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Quantum Zeno dragging enables the preparation of common eigenstates of a set of
observables by frequent measurement and adiabatic-like modulation of the measurement
basis. In this work, we present a deeper analysis of multi-channel Zeno dragging using gen-
eralized measurements, i.e. simultaneously measuring a set of non-commuting observables
that vary slowly in time, to drag the state towards a target subspace. For concreteness, we
will focus on a measurement—driven approach to solving k-SAT problems as examples. We
first compute some analytical upper bounds on the convergence time, including the effect
of finite measurement time resolution. We then apply optimal control theory to obtain the
optimal dragging schedule that lower bounds the convergence time, for low-dimensional
settings. This study provides a theoretical foundation for multi-channel Zeno dragging and
its optimization, and also serves as a guide for designing optimal dragging schedules for
quantum information tasks including measurement-driven quantum algorithms.

1 Introduction

Techniques of quantum control lie at the heart of the development of quantum information processing
technologies over the last three decades, enabling precise manipulation of quantum systems toward
tasks such as computation, simulation, as well as sensing and metrology [1-5]. On the one hand,
one of the goals of quantum control is to mitigate the effect of unwanted noise sources stemming
from coupling to the environment; on the other hand, dissipative quantum control, which essentially
engineers the system-environment interaction, has emerged as a novel tool for control and verification
of quantum technologies [6].

Among these dissipative quantum control strategies, the quantum Zeno effect (QZE) [7], in which
frequent measurements freeze the Hamiltonian evolution, stands out as a powerful method to stabilize
quantum states, subspaces, and dynamics. This has been applied to manipulation of quantum dynamics
[8-13], creating entangled states and entangling gates [14-24], logical gates on bosonic codes [25-28],
and to create or support quantum algorithms [29-36]. The concept of QZE is closely related to Zeno

Yipei Zhang: zyp123@berkeley.edu

Alain Sarlette: alain.sarlette@inria.fr
Philippe Lewalle: plewalle@berkeley.edu

Tathagata Karmakar: tatha@berkeley.edu
Thilo Scharnhorst: thilo@berkeley.edu
K. Birgitta Whaley: whaley@berkeley.edu

Accepted in {Yuantum 2026-06-28, click title to verify. Published under CC-BY 4.0. 1


https://quantum-journal.org/?s=Optimal%20schedule%20of%20multi-channel%20quantum%20Zeno%20dragging%20with%20application%20to%20solving%20the%20$k$-SAT%20problem&reason=title-click
https://quantum-journal.org/?s=Optimal%20schedule%20of%20multi-channel%20quantum%20Zeno%20dragging%20with%20application%20to%20solving%20the%20$k$-SAT%20problem&reason=title-click
mailto:zyp123@berkeley.edu
mailto:alain.sarlette@inria.fr
mailto:plewalle@berkeley.edu
mailto:tatha@berkeley.edu
mailto:thilo@berkeley.edu
mailto:whaley@berkeley.edu
https://arxiv.org/abs/2507.16128v2

dragging, where the state is pulled along as the measurement basis changes over time [10, 13, 24, 27,
29, 30, 33, 37, 38|. Zeno dragging has a parallel in the approach of adiabatic quantum computation and
adiabatic control, where state transfer is achieved through slow modulation of a system’s Hamiltonian
H(0) through some control parameter () [39-42]. In contrast, for Zeno dragging the dynamics
are generated by some quantum measurement channel 7 (6) that may be considered as a particular
instance of an adiabatic superoperator [43—45|. This Zeno dragging framework is particularly attractive
for preparing ground states of frustration-free Hamiltonians, where commonly each term is local and
can be measured separately.

In algorithmic applications of the Zeno effect, and of Zeno dragging in particular, measurement-
driven algorithms based on the projective QZE have been proposed to solve Boolean satisfiability
(k-SAT) problems and ground state preparation problems of frustration—free Hamiltonians [29, 30].
The former has recently been further explored by several of the current authors using the more general
quantum Zeno setting provided by generalized measurements [33]. Empirical results in [33] suggest
that the limit of weak continuous measurement provides optimal algorithmic performance for a quan-
tum Zeno driven k-SAT computation, but rigorous bounds on the effect of measurement strength on
algorithmic performance have not yet been established.

In quantum annealing or adiabatic control and computation problems, it is well known that opti-
mizing the schedule according to which the Hamiltonian is modulated over time is important in the
overall performance [46-51]. Similarly, for Zeno dragging we can expect that optimizing the schedule
of the control parameter 6(¢) which determines the measurement basis as a function of time could
also play a significant role in obtaining computationally efficient measurement-driven protocols and
algorithms. Indeed, [29] already empirically proposed a nonlinear schedule that would perform much
better than a linear schedule as a function of time. More recently, in [24] several of the current authors
have provided a theoretical framework based on optimal control that enables schedule optimization
under Zeno dragging with the target of generating a known target state.

This method, based on interpreting the action functional from the Chantasri Dressel Jordan (CDJ)
[62, 53] stochastic path integral as a cost function for Pontryagin—style optimal control, has been
applied to small-scale systems using a single measurement channel [24, 54, 55|. We refer to this
approach as the CDJ-Pontryagin (CDJ-P) method. The case of multi-channel Zeno dragging, where
multiple measurement observables are either randomly selected to be measured in the discrete case
or simultaneously monitored with continuous-time signals, holds broader potential. In algorithmic
applications, the target state reached at the end of the Zeno dragging procedure is generally unknown
a priori, because it encodes the unknown solution to the computational problem under consideration
[29, 30, 33|. In this case, the optimal schedule §(¢), which can be obtained with optimal control theory
based on a full system analysis, provides an upper bound on the performance achievable with a realistic
“optimal” schedule for the algorithmic application.

In this paper, we address several of the above-mentioned questions. Specifically, we first prove a
version of the adiabatic theorem for multi-channel Zeno dragging with discrete-time measurement of ar-
bitrary strength. Indeed, in the time-continuous limit, i.e., with measurement outcomes obtained from
continuous-time signals, we are able to weakly and simultaneously measure several non-commuting
observables, whose common 0-eigenspace encodes the solution. We show that the convergence is guar-
anteed if one changes 6(¢) slowly enough, compared to the decay of coherences between the solution
space and the non-solution space of the (6(t)-dependent) observables being measured. This crite-
rion properly captures the effect of time resolution, promising faster convergence when continuously
observing the output signal, as empirically observed in [33].

We then switch to a perspective of optimal control theory to improve the performance in this weak
continuous measurement limit, considering optimization of the schedule 6(¢) using first the average
(Lindblad) dynamics, and then using the measurement—conditioned dynamics via the CDJ-P formal-
ism. We show that we are able to numerically optimize the measurement basis schedule () under
arbitrary running and terminal costs, which we demonstrate here with multiple measurement channels
for k-SAT problems on few-qubit systems. Our numerical results show that such schedule optimization
can significantly improve the performance of Zeno dragging for solving quantum algorithms.
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We also note that the idea of dissipative and measurement-driven quantum algorithms has been
explored theoretically in several previous works in the literature [14, 30, 36]. However, these approaches
differ from the current work in that they focus either on preparing the ground state of a general
Hamiltonian with the associated requirement of implementing the measurement globally [36], or on
local projective measurements without considering the duration of the measurement process itself
[14, 30]. We will see that the bottleneck governing the overall convergence time is the high number
of iterations of the measurement process. Therefore, taking into account the measurement duration is
essential to obtain meaningful bounds. We emphasize that the approach presented in the present work
considers both varying measurement strength and local measurements for frustration-free operators.
We will show that our theoretical results provide a convergence bound in Theorem 2 that improves
on the previous results with projective measurements in [30] and also provides a better convergence
bound than [30, 36] in terms of the dependence on the spectral gap.

The remainder of this paper is organized as follows. Section 2 introduces the k-SAT setting within
the more general context of finding ground states of frustration-free Hamiltonians and defines the Zeno
dragging model studied in this work. The conditional and unconditional dynamics resulting from this
measurement-driven paradigm are presented, and the relation to analog quantum computing is clarified.
A contrasting implementation within the paradigm of digital (gate-based) quantum computing, that
uses entangling gates and ancilla qubits for generalized mid-circuit measurements, is also presented
there. In Section 3, we then perform a theoretical analysis establishing sufficient convergence conditions
for the Zeno dragging implementations. Section 4 reviews the relevant concepts of optimal control
theory and builds the framework for implementing schedule optimization of the measurement axis
parameter 6(t) in Zeno dragging. We then demonstrate the schedule optimization numerically in
Section 5. Finally, we discuss possible future directions and conclude in Section 6. Some details about
all of these points can be found in the Appendices.

2 Defining the Setting for Zeno Dragging and k-SAT

We are interested in preparing ground states of a frustration-free Hermitian operator Op = % 22121 P,
on a (finite-dimensional) Hilbert space. Typically the P, are few-body Hamiltonians, and in particular
here we will assume that each of these is a projector involving a few qubits. Any ground state
of a frustration-free Hermitian operator is the simultaneous _ground state (here the simultaneous 0-
eigenstate) of all the {P,}™ . Note that by decomposing P, = Cor Pa.or with projectors Pa’a
and positive scalars ¢/, the setting can be easily generalized to P, being general positive semidefinite
operators (not necessarily projectors). It is always possible to introduce a control parameter 6, which
runs from 6; to @y, into the set of projectors so that the running problem cost operator

= LS ) M)

remains frustration-free along the path of 6 [30]. The final operator O(6;) = O, is designed to encode
the cost operator of the original problem. It is evident from the definitions of Op and P, that the
spectral gap of this final, problem cost operator is an integer multiple of 1/m, if P, mutually commute,
e.g. in the case of classical problems. When the initial projector O( ;) is designed to have an easy-to-
prepare ground state, the frustration-free ground state can then in principle be obtained by repeatedly
measuring all of the projectors P, while smoothly varying the axis 6 of P, from 6; to 6 -

One example of such { P, (6)}™_, was proposed by Benjamin, Zhao and Fitzsimons (BZF) in [29, 30|
to solve classical Boolean satisfiability (SAT) problems, which constitute a type of structured search
problem; while many of our results presented below apply more generally, we shall use the class of
k-SAT problems, where there are m Boolean clauses and each clause interrogates k bits, for illustrative
examples. Appendix A provides a brief review of k-SAT problems. k-SAT problems for k > 3 are
known to be NP-complete [56-58]. In [29, 30|, each constraint (or clause) « of a given instance of
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the k-SAT problem is mapped onto a projector P,. When the clause « is satisfied, the corresponding
projector P, is evaluated to give outcome 0. In this way, a simultaneous 0O-eigenstate of all P, provides
an assignment satisfying all clauses in the original k-SAT problem, and thus a solution, if there is any.
Specifically, in the projective measurement setting of BZF, the Hilbert space corresponds to n qubits,
while each projector 150(0) only acts on k qubits and corresponds to a clause in a k-SAT problem
instance:

k
Pa(0) = @) lla,0) (1o, 6] (2)

with .
lla,0) = Ry(m +10,0) [+)a, » for [+) = 25 (10) +[1)), (3)

where ]%y((;ﬁ) is the single-qubit rotation operator by an angle ¢ around the y axis of the Bloch sphere.
The «; € [n] label the (qu)bits involved in the clause «, while the {la,,lay, " sla,} € {—1,+1}F
encode whether the corresponding variable is negated or not in the clause. The main idea is that each
projector If’a(@) then features a 1l-eigenvalue subspace where the qubits aq, ..., ax are all orthogonal
to the value favored by the clause, and a 0-eigenvalue subspace where the clause « is satisfied. For
0 < 6 < /2, the encoding of T (true) and F (false) correspond to non-orthogonal qubit states, hence
they are only weakly distinguished. This implies that different ]3&(9) do not commute in general.
Nevertheless, the solution space is a common 0-eigenspace of all the f’a(G). Thus, after mapping a
classical k-SAT problem instance onto the k- m parameters [,,, the instantaneous 0-eigenvalue ground
subspace of the operator 0(9) at any given 6 > 0 would then characterize the corresponding k-SAT
solutions, if there are any.

In the remainder of this paper, we analyze the state evolution assuming that the k-SAT instance
does have a solution, implying that 0(9) does feature a simultaneous 0-eigenvalue and we denote ﬁo(e)
as the projector onto the corresponding subspace.

In the decision version of k-SAT [59, 60], i.e., where one asks whether a 0 eigenvalue solution
exists or not for a given instance, the above analysis suffices to characterize our ability to provide an
arbitrarily accurate answer. Indeed, by the definition of NP, any proposed solution can be efficiently
verified [56-58]. When the instance has no solution, any trial will fail. When the instance has a
solution and we have performed successful Zeno dragging, there is a high probability — say £ — to
sample a state that does satisfy the instance; by trying several times, the probability to never observe
a valid sample decays exponentially. In other words, by declaring “instance has no solution” if we have
seen none after w trials, we correctly solve the problem with probability 1 — (1 — £)®. Therefore,
the only critical value here is the probability £ of successful Zeno dragging for k-SAT instances that
do have a solution. To be useful, ¢ should be significantly larger than the probability Dg,/2" of
uninformed random sampling when the instance has Dy, solutions; typically, there are hard instances
with Dy, = O(1) [59, 60].

To initialize the k-SAT “ground state” for Zeno dragging, we prepare the complete superposition
[ho) = | ++4...4) = (]1)40))®"/(2"/2), which is the ground state of any O(; = 0). From there, the
problem instance, the operator 0(9), and hence the solution to the problem instance, are gradually
refined as 6 increases (more on this below), until we have aligned our measurement axes with the
computational basis at 8y = 7/2.

If the state has been Zeno dragged along the ground subspace of 0(0) to achieve a final accuracy
¢ € [0,1], then the final measurement will provide a k-SAT solution with probability £. This is to be
contrasted with the probability Dg,1/2™ that we could obtain by measuring |1¢) in the computational
basis directly at the start, which is just equivalent to guessing possible solutions at random.

There are several non-equivalent ways to implement the Zeno dragging when gradually changing
0 from 6; to 6 in a general frustration-free setting, since the pa(ﬁ) do not all mutually commute
and hence cannot all be projectively measured in parallel. This motivates us to explicitly model the
measurement time resolution.
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For the measurement associated to a single clause o, we consider Kraus operators { M, (6)}
inspired by a ubiquitous setting in quantum optical systems [61-64], where a Gaussian measurement
apparatus generates a continuous—valued measurement signal r,, (t) over a measurement duration At:

Ny, o(6) = <2A7f)i {exp [—it (m + %)2 —% <ra - \2)1 (i-2.0) }
(4)

with 7 the “characteristic measurement time” (or inverse of the measurement rate I' = 1/47) [62, 65-68],
and At/7 the measurement strength.

One can check that those operators indeed satisfy the fundamental relation [ dra]\;[;ma(ﬁ)Mrma 0) =
1 with 7o € R being the measurement outcome. For a pre-measurement state po, the probability of
getting outcome 7, is Tr(Mra’a(G)ﬁoMja,a(G)), and according to Born’s rule the post-measurement
state p,_ is given as

P.,(6) + exp

- Mm,a(‘g)ﬁoMrTa,a(e)
Tr(Mra,a(e)ﬁoMJma(e))
As At/T — oo, the measurement defined in this way becomes equivalent to the standard projective
measurement of P,(f); when At/ — 0, we are in the weak continuous measurement limit where
each individual measurement takes an infinitesimal amount of time and perturbs the state infinitesi-
mally; the state dynamics are then described by diffusive stochastic quantum trajectories [68-78|. For
intermediate values of At/7T, the measurement is performed with finite but limited contrast. This mea-
surement model can be naturally realized in superconducting circuit platforms with continuous-time

readouts.

For the measurement of several clauses, the Kraus map EQ. (5) could in principle be generalized to
a multi-dimensional continuous signal r(¢), where the state update is conditioned on the readouts of
several non-commuting observables. However, it requires some care to correctly model the correspond-
ing Kraus operators, as we effectively move into a situation that is no longer quantum non-demolition
(QND) [68, 76-78].

In the time—continuum limit, issues of measurement commutation may be disregarded, because
measurement ordering only affects the dynamics to order O(At?) [64, 79-88|. In other words, in such a
system all the clause observables are, simultaneously and infinitesimally weakly, coupled to a separate
measurement degree of freedom. Their measurements are thus effectively made in parallel, with back-
action terms just adding up in the associated diffusive stochastic quantum trajectories, irrespectively
of whether the observables commute or not.

When measurement signals are obtained after a finite time interval At, we may imagine different
operational realities. In one situation, the physical operation would be the same as in the time-
continuum limit, but the finite time resolution of the readout only allows us to condition on samples
of r(t) obtained at discrete time steps At. For such devices, a composite Kraus operator, conditioning
backactions on r(At), could in principle be assembled and would reflect experimental reality well [89].
An alternative type of device would, over each small time interval A¢, measure a (different) set of only
commuting observables. In this situation, the Kraus operators EQ. (4) remain a valid model, and their
sequential time-ordered application determines the overall evolution. This leads to a more “digital”
conception of the overall situation, of the type discussed in §2.3 and Fig. 1. The two distinct physical
pictures coalesce in the continuum limit A¢/7 — 0.

A last point deserving some attention for the multi-channel measurement situation is the normal-
ization of overall measurement rate I' = 1/47 (or strength A¢/7). This part of the device modeling is of
course related to the previous discussion about continuous versus sequential measurements. The most
optimistic assumption would be that each clause can be measured at a given speed, independent of the
fact that it would be measured together with other clauses. An intermediate assumption may be that
commuting clauses can be measured together, each at a given speed independent of their number, but
that measuring, e.g., two non-commuting observables “together” means that we must measure each at
half its maximal speed (the latter is reminiscent of heterodyne measurement in quantum optics [90-94|

P

T

(5)

Accepted in {Yuantum 2026-06-28, click title to verify. Published under CC-BY 4.0. 5



). Finally, the most pessimistic assumption would be that the device features a fixed number of output
channels, so that the effective measurement speed of each individual clause is proportional to 1/m,
where m is the number of clauses.

In this work, for finite At, we will generally follow a (pessimistic) model compatible with selecting
and measuring a single clause at random for every time slice At. In the event that different environmen-
tal modes can be used for performing different measurements in parallel on a device, our conclusions
will differ at most by the factor 1/m on the measurement strength.

2.1 Unconditional Dynamics

We begin by considering Zeno dragging based on dissipation; this setting is equivalent to averaging over
all possible measurement results, or dissipating information without detecting measurement outcomes
at all. We note that the QZE works on average, i.e. autonomously, and this principle underlies the
effectiveness of dissipative Zeno dragging. Performance can be improved by collecting measurement
outcomes to perform filtering, post-selection, and /or feedback, but these items are not strictly necessary
for Zeno based schemes to function.

For any measurement of duration At, averaging over the randomness of both the measurement
result 7, and also the random selection of clause «, the resulting dynamics is then described by the
quantum channel:

TG ==Y [ dradite, a@)pN1], 4 (0)
=177
m (6)
=p+ % Z [pa(g)ﬁpa(o) P (Pa(e)ﬁ+ ﬁpa(9)>:| >
a=1

where 8 = 1 — e"2%/27. When At/T — 0, which is equivalent to the weak continuous limit of the
measurement process, EQ. (6) is equivalent to the Lindblad master equation [95]

b_ L ) [zsaw)mﬁa(e) 5 (Pu@i+ ﬁﬁa<9>)} - ZLOB), g

where we have defined the Lindbladian superoperator

Lo = i [Pa(a) 8 Pa(6) — 5 (Pal)o + aﬁa(o))} . (8)

The characteristic time 7 expresses how fast the output channels convey information about the quantum
system. The prefactor % again corresponds to the pessimistic assumptions that a single output channel
of rate 1/7 has to be shared by all the clauses.

2.2 Conditional Dynamics

The above treatment is based on the average effect of measurement processes, without recording the
actual outcomes, and is thus described by a deterministic quantum channel. In this paper, we will also
be interested in the diffusive stochastic dynamics obtained by conditioning on measurement outcomes
{ro}™_, from simultaneous, weak continuous monitoring of all the {P,(#)}™_,. Such dynamics are
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described by a stochastic master equation, which we here write in Stratonovich form [77, 85, 96-98]

1= Y (o 52 ) [Pal@) 4 P(0) ~ 20T Pa 01 a

>

2
rodt = Tr(Pyp)dt + dWi 4 ,

NG
where dW, , is independent white noise for each « describing the stochastic nature of quantum mea-
surement results, and we have defined Fo(p,74,0) = (ro — #)[Pa(G)ﬁ + pP.(0) — 2pTr{P,()p}] for

later convenience.

2.3 Alternative Quantum Circuit Implementation

Both versions of Zeno dynamics presented above can be viewed as analog dissipative quantum com-
putation models. Alternatively, it is also possible in principle to simulate generalized measurement
using the “quantum digital” standard circuit model. Here we present a simple circuit implementation
of generalized clause measurements with observables corresponding to the projectors EQ. (2) that are,
however, implemented with variable strength in a discrete manner. Such a digital model of generalized
measurements [72] may be of independent interest to researchers who are more familiar with circuit-
model quantum computation. This alternative “digital” implementation assumes that qubits function
as the “environment” that mediates information exchange with the detection apparatus (instead of
e.g. a continuous—variable system such as a resonator); entangling gates between the data and meter
qubits create correlations to be leveraged for measurements, leading to discrete measurement outcomes
upon projection of the meter qubits.

Example circuits are shown in Fig. 1. For k-SAT, each clause measurement requires some single
qubit rotations and a single k-controlled gate. If there are n variables with m clauses, we then need
at most n + m qubits to implement all clause measurements, where n are data qubits requiring long
coherence times and memory, while the m auxiliary qubits can be less good because they are being used
to mediate readout, and are reset every cycle. Strictly speaking, a single auxiliary qubit may be recycled
for all measurements, if it can be reset extremely fast. The convenience of the analog versus digital
implementations depend on the constraints of a given experimental setting. In particular, we stress that
from the perspective of the models presented above, and on which the results of the present manuscript
are based, the main difference between the “analog” setting and the gate—based one of Fig. 1, is that the
analog situation is natural to systems with time-continuous dissipation (i.e. measurements mediated
by always—on dissipation), whereas the circuit implementation is more amenable to situations where
measurements are implemented discretely and in a specific order. Between the variations spanned by
these choices, we believe that (noisy) implementations of small-scale Zeno—Dragging k-SAT problems
are feasible in the near term on a diversity of experimental platforms.

This paper is focused on the analog implementation, motivated by the fact that continuous-time
readout is the natural setting in superconducting circuit platforms (for specific applications to qubits,
see e.g., [83, 103-107]). The above digital implementation is presented here as an existence proof,
without any claim to be particularly efficient in practice.

2.4 Summary of the setting

In the next section, we will analyze the dynamics of Zeno dragging using the general expression of
the unconditional measurement process EQ. (6), or in the continuous limit using the unconditional
Lindblad dynamics EQ. (7). This provides the average performance in the absence of measurement-
based feedback. One restriction in the present analysis is that we assume the same 6 and the same
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Figure 1: Panels (a) and (b) are adapted from [99], and illustrate a quantum system monitored through its interac-
tion with an auxiliary (environmental) degree of freedom that mediates information exchange with a detector that
amplifies some outcomes to a classical scale. The representation a) is consistent with e.g. standard “collision model”
approaches to modeling open quantum system processes [100]. Repeated (Markovian) interactions with environ-
mental time—slices, as shown in panel (b), serves as a model for successive generalized quantum measurements, each
yielding a readout r; in the 5" timeslice. The “environmental” degrees of freedom mediating information exchange
with a detector (red “meter qubits”) are always reset after they are measured. In the limit of infinitesimal At and
infinitesimal correlations generated between the system and environment, we recover continuous weak monitoring
from such a picture (or Lindblad dynamics, if we average over the readouts r). While panels (a) and (b) apply for any
kind of quantum system and environment, as well as for arbitrary strength of any associated measurements, we have
drawn panel (b) to be reminiscent of a quantum circuit. Panels (c) and (d) make this notion more explicit by express-
ing models of generalized measurements pertinent to this paper, using only qubits for both the system (blue) and
environment (red), assuming ¢ is initialized to the computational state |0). Specifically, panels (c) and (d) present
two options for a quantum circuit that performs a generalized measurement of gy along the 69 = 6, cosf+ 6 sinf
axis. In this digital setting, the effective measurement strength is set by the degree of entanglement formed between
the system go and environment ¢; and is quantified by the parameter ¢ in panel (c), which shows the implementation
of a generalization of the CX gate where CX(% — () = et (m/2-0CX _ cos(5 —¢) —iCX sin(F —¢). This gate
interpolates between identity at ( = 7/2, and CX at { = 0 (up to a phase), and constitutes a direct implementation
of the concepts implied in panels (a) and (b) [72]. Panel (d) implements a different version in terms of a CNOT
= CX gate, which is conceptually more similar to a no—knowledge measurement [101, 102]. In both panels (c) and
(d), projective measurement of g1 in the 6. basis effectively implements a projective measurement on go with ¢ =0,
while for ¢ — /2 the effective measurement strength vanishes. (In panel (c), this is because less entanglement
is generated between the system and meter as { — w/2; in panel (d) more correlations may be generated, but
they are mis-aligned with the eventual amplification axis, such that only some of the correlations are used, and the
remainder are quantum—erased.) Panel (e) extends this kind of a measurement model to an application of the BZF
algorithm using discrete weak measurements for a simple two—qubit 2-SAT problem [33]. The system qubits are
prepared in a state o (|e) + |g))®? via Hadamard gates H, and then cycles of clause measurements are performed
as a simple generalization of the measurement in panel (d), now using CCNOT = CCX = Toffoli gates to generate
the appropriate correlations between the system qubits, and the auxiliary qubit that is used to measure each clause.

Accepted in {Yuantum 2026-06-28, click title to verify. Published under CC-BY 4.0. 8



1/7 at all times for all components «. This may be generalized in future work if scheduling different
qubits or different clauses individually suggests significant advantages.

2.5 Summary of notation

Throughout the paper we denote O(f) = Ly P,(0) as the frustration-free Hermitian operator
that we would like to optimize, where P, (0) are k-local clause projectors, 8 is the control parameter,
and m is the number of clause projectors. We denote ; and 6y as the initial and final values of 6§, and
use « to index the clauses. In the measurement setting, we denote Mrma(ﬁ) as the Kraus operators,
where r,, is the measurement outcome corresponding to clause . We denote 7 as the characteristic
measurement time, I' as the measurement rate and At as the duration for a single measurement.
We use 3 = 1 — e 2%/27 as an indicator of measurement strength, where § = 1 corresponds to
projective measurement and the limit 8 — 0 corresponds to continuous weak measurement. In the
weak continuous limit, the generator of the unconditional dynamics is denoted as £(f), while F(0)
plays a similar role for conditional dynamics, with dW denoting the Wiener noise associated with the
diffusive continuous measurements. We denote the measurement channel as 7 (6).

We assume that O(G) possesses a nontrivial ground-state space associated with eigenvalue 0. We
use fIO(H), a function of the control parameter 6, to denote the projector onto this ground-state space.
Tr[ﬁo(ﬁ)] is the dimension of the ground-state space. We will use G(8) to denote the spectral gap of
O(0) and f(6) to denote the fidelity with respect to IIy(6). Finally, we denote the number of qubits
as n, the number of f-increments as N, and the number of times the measurement channel 7(0) is
applied at a fixed value of 0 as M (). We shall often omit the explicit 6 dependence of IIy(6), G(6),
f(8), T(8), and M(0), for notational convenience, but note that they should all be understood as
f-dependent unless otherwise specified.

In the setting of optimal control, we denote J as the cost function, and S as the stochastic action.
We use q and A to denote the coordinates and costates of the dynamical systems being optimized, u
to denote their controls and f to denote their dynamical functions. The Pontryagin Hamiltonian will
be denoted as H.

3 Convergence of Multi-channel Zeno Dragging

In this section, we provide conditions under which the convergence towards a state with significant
overlap on the target states is guaranteed in multi-channel Zeno dragging. The result can be viewed as
a version of the adiabatic theorem adapted to open quantum systems driven by the Lindblad equation
[43-45], instead of Schrodinger equation in closed systems. Similarly to the latter and more standard
adiabatic theorem [39], our convergence result requires modulation of 6(t) slowly enough, compared
to the inverse of a spectral gap G(0), defined to be G(0) = min;{);(f) > 0}, where the X;(9) are
eigenvalues of the target Hermitian observable 0(9) Perhaps less intuitively, this spectral gap is
not the one of the Lindbladian £(6), but instead the gap of the target Hermitian observable 0(0),
which may be much larger. We will also see in this section how this theoretical condition captures the
information loss incurred by our model at finite At. Indeed, as already empirically observed in [33],
the weak continuous limit At/7 — 0 will be optimal for our criterion too, although this only concerns
pre-factors, i.e. the scaling of the algorithm for large n and m remains the same.

3.1 Convergence by Lindbladian Mixing

One immediate observation of the dynamics described by EQ. (6) is that, for any fixed 0, it keeps the
state fidelity to the f-associated ground-state space unchanged, i.e.

T { 7O T0(0) } = T {5 T1o(0)} (10)
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which is proved in Appendix B.1 Lemma 4. At first glance, this seems suspicious, because it states that
quantum Zeno dragging would never increase fidelity to the ground-state space: when the measurement
basis 0 is changed, fidelity typically decreases, while under Kraus map / Lindblad evolution, it just
stays constant. However, like in adiabatic computing, the point is to start in a particular situation with
high fidelity (typically Tr{s(0)IIo(6;)} = 1), and then ensure that the total drop in fidelity remains
limited before reaching 0. In Proposition 1 below, we show that this is precisely what the Kraus map
/ Lindblad evolution ensures, as illustrated on Fig. 2: once the Kraus map/Lindblad evolution has
reduced the coherence between the ground-state space and the other eigenspaces of OA(G)7 the fidelity
of the resulting mixed state to the ground-state space of 0(9 + A#) is much higher than for a general
state featuring the same fidelity to the ground-state space of 0(9) We refer to this mechanism as
Lindbladian mixing. In other words: simply moving 6 from 6; to 6 in small increments Af without
ever applying EQ. (6) — thus without ever changing the state — would in general provide an excessively
low overlap between the final state (which now equals the initial state) and IIo(f¢), and this overlap
is of course independent of the chosen schedule 6(t); however, it is sufficient to interleave the small
A6 increments with dynamics inducing decoherence between ground-state space and non-ground-state
space of O(6), in order to allow dragging the state arbitrarily close to 100% overlap with TIo(6;). This
not only elucidates the mechanism by which quantum Zeno Dragging works, but it also provides a
guarantee on success probability, equivalent to an upper bound on expected time-to-solution, as stated
in the main result Theorem 2 below. The full proofs of these results can be found in Appendix B.1
and Appendix B.2 respectively.

Figure 2: Schematic mechanism of Zeno dragging on a qubit. The circle represents the Bloch sphere cut by the
ZX plane. An initial state |[+) (black arrow) undergoes N = 4 dragging steps (various colors) with the goal to
reach the |1) state (upwards vertical). In the unconditional evolution, each step induces decoherence of the current
state (colored arrow) perpendicularly to the current measurement axis (colored dashed line). When this decay is
complete before each update of the measurement axis (panel (a)), the corresponding loss in purity accumulates in
what Theorem 2 calls €; type errors only. When the measurement-induced decay is only partially completed, an
additional ez type error builds up (panels (b) and (c)), with drastic consequences when the measurement-induced
decoherence only shortly drags the state at each step (panel (c)): a final measurement along the vertical axis then
yields fidelity to |1) barely above 50%.

Proposition 1 (Lower bound on the fidelity). Let the projectors onto the 0-eigenvalue ground-state
space of O(0) at some 6 and 6 + A be Ty(0) and To(0 + A). Characterize the overlap between these
two spaces by (Yo|Tlo(0 + AO)|1bo) > 6 > 0 for all normalized |vo) satisfying To(0) [o) = |1ho). If the
quantum state p has fidelity f with respect to I1o(0), then after application of T(0), the fidelity f' with
respect to Tlo(6 + AB) is lower bounded by

fr=f5-2[1-BG0O)] vald) f1-1), (11)
where G(0) is the spectral gap between 0 and the second lowest eigenvalue of the operator 0(0), and
a(8) =6 — 6% for § € [1/2,1] or a(d) = 1/4 for 6 € [0,1/2].
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When 7 (0) is applied M times for a fixed 6, the above EQ. (11) is consequently modified to be
' f5—2[1 =GO Va(d) F(1-F). (12)

This means that the loss of fidelity can be made exponentially close to f(1 — d), by applying the
measurement channel multiple times. By writing § = cos(A¢) for some small A¢, we see that reaching
this f(1 — ) regime essentially means that we can move IIy(#) by an angle A¢ while only losing
fidelity proportional to (A¢)2. When covering a finite angle ¢ with ¢/A¢ such steps, the loss in
fidelity converges to zero as A¢ — 0. The number of iterations M needed at each 6 value to maintain
this regime is inversely proportional to the spectral gap G(6), indicating that the schedule of 6(t) is
important in order to obtain optimized performance.

Theorem 2 (Convergence of BZF Zeno dragging; see Fig. 2). Let At, €, €3 > 0. Assume’

(olTlo (0 + AB)[wo) > (cos(B2))™"

for any normalized |1ho) in the solution space at 0 i.e. for any |1bo) satisfying Lo (0)]to) = |1bo). Suppose
that one performs Zeno dragging for this system with initial solution space fidelity 1 at 0; and ends at

0f > 0; using a linear schedule, i.e. constant increments AO. Then to ensure a final solution space

fidelity fv > 1—e€1 —€a, it is sufficient to take a total number of 0—increments N = efA_(f'L > 0 =6:)

= 4e )
with each step including M (0) applications of the channel T (0), where '

log() + 3log(n) +log(0y — 0;) log(c;) + 5log(n) + log(6y — 6;)

Obviously, the same holds if M (6) is based on a lower bound G,y on G(#). This bound would be
less tight but still feature the same bottlenecks. For 5 = 1, this recovers the limit of projective mea-
surement. The main idea in the above theorem is that the decrease of fidelity comes from two sources:
the population flipping due to the change of the measurement axis (¢; term), assuming the state was
block-diagonal in zero-eigenspace versus nonzero-eigenspace of O(G); and the error accumulated due
to incomplete decay of the coherences between zero-eigenspace and nonzero-eigenspace of 0(9) at each
0 value (e term). The role of the spectral gap only comes into play in the second type of error. The
result follows from bounding both €; and ey types of error. First, choosing Af < ﬁ maintains

M(0) >

a sufficiently low €; type error, i.e. a low overall fidelity decrease, if we assume that the solution and
non-solution eigenspaces of O(f) have been well mixed at each step (f(1 — &) regime of fidelity loss
in Proposition 1); second, computing M according to EQ. (12) bounds the cumulative ey error arising
from discarding, at each increment of A#, the residual coherences between the zero-eigenspace and
the nonzero-eigenspace of 0(0) Here, well-mixed means that coherences between the solution and
non-solution spaces have been forced to decay.

When the number of qubits n becomes large, the number of #-increment steps required increases
linearly. This works thanks to the fact that, after perfect mixing, the useful part of the state upon

applying a Af increment decreases only by a factor (cos(%))%. With A#? scaling as O(1/n?), the
multiplication of N = O(n) such factors remains bounded away from zero. The bottleneck in the
convergence speed would then likely come from ensuring good mixing at each step, i.e. the scaling of
G(0) with the number of qubits n. In the k-SAT problem, this gap increases with 6 and is thus lowest
for 0; close to 0. In this regard, it may be interesting to note that a first step of size Ay = O(1/y/n)
is also acceptable in Theorem 2: it implies a larger error, but only once instead of n times, leading to
the same overall result.

The dependence of the convergence on the spectral gap implies the importance of optimizing the

schedule, i.e., the evolution of 6(t) over time, which is studied in Sections 4 and 5. This feature is

IThis precise assumption is inspired by the example of k-SAT on n qubits according to EQ. (2), EQ. (3), where it
obviously holds. It allows in general for a dependence of the ground-spaces overlap on problem size n.

Accepted in {Yuantum 2026-06-28, click title to verify. Published under CC-BY 4.0. 11



analogous to the situation in adiabatic quantum computing, and Theorem 2 can thus also be considered
as an adiabatic theorem for open quantum systems under continuous monitoring. However, there are
some important differences, as we discuss further in Section 3.3 below.

3.2 Advantage of Weak Continuous Limit

When considering the total dragging time needed to achieve a desired accuracy, the criterion of Theorem
2 favors the limit At/7 — 0, as stated in the following Corollary. This captures an unavoidable loss of
information when claiming to measure several non-commuting observables after a finite time interval
At and without looking at the details of how the signal builds up during the time interval. It also
matches earlier empirical observations for quantum Zeno dragging [33].

Corollary 3 (advantage of weak continuous limit). The total time needed to guarantee a final solution
state fidelity f > 1 — €1 — €3, according to the criterion of Theorem 2 and assuming a constant
measurement setting (M ,At) for all 0, is:

log(;) + 3log(n) +log(¢) ne? , At
> — Y with Y= ——-———.
Gmin 4deq 1 — e—At/27

The factor T is a monotonically increasing function of At. Therefore, the total dragging time
attains its optimal value at At = 0, where T = 27. The projective limit in contrast corresponds to
At = s27 with s > 1 and thus T ~ At becomes s times larger, as does the total time T. While s
can be a large factor, the advantage brought by weak continuous measurement still only reduces T’
by this constant: it does not affect how T scales with n (both directly, and indirectly through Gpin)
and other parameters. This is also consistent with numerical observations in [33]. Note that this
advantage is based on the inherently continuous-time model of Zeno dragging, and may not necessarily
hold for the “digital” version of Fig. 1, in the event that the operations described there each require
additional implementation time overheads that are absent in the present analysis. For more detailed
discussion about the role of the measurement strength At/7 = 4 At T that characterizes the Kraus map
and the origin of the advantage of weak continuous limit, particularly in the case of non-commuting
measurements, see Appendix B.2.

Before concluding this section, we wish to emphasize the compatibility of the advantage of the weak
continuous limit with existing quantum hardware. The advantage in convergence time attained in this
limit is only possible in quantum hardware that can function in analog mode, such as superconducting
quantum hardware for which the natural qubit measurement modality is a variable strength contin-
uously monitored measurement. Such platforms have been extensively used to continuously monitor
quantum trajectories of qubits [83, 103—107]. In contrast, in other quantum hardware platforms that
are restricted to discrete-time logical gate operations such as the circuits in panels ¢) - d) of Fig. 1,
the number of gates will necessarily diverge in the weak-continuous limit.

In the rest of this work, we shall focus on the weak continuous limit At/7 — 0. Also, for notational
convenience, we set 7 = 1 from now on, such that any time scale discussed hereafter is in units of 7.

3.3 Summary of Convergence Results

With Theorem 2 and its proof, we have shown here that the convergence of the Zeno-dragging dynamics
towards the ground state of O is guaranteed when two conditions are met. These are that: 1) the
control parameter § moves slowly, and 2) the number of times the measurement channel 7 is applied,
M, is large compared to 1/G(6), where G(6) is the spectral gap of the Hermitian operator O(6).
The first condition is easy to satisfy, while the second is usually the bottleneck in performance of the
algorithm. We note that 0(9) is a sum of projectors and is not the system Hamiltonian, making this
second condition quite different from the analogous condition for adiabatic quantum evolution. As a
corollary, we showed that the weak continuous limit A¢/7 — 0 gives an optimal prefactor in the bound
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of the convergence time, which provides theoretical support for our previous numerical evidence for
the superiority of weak continuous limit in [33].

We note that Theorem 2 shows some similarity to the adiabatic theorem for quantum annealing
and could possibly be considered as an adiabatic theorem for open quantum systems. However, there
are several differences between the result of Theorem 2 and the adiabatic theorem for quantum an-
nealing and for adiabatic quantum computing. Firstly, in adiabatic quantum computing and quantum
annealing, one usually does not know the location of the minimum gap along the path of the control
parameter. This makes it very hard to optimize the adiabatic or annealing schedule. [46] provides
an exception to this. In contrast, as we show in Section 5, for the measurement-driven algorithm the
spectral gap of 0(9) is a monotonically increasing function of # and we know that the minimum gap
is at the starting point. This makes it significantly easier to obtain a schedule that adapts to the
variation of the spectral gap with 6, which can provide a significant advantage. This was first noted
for adiabatic quantum computing in [46], where the quadratic speedup provided by Grover’s algorithm
for unstructured search was shown to be recovered by adiabatic quantum algorithms, provided that
one uses a schedule that follows the spectral gap locally. An additional key difference from quantum
annealing is that our proposed approach allows the dynamics to be heralded and thereby enables addi-
tional operations conditioned on measurement outcomes. This can further improve the performance of
the protocol in terms of target state fidelity. We will provide some results in this direction in Section
5, and view this as an interesting opening to further improve the performance of Zeno dragging in
future work. Finally, in terms of the convergence time T scaling with the spectral gap G, we note that
the quantum annealing literature usually gives T = O(||0H||/G?) with a strict lower bound > O(1/Q)
[39]. For frustration-free Hamiltonians, as we have here, the spectral gap can be amplified by a square
root factor [108], allowing quantum annealing to explicitly attain a performance in 7' = O(||0H||/G).
Our result in Theorem 2 matches this better lower bound in the k-SAT setting, which also improves
upon the early results for measurement-driven algorithms in [30, 36].

Remark: Since Theorem 2 expresses the convergence time with respect to the spectral gap of a
frustration-free Hamiltonian, one might ask whether spectral gap amplification techniques [108] could
lead to a further quadratic speedup. Applying spectral gap amplification here is not trivial, since it
leads to a Hamiltonian whose components are no longer bare projectors and whose zero-energy sub-
space contains the solution, which however sits now in the middle of the spectrum rather than at the
minimum of this. As a consequence, the resulting modified Hamiltonian cannot be easily mapped back
to Zeno measurement operators.

4 Scheduling Optimization With Optimal Control Theory

The above analysis provides a theoretical guarantee of Zeno dragging convergence, and shows the
optimality of weak continuous limit. However, it does not directly tell us the optimal schedule 6(¢)
for performing Zeno dragging. The question is not trivial: should we rather quickly jump over “bad”
zones, or slow down there to avoid losing our state? In this section, we take a perspective on this
problem from optimal control theory and show how to derive the optimal schedule under general
circumstances with various demands for optimality. In particular, for both unconditional dynamics
EQ. (7) and conditional dynamics EQ. (9), we will see two types of optimal control tasks naturally
arise: the optimal final state problem and the optimal time problem [1, 109, 110]. We will outline
the optimality conditions and also the procedure for performing optimization for both versions of the
problem. Section 4.1 formulates and solves the optimal control problem for unconditional, Lindblad
dynamics, deriving first a measurement schedule ensuring optimal fidelity with the solution state at a
given final time in Section 4.1.1, and then formulating and solving for the measurement schedule that
minimizes the time-to-solution (TTS) in Section 4.1.2. In Section 4.2 we then address the optimal
control problem for conditional dynamics, using a most likely path approach. Section 4.2.1 derives the
corresponding measurement schedule that optimizes the fidelity with the solution state over a given
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time interval, and Section 4.2.2 derives the corresponding measurement schedule that minimizes the
TTS.

Before deriving the optimal measurement schedules for these four different settings, we first sum-
marize the optimal control approach underlying our derivations. This is the Pontryagin Maximum
Principle (PMP), which relates optimal control of time—continuous dynamics to action functionals and
variational calculus. Suppose there are some state coordinates q(t), the system dynamics q = f(q,u)
driven by controls u(t), the initial state q(7;) = q;, and some total cost function to be minimized

Ty

T = (a1 1) + [ dei(alt),u). (13)
T;

where the terminal cost Jz, is a cost function at the final time of the system’s controlled evolution,
and the running cost J; is a dynamic contribution to the cost. One may always define an action
[2, 3, 111, 112]

Ty Ty
S:JTf+/dt(A~q-A-f+Jt):JTf+/dt(A~('1—H) (14a)

T; T;

for H(qa u, A) =A- f(qvu) - Jt(q7u)7 (14b)

where the scalar H is the Pontryagin Hamiltonian. The costate vector A(t) here acts both as “momenta”
conjugate to the state coordinates q in the usual sense of Hamiltonian mechanics, and as Lagrange
multipliers constraining the system’s evolution to physically-motivated equations of motion ¢ = f
[2, 3, 112]. The PMP states that optimal controls u*(¢) satisfy a variational principle 6S = 0, which
yields - -

q= A A= “oq u*(t) = ar%g;axH(q(t),u(t),A(t)). (15)
The first Hamilton equation of motion re-states the dynamics q = f. The second Hamilton equation,
obtained after integration by parts, governs the Lagrangian multiplier A(t). Thanks to this formulation,
in the last equation, we can optimize u(t) pointwise in time, even though its impact on q and A must
be accounted through forward and backward integration. We consider problems with free end points.
Therefore the costate vector A also needs to satisfy a transversality condition at ¢ = T given by
[111, 113]
0Jr;

_8qf’

A(Ty) = (16)

where q(T}) = qy.
We now discuss two ways to utilize this structure in the context of controlling an open quantum
system, subject to controlled measurement or dissipation.

4.1 Lindblad dynamics

We first formulate the optimal control problem and the optimality condition for quantum systems
under the unconditional continuous measurement process described by Lindblad dynamics EQ. (7)
[5, 114, 115].

4.1.1 Optimal final state problem

In the optimal final state problem for Lindblad dynamics, we ask what is the optimal schedule 6*(t)
that minimizes the terminal cost function at the fixed final time 77:

J = Jr, = =Te(p(Ty)Mo(m/2)), (17)
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where p(Ty) is the final state evolved from a fixed initial state py according to the Zeno dragging
Lindblad dynamics EQ. (7) for a fixed total dragging time Ty, and Ily(7/2) is the projector onto
solution states in the computational basis.

The PMP [3, 111] gives the necessary optimality conditions that the system has to satisfy: We
define a Pontryagin control Hamiltonian H,

H.(t) = Tr{A(t) L(6(£))[p()]}- (18)

We note that H. is just a scalar function of time, and should not be confused with the quantum
Hamiltonian driving coherent evolutions. Here A(t) is the costate operator (unlike the co-state vector
in EQ. (14b)) and plays the role of Lagrangian multipliers. See more discussion about the role of the
costate in Appendix E. The PMP states that the optimal schedule 6*(¢) along with the trajectories of
state p(t) and costate A(t) under this schedule should satisfy the following set of coupled equations

B =T =L @), 50) = (19)

A o _—
W= T A, Ay = a;;: ~ Tlo(n/2) (20)
0*(t) = argmaxH.(p(t), A(1),0(t)), vt € [0,Ty]. (21)

0(t)
The final time condition on the costate operator in EQ. (20) is the transversality condition. The
condition arises since the final state p(T') is free. We call this problem defined above the Lindblad
optimal final state (Lindblad-OFS) problem.
It is possible to solve EQ. (19) - EQ. (21) numerically in some simplified situations, for example,
when 0 is unconstrained. In this case, we can replace EQ. (21) with the following

ZH;I*C =Tr (Aaﬁ(gg(f))[ﬁ]> =0, Vtelo,Ty] (22)

This allows gradient-based algorithms, such as Nesterov-GRAPE which we use in this work, to im-
plement the numerical optimization [116-118]. The essential idea of gradient-based algorithms is to

iteratively update 6(t) by
A 6£(0k(t))[ﬁ])

By (t) = Ou(t) + 7 Tr (A e (23)

where 7 is some learning rate.

4.1.2 Optimal time problem

The most common time optimal problem deals with the following task: given the initial state p(0) = pg
and (the projector onto) the target final state I, (m/2), find the minimal dragging time T} and the
corresponding optimal schedule 6*(t) for t € [0, Ty] to reach IIy(w/2) from p(0) [119]. However, in our
case under Zeno dragging dynamics, the solution state is not reachable exactly in finite time. Hence
we instead look for an alternative formulation of the optimal time problem.

In settings with algorithmic purposes such as quantum annealing and adiabatic quantum compu-
tation, the time-to-solution (TTS) is often the performance metric that is desired to be optimized

[120, 121]. In the simplest form, the TTS can be defined to be the expected total runtime in order
= Tf

Tr(Io(m/2)p(Ty))

here we propose to study an optimal time problem with the following cost function to be minimized

to find the solution, which is with T being the single-shot runtime. Inspired by this,

J = Jr; = 1og(Ty + mn) — log(Tr(llo(m/2)p(Ty))), (24)
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where 7,, is some regularization constant, which avoids the trivial global minimum corresponding to
Tty — 0. Alternatively, it can be interpreted as the initial state preparation time and the final readout
measurement time of a quantum algorithm in a single shot run [33].

The time optimal control problem now requires optimization of both Ty and 0(t), t € [0,Ty]. The
necessary optimality condition for the optimal control 6*(t), the state p(t) and costate A(t) satisfy
the same set of equations as BQ. (19) - EQ. (21) except that the terminal condition for A(T) is now

instead A(Tf) = - ;;g;i y = Tr(ﬁigr(;;/)?wf)). Besides, we have the additional optimality condition
% = ZJT? — H.(Ty) = 0 for T}, which results in
1 S{TeaLe @b} o)
Ty +7m Te{Tlo(n/2)p(T))} |

We refer to the problem defined above as Lindblad optimal time (Lindblad-OT) problem.

4.2 The Most Likely Path

Having formulated the optimal control problems for the unconditional Lindblad dynamics, we now
introduce the concepts and build a contrasting framework for optimal control problems with the
conditional dynamics given by EQ. (9). This has the advantage of working in a smaller coordinate
space, by virtue of using pure states instead of mixed states, but this comes at the expense of having
to manage stochastic readout parameters in the dynamics.

For example, for the purpose of Zeno dragging, one can approach arbitrarily close to the target
state by following a trajectory with arbitrarily large r(¢), regardless of the schedule of 6(¢). However,
this infinitely fast dynamics happens with a vanishingly small probability density. On the other hand,
it makes no sense to trade mixed states for pure states at the expense of following the probability of
each possible readout sequence {r,(¢)}"_; in EQ. (9). To resolve these issues, we consider the most
likely path optimal control problem by taking into account the probability densities of the quantum
trajectories in the framework of CDJ stochastic path integral, noting that, CDJ optimizations have
been shown to be able to boost the probability of trajectories reaching target states [24, 52-55]. While
this will not improve the average performance under purely passive measurements — indeed, the latter
is just equal to the performance of the unconditional case, it paves the way for improving the average
performance by measurement-based feedback actions.

421 Optimal final state problem

We consider the probability density functional P of following some particular path {5(t),r1(t), r2(t),
., Tm(¢)} during the evolution from ¢ = 0 to ¢t = T for the system EQ. (9).
It is helpful to first consider this problem in discrete time, closely following the original formulation
by CDJ [52]. Consider a sequence of states {p} and readouts {r} at discrete time slices indexed by j.
The joint probability density for these states and readouts goes like

N—-1 N—1
P ArY) = P(pir p0)P(ps. pn) T] P(bisrvs105) = PiPs [ Plojsalos.ri)Plrilps).  (26)
=0 =0

Here 771-(0) and P}N) provide boundary conditions, such that e.g. ’Pi(o) = §(po — p;) denotes perfect

preparation of the state pg at j;, and P}N) may similarly denote post—selection on a particular state
or distribution. Given a state update of the form ;11 = E(pj,r;) = &;, such as EQ. (5), we have a
deterministic state update P(p;11|p;,r;) = 0(pj+1 —&;) given the readout, and a distribution P(r;|5;)
describing the stochastic nature of the measurement record itself. Using the Fourier form of the
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d—functions, we may exponentiate the product above (introducing the co-states Aj), ie.

N-1
PUp}ArH ~exp [In P 10 PP = 37T (As - (i — &) —In Plrlp) |- (27)
j=0

In the time—continuum limit, and assuming a Gaussian measurement apparatus, the dynamics
become like EQ. (9), and the readout distribution may be approximated as well [99, 122]. The path
integral becomes

P(ﬁ,rl, Ce 7Tm) — \/D[A]eﬂs — /D[A}erfo dt{Tr(A%)*HCDJ}’ (28)

where B shorthands the boundary terms. The interpretation of the path integral f D[[\] can be made
clear by parameterizing the costate A in coordinates of some basis operators. This is discussed in more

detail in Appendix E. The stochastic action is S = fOT dt{Tr(/A\%) —Hepy}, with the CDJ-stochastic
Hamiltonian being

Bop(p.Ar0) = = S {DARpra0) - § [ - 28GR0 a0 Pao)}. @9)
where )
9(p, Pa(0)) = 2 (Tr {ﬁﬁg(e)} Ty {ﬁﬁa(a)} ) = 2Var[P, (0)]. (30)

The action S defined above specifies the log-probability density of any quantum trajectory. The term
g+ %[ra — 2Tr(ﬁ]5a (6))]? represents the log-probability density of any conditional dynamics trajectory
satisfying EQ. (9), and can be interpreted as a naturally arising running cost [24, 76, 86, 122].

In short, we recognize that we again have a problem in the form EQ. (14) [24], where the physical
dynamics are now given by EQ. (9), and the measurement statistics provide us with particular forms of
the running cost J;. Moreover, the final boundary condition In Py can be associated with a terminal
cost (such that post—selection on a narrow Gaussian may be understood to be equivalent to imposing
a steep quadratic cost on landing near a particular final state).

For any given schedule 6(¢), the most likely path then corresponds to the trajectory that minimizes
the stochastic action & with respect to the measurement results r,(t). Since r, is unbounded, the
minimization is achieved by dS = 0, which leads to a set of Hamilton equations [52]

dp _ 9Hops @ _ _9Hops;  OHopys
dt oA dt op or

«

=0,Va € [m], (31)

with initial and terminal condition p(0) = pg and A(Tf) = 0. The trajectory specified by the above set
of coupled equations is then the most-likely path, which specifies the highest probability trajectory,
starting from po, generated from the stochastic dynamics EQ. (9) with control schedule 6(t).

Within the context of Zeno dragging, we may consider post-selecting the final state on a region
close to the target subspace I, (m/2) such that the probability of reaching this region is maximized by
CDJ optimization. As discussed before, this can be done by specifying a boundary term

B = Te(p(Ty) o (x/2)). (32)

This is equivalent to including a terminal cost function JTf = —B to the total cost function .J, which
now represents the log-probability density of obtaining the post-selected states around the solution
subspace at the final time T, with the dynamics driven by the schedule 6(t) and measurement records
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{ro(t)}7_,. In other words, within the usual framework of optimal control theory, we may now wish
to optlmlze control parameters 6(t) and {r,(¢)}™_; in order to minimize a total cost function

J = /OTf gt {7711 az_:l (; [ra - 2Tr(,613a(0))}2 +9(p, Pa(e))) } + Jr, (p(Ty), 0(Ty)), (33)

where the dynamics of the state variable p is governed by EQ. (9) with initial condition 5(0) = po.
Viewing {r,(t)}7; as additional control parameters and applying PMP to the above system, we define
a control Hamiltonian H, = Hepy same as EQ. (29).

The optimality condition is then given by the set of equations the state p and the costate A have
to satisfy:

= O = F ) 07 (0), 5(0) = o (31)
=3 P = 1) [Pa@" (DA +APL(0% (1) — 2Te{Pa(0" (1) p}A — 2 (Te{Ap} - 1) Pa(07(1))]
N
ATy) = it = Tt 2)
(39)

where F is defined in EQ. (9). Further simplification can be made to formulate EQ. (35) into the
negative conjugate of EQ. (34), see Appendix D. Furthermore, the optimality condition also specifies
that the optimal controls 6*(¢) and {r%(¢)}7*_; have to be chosen to be

(1), {ra(®}acy = argmax  He(p, A, {ra(t)}aey, 0(0))- (36)
0() {ra ()},

m

As r4(t) € R is in general unbounded, the above condition for optimal {r%(¢)}7, simplifies to

OH.
e 0,Va € [m], (37)

which can be analytically solved to give [55]:

ra(t) = 2Te(pPu (0" () + Tr {& (5Pa(0" (1) + Pa(07(8)p — 25TelpPa(0*(1)]) . (38)

We henceforth refer to the problem defined above through EQ. (33) - EQ. (37) as the most likely path
optimal final state (MLP-OFS) problem.

Just like the case in optimal final state problem with Lindblad dynamics, the above system may
also be solved using gradient-based numerical algorithms like Nesterov-GRAPE that we use in this
study. Similar to EQ. (22) and EQ. (23), the essential iteration step for the gradient-based algorithm
takes the following form:

Aaf(ﬁ){roé( )}a 170 2 - 8P (0)
() % (520

where 7 is again some learning rate.

Oks1(t) = Ox(t) +1

4.2.2 Optimal time problem

Similar to the time optimal problem defined for Lindblad dynamics, we can define a time optimal
problem for the most likely path by considering a cost function of the form EQ. (33) with the terminal
cost Jr, given in EQ. (24). The state p, costate A, optimal readouts {7} }7-;, and the optimal control
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0*(t) still need to satisfy the necessary optimality conditions EQ. (34) - EQ. (37), except that the
0Jr, Mo (m/2)
T 0Ty T Te(flo(n/2)p(Ty))

terminal condition for A is now instead /A\(Tf) The optimality condition

% = GBJTTff — H.(T}) = 0 for Ty now reads
0 Tf +Tm nE! Z 5 [ — 2 () Pt @e)] + 0o Buter (1))
o= (40)
T {Tlo(n/2) F (2(Ty). {ra (Ty) Y, 0 (T))) }
Tr{Tlo(/2)7(Ty)} '

We refer to the problem defined here then as the most likely path optimal time (MLP-OT) problem.
Similar to the interpretation of the most likely path final state problem, the optimal schedule we obtain
from this task is a balance between minimizing TTS and the probability with which such trajectory
can occur.

We also point out that in both optimal final state problem and time optimal problem, one can in
principle tune the relative weights between the running cost stemming from the CDJ stochastic path
integral and the original cost one wishes to minimize in EQ. (33). In this way, one can adjust the
importance of the probability density of the quantum trajectory and thus obtain a different optimal
control 0*(t).

Finally, we note that both Lindblad-OFS and MLP-OFS problems are analytically solvable for
single-qubit systems, and their optimal schedules are linear functions of time. A pedagogical derivation
of these optimal control solutions can be found in Appendix C and [24].

5 Numerical Results of Optimal Schedule for Lindblad Dynamics and the
Most Likely Path

In this section, we present the numerical optimization results following the framework of optimal control
theory we introduced in Section 4. We show results for Lindblad and most likely path dynamics, with
the optimization objective being the optimal final state problem and also the time-optimal problem.
The results for the most likely path presented here can be viewed as a numerical extension of the
methods developed in [24]. To capture the essential features of the problem in a simpler setting, we
primarily focus on problem instances of 2-SAT on the ring with a single solution (defined in Appendix
A), which requires only m = n 4 1 clauses for n qubits. We also include some numerical results for
3-SAT problems with a single solution.

5.1 Optimal Final State Problem

For optimal final state problems, we are effectively optimizing the final state fidelity with respect to
the target state f = Tr[ﬁ(Tf)f[O]. We implement the optimization for both Lindblad dynamics and
the most likely path using the Nesterov-GRAPE algorithm. The results for n-qubit 2-SAT with n = 2,
defined on a ring with a single solution are shown in Fig. 3. The optimized schedules for both dynamics
are very similar. For both dynamics, we see that the optimal schedule does not begin at § = 0 and
end at § = 7/2. Instead, they jump over some regions at the beginning and the end. This can be
understood as the following way intuitively: From proposition 1, we notice that the error associated
with inadequate mixing is small at small 6 because the initial fidelity is close to 1. Moreover, as we
see from the inset on Fig. 3 (a), the running problem cost operator EQ. (1) has a vanishing gap at the
beginning and a large gap at the end, which makes the mixing at small § very inefficient. This means
spending time here can only reduce the already small error in a very inefficient way. Therefore, the
optimal schedule would tend to skip the regions near the § = 0 where the mixing is very inefficient and
the fidelity is high to trade for time spent on efficient mixing later with larger 6. After the spectral gap
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increased to a reasonably large value, the speed of the schedule starts to follow the inverse of the gap
as in Theorem 2. We notice this is in the similar spirit of the schedule used in [29], where the schedule
starts at some non-zero value (0) > 0, and then speeds up toward the end. The instantaneous fidelity
outperforming the linear schedule confirms the correctness of our calculations.

optimized schedule over time fidelity over time
—— CDJ optimized T¢= 0.1 (b) e -07
----- Lindblad optimized T¢= 0.1 -
=== Linear T¢=0.1
—— CDJ optimized T¢=1
----- Lindblad optimized T¢= 1
— == Linear T¢=1
~—— CDJ optimized T¢=2
----- Lindblad optimized T¢ = 2
— ==~ LinearTf=2
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Figure 3: (a) Optimal schedule 6*(¢) from Lindblad-OFS and MLP-OFS. The inset shows the eigenvalues of the
cost operator O(f) = =3 P() as a function of §. (b) instantaneous fidelity to the final solution, from Lindblad
dynamics as a function of time, for n = 2 2-SATwith various total dragging times T and schedules optimized
according to Lindblad-OFS and MLP-OFS, compared to a linear schedule. In (a), we can see that none of the
schedules start at 0 and end at 7/2. Instead, the smaller the total dragging time T, the shorter the path it sweeps.
We can see a monotonically increasing spectral gap between the ground state and the second largest eigenvalue
of O(). This is consistent with the accelerating behavior we observed in the optimized schedules. In (b), we can
see that the fidelity of the optimized schedule is always better than that under the linear schedule. We also see
that fidelity from the Lindblad-OFS optimized schedule outperforms that from the MLP-OFS optimized schedule,
as expected when running it on Lindblad dynamics.

We note that the convergence bound presented in Theorem 2 is generally far from tight, since that
derivation follows a non-optimized linear schedule, completely agnostic of the problem instance. Any
additional information should allow one to obtain more efficient protocols. Motivated by this, the
analysis in this section considers the opposite bound, namely to optimally schedule the Zeno dragging
in the hypothetical situation that the solution to the SAT problem is fully known. Note that this is
still less extreme than directly rotating each qubit to the solution state, which one could, in principle,
also do in this situation. Our rationale for considering this hypothetical optimization situation is to
make use of both bounds, the one from the agnostic situation and the one from the full knowledge
situation, to extract guidelines and intuition for designing good schedules for realistic settings.

In Fig. 3 (b), we calculated the fidelity output from the Lindblad dynamics with schedules generated
from solutions of the Lindblad-OFS problem as well as the MLP-OFS problem. We see that the fidelities
generated from both versions of the optimal final state problems outperform the fidelity from the linear
schedule 6(t) = Tif - 5. Meanwhile, the fidelity with the schedule from Lindblad-OFS is better than
that from MLP-OFS as expected, because we are considering the average final state fidelity, which is
the final output of Lindblad dynamics.

However, schedules from the MLP-OFS problem can be better than schedules from the Lindblad-
OFS in slightly modified but practically important situations. Recall that MLP-OFS effectively op-
timizes the probability of reaching states close to the target [54, 55]. To confirm this intuition, we
generated the full distribution of final solution state fidelities, depending on the output of stochastic
clause measurement dynamics described by EQ. (4), instead of just the average dynamics by Lind-
blad EQ. (7), for a two-qubit 2-SAT problem with total dragging time 7y = 7. As shown in Fig. 4,
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Figure 4: Statistics of the final state fidelity for n = 2 qubit 2-SAT

under conditional clause measurement dynamics EQ. (4). The results for schedules generated from

both Lindblad-OFS and MLP-OFS are shown. We see that the fidelities from the Lindblad-OFS
optimized schedule are more evenly distributed, while the fidelities from MLP-OFS are more

concentrated around high and low values. The mean of the Lindblad-OFS optimized schedule is
higher than that of the MLP-OFS. However, assuming that we could implement some filter
equivalent to post-selecting only trajectories above the cutoff fi,. = 0.05, the resulting new mean of
the MLP-OFS optimized schedule is significantly higher than that of the Lindblad-OFS.

although the Lindblad-OFS fidelity distribution has higher mean, the MLP-OFS fidelity distribution
exhibits higher variance: more weight near 1 (success) and near 0 (failure). When one has access to
the measurement signals, these close-to-zero trajectories are very easy to detect, because they typically
have evolved into the undesired subspaces and thus have small overlap with the solution subspace. As
studied in [33], one can use a filtering technique to detect the occurrence of such trajectories in the
undesired subspaces, and truncate such dynamics early, resulting in effective post-selection. One of the
simplest forms of such filtering can be implemented by time-integrating the readouts using a boxcar or
exponential window function, and the trajectory is truncated or discarded when the filtered readouts
pass some threshold values. A similar approach has also been used in continuous quantum error correc-
tion, where instead of truncating the trajectories, one performs error correcting operations as feedback
when a threshold is reached by the filtered signal [123, 124]. More generally, the MLP-OFS or similar
settings would typically be advantageous in the presence of measurement-based feedback, where low
fidelity trajectories could be effectively countered. We leave a full study of feedback strategies for
future work and here consider the simple feedback action of effectively cutting short the trajectories
once the fidelity is consistently lower than fi,- = 0.05. While we leave open the details of its imple-
mentation, and the correspondence should be taken with a grain of salt, the mechanism in practice
should amount to cutting short those trajectories where, after a negligible amount of time, one of the
clause measurements has conclusively converged to clause failure. As shown in Fig. 4, the mean of
MLP-OFS fidelity after post-selection is now higher than that of Lindblad-OFS. This demonstrates
the potential superiority of MLP-OFS optimization for heralded dynamics where one can extract extra
information from the measurement signals compared to unheralded Lindblad dynamics.
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Figure 5: Relative speedup G (defined in EQ. (41)) as a function of the number of qubits n for single solution
2-SAT problems on a ring. The inset shows the same calculation for 3-SAT with a single solution, where for n = 3
there are m = 7 clauses, and for n = 4 and n = 5 there are m = [4.26n] clauses. Note, m = [4.26n] marks
the transition from solvable 3-SAT instances to mostly unsolvable instances [29, 125]. The corresponding TTS?*
of optimized Lindblad and optimized CDJ are obtained from the solutions of Lindblad-OT and MLP-OT problems
respectively. The optimal TTS of the linear schedule is obtained from the Lindblad optimal time problem without
scheduling optimization, i.e., only single-shot dragging time T is optimized. For the other case both T and the
corresponding schedules 0(t) are optimized for Lindblad and CDJ respectively. All of the TTS are then calculated
from the final states of Lindblad evolutions following their optimal T and corresponding schedules 6(¢).

5.2 Time Optimal Problem

With these optimized schedules, we are able to obtain the solution to the optimal time problem. The
objective we would like to optimize is the (logarithm of) the TTS = (T} + 7, )/Tr[p(T;)Ilo]. Here
we assume 7, = 57 for 2-SAT and 7,,, = 27 for 3-SAT, which makes sense as the final readout time
in the canonical basis needs to be several times larger than 7 in order to obtain accurate information
[33]. We numerically solve Lindblad-OT and MLP-OT problems by implementing the single-shot
dragging time optimizations with schedules from solutions of Lindblad-OFS and MLP-OFS problems
defined in Section 4. We also implement T’y optimization for Lindblad dynamics with linear schedule
0(t) = 5 - Tif, i.e. no schedule optimization. All of the optimal TTS are then obtained from final states
of Lindblad evolutions with optimal dragging time Ty and corresponding schedules §(¢). This makes
sure the optimal TTS is the expected runtime in order to obtain the solution state. To illustrate the
improvement of TTS thanks to schedule optimizations, we define the relative speedup

TTSopt

g - ':["]:‘Slinear7

(41)
where TTSj;ncqr is the optimal T'TS obtained from linear schedule, while TTS,,; stands for the optimal
TTS obtained from either optimized Lindblad schedules or optimized CDJ schedules. The numerical
results for G with varying qubit number n are shown in Fig. 5. We see that both Lindblad and most
likely path scheduling optimization can reduce the optimal TTS from the linear schedule significantly,
as § < 1. In addition, Lindblad optimization admits better relative speedup than most likely path
optimization as expected. However, with the similar intuition developed in Section 5.1, we expect
the relative speedup from the most likely path optimization can outperform the relative speedup from
Lindblad optimization if the measurement signals are available to produce effective post-selection or
other appropriate feedback actions.
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5.3 Clause-Wise Schedule Optimization

One natural question regarding the schedule optimization is: can we further improve the performance
by allowing each qubit ¢ to be associated with its individual control 6;7 Our preliminary investigation
indicates that the answer could depend on the problem instance. For example, for Zeno dragging
with 2-SAT problems, we found that 2-SAT on a ring always admits an optimal schedule such that
01(t) = -+ = 0,(t), i.e. all qubits should move together. This is not surprising due to the symmetry
of these problem instances. However, for some other problem instances, we found that the optimal
schedule in general does not need to be moving together. This is illustrated in Fig. 6. It will be
interesting to further explore the relationship between the form of optimal schedules and the structure
of the SAT instances, which we leave for future work.

5.4 Summary of numerical results

The numerical results presented above show that the qualitative behavior of the solutions for uncondi-
tioned (Lindblad) dynamics obtained with the optimized schedules is consistent with the convergence
results for unconditioned dynamics presented in Section 3. Specifically, we see that the measurement
axis can move faster towards the solution in the region having a higher spectral gap of O(H) (Fig. 3),
in agreement with the prediction of Theorem 2. The numerical examples also show the potential ad-
vantage of the most-likely-path-based schedule optimization when given access to heralded individual
trajectories (Fig. 4 and Fig. 5). This paves the way for future work including feedback strategies based
on the Zeno measurement results.

6 Summary and Discussion

In this paper, we have studied the dynamics of multi-channel Zeno dragging under generalized measure-
ments with varying strength; such schemes necessarily rely on measuring non-commuting observables
weakly and simultaneously. We have proven the convergence condition as a form of adiabatic theorem
for measurement-driven dynamics, showing how the spectral gap G(6) of the cost operator O(6) char-
acterizes the speed of modulation of 6(¢) in order to remain in the desired subspace. The results also
explain the empirical behavior observed in previous work introducing the weak measurement driven
approach to solving k-SAT problems [33]. We have further introduced a framework for schedule opti-
mization for both the unconditional dynamics setting and the conditional dynamics setting from the
perspective of optimal control theory, based on ideas in [24]. This optimized dynamics effectively sets
the lower bound for the convergence time: indeed, to be practical, any strategy for constructing the
dragging schedule must moreover have lower complexity than solving the k-SAT problem itself.

We obtain numerical results that both confirm the intuition implicit in our theoretical convergence
bounds and demonstrate that scheduling optimization can significantly improve the performance of
finite-time Zeno dragging.

A potential strategy to improve Zeno dragging is feedback, where we apply additional unitaries con-
ditioned on the (history of) measurement records. Quantum feedback control has been used to stabilize
target states, speedup purification, achieve non-Hermitian dynamics, design quantum algorithms, and
construct time—continuous error correction protocols [77, 123, 126-141]. As has been demonstrated in
both classical and quantum algorithmic applications, feedback can be crucial to achieve computational
efficacy [29, 142, 143]. A valuable future direction is then applying ideas of feedback to Zeno dragging,
such that the probability of staying in the desired subspace can be improved.

We note that at this stage our primary focus is on analyzing and characterizing the open-loop
performance of the Zeno dragging approach to combinatorial optimization. Before comparing the per-
formance of the Zeno dragging approach with established state-of-the-art optimization algorithms using
digital quantum circuits, it is necessary to add local feedback correction strategies, which constitute a
natural extension of continuous measurement quantum protocols [126] and is also done in classical algo-
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Figure 6: Examples of the optimal schedules when allowing a separate schedule 6;(¢) for each qubit, for 3-qubit 2-
SAT instances. Here we study two illustrating instances. Instance 1 is (b1 Vbs) A (b2 Vb3) A (b1 Vb3) A (b1 Vbz), whose
solutions are by = F, bo = F and b3 = For by =T, bo = T and b3 = F; Instance 2 is (b; \/52) A (b2 \/Bg) A (51 V bs),
whose solutions are by = ba = bs = F or by = by = b3 = T. Thus for instance 1, the third variable b3 can be
any value and is not correlated to b1 and b, while for instance 2, b1, b2 and bz are all correlated. In order to
characterize the form of the optimal solution, we have defined the [2-distance between the schedules of the different
qubits as dy, = ﬁ Z#je[n] 1165(t) — 0;()|]1,, where || f(t)]|7, = fOT dtf?(t). Panel (a) shows the evolution of
d;, during the iterations of the Nesterov-GRAPE optimization algorithm. We see that dj, for instance 2 converges
to zero indicating all optimal 6; are moving together; for instance 1, d;, converges to a non-zero value indicating
optimal 6; are not moving together. The embedded plot in (a) is the optimized schedule for instance 1, confirming
the above claim. Panel (b) shows the solution state fidelity for instance 1 as a function of time for the optimized
schedule with 3 6;, the optimized schedule with a single €, and the un-optimized linear schedule with a single 6. We
see that the schedule with multiple 0; performs the best, which confirms the correctness of our calculations.

rithms like that of Schéning [142]. It will also be useful to explore integration of the specific advantages
of the Zeno dragging approach with continuous quantum error correction [13, 22, 127, 135, 137, 138].

We also comment on the applicability of the optimization framework, which in general needs nu-
merical calculations. The computational expense of optimization tailored to specific problem instances
will in general limit its practicality for larger systems. Indeed, solving these optimization problems
is often even harder than the classical problem encoded in the Zeno dragging protocol to begin with.
More practical schemes could follow two routes. A first idea would be to extract insights from low-
dimensional optimal control results, in order to deduce guidelines for efficiently building sub-optimal
but significantly improved schedule on actually interesting problems. Future work along these lines
comparing k-SAT problem structure to the resulting optimal controls on small problems may be in-
sightful. A second idea could be to use our analytical results from Theorem 2 as a reduced dynamical
system, if we can efficiently estimate (useful bounds on) the spectral gap as a function of 6 or of the
0;; following the line similar to [144], this would allow to optimize schedules with lower accuracy but
at a much lower cost. We remark that a similar approach has been applied in the projective version
of the BZF k-SAT algorithm [29)].

Finally, we discuss possible strategies to deal with noise in the circuit realization of Zeno dragging
with generalized measurement, as shown in Fig. 1. Our consideration of Zeno dragging is so far
restricted to the noiseless case, which is only idealized. In reality, many forms of errors would occur
in the device, such as readout noise during the measurements and stochastic noise on the gates.
However, due to the nature of QZE, one could expect natural robustness of Zeno dragging protocols
against certain experimental imperfections, with an intuition similar to that underpinning autonomous
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quantum error correction (AQEC) [24, 25, 27, 145-149]. The basic idea of AQEC is that always—on
dissipation can be engineered to reduce the rates of certain logical errors occurring, e.g. by monitoring
or dissipating stabilizer observables; this is closely connected to continuous QEC. In addition, since the
QZE scheme by definition requires many rounds of mid-circuit measurements, it could support error-
correcting feedback actions and measurement-based error mitigation in a natural way [150-154]. We
consequently believe that there are many avenues for future work developing the ideas in this paper,
and incorporating them into diverse applications across the quantum information science ecosystem.
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Appendix

A A Brief Introduction to Boolean Satisfiability Problems

Here we briefly review the Boolean satisfiability problems (SAT), and describe the problem instances
we used in this work. A SAT problem is specified by n Boolean variables {b;}!" ,, each of which
can take values of either ‘TRUE’ or ‘FALSE’ (henceforth T or F), and m clauses {C;}7,. Boolean
variables appear in clauses in the form of literals x; € {b;, l_)i}, where Ej is the negation of b;. If every
clause contains k Boolean variables, then it is a k-SAT problem. A clause is evaluated to be T if at
least one of the literals involved is T. Thus, a clause C; in k-SAT can be written as literals connected
by logical ‘OR’, also denoted "V’; for example, with k = 3 we can have

C;=byVb3V 54, (42)

which returns T if b, = T or b3 = T or by = F. A k-SAT problem asks if there exists an assignment
b € {T,F}" such that the Boolean formulae in the conjunctive normal form (CNF)

Fonp=CiANCoN---NCy, (43)

is evaluated to be T, i.e., if all the clauses can be satisfied. In other words, Fon g involves the logical
‘AND’ of all the clauses. This definition of k-SAT makes a clear one-to-one mapping between each
clause C, in k-SAT and the projector P, () defined in BQ. (2), where each literal l,, is equivalently
defined to take values {—1,+1} depending on whether the Boolean variable appears in the negated
form (-1) or the positive form (+1).

For k = 2, a 2-SAT problem can be efficiently solved in linear time. For k > 3, k-SAT becomes
NP-complete and is not expected to be solved efficiently [56-58], neither on classical nor on quantum
computers. Despite this computational complexity gap, we take 2-SAT as the demonstrating example
in this work, as it keeps the problem simple to describe and carries the essential structure when solved
by Zeno dragging algorithms. In several examples, we will further focus on the 2-SAT problems “defined
on a ring”, i.e. whose Boolean formula takes the following form:

Fonp = (b1 Vb)) A (baVb3) A+ A (b1 Vbp) A (bp V b1). (44)
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This family of problems has exactly 2 solutions, by = by =---=b, =T or by =by =---=b, = F.
The symmetry of this setting under index shift, i — i + k£ modulo(n) for all 7, allows for somewhat
further analysis. Alternatively, we can add another single clause, e.g. C. = (b1 V ba) to Fonp such
that one of the solutions is excluded, resulting in a 2-SAT instance with a single solution.

B Analysis of Lindbladian Zeno dragging

We here provide the technical proof of the results in Section 3. We will assume the quantum system con-
sists of n qubits, and the cost operator O(#) admits a spectral decomposition O(6) = 22 U ()
We further assume that 0(9) has at least one 0O-eigenvalue ground state, associated to )\0 = 0. We
recall that II, denotes the orthogonal projector onto the 0-eigenspace and thus Tr[f[o] denotes its
dimension. We assume that this dimension does not depend on #. This is the case, for instance, as
soon as ; > 0 for the k-SAT setting EQ. (2).

B.1 Lower bound of the solution state fidelity

We first show how the measurement channel retains the fidelity and how the coherence between the
ground eigenspace (eigenvalue 0) and the other eigenstates of O(6) decays under the action of 7(9).
In particular, we have the following lemma.

Lemma 4. Let a frustration-free operator be 0= % > u P, where each P, is some projector. Denote
the eigenvalues and eigenstates ofO as 0 < X\; <1 and |\;) respectively for i =0,1,..., 2" — 1. Write

any density matriz as
p=fho+ (1= flpL+v(@+eh),

where pg has support on the 0-eigenvalue subspace of O ie. I Do Iy, = Do; pL has support on the
orthogonal subspace i.e. llgp, = p Illg = 0; and ¢ denotes coherences between these two spaces,

i.e. Hoe = ¢, elly = 0, with v € R>g. Note that for positivity of p, when tr (ﬂo) > 1 the image of ¢

r)

must lie in the span of pg. More precisely, denoting ﬂ( the projector onto the span of po, thus with

f[ér)ﬁo = ﬁoﬂér) = fI(()T) and ﬁ ) the pseudo-inverse satisfying p(p )po = pop(p ) = ﬁgr), we also have
f[g')é = ¢ and positivity requires f(1 — f) > 2 Tr[éf ém) él.
Then after the action of the quantum channel T, the resulting state is

T(p)=fpo+(L—f)pL ++'(& +e&T),

where p'| is some density matriz with support only in the subspace orthogonal to Iy and & describes

coherences between that subspace and the subspace spanned by Iy. The latter satisfies Tr[e'Tp A(pl) ) =

Tr[éfﬁépi)é] with nonnegative v' < (1 — B G)~, where G = min;{\; > 0} is the gap of operator O.

Proof. To prove the expression, we look at how quantum channel 7 acts on each of the three terms.
Firstly, since P I, =1I,P, = 0, Va and Iy p Po = po I, = Do, we have

) 2 L 1ya
T(po) = po+ £ Za: [PaPoPa —3 (Papo + PoPa)]

.2 A oA T DB I .

po + 25 > [PaHOPOHOPa -5 (Paﬂopo + POHoPa)] = po -
m 2

Secondly, for p; we have

A, 28 5 oA B
T(PL)—PL+mZ[PP Py

[e3%

(&m+m&ﬂ. (45)

1\3\»—\

Accepted in {Yuantum 2026-06-28, click title to verify. Published under CC-BY 4.0. 26



Since P,IIy = IIyP, = 0 and ﬂoﬁL = ﬁLfIO = 0, we observe that ﬂOT(ﬁL)A: T(ﬁl)ﬁo = 0. This
implies that 7(p, ), like g, , has support only on the subspace orthogonal to IIj.
Thirdly, for ¢, we have

T(e) =+ % 3 {ﬁaaﬁa — = (zﬁaé + 615@)]
= o 25 [Ruttger, - § (Puttoe + 212 (46)

with 1 denoting the identity. This implies that we have IIy7(¢) = T (&) and T(&) Iy = 0, as soon as
the same are true for ¢.

Combining the above three parts, we see that the corresponding blocks of p undergo independent
dynamics under 7(p), with jo remaining constant and e.g. /¢ = vé (1 — 0O). The latter implies

(V)Pm(etaVe) = 2mletal e (1 - 0Y =42 Y (@ a8 a0 (1 B)?
< 2 . 32 At A(PE) Ay
> ( " A(I]B)aix. A (1 BAl) > Z (C Po C)(l,l)
it (610 e) 1,y >0 -

< (y(1-BG))? Trfet pe]

as stated. Here (X )(i,iy denotes diagonal component i of operator X in the eigenbasis of O and the

first inequality follows from ﬁoéTﬁépi)éﬂo = 0, implying that (éTﬁ(()pi)é)(m) =0 for all \; =0. O

Lemma 4 basically says that the coherence between eigenspaces spanned by I, and by (1 — f[o)
decays at a rate governed by the spectral gap of O(@) when applying the channel 7(6). Furthermore,
the populations on these two eigenspaces remain constant. Next, we prove how this decay of coherences
limits the decrease in fidelity with respect to fIO(G) upon changing 6.

Proposition 1 (Lower bound on the fidelity). Let the projectors onto the 0-eigenvalue ground-state
space of O(0) at some 0 and 6 + AQ be TIy(0) and [y(0 + AG). Characterize the overlap between these
two spaces by (Yo|Tlo(0 + A8)|1bo) > 8 > 0 for all normalized |vbo) satisfying To(6) |1bo) = |1bo). If the
quantum state p has fidelity f with respect to f[o(ﬂ), then after application of T(0), the fidelity f’ with
respect to Ilo(6 + AB) is lower bounded by

frzf0-2[1=-BG(O)] Va(©) f1-f), (11)

where G(0) is the spectral gap between 0 and the second lowest eigenvalue of the operator 0(0), and
a(8) =6 — 6% for § € [1/2,1] or a(d) = 1/4 for 6 € [0,1/2].

Proof. From Lemma 4, we have
7 =T [116(0 + A0)T(5)]
— fTr [ﬂo(e + Ae)ﬁo} Y (1 f)Tr [ﬂo(e + A@)ﬁﬂ +  Te[flo(0 + AB) (¢ + &)

A (47)
> fTr [Ho(e + M)ﬁo} —y[1 - BG(O)]

Te[flo (0 + A6) (¢ + a’*)]‘

> 5 —~[1—BG)] }ﬂ [ﬂo(e +AY) (ﬂg”(e)e/(ﬁ —TI(0)) + (1 — ﬁo(e))e’Tﬂg”(a)ﬂ ‘ .

We recall that Hér) = po p(()p " is the projector onto the subspace of Il spanned by pg. Thanks to
the Cauchy-Schwarz inequality |Tr[AB]| < \/Tr[AT A]Tr[Bf B], we can bound the first term inside the
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trace as follows:

T [11,(0 + A0 (0)2 (1 - Fo(9))|
=~Tr {HO(G + A8) /po (m (1 —1Io(9))

o (6)
=Tt {((i — T1o(8))11(0 + A0) /7o) <\/p871) )]

<Tr [(ﬁ —TIo(6)) T1o(0 + AG) po T (6 + Ae)] Tt [”T “”')a'}

1/2
sz

o0+ A0 | VT,

(48)
1/2

where i spans the eigenvectors associated to the zero eigenspace of O(8) according to pg = > pildi) (Nl

and j spans the eigenvectors associated to the nonzero eigenvalues. Defining |v;) = IIo(6 + AB)|\;),
we can just decompose

o) = 3 1) kDo (8 + A0) s + D~ 1A5) (A5 [T (6 + AG)[ i)
2 i

where 4, k run over the 0 eigenvalues and j over the nonzero eigenvalues. Then

(wilv)) = (NilTTo (0 + AO)|A;)
= D I8 + A0)A)* + D (AT (8 + A0)|\,) |2
k J

implies that
) 2
S ulllo@+20))| = ilflo(8 + A6) X} = D [(AkliTo (8 + AB) A2
J k
< (il (0 + A0)[As) = [(Xi[Tlo (0 + A0)[As) [
The function x — 22 is positive, upper bounded by 1/4 for z € [0, 1] and decreasing for = € [1/2,1].
. . 2

Applying this to z = (\;[lo(0 + AB)[A;) > & implies >, ’(AAHO(@ + A0)|)\j>‘ < a(6). Plugging this
into the last line of EQ. (48) and summing over 4 then yields the announced result. O

When T is applied M times, the only modification in the proof is that + decreases to v/ < (1 —
BG(60))M by recursively applying Lemma 4. This readily justifies the extension EQ. (12).

B.2 Convergence of Zeno dragging and the advantage of weak continuous limit

To ensure a limited drop in fidelity when dragging between 6 = 6; and 6 = 6, on the basis of EQ. (12),
we impose sufficiently small steps Af to maintain  close to 1, and take M sufficiently large to maintain
f! ~ fo at each step.

Theorem 2 (Convergence of BZF Zeno dragging; see Fig. 2). Let At, €1, €2 > 0. Assume?

(o Tlo(6 + AB)[tho) > (cos(A2))™"

2This precise assumption is inspired by the example of k-SAT on n qubits according to EQ. (2), EQ. (3), where it
obviously holds. It allows in general for a dependence of the ground-spaces overlap on problem size n.
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for any normalized |1g) in the solution space at 8 i.e. for any |tg) satisfying ﬁ0(9)|1/10> = |1hg). Suppose
that one performs Zeno dragging for this system with initial solution space fidelity 1 at 0; and ends at
0f > 0; using a linear schedule, i.e. constant increments AO. Then to ensure a final solution space

0f—67~, n(Gf—Gi)Q
A0 =

fidelity fny > 1—e€1 —e€a, it is sufficient to take a total number of —increments N = > =

with each step including M(0) applications of the channel T (0), where
log(é) + 1log(n) + log(0f — 6;) log(é) + 1log(n) + log(05 — 6;)

Proof. There are N increments of 6 in the algorithm, so we need to iterate EQ. (12) N times. Drop
the factor of f(1 — f) on the right hand side of EQ. (12) (which is valid since f(1 — f) < 1), assume
§ > 1/2 and assume M (#) is chosen such that [I — 3G(0)]M(® <« < 1. Then EQ. (12) readily yields

fori +am(@) > 6 ( fr —2a\/6 — 02 /5) + am(5) (49)

M(6) >

> O(fr +am(9)), (50)
provided we choose m(§) > 25 52 ; for instance, take m(8) = v/2 1+5 . This recursively yields
1+6
fr 2 0¥ fy = V2a(1 - 6V) 15 (51)

Starting with fo = 1, we now impose parameters to ensure 6 > 1 — ¢; and v2a (1 — §V) 1+5 < €
to conclude the proof.
Concerning the first requirement, the assumption translates into noting that § > (COS(AG))

2
2 .
1-— "Af , we then obtain

by choosing N as stated.
Concerning the second requirement, we have

V2a(1 — o) 17 \fa< ;)\/1—62

=V2ay/1 - 42 i&’f
< V2ay/1— (1 - 228 Zl
= Va3 = avio.

From there we readily see that taking M (0) as stated allows us to choose o < \F and thus to satisfy
this second requirement. O

The above theorem still contains a hidden dependence on time, inside the measurement strength
B. The total time-to-solution is computed as follows.

Corollary 3 (advantage of weak continuous limit). The total time needed to guarantee a final solution
state fidelity f > 1 — €1 — €3, according to the criterion of Theorem 2 and assuming a constant
measurement setting (M ,At) for all 0, is:

_ log(5;) + slog(n) + log(9) ng? At

= Gmln 461 YT with Y = W
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no?

Proof. The total time is just the number N = I of # increment steps, times the number M of
repetitions of the channel 7 () at each 6 value — which we lower bound from the Theorem statement,
replacing G(0) by its lower bound G, and 5 =1 — e~At/27 | times the duration At of a single
application of T(0). O

Remark: Let us denote Ta; the Kraus map associated to a particular choice of At. The above Corollary
thus considers the scaling as a function of w of applying, for every value of 6, the Kraus map (7;,,)".
When measuring a single clause, it is easy to see from EQ. (6) that (Ta;)? = Toas. Physically, this is a
consequence of the commutation of consecutive weak measurements of the same observable; it implies
that the total measurement accuracy versus total measurement time does not depend on the chosen
value of At in this case. Once we measure several non-commuting clauses, we have (Ta¢)? # Taa in
EQ. (6). Physically, the advantage of At — 0 can be understood as saying that the exact unraveling
of the measurement process over time becomes important, once we claim to weakly simultaneously
measure non-commuting observables.

C Analytically solvable optimal control: a single-qubit example

Here we study an analytically solvable model consisting of only a single qubit. We consider the system
driven either by a Lindblad master equation for Lindblad-OFS problem
dp AN A A .
LT 60)p5(0) - ), (53)

or by a stochastic master equation for MLP-OFS problem
dp AN A L A A A
L~ VT [6(0)p+ p5(0) - 26TH(6(0)7), (54)

where rdt = 2/TTr(6(0)p)dt + dW is the measurement readout and dW is the white noise. Here I is
the measurement rate and the measurement observable &(6) is the generalized Pauli operator at the
basis determined by 6

5(0) = cos(0)6, + sin(0)5 . (55)

In both Lindblad-OFS and MLP-OFS problems, the initial state is p(0) = w, and we want to

drag the qubit to M within the given dragging time Ty, where ¢; and ¢ are initial and target

azimuthal angles of the qubit in the zz-plane of the Bloch sphere. We hence define a cost function

Jr =Te(p(T1)5(¢5)) (56)

which only depends on the final state. The task is to find the optimal schedule 6(¢) for ¢ € [0, T] such
that Jy is maximized.

The solution to MLP-OFS is derived in [24], and the optimal schedule 6*(¢) is a linear function of
time if the state is initially pure:

0%(t) = i + (o5 — ¢i)Tif + arctan <¢irTfi> . (57)

Pr—Pi
irTy

Notice there is an offset arctan ( ) between the control 8*(t) and the state’s (supposed) azimuthal

coordinate ¢.

We now derive the solution to the Lindblad-OFS problem and show the optimal schedule 6*(t) is
also a linear function of time, though with a different offset. Just like Lindblad-OFS, this problem can
also be solved exactly within the framework of Pontryagin maximization principle (PMP), which we
illustrate here. PMP defines a control Hamiltonian H, which in this case can be calculated to be

H. =TA, [R:(cos(20) — 1) + R, sin(26)]

+ TA,[Rysin(20) — R, (cos(20) + 1)], (58)
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where we have parameterized p = HHz0e+R:02 and A, and A, are the conjugate variables with

respect to the state variables R, and R,. Using the canonical transformation
R, — Rcos¢
R, — Rsing¢
Ay = Agcos¢ — Aysing/R
A, — Apsing +Aycos¢/R

(59)

to move from Cartesian to polar coordinates, we can rewrite the control Hamiltonian in the polar
coordinate

H. =T {RAR[cos(2(0 — ¢)) — 1] + Agsin(2(0 — ¢))}. (60)
The PMP states that the state variable q (for q = R or ¢) satisfies
OH,
] = = 61
4= 5, (61)
and the conjugate variable A4 satisfies
S (62)
q aq .

Moreover, PMP further states that H. is maximized over all possible values of # at any time point .
For unbounded @, this is equivalent to

OH,,
=0, 63
50 (63)
which evaluates to be ) A
0=¢+-tan ' | —2 ). 4
o+ 5 tan ( 7 AR> (64)
Notice that as H, is only a function of 6 — ¢, 85}11; = —%Eic SO ‘98% = 0 as well. This means Ay is a
constant of motion. Also, the form of H. in EQ. (60) gives rise to
d(RAR) . . OH,. OH,.
R RAR+ RAR = A -R =0 65
oy R+ R Ry Ar R ) (65)

which means RApg is also a constant of motion. Therefore, the offset § — ¢ = %tan’1 (RA—/;’;) between

the control § and the state variable ¢ is a constant.
The equation of motion for state variable ¢ gives the rate of change for ¢

6= Gae = Tsin(2(0 = ). (66)
which is a constant. This means ¢ is a linear function of time, and so is the control § due to EQ. (64)
t
o(t) = ¢i + (6(Ty) — ¢>DT7’ (67)
and also we can rewrite ¢> as
. A Tr) — ¢
¢ =Tsin(2(0 — ¢)) = 2¢ == # {} a3 (68)
\/R2AG + A7 f
The PMP also provides the terminal condition for the conjugate variables
aJ .
Ao(Ty) = =] = —R(Tp)sin(éy = 4(T))
Ty
(69)
oJ
AR(Ty) = =S| = —cos(gy — 6(Ty)),
OR 7
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which leads to cot(¢f — ¢(Ty)) = %. Here we used J; = R(Tf) cos(¢s — #(Ty)). This means we can
further rewrite EQ. (68) as

sinfos — o(1y)) = L0 (70)

Solving ¢(Ty) from this with given T, the optimal schedule then is determined to be
t 1
0(t) = ¢i + (¢(Ty) — dn)Tff + 505 = 6(Ty)) (71)
With the above results, we can also solve for r(¢) given optimal schedule from

B OH. _ RAp —1|TR=—[1—cos(¢f — ¢(Ty))T'R, (72)

OAr\ \[R2A3, + A2

from which we have R(T}) = e~ [1=cos(¢s=@(Ts)I'Ts - Therefore the optimal final cost under the optimal
schedule is

Jj = e Umeon@rmo TN cos(y — o(Ty)), (73)

where ¢(T) is determined from EQ. (70), and it can be shown this is a monotonic increasing function
of T}, consistent with adiabatic intuition.

D Equation reduction steps

In Section 4 of the main text, we derived the equation of motion EQ. (35) that the costate A has to
satisfy under the optimality condition. In this appendix, we show that the equation can be further
simplified into the negative conjugate of EQ. (34). Consider the SME

9p - A
—— =Fp+pF 4
5 = [P+ OF, (74)
with 1
F=_— za:(ra -1) (Pa - <Pa>) : (75)
and 1
f=—3ra=1) () (76)
Then we can write the costate evolution as
dA fa o aa "
o =—FA-AF+ 2(<A> — (F + f) (77)
It is easy to see that
i <A> — (2 <A> — 1. (78)
ot
We now redefine A’ = A + (1 — <A>) 1. Then, it can be seen that
N ar) Rrg
=—FAN —ANF.
5 (79)

We can now redefine our costate to be A’. We can similarly change the transversality condition. Note,
this transformation does not change the CDJ stochastic Hamiltonian.
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E Connection between costate operator and CDJ variables

In this section, we analyze how the costate operator A, defined in sec. 4.1.1, is connected to the costate
vector {A}. For notational convenience, we denote the latter as {p} in this section. Recall, for a
continuously monitored system, the CDJ stochastic path integral expresses the probability densities
of a specific trajectory {q,r} and is given by [53]

P= [ Dlples. (30)

where q provides a parametrization of the system state (e.g. Bloch coordinates for a qubit, position
and momentum expectation values for an oscillator) and p are the corresponding costate variables.

Now, we will see how the costate operator A connects to such costate variables for a single qubit. For
a single qubit

p==(1+a6, +yé,+26.), (81)

where (z,y,2) = (¢1,42,93) are the Bloch coordinates of the qubit. Any costate operator A can be
expressed in terms of the Pauli operators as below

A=1+A, (6, —al) + A, (6, —yl) + A, (6. - 21). (82)

In the above expression, we used the frame transformation A=A+ (1 — <A>) 1 and {Az, Ay, ALY

are scalars. If the qubit evolves according to /3 = F|[p], we can find the Bloch coordinate evolution by
g; = f; =tr(6;F). Now, consider PMP based optimization of the cost

ty
7= [0 (83)
0
with control x. Here, f° is an arbitrary function. Then, the Pontryagin Hamiltonian becomes

H=—f"+ pifj. (84)
J

However, note that tr (Af ) =>_;A;fj. Thus, we can also write

H=—f"+tr ([\f) , (85)

with A; = p;. Hence, the CDJ costate variables can be interpreted as a parametrization of the costate
operator. For a general quantum system if g; = tr (Xjﬁ , then, we can express, A= Zj ijj. Thus,

the costate operator constrains the different degrees of freedom in the system. On the other hand, if
A =37, A1l is an eigen decomposition, then {II;} represent effective degrees of freedom of motion.

To interpret the path integral of the form f D[M, we can parametrize both p and /A\, in terms of
the state coordinates and corresponding costate variables and perform path integrals as usual [52, 53].
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