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Quantum many-body scars (QMBS) serve as important examples of ergodicity-
breaking phenomena in quantum many-body systems. Despite recent extensive
studies, exact QMBS are rare in dimensions higher than one. In this paper,
we study a two-dimensional quantum Zo gauge model that is dual to a two-
dimensional spin-1/2 XY model defined on bipartite graphs. We identify the
exact eigenstates of the XY model with a tower structure as exact QMBS.
Exploiting the duality transformation, we show that the exact QMBS of the
XY model (and XXZ model) after the transformation are the exact QMBS
of the dual Zy gauge model. This construction is versatile and has potential
applications for finding new QMBS in other higher-dimensional models.
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1 Introduction

It has been a long-standing problem to uncover the mysteries of thermalization om-
nipresent in physical systems. For isolated systems, this problem was formulated as the
Eigenstate Thermalization Hypothesis (ETH) [1,2], whose origin can be traced back to
von Neumann’s seminal work on quantum ergodicity [3]. This hypothesis has been exten-
sively verified for many systems (see e.g. [4] for a review). It has been found, however,
that there exist non-integrable systems that have special energy eigenstates violating the
ETH. Such states are called Quantum Many-Body Scars (QMBS) [5,6].

While there has been a huge literature on the QMBS (see e.g. the reviews [7-9] and
references therein), the examples of QMBS in two or higher spatial dimensions are sur-
prisingly scarce: examples include flat-band models [10, 11], the spin-1 XY model [12],
scars motivated from integrable boundary states [13,14], the 2-dimensional Rydberg ar-
ray [15], spinless fermions with correlated hopping [16], 241 dimensional lattice gauge
theories [17-19], and the 2-dimensional Heisenberg models [20, 21].

The goal of this paper is to provide new examples of exact QMBS in two spatial di-
mensions, which are rare in the current literature. Using the duality transformation, the
QMBS in one model are mapped to those in its dual model, while preserving the area law
of quantum entanglement. Our scars are realized in a simple model—the two-dimensional
spin-1/2 XY model in a transverse field. We construct a class of exact energy eigenstates,
which we propose to be exact QMBS states by checking their energy eigenvalues and en-
tanglement entropies. We moreover show that the model is dual to a Zo lattice gauge
theory by generalized Kramers—Wannier (KW) duality [22,23], and argue that the KW
duality transformation maps some of the QMBS states of the XY model to those of the
dual model. Consequently, we obtain exact scars in a two-dimensional lattice gauge the-
ory. We present explicit constructions for the square lattice, honeycomb/triangular lattice
and kagome/dice lattice, and argue that our method can be applied to other geometries,
demonstrating its generality and versatility.

The rest of this paper is organized as follows. In Section 2 we introduce the two-
dimensional spin-1/2 XY model and the construction of exact energy eigenstates, which
we propose as QMBS states. The exact eigenstates form a tower structure, a typical
property of QMBS in several other models. This statement is verified with numerical
simulations. In Section 3 we discuss the duality transformation that transforms the XY
model into a Zy gauge model. This is done by gauging the Zy 0-form symmetry of the XY
model. The discussion on the square lattice is then extended in Section 4 to the honeycomb
(or its dual triangular) lattice. We show that some of the exact QMBS of the XY model




survive the duality transformation, becoming the exact QMBS of the dual Z, gauge model.
The volume-law entanglement entropies of the exact QMBS are argued by using the tensor
network formalism of the duality operator. We also study the kagome/dice lattice case
in Section 5, where we find exact eigenstates of the XY model are localized in point-like
subsystems. In Section 6 we end this paper with concluding remarks. To highlight our
main ideas in a simplified setup, we have included in Section A the discussion of the one-
dimensional case. We give the details of the duality transformation for open boundary
conditions in Section B, the explicit form of the scar states shown in Fig. 9 in Section C,
and an algebraic proof that the exact QMBS states are energy eigenstates in Section D.
Some of the QMBS states will remain energy eigenstates of the model with additional
XXZ-type interaction in the XY model (and its dual with “6Z” interaction), which are
demonstrated in Section E.

2 XY Model
2.1 The Model
\%
(0,2Ly 1)

(2L, — 1,0)

Figure 1: Tilted square lattice where the XY model is defined. Spin—%s are located at the vertices, with
the total number of spins being 2L, L, in the periodic boundary case. In this figure, we have L, = 4
and L, = 4. With open boundaries in both directions, the total number of spins is 2L, L, + L, + L,,.
We use red and blue colors to denote a bipartition of the tilted square lattice, which are used in Sec. 2.3.

We consider the quantum (antiferromagnetic) spin-1/2 XY model on a two-dimensional
lattice together with the magnetic field along the Z direction. The Hamiltonian consists
of two terms:

H2D = HXY + hHZ y (21)

where we assume h > 0.




The XY Hamiltonian is defined on a tilted square lattice, cf. Fig. 1, and is given by

((@9), (k1))

where Ué’?) are Pauli x/y operators at a vertex (7,7), and the summation ((7, j), (k1)) is

over edges (i.e. nearest-neighbor pairs (i, j), (k,[) of vertices). We assume that both L,
and L, are even, cf. Fig. 1. As with the one-dimensional counterpart, this Hamiltonian
can also be written as

Hxy =2 > (00,000 96,%0) - (2:3)
((5), (k)

where a(il.j) = (aé j):tia%'l. j))/2' Physically, the XY Hamiltonian flips the nearest-neighbor
pairs of up-down (down-up) spins, moving the magnon excitations along the edges.

The other part of the 2D Hamiltonian Hyz counts the number of up spins:

Hz=) 00 (2.4)
(4:5)
where O'(ZZ- J) represents the z-component of the Pauli matrix acting on a vertex (i, 7). This
term generates a U(1) symmetry of the Hamiltonian Hop:

[Hxy,Hz] = [Hop,Hz] = 0. (2.5)

In the following section, we will impose periodic boundary conditions (PBC) or open
boundary conditions (OBC) on the spins, on the lattice of system size 2L, x Ly or 2L, L, +
L, + L, as shown in Fig. 1.

The vacuum state of the magnon excitations (o) is given by the state where all the
spins are down:

=10, (2.6)

which has eigenvalue —Nh when we have a total of N sites on the lattice. Excited states
over this vacuum state are then obtained by replacing some of the down-spins with up-
spins.

We remark that the vacuum state |{}) is the true ground state of the Hamiltonian only
when h is sufficiently large. To get the magnon picture, we can equivalently consider the
“opposite” vacuum state |[{}) = |1 ... 1) with magnon creation operator o~ .

Symmetries of the 2D XY model. Before discussing the exact eigenstates of the

model, we are ready to identify the symmetries of the 2D XY model, which will be im-

portant in the discussion of the duality (gauging) transformation to its dual model.
First, we have a U(1) symmetry generated by the Hz term as mentioned before,

(4,9)

A 75 subsymmetry of this U(1) symmetry is generated by

16 (2.8)
(i.d)




which will be the discrete Zy O-form symmetry that we will gauge in Sec. 3.
In addition, we have another Z3j symmetry generator

Il o (2.9)
(i.7)

This is a subgroup of the Z3 x Z% symmetry !, which in turn is a subsymmetry of the
global 0-form symmetry O(2) = U(1) x Z3 of the 2D XY model.

2.2 Eigenstates from Stripes

One of the main claims of this paper is that we have a collection of exact energy eigenstates
of the Hamiltonian Hop for each collection of “stripes” on the lattice. These states are
analogous to those found in the Hofstadter-Hubbard model on a thin torus [24]. In this
section, we focus on the tilted square lattice and then comment on the generalization to
the honeycomb lattice in Section 4 and the kagome lattice in Section 5.

Let us first consider a stripe .S as in Fig. 2, and consider the superpositions of up spins
along the stripe:

1S) = D (=1%ol )] ) = QEl ), (2.10)

(4,7)€S

where we defined the creation/annihilation operators along the stripe S by

Qg = Y (—1)toos . (2.11)

(4,5)€S

Here we considered a staggered sum, i.e. the relative sign (as represented by (—1)%G.J))
alternates between different sites:
5

) = Sk + 1 whenever (7,j), (k1) are adjacent to the same vertex .  (2.12)

This condition determines the signs s(; ;y up to an overall Zy choice {s(; j} — {53 + 1},
which uniquely fixes the state |S) up to an overall sign.

It is easy to see that this is an eigenstate separately of Hxy and Hyz, and hence of
Hop—the exchange Hamiltonian Hyxy moves around the magnon from one site to one
of its nearest-neighboring sites, and such a contribution is, however, canceled by another
contribution comprising a square (see Fig. 3). This means that we have an eigenstate of
Hxy with eigenvalue 0. Also, we have Hz|S) = —(N — 2)|S) from the U(1) symmetry.
This guarantees that |S) is an eigenstate of the full Hamiltonian Hyp = Hxy + hHy with
eigenvalue —(N — 2)h.

One can also obtain the same result by considering

Hxy, Q] =2 Z Z o kl)[ (,j)’azzr}j)]

(1.9)€S (k1)~(3, )

=-2 ) > (-1)%ag] () (ig)

(4,5)€8 (k,1)~(i »J)

(2.13)

'We consider the total number of lattice sites to be even with L, and L, being even, which is crucial
to the existence of the Za X Zo symmetry.




Figure 2: We consider a staggered superposition of single up spin, taken from the stripe S shown in
this figure. The relative signs are expressed in red color.

where the second summation }- ;). ;) is over all the vertices (k,l) that share an edge
with vertex (i, 7). It is easy to calculate how this commutator acts on | {})

Hxy, Q5[4 =-2 > > (=1)%90] 0 )
i,§)€S (k,1)~(i,j

=YY (e b (1t o [ 1) = 0.

(i,j)ES (kvl)N(irj)

This implies that the state |.S) is a zero-energy eigenstate of Hxy.

KX XXX

Figure 3: When Hxy moves around the up spin, the two contributions from nearby sites cancel
out, thanks to the staggered choice of the relative signs in Eq. (2.10). This is a two-dimensional
generalization of the one-dimensional counterpart shown in Fig. 21 in Section A.

This discussion generalizes when we have multiple stripes as in Fig. 4:

{91, Sub)ei= D> o > (_1)s<n,j1)+..,s(¢n,jn)J(ﬁ;hjl) . "U(er‘n,jn)‘ W=Qf...Qf 1) .
(i17j1)€51 (%’u]n)esn
(2.15)

We can again verify the cancelation of different flips and that Hxy annihilates this state,
as shown in Fig. 4.




Figure 4: We can consider multiple stripes S, S, ..., to obtain a collection of eigenstates. The number
of such stripes can grow as O(L) for the linear system size L.

Here we remark that it is important to consider only straight stripes and to exclude
bending stripes, as in Fig. 5, since the cancelation mechanism fails in the latter case.

Figure 5: The cancelation mechanism fails when we have a bending strip. This means only straight
stripes are allowed.

Moreover, by essentially the same argument, we obtain another set of eigenstates by
applying magnon annihilation operators to the highest-energy state | ) =| 11 ... 1):

{S1,...,Sn})— = Z Z (—1)3(i1‘j1)+"'5(i"‘j”)U(_il,jl)-“U(_z'n,jn)‘TT>
(i1,J1)€S1 (in,jn)ESn (2.16)

= Qg - Qg [ 1),

to double the number of exact eigenstates.




We thus have a collection of exact energy eigenstates of the Hamiltonian Hop. For the
configuration with k stripes, these states lie at an energy AFE = 2kh above the vacuum
states, and for a square lattice of size 2L?, k can be as large as O(L) as L becomes large.
Consequently, most of our eigenstates are well above the ground state and reside in the
“middle” of the energy spectrum.

A few comments are in order. First, the spin excitations in our eigenstates are spatially
localized along the stripes. This is different from the product-state eigenstates discussed
in [25,26], whose excitations are highly delocalized and extend to the whole spatial region.
Second, one can construct similar eigenstates localized along the stripes for the higher-spin
XY model, whose Hamiltonian reads

HS) = HY), +hHY (2.17)
with

S
HY = Y (865Shn +StSta) ZS 6 (2.18)
((5:3), (kD) (i)

where S(; ;) = (Séj), S?@',j)’ Séj)) is the spin-S operator at the vertex (i, 7). The operator
that creates or annihilates a localized magnon along the stripe S is defined by replacing
O'?Z_TJ.) in Eq. (2.11) with S( g (mi,j) :tiSZJZ.’j). As in the spin-1/2 case, one can show that
the states obtained by acting With these operators on the fully polarized state are exact
eigenstates of Hésg We note that, unlike the spin-1/2 case, the higher-spin XY model
does not admit a mapping to a Zo lattice gauge theory. We also note in passing that
recent work has revealed the existence of exact zero-energy eigenstates of the higher-spin
XY model in a transverse field in two and higher dimensions, whose entanglement entropy

exhibits volume-law scaling [27].

2.3 Quantum Many-Body Scars

The stripe eigenstates |S1, ..., Sy)+ we found above are expected to have low entanglement
entropies, since they are created by simple superpositions of the states with up spins
U?z_'mi) . “Ger'n,jn)| I}). To show this result, we start with a cut that divides the entire
lattice into A and B parts. The cut will split each stripe S,, where the scar creation
operators act, into two parts, denoted as 57({4) and S’T(lB). The numbers of spins in 57({4) and

T(LB) are denoted as Ng () and N é‘j), respectively. Note that the number of spins of each
stripe Ng, = Né ) N(B) equals to either N, or N, in the periodic case, depending on

the direction of the stripe. Moreover, the cut might not go through every stripe, i.e. Ng (A)

or Nén) might be zero. In the example of Fig. 6, we have N(A) =3, N(B) =1, N(A)

and N é2) =2

Since each scar is confined in stripes that do not share vertices, the entanglement
entropy contributions from each stripe are simply the sum of the entanglement entropy of
each stripe, which can be computed exactly (cf. [13]) as

N N Ng — N Ng — N
S=Y"8g, = — Sn_Jog —On 4 2" On Jog 2~ Sn 2.19
Xn: 5. zﬂ: ( Na 108 Ny Vs, 8N, (2.19)
In the example of Fig. 6, the entanglement entropy becomes
3 1 1 3
S = log + - log 1 + - log + = log = 3log2 — 1 log 3. (2.20)




Sl SQ

Figure 6: Demonstration of the entanglement entropy of the scar state with two excitations on stripes
S1 and S3. The upper and lower dotted lines are identified due to the periodic boundary condition.
Together with the middle dotted line, we divide the lattice into two disjoint parts.

More quantitatively, we expect that they obey the area law (subvolume law) for the
entanglement entropies when the system size is large: each stripe has the entanglement
entropy proportional to its size. This expectation, combined with the fact that they
generally lie well above the ground state, indicates a violation of ETH and identifies them
as QMBS. We note that the absence of local conserved quantities in the XY model has
been proven recently in [28], which strongly suggests that the model is non-integrable—a
necessary condition for the model to exhibit QMBS. We provide further evidence for this
in Sec. 2.4.

It is unexpected (at least to the authors) that the XY model, one of the simplest and
most-studied models in the literature, has scar states violating the ETH. We point out
that there was a previous discussion of scars in the XY model [12]. This work, however,
discussed spin-1 cases and is different from our discussion of spin-1/2 cases.

We also point out that scar states are preserved as long as we preserve cancelations
between neighboring sites as shown in Fig. 3. This means that we can consider a more
general XY Hamiltonian with correlated disorder

dis — _
Hxy = > Jagn (U?;,j)a(w) + O-(i,j)aél_c,l)) ; (2.21)
((2,5),(k,D)

where the interaction strengths are
Jig)+15-1) = g -15-1  Jair1501) = Jig),6-14+1) - (2.22)

We use the red and blue colors to denote the two different sublattices.




We define two creation operators for the scar states, along horizontal and vertical lines,
respectively:

J k

where the coefficients are defined recursively as

J (i 2m),(i+1,2m+1)

dij =1, dion =

I

: (2.24)
m=0 J(i,277z,+2),(i+172m+1)

Furthermore, taking into account the periodic boundary condition, we require the
interaction strengths to satisfy
Ly/2-1

J(,0),(i “n=Jur,-2).i -
(10,1, Ly =) (i-Ly=2), (L. Ly =) T,go J(i,2m+2),(i+1,2m+1)

J(i,2m),(i+1,2m+1) (225)

We present the algebraic calculation that the scar states are the eigenstates of the XY
Hamiltonian with correlated disorder in Section D.
The scar states are therefore

Vi, Vi, Hyyy oo H b +—HQV HQHZ’u U
a=1 (2.26)

‘{Viu' Vln,aHllv o Hln H QVz(, H QH;J TT >

a=1

with zero eigenvalues

H{S Vi, Vi

tm>

Hll?’“ 7Hln}>+_Hdls|{VvZ1>' Vi

tm>»

Hy,- H,})_=0. (227

In order to distinguish different scar states, we can apply magnetic fields that act in
an inhomogeneous way. We can partition the lattice into vertical and horizontal lines,
leading to the following inhomogeneous magnetic fields,

HY =3 hyHY + > hyg HY, (2.28)
i l

where the magnetic fields within each stripe are
Vv H
Hy =) ol Hz' =2 ohy (2.29)
j k

The values of hy;, and hp, can take any real number.
Therefore, the eigenvalues of the scar states of the total Hamiltonian

H, = HEY + HZ™ (2.30)

are

Ht‘{‘é&,’ ‘/;1717Hll7”. 7Hln}>+ = <Z€7h‘/l +Zethl> ‘{M17 ‘/;m?Hll7'.. 7Hln}>+
i l

Ht‘{‘/lj)' ‘/Zmu-Hllu"' )Hln}> (Zelhv +Z€thl> |{‘/’L15' 17717Hl17"‘ 7-Hln}>—
(2.31)

where the coeflicients are

{Lya 1€ {7:177:27 t 'jTTL} 5 {Lwa le {117127 t ln} )
€ = € =

o . (2.32)
Ly—2, Z¢{11,Z2,'--Zm}. Lx—2, l¢{ll,l2,ln}

10



(1,0) (3,0)

Figure 7: The OBC Iattice that we use to numerically calculate the entanglement entropy in Fig. 9 and
Fig. 10.

2.4 Numerical Results

2.t — Wigner-Dyson

Poisson

0.5}

Figure 8: Distribution of the adjacent-gap ratios for the XY model [Eq. (2.33)] for a system of N = 17
sites with open boundary conditions, corresponding to L, = 3 and L, = 2 in Fig. 1. The interaction
strengths are drawn uniformly from [—1, 1], whereas the magnetic fields h; and h; are all set to zero.
The data are collected from the sector with 8 down spins, whose dimension is 24310. The GOE Wigner-
Dyson and Poisson distributions are shown for comparison.

To verify the existence of QMBS, we have numerically studied the adjacent-gap ratio
distribution and the entanglement entropies for all eigenstates. For our numerical analysis,
we consider the XY model with correlated interaction strengths and an inhomogeneous
magnetic field, whose Hamiltonian is given by

- - Vi H
Hose = 2 2 ("(%)"(k,l) . "(aﬂ"@z)) + hiHy +> WHy, (2.33)
(i), (kD) l

where the interaction strengths satisfy the conditions (2.22). Under these conditions, all
the parameters here J; j) (1), h: and h; can take arbitrary values in R.

11
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Figure 9: Entanglement entropy v.s. energy for the XY model with correlated interaction strengths and
inhomogeneous magnetic fields. The interaction strengths are drawn uniformly from [—1,1] and the
inhomogeneous magnetic fields from [0, 2]. We impose open boundary conditions, and fix the number
of sites to be 12 (see Fig. 7). The color of each dot represents the density of surrounding data points.
The scar states are circled inside the plot.

The purpose of adding the inhomogeneous magnetic field is to distinguish the eigenval-

ues of the scar states using (2.31). The scar states are given by {V;,,--- Vi, ,Hy,,--- , Hi, })+
in (2.26), obtained by applying the scar creation operators to the ferromagnetic vacua in
(2.23).

We begin our analysis by examining the adjacent-gap ratio distribution, which is a
standard diagnostic of ergodicity [29,30]. To define this quantity, we denote the energy

eigenvalues of the Hamiltonian as E,, (n = 1,..., D), with Dg,p being the dimension of
the subspace of interest. Here, these eigenvalues are arranged in ascending order. From
the consecutive level spacings d§,, = E,+1 — E,, we define the adjacent-gap ratio as

- min(dp41,0n)

. 2.34
max(dp41,0p) (2.34)

For non-integrable models described by the Gaussian orthogonal ensemble (GOE), the
27 r+4r?

T @y
(rYgog = 4 — 2v/3 ~ 0.536. In contrast, for integrable models, the distribution follows

Ppoisson(r) = ﬁ, which gives (r)poisson = 2In2 — 1 ~ 0.386.

We evaluate r, for Hopc on a system of N = 17 sites with open boundary conditions.

Specifically, we focus on the spectrum in the sector with 8 down spins, which is the

largest subspace of dimension (187) = 24310. Figure 8 shows the distribution of r, in

probability distribution of 7, follows Pgogr(r) = with a mean value of

12



this sector. Clearly, it follows Pgog(r), providing strong evidence that the model is non-
integrable. Furthermore, the mean-gap ratio is found to be (r) ~ 0.533, which shows
excellent agreement with the theoretical value (r)gog ~ 0.536.

Having established the ergodicity of the model, we now turn to the analysis of the
entanglement entropy. Figure 9 shows the plot of half-system entanglement entropy versus
energy eigenvalue for the lattice in Fig. 7, where the dotted line indicates the bipartition.

Distinct low-entanglement states are clearly visible, which we identify as QMBS states.
All scar states are identified and collected in Section C. We also present the plot of the
entanglement entropies of the eigenstates versus the energy eigenvalues for the Hamilto-
nian without inhomogeneous magnetic fields (H{, in (2.21)) for the same OBC lattice in
Fig. 10. Since all scar states are degenerate in energy eigenvalues without the inhomoge-
neous magnetic field, we are not able to identify them in Fig. 10.

.l A,

2.5+

0.5+

Figure 10: The entanglement entropies of the eigenstates of the XY model without the inhomogeneous
magnetic field, for the lattice shown in Fig. 7. The interaction strengths are drawn uniformly from
[—1,1]. The color of each dot represents the density of surrounding data points. All the scar states are
degenerate and we are unable to distinguish them in the plot.

In addition to the entanglement entropy, we remark that the scar states can also be
detected as outliers with respect to the expectation value of a certain operator O.
For example, we consider the following operator

1 z z z z
0=1 DY =0t )0 =0f40)+ 2> (L=0h) (0 —0Fuap) |+ (235)
Vi H k

which has a non-negative expectation value (O) = (¥|O)) > 0 for any (normalized)
eigenstate [1). It is easy to check that for all scar states, (O) = 0, distinguishing them

13
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)
0.4+
0.2+
0.+ ® ‘
0 2 4 6
E

Figure 11: The expectation values of O [Eq. (2.35)] in all eigenstates of Hopc for system size L = 12
with open boundary conditions depicted in Fig. 7. We focus on the sector with 4 down spins, and the
encircled state is the 4-scar state [{V1, V3, Hy, H3}) with (O) = 0, well separated from the rest of the
eigenstates.

from the rest of the eigenstates of Hogc. We illustrate this phenomenon in Fig. 11. These
results, together with the level statistics shown in Fig. 8, clearly demonstrate that the
identified scar states appear as isolated atypical eigenstates embedded in an otherwise
thermal spectrum.

Furthermore, we remark that it is possible to include the additional c*¢c* interaction
on the nearest-neighbor sites in the Hamiltonian, while some of the scar states (stripe
eigenstates) remain energy eigenstates and QMBS states. We explain the details in Sec-
tion E.

3 Duality to Z, Gauge Theory

3.1 Duality Transformation: Two-dimensional Case

We now apply the generalized Kramers-Wannier (KW) duality transformation to the XY
model discussed above. This duality transformation can be understood as gauging the Zy

O-form symmetry generated by []; o7 of the XY model. As we will show, the resulting

dual model will have a Zél) symmetry, where the superscript of qu) indicates the g-form

nature of the symmetry. Similar results for the conventional KW duality transformation
are presented in Refs. [31-38] and some other generalizations are presented in Refs. [39-73].

While the spins of the original models live on the vertices of the lattice, the spins of
the dual model live on the edges of the dual lattice, which is the gray dashed lattice in

14



Figure 12: A schematic of the dual lattice-gauge Hamiltonian (3.9) defined on the edges of the square
lattice with dotted lines and the original XY Hamiltonian (2.1) defined on the vertices of the solid
square lattice.

Fig. 12 2. By denoting the Pauli operators o* and o on the dual lattices as simply Z and
X, the duality transformation can be written as [74, 75]
D : J(Zm-) — H Lo, H Ufm-) — X, (3.1)
(i.7)3e (i,5)2e
where e is the label for an edge and (4, j) 3 e means that one of the endpoints of the edge

e is given by the vertex (i, ;) (of the original lattice). This transformation is represented
pictorially as

\ \
Z-0"-Z > —o"-X-0"— - (3.2)
\ \

Such a duality transformation can be realized by the following tensor network operator,
i.e., projected entangled-pair operator (PEPO), using the method outlined in [76],

B

LF R
B _ pALERB
LA LFRB
Bl (3.3)
A
4

= > a1, a2) . rrla1, az, as, as) p,rr,B{as, asl (> aila

aie{0,1},ie{1,2,3.4} i—1

where 221:1 a; is defined modulo 2 3.

2In order to avoid additional complications, the states defined on the dual lattice are denoted as |¢)dual,
while the states defined on the original lattice are denoted simply as |)).

3Here we denote | 1) as |0) and | }) as |1), which we shall use the notation interchangeably.
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The auxiliary spaces are L, F, R, B, while the XY model and the dual model spins live
in A and L, F, R, B, respectively. The variables a = 0 and 1 correspond to the spin up
and down configurations, respectively.

This PEPO can be viewed as a generalization of the matrix product operator that
implies the Kramers—Wannier duality in [76], whose derivation is analogous to that in [76],
which we omit here.

Moreover, we need to include the isometry

k

A:P;ﬁj: S lahelaralis. (3.4)
. a€{0,1}

] J

Combining PEPO and isometries, we obtain the full tensor network operator demon-
strated in Fig. 13.

Figure 13: A demonstration of the full PEPO acting on the XY spins through the green legs and
obtaining a state of the dual model from the blue legs of the isometries.

We take the partial trace over the auxiliary spaces, resulting in an operator acting on
the states of the XY model (via the green legs). The outcome of such an action is a state
in the dual model (from the blue legs). One can check that the PEPO depicted in Fig. 13
satisfies the properties of the duality transformation (3.1), hence the duality operator.

The dual Hamiltonian can be obtained from the duality transformation over the XY
model. The term Hyxy of the Hamiltonian transformed as

DHxy = Hyouble D, (3.5)
where

Hdouble =H +H ) (36)
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with

H =3 X -z X z|- (3.7a)
En : Z 4 Z
Z
zZ Z
HB =3 x- - x| (3.7b)
g zZ Z
z

The other term Hy representing the U(1) symmetry is turned into

HZ—>HD:ZZZZ. (3.8)
o iz
The total Hamiltonian is then
Hop = Haouble + hH (3.9)
We can verify the counterpart of Eq. (2.5):
|:Hdoublea H ] = [ﬂzD,H - ] =0, (3.10)

implying that the U(1) symmetry is still present in the dual model, which becomes the
U(1) symmetry generated by the plaquette terms.

We would like to remark that the disordered version of the XY model, as well as the
presence of the inhomogeneous magnetic fields after the duality transformation, leads to a
bona fide dual model as well. For the convenience of the expressions, we discuss only the
homogeneous case. The global symmetries of the dual model are not affected by adding
the correlated disorder and inhomogeneous fields.

Symmetries of the dual model. First of all, the U(1) symmetry in the XY model
>.; 07 after the duality transformation becomes the U(1) symmetry mentioned above in
(3.9), with generator

ZZ Z (3.11)
o i Z

Another significant difference between the XY model and the dual model is that the
dual model has Zy gauge symmetry generated by

| |
XiH= X (i,5) X (3.12)




for any site (i, j) in the lattice, which are identical to the star operators in the toric code.
The Zo gauge symmetry operators commute with the dual Hamiltonian,

[X{5) Han| =0, ¥(,5) (3.13)
and the duality operator transforms it into the identity operator in the XY model,
(w) D=D. (3.14)

In practice, we can fix the gauge degree of freedom, namely working with the Hilbert
space of the dual model with Zo gauge symmetry operators having +1 eigenvalues, i.e.

XV dual = [¥)dual, Vi € vertices in dual lattice . (3.15)

Since the symmetry generator is present for each vertex, we should interpret this symmetry
as a gauge symmetry enforcing local Gauss law constraints in the Hamiltonian formulation.
In other words, the dual theory is a Zo lattice gauge theory—this was expected since the
Kramers-Wannier transformation gauges a Zs global symmetry.

Since the duality operator effectively gauges the Zs 0-form symmetry of the XY model,
it leads to the existence of a Zgl) 1-form symmetry in the dual model [77-81] on both A
and B cycles around the torus,

1 form — H X Xl form — H X? (316)
loop A loop B

where the Zs gauge symmetry operators modify the paths of A and B cycles as the Zs
Wilson loop operator.

Therefore, we deduce several properties of the duality operator from the physical in-
sights of the gauging procedure. First, if we perform two half-gaugings ¢, we obtain the
operator that is proportional to the projector to the symmetric sector of the Zg 0-form
symmetry in the XY model []; 07, i

DID=Ixy+ [[ o - (3.17)
(4,9)

However, if we perform two half-gaugings from the dual model, we need to fix the gauge
degrees of freedom first, by requiring the eigenvalues of the gauge symmetry operators to
be 1,

X =1 V(,7J)- (3.18)
In the gauge-fixed subspace, we have
B
DDT = ldual + Xl form T Xl form T Xl formxlfform ’ (319)

where the all the different paths of A and B cycles in the gauge fixed subspace are equiva-
lent. This formula is known as the condensation formula of defects. We stress that the Zsg
1-form symmetry on the torus is different from the Zy x Zs 0-form symmetry since they
act on different supports, despite that the condensation formulae appear to be identical.

Suppose that we have a tilted square lattice of size 2L,L, with periodic boundary
conditions (cf. Fig. 1). In the original model, we have 2L,L, copies of the Zo spins

4In the literature, one duality operator represents one “half-gauging”, by inserting one domain wall
between two theories.
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located at the vertices. In the dual model, we have variables on the edges, and hence have
4L, L, copies of the Zy spins. We apparently have different degrees of freedom between
the two theories.
This discrepancy is resolved by noticing that in the dual model we have to take into
account the gauge symmetries (3.12) and the even sector of Zg symmetries in both models.
For the model after duality, it is straightforward to show that

[Haowte, X{i 5| = [Ho, X{, 5] =0, Vi, (3.20)

The number of independent gauge symmetry generators is L, L, — 1, since H(i’j) X?Z B = I,
resulting in a redundancy in the number of independent generators. Therefore, by fixing
the gauge degree of freedom, we obtain an effective Hilbert space with dimension

Since we consider the periodic boundary condition (i.e., on a torus), there are two
Zgl) 1-form symmetry generators around the A and B cycles of the torus Xf_/ grm. By
projecting to the even sector of the two Zo 1-form symmetries, we arrive at the total

dimension of the effective Hilbert space

which coincide with the dimension of the parity even (with respect to the Zg O-form
symmetry) sector of the Hilbert space of the XY model.

For the states in the odd sector with respect to the Zy O-form symmetry in the XY
model and the odd sector with respect to the Zy 1-form symmetry in the dual model after
gauge fixing, they will be annihilated by the duality operator D and Df. This result can
be obtained from the relation:

DIl oty =X tomD? =X P =D (3.23)

1—form 1—form
(4,4)

Relation to the pivot Hamiltonian. Let us note that the dual model in the homoge-
neous case, as well as the duality transformation to the XY model, was discussed already
in [75,82]. In the discussion there, it is natural to consider a one-parameter family of
Hamiltonians

11—« 14+«
Hoz = THtrivial + ?HSPT y (324)
where
A
: o e A A
Hiivial = Z X + X ) HSPT = Z A X A + X
: ; o i VA 7
7

(3.25)

The ground states of the Hy,ivia and Hgpr are in the trivial and the non-trivial symmetry-
protected topological (SPT) phases, respectively. The parameter a represents a defor-
mation of the Hamiltonian, and the one-parameter Hamiltonian Eq. (3.24) interpolates
between the trivial Hamiltonian for « = —1 and the SPT Hamiltonian for o = 1.
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As pointed out in [75], the SPT Hamiltonian can be obtained through the pivoting
procedure,

HSPT = Hoc:1 = eiﬂ-ZHinOt Htrivial eﬂ-ZHinOt ) (326)

where Hyivor = H - /4.

Our dual Hamiltonian corresponds to the intermediate value o« = 0 which is located
at the critical point between a trivial phase and a symmetric protected topological (SPT)
phase. Since the antiferromagnetic XY model before KW duality exhibits a Goldstone
mode (spin wave) with a linear dispersion relation [79,83], we expect the dual model to
also feature gapless excitations with linear dispersion. Consequently, its field-theoretic
limit is described by a (2+1)-dimensional conformal field theory (CFT) [79].

In the language of [75], the Hamiltonian H _ plays the role of the pivot Hamiltonian.

Moreover, a so-called U(1) pivot symmetry generated by H o emerges at H,—o, which

we also obtain through the gauging of the Zs 0-form symmetry of the XY model.

3.2 Scars in Dual Model

Let us now come back to the scars in the model. As far as we are aware of there is no
previous discussion of the scars of the dual model in the literature. For example, Ref. [75]
studied the ground state phase diagram, while our interest is in excited states, which play
the role of QMBS.

To begin with, the non-invertible duality implies an isomorphism between the even
sector of the Zy O-form symmetry of the XY model, i.e. {[¢)| [[;05[¢) = |¢)} and
the even sector of the Zy 1-form symmetry of the dual model, {|¢)quall Xf—form‘¢>dua1 =
XE o 1¢)dual = |@)dual}. Therefore, if the scar state of the XY model |S) is in the
even sector of the Zy 0-form symmetry, there must be an energy eigenstate with the same
energy eigenvalue in the dual model, such that

|5)dual = DIS). (3.27)

Two remarks are in order. First, not all scar states in the XY model lie in the even
sector of the Zy O-form symmetry. In fact, only those constructed with an even number
of scar creation operators belong to the even sector. Second, the dual states will be an
eigenstate in the middle of the spectrum of the dual model. However, to establish that
these dual states are also QMBS of the dual model, we must examine their entanglement
properties. This is because the duality transformation maps local degrees of freedom to
nonlocal ones, and thus does not generically preserve entanglement entropy. Nevertheless,
as we demonstrate in Fig. 13, the duality transformation can be implemented as a PEPO,
a low-depth tensor network operator [84], which guarantees that it preserves the area-law
scaling of entanglement entropy. We therefore expect that the duals of the scar states in
the XY model remain scar states in the dual model.

At last, we figure out how this duality operator acts on the states. Each site or link
supports one spin-3 spanning a two-dimensional local Hilbert space [{a(; ;) }) or [{ae})quar;
where a(; ;),a. = 0,1, corresponding to the spin up and down configurations. Then the
above KW duality can be written as a Bilinear Phase Map (BPM) [85]

1
DHain}) = oz, > (H . +Z(ij)ae%) {ae}) qua - (3.28)
{ac} \(i) '
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which can reproduce the result in (3.1) and satisfies the Gauss law. The Kronecker delta
6, =1 1if x = 0, otherwise d, = 0.

To show the dual state, we can consider the state with all a(; ;) = 0, namely the all
spin up state, the duality will give us

22L¢Ly ) (H 52 ) {ac}) quar - (3:29)

fae} \(

Among the states in the linear combination, the gauge symmetry transformation (3.12)
will give the 22F+fv~1 redundancy and the delta function implies the dual state satisfies
[1(; j)5e Ze = 1 for each vertex (i, 7). Hence, the resulting state (3.29) is the equal-weight

superposition of four ground states of the toric code on a torus with a % factor. When
there are two down spins at vertices (i1, j1) and (i2, jo) in the original lattice, the duality
will give us

1

oI I (52 o > d > e .
2t {%:} ((z’j);ﬁ(ml;[l) (i2.2) (i’j)aeae) Pzt " 1 s o e aw
(3.30)

Thus the dual states of the scar state (2.15) and (2.16) with an even number of stripe
excitations can be expressed as

‘517 Tt 7Sn>+,dual = D|S17 T 7Sn>+

o o 1
= Z - Z (_1>S(Z1,11)+"'5(1n,1n) ST.L,

(11,51)€S1 (n,Jn)€ESn

2 ( : 1 5”Z<z‘7j>a’iae) 1:[ O gy oo L9 dual
(.9) k=1

{ae} 1,J ?é(il,jl),"'(in,jn)

(3.31)

and

‘517 T 7Sn>—,dual = D’Sh Tt aSn>—

o o 1
— Z Z (_1)S<n,m+-~8<m,gn>QLILy

(11,51)€S1 (in,Jn)E€Sn

Z ( H . 620])36 e) Hél"’_Z(l G1)de 7|{a6}>dual ’
(7]) 5 ('Ln,]n)

fae} \(0.3)#(ir.51), (0

(3.32)

which are the scar states in the dual model.

4 Honeycomb/Triangular Lattices

Though our discussion above focused on the case of the square lattice, the construction
of QMBS can be generalized to more general two-dimensional lattices, so long as we have
the cancelation mechanism described in Section 2.2. In this section, we work this out
explicitly for the case of the XY model on the honeycomb lattice. Our discussion here is
brief and serves to highlight the similarities and differences with the discussion on square
lattices.
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4.1 XY Model on the Honeycomb Lattice

Our first step is to construct the exact eigenstates of the model, similar to those in Sec-
tion 2.2 for the XY model defined on a honeycomb lattice. Let o; = (oF,07,07) be the
Pauli operators at site ¢ of the honeycomb lattice. The Hamiltonian of the XY model is
naturally defined as
Hxy = Z(afaf +olo?), (4.1)
(4,3
where the spins are allowed to interact within the nearest-neighbor sites of the honeycomb
lattice (see Fig. 14).
One natural proposal for the exact eigenstates is to consider the stripe as in Fig. 14.
However, we can see that the cancelation is incomplete in this case.

Figure 14: When Hxy moves around the magnon excitations, the two contributions from nearby sites
partially cancel out, but not completely.

We can complete the cancelations by taking two sub-stripes as in Fig. 14 into a thicker
strip, as in Fig. 15. When combining the two sub-stripes into a single strip, we can choose

Figure 15: To complete the cancelation, we need another copy of the stripe and combine the two into
a thicker stripe.

a relative sign between the two, and instead of the choice as in Fig. 15 (in which case
we denote the stripe as S7), we can also choose the sign as in Fig. 16 (in which case we
denote the stripe as ST). The two have opposite eigenvalues with respect to Hxy.

As in the (2.15), we can consider multiple stripes to construct the state

Sk (kn)
(S sE = 3T ST (-t TR e e (4.2)

11E€S1 in€Sn
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Figure 16: In addition to the stripe in Fig. 15, we can also consider the same stripe but with a different
relative sign between the two sub-stripes.

where the + signs for the stripes are denoted as ki, ..., k, (see Fig. 17). Within each

stripe, functions sf;k) are given by
sl(-k) = sgk) + 1 whenever ¢, j are adjacent to the same vertex ,
k) _ (k) L=k - . (4.3)
s; =8; +—— whenever i, j are adjacent to each other,

where k € {£1}. This is an eigenstate of the quantum XY Hamiltonian as long as the
stripes are not adjacent (i.e. the distances between them are at least two units of the
lattice translation).

Figure 17: We obtain an eigenstate from multiple stripes as long as the stripes are separated by at least
two lattice spacings along the primitive lattice vectors.

Energy eigenvalues. The argument above shows that the stripe states are energy eigen-
states of the XY Hamiltonian on the honeycomb lattice. The eigenvalues of the single stripe

state are N N
Hxy|{S{7}) = £2|{s{"}) . (4.4)

We can easily generalize these to the multiple-stripe states, i.e.

Hyy|{S{"),... s} = (Z 2’fm) (s, sy (4.5)
m=1
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In the presence of the magnetic field Hz = )", 07, the total Hamiltonian reads

1710
HQD = HXY + hHZ . (46)

We have
Hop|{S"), ... sk}, = ( (2n— N +sz )\{s§k1>,...,sgkn>}>, (4.7)

where N is the total number of spins in the honeycomb lattice.
From the spin-flip Zo symmetry, we have the stripe states built from the other ferro-
magnetic vacuum, i.e.
(kl) (kn)
k kn i - -
st sk = 3T Y (- "o o ) (4.8)

11ES1 in€Sn

where the energy eigenvalues are
Hop|{S{"),...,s{m)})_ = (h(N— 2n)+ > 2km> (s s (49)
m=1

Entanglement property. From the same calculation in the square lattice case, we find
that the entanglement entropy of the stripe states also obeys the area law of entanglement,
ie.

SU{S, . 8E ) = 3 S (4.10)

where S,,, are the entanglement entropies of each individual stripes ngm) that are divided
into two parts, with N/ -many and NZ-many spins respectively,

NA NA NB NB
Sm=—| w1 ~5log w1 vt v 5 log ———= | . (4.11)
NA 4+ NB° NAL NB ' NAL NB "° NA L NB

It is clear that the entanglement entropy of the stripe states satisfies the area law. The
same argument applies to the spin-flipped stripe states |S§k1), cee Sy(Lk"))_.

By combining the information on energy eigenvalues and entanglement entropies, we
can safely assert that the stripe states |{S§k1), ce Sy(lk”)}>+ and |{S§k1), . ,S,(lk”)}ﬁ are
QMBS states of the XY model in the honeycomb lattice.

4.2 Duality to Z, Gauge Theory on the Triangular Lattice

The duality to lattice gauge theory (3.1) on the dual lattice of the honeycomb lattice (i.e.
triangular lattice) is represented graphically as

Dhexa . . . o \0__1.7 p ) (412)

The Hamiltonian is transformed as

Dhexa HXY = Hdouble Dhexa ’ Hdouble =H <> + H% + HS ) (413)
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where

H =" x 2 x7.], (4.14a)
Hp, = > X~ x Z ; (4.14b)
HS_Z x - x 7| (4.14c)
zZ
and
DhexaHz = H A Dhexa , H AT ZZ 7 (415)
Z

with the total Hamiltonian H = Hyoype + b H A - We remark that the dual Hamiltonian
has been discussed in [82, 86].

Symmetries of the dual model. Similar to the square lattice case, the duality trans-
formation Dpexa results in the gauging of the Zy 0-form symmetry, []; ;) a(zz.j) of the XY

model on the honeycomb lattice. Therefore, the dual model has a Zél) 1-form symmetry.

In the periodic boundary case (torus), the Zg 1-form symmetry is generated again by two
loop operators encircling the A and B cycles around the torus as in the square lattice case:

Xf‘—form = H X’ X?—form = H X . (416)
loop A loop B

We would like to remark that the duality operator Dpexa can be expressed as a PEPO as
well, using the method of [76], which we will not go into details.

In addition to the Zy 1-form symmetry of the dual model, we have the gauge transfor-
mation, generated by a star operator on the dual lattice

XX
Oi=xi
X_X

7 (4.17)

LXJ

which implements the Gauss law on each lattice site ¢, commuting with the Hamiltonian.
By fixing the gauge, we focus on the Hilbert space of the dual model, where all the star
terms O; = lqua1. After fixing the gauge, the duality operator has the following property

A B A B
D;rlexaphexa = Ixvy+ H J(Zi,j) ’ Dhean}waa = Hdual+Xl—form+Xl—form+Xl—formX1—f0rm ’

(4,9)

(4.18)
reflecting the Zo 0-form symmetry of the XY model and the Zy 1-form symmetry of the
dual model.

The U(1) symmetry of the XY model is transformed into a U(1) symmetry in the dual
model too, cf. (4.15).
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We have the one-parameter deformation as in Eq. (3.24), where now the trivial and
non-trivial SPT Hamiltonians are given by

Huva = |- x -+ x + x |,
(4.19)
Sy ;B -z,
Hgpr :Z ,;:_'_'::“‘ x Tt X SR X
Z. L & Z VA e
Z =4

Our dual Hamiltonian is proportional to H,—¢ at the phase transition point, where the
one-parameter deformation of the Hamiltonian is
11—« 14+«

Ha = THtrivial + 9

Hgpr . (4.20)

The pivot Hamiltonian approach [75] can be applied here, too. The U(1) pivot sym-
metry is precisely the U(1) symmetry we obtained via gauging the Zy 0-form symmetry
of the XY model H .

Similar to the square lattice case, the scar states of the XY model on the honeycomb
lattice with an even number of scars after the gauge transformation (by applying the
PEPO) are also scar states of the dual model Hyoyple. The argument and properties of
the scar states are analogous to the square lattice case, which we will not expand here.

5 Kagome/Dice Lattices

In the previous sections, we identified exact scar states localized in one-dimensional sub-
spaces for XY models defined on square or hexagonal lattices. We found that the scar
states with an even number of excitations survive the duality transformation, which be-
come the scar states for the dual models. In this section, we study the XY model on
the kagome lattice, where we find exact energy eigenstates localized in point-like (i.e.
zero-dimensional) subspaces. As in the previous examples, these exact eigenstates can be
mapped to those of the dual model defined on the dice lattice, which is the dual lattice of
the kagome lattice.

It is thus tempting to regard these eigenstates as new examples of exact QMBS. There is
a catch, however: in certain subspaces with a fixed number of down spins, they are ground
states of the XY model on the kagome lattice (and equivalently, of the hard-core Bose-
Hubbard model on the same lattice) [87,88]. In such cases, interpreting these eigenstates
as QMBS is not appropriate, since their energies are no longer located in the middle of the
spectrum. One way to circumvent this issue is to introduce inhomogeneous magnetic fields
that shift the energies of the localized eigenstates away from the edges of the spectrum,
as was done in a fermionic model on the kagome lattice exhibiting QMBS [10]. However,
to keep our discussion simple, we limit ourselves here to the homogeneous XY model,
as the corresponding Zo gauge model on the dice model would otherwise become rather
cumbersome.
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Figure 18: The kagome lattice, where we define the XY model. Periodic boundary condition are
imposed. The red + indicate the signs of the wavefunction components for a single localized scar state.

5.1 XY Model on the Kagome Lattice

Similar to the previous examples, let us first define the XY model on the kagome lattice.
The Hamiltonian of the XY model is defined as

Hxy = Z(Ufof + J?U?) , (5.1)
(4.7)

where the spins are allowed to interact with the nearest-neighbor sites of the kagome lattice

in Fig. 18.
We find localized exact eigenstates around each hexagon of the kagome lattice,
{Hy,Ho,--- Hp})y = Z Z (_1)8¢1+-"+sz’ngi...0;‘ b, (5.2)
7:161'11 ineHn
where Hy, Hs, ... H, are n hexagons in the kagome lattice without any intersection. The

function s; is defined the same as in the square lattice case. The variables s; take values
in +1 and alternate in sign around each hexagon. An example of an exact eigenstate with
one localized magnon is shown in Fig. 18. By applying the XY Hamiltonian to the exact
eigenstates, we have

Hxv|{Hi,Hs, - ,Hp})+ = —2n|{H1,Ha, -+, Hp})+ . (5.3)

In the presence of the magnetic field Hz = >, 07, which is a U(1) symmetry of the

XY Hamiltonian, the energy eigenvalues with N total spin of the kagome lattice become

HQD‘{HDH??'” 7Hn}>+ = (h(2n - N) - 2”) ‘{HDH??'” 7Hn}>+ ) (54)
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with Hop = Hxy + hHz.
Taking into account the Zs spin flip symmetry of the XY Hamiltonian, the spin-flipped
states are still exact eigenstates, i.e.

’{Hlv : Hn})* = Haﬂ{Hl’HQ? T 7Hn}>+

5.5
11€H, in€Hp
with energy eigenvalues h(N — 2n) — 2n i.e.,
Hop|{H1, --Hp})— = (R(N —2n) — 2n) |[{Hy, - Hy,})_ . (5.6)

We note in passing that these localized magnon eigenstates play a key role in the study of
magnetization jumps in frustrated magnets [89,90].

Since all the exact eigenstates [{ H1, Ho, - -+ , Hy})+ and the spin-flipped ones have ex-
citations over the ferromagnetic vacua localized at certain hexagons of the kagome lattice,
the entanglement entropies of the exact eigenstates satisfy sub-volume law.

5.2 Duality to Z, Gauge Theory on the Dice Lattice

The duality to lattice gauge theory (3.1) on the dual lattice of the kagome lattice (i.e. dice
lattice) is represented graphically as

Dragome : A o* A ) o* X o®

The XY Hamiltonian is transformed as

Dkagome Hxy = Hgouble Dkagome » Hdouble = Hm e, (58)
where
Hpy =3 X o, 0x 4| (5.9)

and the rest of dual Hamiltonian can be easily deduced from the previous examples, which
can be observed easily from Fig. 19.
The U(1) symmetry thus becomes

-z
Dkagome Hz = HQ Dkagome ) HQ = Z 7 Z (510)

which remains a U(1) symmetry of the dual model.
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Figure 19: A schematic of the dual lattice-gauge Hamiltonian (5.8) defined on the edges of the dice
lattice with dotted lines and the original XY Hamiltonian (5.1) defined on the vertices of the solid
kagome lattice.

Similar to the previous cases, the duality transformation Dyagome, Which can be written
as a PEPO, results in a gauging of the Zy O-form symmetry []; 07 of the XY model
defined in the kagome lattice. With periodic boundary conditions, we have two Zo 1-
form symmetries as a consequence of the gauging, i.e. the products of X operator along
the A and B cycles of the dice lattice. The local Zy gauge symmetry operator and the
properties of the duality transformation Dyagome are similar to the square lattice and
honeycomb/triangular lattice cases, which we do not explain the details.

Since the duality transformation Dyagome generates at most area-law entanglement
entropy and exact eigenstates |{H1,---,H,})+ and |{Hy,--- , Hyp})— survive the duality
transformation as long as the total number of excitations n is even, we conclude that

DkagomeHHh- "7Hn}>+ ) Dkagome|{Hly"-7Hn}>— (511)

are exact eigenstates of the dual Hamiltonian when n is even.

An advantage of the kagome/dice lattice case is that the total number of exact eigen-
states we have constructed grows exponentially with the total number of sites, although
the total number of exact eigenstates still grows slower than the total Hilbert space di-
mension 2V (N is the total number of spins). As mentioned earlier, these states can
be promoted to QMBS by adding inhomogeneous magnetic fields designed to shift their
energies.
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6 Summary and Discussion

In this paper, we have proposed new examples of QMBS states in the two-dimensional
spin-1/2 XY model, which can be transformed into QMBS states in the dual Zg lattice
gauge model via a generalized KW duality transformation.

The magnon excitations of our scar states are spatially localized in both square and
honeycomb lattices in the XY model, leading to the area-law property of the entanglement
entropy. This suggests that it will be easier to prepare them as initial states for time
evolution. We have also shown that our scars are preserved under correlated disorders
and inhomogeneous magnetic fields.

Since the model discussed in this paper is the XY model and is simple, we realistically
hope to realize scar states in laboratories, for example, using ultracold Rydberg atoms [91—
94]. Even though the atomic interactions are not completely nearest neighbors in these
setups, they decay rapidly as r~% (o = 3 or 6) with distance r, which can be used to
generate the XY terms in the Hamiltonian approximately. It should also be noted that
the XY model can be realized in other experimental platforms, such as bosonic atoms
in optical lattices in the limit of strong on-site repulsion [95] and superconducting-circuit
architectures [96].

We have discussed in detail the duality transformation from the XY model to the dual
Zy lattice gauge model by gauging the Zs 0-form symmetry of the XY model. The scar
states of the XY model with an even number of magnon excitations survive under the
duality transformation, and by the property of the duality operator as a PEPO, the dual
states remain QMBS in the dual model, too. This result gives the explicit construction of
QMBS states in Zs lattice gauge models, which are scarce. The construction presented in
this paper can be applied to other lattices in two dimensions and even higher dimensions,
suggesting broader applications for finding new QMBS in other higher-dimensional models.

Finally, let us discuss the broader implications of our results for QMBS. Our analy-
sis has explicitly demonstrated that the operation of gauging a global symmetry can be
implemented in a low-depth tensor network and hence is expected to preserve QMBS,
whose characterization is their low-entanglement entropies (so long as the scar states
are not projected out in the gauging process). Now, start with a theory with a global
symmetry, we can discuss a web of theories by gauging a subgroup of the global sym-
metry (see e.g. [72,97]). Moreover, even when one starts with a model that possesses
an ordinary group symmetry, gauging generally leads to theories exhibiting categorical or
non-invertible symmetries, described by the mathematical language of fusion categories.
This suggests the following insights. First, theories obtained from gauging group symme-
tries of a model with QMBS typically also possess QMBS, as the examples discussed in
this paper. Second, we expect the categorical/non-invertible symmetry to be present in
general discussions of QMBS. Our analysis suggests that despite the vast literature on the
subject, a large class of QMBS states is yet to be discovered.
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A One-dimensional Case

A.1 The Model

We review the construction of certain exact eigenstates of the one-dimensional quantum
XY model with the number of sites L mod 4 = 0 and construct four exact eigenstates
that are in the middle of the spectrum. This example can be generalized to the higher-
dimensional case, which will give the exact QMBS in the quantum XY model in Sec. 2
and Sec. 4.

The one-dimensional XY Hamiltonian reads

L L
Hip =) (0f07 ., +olol, ) +hY of =HY{ +HY, (A1)
Jj=1 Jj=1

where periodic boundary conditions are assumed, i.e. 0f,; = of'. The Hamiltonian is free
fermionic (bilinear in fermionic operators after the Jordan-Wigner transformation), hence
exactly solvable. This is very different from its higher-dimensional counterparts, which
are interacting and not exactly solvable.

We start with one-magnon excitations over the ferromagnetic vacuum |{}) = | [}l
-++). We define the creation/annihilation operator of a magnon

L/2
Qr =Y (-DVoy . ac{01}. (A.2)

=1

Pictorially, the creation operator acts on every other site, with + signs as shown in Fig. 20.

| | | | | | |
\ \ T 1 \ \ \

Figure 20: The magnons are excited at every other site of the one-dimensional spin chain, with a relative
sign indicated by the red color.

By simple algebraic manipulations, we obtain two exact eigenstates

Hip[ta) = (L = 2)h|ta) , a€{0,1}, (A.3)
where the one-magnon states are defined by
[Ya) == Q| 1) - (A.4)
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The basic mechanism behind this is the cancelation mechanism in Fig. 21. The Hamilto-
nian (A.1) can be written as (with i := (oF +i0?)/2)

L L
= Z 0' 1 to; JJJ.FH) +hZa§ , (A.5)
j=1 j=1

whose first term flips the spins of nearest-neighbor up-down pairs, causing the plus magnons
to move around. When this happens, the magnons are also moved to the same location
from yet another neighboring site, and the two contributions mutually cancel thanks to
the sign rule in Fig. 20, as demonstrated in Fig. 21.

| >®< !

| | | | | | |
\ x x \ \ \ \

Figure 21: The Hamiltonian moves a magnon to a neighboring site. There is, however, always a
cancelation contribution from yet another site, with an opposite sign thanks to the sign rule in Fig. 20.

By using the spin-flip symmetry of the Hamiltonian, we find two more exact eigenstates

H1D|&a> = (2 - L)h|@za> y @€ {O> 1} ) (AG)

where
|tha) = HUxW}a =Q, M, [M=|Mt-). (A7)

In the one-dimensional discussion, we obtained four exact eigenstates, the number of
which is independent of the system size L. By contrast, in the two-dimensional example
discussed in the main text, the number of exact eigenstates we find grows linearly in the
system size L.

A.2 Duality Transformation: One-dimensional Case

In the 1-dimensional case, we can perform the Kramers—Wannier duality transformation
on the 1-dimensional XY model by gauging the Zy O-form symmetry []; 07, i
DKW : O'JZ- — Zij-l—l s U;-tdjl-‘_i_l — Xj+1 s (AS)
where o7 and {X;,Yj, Z;} are Pauli operators acting in the original 1-dimensional
lattice and its dual lattice, respectively.
The duality transformation (A.8) is represented pictorially as

This transformation maps [98]

L
H — H__ = Z (Xj — Zj_lXij+1) R (A.lOa)
7j=1
L
HY —H_ =) Z;Zj1. (A.10b)
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and the total XY Hamiltonian is turned into
Hp—Hp=H__+hH_. (A.11)

The dual Hamiltonian is also known as the 1-dimensional Levin-Gu model [99,100]. We
remark that the four exact eigenstates of the 1-dimensional XY model will not survive the
duality transformation, since they are parity odd in the Zy 0-form symmetry []; 07, i.e.

Dkw|va) = Dxwltha) =0 . (A.12)

This is in contrast to the 2-dimensional case, where we can have an even number of
excitations in the exact eigenstates.

B Duality Mapping for OBC Lattice

The quantum many-body scars discussed in the main text exist with either periodic and
open boundaries. Though the duality transformation seems easier for the PBC, the count-
ing of orthogonal scarred states is much more straightforward with the open boundary
condition. In this appendix, we outline the construction of the duality transformation for
the OBC.

The duality transformation at the boundary of the tilted square lattice is modified as
follows,

N 7z , (B.1)

and

We then obtain the dual Hamiltonian Hgﬁgle with the same bulk term and additional

boundary terms that is dual to the XY model with OBC, i.e.

chi%le = Hpui + Hboundary > (B3)
Hboundary = Hcorner + Hedge . (B4)
The corner part reads
X X VA
Heommer = _ o (B.5)
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with three other corner terms that can be easily generalized from the northeast one above.
The edge part reads

with three other edge terms that can be easily generalized from the left one above.
We define the duality operator Dopc that performs the same duality transformation
in the bulk with boundary transformations in (B.1) and (B.2), which satisfies

Dopc HEEC = HYES Dogc. (B.7)

C The Explicit Form of the Scar States in Fig. 9

There are 32 scar states that can be identified in Fig. 9 from the simulation of (2.33) in a
12-spin lattice depicted in Fig. 7.
There are four scar creation/annihilation operators, respectively:

+ + + + + = : =
Qi =90, ~ %2 T %y Q= %03 ~ %23 T %us)

C.1)
+ + + + + + + + (
Qv = 9(10) = D201, T d1a0(ryy . Quy = 0(3,0) ~ B320(39) T d340(3) -
where the coefficients in the OBC case are
J(,0,( J(5,0),(i J(i,2),(i )
di,2 = M d@'74 = ( ’0)’( +171) ( 72)7( +173) ’ = {1’3} . (02)

J62) (i41,1) J6,2),6+1,1) J(i,4),(i41,3)

The interaction strengths are chosen randomly in the numerical simulation.
We also apply an inhomogeneous magnetic field to give scar states distinct energy
eigenvalues, which reads

HiZnhO = th? + hV3H?’ + hHngl + hHBHgS ’ (CS)

where {hv,, hvy, by, hi, } are randomly chosen positive real numbers.

In order to calculate the entanglement entropy, we need to split the OBC lattice into
two parts, which we choose in the way demonstrated by the dashed line in Fig. 7.

The entanglement entropy of the scar states can be calculated exactly using (2.19).
The eight scar states with S = 0 (for the specific cut in Fig. 7) are

), HH D+ =Q ), HHsb+ =Qh,l1 ), {Hi, Hs})+ = QF, Q| V)
) HEih)-=Qg |1, H{HshH-=Qglt) . HHi Hs})- =QyQulM .
(C.4)

Strictly speaking, the two ferromagnetic states should not be regarded as the scar states.
We still write them down to illustrate the mechanism. Using (2.31), we obtain the energy
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eigenvalues of the scar states with § =0
{=3(hv; + hvy + huy + hag), —3(hyy + hyy + his) — hay,s
—3(hv, + hvy + hp,) — by, —3(hv, + hvy) — ha, — b,
3(hvy + hvy + ha, + hay), 3(hv, + hyy + hay) + by,
3(hv, + hvy + hmy) + hig, 3(hv, + hvy) + hay, + by}

(C.5)

respectively.

The 16 scar states with S = — (% log% + %log é) =log3 — %log? (for the specific cut
in Fig. 7) are

{Vih+=Qi ). {Vah+=Qil 1) .

{Vi, Hi})y = Q. Q1 1), Vi Hs}) = QL Q1 1)

{Va, Hib)y = Qi Qpp, | ) . Ve Hab)r = Qi Qi 1)

{Vi, Hi, H3})+ = QY Qpy, Qi | V) Vs, Hi, Hsh) v = QF,Qp, Qi | V)
and the spin-flipped states

{Vih-=Qult ., KVshH-=QulM .

Vi, Hi})- = Qu Q| 1), KVi,Hs})- = QuQp,l 1),

{Va, Hi})- = Qu,Qp I 1), HVs Hs})- = Qu,Qp,[ 1),

{Vi, Hy, Hs}) - = Qy Qp, Qu, | 1) 0 Vs, Hi, H3}) - = QuQp, Qp, [ 1) -

The energy eigenvalues of the scar states with S = log3 — %log 2 are

(C.6)

{—=3(hvs + hu, +hu,) — hv,, =3(hv, + ha, + hig) — hys,
—3(hvy + hay) — by, — ha,, —3(hvy + hay) — by, — b,
—3(hvy + hmy) — hvy — by, —3(hv, + hay) — hyy — hi,,
—3hy, — hv, — hgy, — hiy, —3hvy, — hyy — hgy, — hag}

(C.8)

{3(hvy + by + hiay) + by, 3(hvy + hay + b)) + by,
3(hvy + hpy) + hvy + by, 3(hyy + b)) + hyy + b,
3(hv, + hmy) + hvy + by, 3(hv, + hay) + by, + by,
3hvy + hvy + hy + hig, 3hyy + hyy + by + his by

(C.9)

respectively.
Finally, the eight scar states with S = —2 (% log% + % log %) = 2log 3 — % log 2 (for the
specific cut in Fig. 7) are
’{‘/13‘/23}>+ = Q¢1Q¢3‘ ‘U> ) |{VY17‘/337H1}>+ = Q¢1Q¢3QEI| ‘U’> 5
Vi, Vi, Ha)y = Q- QL QUL V) . [{Va, Ve, Hy, Hs})y = Qf Q1. QL Ql | 1)
{1, Vah) - = QuQul 1) . Vi, Vs, Hi}) o = Qy, QuQp, | 1)
Vi, Vs, Ha})- = Qy. Qy, Q| 1), [{Va, Ve, Hy, Hs})- = Qy. Qy, Qpp, Q.| 1) -

(C.10)
The energy eigenvalues of the scar states with § = 2log3 — %log 2 are
{—=3(hu, +hu,) — hv, — hvy, —3hpg, — hy, — hyy, — hyy,

—3hm, — hv, — hyy — hgy, —hv, — hyy — hg, — hi,, (.11)

3(ha, + hay) + hvy + hvy, 3ha, + hyy + hvy + by,
3hu, + hvy + hyy + hpy, hyv, + hyy + b, + by},
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respectively.
All the scar states constructed explicitly above are encircled in Fig. 9.

D Algebraic Proof of the Existence of Scar States in the XY model

We demonstrate the existence of scar states for a 2D XY model defined on a tilted square
lattice (2L, L, spins) with correlated disorder (2.21), demonstrated in Fig. 1.

The scar creation and annihilation operators are given in (2.23) with coefficients sat-
isfying (2.24) and (2.25).

By using the simple algebraic manipulation of Pauli operators, we have

[ %%’QHJ ) = ZZ (J(A —1,141),(k,1) O (k 1,l£1) + J(k+llil) (kDO (JZJrl,lil)) (_1)Lk/2J’ 4

{£} &
(D.1)
By using (2.24), the following expression
Tt 0,000 (COYH 4 T e (DEE22 = (D.2)
holds, which lead to
B, Q] 1W = (D.3)
ie. Qf_l'l\ }) is a zero-energy eigenstate of Hxy,
H Qf | 1) = 0. (D.4)
Similarly, for the other creation operator, we have
dis i/2
LS QV | 10 = 303 (Jea 1500 Gy + T 15400 Gt gy ) dia (DY 4) = 0,
{£} 7
(D.5)
with . .
J(i,j),(i:tl,j—l)di,j(_1)U/2J + J(i,j72),(i:tl,j—l)dﬁ.j*?(_1)L(]_z)/zJ =0, (D.6)
which implies that Q{r,v_/| ) is a zero-energy eigenstate of H{S as well,
H{S QY [ 4) =0. (D.7)

Moreover, taking into account the Zs spin-flip symmetry, we obtain scar states with
multiple excitations, which are zero-energy eigenstates of the XY Hamiltonian

dls |{‘/117‘ "/;7717Hl17“‘ ’Hl'lz})"l‘ - Hdls |{‘/717' .‘/;m?Hll7“‘ 7Hln}>_ = 0 : (DS)

The energy eigenvalues of the scar states for the XY Hamiltonian with an inhomogeneous
magnetic field are given in (2.31).
Similar calculation works for the honeycomb lattice case, but we shall omit the details.

E Extension to XXZ Model

Let us consider the Hamiltonian of the “XXZ” model, i.e. the XY model (2.21) with
additional o%0* interaction,

Hxxz(A) = Hgg{; + A Z (J(Z,L-‘j)O'(Zk’l) — ny) , (El)
((2.5),(k,0))
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defined on the tilted square lattice in Fig. 1.

We would like to remark that the following construction works only for a homogeneous
o*o? interaction A and periodic boundary condition (i.e. torus).

For scar states with one magnon, we notice that

{ > (J@,j)fffk,l) - ny) ,QI] =23 Y (1) to3| V) = —8Q| V), S€{Vi, H},
((2,5), (k1)) a€S Bra 52
E.2

as well as the spin-flipped one

[ > (oot —Ixy) ’Qn] [ ==2>"> (-1, 05 ) = -8Q, | V), Se{Vi,Hi},
((5,5), (k1)) €S fra

(E.3)
since any down (up) spin’s neighbors are up (down) spins with the same valence number
4. This implies that the scar states with one magnon excitation are also eigenstates of the
“XX7” Hamiltonian,

Hxxz(A)Qy | ) = =8AQ | I1), Hxxz(A)Q,| 1) = —8AQ, | 1) ne{Vi,H}. (E.4)

For scar states with more than one magnon, only the scar states of the form

[Tov1 v, T1ekIv, TIevim, II1Qm!m (E.5)
) l 7 l

satisfy the property that any down (up) spin’s neighbors are up (down) spins. Therefore,
we have

M M M M
Hxxz(A) HQJ\Z’ ) =—-8MA HQW ), Hxxz(A) HQ}}Z\ )= —SMAHQEJ ),
=1 =1 =1 =1

(E.6)

and similar eigenvalues for [[; @y | ) and [, Qp, | ).
For scar states with an even number of magnons within (E.5), they also survive the

duality transformation, where they are exact eigenstates of the dual Hamiltonian
Hpn(A) = Haouble + AHgz , (E.7)

satisfying
DHxxz(A) = Hun (A)D . (E.8)

The additional o%c* interaction becomes

/A /A 7 7
Hoz =Y » 7 +> . (E.9)
e ] i [ Z Z

in the dual model. As a corollary, the Hamiltonian (E.7) has scar states that are obtained
by applying the duality operator to the states (E.5).
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