - [0°F1) 4|¢)5 + |7') 45, Where
(|01 (0" | ® 1,,)|7') = 0. Finally, note that the additional gate G can be absorbed into
the layer of single-qubit gates applied in Item 3f of the circuit described in Lemma 3.9.
We have shown that we can safely set { = sin ({5) in Lemma 3.9. O

The constant sin (1%) is chosen because it allows us to prepare |¢) exactly after two

rounds of amplitude amplification [Gro98, BHMT02]. We now complete the proof of
Lemma 3.5.

Proof of Lemma 3.5. Let V be the circuit in Corollary 3.10 to exactly prepare

(T
) i=sin (15 ) - 1094160 + ) as. (47)

By Lemma 3.9 and Corollary 3.10, V has the structure claimed in Lemma 3.5.
Observe that Ry = V (2]0"+) (07| — I) VT is the reflection along the state |p). Also
recall that Ry = (2|0%) (0| — I)ca @ Ip is the reflection on register CA along |0). Using
the standard analysis of amplitude amplification [Gro98, BHMT02] and the fact that

. e .
sin(5 - {5) = 1, we arrive at

RiRyRi RV (|0™) = (—R1R2)?|p) = |0%)]9), (48)

as desired. O

4 Lower bounds

In this section we prove T-count lower bounds matching the upper bounds in Theorem 1.1
and Theorem 1.2. Our lower bounds apply in a very general model of adaptive Clifford+T
circuits that we now describe.

Adaptive Clifford+T Circuits. Consider a quantum computation A with an n-qubit
input register as well as an a-qubit ancilla register that is initialized in the all-zero state.
The computation proceeds via a sequence of Clifford gates, T gates, and single-qubit
measurements in the computational basis. These operations may act on any of the n + a
qubits. Moreover, each Clifford or T' gate may be classically controlled on the outcomes
of measurements that have occurred previously.

Let r € {0,1}* be a binary string that describes the measurement outcomes in order
obtained during the course of the computation.?” For each r, there is a Kraus operator
K, which describes the corresponding sequence of T' gates, Clifford gates, and single-qubit

projectors |r;)(r;| for i = 1,2,.... The adaptive Clifford+7 circuit implements a quantum
channel which maps the n-qubit input state p to an (n + a)-qubit output state:
Alp) =Y K, (p@[0)(0%]) K. (49)
'

For example, in the simplest case where there are no measurements and the circuit simply
applies an (n + a)-qubit Clifford+7 unitary U, A(p) = U (p ®|0%)(0%|) UT. As another
example, if the circuit applies a unitary U and then measures the first qubit, then we have
Alp) = Xyeqoy () (rl @ DU (p @ [04)(0*) UT(|r)(r| @ I).

2TFor maximum generality, we do not assume that the number of single-qubit measurements is bounded.
If we knew there were exactly m measurements, then r would be an m-bit string.
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We can view the output state A(p) as a probabilistic mixture of the states

iy = T (p®]07)(0%]) K -
= REIK (0o 0 00]) o

where 0,(p) occurs with probability p,.(p) = Tr(KIK, (p ®]0%)(0%))).

T-Count. Let 7, be the number of T' gates used by the circuit, conditioned on measure-
ment outcome r. The maximal number of T' gates used by A is

Tmax(A) = sup 7;’ (51)

re{0,1}*

We also consider the expected T-count of A starting with the all-zeros input state:

TO(A) = pr(10")(0")T;. (52)

Finally, we define the expected T-count of A for the worst-case input state as follows

T(A) =sup > ()T, (53)

where p is any n-qubit mixed state and >, p,(p)7; is the expected number of T gates used
in A(p). For example, if the circuit is unitary and has no measurements, then all three of
these measures equal the T-count of the unitary.

Note that clearly we have

TTRA) =T (A) <TUIRA) =T(A) < Tmax(A) = Tmax(I @ A). (54)

Here we used the fact that, if A is an adaptive Clifford+T circuit with an n-qubit
input register, then so is A" = I ® A where the first register can have any number of
qubits n’ > 0 and the second register is n qubits (in particular, A’ is just A applied to the
second register).

In the following we will prove lower bounds on the expected T-count 7°(A) (for state
preparation) and 7 (A) (for unitary synthesis). These in turn imply lower bounds on the
maximal T-count due to (54).

State Preparation. We say that A prepares state |1) to within error € in trace distance
if

%‘ IA107) (07]) = [#) (] @ [0) (0[]l < e, (55)

where || - ||1 here is the trace norm.

Note that one could instead consider a variant of the approximate state preparation
task where we do not require that the ancillas are returned to the all-zeros state. In
this case we would require the following closeness condition, which might seem to be less
stringent than (55):

5 I Trane (A0 0™ ) ~ [9) {9y < e (56)

where Tr,,. denotes the partial trace over the a-qubit ancilla register. However it is not
hard to see that we can work with the closeness condition (55) without loss of generality.
Indeed, if an adaptive Clifford+7" circuit A satisfies (56), then we can construct another
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adaptive Clifford4+T" circuit B that satisfies (55) and with the same expected T-count
T°(A) = T%B). In particular B is obtained by first applying A, then measuring the
ancilla register in the computational basis, then applying a Pauli gate on the ancilla register
which is controlled on the measurement outcome z € {0,1}%, that maps |z) — |0%). Then
B(|0™)(0™]) = Tranc(A(]0™){(0™])) ® |0%)(0%| and the closeness condition (55) holds for B.

The following Theorem 4.1 is a strengthening of the tightness of Theorem 1.1, which
we will prove in this section.

Theorem 4.1. There is an n-qubit state 1) such that any adaptive Clifford+T circuit A
that prepares 1)) up to error € in trace distance satisfies

TA) =Q (\/2” log(1/¢) + log(l/s)) :

This theorem lower bounds the expected T-count T°(A) of an adaptive Clifford+T
circuit—this is the most general setting we are able to handle. Note that if A is in fact a
unitary U composed of Clifford gates and T' gates (with no measurement), then its output
state is a pure state A(p) = U(p ® [0%)(0%|)UT where a is the number of ancillas used. In
particular, there is only one Kraus operator K = U in (49). In this case the number of T'
gates in the circuit for U is equal to Trax(A) which is also equal to 7 (A).

Unitary Synthesis. For an n-qubit unitary U, consider the channel &/ defined by
U(p) = UpU" @ ]07)(0%). (57)
We say that A implements U to within error ¢ in the diamond distance if
JA=Ulo <e, (58)

where || - || here is the diamond norm. As a strengthening of the lower bound in Theo-
rem 1.2, we will prove the following Theorem 4.2.

Theorem 4.2. There is an n-qubit diagonal unitary D such that any adaptive Clifford+T
circuit A that implements D up to error € in diamond distance satisfies

T(4) = Q ( 27 log(1/2) + log(1 /5)) .

Note that in the case where A is a unitary Clifford+7T circuit with no measurements,
the diamond distance is equivalent to the usual distance with respect to the operator norm,
up to a global phase.

Finally, we establish the following T-count lower bound for synthesis of general uni-
taries.

Theorem 4.3. There is an n-qubit unitary U such that any adaptive Clifford+T circuit
A that implements U up to error € in diamond distance satisfies

T(A) = O (2",/1og(1 Je) + log(1 /5)) .

The rest of the section is devoted to the proofs of Theorem 4.1, Theorem 4.2, and
Theorem 4.3.
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4.1 State preparation

In this section we prove Theorem 4.1.

As an intermediate step in the proof, it will be convenient to work with a model of
Clifford circuits with Pauli postselection, defined as follows.

An operator P is an n-qubit Pauli iff P = i®P’ for some b € {0,1,2,3} and P’ €
{I,X,Y, Z}®". In addition, if b € {0,2}, then P is a Hermitian Pauli. An n-qubit Pauli
postselection is specified by an n-qubit Hermitian Pauli operator P. On input state |¢),
the postselection produces a normalized state |¢) of |¢) projected to the 41 eigenspace
of P, i.e., 1) is proportional to (I + P)|¢), denoted by [¢)) o (I + P)|¢p). More precisely,
|v) = M and it is defined arbitrarily if (I + P)|¢) becomes zero. Note that Pauli

[4-P)le :
postselection is not a linear map.

Definition 4.4 (Clifford circuit with Pauli postselection). A Clifford circuit with Pauli
postselection is a sequence of Clifford gates and Pauli postselections applied to the input
state.

A Clifford circuit with Pauli postselection and copies of the single-qubit magic state
|T) = %(|0> +¢/4|1)) can perform T gates by gate injection.”® In the following we shall
consider state preparation circuits of the following form: C is a Clifford circuit with m
Pauli postselections, n input qubits, and a ancillas such that

[Gou)|07) = € (I T)'10%)) (59)

where ¢ is the number of magic states. Note that we can explicitly write out (59) as
proportional to

Con1 My Con -+ My Cy (|6} T)P[07)) (60)

where each C; is an (n 4t + a)-qubit Clifford and M; = I + P; for some (n +t + a)-qubit
Hermitian Pauli; and C;, M; depend only on C, not on |¢in), [Pout)-

The following Claim shows that, if there is an adaptive Clifford+7T circuit A4 that
approximately prepares a given state with expected T-count 7°(.A), then there is a Clifford
circuit with Pauli postselections and 27°(.A) magic states that also approximately prepares
the state. This allows us to shift our focus to the model of Clifford circuits with Pauli
postselection. The proof uses an averaging argument similar to the one used in [BCHK20,
Lemma 5.4].

Claim 4.5. Assume A is an adaptive Clifford+7 circuit that prepares an n-qubit state
) up to error ¢ in trace distance. Let ¢t = 2 - T°(A). Then for some integers m,a > 0,
there exists a Clifford circuit C with m Pauli postselections and a ancillas such that

C (|0m)T)=*[0%) = |)[0"+) and 5 ||[v) (] = [) (¢]ll; < V6e.
Proof. Assume A uses a ancillas. Define p = |0™) (0"]. Recall from (50) that

A(p) = Zpr(p) -0 (p), (61)

where p,(p) is a distribution. In addition, K, uses 7, T gates and

or(p) = |mr) (el (62)

?8Tn particular, we can implement a T’ gate using the fact that (I ® (0])CNOT|)|T) = %TWJ) for any
single qubit [¢)).
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where |m,) o< K, (|0™)|0%)) is a pure state. We will find some r such that |m,) is close to
|1)|0%) and K, uses a small number of T' gates.

By assumption, A(p) is e-close to |¢) (1| ®]0%) (0] in trace distance. Hence the fidelity
F between A(p) and [¢) (¢| ® |0%) (0%] is

F = (0" A(p)[)]0%) > (1 —€)* > 1 - 2, (63)

where we use the inequality 1 — vF < ¢ (see e.g., [Willl, Theorem 9.3.1]). Plugging this
into (61) and (62), we have

E [IWW) 0| > 1 - 2. (64)
—_——

r~pr(p)

T

Hence by Markov’s inequality, for at least 2/3 mass of r (under distribution p,(p)), the
fidelity between |r,) and [1)|0%) is F,. > 1 — 6e. On the other hand, since T°(A) =
Eyrp, () [Tr], for at least 1/2 mass of 7 we have 7. < 2-TY(A). Hence there exists some r
such that 7, <2-TY(A) and F, > 1 — 6e.

Fix any such r and write |m,) = a|¢)|0%) ++1/1 — a| L), where |¢) is a normalized state
and (I ® |0%) (0?])|L) = 0. Since

1 —6e < Fr = [(m:9) [0)]° = o2 [(¢|v)* < [(¢|)]?, (65)

we know that the fidelity between |¢) and |¢) is at least 1 — 6. This implies that the
trace distance between |¢) and |1)) is at most /6 (see e.g., [Willl, Theorem 9.3.1]).
Finally we observe that |¢)|0%) is obtained from |m,) followed by postselecting the last
a qubits being all-zero. This means we can construct |¢)|0%) by applying K, and the above
postselection on [0™)|0%). This process uses t = 2- T9(A) T gates,?” each of which can be
implemented using a magic state |T') and gate injection. This gives a Clifford circuit C
with Pauli postselection and input state [0™)|T)®!|0%) which prepares |$)|0%). O

Given Claim 4.5, we now focus on Clifford4+7" circuits with Pauli postselections and
ancillas. To complete the proof of Theorem 4.1, it is sufficient to prove the following
proposition.

Proposition 4.6. There is an n-qubit state 1)) such that the following holds. Assume C is
a Clifford circuit with m Pauli postselections and a ancillas. Assume C <|0”>|T>®t|0a>> =

)0") and 3 [[16) (6] — ) (Il < e. Then t = Q (27 log(1/€) + log(1/2)).

The first lower bound of Q(log(1/e)) holds even for single-qubit state preparation.
This is proved by Beverland, Campbell, Howard, and Kliuchnikov [BCHK20, Lemma 5.9].
The second T-count lower bound is a counting argument as in [LKS24]: the number of
distinct circuits should be at least the number of distinguishable states in question. The

latter quantity follows directly from standard sphere packing bounds for ¢o balls (see e.g.,
[Wik24a]).

Fact 4.7. There are N = (1/¢)9®") n-qubit states |11), ..., |Tn) with pairwise trace dis-
tance at least €.

2Though 7, < 2-T(A), we can always ensure that there are exactly ¢ T gates (say by applying dummy
T gates acting on one of the ancillas in the |0) state at the beginning of the circuit; note 7'|0) = |0)).
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Proof. We start with a set of n-qubit states |(1),...,|Cy) that are pairwise (10e)-far in
(5 distance. By the standard ¢» sphere packing, we can choose M = (1/¢)®?"). Note
that the trace distance between two pure states is asymptotically lower bounded by the
{5 distance with a global phase, i.e.,

S 116) 9] = 199 wlll = V1 - 161)P > /1~ (ol =¢1§\/2—2|<¢|¢>r (66)

— 2 max e
f¢ 2 R(e? (@) (67)

0€l0,27)

_ . 10
=75+, min o) —e“lu)]. (68)
By discretizing the rotation angle 6, each |(;) can be e-close to O(1/¢) other |(;)’s in
trace distance. Hence we can find N = ©(eM) = (1/)°?") states |r1),...,|rn) from
|C1), ..., |Car) such that their pairwise trace distance is at least e. O

To upper bound the number of distinct circuits, we express it in a canonical form as
described in Lemma 4.8. This was established in [BCHK20, Section A.7]. Crucially, this
canonical form has size independent of the number of Pauli postselections and ancillas.

Lemma 4.8 ([BCHK20]). Let C be a Clifford circuit with m Pauli postselections, n input
qubits, and a ancillas. Let |p) be an n-qubit state. Assume

)0+ = ¢ (j0)T)*|0%)) . (69)

Then there exists an (n+t)-qubit Clifford unitary C' and matrices My, Ma, ..., My such
that
[8)0%) oc CMy -+~ My My ([0m) 1)) (70)

where each M is I + Pj for some (n + t)-qubit Hermitian Pauli P;.

We remark that Lemma 4.8 provides a canonical form for state preparation circuits.
With a slight tweak, the original proof works for a more general setting including unitary
synthesis circuits. For completeness and future reference, we present the statement as
Theorem A.2 and prove it in Section A.

We are now ready to prove Proposition 4.6. This, combined with Claim 4.5, completes
the proof of Theorem 4.1.

Proof of Proposition /.6. Assume ¢ < 1/8. This ensures that the trace distance between
|¢) and [¢) is at most 1/8 (see e.g., [Willl, Section 9]). Then the Q(log(1/¢)) lower bound
follows from [BCHK20, Lemma 5.9].

To get the ( 27 log(1/ 5)) lower bound, assume for every n-qubit state [¢)) there is

a Clifford circuit C with Pauli postselection such that C (]O”>|T>®t]0“>) = |¢)|0t*2) and
the trace distance of |¢), |¢) is at most &.

By setting |¢)) = |1;) for each j € [N] from Fact 4.7, we apply Lemma 4.8 to get a
state preparation circuit in canonical form. Now let us count the number of possible state
preparation circuits of the form (70). To this end note that there are 20((n+0)?) Clifford
unitaries C' on n + t qubits, and there are 2 - 4" choices for each Hermitian Pauli P;. So
we have 20(n*+1%) possible state preparation circuits of the form (70). By the construction
of |7;)’s in Fact 4.7, each |7;) gives a different circuit. Thus 20(n*+1%) > (1/)9(2") | which
gives t = () ( 2n log(l/e)) since € < 1/8. O
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4.2 Unitary synthesis

Now we turn to the unitary synthesis T-count lower bounds (Theorem 4.2 and Theo-
rem 4.3). We will reduce them to state preparation tasks, by considering the action of
an adaptive Clifford+7 circuit on the maximally entangled state and comparing this with
the Choi state corresponding to the unitary U of interest.

Definition 4.9 (Maximally entangled state and Choi state). We use

=272 37 fa)la)

ze{0,1}m

to denote the 2n-qubit maximally entangled state. For an n-qubit unitary U, we use |iy/)
to denote the Choi state, defined by

wy=2""7 3" |z)® (Ul)). (71)

z€{0,1}"
The following fact follows directly from (58) and the definition of the diamond norm.

Fact 4.10. Assume an adaptive Clifford+T circuit A, using a ancillas, implements an
n-qubit unitary U up to error ¢ in diamond distance. Then (I @ A)(|¢) (t|) is e-close in
trace distance to |vy) (Ly| ® [0%) (0.

By an almost identical argument as Claim 4.5, we have the following claim.

Claim 4.11. Assume an adaptive Clifford+T circuit A implements an n-qubit unitary
U up to error ¢ in the diamond distance. Let ¢ = 2 - T(A). Then for some integers
m,a > 0, there exists a Clifford circuit C with m Pauli postselections and a ancillas such

that C (|0*")|T)#*(0%)) = |)[0°*¢) and 5 [|lu) (] — 1) (6], < V6e.

Proof. By Fact 4.10, we know that (I ®.A)(|¢) (¢|) is e-close in trace distance to |¢y7) (L] ®
|0%) (0%| for some integer a > 0. Then following the proof of Claim 4.5 (but replacing the
all-zeros input state with p = |¢) (¢| and the expected T-count T°(A) by the worst-case
expected T-count 7 (A)), we obtain a Clifford circuit C’ with Pauli postselection such that

¢ (|91T)®"10%)) = |g)[0"*+), (72)

where the trace distance between |iy) and |¢) is at most /6. Moreover, C’ uses t =
2-T(I®A) =2-T(A) magic states, where the second equality follows from (54).
Now notice that the maximally entangled state

o S ey (100 1DV
=2 3 ek = () (73)

can be constructed by n single-qubit Hadamard gates and n CNOTs on |0?). Let C be the
circuit applying these Clifford operations followed by C’. Then we have C (|02")|T)®!|0%)) =
|#)|0tT2) as claimed. O

By Claim 4.11, it suffices to prove the following Proposition 4.12 and Proposition 4.13
to obtain Theorem 4.2 and Theorem 4.3 respectively.
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Proposition 4.12. There is an n-qubit diagonal unitary D such that the following holds.
Assume C is a Clifford circuit with m Pauli postselections and a ancillas. Assume

¢ (l0™)7)*"|07)) = [g)l0"+)

and § [19) (6] = tp) (ipllly < . Then t = (/2" 1og(1/€) + log(1/¢)).

Proposition 4.13. There is an n-qubit unitary U such that the following holds. Assume
C is a Clifford circuit with m Pauli postselections and a ancillas. Assume

¢ (j02)[)'10%) = el +)

and 36 (9] — o) (wlll, < e. Then ¢ = @ (20/Iog(1/2) + log(1/2)).

Following the proof of Theorem 4.1, we now need to construct a large set of distin-
guishable Choi states to apply the counting argument. For this purpose we relate the trace
distance between Choi states to normalized Hilbert—Schmidt (aka Frobenius) distance of
the corresponding unitaries.

In particular, if A is a d x d matrix we write ||A|yg = /Tr(ATA)/d.
Fact 4.14. Let U and V be two n-qubit unitaries. The trace distance between their Choi

states 1is

1 1 : i0
g llewd ol = vy vl = — - min |0 — e V[ (74)

where ||-||yg s the normalized Hilbert-Schmidt norm.

Proof. By (68), it suffices to observe the following

1) = )| = H2-”/2 > e ((U-dv) ) 2 (75)
ze€{0,1}"
o Y (- a) (76)
ze{0,1}"
— 9Ty <(U - e“’v)T U - e“’v) (77)
= o= V- .

Note that we have similar packing bounds.

Fact 4.15. There are N = (1/¢)®?") n-qubit diagonal unitaries Dy, ..., Dy such that the
pairwise trace distance between their Choi states is at least €.

Proof. By Fact 4.14, we work with the normalized Hilbert-Schmidt norm. The phase issue
will be handled by discretization, same as the proof of Fact 4.7.

Observe that the normalized Hilbert-Schmidt distance between two diagonal unitaries
is the normalized (o distance between their diagonals (viewed as vectors of length 27).
Then by standard sphere packing results, we can get M = (1/£)®(2") diagonal unitaries
D+, ..., Dy that are pairwise (10e)-far in normalized Hilbert-Schmidt distance. By dis-
cretizing the rotation angle of the global phase, each D; can be (v/2¢)-close to O(1/e)
other ﬁk’s in normalized Hilbert-Schmidt distance even with the presence of a global
phase. This, combined with Fact 4.14, implies that we can find N = ©(e¢M) = (1/£)92")
diagonal unitaries Di,..., Dy from 151, . ,l~?M such that the pairwise trace distance
between their Choi states is at least ¢. O
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Fact 4.16. There are N = (1/¢)®“") n-qubit unitaries Uy, ..., Uy such that the pairwise
trace distance between their Choi states is at least €.

Proof. We only show how to obtain M = (1/¢)®™*") unitaries that are (v/2¢)-far from
each other in normalized Hilbert-Schmidt distance. The remaining proof is the same as
Fact 4.15.

Let A be a skew Hermitian matrix (i.e., A+ A" = 0). Then e is a unitary. By
relating the normalized Hilbert-Schmidt distance before and after matrix exponentiation,
we construct the desired unitaries via “well-separated skew Hermitian matrices” (see e.g.,
[BL18, Appendix D]). To this end, let B be another skew Hermitian matrix and assume
lAllgs > | Bllgs < 1/2. Then notice that

400 Ak: o Bk
HeA - eBHHS = Z i (Taylor expansion)
k=1 HS
¢ - 54
> HA_BHHS_ZTHS (78)
k>2 :
|2ho AbtA - B) B
_ S
=4~ Bllys - X ; : (19)
k>2
k-2=(¢=D.]|A - B| ,
> | A= Bllys — Y X 22 (since || Allys, [ Bllys < 1/2)
k>2 :
=(2-ve)|A— Bllys = |IA - Bllys /3- (80)
Hence we just need to obtain skew Hermitian matrices Ay,..., Ay of norm [|Aj|;g <

1/2 and pairwise distance [|A; — Ag|lgg = 3v2e. The desired bound on M follows from
standard sphere packing in ¢5 norm, by viewing the upper triangular part of a 2™ x 2"
skew Hermitian matrices as a vector of length 2™"(2" 4 1)/2 = ©(4"). O

At this point, we use the canonical circuit from Lemma 4.8 and prove Proposition 4.12
and Proposition 4.13, which, combined with Claim 4.11, complete the proof of Theorem 4.2
and Theorem 4.3.

Proof of Proposition /.12. Assume ¢ is a small constant. Then the Q(log(1/e)) lower
bound also follows from [BCHK20, Lemma 5.9]. To get the Q (\/2” log(l/s)) lower bound,
we follow the same calculation as in the proof of Proposition 4.6. Suppose that for ev-
ery diagonal unitary D there is a Clifford circuit C with Pauli postselection such that
C (]02")|T>®t|0“>> = |¢)|0"T®) and the trace distance between |¢) and |tp) is at most .

In light of Fact 4.14, we consider the diagonal unitaries D = Dj; for each j € [N]
from Fact 4.15. Then by Lemma 4.8, we obtain a canonical form for the (2n + t)-qubit
Clifford circuit with Pauli postselection that approximately prepares |tp,) for each j. But
there are at most 20("*+#*) different canonical forms on 2n + ¢ qubits. By Fact 4.14 and
Fact 4.15, each |tp;) gives a different circuit. Thus 20(*+1%) > (1/£)0(") | which gives
tzQ( 2”10g(1/£)) since € < 1/8. O

Proof of Proposition 4.13. As above, the Q(log(1/¢)) lower bound follows from [BCHK20].
The Q (2"\/10g(1 / 5)) follows by applying the same counting argument used in the proof

of Proposition 4.12, but now with the unitaries U = U; for each j € [N] from Fact 4.16
and N = (1/¢)91"), O
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A Canonical form of Clifford circuits with magic states and Pauli posts-
election

To describe our generalization of Lemma 4.8, we need to recall the definition of stabilizer
group.

Definition A.1 (Stabilizer group). For a state |7), its stabilizer group Stab(|7)) is the set
of Pauli operators P satisfying P|7) = |7). For a set A of states, we define its stabilizer
group as Stab(A) = ;ca Stab(|7)). Note that the stabilizer group is a set of commutative
Hermitian Pauli operators and does not contain —I. We also remark that the size of a
stabilizer group is an integer power of two.

Now we present the formal statement for the canonical form as Theorem A.2.
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Theorem A.2. Let C be a Clifford circuit with m Pauli postselections, n input qubits,
and a ancillas. Let {|ox)}res and {|r)} cg be two sets of n-qubit states indexed by S.
Assume

[a)]07) = ¢ (| T)*[0)) (81)

holds for all A € S, where we recall the circuit expression in Definition 4.4. Then there
exists an (n + t)-qubit Clifford unitary C and matrices My, Ma, ..., M. such that

[0A)[0%) oc CMy - MaMy (|6)|T)™) (82)

holds for all A € S, where each M; is I + P; for some (n + t)-qubit Hermitian Pauli P;
and

¢ =t —log (|Stab ({|¢x)}res)]) + log (|Stab ({[¥a) }res)]) - (83)

Intuitively, Theorem A.2 says that the number of ancillary qubits and the number of
Pauli postselections are upper bounded by the number of T' gates.

e If S is a singleton set and |¢) = |0™), then Stab(|¢)) = 2™ and Stab(|y)) < 2". Thus
c <t and Theorem A.2 specializes as Lemma 4.8, which justifies the above intuition
for state preparation task, as also proved in [BCHK20].

o If {|$x) } \cs Tanges over all n-qubit states with [1)) = V|¢y) for an n-qubit unitary
V, then |Stab ({|¢x)}yes)| = [Stab ({|¥a)}yes)| = 1. Thus ¢ = ¢ and Theorem A.2
justifies the above intuition for unitary synthesis of V.

For intermediate tasks like implementing the first K columns of a unitary (aka partial
unitary synthesis), Theorem A.2 can also be used, by setting {|¢x)},cs to be the first K
computational basis states and analyzing the stabilizer group of the corresponding outputs
{W})\>})\€$ )

The proof of Theorem A.2 follows the analysis in [BCHK20, Section A.7]. We start
with the following convenient fact.

Fact A.3. Let P,Q be two anticommuting Hermitian Pauli operators. Then —iPQ is

Hermitian Pauli and J:/J;:Q is Clifford.

Proof. Consider the Clifford that conjugates P to X ® I and @ to Z ® I. Then the result
follows. u

In light of (60) and (82), we prove the following lemma.

Lemma A.4. Let Cy,...,Crp1 be K-qubit Clifford unitaries and P, ..., P, be K-qubit
Hermitian Pauli operators. Define M; = I + Pj for each j € [r]. Let {|px)}\ce and
{Ima) }ace be two sets of K-qubit states indexed by €. Assume

|7->\> X CT+1MTCT T M1C'1’PA> (84)

holds for all X\ € £. Then there exist an integer 0 < r’' < r, a K-qubit Clifford C, and
K-qubit Hermitian Pauli operators Q1, ..., Q. such that the following holds.

1. Let Aj =1+ Qj. Then |1y) x C Ay --- Ay Aq|py) holds for all X € E.

2. Let G = Stab ({|px) }reg)- For each j € [r'], we have Q; ¢ (Q1,...,Qj-1,G) and Q;
commutes with any P € (Q1,...,Qj-1,7).

3. |Stab ({[pa) brce) | -2 < [Stab ({Ima)}hree) |-
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Proof. Observe that

Cro1 M, Cy - MyCy = 1 My Cyp - MyCoCy (CIMCh ) (85)
= Cpyi 1 M Cy -+ - MyCyC Ay (define A; = C{M,Cy)
= (86)

= T+1---0201'AT"'A2A1
(define A; = (C;---C1)TM;(Cy -+ C1))

:CAT"‘AQAl. (deﬁneC’:Ct+1---C'2C'1)

Since each C is Clifford, the final C is also Clifford. Since each M; = I + P; for some
Hermitian Pauli Pj, we have A; = I+ (C;---C1)TP;(C;---C1) =: I + Q; where Q; is also
a Hermitian Pauli. Combined with (84), this already guarantees Item 1.

To ensure Item 2, we perform a clean-up procedure inductively for 7 = 1,2,.... To
this end, we divide into the following cases.

o If @); anticommutes with some R € G, then we show it can be discarded. Observe
that

(QiR)Aj—1---Ailpy) = Q;Aj—1--- A1 R|py) (by induction and Item 2)
—Qid; 1 Alpy). (since R G C Stab(lpy))

Hence we can safely replace A; = I +Q; as I +Q; R H\%R, which is Clifford due

to Fact A.3. Then we can apply the same trick in (85) to merge with the Clifford C
outside.

o If Q; anticommutes with @;« for some j* < j, then it can also be discarded. By
induction and Item 1, we assume without loss of generality j* = j — 1. Since Q)j_1 is
Hermitian Pauli, we have Q;_14;1 = Qj—1(/+Qj-1) = Q-1+ = Aj_;. Therefore
we can safely replace A; = I + @) as %, which again is Clifford by Fact A.3.

« Now we are in the situation where (); commutes with Q1,...,Q;j—1 and elements
in G. To guarantee Item 2, it suffices to show that if Q; € (Q1,...,Q;-1,G), then

it can be discarded. Assume Q; € (Q1,...,Q;-1,G). Since Q1,...,Q;j—1 and G are
commuting Hermitian Pauli operators, @; can be expressed as R[], @, for some

L C[j—1]and R € G. This means Q; lies in the stabilizer group of A;_1--- A1|px)
and hence

QjAj—1---Ailpx) = Aj—1--- Ailpy). (87)

This means Aj;A;_1--- A2Aq|py) o< Aj_1---A2A1|py) and thus it can be removed
directly.

Finally we prove Item 3. By Item 1, we have

’Stab ({‘T)\>})\€g)‘ = ’Stab ({CA. - AI‘PA>})\GE)’ (88)
= |Stab ({Aw -~ A1lpa)bree)] (89)
=: |H|. (since C' is Clifford)

Since QjA; = A;, we have Q; € H for each j € [r’]. We also have P € H for each P € G.
Therefore, (Q1,...,Q.,G) C H, where, by Item 2, the former set has size 2" - |G|. Hence
|| > 2" - |G|. Putting back the definition of G and A implies Item 3. O
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In addition to Lemma A.4, we need the following technical lemma to remove unnec-
essary ancillas. Lemma A.5 generalizes [BCHK20, Lemma A.10] and shares a similar
proof.

Lemma A.5. Let {|pr)}rcs and {|Pa)} cs e two sets of n-qubit states indexed by S.
Let C' be an (n + m)-qubit Clifford unitary where m > 0 is an integer. Assume

[ [0™) = C" (|pA)|0™))  holds for all X € S. (90)

Then there exists an n-qubit Clifford unitary C' such that |[1y) = C|¢y) for all X € S.

Given Lemma A.5 and Lemma A.4, we first complete the proof of Theorem A.2. The
proof of Lemma A.5 is presented in Subsection A.1l.

Proof of Theorem A.2. By Definition 4.4 and (81), C can be expressed by (n+t+ a)-qubit
Clifford C1,...,Cp+1 and (n + t 4 a)-qubit Hermitian Pauli Ry, ..., R, such that

[2)10)10%) o s WinCo - Wi (02)[T)2]0%)) (91)

holds for all A € &, where W; = I + R;.
By Lemma A.4, we can further simplify above by an integer 0 < ¢ < m, an (n+t+a)-
qubit Clifford C’; and (n + t + a)-qubit Hermitian Pauli @1, ..., Q. such that

[2)[0%)]0%) o< €A, -+ Az Ay (|ga)|T)*|0%) ) (92)
holds for all A € S, where A; = I + Q;. In addition,
20707 [Stab ({[9) }res) | = 27 [Stab ({[02)10)0%)}, )| (since Seabi(0) = (1. 2))

> ‘Stab ({\¢A>T>®t|0a)}>\€8> (by ITtem 3 of Lemma A.4)

> |Stab ({|¢x) }res) | - [Stab ([0%))] (93)
= 2" [Stab ({|¢x)}res)| - (94)

which implies
¢ <t —log (|Stab ({|$x)}res)|) +1og ([Stab ({[¥a)bres)]) - (95)

By Item 2 of Lemma A .4, we know that each @; commutes with Stab ({ |ox) | T)®|0%) }/\es>’
which contains all Z rotations on the last a-qubits. Since @); is a Hermitian Pauli, we have

Qj =P ® Z(vj) (96)

for some (n + t)-qubit Hermitian Pauli P; and some v; € {0,1}%. Here, Z(v;) applies the
single-qubit Z gate on the coordinates selected by v;. Define M; = I + P;. Then for any
(n + t)-qubit state |p), we have

A; (1)10°)) = (M;1p)) @ 10°). (97)

Therefore,
[0A)]0[0%) o C" A -+ As Ay (|6x)|T)*!|0%)) (by (92))
= O (Mo MaM|63)|TY™) @ [07)) (by (97))
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Now define |py) = M, - - Mo M|p))|T)®t. Then for all A € S,
[¥)]07) @ [0%) o< 7 (| pa) @ 107)) -

where C” is Clifford. Hence by Lemma A.5, there exists an (n + t)-qubit Clifford C' such
that
[9n)10%) o Clpa) = CM- - Moy (16x)T)%Y) (98)

To complete the proof of Theorem A.2, we finally remark that it is always possible to pad
dummy P = I to ensure the equality in (95) holds. O
A.1 Eliminating ancillas in Clifford circuits

Finally we prove Lemma A.5, which generalizes [BCHK20, Lemma A.10].

Lemma A.5. Let {|¢r)}rcs and {|Pa)} cs e two sets of n-qubit states indexed by S.
Let C" be an (n + m)-qubit Clifford unitary where m > 0 is an integer. Assume

[x)]0™) = C" (|p2)|0™))  holds for all X € S. (90)

Then there exists an n-qubit Clifford unitary C such that |[¢x) = C|¢n) for all X € S.

Proof. Let r = log|Stab({|¢x)})|- Since Stab({|#x)}) is a commutative subgroup of the
Pauli group and does not contain —I, there exists a Clifford Cy conjugating Stab({|¢x)})
to the group of Z operators on the last r qubits [CG97], which means

[6x) = Cs (163)107) (99)

holds for every A € S and some (n — r)-qubit state |¢). By (90), we also have

log [Stab({[yx)})[ = 7

and analogously, there exists a Clifford Cy such that

[92) = Cy (IW0)107)) (100)

holds for every A € S and some (n — r)-qubit state |¢}). Now define Clifford C" =
(Cy ® I,)TC'(Cy ® I,). Then (90) becomes

i) [07m) = " (|gh)om™)) (101)

holds for all A € . In addition, Stab({|¢)}) and Stab({|¢\)}) contain only the trivial
stabilizer I.

We will make another simplification to make sure that C” commutes with the single-
qubit Z gate on the last qubit, which will help factorize C” and apply induction. To this
end, we observe that Stab({|#})[0")}) = Stab({|})|0"t™)}) equals the Pauli Z group
on the last  +m qubits. Hence by (101), for the single-qubit Z gate on the last qubit we
know that

C"(Inim-1® Z)C" =1, @ Z(s) (102)

for some s € {0,1}"t™. Let D be an (r +m)-qubit CNOT circuit reversing this mapping,
i.e., DZ(s)D' equals the single-qubit Z gate on the last qubit. Define Clifford C"" =
(In—r ® D)C”. Then we have the commutativity condition:

C"(Ingm—1 ® Z)C"" = (In—r @ D)(In—r @ Z(5))(In—r © D)1 (103)
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=Intm-1® Z. (104)

Moreover, (101) remains unchanged:

C" (I6307™) ) = (Ln—r @ D)[4)[07™) = [g)]0 ™) (105)

holds for all A € S, where the second equality uses the fact that D is a CNOT circuit.
At this point, we can factorize C"" to reduce the number of ancillary qubits. This is
achieved by the following Fact A.6 in [BCHK20].

Fact A.6 ([BCHK20, Proposition A.11 and Lemma A.13]). Assume C is a K-qubit
Clifford unitary commuting with the single-qubit Z gate on the last qubit. Then C =
Co ® |0) (0] + Cy @ |1) (1|, where Cy, Cy are (K — 1)-qubit Clifford unitaries.

Combining Fact A.6 and (103), we know that
C" =Cy®|0) (0| +C1 ® 1) (1], (106)

where Cj is an (n +m — 1)-qubit Clifford. Furthermore, by (105), we have

Co (A 07Fm1)) = [wi)lorm1) (107)

holds for all A € S.
Iterating the above process to ensure Cy commutes with the single-qubit Z gate on
the last qubit, we can repeatedly trim off the trailing ancillas until we obtain

C (|¢4)]07)) = [¢4)|07)  holds for all X € S, (108)

where C is some n-qubit Clifford. Recall from (99) and (100) that |p\)|07) = C;,|¢/\) and

[Y\)|07) = C’L|@ZJ>\>. Hence setting C' = C'wC~’C*g6 guarantees C|¢y) = |[¢)). This completes
the proof of Lemma A.5. O

B Improved analysis of Low-Kliuchnikov-Schaeffer state preparation

We observe that the proof of Theorem 1.2 works equally well for diagonals of single-
qubit unitaries. With Fact 2.4, we can also decompose arbitrary single-qubit unitary into
diagonal unitaries for which Theorem 1.2 directly applies. These are presented as the
following Lemma B.1.

Lemma B.1. Let n > 0 be an integer and Uy, Us,...,Usn be arbitrary single-qubit uni-
taries. Define (n+1)-qubit unitary U = diag(Uy, ..., Uan). Then U can be implemented up
to error e by a Clifford+T circuit using O («/2” log(1/¢e) + log(l/e)) T gates and ancillary
qubits.

Proof. The proof is identical to the proof Theorem 1.2 once we make sure that the determi-
nant of each Uj is 1. To achieve this, let D = diag(aq, f1, ..., aan, fan) be an (n+1)-qubit
diagonal unitary such that the determinant of UJ’- is 1 for all j, where U]‘ = diag(o;, B;)U;.
Note that DT can be constructed using Theorem 1.2, and then DU = diag(Uj,...,Us)
can be handled in the same way as in Theorem 1.2. Combining both gives Df(DU) = U.

An alternative proof is to use Fact 2.4, which represents each U; as A;HB;HC; for
single-qubit diagonal unitaries A;, B;, C);. Then we have

U = diag(Ay,...,Agn)diag(H, ..., H) (109)
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-diag(B1, ..., Ban) (110)
-diag(H, ..., H)diag(Cy,...,Can), (111)

where diag(H, ..., H) is simply a Hadamard gate on the (n + 1)-th qubit and, more-
over, diag(Ai,...,Asn) (resp., diag(Bi,...,Ban),diag(Cy,...,Can)) can be implemented
by Theorem 1.2. O

As a direct application of Lemma B.1, we improve the state synthesis bound in [LKS24].
Note that Corollary B.2 is only off by the extra n in front of log(1/e), which does not
dominate the overall complexity unless ¢ is extremely small. Given this, this construction
may be of practical interest.

Corollary B.2. Any n-qubit state can be prepared up to error € by a Clifford+T circuit
starting with the all-zeros state using

O (\/2" log(1/¢e) + nlog(l/e)) T gates (112)
O (\/2" log(1/¢e) + log(l/e)) ancillary qubits. (113)

Proof. The state synthesis algorithm in [LKS24] uses Grover-Rudolph algorithm [GR02]:
The first qubit is rotated to have the correct marginal. Then conditioned on the first
qubit, the second qubit is rotated to have the correct marginal. This process is iterated
until the nth qubit is rotated conditioned on the first n — 1 qubits.

Let Kk =0,1,...,n—1. The k-th operation above is a rotation on the (k+ 1)-th qubit,
controlled by the first k qubits. Therefore, it is a diagonal of single-qubit unitaries, for
which we apply Lemma B.1. Let e, = £/2"%. Then by Lemma B.1, the k-th operation
above can be gi-approximately implemented with

0 <,/2k log(1 /) + log(l/sk)) _ o<\/2k (n—k+log(1/2)) +n — k + log(l/z-:)) (114)

T gates and ancillas.
Through all £ =0,1,...,n — 1, the maximal number of ancillas is

and

O(m]z}x \/2k (n—k+log(l/e)) +n—k+ 10g(1/6)> =0 ( 2klog(1/e) + log(l/s)) .

(115)
The total error is ) )
Zekzs‘ ZQk*" <, (116)
k=0 k=0
and the total number of T gates used is
n—1
§:O<\/2"C (n—k+log(1/5))+n—k+log(1/e)> (117)
k=0

S ni:lO(\/%(” —k)+ \/2]’C log(1/e) + log(1/€)> (since va+ b < y/a + Vb)
k=0

—O(\/m—i—nlog(l/a)). O
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