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We introduce a new characterisation of determinism in Measurement-Based
Quantum Computing (MBQC). The one-way model of computation consists in
performing local measurements over a large entangled state represented by a
graph. The ability to perform an overall deterministic computation requires a
correction strategy because of the non-determinism of each measurement. The
existence of such correction strategy depends on the underlying open graph,
which is a description of the resource state together with the basis of the
performed measurements. GFlow is a well-known graphical characterisation of
robust determinism in MBQC when every measurement is performed in some
specific planes of the Bloch sphere. While Pauli measurements are ubiquitous
in MBQC, GFlow fails to be necessary for determinism when a measurement-
based quantum computation involves Pauli measurements. As a consequence,
Pauli Flow was designed as a generalisation of GFlow to handle MBQC with
Pauli measurements: Pauli Flow guarantees robust determinism, however it
has been shown more recently that it fails to be a necessary condition.

Our contribution is twofold. First, we demonstrate that Pauli Flow is actu-
ally necessary for robust determinism in a weaker sense: given an open graph,
i.e. a resource state, a deterministic computation can be driven if only if it
has a Pauli Flow. However, the Pauli Flows do not reflect all the possible
correction strategies over a particular resource state, and properties like mea-
surement order or computational depth are not necessarily reflected by a Pauli
Flow. Thus, to characterise determinism in full generality, we introduce a fur-
ther extension called Shadow Pauli Flow that we prove necessary and sufficient
for robust determinism: An MBQC is robustly deterministic if and only if its
correction strategy is consistent with a Shadow Pauli Flow. Furthermore we
show that Shadow Pauli Flow can be computed in polynomial time.

1 Introduction
Measurement-Based Quantum Computing (MBQC), also called one-way model, has been
introduced by Briegel and Raussendorf in [18, 11, 17, 3]. The key idea is to perform single-
qubit measurements over a large resource (entangled) state. It had shown very interesting
properties like robustness to noise [20] and is also useful for photonic quantum computing
proposals [2] via a variant called FBQC. Another application is to decrease the quantum
depth: for instance the Quantum Fourier Transform can be approximated in constant
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quantum depth using MBQC [4] and thus provides a logarithmic speed-up compared to
quantum circuits.

A fundamental property of MBQC is its probabilistic behavior: every measurement
leads to two possible outcomes. In this context, performing an overall “deterministic”
computation – e.g. for implementing a unitary evolution – requires a correction strat-
egy, an adaptive computation which depends on the classical outcomes of the measured
qubits, so that the output of the overall computation does not depend on the intermediate
measurement outcomes. Robust determinism strengthens this requirement by demanding
that determinism holds at every stage of the computation, with all measurement outcomes
occuring with the same probability and remaining deterministic for any variation of the
planes measurements angles.

Robust determinism is in particular well-suited for variational quantum computing.
Several recent works [10, 21] points out the necessity of determinism in Measurement-based
Variational Quantum Eigensolver. Measurement-based Variational Quantum Eigensolver
is particularly promising in terms of physical implementation. Robust determinism guar-
antees the so-called deterministic Ansätze, indeed determinism is preserved when angles,
i.e. the parameters, vary.

The existence of a correction strategy essentially depends on two parameters: the
initial resource state and the performed measurements. In MBQC, every measurement
can be performed in three possible planes of the Bloch sphere (the so-called XY , Y Z, and
XZ-planes). The resource state and the measurements can be abstracted away into an
open graph, i.e., a graph that describes the resource state together with a labelling of the
vertices with the corresponding measurement plane (e.g. XZ). In [5], it has been shown
that a robust deterministic computation is possible if and only if the corresponding open
graph has a GFlow. Hence GFlow, an easy to compute graphical property, characterises
robust determinism in MBQC. GFlow had several applications in MBQC but also in
related topics like ZX-calculus [8] and quantum circuit optimisation [9, 1].

Pauli measurements are ubiquitous in MBQC, for instance in the context of error
correcting codes, or for implementing Clifford transformations. Some graphical transfor-
mations can be performed using Pauli measurements so that they can be used to locally
transform a resource state into another one satisfying for instance some architecture con-
straints. More generally, it is reasonable to assume that a significant portion of the mea-
surements of a practical MBQC are Pauli measurements. This is for instance the case
when using as a resource a constraint initial state like a cluster state or a triangular grid
[13]. In terms of determinism, Pauli measurements satisfy some particular properties that
are not captured by GFlow. For instance, an MBQC involving an X measurement can
be deterministic, even though the corresponding open graph has no GFlow, regardless of
whether the X measurement is considered an XY or XZ measurement. Hence a generali-
sation of GFlow, called Pauli Flow has been introduced in the original paper introducing
GFlow [5]. Pauli Flow has been proved to be a sufficient condition for robust determin-
ism. Pauli Flow has been proved to be also a necessary condition for determinism when
all measurements are real1, but is not necessary in general [16]. Notice that recently, Pauli
Flow has been used to obtain very efficient circuit optimisations [22] and rewrite rules for
MBQC patterns preserving Pauli Flow has been derived in [12].

We introduce an extension of the Pauli Flow called Shadow Pauli Flow that we prove
to be a necessary and sufficient condition for robust determinism:

1i.e. measurements described by real observables: X, Z and any measurement in the XZ-plane.
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Theorem 1 (Informal) An MBQC is robustly deterministic if and only if it is consistent
with a Shadow Pauli Flow on its open graph.

To prove this theorem, we first show that when all Pauli measurements are performed
at the beginning of the computation, the Pauli Flow is actually necessary and sufficient for
robust determinism. The rest of the proof is obtained by showing how Pauli measurements
can be moved forwards or backwards in an MBQC, and how such moves preserve robust
determinism and/or Shadow Pauli Flow existence.

Notice that it implies that Pauli Flow actually also characterises robust determinism
but in a weaker way:

Theorem 3 (Informal) A resource state, described as an open graph, can be used to per-
form a robustly deterministic MBQC if and only if it has a Pauli Flow.

The first theorem is stronger as, in particular, it relates the order in which the mea-
surements are performed – and hence the depth of the MBQC – with the order of the
corresponding flow.

It is common to discard the Pauli measurements in an analysis of MBQC considering
that they can be moved first [17]. We strengthen this observation showing that moving
the Pauli measurements first can be done in a way that preserves robust determinism.
Furthermore, the robustness property applies for the original pattern of measurements
which can be relevant in practice as it may be impossible to move some Pauli measurements
in some implementations as one can reuse some qubits or have restrictions on the position
of the qubits measured at some time step.

We show that given a partial order on measured qubits and an open graph, a Shadow
Pauli Flow can be computed in polynomial time.

The paper is structured as follows. We start by recalling the basic definitions of
MBQC patterns and their semantics in section 2.1, then in section 2.2 we define the
Shadow Pauli Flow. In section 3, we show that Shadow Pauli Flow is sufficient for robust
determinism. We demonstrate in Section 4.1 that GFlow is necessary when there are
no Pauli measurements (fixing a mistake in the proof published in [5]), then we show
in section 4.2 that Pauli Flow is necessary when the Pauli measurements are done first,
and that Shadow Pauli Flow is sufficient for a general pattern in section 4.3. Finally, in
section 5, we introduce an efficient algorithm for Shadow Pauli Flow.

2 Determinism in MBQC
A resource state for MBQC can be informally represented as follows:

XY XY

XY

X

where the underlying graph represents the entangled resource state of the computation,
the outputs qubits are represented by white vertices and the input qubits are surrounded
by a square. For each measured qubit, a description of the measurement basis is given:
it is either a Pauli measurement (X, Y , or Z) or a measurement in a plane of the Bloch
sphere (XY , XZ, or Y Z). Notice that such a graphical representation provides a partial
information of the MBQC: the actual angles describing the measurement basis, the order
of the measurements and the correction strategy are not depicted. In this section, we
provide a more formal description of MBQC based on the Measurement calculus [7].
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2.1 MBQC syntax and semantics
We use the notation ă to denote a strict partial order, i.e. a transitive asymmetric binary
relation. The reflexive closure of ă is denoted ď. Conversely, given a non strict partial
order ď, we denote ă its irreflexive kernel. We use ď (resp. ă) to denote a (resp. strict)
total order.

The measurement calculus is a formal framework for describing MBQC using patterns,
a pattern being a sequence of commands. There are five kinds of commands: N,E,M,X,Z;
describing how the qubits are initialized (N), entangled (E), measured (M), and corrected
(X,Z).

A pattern is made of two parts: a description of the initial entanglement and then a
description of the measurements and their associated corrections. Given a graph G whose
vertices V pGq represent the qubits – including a set I of input qubits – the commands
NV pGqzI and EG describe the initial entanglement of the computation.

The measurement of a qubit u is denoted by Mλ,α
u , where pλ, αq characterizes the mea-

surement basis. λ is either a Pauli observable or a plane defined by two Pauli observables2,
and α is the measurement angle. Notice that the measurements of the input qubits are
restricted to the XY -plane of the Bloch sphere.

The necessary corrections (Pauli operators Xsu
A ,Z

su
A applied to a subset of vertices A

depending on the classical outcome su of the measurement of u) are also represented in a
pattern. Each qubit is measured at most once, and the unmeasured ones form the set O
of output qubits.

Definition 1 (Pattern) A pattern P : I Ñ O, with I and O two finite sets, is inductively
defined as:

• for any simple undirected finite graph G, and any I Ď V pGq,

EGNV pGqzI : I Ñ V pGq

is a pattern;

• for any pattern P : I Ñ O, any qubit u P O, any subsets A,B Ď Oztuu, any
λ Ĺ tX,Y,Zu s.t. |λ| ě 1 and any angle α P r0, 2πq

Xsu
A Zsu

B Mλ,α
u P : I Ñ Oztuu

is a pattern where α P t0, πu when |λ| “ 1, and λ Ď tX,Yu when u P I.

Remark 1 Some more general form of patterns have been defined in the literature [7]. It
has been proved [7] however that, using a standardisation procedure, any pattern can be
transformed, preserving the semantics, into a pattern of the form of Definition 1.

Remark 2 Notice that Pauli corrections can also be integrated to the upcoming measure-
ments, leading to adaptive measurements instead of Pauli corrections. The two presen-
tations being equivalent [7] we choose w.l.o.g. to represent MBQC patterns with Pauli
corrections.

2λ can be seen as a set of one or two Pauli observables e.g. tXu for X-measurement and tX, Yu for
XY -plane measurement.

Accepted in Quantum 2026-03-26, click title to verify. Published under CC-BY 4.0. 4



We use the following notation to denote an arbitrary pattern:

˜

ă
ź

uPOc

Xsu

xpuqZ
su

zpuqM
λu,αu
u

¸

EGNIc “ Xsuk

xpukq
Zsuk

zpukq
Mλuk

,αuk
uk . . .Xsu1

xpu1q
Zsu1

zpu1q
Mλu1 ,αu1

u1 EGNIc

where ă is the total order over Oc :“ V pGqzO s.t. u1 ă . . . ă uk.
Each MBQC pattern has an underlying structure that is an extension of graph states

taking into account inputs, outputs and measurements that is called an open graph.

Definition 2 (Open graph) The quadruplet pG, I,O, λq is the underlying open graph of a

pattern

ˆ

ă
ś

uPOc

Xsu

xpuqZ
su

zpuqM
λu,αu
u

˙

EGNIc with λ : u ÞÑ λu.

An open graph is an abstraction of a pattern where three properties are essentially
abstracted away: the order (or scheduling) of the measurements, the actual angle of the
measurements (only the measurement-plane is kept for non-Pauli measurements), and
finally the corrections.

Several patterns can lead to the same open graph, it is however convenient to consider,
among all these patterns, those which share the same correction strategy (represented
as a function from non output qubits to sets of non input qubits) and have compatible
measurement schedulings (represented as a partial order):

Definition 3 (Consistent Pattern) Given p : Oc Ñ 2Ic
and ă, a partial order, a pattern

´

śă
uPOc Xsu

xpuqZ
su

zpuqM
λu,αu
u

¯

EGNIc is said to be consistent with pp,ăq if @u P Oc, xpuq “
tv P ppuq | u ă vu, zpuq “ tv P Oddpppuqq | u ă vu, and @v P Oc, u ă v ñ u ă v, where
Oddpppuqq is the set of vertices that have an odd number of neighbours in ppuq.

A pattern involves quantum measurements: each non-output qubit u is measured,
which produces a classical outcome mpuq P t0, 1u.

Mλ,α is a measurement in the basis t
ˇ

ˇ`λ
α

D

,
ˇ

ˇ´λ
α

D

u defined as follows:

• in case of a Pauli measurement i.e. when |λ| “ 1,

ˇ

ˇ

ˇ
`λ

0

E

“

$

’

’

&

’

’

%

1?
2p|0y ` |1yq if λ “ tXu

1?
2p|0y ` i |1yq if λ “ tYu
|0y if λ “ tZu

and
ˇ

ˇ

ˇ
´λ

0

E

“

$

’

’

&

’

’

%

1?
2p|0y ´ |1yq if λ “ tXu

1?
2p|0y ´ i |1yq if λ “ tYu
|1y if λ “ tZu

(1)

and
ˇ

ˇ`λ
π

D

“
ˇ

ˇ´λ
0
D

and
ˇ

ˇ´λ
π

D

“
ˇ

ˇ`λ
0
D

,

• and when |λ| “ 2,
ˇ

ˇ`λ
α

D

“ 1?
2p
ˇ

ˇ`P
0
D

` eiα
ˇ

ˇ´P
0
D

q and
ˇ

ˇ´λ
α

D

“ 1?
2p
ˇ

ˇ`P
0
D

´ eiα
ˇ

ˇ´P
0
D

q

where P R λ.

We also define P pαq as the unitary such that P pαq
ˇ

ˇ`P
0
D

“
ˇ

ˇ`P
0
D

and P pαq
ˇ

ˇ´P
0
D

“

e´iα
ˇ

ˇ´P
0
D

.
The action of a pattern on a quantum input state can then be described as a collection

of linear maps, one for each possible branch of the computation which corresponds to a
sequence of classical outcomes:
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Definition 4 (Branch semantics) Given a pattern P : I Ñ O and a sequence of classical

outcomes m : Oc Ñ t0, 1u, let JPKm : C2I
Ñ C2O

be inductively defined as

q
EGNV pGqzI

y
m
“ |ϕy ÞÑ EG |`yIc |ϕyI “

ź

pu,vqPG

ΛZu,v

˜

â

uPV pGqzI

|0uy ` |1uy
?

2

¸

b |ϕy

r
Xsu

A Zsu
B Mλ,α

u P
z

m
“

#

@

`λu
αu

ˇ

ˇ

u
JPKm1 , if mpuq “ 0

XAZB

@

´λu
αu

ˇ

ˇ

u
JPKm1 , if mpuq “ 1

where m1 is the restriction of m to Ocztuu, t
ˇ

ˇ`λu
αu

D

,
ˇ

ˇ´λu
αu

D

u is the measurement basis
defined in previous definition, and ΛZ is the control-Z operator.

The overall semantics of a pattern can then be described as a superoperator:

Definition 5 (Semantics) Given a pattern P : I Ñ O, its semantics is the superoperator
JPK “ ρ ÞÑ

ř

mPt0,1uOc JPKm ρ JPK:m.

A pattern is deterministic if the overall evolution does not depend on the interme-
diate classical outcomes. We consider a robust version of determinism which is strong
(all branches occur with the same probability), uniform (for any variation of the mea-
surement angles the pattern remains strongly deterministic), and stepwise (every partial
computation is also uniform and strongly deterministic).

Definition 6 (Robust determinism) We inductively define robustly deterministic patterns
as:

• EGNV pGqzI is robustly deterministic;

• Xsu
A Zsu

B Mλ,α
u P with |λ| “ 1 is robustly deterministic when P is robustly deterministic

and @ρ,
@

`λ
α

ˇ

ˇ

u
JPK pρq

ˇ

ˇ`λ
α

D

u
“
@

´λ
α

ˇ

ˇ

u
ZBXA JPK pρqXAZB

ˇ

ˇ´λ
α

D

u

• Xsu
A Zsu

B Mλ,α
u P with |λ| “ 2 is robustly deterministic when P is robustly deterministic

and @ϵ P R, @ρ,
@

`λ
α`ϵ

ˇ

ˇ

u
JPK pρq

ˇ

ˇ`λ
α`ϵ

D

u
“
@

´λ
α`ϵ

ˇ

ˇ

u
ZBXA JPK pρqXAZB

ˇ

ˇ´λ
α`ϵ

D

u

2.2 Characterising Determinism
A central question in MBQC is to decide whether a deterministic computation can be
driven on a given resource, represented as an open graph pG, I,O, λq. Several sufficient
conditions for robust determinism have been introduced: Causal Flow [6] which has been
generalized to GFlow and Pauli Flow [5]. GFlow has been proved to be a necessary
condition for robust determinism when all measurements are performed in a plane (@u P
Oc, |λu| “ 2), and Pauli Flow has been proved to be necessary when all measurements are
real (@u P Oc, λu Ď tX,Zu), whereas counter examples are known in the general case.

The correction strategy in MBQC fundamentally relies on some fixed-point properties
of graph states: for any subset D of (non input) qubits, the Pauli operator XDZOddpDq is
called a stabilizer, because it leaves the resource state invariant. The local operation, on
every qubit v P V , of this stabilizer is called the action of D on v, denoted ActDv and thus
defined as:

ActDv “

$

’

’

’

’

&

’

’

’

’

%

X if v P DzOddpDq
Z if v P OddpDqzD
Y if v P D X OddpDq
I Otherwise.
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XY

XY

XZ

XY X

XY

XZ
XY

Z

Y

XY

X

X

XY

X

Z

XY

XY

v

Figure 1: We illustrate the 3 kinds of flow : GFlow on the left, Pauli Flow in the middle, and Shadow
Pauli Flow on the right. In each case, the correction required by the measurement of the central vertex
involves the vertices with different Paulis represented with white shapes: triangle = D X OddpDq,
diamond = OddpDqzD and circle= DzOddpDq. A dependency on the past (vertex v) is allowed in the
Shadow Pauli Flow case when it is compensated by a Dv in the past represented by grey shapes.

The action on a vertex can be used to actually correct a measurement: when the action of
D on a vertex u anti-commute with each element of λu according to which u is measured,
the action of D turns one measurement projector into the other, performing the desired
correction. Hence, we denote

corpDq “ tu,@P P λu, rAct
D
u , P s ‰ 0u

GFlow is based on this idea and consists in finding for every measured qubit u a set
D of correctors such that (i) u P corpDq and (ii) D acts trivially on all qubits measured
before u to avoid uncontrolled side effects.

The extension from GFlow to Pauli Flow is based on the following additional property:
a correction can act on an already measured qubit as long as this qubit has been measured
in the appropriate Pauli basis, in this case the qubit is not impacted by the action of a
corrector. Hence, we say that the action of D impacts a vertex v if the action of D on v
anticommutes with one Pauli element of λv and denote

imppDq “ tv, DP P λv, rAct
D
v , P s ‰ 0u

It leads to the following description of Pauli Flow:

Proposition 1 Given p : Oc Ñ 2Ic
and ă a strict partial order over Oc,

pp,ăq is a Pauli Flow of pG, I,O, λq iff

@u P Oc, u P corpppuqq and anap,ăpuq “ H

where anap,ăpuq :“ tv P Oc, s.t. u ‰ v, ␣pv ă uq and u P imppppvqqu is the set of vertices
corrected after u which correction has an “anachronistic” impact on u.

In the rest of the paper, we will use the Proposition 1 as a definition of Pauli Flow as
it is simpler than the original one. The proof is given in the Appendix A.

This notion of impact provides a set of constraints on the order according to which the
qubits of the pattern can be measured:

Corollary 1 pG, I,O, λq has a Pauli Flow iff there exists p s.t. Kp is a DAG3, where
Kp “ pV pGq,

␣

pu, vq P pOcq2, v P imppppuqq
(

q.
For such a p, pp,ăq will be a Pauli Flow for every partial order ă compatible with the

DAG.

3Directed Acyclic Graph
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YZ XY

XY

0

X

1 2

3

4

Figure 2: Example of open graph with Shadow Pauli Flow but no Pauli Flow with order 0 ă 1 ă 2 ă 3
and pp0q “ t0, 4u, pp1q “ t4u, pp2q “ t1u, pp3q “ t4u, anap,ăp1q “ t2, 3u, D1 “ t2u, anap,ăp0q “
t2u, D0 “ t0, 2u

While the Pauli Flow condition is based on the fixed-point properties of the underlying
graph state and the specific properties of Pauli measurements, we identify a third property,
based on shadow correctors, which allows deterministic computation in MBQC.

Indeed, an anachronous impact (i.e. an impact on an already measured qubit v) can
actually be offset by a shadow corrector Dv which is such that: (i) Dv is correcting v; (ii)
Dv only acts on already measured qubits and piiiq Dv has only impacts on v. Roughly
speaking, a pattern P involving a plane measurement on v, say Y Z, with angle α can
be decomposed as a linear combination of two patterns cospαqPY ` sinpαqPZ where v is
measured according to Y (resp. Z) in PY (resp. PZ). If the anachronous impact on v in
P is say Z, then it has actually no impact on v in PZ , whereas, in PY , the action of the
shadow corrector can turn the Z action into a Y action which has then no impact on v.

Pauli Flow can thus be extended to Shadow Pauli Flow, in order to encounter shadow
correctors:

Definition 7 (Shadow Pauli Flow) An open graph pG, I,O, λq has a Shadow Pauli Flow
pp,ăq, where p : Oc Ñ 2Ic

and ă partial order, if @v P Oc,

• v is corrected by ppvq, i.e. v P corpppvqq and

• if v is anachronistically impacted panap,ăpvq ‰ Hq, then v is not a Pauli measure-
ment p|λv| “ 2q, and it has a set of “shadow correctors” Dv Ď Ic such that:

– v P corpDvq and

– @u P anap,ăpvq, @w P pDv Y OddpDvqqztvu, w R imppDvq and w ď u.

Note that for any vertex w P Oc, and for any set D Ď V , if w P D Y OddpDq and
w R imppDq then |λw| “ 1. This means that the new condition for Shadow Pauli Flow
implies that when the correction of u impacts v that has already been measured, v must
be measured with a plane, and have an extra set of “shadow correctors” Dv such that
Dv Y OddpDvqqztvu contains only vertices that are Pauli measured and that are in the
past of any u1 which measurement has an anachronistic effect on v.

Remark 3 Similarly to GFlow and Pauli Flow, the existence of a Shadow Pauli Flow
implies that any input is measured in XY -plane or a subset of it.

Figure 2 shows an open graph that has a Shadow Pauli Flow which is not a Pauli Flow.

Theorem 1 (Main result) A pattern is robustly deterministic iff it is consistent with a
Shadow Pauli Flow of its underlying open graph.

To prove Theorem 1, we first prove in the next Section (Proposition 2) that the ex-
istence of a Shadow Pauli Flow is a sufficient condition for robust determinism. The
necessity is proved in Proposition 3 section 4.

We also show in Section 5 that Shadow Pauli Flow can be computed efficiently:
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Theorem 2 Given an open graph of order n, and a partial order over the non-output ver-
tices of the graphs, a Shadow Pauli Flow compatible with the partial order, or a certificate
of non existence, can be computed in time polynomial in n.

3 Shadow Pauli Flow is sufficient for Robust Determinism
Proposition 2 Any pattern consistent with a Shadow Pauli Flow is robustly deterministic.

The rest of the section is dedicated to the proof of Proposition 2. The robustness of
the consistent pattern relies on the fixed-point properties of underlying graph state and
also the properties of the particular measurements.

Given a Shadow Pauli Flow pp,ăq of an open graph pG, I,O, λq, the patterns Pă,α

consistent with pp,ăq are obtained as follows, by refining the partial order ă into a total
order ă and by fixing the angles of measurements αu for every u P Oc.

Indeed, given a vertex u, the total order ă induces the following partition of the set

vertices v on which ppuq is acting (Act
ppuq
v ‰ I):

• Au :“ tv P ppuq Y Oddpppuqq | v ă u ^ |λv| “ 2u the set of correctors which are
already measured according to a plane;

• Bu :“ tv P ppuq Y Oddpppuqq | v ă u ^ |λv| “ 1u the set of correctors which are
already Pauli-measured;

• Cu :“ tv P ppuq Y Oddpppuqq | u ă v or v P Ou, the set of correctors of u which are
not yet measured;

• F u :“ tuu X pppuq Y Oddpppuqq completes the partition of ppuq Y Oddpppuqq. Notice
that F u “ tuu since the Shadow Pauli Flow conditions guarantees that u P ppuq Y
Oddpppuqq.

Moreover, for any set S P tAu, Bu, Cu, F uu, we define SX :“ S X ppuq and SZ :“
S X Oddpppuqq. Notice that SX Y SZ “ S.

The consistent pattern is then Pă,α “

´

śă
uPOc Xsu

Cu
X

Zsu
Cu

Z
Mλu,αu

u

¯

EGNIc .

The fundamental property of graph states gives us the first useful fixed-point property.

Fact 1 For any D Ď Ic, and any |ϕy P C2I
,

XDZOddpDqEG |`yIc |ϕyI “ ˘EG |`yIc |ϕyI (2)

We also have the following standard fixed point property.

Fact 2 For any v P Oc, there exist Pv, Qv P λv, such that

pcospαvqPv ` sinpαvqQvq

ˇ

ˇ

ˇ
`λv

αv

E

“

ˇ

ˇ

ˇ
`λv

αv

E

(3)

Notice that if |λv| “ 1 then Pv “ Qv and αv “ 0 mod π, thus pcospαvqPv`sinpαvqQvq “

˘Pv.
Then, we state a few more almost fixed-point equations which are then used to prove

that the existence of a Shadow Pauli Flow is a sufficient condition for robust determinism.
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Lemma 1 Given an open graph with a Shadow Pauli Flow, for any u P Oc,
˜

ź

vPBu

A

`λv
αv

ˇ

ˇ

ˇ

¸

XBu
X
ZBu

Z
“ ˘i|B

u
XXBu

Z |
ź

vPBu

A

`λv
αv

ˇ

ˇ

ˇ
(4)

The proof is given in the Appendix B.

Lemma 2 Given an open graph pG, I,O, λq with a Shadow Pauli Flow pp,ăq, and a vertex
v with non empty anap,ăpvq, then for any one-qubit Pauli operator Lv, and any multi-qubit
Pauli operator R, Dθ s.t.
¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚REG |`yIc |ϕyI “ eiθ

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚LvREG |`yIc |ϕyI

(5)
where Dv is as in the definition 7 of the Shadow Pauli Flow.

The proof is given in the Appendix C.

Proof of Proposition 2:
We are now ready to prove by induction that the Shadow Pauli Flow is a sufficient condition
for robust determinism of Pă,α. By induction hypothesis, there exists r P C s.t. the state
before the measurement of u is |ψy “ r

`
ś

vău

@

`λv
αv

ˇ

ˇ

˘

EG |`yIc |ϕyI .
The measurement of u leads, up to a renormalisation, to either

@

`λu
αu

ˇ

ˇ |ψy or
@

´λu
αu

ˇ

ˇ |ψy.
In the second case the correction XCu

X
ZCu

Z
is applied. Thus it is enough to show |ψ0y “

@

`λu
αu

ˇ

ˇ |ψy and |ψ1y “ XCu
X
ZCu

Z

@

´λu
αu

ˇ

ˇ |ψy are equal up to a global phase, to show strong
determinism.

The Shadow Pauli Flow condition guarantees u P corpppuqq, which implies that for any
αu,

A

´λu
αu

ˇ

ˇ

ˇ
»

A

`λu
αu

ˇ

ˇ

ˇ
XF u

X
ZF u

Z
(6)

As a consequence:

|ψ1y » XCu
X
ZCu

Z

@

`λu
αu

ˇ

ˇZF u
Z
XF u

X
|ψy pEq. 6q

» rXCu
X
ZCu

Z
p
ś

vďu

@

`λv
αv

ˇ

ˇqZF u
Z
XF u

X
EG |`yIc |ϕyI

» rXCu
X
ZCu

Z
p
ś

vďu

@

`λv
αv

ˇ

ˇqXBu
X
ZBu

Z
ZF u

Z
XF u

X
EG |`yIc |ϕyI pEq. 4q

» rXCu
X
ZCu

Z
p
ś

vďu

@

`λv
αv

ˇ

ˇqXAu
X
ZAu

Z
XBu

X
ZBu

Z
ZF u

Z
XF u

X
EG |`yIc |ϕyI pEq. 5q

» rp
ś

vďu

@

`λv
αv

ˇ

ˇqXppuqZOddpppuqqEG |`yIc |ϕyI

» rp
ś

vďu

@

`λv
αv

ˇ

ˇqEG |`yIc |ϕyI » |ψ0y pEq. 2q

l

4 Shadow Pauli Flow is necessary for robust determinism
The main result of this Section is the proof of the necessity condition of Shadow Pauli
Flow.

Proposition 3 If a pattern P is robustly deterministic then it is consistent with a Shadow
Pauli Flow of its underlying open graph.
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To prove this, we start by proving a useful property (Lemma 3) of robustly determin-
istic computations, that allows us to have necessity conditions for the GFlow when all
measurements are performed according to a plane (Proposition 4, which fixes the original
proof from [5]), then we prove that for patterns that have the Pauli measurements first,
the Pauli Flow is necessary (Proposition 5). Finally, we prove that for general robustly
deterministic patterns, Shadow Pauli Flow is a necessary condition.

4.1 Necessity of GFlow for Pauli measurement-free patterns
The GFlow is a particular case of Pauli Flow, when all measurements are performed
according to a plane (i.e. @u P Oc, |λu| “ 2). The original proof from [16] showing the
necessity of GFlow used a wrong Lemma (Lemma 4 of [5]) that stated that if two states
were the same after any measurement of one qubit in a plane then they were the same.
Indeed, as can be seen in Lemma 3 below, there is a case where the measured qubit is
separated from the rest and is in a state that is an eigenvector of the observable not in
the plane (Z in the XY -plane measurement case). We show in Proposition 4 that the
necessity of GFlow still holds in this particular case as by robust determinism it can be
corrected: indeed, as the x´|α branch can be changed to the x`|α branch by applying
precisely the observable not in the plane, it cannot be an eigenvector.

Lemma 3 Let λ Ă tX,Y, Zu a set of two elements and P be the Pauli not in λ. Given |ϕy
and |ϕ1y two states of a register V of qubits, and u P V , if @α,

@

`λ
α

ˇ

ˇ

u
|ϕy »

@

`λ
α

ˇ

ˇ

u
|ϕ1y and

|
@

`λ
α

ˇ

ˇ

u
|ϕy | “ 1?

2 then

#

|ϕy » |ϕ1y , or

Dx P t0, 1u, D |ψy s.t. |ϕy »
ˇ

ˇ`P
xπ

D

u
b |ψy and |ϕ1y »

ˇ

ˇ´P
xπ

D

u
b |ψy

Proof: Since
␣ˇ

ˇ`P
0
D

u
,
ˇ

ˇ´P
0
D

u

(

is a basis, |ϕy and |ϕ1y can be written as |ϕy “
ˇ

ˇ`P
0
D

u
|ϕ`y`

ˇ

ˇ´P
0
D

u
|ϕ´y and |ϕ1y “

ˇ

ˇ`P
0
D

u

ˇ

ˇϕ1`
D

`
ˇ

ˇ´P
0
D

u

ˇ

ˇϕ1´
D

where |ϕ`y, |ϕ´y,
ˇ

ˇϕ1`
D

and
ˇ

ˇϕ1´
D

are

not normalized. Considering α “ 0, we have |ϕ`y »
ˇ

ˇϕ1`
D

and similarly when α “ π,

|ϕ´y »
ˇ

ˇϕ1´
D

. So Dθ, θ1 s.t. |ϕ1y “ eiθ
ˇ

ˇ`P
0
D

u
|ϕ`y ` eiθ1 ˇ

ˇ´P
0
D

u
|ϕ´y. When α “ π{2, it

implies |ϕ`y ` i |ϕ´y » eiθ |ϕ`y ` e
iθ1

i |ϕ´y.

• if |ϕ`y and |ϕ´y are not colinear, we have θ “ θ1 and thus |ϕy » |ϕ1y.

• Otherwise, since |
@

`λ
0
ˇ

ˇ

u
|ϕy | “ |

@

`λ
π

ˇ

ˇ

u
|ϕy | “ 1?

2 , there exists γ s.t. |ϕ`y “ eiγ |ϕ´y.

Moreover, the condition |
A

`λ
π
2

ˇ

ˇ

ˇ

u
|ϕy | “ 1?

2 implies γ “ 0 mod π. As a consequence

there exist x P t0, 1u, and |ψy s.t. |ϕy “
ˇ

ˇ`P
xπ

D

b|ψy. Similarly, there exist y P t0, 1u,
and |ψ1y s.t. |ϕ1y “

ˇ

ˇ`P
yπ

D

b |ψ1y. If x “ y then |ϕy » |ϕ1y, otherwise |ϕ1y »
ˇ

ˇ´P
xπ

D

b |ψy.

l

Corollary 2 Let |ϕy a state of a register V of qubits, λ Ă tX,Y, Zu a set of two elements,
u P V , C a multi-qubit Pauli not acting on u and P P tX,Y,Zuzλ. If @α,

@

`λ
α

ˇ

ˇ

u
|ϕy »

C
@

´λ
α

ˇ

ˇ

u
|ϕy then |ϕy » pPu b Cq |ϕy.

Proof: Let |ϕ1y “ pPu b Cq |ϕy. According to Lemma 3, |ϕ1y » |ϕy or Dx P t0, 1u, D |ψy
s.t. |ϕy »

ˇ

ˇ`P
xπ

D

u
b |ψy and |ϕ1y »

ˇ

ˇ´P
xπ

D

u
b |ψy. In this second case, we would have

|ϕ1y “ pPu b Cq |ϕy » pPu b Cq
ˇ

ˇ`P
xπ

D

u
b |ψy »

ˇ

ˇ`P
xπ

D

u
b C |ψy since P

ˇ

ˇ`P
xπ

D

»
ˇ

ˇ`P
xπ

D

which is a contradiction.
l
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Proposition 4 If P is robustly deterministic and has no Pauli measurement then the un-
derlying open graph has a GFlow.

Proof: Let ă be the order according to which the qubits are measured in the pattern P.
For any u P Oc, the robust determinism condition implies the two states obtained after
the measurement of u, for any angle α, and the corresponding corrections are equal up to
a global phase:

@β⃗ P r0, 2πqtvPOc | văuu,
A

`λu
α

ˇ

ˇ

ˇ

A

`λ⃗
β⃗

ˇ

ˇ

ˇ
EGNV zI |ϕyI » XCu

X
ZCu

Z

A

´λu
α

ˇ

ˇ

ˇ

A

`λ⃗
β⃗

ˇ

ˇ

ˇ
EGNV zI |ϕyI

where
A

`λ⃗
β⃗

ˇ

ˇ

ˇ
is the tensor product of

A

`
λv
βv

ˇ

ˇ

ˇ
over the v P Oc s.t. v ă u.

According to corollary 2, we have

@β⃗ P r0, 2πqtvPOc | văuu,
A

`λ⃗
β⃗

ˇ

ˇ

ˇ
EGNV zI |ϕyI »

A

`λ⃗
β⃗

ˇ

ˇ

ˇ
pXCu

X
ZCu

Z
b PuqEGNV zI |ϕyI

where P P tX,Y,Zuzλu.
Let |ψy “ EGNV zI |ϕyI and |ψ1y “ pXCu

X
ZCu

Z
b PuqEGNV zI |ϕyI . By iterative appli-

cations of Lemma 3, there exists F Ď tv P Oc | v ă uu and @w P F, xw P t0, 1u, s.t.
|ψy “

`
Â

wPF

ˇ

ˇ`Pw
xwπ

D

u

˘

b |Ψy and |ψ1y “
`
Â

wPF

ˇ

ˇ´Pw
xwπ

D

w

˘

b |Ψy, with Pw R λw.

Notice that |ψ1y » pXCu
X
ZCu

Z
bPuq |ψy, so

`
Â

wPF

ˇ

ˇ´Pw
xwπ

D

u

˘

b|Ψy »
`
Â

wPF

ˇ

ˇ`Pw
xwπ

D

w

˘

b

pXCu
X
ZCu

Z
b Puq |Ψy since u R F and pCu

X Y C
u
Zq X F “ H. As a consequence F “ H and

EGNV zI |ϕyI » XCu
X
ZCu

Z
PuEGNV zI |ϕyI (7)

We show that Cu
X X I “ H. Indeed, by contradiction, assume there exists e P I XCu

X .
We initialize this qubit e in the |0y-state so that EGNV zI |ϕyI “ |0ye b |ϕy for some |ϕy,
if e ‰ u, then XCu

X
ZCu

Z
Pu |0ye b |ϕy » |1ye b XCu

Xzteu
ZCu

Zzteu
Pu |ϕy which contradicts

Equation 7. If u “ e then λu “ tX,Y u, so Pu “ Zu (see remark 3). As a consequence, we
have XCu

X
ZCu

Z
Zu |0yeb|ϕy » |1yebXCu

Xzteu
ZCu

Zzteu
|ϕy, which also contradicts Equation 7.

Moreover, if |ϕyI “ |`yI , then EGNV zI |ϕyI is nothing but the graph state |Gy. Hence
XCu

X
ZCu

Z
Pu is in the stabilizer of |Gy so it must be of the form XDZOddpDq for some D.

We define gpuq to be this set D, i.e. gpuq :“
#

Cu
X if λu “ tX,Y u

Cu
X Y tuu otherwise

. Notice that

Oddpgpuqq “
#

Cu
Z if λu “ tY,Zu

Cu
Z Y tuu otherwise

.

We can show that pg,ăq is a GFlow, Indeed all vertices of gpuqztuu and Oddpgpuqqztuu
are larger than u. Moreover if λu “ tX,Y u then u R gpuq and u P Oddpgpuqq; if λu “ tY, Zu
then u P gpuq and u R Oddpgpuqq; and if λu “ tX,Zu then u P gpuq and u P Oddpgpuqq. l

4.2 Necessity of Pauli Flow for Pauli first measurement patterns
We consider here patterns where the Pauli measurements are done first and we prove that
for this family of patterns, the “standard” Pauli Flow is a necessary condition for robust
determinism. As u is Pauli measured if and only if |λu| “ 1, we formally define Pauli-first
measurement patterns by:

Definition 8 A pattern
´

śă
uPOc Xsu

xpuqZ
su

zpuqM
λu,αu
u

¯

EGNIc is Pauli-first if |λu| ă |λv| ñ

u ă v.

In the following we give a characterisation of the stabilizers of any graph state partially
measured using Pauli observables.
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Definition 9 Given a set A, and a collection PA “ triPiuiPA where Pi P tX,Y, Zu and
ri P t´1, 1u of Pauli observables, let xPA| :“

ś

i

@

`Pi
riπ

ˇ

ˇ, xpPAq :“ ti P A | Pi “ X or Y u
and zpPAq :“ ti P A | Pi “ Y or Zu.

Lemma 4 Given a graph state |Gy, a Pauli operator M , and a collection PA of Pauli

observables s.t. | xPA| |Gy | “ 2
´|A|

2 , M xPA| |Gy » xPA| |Gy iff

DS Ď V pGq, S X zpPAq “ OddpSq X xpPAq and M » XSzxpPAq
ZOddpSqzzpPAq

.

Remark 4 Notice that the condition SX zpPAq “ OddpSqXxpPAq is equivalent to say that
for all u already measured (i.e. u P A),

$

’

&

’

%

if u P SzOddpSq then u has been X-measured i.e. u P xpPAqzzpPAq,

if u P S X OddpSq then u has been Y-measured i.e. u P xpPAq X zpPAq, and

if u P pOddpSqzSq then u has been Z-measured i.e. u P zpPAqzxpPAq.

Proof: (ð) First notice that S X zpPAq “ OddpSq X xpPAq implies S X zpPAq Ď xpPAq,
so SzxpPAq Ď V zpzpPAq Y xpPAqq “ V zA. Similarly, OddpSqzzpPAq Ď V zA.

XSzxpPAq
ZOddpSqzzpPAq

xPA| |Gy “ xPA|XSzxpPAq
ZOddpSqzzpPAq

|Gy

» xPA|XSXpxpPAqzzpPAqq
ZOddpSqXpzpPAqzxpPAqq

pZXqSXOddpSqXxpPAqXzpPAq
XSzxpPAq

ZOddpSqzzpPAq
|Gy

» xPA|XSZOddpSq |Gy

(ñ) By induction on the size of A. If A “ H the property is true. Assume the prop-
erty is true for A of size k, and let u P V zA. W.l.o.g. assume u is X-measured, and

| x`u| xPA| |Gy | “ 2
´p|A|`1q

2 . As | x`u| xPA| |Gy | “
|xPA||Gy|?

2 , xPA| |Gy is not an eigenvector

of Xu, so there exists a Pauli operator M 1 s.t. M 1 xPA| |Gy » xPA| |Gy and M
1 anticom-

mutes withXu. By induction hypothesis, there exists S0 s.t. S0XzpPAq “ OddpS0qXxpPAq

and M 1 “ XS0zxpPAq
ZOddpS0qzzpPAq

. Moreover, since M 1 and Xu anticommute, we have
u P OddpS0q.

Notice that xPA| |Gy “ |`yu b x`|u xPA| |Gy ` |´yu b x´|u xPA| |Gy.
Moreover, x´|u xPA| |Gy » x´|uXS0zxpPAq

ZOddpS0qzzpPAq
xPA| |Gy »

XS0zxpPAqzuZOddpS0qzzpPAqzu x`|u xPA| |Gy, since u P OddpS0q.
As a consequence,

xPA| |Gy “ |`yu b x`|u xPA| |Gy ` e
iθ |´yu b XpS0zxpPAqqzuZpOddpS0qzzpPAqqzu x`|u xPA| |Gy

Let M be a Pauli operator s.t. M x`|u xPA| |Gy » x`|u xPA| |Gy. Notice that xPA| |Gy
is a eigenvector of Xm

u bM where

m “

#

0 if M and XpS0zxpPAqqzuZpOddpS0qzzpPAqqzu commute

1 if they anticommute
.

Thus by induction hypothesis there exists S1 s.t. Xm
u bM » XS1zxpPAq

ZOddpS1qzzpPAq
.

Notice that m “ 1 ðñ u P S1 so M “ XS1zxpPAq
ZOddpS1qzzpPAq

Xm
u “

XS1zxpPAYtuuq
ZOddpS1qzzpPAYtuuq

.
l

This allows to prove the following proposition (see appendix D):
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Proposition 5 A robust deterministic Pauli-first pattern has a Pauli Flow.

A direct corollary of Proposition 5 is that an open graph can be used to performed a
deterministic computation if and only if it admits a Pauli Flow:

Theorem 3 An open graph can be used to perform a robustly deterministic MBQC if and
only if it has a Pauli Flow.

4.3 Necessity of Shadow Pauli Flow
4.3.1 Pushing the Pauli measurements first in robust deterministic patterns

In early papers [19], it is mentioned that Pauli measurements can be done at the be-
ginning of the computation, however it has never been proved that this transformation
preserves robust determinism. We discuss in this section how Pauli measurement can be
pushed to the beginning in robustly deterministic MBQC patterns preserving the robust
determinism.

First we define the relation �u, such that P0 �u P1 if P1 can be obtained from P0 by
bringing one step forward the Pauli measurement of u in P0.

Definition 10 The relation �u over patterns is inductively defined as

• Xsv
A Zsv

B Mλ,α
v P0 �u Xsv

A Zsv
B Mλ,α

v P1 if P0 �u P1 v ‰ u

• CsuMP,α
u σsv

u R
sv MtQ,Q1u,θ

v P �u R
1sv MtQ,Q1u,θ

v C 1suMP,α
u P

with

$

’

&

’

%

If σP “ ´Pσ R1 “ CR and C 1 “ C

Otherwise if RC “ CR xor σ “ rP R1 “ R and C 1 “ C

Otherwise R1 P tR,Hu and C 1 P tĂQvC,ĂQ1vCu

where R,C are (multi-qubit) Pauli correctors which do not act on u; P,Q,Q1 P

tX,Y,Zu; Q ‰ Q1; σ P tI,X,Z,XZu4 and rQ :“
#

XZ if Q “ Y
Q otherwise

.

We say that P � P 1 if there exist u1, . . . , uk such that P �u1 . . .�uk
P 1.

Lemma 5 For any pattern P, if there exists no patterns P 1 such that P � P 1, then P is
Pauli-first.

Proof: Let u be the last vertex with a Pauli measurement following a non Pauli measure-
ment on a vertex v, on some pattern P, following the second case of definition 10 one can
always find R1 and C 1 to define P 1 satisfying P �u P 1. l

Proposition 6 If P0�P1 and P0 is robustly deterministic so is P1. Moreover, JP0K “ JP1K.

The proof of this proposition is given in Appendix E.
Notice that the converse of Proposition 6 is not true: it is possible to turn a

non robustly deterministic pattern into a robustly deterministic one by doing the
Pauli measurements first. Indeed, the patterns Zs2

3 M
Z
2 Z

s1
2 M

Y,Z
1 E1,2E2,3N1N2N3 and

Zs2
3 M

Z
2 Z

s1
3 Z

s1
2 M

Y,Z
1 E1,2E2,3N1N2N3 both lead toMY,Z

1 Zs2
1 Z

s2
3 M

Z
2 E1,2E2,3N1N2N3 which

is robustly deterministic when the Pauli measurement is performed first, however only the
former is robustly deterministic.

4with a slight abuse of notation σ “ I means that the correctors of v do not act on u.
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4.3.2 Robust deterministic measurement patterns have Shadow Pauli Flow

The proof that having a Shadow Pauli Flow is necessary, is given in Appendix F and relies
on the fact that if all patterns obtained by pushing forward a Pauli measurement have a
Shadow Pauli Flow, so does the original pattern and we can build a compatible Shadow
Pauli Flow using the ones where the Pauli measurements are pushed forward.

Indeed, combining Proposition 6 and Lemma 5, from any robustly deterministic pattern
one can build a robustly deterministic pattern in which the Pauli measurements are done
before the general measurements.

Then, given a robustly deterministic pattern P, Lemma 5 guarantees that by pushing
the Pauli measures in P one obtains Pauli-first patterns P 1 with P � P 1. Proposition 6
ensures that each P 1 is robustly deterministic, and therefore is consistent with a Pauli
Flow by Proposition 5. By induction we show in Appendix F that P is consistent with a
Shadow Pauli Flow.

5 Computing Shadow Pauli Flow
Like GFlow and Pauli Flow, Shadow Pauli Flow can be computed efficiently:

Theorem 2 Given an open graph of order n, and a partial order over the non-output ver-
tices of the graphs, a Shadow Pauli Flow compatible with the partial order, or a certificate
of non existence, can be computed in time polynomial in n.

To prove Theorem 2, we consider the following algorithm: Given an open graph
pG, I,O, λq and a partial order ă of Oc, first it is convenient to extend ă to V s.t. any
vertex in O is not smaller than any vertex in Oc. The algorithm consists in pre-processing
all the shadow correctors: for each vertex v such that |λpvq| “ 2, find, if it exists a
shadow corrector Dv s.t. v P corpDvq and for any u P pDv YOddpDvqqztvu, λpuq “ ActDv

u ,
so in particular |λpuq| “ 1. Such a Dv is a subset of λ´1ptXuq Y λ´1ptY uq Y tvu s.t.
OddpDvqzλ

´1ptZuq Ď tvu, the action on v depending on its measurement plane, e.g.
v P Dv and v P OddpDvq when λpvq “ tX,Zu. Thus, following the algebraic approach
for flow [14, 15], for a fixed v, Dv can be found in Opn3q time, if it exists, by solving
the linear system M.D “ b with the additional linear constraint Drvs “ 1 (i.e. v P D)
when Z P λpvq and Drvs “ 0 (i.e. v R D) otherwise, where the column vector b and
the matrix M is obtained from the adjacency matrix Γ of G by adding 1 to the diagonal
on Y -measured vertices and then keeping only the columns that correspond to v and to
the vertices that are X or Y measured; and only the rows that are not Z measured, thus
M “ pΓ` Idλ´1ptY uqqrλ

´1ptXuqYλ´1ptY uqY tvu, V zλ´1ptZuqs. b is the zero vector when
λpvq “ Y Z and has a single non-zero entry brvs “ 1 otherwise. One can double check that
Dv is a shadow corrector iff it is a solution to this linear system.

Thus in time Opn.n3q one can associate with all plane-measured vertex a shadow
corrector when it exists. Notice that if pG, I,O, λq has a Shadow Pauli Flow then each
vertex has at most one shadow corrector. Indeed if D and D1 are two distinct shadow
correctors of v, then XD̃ZOddpD̃q is a stabilizer of the graph where D̃ “ D∆D1, moreover

for each u P D̃YOddpD̃q, λpuq “ ActDu , thus the last qubit of this set to be measured will
lead to a deterministic outcome which contradicts that each measurement is balanced.

In the second part of the algorithm, the corrector function p : Oc Ñ Ic is constructed
vertex by vertex. For any u in Oc, the set of correctors ppuq is obtained as the solution
of the linear system N.D “ b, where N is the matrix N “ pΓ ` Idλ´1pY qqrλ

´1pXq Y
λ´1pY q Y tvu Y Fu Y Su, V zpλ

´1pZq Y Fu Y Suqs, where Fu is the future of u, i.e. the set
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Fu :“ tw | u ă wu of vertices that are larger than u, and Su is the set of vertices that
have shadow correctors when u is measured, i.e. Su “ tv | @w P Dv, w ă u or w “ uu.
The column vector b is the zero vector when λpvq “ Y Z and has a single non-zero entry
brvs “ 1 otherwise. Solving such a linear system find correctors ppuq that freely uses
unmeasured qubits at this step of the computation, together with shadow corrected ones,
and possibly also Pauli measured qubits when their action is compatible with their Pauli
basis.

The second part of the algorithm also has a Opn4q complexity. Notice that this al-
gorithm can be seen as a generalisation of Pauli Flow algorithms, see for instance [15],
with a pre-processing to identify shadow corrected vertices, and then a layer by layer al-
gorithm that treat shadow corrected vertices as output as long as there shadow correctors
are actually in the measured subset of vertices.

6 Conclusion
In this paper, we provide a necessary and sufficient condition for robust determinism by
defining the Shadow Pauli Flow, that can be efficiently computed. We have also shown
that any Shadow Pauli Flow can be changed to a Pauli Flow by pushing forward the Pauli
measurements.

Future work could be to consider the case where multiple qubits are measured simul-
taneously. Indeed, robust determinism implies that qubits are measured one by one.

Finally another perspective is to investigate the applications of the Shadow Pauli Flow
in the context of graphical languages like the ZX-calculus where GFlow and Pauli Flow
are already extensively used.
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A Proof of Proposition 1
Proposition 1 Given p : Oc Ñ 2Ic

and ă a strict partial order over Oc,
pp,ăq is a Pauli Flow of pG, I,O, λq iff

@u P Oc, u P corpppuqq and anap,ăpuq “ H

where anap,ăpuq :“ tv P Oc, s.t. u ‰ v, ␣pv ă uq and u P imppppvqqu is the set of vertices
corrected after u which correction has an “anachronistic” impact on u.

From the proof of property 1 in [16] we know that pp,ăq is a Pauli Flow for pG, I,O, λq
if the following conditions hold

pcXq X P λv ñ v P Oddpppvqqz

¨

˚

˚

˝

ď

␣puăvq
uROYtvu

Oddpppuqq

˛

‹

‹

‚

pcY q Y P λv ñ v P pOddpppvqq∆ppvqqz

¨

˚

˚

˝

ď

␣puăvq
uROYtvu

Oddpppuqq∆ppuq

˛

‹

‹

‚

pcZq Z P λv ñ v P ppvqz

¨

˚

˚

˝

ď

␣puăvq
uROYtvu

ppuq

˛

‹

‹

‚

Where ∆ is the symmetric difference.

Notice that v P Oddpppvqqz
˜

Ť

␣puăvq
uROYtvu

Oddpppuqq
¸

means that v P Oddpppvqq and

@u P Ocztvu s.t. ␣pu ă vq, v R Oddpppuqq.
Therefore, satisfying pcXq, pcY q and pcZq is equivalent to satisfy piq and piiq, where

• piq @u P Oc

– If X P λu then Act
ppuq
u P tY,Zu and

– If Y P λu then Act
ppuq
u P tX,Zu and

– If Z P λu then Act
ppuq
u P tX,Y u

This corresponds to u P corpppuqq “ tv,@P P λu, rAct
ppuq
v , P s ‰ 0u.

• piiq @pu, vq P pOcq2; ␣pu ă vq and v ‰ u,

– If X P λv then Act
ppuq
v R tZ, Y u and

– If Y P λv then Act
ppuq
v R tX,Zu and

– If Z P λv then Act
ppuq
v R tX,Y u

This corresponds to anap,ăpuq “ H.
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B Proof of lemma 1
Lemma 1 Given an open graph with a Shadow Pauli Flow, for any u P Oc,

˜

ź

vPBu

A

`λv
αv

ˇ

ˇ

ˇ

¸

XBu
X
ZBu

Z
“ ˘i|B

u
XXBu

Z |
ź

vPBu

A

`λv
αv

ˇ

ˇ

ˇ
(4)

Recall that Bu :“ tv P ppuq Y Oddpppuqq | v ă u ^ |λv| “ 1u is the set of correctors
which are already Pauli-measured, Bu

X :“ B X ppuq and Bu
Z :“ B X Oddpppuqq.

For any v P Bu, the Shadow Pauli Flow condition implies v R imppppuqq. So,

• if λv “ X then v R Oddpppuqq, and then v P Bu
XzB

u
Z ,

• if λv “ Y then v R Oddpppuqq∆ppuq, and then v P Bu
X XB

u
Z ,

• if λv “ Z then v R ppuq, and then v P Bu
ZzB

u
X .

As a consequence, the Pauli operatorXBu
X
ZBu

Z
“ p´iq|B

u
XXBu

Z |XBu
XzB

u
Z
YBu

ZXBu
X
ZBu

ZzB
u
X
can

be absorbed by the projectors:
˜

ź

vPBu

A

`λv
αv

ˇ

ˇ

ˇ

¸

XBu
X
ZBu

Z
“ ˘i|B

u
XXBu

Z |
ź

vPBu

A

`λv
αv

ˇ

ˇ

ˇ

C Proof of lemma 2
Lemma 2 Given an open graph pG, I,O, λq with a Shadow Pauli Flow pp,ăq, and a vertex
v with non empty anap,ăpvq, then for any one-qubit Pauli operator Lv, and any multi-qubit
Pauli operator R, Dθ s.t.
¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚REG |`yIc |ϕyI “ eiθ

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚LvREG |`yIc |ϕyI

(5)
where Dv is as in the definition 7 of the Shadow Pauli Flow.

Given a vertex v with non-empty anap,ăpvq, the definition of the Shadow Pauli Flow
condition implies that for any w P pDvYOddpDvqqztvu, |λw| “ 1. Moreover, w R imppDvqq,
therefore:

• λw “ X ñ w P DvzOddpDvq,

• λw “ Y ñ w P Dv X OddpDvq,

• λw “ Z ñ w P OddpDvqzDv.

As a consequence,
¨

˝

ź

wPpDvYOddpDvqqztvu

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚XDvztvuZOddpDvqztvu “

˘i|pDvztvuqXpOddpDvqztvuq|
ź

wPpDvYOddpDvqqztvu

A

`λw
αw

ˇ

ˇ

ˇ

(8)

Like in Eq. 4, the complex number in Eq. 8 witnesses the fact that when λw “ Y , we use
XwZw rather than Yw “ iXwZw.

Now, the Shadow Pauli Flow condition guarantees also that v P corpDvq, which means
that:
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• λv “ tX,Y u ñ v P OddpDvqzDv,

• λv “ tX,Zu ñ v P OddpDvq XDv,

• λv “ tY,Zu ñ v P DvzOddpDvq.

Therefore, the previous fixed-point property (Eq. 8) can be completed to get:

¨

˝

ź

wPpDvYOddpDvqqztvu

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚XDvZOddpDvq “ ˘

¨

˝

ź

wPpDvYOddpDvqqztvu

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚λKv (9)

where λKv “

$

’

&

’

%

Zv if λv “ tX,Y u

Yv “ iXvZv if λv “ tX,Zu

Xv if λv “ tY,Zu

.

Notice that the term i|pDvztvuqXpOddpDvqztvuq| of Eq. 8 is not present in Eq. 9 has it
is absorbed by λKv . Indeed, for any D, |D X OddpDq| “ 0 mod 2, thus |pDvztvuq X
pOddpDvqztvuq| “ 1 mod 2 iff v P Dv X OddpDvq, i.e. λv “ tX,Zu.

Thus by combining Eq. 9 and 2, we get that for any v P Au, and any (multi-qubit)
Pauli operator R,

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚REG |`yIc |ϕyI “ ˘

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚λKv REG |`yIc |ϕIy

(10)
We additionally have, according to Eq. 3, for some Pv, Qv P λv.

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚REG |`yIc |ϕyI

“

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚pcospαvqPv ` sinpαvqQvqREG |`yIc |ϕyI

“ cospαvq

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚PvREG |`yIc |ϕyI

` sinpαvq

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚QvREG |`yIc |ϕyI

(11)

Thanks to Equation 9, we have

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚QvREG |`yIc |ϕyI “ ˘

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚λKv QvREG |`yIc |ϕyI

Moreover, since λv “ tPv, Qvu, we have λKv Q “ ˘iP . Thus,

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚λKv QvREG |`yIc |ϕyI “ ˘i

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚PvREG |`yIc |ϕyI
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As a consequence,

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚REG |`yIc |ϕyI “

pcospαvq ˘ i sinpαvqq

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚PvREG |`yIc |ϕyI

Hence, as anap,ăpvq ‰ H, it can absorb, up to a global phase, one of the Pauli operators
of the plane λv. Combined with equation 10, any Pauli operator on such a vertex v can
be absorbed, and we get Eq 5: for any one-qubit Pauli operator Lv, and any multi-qubit
Pauli operator R, Dθ s.t.

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚REG |`yIc |ϕyI “ eiθ

¨

˝

ź

wPDvYOddpDvq

A

`λw
αw

ˇ

ˇ

ˇ

˛

‚LvREG |`yIc |ϕyI

D Proof of Proposition 5
Proposition 5 A robust deterministic Pauli-first pattern has a Pauli Flow.

Proof:

P 1 “

¨

˝

ă
ź

uPOc s.t. |λu|“2
Csu

u Mλu,αu
u

˛

‚

¨

˝

ă
ź

uPOc s.t. |λu|“1
Csu

u Mλu,βu
u

˛

‚EGNV zI

Let xα⃗| :“
Â

uPOc s.t. |λu|“2
@

`λu
αu

ˇ

ˇ. Notice that if @u P Oc, |λu| “ 1, then xα⃗| is the
identity.

The proof is by induction. Let u be the largest element according to ă. For any |ϕyI ,
uniformly strong determinism implies that

xα⃗| xP |EGNV zI |ϕyI » Cu xα⃗| xP | λ̄uEGNV zI |ϕyI

where λ̄u is any Pauli operator which is not proportional to a Pauli operator in λu (typically
λ̄u “ Z when λu “ tX,Y uq. So

xα⃗| xP |EGNV zI |ϕyI » xα⃗|Cu xP | λ̄uEGNV zI |ϕyI

By applying Lemma 3 for each non-Pauli measurement, DL Ď tu | |λu| “ 2u,
Dx P t0, 1u|L|, D |ψy s.t. xP |EGNV zI |ϕyI » pB |xyLq b |ψy and Cu xP | λ̄uEGNV zI |ϕyI »
pB |x̄yLq b |ψy, where @v P L,

Bv :“

$

’

&

’

%

I if λv “ tX,Y u

H if λv “ tY,Zu
?
X if λv “ tZ,Xu where for a Pauli σ,

?
σ “ I`iσ

2

.

So xP |EGNV zI |ϕyI » Cuλ̄upB |x̄yL b |ψyq

• If u R L, xP |EGNV zI |ϕyI » B |x̄yL bCuλ̄u |ψy, so B |x̄yL bCuλ̄u |ψy » B |xyL b |ψy
which implies L “ H.
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• If u P L, xP |EGNV zI |ϕyI » λ̄uB |x̄yLbCu |ψy, so λ̄uB |x̄yLbCu |ψy » B |xyLb|ψy.

Notice that xx|LB
:λ̄uB |x̄yL “ 0, indeed:

‚ if λu “ tX,Y u then Bu “ I and λ̄u » Z so xx|uB
:
uλ̄uBu |x̄yu “ 0.

‚ if λu “ tZ,Xu then Bu “
?
X and λ̄u » Y so xx|uB

:
uλ̄uBu |x̄yu “ 0 since

?
X
:
Y
?
X » Z.

‚ if λu “ tY,Zu then Bu “ H and λ̄u » X so xx|uB
:
uλ̄uBu |x̄yu “ 0 since

HXH » Z.

It implies L “ H. As a consequence xP |EGNV zI |ϕyI » Cu xP | λ̄uEGNV zI |ϕyI
When |ϕyI “ |`Iy, we have xP | |Gy » Cu xP | λ̄u |Gy.

• If |λu| “ 2 then Cuλ̄u xP | |Gy » xP | |Gy, so according to Lemma 4

Cuλ̄u » XSzxpP qZOddpSqzzpP q (12)

with
S X zpP q “ OddpSq X xpP q. (13)

By considering the case |ϕyI “ |0yI , it also implies S Ď Ic. Moreover Cu should
not act on the already measured qubits so we recover in the following the Pauli
Flow condition by defining ppuq :“ S. Indeed assume w.l.o.g. that λu “ tX,Y u, so
λ̄u “ Z, and according to Eq. 12, u P OddpSqzS.
Moreover, for any v ă u, with v P S Y OddpSq,

‚ if v P SzOddpSq, Eq. 12 implies that v P xpP q and Eq. 13 that v R zpP q, so
λv “ tXu;

‚ if v P S X OddpSq, Eq. 12 implies that v P xpP q and v P zpP q, so λv “ tY u;

‚ if v P OddpSqzS, Eq. 12 implies that v P zpP q and Eq. 13 that v R xpP q, so
λv “ tZu.

• If |λu| “ 1, assume λu “ tXu. Let A be the set of all Pauli measured qubits but u.

xPA| |Gy “ |`yu b xP | |Gy ` e
iθ |´yu b xP | λ̄u |Gy

Strongness implies that there exists a stabilizer M of xPA| |Gy which anticommutes
with λu. According to Lemma 4, DS0 s.t. S0 X zpPAq “ OddpS0q X xpPAq and M “

XS0zxpPAq
ZOddpS0qzzpPAq

, moreover u P OddpS0q sinceM and λu “ tXu anticommute.

Since XS0zxpPAq
ZOddpS0qzzpPAq

xPA| |Gy » xPA| |Gy, we have

xP | λ̄u |Gy » x`|u λ̄u xPA| |Gy

» x`|u Zu xPA| |Gy

» x`|u ZuXS0zxpPAq
ZOddpS0qzzpPAq

xPA| |Gy

» XS0zxpPAqzuZOddpS0qzzpPAq
Zu xP | |Gy

So xP | |Gy » CuXS0zxpPAqzuZOddpS0qzzpPAq
Zu xP | |Gy

As a consequence, according to Lemma 4, DS1 s.t. S1 X zpP q “ OddpS1q X xpP q and

CuXS0zxpPAqzuZOddpS0qzzpPAq
Zu » XS1zxpP qzuZOddpS1qzzpP q

So Cu “ XS0∆S1zxpP qZOddpS0∆S1qzzpP qZu .

Moreover, with |ϕyI “ |0yI , we have S0∆S1 Ď Ic. We recover the Pauli Flow
condition by defining ppuq :“ S0∆S1.

l
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E Proof of Proposition 6
Proposition 6 If P0�P1 and P0 is robustly deterministic so is P1. Moreover, JP0K “ JP1K.

As � is defined by a sequence of �u, we just need to prove by induction that if P0�uP1
and P0 is robustly deterministic then so is P1 and JP0K “ JP1K.

• Let P0 “ Xsv
A Zsv

B Mλ,θv
v P 10 and P1 “ Xsv

A Zsv
B Mλ,θv

v P 11 with P 10 �u P 11. Since P0 is
robustly deterministic, so is P 10, by induction P 11 is robustly deterministic and JP 10K “
JP 11K hence JP0K “ JP1K and P1 is robustly deterministic.

• Let P0 “ CsuMP,θu
u σsv

u R
sv MtQ,Q1u,θv

v P and P1 “ R1sv MtQ,Q1u,θv
v C 1suMP,θu

u P.

Let r and c in t0, 1u s.t. R2 “ p´1qrI and C2 “ p´1qcI. Let |φy be the state of
the system after the application of P. There exist four (not necessarily normalized)
vectors |ϕi,jy s.t.

|φy “
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
|ϕ00y `

ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
|ϕ01y

`

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
|ϕ10y `

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
|ϕ11y

Let
ˇ

ˇΨθv
sv

D

be the state of the system after the application of the measurements of
v, and appropriate corrections. When θv “ 0 (i.e. v is Q-measured) and sv “ 0,
ˇ

ˇΨ0
0
D

“
ˇ

ˇ`P
0
D

u
|ϕ00y `

ˇ

ˇ´P
0
D

u
|ϕ01y.

When followed by the P -measurement of u and the corresponding corrections, the
two possible states, |ϕ00y » C |ϕ01y because of the strong determinism of P 1. Thus
Dα s.t. |ϕ01y “ eiαC |ϕ00y and

ˇ

ˇΨ0
0
D

“
ˇ

ˇ`P
0
D

u
|ϕ00y ` e

iα
ˇ

ˇ´P
0
D

u
C |ϕ00y .

Similarly, for θv “ π, we obtain that Dβ s.t. |ϕ11y “ eiβC |ϕ10y. Thus,

|φy “
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
|ϕ00y ` e

iα
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
C |ϕ00y

`

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
|ϕ10y ` e

iβ
ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
C |ϕ10y

[i] Assume σP “ ´Pσ:

We consider the case θv “ 0 and sv “ 1 which, after the appropriate corrections,
produces the state:

ˇ

ˇΨ0
1
D

»
ˇ

ˇ´P
0
D

u
R |ϕ10y ` p´1qdeiβ

ˇ

ˇ`P
0
D

u
RC |ϕ10y

with d P t0, 1u 5

Since P0 is robustly deterministic, the possible states of the register after the mea-
surement of v (and the corresponding corrections) should be the same up to a global
phase (

ˇ

ˇΨ0
1
D

»
ˇ

ˇΨ0
0
D

). As a consequence, Dγ s.t. p´1qdeiβRC |ϕ10y “ eiγ |ϕ00y and

R |ϕ10y “ eipα`γqC |ϕ00y,

5According to the definition of the measurement basis
␣ˇ

ˇ`
P
θu

D

,
ˇ

ˇ´
P
θu

D(

(Equation 1), each d P t0, 1u

corresponds to a choice of σ anticommuting with P , more precisely we have d “ 0 if and only if σ “ Z or
(σ “ X and P “ Z).
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So R |ϕ10y “ p´1qdeipα`βqCRC |ϕ10y “ p´1qa`deipα`βqC2R |ϕ10y “

p´1qa`c`deipα`βqR |ϕ10y, where a P t0, 1u is s.t. RC “ p´1qaCR.
It implies β “ ´α ` pa ` c ` dqπ mod 2π, C |ϕ10y “ p´1qd`reipγ´βqR |ϕ00y, and
|ϕ10y “ p´1qreipα`γqRC |ϕ00y.

As a consequence,

|φy “

ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
|ϕ00y ` e

iα
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
C |ϕ00y

`p´1qreipα`γq
ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
RC |ϕ00y ` p´1qr`deiγ

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
R |ϕ00y

So, with δ “ γ ` rπ, we get

|φy “

ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
|ϕ00y ` e

ipα`δq
ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
RC |ϕ00y

`eiα
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
C |ϕ00y ` p´1qdeiδ

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
R |ϕ00y

We consider two cases depending whether |ϕ00y and RC |ϕ00y are independent or
not.

– If |ϕ00y and RC |ϕ00y are not colinear, then we consider the measurement of v
according to θv “

π
2 ,

Since for any Q ‰ Q1,
A

`
Q,Q1

π{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
`

Q,Q1

0

E

“

A

´
Q,Q1

π{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
´

Q,Q1

0

E

“ 1´i
2 and

A

`
Q,Q1

π{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
´

Q,Q1

0

E

“

A

´
Q,Q1

π{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
`

Q,Q1

0

E

“ 1`i
2 “ 1´i

2 i, when the outcome is sv “ 0,
the resulting state is,

ˇ

ˇ

ˇ
Ψ

π
2
0

E

»
ˇ

ˇ`P
0
D

u
|ϕ00y ` e

ipα`δ1q
ˇ

ˇ`P
0
D

u
RC |ϕ00y

` eiα
ˇ

ˇ´P
0
D

u
C |ϕ00y ` p´1qdeiδ1 ˇ

ˇ´P
0
D

u
R |ϕ00y

where δ1 “ δ ` π{2.
When followed by the P -measurement of u and the corresponding corrections,
the two possible states:

|ϕ00y ` e
ipα`δ1qRC |ϕ00y and p´1qceiα |ϕ00y ` p´1qa`deiδ1

RC |ϕ00y

are equal up to a global phase because of the strong determinism of P0. Thus
Dϵ s.t.

eiϵp|ϕ00y ` e
ipα`δ1qRC |ϕ00yq “ p´1qceiα |ϕ00y ` p´1qa`deiδ1

RC |ϕ00y

It implies, since |ϕ00y and RC |ϕ00y are not colinear, that ϵ “ α ` cπ mod 2π
and ϵ` α` δ1 “ pa` dqπ ` δ1 mod 2π, so 2α “ pa` c` dqπ mod 2π.
As a consequence,

|φy “
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
|ϕ00y ` e

ipα`δq
ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
RC |ϕ00y

` p´1qa`c`de´iα
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
C |ϕ00y

` p´1qdeiδ
ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
R |ϕ00y
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Hence, the patterns CsuMP,θu
u P and P1 “ CsvRsv MtQ,Q1u,θv

v CsuMP,θu
u P are

strongly deterministic, so P1 is robustly deterministic.

Indeed after the measurement of u in CsuMP,θu
u P the two possible states

after correction are
ˇ

ˇφ0
0
D

“

ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
|ϕ00y ` eipα`δq

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v
RC |ϕ00y and

ˇ

ˇφ1
0
D

“ p´1qa`c`de´iα
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
C2 |ϕ00y ` p´1qdeiδ

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v
CR |ϕ00y “

p´1qa`de´iα
ˇ

ˇφ0
0
D

, as RC “ p´1qaCR. For the full pattern, we check that
for any v measurement angle θv, the branches (after both measurements) with
same su and sv in P0 and P1 are equal up to a global phase.

∗ When su “ sv “ 0 both branches are obviously equal.

∗ When sv “ 0, and su “ 1 the resulting states are respectively

C
@

´P
0
ˇ

ˇ

u

A

`
Q,Q1

θv

ˇ

ˇ

ˇ

v
|φy for P0 and

A

`
Q,Q1

θv

ˇ

ˇ

ˇ

v
C
@

´P
0
ˇ

ˇ

u
|φy for P1 which are

equal.

∗ When sv “ 1 and su “ 0 the resulting states are respectively
@

`P
0
ˇ

ˇ

u
σuR

A

´
Q,Q1

θv

ˇ

ˇ

ˇ

v
|φy for P0 and CR

A

´
Q,Q1

θv

ˇ

ˇ

ˇ

v

@

`P
0
ˇ

ˇ

u
|φy for P1. The

strong determinism of CsuMP,θu
u P implies that C

@

´P
0
ˇ

ˇ

u
|φy »

@

`P
0
ˇ

ˇ

u
|φy

so
@

´P
0
ˇ

ˇ

u
|φy » C

@

`P
0
ˇ

ˇ

u
|φy. Moreover

@

`P
0
ˇ

ˇ

u
σu »

@

´P
0
ˇ

ˇ

u
since σ and P

anticommute, as a consequence the two branches are equal up to a global
phase.

∗ Similarly , when su “ sv “ 1 both branches are equal up to a global phase.

Thus the strong determinism of P0 ensures the strong determinism of P1, more-
over JP0K “ JP1K.

– If |ϕ00y and RC |ϕ00y are colinear, then |ϕ00y is an eigenvector of RC, so Dk P
t0, 1, 2, 3u s.t. RC |ϕ00y “ ik |ϕ00y, then C |ϕ00y “ i2r`kR |ϕ00y, and

|φy “

ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
|ϕ00y ` i

keipα`δq
ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
|ϕ00y

`i2r`keiα
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
R |ϕ00y ` p´1qdeiδ

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
R |ϕ00y

“

´ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` ikeipα`δq

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯

ˇ

ˇ`P
0
D

u
|ϕ00y

`i2r`keiα
´
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` i2r´k`2deipδ´αq

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯

ˇ

ˇ´P
0
D

u
R |ϕ00y

Strongness implies
ˇ

ˇ

ˇ

A

`
Q,Q1

π{2

ˇ

ˇ

ˇ

´ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` ikeipα`δq

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

A

´
Q,Q1

π{2

ˇ

ˇ

ˇ

´
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` ikeipα`δq

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯ˇ

ˇ

ˇ

and
ˇ

ˇ

ˇ

A

`
Q,Q1

π{2

ˇ

ˇ

ˇ

´
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` i2r´k`2deipδ´αq

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯
ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

A

´
Q,Q1

π{2

ˇ

ˇ

ˇ

´ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` i2r´k`2deipδ´αq

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯ˇ

ˇ

ˇ
,

so Dℓ,m P t0, 1u s.t. ikeipα`δq “ p´1qℓi, eipδ´α´rπ´dπ´k π
2 q “ p´1qmi, which

implies 2δ “ pr`m`ℓ`d`1qπ mod 2π, and 2α “ pr`m`ℓ`d`kqπ mod 2π.
As a consequence,

|φy “
´ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` p´1qℓi

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯

ˇ

ˇ`P
0
D

u
|ϕ00y

` i2r`keiα
´ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` p´1qmi

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯

ˇ

ˇ´P
0
D

u
R |ϕ00y
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Thus
ˇ

ˇ

ˇ
Ψ

π
2
0

E

“
?

2
´

ep´1qℓ π
4 i
ˇ

ˇ`P
0
D

u
|ϕ00y ` i

2r`keiαep´1qm π
4 i
ˇ

ˇ´P
0
D

u
R |ϕ00y

¯

and
ˇ

ˇ

ˇ
Ψ

π
2
1

E

“
?

2
´

e´p´1qℓ π
4 i
ˇ

ˇ´P
0
D

u
R |ϕ00y ` p´1qdikeiαe´p´1qm π

4 i
ˇ

ˇ`P
0
D

u
|ϕ00y

¯

Stepwise strong determinism implies that Dϵ s.t. eiϵep´1qℓ π
4 i “

p´1qdikeiαe´p´1qm π
4 i and eiϵi2r`keiαep´1qm π

4 i “ e´p´1qℓ π
4 i. As a consequence

2α “ pr ` k ` dqπ mod 2π. Combining with previous equations on 2α, namely
2α “ pr `m` ℓ` d` kqπ mod 2π, we get m “ ℓ mod 2. As a consequence:

|φy “
´
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` p´1qℓi

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯

b

´

ˇ

ˇ`P
0
D

u
|ϕ00y ` i

2r`keiα
ˇ

ˇ´P
u

D

R |ϕ00y
¯

Hence, the pattern CsuMP,θu
u P is strongly deterministic as CR |ϕ00y » |ϕ00y,

and the four branches P1 “ CsvRsv MtQ,Q1u,θv
v CsuMP,θu

u P are equal up to a
global phase to the corresponding branches of P0 which guarantees strong de-
terminism of P1 and that JP1K “ JP0K. Therefore P1 is robustly deterministic.

[ii] Otherwise σP “ Pσ,

Now, we consider the case θv “ 0 and sv “ 1 which, after the appropriate corrections,
produces the state:

ˇ

ˇΨ0
1
D

»
ˇ

ˇ`P
0
D

u
R |ϕ10y ` p´1qd1

eiβ
ˇ

ˇ´P
0
D

u
RC |ϕ10y

with d1 P t0, 1u s.t. d1 “ 0 iff σ “ I.

Since P0 is stepwise and strong deterministic the possible states of the register after
the measurement of v (and the corresponding corrections) should be the same up
to a global phase

`ˇ

ˇΨ0
1
D

»
ˇ

ˇΨ0
0
D˘

. As a consequence, Dγ s.t. R |ϕ10y “ eiγ |ϕ00y and

p´1qd1

eiβRC |ϕ10y “ eipα`γqC |ϕ00y, so e
ipβ`γq “ p´1qa`d1

eipα`γq where a P t0, 1u is
s.t. RC “ p´1qaCR. It implies β “ α` pa` d1qπ mod 2π.
As a consequence,

|φy “
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
|ϕ00y ` e

iα
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
C |ϕ00y

` p´1qreiγ
ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
R |ϕ00y

` p´1qreipα`γ`pa`d1qπq
ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
CR |ϕ00y

So, with δ “ γ ` rπ we get

|φy “

ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
|ϕ00y ` e

iδ
ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ`P
0
D

u
R |ϕ00y

`eiα
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
C |ϕ00y ` e

ipα`δ`pa`d1qπq
ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

ˇ

ˇ´P
0
D

u
CR |ϕ00y

[ii.1] If a ` d1 “ 0 we see that the patterns CsuMuP and P1 “

Rsv MtQ,Q1u,θ
v CsuMP,α

u P are strongly deterministic, so P1 is robustly deterministic.

Indeed after the measurement of u in CsuMP,θu
u P the two possible states af-

ter correction are
ˇ

ˇφ0
0
D

“

ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
|ϕ00y ` eiδ

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v
R |ϕ00y and

ˇ

ˇφ1
0
D

“
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eiα
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
C2 |ϕ00y ` eipα`δq

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v
C2R |ϕ00y “ p´1qceiα

ˇ

ˇφ0
0
D

, as C2 “ p´1qcI.
For the full pattern, we check that for any v measurement angle θv, the branches
(after both measurements) with same su and sv in P0 and P1 are equal up to a
global phase.

– When su “ sv “ 0 both branches are obviously equal.

– When sv “ 0, and su “ 1 the resulting states are respectively

C
@

´P
0
ˇ

ˇ

u

A

`
Q,Q1

θv

ˇ

ˇ

ˇ

v
|φy for P0 and

A

`
Q,Q1

θv

ˇ

ˇ

ˇ

v
C
@

´P
0
ˇ

ˇ

u
|φy for P1 which are equal.

– When sv “ 1 and su “ 0 the resulting states are respectively
@

`P
0
ˇ

ˇ

u
σuR

A

´
Q,Q1

θv

ˇ

ˇ

ˇ

v
|φy for P0 and R

A

´
Q,Q1

θv

ˇ

ˇ

ˇ

v

@

`P
0
ˇ

ˇ

u
|φy for P1. Since σ and

P commute,
@

`P
0
ˇ

ˇ

u
σu »

@

`P
0
ˇ

ˇ

u
as a consequence the two branches are equal

up to a global phase.

– Similarly , when su “ sv “ 1 both branches are equal up to a global phase.

Thus the strong determinism of P0 ensures the strong determinism of P1, moreover
JP0K “ JP1K.

[ii.2] Otherwise, a` d1 “ 1.
By measuring v with θ “ π{2 one gets:

ˇ

ˇ

ˇ
Ψ

π
2
0

E

» pI ` ieiδRq
ˇ

ˇ`P
0
D

u
|ϕ00y ` e

iαCpI ´ ieiδRq
ˇ

ˇ´P
0
D

u
|ϕ00y

Then by measuring u with P , there exists η s.t.

pI ` ieiδRq |ϕ00y “ eipα`η`cπqpI ´ ieiδRq |ϕ00y

So |ϕ00y and R |ϕ00y are colinear, hence |ϕ00y is an eigenvector of R, and Dk P
t0, 1, 2, 3u s.t. R |ϕ00y “ ik |ϕ00y, and

|φy “
´ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` eipδ`kπ{2q

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯

ˇ

ˇ`P
0
D

u
|ϕ00y

` eiα
´
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
´ eipδ`kπ{2q

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯

ˇ

ˇ´P
0
D

u
C |ϕ00y .

Strongness implies
ˇ

ˇ

ˇ

A

`
Q,Q1

π{2

ˇ

ˇ

ˇ

´
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` ikeiδ

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯
ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

A

´
Q,Q1

π{2

ˇ

ˇ

ˇ

´
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` ikeiδ

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯ˇ

ˇ

ˇ

so Dℓ, P t0, 1u s.t. ikeiδ “ p´1qℓ

As a consequence,

|φy “

´
ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
` p´1qℓ

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯

ˇ

ˇ`P
0
D

u
|ϕ00y `

eiα
´ˇ

ˇ

ˇ
`

Q,Q1

0

E

v
´ p´1qℓ

ˇ

ˇ

ˇ
´

Q,Q1

0

E

v

¯

ˇ

ˇ´P
0
D

u
C |ϕ00y

Hence, for C 1 P tĂQvC,ĂQ1vCu where
rK :“

#

XZ if K “ Y
K otherwise

, the pattern C 1suMuP is

robustly deterministic.

Moreover, for any R1 P tR,Hu, the four branches of the pattern P1 “

R1svMQ,Q1

v C 1suMuP are equal up to a global phase to the corresponding branches of
P0 which guarantees strong determinism of P1 and that JP1K “ JP0K. Therefore P1
is robustly deterministic.

l
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F Proof of Proposition 3
Proposition 3 If a pattern P is robustly deterministic then it is consistent with a Shadow
Pauli Flow of its underlying open graph.

Proof: Let mP “
ř

uPOc, |λu|“1 |tv P O
c | v ă u and |λv| “ 2u| the total distance of Pauli

measurements to the end of the computation. We show by induction on mP that P has a
Shadow Pauli Flow pp,ăq that induces P and such that Condition (1) is satisfied, where
Condition (1) is: If w1, w2 P O

c, w2 P imppppw1qq and w2 ă w1 then |λw1 | “ 1 and after
the measurement6 of w2, either:

• w1 is an isolated qubit in the state
ˇ

ˇ

ˇ
`

λw2
δ´αw2

E

• the state is of the form λw1pαw2q |ϕy where |ϕy does not depend on αw2 .

Where δ P r0, 2πq is a constant that only depends on w1 and w2 (but not on the
measurement angles α).

If mP “ 0 then all the Pauli measurements are at the end of the computation so
according to Proposition 5, since P is deterministic it has a Pauli Flow which can be seen
has an Shadow Pauli Flow that trivially satisfies the induction hypothesis.

Otherwise there exists u P Oc s.t. |λu| “ 1 and its previous measurement is on a qubit
v s.t. |λv| “ 2. We consider all the patterns P 1i s.t. P �u P 1i. According to Proposition 6
all P 1i are robustly deterministic, so by induction hypothesis they have a Shadow Pauli
Flow pp1i,ă

1q satisfying Condition (1) where ă1 is obtained from ă by exchanging u and
v. We use the notation P 1 and p1 when there is a single P 1i. Let C be the corrector of u in
P and Rσu be the corrector of v in P (where R is not acting on u), and λv “ tQ0, Q1u.

• If λuσ “ ´σλu, then there is a single P 1 s.t. P �u P 1. Let C 1 (resp R1) be the
corrector of u (resp. v) in P 1.

Let p : w ÞÑ
#

p1pwq if w ‰ v

p1pvq∆p1puq otherwise

We show that pp,ăq is a Shadow Pauli Flow that satisfies Condition (1) and that
pp,ăq induces P. Notice that it is enough to show that pp,ăq satisfies the Shadow
Pauli Flow conditions for u and v as it has been modified only on those two qubits.
First notice that according to Definition 10 the corrector C 1 “ C consistent with
p1puq in P 1 does not act on v so v R p1puqYOddpp1puqq so v R imppp1puqq and therefore
v R imppppuqq as ppuq “ p1puq. Moreover, C is consistent with ppuq and Condition (1)
is satisfied for w1 “ u.

Regarding v, R1 “ CR so R “ CR1, as a consequence ppvq induces R as p1puq
induces C and p1pvq induces R1. Therefore pp,ăq induces P. Moreover, regarding
Condition (1) in P for w1 “ v, we prove by contradiction that w2 R imppppvqq for
any w2 ă v.

Notice that if there exists w2 ă
1 u s.t. w2 P imppp1puqq then according to Condi-

tion (1) in P 1, either:

piq The qubit u is an isolated qubit in the state
ˇ

ˇ

ˇ
`

λw2
δ´αw2

E

(before the measurements

of both u and v). Thus in P, the state of u after the measurement of v does
not depend on the outcome of the measurement v. Thus by determinism the

6and the associated correction
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state of u must be an eigenvector of σu, therefore σu R λw2 and δ ´ αw2 “ 0
mod π which contradicts the uniform determinism. So there is no w2 ă

1 u s.t.
w2 P imppp1puqq, hence no w2 ă v s.t. w2 P imppppvqq, thus Condition (1) is
also satisfied for w1 “ v.

piiq Or, the state after the measurement of w2 is of the form λupαw2q |ϕy where
|ϕy does not depend on αw2 . Thus, in P, the measurement of v after
corrections produces either λupαw2q

@

`λv
αv

ˇ

ˇ

v
|ϕy or Rσuλupαw2q

@

´λv
αv

ˇ

ˇ

v
|ϕy “

eiθ0λup´αw2qRσu

@

´λv
αv

ˇ

ˇ

v
|ϕy that are equal up to a global phase. When αw2 “ 0,

we get
@

`λv
αv

ˇ

ˇ

v
|ϕy “ eiθ1λup0qRσu

@

´λv
αv

ˇ

ˇ

v
|ϕy, thus λupαw2qλup0q

@

`λv
αv

ˇ

ˇ

v
|ϕy “

eiθλup´αw2q
@

`λv
αv

ˇ

ˇ

v
|ϕy so

@

`λv
αv

ˇ

ˇ

v
|ϕy is eigenvector of λup2αw2q. Therefore u is

in the state
ˇ

ˇ

ˇ
`

λu
kπ

E

. Hence the original pattern is not robust deterministic as u

is measured with Pauli λu.

• Otherwise, if RC “ CR xor σ “ P , then there is a single P 1 s.t. P �u P 1. Let C 1

(resp R1) be the corrector of u (resp. v) in P 1.
We show that pp1,ăq is a Shadow Pauli Flow that satisfies Condition (1) and that
pp1,ăq induces P. Similarly to the previous case, C is consistent with p1puq and Con-
dition (1) is satisfied for w1 “ u. Moreover, p1pvq also induces R and Condition (1)
is also satisfied for w1 “ v.

• Finally, for the remaining case, there are several P 1i s.t. P �u P 1i, Let R10 “ R11 “ R,

R12 “ R13 “ H, C 10 “ C 12 “
ĂQvC and C 11 “ C 13 “

ĂQ1vC be respectively the correctors
of v and u in the corresponding P 1i.
We show that pp10,ăq is a Shadow Pauli Flow that satisfies Condition (1) and that
pp10,ăq induces P. First notice that according to Definition 10 the corrector C 10 “
ĂQvC, consistent with p10puq in P 10, acts on v so v P p10puq Y Oddpp10puqq so v P
imppp10puqq.

To show that pp10,ăq is a Shadow Pauli Flow, it is enough to show that Dv :“ p12pvq
satisfies the Shadow Pauli Flow condition. Indeed in P 12, there is no Pauli correction
for v, thus all the other vertices in Dv YOddpDvq are smaller than v and cannot be
anachronistically impacted by other corrections as they are Pauli-measured.

To show that Condition (1) is satisfied, w.l.o.g., assume Qv “ X, Q1v “ Y and
P “ Z. So before measurement of v in P 12, v is in a state in t|0y , |1yu.
Let |φy be the state of the system before the measurement of u in P 12. There exist
four (not necessarily normalized) vectors |ϕi,jy s.t.

|φy “ |0v0uy |ϕ00y ` |0v1uy |ϕ01y ` |1v0uy |ϕ10y ` |1v1uy |ϕ11y

Let |Ψsuy be the state of the system after the application of the measurements of u,
and appropriate corrections.

|Ψ0y “ |0vy |ϕ00y ` |1vy |ϕ10y.

|Ψ1y “ Q̃v |0vyC |ϕ01y ` Q̃v |1vyC |ϕ11y “ |1vyC |ϕ01y ` |0vyC |ϕ11y.

Dβ s.t. eiβC |ϕ01y “ |ϕ10y and e
iβC |ϕ11y “ |ϕ00y.

Therefore,

|φy “ |0v0uy |ϕ00y ` e
´iβ |1v1uyC |ϕ00y ` |1v0uy |ϕ10y ` e

´iβ |0v1uyC |ϕ10y
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with |ϕ00y “ 0 or |ϕ10y “ 0. w.l.o.g. we can assume that |ϕ10y “ 0.
|φy “ |0v0uy |ϕ00y ` e

´iβ |1v1uyC |ϕ00y.

We have |Ψ0y “ |0vy |ϕ00y. As P 10 is robustly deterministic:

– If sv “ 0:
@

`X,Y
αv

ˇ

ˇ |Ψ0y “
1?
2 |ϕ00y and,

– If sv “ 1: R
@

´X,Y
αv

ˇ

ˇ |Ψ0y “
1?
2e
´iαvR |ϕ00y.

Therefore robust determinism of P 10 implies that R |ϕ00y “ eiγ |ϕ00y. Notice that γ
does not depend on the particular angle of measurement αv.

– If σ “ P and RC “ CR, C and R have same eigenvectors and C |ϕ00y “
eiδ |ϕ00y. Therefore |φy “ p|0v0uy` e

´ipβ`δq |1v1uyq b |ϕ00y. After the measure-
ment of v in P, we get

∗ If sv “ 0:
@

`X,Y
αv

ˇ

ˇ |φy “ p
@

`X,Y
αv

ˇ

ˇ 0y |0uy ` e
´ipβ`δq

@

`X,Y
αv

ˇ

ˇ 1y |1uyq b |ϕ00y “
1?
2p|0uy ` e

´ipβ`δ`αvq |1uyq b |ϕ00y.

∗ If sv “ 1: σuR
@

´X,Y
αv

ˇ

ˇ |φy “ eiγp
@

´X,Y
αv

ˇ

ˇ 0y |0uy ´ e
´ipβ`δq

@

´X,Y
αv

ˇ

ˇ 1y |1uyq b

|ϕ00y “
eiγ
?

2p|0uy ` e
´ipβ`δ`αvq |1uyq b |ϕ00y.

So u is separable and is in the state
ˇ

ˇ

ˇ
`

X,Y
δ1´αv

E

.

– If σ “ I and RC “ ´CR,

in P measuring v first we get:

∗ If sv “ 0:
@

`X,Y
αv

ˇ

ˇ |φy “ 1?
2p|0uy |ϕ00y ` e´ipβ`αvq |1uyC |ϕ00yq “

Zupαvqp
1?
2p|0uy |ϕ00y ` e

´iβ |1uyC |ϕ00yqq which satisfies the condition.

∗ If sv “ 1: R
@

´X,Y
αv

ˇ

ˇ |φy “ 1?
2Rp|0uy |ϕ00y ´ e´ipβ`αvq |1uyC |ϕ00yq “

eiγ
?

2p|0uy |ϕ00y ` e´ipβ`αvq |1uyC |ϕ00yq “ eiγZupαvqp
1?
2p|0uy |ϕ00y `

e´iβ |1uyC |ϕ00yqq which satisfies the condition.

l
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