arXiv:2509.09642v2 [quant-ph] 14 Jul 2026

Resource quantification for programming low-depth
quantum circuits

Entong He and Yuxiang Yang

QICI Quantum Information and Computation Initiative, School of Computing and Data Science,
The University of Hong Kong, Pokfulam Road, Hong Kong SAR, China

Noisy intermediate-scale quantum (NISQ) devices pave the way for imple-
menting quantum algorithms that offer quantum advantages over their classical
counterparts. Due to the intrinsic noise and decoherence in the physical sys-
tem, NISQ machines are naturally modeled as large-scale, low-depth quantum
circuits. In practice, executing such circuits requires sending program states
that encode the relevant instructions to a programmable quantum computer,
typically through a cloud service. Existing programming approaches designed
for generic unitary transformations are computationally inefficient in the low-
depth setting, and therefore remain unsatisfactory. As such, to realize NISQ
algorithms, it is crucial to find an efficient way to program low-depth circuits
as the number of qubits N increases. Here, we investigate the circuit com-
plexity and the size of quantum memory, known as the program cost, required
to program low-depth brickwork circuits. We establish a tight worst-case pro-
gram cost of ©(NpolylogN) for universally programming low-depth brickwork
circuits in the large-N regime. Moreover, we analyze the trade-off between
the cost of describing the layout of local gates and the cost of programming
them to implement the target unitaries via the light-cone argument. Our find-
ings suggest that faithful gate-wise programming is essentially optimal in the
low-depth regime.

1 Motivation

The world is awaiting the arrival of the Noisy Intermediate-scale Quantum (NISQ) technol-
ogy era in the near future [1]. With qubit counts on the order of tens to hundreds, quantum
computers can run quantum algorithms that offer advantages in time and quantum-memory
complexity over their classical counterparts on the same tasks [2, 3, 4]. Despite this op-
timistic vision, the computational power of quantum computers is intrinsically limited by
noise inherent in gate operations and by the limited coherence times of quantum particles
interacting with the external environment [5]. To suppress their interference with the com-
putational results, an intuitive approach is to compress the depth of the quantum circuits
[6]. These low-depth designs limit the number of sequential operations performed during
a computation but can still be provably more powerful than their classical counterparts
[7, 8].
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Given the prohibitive resource requirements and costs of local quantum hardware in
the NISQ era, clients may delegate computations [9] to cloud servers by transmitting
program states that encode target unitary operations. Rather than designing a dedicated
circuit for each computational task, the cloud computer uses a fixed circuit architecture
capable of processing any program state; we refer to this architecture as its processor. The
processor’s ability to implement any target unitary from its corresponding program state is
referred to as universal programmability. Programming unitaries differs from synthesizing
unitaries [10] in that all information about the target unitary is supplied in quantum rather
than classical form, as a quantum state that we conventionally refer to as its program
state. An essential component for implementing NISQ algorithms is a quantum processor
capable of universally programming low-depth quantum operations. Although the No-
Programming Theorem has ruled out the possibility of exact universal programming, as
an infinite-size quantum memory and quantum circuit are necessary to store and retrieve
the program, its approximate analogue is available [11]. Numerous efforts have been made
[12, 13, 14, 15, 16, 17, 18, 19] to circumvent this no-go theorem by allowing nonzero
programming error in exchange for reduced quantum-memory complexity; we refer to this
complexity as the program cost. Optimal trade-offs have been established for unitaries
[16], channels [17], and isometries [19], primarily within two frameworks: measure-and-
operate (MO) [20, 16, 17], and port-based teleportation (PbT) [14, 18, 19]. Nevertheless,
all these works, including [16], assume constant system dimensions and derive the bounds
for program cost in the arbitrarily small error regime. Meanwhile, NISQ algorithms might
run on many qubits to maintain their potential quantum advantage |7], thereby creating a
“wide” circuit architecture. Rather than taking the programming error to be infinitesimal,
we allow the programming error to vanish as the system dimension grows. Under these
assumptions, the number of qubits controls both the asymptotic error and the circuit
architecture, making it natural to ask whether finer-grained lower and upper bounds can
be obtained for programming low-depth quantum circuits. In addition, these works focus
on an information-theoretic perspective and do not consider the efficiency of implementing
the protocols on practical quantum devices, in terms of both gate and program cost.

This article aims to identify the resource requirements for programming QNC circuits,
i.e., quantum circuits with polylogarithmic depth [21] and bounded-fan-in gates. This
gives rise to a fundamental yet representative quantum circuit architecture — the brickwork
circuit [22, 23, 24, 25, 26], which consists of local unitary gates with restricted connectivity.
This architecture closely reflects the physical constraints of NISQ devices. Many near-term
quantum algorithms are developed with QNC brickwork circuits. Representative examples
include the Variational Quantum Algorithms [27], random unitaries [28, 29|, and quantum
algorithms that efficiently solve the 2D Hidden Linear Function problem [7]. We quantify
the overall circuit complexity of preparing and executing the program using the best-known
MO universal unitary programming scheme [16]. Building on the constructive techniques
employed in [16, 17|, we provide a tight lower bound for the worst-case program cost
requirement, as a refinement of the previous results [15, 16, 17] in the low-depth regime.
A straightforward counting argument of the covering net for all QNC brickwork circuits
asymptotically matches this lower bound. Simple as it is, this argument provides a complete
characterization of the quantum-storage complexity of programming low-depth brickwork
circuits.

Our main results are summarized as follows:

Theorem 1 (Circuit complexity of optimal universal programming, informal). The opti-
mal universal programming of U(d) where d = 2V with diamond norm error e can be imple-
mented with O (poly(d, 1/+/€)) quantum gates and O (d*log(d?/€)) ancillae. Furthermore,
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programming low-depth brickwork circuits by programming each local gate optimally can
be implemented with O (poly(N,1/+/€)) quantum gates and O (N log(1/¢)) ancillae.

We refer to Section 3.2 for further context. This argument says that, in terms of uni-
versal programming of unitary operations, the circuit complexity required to optimally
synthesize a generic unitary from its corresponding program state is expected to be expo-
nentially high, even approximately. The hardness originates from the fact that a general
unitary matrix is characterized by up to ©(d?) free parameters, so is its program state.
Notably, the same scaling behavior appears in the context of quantum gate learning and
metrology. A related result is stated in 30, Section 4.5.4]; in the programming setting,
however, the execution circuit is oblivious to the target unitary rather than tailored to it.

Theorem 2 (Program cost bounds for programming low-depth circuits, informal version
of Theorem 19 and Theorem 25). Programming a low-depth quantum circuit on N qubits
to diamond-norm error € ~ 1/polylogN < 3—12 requires a quantum processor with program
cost cp = Q (NpolylogN) in the worst case. Moreover, cp = O (NpolylogN) if we restrict
to brickwork circuits.

The arguments presented in Theorem 1 and Theorem 2 show that the construction in
[16] is far from optimal in terms of both circuit complexity and the cost-error trade-off for
programming low-depth circuits.

Notably, the scaling of the cost stated in Theorem 2 is tight. Although the error
is bounded in our setting, plainly substituting it into the lower and upper bounds for
programming general unitaries [12, 13, 14, 15, 16] does not give us the desired scaling.
Our result is obtained via an information-theoretic approach and the counting argument
based on the structure of brickwork circuits. A compatible scaling for circuit complexity’
of N-qubit unitaries is reported in [22, Theorem 1|. Compared with the cardinality of
the e-net of the topological group U(d), one can conclude that within U(d), the low-depth
brickwork circuit unitaries are sparsely distributed.

Besides the complexity of individual local unitaries, the program cost is also related to
the quantity of unitary gates and the circuit architecture [22, Figure 2|. These factors are
inversely correlated: For a circuit with fixed geometry, larger and more complicated local
gates often result in a simpler layout involving fewer gates. When the local gates have fixed
dimensions, we can still transit to the larger unitary case using the widely adopted light-
cone argument [22, 25, 31, 26]. However, when we take into account the overall program
cost, in major cases, the optimal programming scenario is to directly program the primitive
small unitaries faithfully.

Fact 3 (Summary of Section 4.3, informal). There exists an approach to trade the cost
of programming local unitary gates in a brickwork quantum circuit off for lower circuit
architecture complexity. In terms of overall program cost, however, it provides no reduction
in major cases.

2 Preliminaries

We use the following notion in the upcoming context: Let d = 2V where N € N, H =
C? stands for a d-dimensional Hilbert space, B(#) stands for the set of bounded linear
operators on H, and U(d) stands for the set of d x d unitary matrices. The set of density

'In their definition, the circuit complexity provides a lower bound for the number of small local gates
required to synthesize a global unitary.
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matrices on the space H is denoted as ®(H). A quantum operation connecting two Hilbert
spaces H 4 and Hp can be formalized as a quantum channel, which is a completely positive
and trace-preserving (CPTP) map. We denote it by CPTP(H 4, Hp), or CPTP(H) for short
if Ha = Hp = H. For a pure state |¢)), we use ¢ as a shorthand for its density matrix
1) (1] For any matrix A, we use the double-ket notation [A)) = 3=, (n| A|m)[n)[m),
and use ||A]| to indicate its operator norm. For any matrix A, B, A < B indicates B — A is

positive-semidefinite. For any space H, we use |®3,) = \/dilTH |I3)) to denote the maximally

entangled state on H®2. For a unitary operator U, we use the calligraphic font 2(-) to
represent the channel U(-)UT.

We will use the conventional notations (big-O, big-Q2 and big-0) for the asymptotic
behavior of functions [21]. Besides, we will write f = o(g) and f = w(g) if f(z)/g(z) and
g(x)/f(x) is vanishing with large x. For conciseness, we write f ~ g for f = ©(g) and
f < gfor f=0O(g). The notation O, as a variant of the big-O, ignores the logarithmic
factors. We say a general quantum operation is implemented e-approximately if the circuit
produced is e-close to it in diamond norm (see Definition 5).

Definition 4. For any linear operator £ € B(H), its Schatten p-norm is defined by
|E|, = (Tr[(ETE)p/z])l/p. For states p,o € D(H), their trace distance is defined as

1
dn(p.0) = Lo~ ol
Definition 5. For a quantum channel £ € CPTP(H 4, Hp), its diamond norm is given by

1€]lo = sup [[(€ @ Ly ) M, -
M, <1

The diamond norm distance between two quantum channels £, F € CPTP(Ha, Hp) is
given by ||€—F]|o, where the supremum is attainable with a reference space Hr = H 4. The
diamond norm is sub-multiplicative, i.e., ||€ o Fllo < [|€]|o||F]lo; it is non-increasing under

quantum operations, i.e., for any channel &, F € CPTP(Ha,Hp), T € CPTP(Hp, He),
T o&—=ToFl|o <|E—Flo-

Lemma 6 (Schur-Weyl duality [32, 33]). Consider the n-tensor replication of a Hilbert
space H with dimH = d and n € N. A partition A = n of any integer n > 0 is a tuple
A= (A1,...,A\g) such that A\ > Ag > ---Ag > 0 and Z?Zl Aj = n. We use the notion
A g n to indicate X = n into at most d rows. Fach A\ characterizes the shape of a Young
diagram. Denote the modules W and Vy as the irreducible subspaces of U(d) and the
permutation group Sy, respectively. The Schur-Weyl duality states that

H = P Wi e V.
AbFgn

Moreover, the n-wise tensor product of unitary operator U € U(d) admits decomposition

yen o @ Uy ® Iy,
AFan

where (U, W/‘\i) are irreducible representations of the group U(d).

Definition 7 (Low-depth brickwork circuit [24, 26]). A brickwork quantum circuit on N
qubits consists of sequential operations with ¢ unitary gates 4 = {Gy,..., Gy} arranged
across at most D layers. The connectivity among qubits, or the geometry, is given by a
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Figure 1: lllustration of a 1D 2-local brickwork quantum circuit consisting of £ gates arranged across
D layers.

connectivity graph C' = ([N], E), where (j,j') € E if local operations are allowed between
qubits j and j'. Each gate is assumed to be k-local with & = O(1) (bounded constant
fan-in), and we denote the set of qubits that G; acts on as ¢; C [N] subject to |¢;| = k
and the subgraph of C' induced by qubits in ¢;, denoted by C[g;], is connected. Moreover,
we denote £, C [/] as the indices of gates applied in the r-th operation. An illustrative
example is given in Figure 1.

Following the notion of QNC circuits [21], we say a brickwork circuit has low depth if
D = O(polylogN).

Definition 8 (Unitary design [34]). Let v be any ensemble of unitary operators on U(d).
Its t-moment operator is defined as

M’(/t)(p> — U@ [U®tpUT®t} _

Setting v = pu, the Haar measure over U(d), this is the Haar random ¢-moment operator:
M () = Ju) Uetput® du(U). For any ¢ € (0, 1], v is a diamond norm d-approximate

Haar
unitary ¢-design if HMZ(,t) - MEBWHQ < 4, and is a relative d-approximate unitary ¢-design
if (1— 5)M(t) <MP < (1+ 5)Mgiar. A t-design is also an s-design for any s < t.

Haar

Remark 9. On a quantum device, generating Haar random unitaries is inefficient, where
the number of gates grows exponentially with the number of qubits [35]. Therefore, in
practice, we often employ the aforementioned unitary ¢-designs to match the first ¢ mo-
ments of Haar measures for special computational tasks.

3 Approximate programmability and circuit complexity of MO universal
unitary programming
In this section, we comment on the circuit efficiency of the state-of-the-art universal

programming scheme, i.e., the learning-based measure-and-operate (MO) programming
scheme [20, 16], in terms of its circuit complexity.

3.1 Basic setup of universal programming, and the learning-based MO scheme

Definition 10 (e-universal quantum processor [16, 17]). A quantum processor for unitaries
in U(d) is a tuple (C,{¢v}vey(a)) where C € CPTP(H @ Hp) and Yy € D(Hp) (the
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Figure 2: The learning-based MO universal programming scheme.

‘quantum chip’). The space Hp supports the programmability of the processor, and the
processor channel C is independent of the choice of U. The output of the processor when
programming U is given by £y (-) := Try, [C(- ® Yy)]. For any € € (0, 1], a processor £y
is e-universal if

1
VU eu(), 5 lu-Eull, <e

The learning-based MO scheme provides a unified framework for programming arbi-
trary unitary gates in a semi-classical fashion, consisting of (1) coherently learning parallel
copies of the unitary gate U with a properly entangled probe state |¢p) and storing the
information in the quantum register in the form of a program state |¢pr); and (2) re-
trieving the channel from the register via post-selection with a continuous measurement on
|Ypr), namely the measure-and-operate operation. A diagrammatic illustration is shown
in Figure 2. The probe state and the POVM utilize a representation-theoretic design to
achieve sample-optimal e-approximate programming at a Heisenberg limit [16].

It is proved in |20, Lemma 2| that due to symmetry, the optimal probe state for learning
n parallel copies of an agnostic unitary is of the form |)p) = @ cs /ar |q);/§l> ®|ny), where

S C S = {\| AFgn} is a subset of all legitimate partitions, {g)}xes is a probability
distribution, and |n,) is an arbitrary bipartite state on V/\®2. The learned program state can
be expressed by |[¢p ) = (URI)®™ |[¢hp). To retrieve the unitary, the optimal measurement
[20, Theorem 1] is given by {|n:) (ny| dp(U)}, where Ing) = (U @ I)®" |4ho) and the frame
vector [1g) = @y dim W{ |<I>;/g> ®|na). If we use the notation xyr := Tr[U] to denote the

character of U(d), the MO processor can be expressed by the following quantum channel:

smamzﬁwﬁmww»mew>

2

DoV D xp,| du@) 1],

1
= |
ds—1 U(d) | xes ~€01(X)

where the set of partitions O1(A) C S ; is induced by the tensor product of shapes A®(0),
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and () corresponds to the trivial representation Un = U. Note that the last equality
follows from Schur’s lemma [36], since the composite channel Evo o U is covariant.
The expression of the “depolarizing” coefficient p is equivalent to the entanglement fidelity
[16, Equation B13| up to a scalar, which the authors use as an intermediate identity to
derive the diamond norm distance between Emo y and U. Alternatively, our formulation
in Equation 1 allows direct evaluation.

3.2 Circuit complexity of unitary programming with the optimal MO scheme

Although |20, 16] have demonstrated the information-theoretic optimality of the learning-
based MO programming scheme, its operational feasibility, i.e., circuit complexity, remains
unexplored. In the following context, we discuss the circuit complexity of implementing the
measure-and-operate phase upon obtaining the program state in the optimal MO program-
ming scheme. Firstly, preparing the observable ¢y requires applying the Schur transforma-
tion to the computational basis of H®", generating entanglement in the Schur-Weyl basis,
and adjusting the amplitudes by a Grover-type algorithm [37]. The Schur transformation
can be implemented with O (poly(n,logd,log(1/())) elementary operations with error ¢ in
operator norm |38, 39|, while the subsequent entangling and amplitude-tuning operations
require O(nlogd) gates [40]. Suppose that the Schur transformation is (-approximate and

produces state |¢). Then [ — ¥ol1 < ¢, and |75 —npll, < ¢ The corresponding
channel EN’Mo,U satisfies

IN

1~ 1 ~ A
5 HSMO,U - c‘fMo,UH<> 3 /U(d) \Tx (7 — ng)vpw)| du(U)

< drv (T, mp) dp(U

_/U(d) 1 (T 1) dp(U)
1

< —(.

_2C

One can readily verify that this inequality holds for any ensemble other than the Haar
measure. For simplicity, we restrict ( = O(e) and ignore this error term in the latter
context.

A major computational burden lies in applying the optimal POVM to the program
state. Mathematically, this is equivalent to first using Haar random resources to gener-
ate the matrix U®", use it to synthesize the measurement operator 7, and perform the
two-outcome PVM {7y, I — ng}. The quantum processor applies U to the input state
if the outcome “n;” occurs, and acts trivially (aborts) otherwise. Therefore, the circuit
complexity of implementing the POVM is closely tied to the generation? of U. In practice,
we might use unitary designs to mitigate the circuit depth requirement. We evaluate the
robustness of the MO scheme’s performance in terms of unitary design accuracy in the
following context, before which we show a matrix inequality lemma.

Lemma 11. For two CPTP maps A,B € CPTP(H) that satisfy (1—v)A<B < (1+v)A
for some v € [0,1), the tensor product Hilbert space H = Hg @ Ho, any Hermitian and
positive semidefinite operators X, Y =Yg ® Iy € B(H), it holds that

[Trys [(A = B) (X)Y]ll; < v|[Tryg [AX)Y], -

2For the generation of the n-tensor U®™, the circuit depth is unaffected, as we can generate identical
gates with a fixed configuration on n sites in parallel.
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Proof. Note that (1 —v)A < B < (1 + v)A implies

—0A(X) 2 (A= B) (X) 2 vAX). (2)
Denote Z = (A-B)(X), W = A(X). Using [30, Equation 9.22] that || F[1 = supgq|<1 Tr [F'Q),
we can rewrite the expression of the trace norm on both sides:

I Trws (Y]]l = sup  Tr[Tryg [2Y] Q)]
Q<1

= sup Tr[(Z2Y)(Is® Q)]
Q:lQll<1

= sup Tr[Z(Ys®Q)].
Q:RI<1

Since Yg = 0, we take its square root /Yg. Denote Z = (VYs® Iy) Z (VYs ® Iy), it
holds that Tr[Z (Ys ® Q)] = Tr [Z(IS ® Q)} Analogously, we have Tr [W(Ys ® Q)] =

Tr [W(IS ®Q)} if we denote W = (VYs ® Iy) W (v/Ys ® Ip). The condition stated in
Equation 2 implies —vW =< Z < vW, and therefore ‘TrHS (2)) = TrHS(|Z|) = vTry, (W)3.

If we substitute in Z in the supremum, we have

sup Tr[Z(Is® Q)| = sup Tr[Trpy(Z)Q) = ||Tews(2)]
Q:QN<1 Q:Ql<1

1

while the same holds for W. Combining the previous statements and that || M||; = |||M]]
for any operator M, we have

Ters [(A=B) (X)), = sup Tr |Z(5 © Q)] = |05 ()], = || Trs (D))

<w HTrHS(W)Hl =v sup Tr {WN/(IS ® Q)}
Q:QIIL1

= v || Tryg [AX)Y]]; -
This completes the proof. O

Theorem 12. A relative §-approximate unitary (n + 1)-design implements the measure
phase d-approximately using the MO scheme that learns n copies of U, assuming the
observable 1y is prepared perfectly.

Proof. Note that the channel £y 7 can be rewritten as
Emou = /U(d) Tr (ngopu) - U du(0)

_ / Tr (0 @ D go(0 @ 1)*" gpyy) - U du(D).
U(d)

When replacing the Haar random ensemble with a d-approximate ensemble, we first sample
S ~ vs and apply the n-wise tensor to obtain the POVM operator. Denote the n ancilla
registers into which the program state is inserted by Ay, ..., A,, for any state p € D(H),

Tr (05" @ Do (0" @ Dypy) - U(p)
=Tra,,.a, [(0 @ D 0(0 @ *" Ypy 0 U(p)| 3)

=Tra, . A, K((Zf{ ®Z)®n ®Zf{> (Yo ® P)) (Ypu® I)} ‘

3By the fact that the partial trace operation is a completely positive map [41].
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Ref. Depth Condition Type

[42] ( oly (t,log(1/p)) - Nl/ﬁ) C is a R-lattice diamond
[43] O ((Nt* + tlog(1/p)) log N) — diamond & relative
[34] O (tpolyN +tlog(1/0)) t < 2N/ diamond
[34] O (2 poly N + t?1og(1/0)) t < oN/4 relative
[44] O ((Nt 4 1log(1/p))log" t t=0 (22N/5> diamond & relative
[29] O (&t +1log (N/o))log" t t=0 (225/5), 3¢ >1 diamond & relative

Table 1: Circuit depth upper bound for g-approximate unitary t-designs on N qubits.

For clarity, we append the channel with a superscript to indicate the underlying unitary
ensemble, i.e., 8,1\’,,07[] when v is utilized. It will be convenient to define the channel

V()= E [UeD)™(p)]

for any unitary ensemble v and t € N. Observe that Ql(,t) = ./\/l,(,t) ® I it follows that
(1-— 5)Q(t) <ol < (1+0) oY when v is a relative d-approximate unitary ¢-design.

Haar Haar
Denote the auxiliary ancillae in the definition of diamond norm by R, and the working

register by O, we obtain

Note that with the equality in Equation 3 and that Hg = H,
(o0 — €181 © TR ) (por))|,

= || E [Tr(ns¢pu) - (S ®Ir)(poR)] —/U(d) Tr (ngvpu) - (U @ Ir)(por) du(U)

~U§

= Imax

lpor) ‘((8I\V/|507U — 5'\1}:&1&) % IR) ('OOR)Hl '

vs Haar
Evo.u — EmoU

1

= || Tra,,..A, [((Q ntl) _ lea:rl)) (Yo ® pOR)) (Ypy @ IoR)} H1
< - HTrAl,...,An K I—?a:i (Yo ® POR)) (Ypu @ Ior }H

= o-|[(&s1 @ Tx) (vor)
= 4,

where we have used Lemma 11 in the last inequality. This completes the proof. O

For an e-universal quantum processor constructed from the MO scheme, by a simple
additive argument, %HE’,’(A‘SO’U—L{HQ < e+34. To ensure the performance of the retrieval of U
from the program state, we require § = O(e). Note that a sufficiently accurate (n+1)-design
is necessary, as a large deviation from the optimal covariant POVM [45, 20, 16] affects the
density of the measurement outcomes, thus reducing the retrieval precision. Moreover,
the query complexity of either learning or programming a d-dimensional unitary scales as

= Q(d?) [16, 46, 24], forcing the design to match the Haar measure to a high order?. As
presented in Table 1, the circuit depth bound becomes trivial as t ~ 22, Therefore, the cir-
cuit depth requirement for implementing the unitary design in the measure phase is almost

4Most constructions of unitary t-designs are gate-efficient only when t = O (QN / 2).
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identical to that of implementing a genuine Haar measure, which requires an elementary
gate sequence with depth d? [47], resulting in an O(nd? log d+poly(n,logd,log(1/¢))) gate
complexity in implementing the Schur-transformed n-wise unitary oen, Upon obtaining
the measurement outcome, it suffices to construct the unitary transformation U from its
classical description. We need extra O(d?log®(d?/7)) elementary operations to synthesize
it up to 7 = O(e) in diamond norm error® by the Solovay-Kitaev theorem [48]. The POVM
using a (n + 1)-design ensemble X,, 11 4 requires logy [X,11.4| = O(d%logn) ancillae [49].
Therefore, the overall gate complexity scales as poly(n, d,log(1/(),log(1/7),log(1/d)), with
O(d?logn) ancillae.

Finally, physically implementing the MO scheme yields an epyp-universal processor,
where emo is composed of the following terms:

1 1
EMO = € + §< + 55 + T s
optimal retrieval error ~~ ~~ operate phase error

POVM application error = measure phase error

and uses O (poly(d, 1/+/€)) quantum gates and O (d?log(d?/e)) ancillae beyond the queries
to the unknown unitary if we take ¢, 7,8 ~ € and set n ~ d?//e [16, Theorem 2|. A lower
circuit complexity is reported in [46, Theorem 1.1.3|; however, the poly(d) factor remains
unavoidable, which is prohibitive for the purpose of designing an operationally efficient
universal programming scheme for U(d). To the best of our knowledge, no gate-efficient
algorithm has been proposed. Although there are unitaries that require deeper circuits to
generate [30], recovering a unitary U from the compact program state ¢p is generally
more challenging than generating it [22].

3.3 Overview of circuit complexity of unitary programming with PbT scheme

To compare the circuit complexity analysis for the MO scheme in Section 3.2, we briefly
review the circuit complexity of implementing unitary programming with the PbT scheme.
As is remarked in [19], the PbT scheme is a coherent programming strategy, while the
MO scheme breaks the coherence via the covariant measurement. Compared to the MO
scheme, the PbT scheme requires an even larger amount of multi-copy entanglement be-
tween spatial registers [50]. The computational burden of the PbT scheme also stems from
measurement: A Pretty-Good Measurement (PGM) is applied according to the average
density matrix over all ports. The primitive Ishizaka-Hiroshima protocol [14]| naively ap-
plies the raw PGM and yields an O(d?") circuit complexity, where n is the number of
queries to U. Subsequent works [51, 52, 53| have introduced various methods to reduce
circuit complexity by exploiting the symmetry across different ports. The asymptotic scal-
ings of the complexity of these optimized approaches are consistent with those established
in Section 3.2, all requiring a gate complexity of O(poly(n,d)) and an ancillae complexity
of O(d?logn).

3.4 Efficient programming of low-depth brickwork circuits with MO scheme

Although programming an arbitrary unitary by preparing and retrieving a large program-
ming state is resource-intensive, programming a low-depth brickwork circuit can be ef-
ficient. Recall from Definition 7 that the circuit can be decomposed into local unitary
operations that apply either sequentially or in parallel. If we approximately program each

5The diamond norm and the operator norm are equivalent for unitary channels, since |[U — V|| <
U = Vllo <2|U = V]| [24].

Accepted in { Yuantum 2026-06-26, click title to verify. Published under CC-BY 4.0. 10



unitary up to a small error, the whole circuit can be programmed approximately with a sat-
isfying performance, given that the number of gates is bounded. The following statement
characterizes the error propagation across a brickwork circuit.

Fact 13 ([30]). For a brickwork circuit on £ gates, if each gate is programmed up to error
€ in diamond norm, then the unitary generated by the circuit is programmed up to error
le in diamond norm.

Since the local gates on the brickwork circuit have a constant dimension 2% = O(1), us-
ing the results from Section 3.2, it requires only (5(poly(1/\/§)) quantum gates to program
each gate €’-approximately from the collection of their program state by invoking the MO
scheme as a subroutine. As per Fact 13, to program a low-depth circuit e-approximate in
diamond norm, setting ¢ = ¢/¢ would suffice. Therefore, programming a brickwork circuit
with a fixed architecture e-close in diamond norm requires

£-0 (poly(1/Ve)) = O (- poly(y/2/e) ) = O (poly (N,1/v/)).

%) : ND
quantum gates and O(Llog(1/v¢)) = O(N log(1/€)) space, by noting that £ < =2 =
O(NpolylogN).

Remark 14. Low-depth unitary programming via PbT schemes yields an analogous cir-
cuit complexity, as detailed in Section 3.3.

4 Bounds for quantum memory complexity of programming low-depth
circuits

Having discussed the hardness of recovering information about general unitaries from the
quantum register in the programming scheme, we are also concerned with how large the
register should be to achieve approximate programmability. Precisely, we utilize the pro-
gram states |¢py) [cf. Section 3| to encode the parallel queries to U, henceforth store
them in the quantum memory before we ever call the processor to program the unitary.
Mathematically, the program dimension dp is defined as the dimension of the subspace
where the program states are supported:

dp := dim (span{ypy | U € U(d)}),

where span is the closure of the spanned subspace. This identity quantifies the (quantum)
memory capacity required to store these quantum states. If we restrict to approximate
programmability, there is a finite set of program states, and thus we can remove the
closure operation. Equivalently, the base-2 logarithm of the dimension cp = log, dp, or
the program cost, quantifies how many qubits are needed in the memory, which is the main
figure of merit of [15, 16, 17, 19]. Although prior works have reported either upper and lower
bounds for the program cost |12, 13, 14, 15, 16, 17, 18, 19], they are non-trivial only when
the quantum circuit resides on a constant number of qubits, i.e., N = O(1). However,
low-depth quantum circuits often extend their registers to preserve their computational
power [7]. Therefore, we will instead derive the bounds in the large N regime, while the
feasible programming error € yields a lower bound related to the circuit architecture.
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4.1 Lower bound for the program cost
We start by presenting several useful lemmas.

Lemma 15 ([16, Appendix A]). For any e-universal processor (C,{¢pu}uecu(ay), where
C is some operations that constructs U from each ¢Ypy, for each U € U(d), there exists
a channel Py(-) = Ke((-) ® Ypy) € CPTP(H®?") that acts trivially on the multiplicity
subspace, where K¢ is a C-dependent quantum operation, such that

[Po — U o D)®), < 4.

We will derive the lower bound with an information-theoretic approach, by quantifying
the Holevo information of an ensemble generated by a low-depth quantum circuit.

Lemma 16 ([54, 30]). For any quantum state p € ©(H), its von Neumann entropy is
given by S(p) = —Tr (plog p). For an ensemble of quantum state {pydx} its Holevo
information is given by

(prohe) =8 ([ prae) = [ i) d.

Suppose the ensemble is supported on a dy-dimensional subspace; then its Holevo infor-
mation is bounded above by

TxEX

X ({pzdat,cr) <logdy.

The data processing inequality holds for the Holevo information, i.e.,

x ({€(pz) dx}xg){) <x ({pz dx}xEX) , VE€CPTP(H).

Lemma 17 (Alicki-Fannes-Winter [55], reformulated). For any quantum states p,o €
D(H) that differ on a d-dimensional subspace of H, it holds that

1S(p) — S(o)] <logd-dre(p,0) + log 2.

Lemma 18. For any m,k € N, it holds that
m+1 k+1
k m+k+1 m+1 k+1
Proof. Taking the logarithm of the left-hand side, we have
k k k
log <m+ ) zlogH <1+W,L> :Zlog(lﬁ—m).
k j=1 J J=1 J
Since the function log (14 2) is convex on R, it holds that
k m k m
Zlog <1+.> Z/ log (1—1—) dx
= J 0 x+1
= mlog (M> + zlog (1 + m)
e )|

m k
—(k+1)log(1+k+1)+(m+1)log<1+m+1> —log(m + k +1).

k+1

Taking the exponential on both sides of the inequality yields the desired result. O
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Now we are ready to present the lower bound for the program cost with bounded
programming error.

Theorem 19. Programming a quantum circuit on N qubits and depth D = O(polylogN)
up to error e = Q(1/polylogN) < 3—12 in diamond norm distance requires a quantum

processor with program cost cp that satisfies

/@>2<1—w 1> 2(4&/7&1

ecp>w(1-2) (= —1)log, —Y=C
r= < 12 821 k/2)w

2 “
for any w € (0,1—4v/2¢), k = Q27PWe(N)) < 1 and the constant ¢y = 5—1—@ ~ 5.72.

Proof. Suppose we have a diamond norm x-approximate unitary n-design v, where the
error parameter £ = Q(27PWeN) and n = (%1 = O(1/+/e) = O(polylogN) for
some constant w such that 0 < @w < 1 — 4y/2¢. Using Schuster, Haferkamp, and Huang’s
construction [29] [cf. Table 1], the unitary design can be generated on a 1D circuit with
O(polylogN) depth, which is generalizable to any circuit geometry with the same order of
depth [29, Appendix D.1] using local SWAP operations. Therefore, the Holevo information
of an ensemble of states generated by n parallel uses of the unitary design on a fixed
initial state presents a lower bound for the information required to program our low-depth
circuits. Our derivation is based on analyzing the amount of information in the collection
of program states x ({¢p,y dv(V)}). Using the property of the Holevo information, when
inserting any quantum state ®,, into the channel introduced in Lemma 15, it holds that

X ({Py(®n) dve(V)}) = x ({Ke (Pn @ Ypv) dvk(V)})
<x({®n® Ypyv dv(V)}) (4)
=x ({¢pv dv(V)}).
We first note that for any U € U(d), both Py and U®" act trivially on the symmetric

subspaces. Therefore, on the same input state, their outputs only differ on the subspaces
that correspond to the irreducible representations of U(d), which admit dimension

dp = > (dim W§)2.
AFdn

Using the inequalities in Lemma 15, 16 and 17, for an e-universal quantum processor,

X ({Py(®n) dve(V)}) = x ({(V @ T)¥"(@n) dvie(V)}) ]

<|s(,E Pv@))-s( & (veD™@.))
+ B [P - S (VoD (@)

< IOde" JE [(Py— (VO 1)™) (@) o+ log2 (5)
v E [Py - 0 oD @), + log2]

< logd,, - VE [[(Py = (V& I)®") (2,)||,] + 21log2

< 4nv/2elog d,, + 21og 2.

Furthermore, we consider the ensemble x ({(U ® Z)®"(®,,)du(U)}), where u is the Haar
measure on U(d). Analogous to the formulation in Equation 5, if we take ®,, = |®,) (®,]
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as a pure state, the von Neumann entropy in the second term vanishes, and thus

X ({(V@D)¥"(@n) dva(V)}) — x ({U @ I)*" (@) dp(U) })|

- ’s ( E [V ®z)®"(¢n)}) s (/U(d)(u ® T)"(D,,) dMU))‘

Ve

log d,

<% E [(V®I)(®,)] — / U RI)®™"(®,) du(U)|| + log2
2 Vv U(d) 1 (6)

o o) 0]+ o2

log d, n
< ng M — M%a)ar , Tlog?2
< glogdn + log 2.

Combining Equation 4, 5 and 6, we have
x {vpy dve(V)}) = x {Pv(® ) (V)})
>x ({(V@I)®(®,) dv.(V)}) — 4nv2¢elog d,, — 21og 2
>y({URIT)®" )d,u,(U)})—<4n@+;)logdn—3log2

=S (/U(d)(Z/{®I)®”(<I>n) du(U )) <4n\r+ )logd —3log 2.

If we take |®,) as the maximally entangled state

dim W
@) = A
=D

(@) @ [n),

where |n)) is again an arbitrary bipartite state on V)\®2. Using [34, Lemma 3.3], the Haar
random moment operator turns ®,, into

I d®2

A
dn

@ [nx) (al -

o) (@) = D

AeSE

Therefore, S (QHaar( )) = logd,. Putting everything together, and using the upper

bound [cf. Lemma 16] x ({¢py dv(V)}) < logdp, we arrive at the following bound for
the cost:

logdp > (1 — 4nv/2¢e — ’;) log d,, — 3log 2. (7)

The explicit expression for d,, [56] is given by

n+d?—1
d, = .

Using Lemma 18, we have
1 n d2 d2—1 n+1 d2 d2 d2 n
dyp > —— 1+ — 1 D mn—— 1+—1 ,
_n+d2( +d2) ( +n+1> _(n+d2)2< +d2) +n
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n+1
Moreover, using the Taylor series, we have

d? 2
n 9 n n
<1+d2) :exp{d log<1—|—d2)}ZeXp{n—M},
2\ " 2\ "
(Hd) Z(Cl) |
n n

Since n = O(polylogN) and d = 2%, the quotient n/d is vanishing for sufficiently large N.
When d > n, it holds that

Q> 1 Qe n2 ed?\" S 67% ed?\" < 67% < ed >”
n > | —— xp | ——= — >—=(—] > .
d+7% P 2d2 n 4d?2 \ n 4 \n—1
(1—r/2)w
4v/2¢

v v (1) > (14 £25)" = (14 £)" (1= )" > 5 (1+8)"

Recall that we have set n = | 1, and thus

1—4nﬁ—;21—4@<w+1>—

Using the above inequality and Equation 7,
ed 1
logdp > (1 — 4nv/2e — /1/2) nlog () - (5 log2 + >
n—1 2

> o (1— r/2)? (14\_/2% - 1) log (%) - (510g2+;>,

the desired result follows immediately from the relation cp = logy dp = logdp/log2. O

:(1—3) (1-= - 4v2e).

K
2

Remark 20. The memory size lower bound presented in Theorem 19 has asymptotic
logydp = Q(NpolylogN) when the parameters w and k are fixed as constants, D ~
polylog N and the programming error ¢ ~ 1/polylog/N, which improves the bound cp =
Q(Nloglog N) stated in [26, Theorem 7] for storing the quantum states prepared by
low-depth brickwork quantum circuits.

Note that our result does not take the conventional form of the No-Programming Theo-
rem, as is announced in [13, 30, 15, 16]. Instead of fixing the dimension of the unitaries and
setting an infinitesimal programming error, we herein assume the error is bounded from
below in asymptotics, yet is allowed to vanish as the scale of the circuit grows, or equiv-
alently, N — oo. This somewhat resembles the notion of “faithful” quantum operations
defined in [57, 26].

Observation 21 (High randomness implies large program cost). The main proof idea of
Theorem 19 is that we can quantify the Holevo information (and thus the program cost) of
a low-depth circuit unitary ensemble via its capability to approximate Haar randomness
(up to a circuit size-dependent moment n). We observe that a family of unitaries is hard to
program if it scrambles the information well, that is, generates sufficient randomness. From
the perspective of randomness generation, we can informally recover the no-programming
theorem in a new way. Take a minimal-size exact unitary ¢-design ensemble {U, dz},cx,
and the corresponding s-moment Choi state ensemble {U* |®,) (&, UI®® dz}ex, where
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|Ds) = %]I@’S}}. When d? < s < t, its Holevo information reads

S

®s T®
logzdpi>xj< {Ug @) (®,| U] } eX)
< U®5|¢> (| U d )—/ S (U |0,) (@, UF™) da
X

dlmWf\ldlmV)\ o <d8 dimWf)

Aras dim V, (8)
1 . .
> —log (dQS Z (dim VA)2) = 2slogd — log (Z (dim V)\)Q)
AFds )\Fds
2 _ d—1 d? d , )
2 5 log(2s) + log(2m) — 5} logd — Zlog(] — 1) =Q(d”log s),
j=1

where the first inequality is due to the concavity of the logarithm, and the last asymptotic is
due to Regev [56, Corollary 4.4] in the large s regime. When s > ¢, the Holevo information
yields a simple upper bound: Take any t-design X¢, by minimality,

®s 1®s
X <{Um |Ds) (Ps| UL dx}xex> < log

2
By [49, Theorem 21], there exists a unitary ¢-design on U(d) with size [X¢| < (d2+tt_1) :
Therefore, when s > ¢, by minimality of the ensemble,

X ({U;@S @) (@4 U;®s}$€X) < log <d2 +f - 1>2 =0 (dlogt).

This formulation reveals that the information capacity of a state ensemble carrying s copies
of a unitary t-design grows with respect to s when s < t and ceases to grow when s exceeds
t. Specifically, the amortized Holevo information® 10gs X{UZS |®;) (D U;®S dr}rex) is
non-vanishing for all s < ¢. Notably, requiring the ensemble of unitaries to form an exact
t-design for every t € N allows taking s — oo in Equation 8, which yields a request for
infinite-size memory. Since U(d) is the only ensemble that satisfies the design requirement,
this recovers the No-Programming Theorem.

s ®s
{ves o) @ U™ 4o} | < g

4.2  Upper bound for the program cost

A generic upper bound can be derived easily via a metric-space covering-net argument. The
idea is intuitive: If the quantum memory can store the discretizations of the space of all
unitary transformations with an appropriate resolution, then a carefully designed retrieval
algorithm could program any unitary approximately. We formalize the terminology below.

Definition 22. Let (:27,0) be a metric space, let # C 27, and fix € > 0. A subset
N (K ,0,€) C  is called an e-net of Z" if, for every x € &, there exists y € A (#,0,¢)
such that ?(z,y) < ¢; its cardinality, |4 (¢, 0,¢€)|, is called the e-covering number of J¢".

Lemma 23 ([24, Lemma 9, reformulated]). For any error 0 < e < 1, the e-covering num-
ber of the d-dimensional unitary group U(d) with respect to the diamond norm (distance)
Il - llo of the induced unitary channel satisfies the following inequality:

2d2
A (U(), |- [lor6)] < (f) |

5The amortization is to exclude the effect of the growth of system size.
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To derive an upper bound for the program cost, we first build an e-net for the unitaries
that can be generated by a low-depth quantum circuit. Using a slightly modified version
of Fact 13, we can arrive at the following statement.

Lemma 24. Let %,¢p C U(2N) be the set of N-qubit unitaries that can be generated
by a brickwork circuit on £ k-qubit unitaries with depth D. For any 0 < ¢ < 1, the e-
covering number of unitary channels that corresponds to unitaries in .o p in diamond

norm distance satisfies
eNVF (120,21

Proof. Recall Definition 7. The set of unitaries in %} ¢ p can be written explicitly as

| AN (Uy,Ds || - |lor€)] <

D D
Uy p = {H [[GF: Gieu@), Y IL=¢ |gl= k:}
r=1

r=1jeL,

where we use the superscript ¢; to indicate that G; acts on the qubits in ¢; and suppress
the identity on other idle qubits. The proof idea resembles that of [24, Theorem 8|, as we
can rewrite the product operation H,le [Tice, G;I-j = H§:1 ng with a proper indexing of
the gates. Using the error propagation relation in Fact 13 together with the union bound.
Let 2(k,C) ={q C [N]: |q| =k, Cl[q] is connected} denote the valid k-qubit supports on
which the k-local gates may act. When the circuit is all-to-all (i.e., the connectivity graph
C = Ky, the N-complete graph), there are (],X) pairs of qubits that each local unitary
gate can act on. Therefore, the cardinality of the covering net A (%, .p, || - ||, €) yields an
upper bound

| AN (Ui o,0, || - [|o €)]

IN

|2(k.0) % #UE). -l e/0))

r ¢
120k, Kn)| [ (UEN), |- 1o, €/0)]|

l
(3 ) e ion))

IN

k
The result follows immediately via the handy inequality (]Z ) < (%) and Lemma 23. [

We can readily obtain the following upper bound for the program cost.

Theorem 25. Programming a brickwork quantum circuit on N qubits with depth D and ¢
k-local gates up to error e € (0,1] in diamond norm distance requires a quantum processor
with program cost cp that satisfies

N 12
cp < kllog, (ek) + 2%+ 10 10g, <£> . (9)
€

Proof. By definition, it suffices to construct an e-universal processor (C,{¢pv}ve#, )
that can coherently program the brickwork circuit unitaries from the e-net A (% p, || -

llo,€) = {U1,...,Un}. The processor can be explicitly constructed via postselection:
M
VpeDH), Clp@vpy) =Y {ilvruli)-Uj(p), (10)
j=1

Ypu = [t) (t|: |t —U|, < e
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The set of desired programming states {Ypv}vew,, , exists due to the definition of the
e-net. Finally, in the sense of e-approximate programmability, the program dimension for
the above scheme can be bounded from above by

dp = dim (span{¢Ypy | U € N (Up.D: | - |lo,€)})
<|NA U0y || - o €)] -

Taking the logarithm on both sides of the inequality, the proof is completed with the upper
bound presented in Lemma, 24. ]

Remark 26. With the constraint £ < %, if we set the asymptotics of the parameters

identical to those in Theorem 19, then cp < NDlog, (%) + 22I;HND log, (wﬁD) =

O (NpolylogN). Combining the lower bound presented in Theorem 19, we obtain a tight
characterization of the asymptotic program cost for programming unitaries in %, , p when
D ~ polylogN, that is, cp = © (NpolylogN). Although learning a low-depth brickwork
circuit in %, ¢,p can be exponentially hard in the worst case [25, Theorem 3], programming
it can be efficient with prior knowledge of the circuit architecture.

4.3 Trade-off between circuit architecture complexity and local gate program cost

Although the upper bound presented in Section 4.2 is a coarse estimation, it suggests the
following fact: The program state of a unitary generated by a quantum circuit encodes
information not only of the parameters of the local unitary gates, but also how the gates
are applied among the registers legitimately [cf. Definition 7].

Assume that the location (r : j € L£,; g;) about each unitary gate G; is encoded in a
bit-string L; € {0,1}", where m is a constant dependent on the circuit architecture’, and
the sender (the user who prepares the program state) and receiver (the quantum processor)
have reached a consensus on the circuit architecture (the connectivity graph, circuit depth,
gate count, etc.). At such, a candidate of the program state is given by the following tensor

product state:
¢

vpu = Q) (|'—j> (Ljl@ 1/1P,Gj) '
j=1

While the state does not yield the most compact form, its expression reveals an underlying
regularity: When the local gates become larger, the program cost of each gate increases,
while there are fewer gates allowed to be placed in the circuit; thus, both the gate number £
and the bit-string length |L;| decrease. This highlights a trade-off in program cost between
describing the circuit architecture and storing individual program states of local gates.

How can this flexibility be utilized, given that the gates have fixed dimensions? We
invoke the well-applied light-cone argument for general quantum circuits (22, 25, 31, 26],
which indicates that the local gates can be grouped into non-intersecting light-cones with-
out violating their relative order of implementation. Each group of small unitaries is
combined into a larger unitary, while the layout of these resulting unitaries can be signifi-
cantly simpler. To specify, the light-cones are defined by their first layer of gates. Starting
from the first layer, each subsequent layer is constructed inductively by including the set
of gates that act on the qubits affected by the gates in the previous layer. The remaining

"For instance, we can take m such that 2™ is greater than or equal to the number of valid pairs of
qubits on any layer of the circuit, where the k-local gates can be applied. Note that the argument applies
to quantum brickwork circuits with any geometry.
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G o,

(a) Primitive 1D circuit (b) Reduced 1D circuit

(c) Primitive 2D circuit (d) Reduced 2D circuit

Figure 3: Examples of light-cone reduction of 1D and 2D 2-local brickwork circuits.

separated blocks between the forward light-cones are also grouped to form the backward
light-cones. A schematic illustration of this reduction is provided in Figure 3.

One would naturally ask whether the reduction help reduce the program cost of brick-
work circuits. To address this, we analyze the cost bounds in two scenarios: when the local
unitaries are either generic or have a specific structure.

4.4  Reduction of circuits with general local unitaries

Assume that each light-cone yields depth W, and we compose the gates in light-cone .
to form the light-cone gate G . The circuit is thus reduced to (%} layers. Suppose that
the gates are interlaced so that the width of each light cone (i.e., the number of qubits it
occupies) scales as O(W). After reduction, the circuit contains £ - ©(3) = O(55) gates.
In comparison, the primitive circuit contains ©(N D) gates, each being O(1)-local. Let cp
and cp denote the e-universal program costs of the primitive and reduced all-to-all circuits,

respectively. Applying Theorem 25 gives

ND
cp < NDlogy N + ND log, (6) ,

ND N ND ND
cp S W log, (W) +26(V) T2 log, <W2e> :

In the large N regime, the second terms in the bounds above dominate asymptotically. To
ensure that the reduced quantum circuit is less costly, i.e., ¢ = o(cp), one forces

20(W) ND ND ND
2 logs (W%) =0 (log2 (e)) = e=w|——].

W 1-w2/20(W)
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2
To validate the bound with at most constant error, we require that W 1-w2/2°") = (,(N D).
2
Since the quotient W2/2®(W) is vanishing, for sufficiently large W, W 1-w?2/29W) < Jj7/2+<
1
for some ¢ < 1. Thus, the previous condition gives W = w ((N D)ﬁ) Under the low-
depth circuit assumption [cf. Definition 7|, N = w(D?) for any z € N. Substitute this into

the lower bound, W = w(D%), contradicting the fundamental constraint W < D when
z > 2 even in the shallow-circuit setting D = O(1) [25].

We hereby conclude that the reduction does not save the asymptotic cost of storing
the program state in the general case®. This is not a surprising result, as unitaries are
continuous objects with an exponentially large number of free parameters. In contrast,
the layout of the quantum gates within the circuit is a discrete object that yields simple
and compact descriptions. In more general cases, the width of the light-cones can grow
exponentially in their depth |25, Definition 10|, making it even more costly to program the
light-cone unitaries. Furthermore, the analysis above ensures that the bound presented in
Theorem 25 is majorly optimal, without any prior assumption on the local unitaries.

4.5  Light-cone argument reduces the cost for structured local unitaries

Although the discussion provided in Section 4.4 shows that for programming brickwork
circuits with generic local unitaries, the light-cone argument does not reduce program cost
for us, there are certainly examples where it works. By relaxing the requirement of uni-
versality and restricting attention to a specific family of unitary operators that admit an
efficient parametrization, the light-cone unitary can be described using a set of parameters
whose growth rate is lower than that of the parameters defining the local unitaries it con-
tains. Mathematically, the set Py C R2* depicts the free real parameters of those k-local
unitaries, and similarly P depicts that of a single light-cone unitary G.¢°. Denote the
program cost of the local and light-cone unitaries as cp(Py) and ¢p(P &) respectively. Sup-
pose a brickwork circuit on ¢ gates is reduced to light-cones { £, ..., %, }. The asymptotic
program cost of the circuit is reduced when the following condition is satisfied:

h
S ep(Py) = o(l-cp(Py)). (11)
j=1

For intuitiveness, we provide a concrete example'” herein.

Example 27. Define the following set of unitaries on k£ qubits:

. k .
U,p = {elenj—l P

)

6e0,21), ¢ [N], |dl =k}, Pe (XY, 7).

We restrict the brickwork circuit of interest to be chosen from the set (%, p), i.e., %.p
serves as its generating set, and assume C = K. Still, the program cost originates
from the uncertainty about the local gate type and which set of qubits it applies to. Thus,
Pr =[0,27)x2(k, Kn). It can be readily verified that | ;?:1 P, H§:1 Pqé'] = ( for any set
of indices ¢, ¢'. Moreover, we assume that in the light-cone there are T'y = o(m ) distinct

8The light-cone argument is also invalidated in bounding the computational power of polylogN-depth
quantum circuits [31, 58].

9Note that this notion is ad hoc, but we can instead treat P as a subset of P‘kz‘.

10VWe believe that these examples are sparse within the universe of parameterized unitaries.
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values of ¢, expressed as {qi1,...,qr} € 2(k,Ky). Therefore, if & = {G1,...,Gm}

. k at,
where Gy = el .7 H, the light-cone gate can be expressed as

. m g k .
G, = (T 0 TLL )

To perform an e-approximate programming of each local unitary gate, we build an e-net
A(]0,27), ||, €) for [0,27). For any 6 € [0, 27), there exists an angle 6. € A([0,27), ]|, €)
such that |# — 0| < e. Similar to Equation 10, the processor is constructed as

Coovpa))= > S (Dualvpe, |6,q) - 1L PP (e 0 TLo P

be.n ([0,27),|-|,¢) 9€2(k,C)
UpG, = |0, ar) (O, qr] : 10 — 0] < e.

Using [59, Example 5], it follows that

1 ibv k Pit,j i0 k Pit,j
B IC(p®@Ypa,) — Gtll, < |e Il P9 oI, P

i[5, P (12)

< yet — 0 |le

<e

For the light-cone gate G, we can rewrite its expression by our assumption, by

m ¢, k . . T k .
(Z < 9, szl Pqt’1> _ 61(27;:91 (Zt:qt:% 6 mod 27r> szl PqTJ)

)

, thereby reducing the number of free parameters. Assume that G acts on k¢ qubits
and depends on T'¢ angles. Accordingly, we can write Py = [0,27)7% x 2(ky, N). Still,
we assume that the circuit is sufficiently dense with £ ~ ND, mg, ~ W2, h ~ %, and
kg, ~ W forany j € [h]. To ensure that the circuit is e-universally programmed, the local
unitaries are €/{-approximate, while the light-cone unitaries are ¢/h-approximate. Specifi-
cally, the free angles for local unitaries and the light-cone unitaries are to be approximated
to error €/¢ and ¢/ hTg,, in light of Equation 12. Therefore, the primitive circuit and the

reduced circuit can be bounded from above by

h h
27hT . eN

E pP(Pz) <Y Ty log, (6 J) + Ty kg, logy (k );

7j=1 7=1 "gjj

One can readily verify that the condition presented in Equation 11 is satisfied. Therefore,
we arrive at a processor that fully encodes not only the gate parameters but also the
“light-cone-reduced” circuit architecture, operating at a lower overall program cost.

4.6 Going beyond light-cone: The landscape of reducing the program cost for param-
eterized quantum circuits

The failure to reduce program cost via the light-cone argument reveals a fundamental dif-
ference between the parameterization of a quantum circuit and that of the distribution it
generates. The former grants us full knowledge of the circuit geometry, while the latter is
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merely a “shadow” of the unitary circuit!! [60]. Although the light-cone argument enables
us to prove lower bounds on the capability of solving promise problems |7, 31| and gen-
erating complex distributions [61], simplifying the circuit layout introduces an increase in
complexity inside the light-cone unitaries, as demonstrated in Section 4.4. Consequently,
within the programming framework, this simplification does not fundamentally cause the
parameter space to degenerate, thus maintaining the program cost.

More broadly, one may ask how to optimize more practically relevant NISQ circuit
families, such as the Hardware-Efficient Ansédtze (HEA) [62]. While the light-cone argu-
ment can be applied to HEA circuits with bounded gate locality (which resembles a QNC
circuit), it does not reduce the parameter count [62, Section 3.2]. For a generic family of
parameterized quantum circuits, we present the following proposition, as an extension to
Section 4.1 and 4.2. It suggests that finding an exact parameter space of it directly implies
a lower and upper bound for the program cost for its e-approximate processor.

Proposition 28 (Program cost &~ parameter count). Let %p = {U(0)}gcp C U(d) be a
unitary family parameterized by a compact subset P of a real vector space T', and suppose
that P is contained in a ball of radius R centered at the origin of T. If the parameter-to-
unitary map T : P — %p is L-Lipschitz, then for all 0 < 6 < 1 — 4+/2¢, the program cost
of e-approximate programming of the family %p satisfies

(1 -0 —4v2¢) (dim T — 1) log, (1 + dim; — L\%J) —0(1)

<logydp =cp < dimT - log, (1 +

(’)(RL)) |

€

Proof. The proof idea resembles that of Theorem 19 and Theorem 25, with slight modi-
fications. For the lower bound, applying the Schur-Weyl duality on the n-fold parameter
space yields T®™ = @), simgn IA ® V. The dimension dy, in the formulation of the Holevo
information is replaced by

dor = > (dim7y)? = dim (V*(T)) = ( AT 1

AFdim 7

n+dimT—1>

where VT is the symmetric subspace of T®". Then, by an analogous processor-reusing
argument in Theorem 19, but without the randomness truncation due to circuit depth
constraints, we can obtain a lower bound

dimT — 1
logy dp > (1 - 4nv/2¢) logy dy,r — O(1) = (1= 4nv/2¢) log, (” ;riml? . ) —O(1).

Taking n = [%@L and using the inequality (aZb) > (1+ %)b concludes the proof for the
lower bound. As for the upper bound, the Lipschitz condition yields for 8,0’ € P,
[e(6) —u(0")|, < 2[|U(6) — U(8")]| < 2L[|6 - &',

Therefore, by Fact 13, an ¢ = ¢/(2L) covering net of P in the ¢5 norm suffices to achieve
e-approximate programmability. By a standard volumetric argument [63], if we denote

HThat is, we are only concerned about the parameters revealed by a limited collection of measurements,
as per the case in quantifying the capability of quantum circuits in solving decision problems.
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/2

the leading constant C, = T(e/2F1) and use B(r) to denote the radius-r ball centered at

the origin, it holds that

NP, Il €)] - Vol (B(¢'/2)) < Vol (B(R +¢'/2))
Caimr (R+€/2)"" ( 2R)dimT _ (1+ 4RL>dimT

= ‘N(Pa ”'HQ?EI)‘ <

< . 1+ =
CdimT (6,/2)d1mT e

€
The upper bound is obtained readily by taking the logarithm on both sides of the in-
equality, concluding the proof. As a sanity check, this is consistent with Observation 21:
a unitary design that matches sufficiently high moments must have a high-dimensional
parameter space in which to encode its “random seed”. O

Proposition 28 has established the resource equivalence between the program cost and
the parameter count of unitary families. Notably, when dimT = d? and L, R = O(1),
it recovers the quantitative No-Programming Theorem in [15, 16]. The analysis of op-
timizing program cost for unitaries generated by quantum circuits of specific structures
naturally reduces to optimizing the parameter count for them. However, this does not
immediately apply to our analysis of the programmability of QNC circuits, as the minimal
parameterization of a bounded-size quantum circuit is still open'?.

We remark that this is a difficult task, as demonstrated by several prior works. In [64],
the authors define the UMCSP problem: given a complete description of a unitary U,
decide whether there exists a small (in gate count) circuit that approximately implements
U. Adapting to the programming task, if we are given access to the description of a generic
unitary family Zx = {Us}.cxr and a UMCSP oracle, we can decide whether there exists
a compact circuit family that approximately generates %y, yielding a small parameter
space, and thus small program cost. In [65, 66|, the authors investigate the hardness of
deciding whether the parameters of a given parameterized quantum circuit can be fused
to reduce the parameter count. The main result of |64] shows that UMCSP with a small
promise gap is in QCMA and, assuming the existence of computationally secure cryptog-
raphy, is not in BQP. Even given a prior guarantee on the circuit being a parameterized
circuit, [65, 66| shows that deciding whether the program cost of a parameterized circuit
family can be reduced is NP-hard, if no further structural assumptions are made. In both
cases, the search-to-decision reduction requires exponential queries to the decision oracle
to synthesize an explicit programming scheme. This explains why constructing a general
protocol for reducing program cost is intrinsically hard beyond specific examples such as
that in Example 27.

Observing these hardness results, and the relations presented in Proposition 28, we
raise the following question:

Problem 29. What is the hardness of deciding whether the optimal program cost of
e-approximate programming of a low-depth circuit unitary family {U,},cx is beyond or
below two gapped thresholds, under different choices of €7 Can we synthesize the cost-
optimal programming scheme via search-to-decision reduction by solving this decision
problem?

12YWe conjecture that solving this leads to solving several open problems in circuit lower bound problems,
for instance, unconditional quantum advantage of QNC® over circuits other than NC° [7], e.g., NC'.
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5 Conclusion

5.1 Concluding this work

In this work, we present a comprehensive analysis of the computational and storage re-
sources required to program the unitaries generated by low-depth brickwork quantum cir-
cuits. Notably, the scaling of these requirements for programming generic unitaries is far
from optimal in the low-depth regime. We find that programming N-qubit low-depth
brickwork circuits can be efficient with respect to both circuit depth and program cost.
When the circuit depth is polylogarithmic, information-theoretic arguments show that
the program-cost scaling ~ NpolylogN is tight for macroscopic NN, corresponding to a
large-scale quantum device. This result paves the way for programmable quantum com-
puters capable of running NISQ algorithms. We further examine whether the conventional
light-cone argument can reduce the upper bound for program costs, assuming generic and
unstructured local unitaries, and find that gate-wise programming is essentially optimal in
the low-depth regime while the light-cone grouping only helps for certain structured circuit
families.

The above discovery allows us to rethink the discussion about the performance — or
resource-error trade-off — equivalence programming ~ metrology ~ learning [16], from the
setting of universal unitaries to that of low-depth circuit unitaries. By [24, Theorem 18],
there exists a unitary generated by a polylog/N-depth brickwork circuit that can not be
learned efficiently unless RinglWE is polynomial-time solvable, even with non-vanishing
error, while programming it is efficient. As suggested by [67], greater difficulty in synthe-
sizing states and unitaries corresponds to greater difficulty in learning them. Informally
speaking, the hardness of programming and learning unitaries coincide in the worst and
universal case but largely separate when restricted to NISQ circuits. Therefore, the previ-
ous conjecture is likely to break down.

5.2 Future perspectives

The derived program-cost bounds may be extended to noisy quantum circuits using the
Stinespring dilation theorem [30]. However, restricting the resulting dilation to low-depth
quantum channels and deriving a corresponding program-cost lower bound are highly non-
trivial. For the upper bound, applying the covering/packing argument in our construction,
or that in [15], would suffice. Meanwhile, we establish the lower bound via the randomness-
program cost relation |cf. Observation 21|, which is not only restricted to low-depth circuits
but also applies to quantum circuits of arbitrary geometry. Our proof techniques can also
be utilized to recover results in some prior works that have similar settings to unitary pro-
gramming. For instance, the gate compression protocol [68] involves an input state holder
(Alice) and a gate holder (Bob) who are to apply the gate on the state collaboratively with
minimum communication'?, allowing failure on some randomly chosen state with negligible
probability. Our techniques can be utilized to provide the upper and lower bounds for the
communication cost, using concentration of the Haar measure under the Schur-Weyl basis
(see, e.g., 68, 69]).

Further research on NISQ-circuit programming could include (1) investigating whether
succinctly encoding the structural information of the circuit into the program reduces
the cost; (2) developing efficient programming schemes for local unitary gates subject to
algebraic constraints, such as stabilizer gates [70] and locally symmetric unitaries [71].

13The program cost is essentially a resource metric of quantum communication between the commander
and the processor.
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(3) developing programming schemes for noisy NISQ devices, in which the program state
and the processor’s POVM may be significantly degraded by Markovian or non-Markovian
noise |72]. To achieve precision comparable to that of ideal, noiseless programming, explicit
error correction and additional unitary queries might be required during the learning phase,
thereby increasing both circuit complexity and overall program cost.
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