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We present a two-step protocol for quan-
tum measurement tomography that is
light on classical co-processing cost and
still achieves optimal sample complexity.
Given measurement data from a known
probe state ensemble, we first apply least-
squares estimation to produce an uncon-
strained approximation of the POVM, and
then project this estimate onto the set
of valid quantum measurements. For a
POVM with L outcomes acting on a d-
dimensional system, we show that the pro-
tocol requires O ((d + d*L)/e*) samples to
achieve error ¢ in worst-case distance, and
O(d?L/e?) samples in average-case distance.
We further establish two matching sample
complexity lower bounds of Q((d*+d?L)/e?)
and Q(d%L/€?) for any non-adaptive, single-
copy POVM tomography protocol. Hence,
our projected least squares POVM tomog-
raphy is sample-optimal in both the di-
mension and the number of outcomes for
both distances. Our method admits an
analytic form when using global or local
2-designs as probe ensembles and enables
rigorous non-asymptotic error guarantees.
Finally, we also complement our findings
with empirical performance studies car-
ried out on a noisy superconducting quan-
tum computer with flux-tunable transmon
qubits.
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1 Introduction

A significant limitation to the practical utility of
quantum computers is the presence of errors and
decoherence. Without active mitigation or error
correction, these effects quickly accumulate and
destroy the fragile quantum coherence needed for
reliable computation [1-3]. Among the different
noise sources, measurement errors play a particu-
larly important role, especially in superconduct-
ing qubit platforms where readout is often noisier
than gate operations [4]. Reliable characteriza-
tion of detector noise is therefore crucial, not only
for benchmarking hardware but also for enabling
error-mitigation strategies.

Accurate detector characterization has already
proven useful in several error-mitigation strate-
gies. One prominent approach is to use the in-
formation about the detector to correct outcome
probabilities or expectation values of observables,
thereby reducing the impact of readout noise on
subsequent experiments [1, 5-11]. Detector char-
acterization is also important in more general es-
timation frameworks, such as classical shadows,
where the ideal measurement channel assumed in
the protocol can be replaced by a noisy one ob-
tained from the characterization [12-15]. In both
cases, reliable knowledge of the detectors enables
more accurate data processing and extends the
practical capabilities of noisy quantum devices.

Quantum measurement tomography (QMT),
also known as detector tomography, provides
the standard framework for detector character-
ization by reconstructing the unknown measure-
ment, modeled as a positive operator-valued mea-
sure (POVM), from experimental data. Sev-
eral approaches to QMT have been proposed
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Figure 1: Sketch of the quantum measurement tomography protocol. a) Uniformly sample a set of input states from
an IC ensemble {[¢;)} b) A quantum device is initialized in each randomized input state and measured using the

POVM. The resulting frequencies f” for input state |¢;) and POVM outcome E; are stored in a vector f c) A

least-squares estimator for the POVM is computed using the measured frequencies f and the operators ;.
step depends on the choice of ensemble, such as a global or local 2-design.

This
d) The raw least squares estimate is

projected into the physical subspace of all POVMs via convex optimization. This produces the reconstructed POVM

(B, ...,

E7) as output. €) Example of the first two elements of a single qubit Symmetric Informationally Complete

(SIC-)POVM reconstructed from an experimental implementation on two flux-tunable transmon qubits.

and implemented over the years [16-23]. These
methods collect statistics from a set of known
probe states and then infer a POVM via classi-
cal co-processing. A common strategy is to fit
the POVM by solving a constrained optimiza-
tion problem that minimizes the discrepancy be-
tween the observed frequencies and those pre-
dicted by the estimated POVM [16-21]. While
such techniques are widely used and often accu-
rate, they become computationally expensive as
the system dimension grows. Additionally, ex-
isting convergence guarantees for the estimated
POVM are only valid in the asymptotic regime,
where the central limit theorem applies. Note
that this means that for finite sample sizes, error
bars are not necessarily grounded in valid the-
ory. Least-squares estimation (LSE) combined
with projection methods offers a less computa-
tionally demanding alternative [22-25|, and al-
lows for a simpler derivation of reconstruction er-
ror bounds. Importantly, these error bounds also
hold in the non-asymptotic setting.

Determining the sample complexity of QMT,
that is, the number of POVM uses required to re-
construct a measurement with a given accuracy,
is a fundamental challenge. Similar to quantum
state tomography [26-34], such analysis enables
the development of protocols that minimize the
use of physical resources. This is particularly im-
portant in scenarios where time, memory, or ac-
cess to quantum devices is limited. Therefore,
studying sample complexity supports the design

of optimized protocols, supporting practical ap-
plications in quantum computing and the exper-
imental verification of quantum devices.

Given the rapid advances in controllable quan-
tum architectures, it is desirable to develop meth-
ods that are optimal in terms of sample complex-
ity and also efficient in classical co-processing cost
(think: memory and runtime). In this paper, we
propose a two-step protocol that separates the
estimation and constraint satisfaction processes
within QMT to obtain an overall more compu-
tationally efficient reconstruction protocol. Fol-
lowing data acquisition, we use LSE to obtain an
initial estimate of a POVM. LSE provides a com-
putationally simple method to extract matrices
that approximate the POVM, but without enforc-
ing the required physical constraints. In a second
step, we project this estimate onto the set of valid
POVMs, ensuring that the final reconstructed op-
erator satisfies all necessary conditions.

Our main contribution lies in analyzing the
sample complexity of this two-step protocol and
proving that its scaling matches fundamental
lower bounds from quantum information theory.
More precisely, for a POVM on a d-dimensional
system with L outcomes, we show that our proto-
col requires O ((d* + d*L)/€*) samples to achieve
error € in a worst-case distance, and O (d?L/¢?)
in an average-case distance.
prove that any protocol based on independent,
non-adaptive measurements must use the POVM
at least Q ((d® + d?L)/€®) times to achieve the

Conversely, we
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same error in worst-case distance, and Q (d?L/¢?)
in average-case distance. Thus, our protocol
achieves optimal sample complexity for both dis-
tances.

To evaluate the reconstruction error, we con-
sider two natural distance measures between
POVMs. The operational distance quantifies the
worst-case distinguishability of measurement out-
comes and is commonly used in discrimination
and error-mitigation tasks [7, 35-38|]. In contrast,
the average-case distance captures the expected
total variation distance between output distribu-
tions when input states are drawn from a random
ensemble [37]. This measure reflects the typical
performance of the POVM in practical scenar-
ios. Importantly, having rigorous guarantees on
how these errors scale with the number of sam-
ples provides a solid theoretical foundation for
error-mitigation strategies [1, 5-11, 13—15], which
often assume precise characterization of the mea-
surement noise without explicitly quantifying the
estimation error introduced by finite sample sizes.
We make this explicit by showing how our tomo-
graphic bounds directly control the residual error
of a classical noise-mitigation scheme [7].

Furthermore, we investigate the practical scal-
ability of our method through numerical simu-
lations, benchmarking it against standard Maxi-
mum Likelihood Estimation (MLE) measurement
tomography. We show that using an alternating
projection algorithm [39], our protocol matches
the reconstruction accuracy of MLE while main-
taining computational efficiency for system sizes
where standard optimization solvers become in-
tractable.

Finally, we demonstrate the performance of our
protocol on a noisy quantum system, successfully
recovering experimentally implemented POVMs
on two flux-tunable transmon qubits. By estab-
lishing the sample-optimality of our method and
validating it in real experimental settings, we pro-
vide both rigorous theoretical guarantees and a
practical tool for quantum measurement charac-
terization.

2 Preliminaries

In quantum mechanics, measurements are com-
monly described using the framework of positive
operator-valued measures, or POVMs for short.
For a quantum system of dimension d, a POVM

E is a collection of linear operators { £} }]L:1 act-
ing on C? that satisfy the conditions

L
> Ej=1 and E;>0 (1)
j=1
for every j = 1,2,...,L. Here, E; > 0 requires
that each operator is positive semidefinite, i.e.
E;f = E; (Hermitian) and every eigenvalue is non-
negative. When a quantum state p is measured
using F, the probability of outcome j is given
by the Born rule p; = tr(pE;). The conditions
in Eq. (1) ensure that this is a valid probability
distribution, regardless of the quantum state p.
Note that these probabilities depend on both the
state and the POVM in question. Hence, they
can be used to perform quantum measurement
tomography. In this task, the goal is to recon-
struct an unknown POVM using the measure-
ment statistics obtained by applying it to a set
of known quantum states {p; }¥ ;.

To assess the accuracy of tomography, we need
a way to quantify the difference between POV Ms.
One natural choice is the operational distance
dop, defined as the largest total variation distance
between the probability distributions that two
POVMs can produce when applied to the same
quantum state [7, 35-37].

Definition 1 (Operational distance). Let E and
F be two L-outcome POV Ms acting on a Hilbert
space of dimension d. We define the operational
distance dyp as

L

1
doo (B, F) = SN e (Eip) — tr(Fip)].
p( ) ple%a(?_[) ]2:1| r(Ejp) r(Fjp)|
(2)

This is equivalent to

dop(E, F) =
o5 1) = e

S (Br—F)||, ()
kex

where P (L) is the power set of {1,2,...,L} and
|A||l is the spectral norm of A, i.e. the largest
matrix eigenvalue in modulus. The number
dop(E, F') € ]0,1] is related to the optimal proba-
bility of distinguishing between measurements F
and F' without using entanglement with a larger
auxiliary system.

In our proofs, we will use

1
dext (X, Y) == sup
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where X = {Xj}JL:1 and Y = {Y]}JL:1 for X;
and Y; Hermitian. If £/ and F' are POVMs, then
dext(E, F) = dop(E, F).

The operational distance is a worst-case dis-
tance measure. In practical scenarios, however,
it is often more relevant to compare the average-
case behavior of quantum measurements. To cap-
ture this, we can consider the expected Total
Variation (TV) distance between the measure-
ment statistics of two POVMs, £ and F, when
applied to pure states ) drawn from a random
ensemble v

L

TVaV(EvF) = |IE> %Z |<¢|EZ|¢> - <w|E|¢>|] .
i=1

(5)

While calculating this expected TV distance di-
rectly is computationally challenging, if the en-
semble v forms at least an approximate state 4-
design, TV, (FE, F') is proportional to the follow-
ing compact expression [37, Theorem 2]:

Definition 2 (Average case distance). Let E and
F be two L-outcome POVMs acting on a Hilbert
space of dimension d. We define the average-case
distance d,, as

1 L

o (B, F) = 5>/ I1Bi = Fill} + ([ — F)’,
i=1

(6)

tr[ATA] denotes the Frobenius

where [|Al|p =
norm.

This distance is related to the operational dis-
tance by aday(E, F) < dop(E, F) < dday(E, F),
where a = 0.31 [37].

Finally, we base our unconditional lower
bounds on the sample complexity required for
any quantum measurement protocol on Fano’s in-
equality. More precisely, we use the following con-
sequence which is displayed in [32, Corollary 2.7].

Lemma 1. Let X, Y, and X be discrete random
variables forming a Markov chain X — Y — X',
where X takes values in X. Suppose Alice sends a
message X ~ Unif(X) and Bob is able to decode
the message with constant probability of success
using X. Then, it must hold that

I(X 2 Y) = Q(log | X]), (7)

where I denotes the mutual information

3 Projected least-squares
measurement tomography

quantum

Here, we present a protocol to reconstruct any L-
outcome POVM on a d-dimensional system with
a sample complexity of N € O ((dgt#) in the
operational distance do, (worst case), and N €
@ (‘f—f) in the average distance d,,. A sketch

of this protocol, and a sample of reconstructed
empirical data are shown in Fig. 1.

3.1 Protocol

Our aim is to characterize a POVM E with L ele-
ments {E1, Ea, ..., EL} acting on a Hilbert space
of dimension d. To this end, we collect mea-
surement statistics from a known set of quantum
states {|¢;)}4, . This set is chosen to be informa-
tionally complete, meaning that for any POVM
element Ej;, the probabilities (¢;|E;|1;) uniquely
identify F;. We then perform least-squares esti-
mation to obtain preliminary estimators for the
POVM elements, which are subsequently pro-
jected onto the set of physical POVMs.

It is worthwhile to point out that the least-
squares estimation step can be computed analyt-
ically if the ensemble of probe states {|u;)}M,
either forms a global 2-design or is a tensor prod-
uct of single-qubit 2-designs. This 2-design probe
ensemble is distinct from the 4-design ensem-
ble used to motivate d,, in Sec. 2. While re-
lating d,, to the average TV distance requires
a 4-design, the tomographic reconstruction it-
self only requires a 2-design to analytically in-
vert the measurement map and bound the es-
timator’s variance. If the ensemble is a tensor
product of single-qubit 2-designs, each state is of
the form [) = [t4,) © [t,) © - @ [hy, ), where
the states {|;, )} of each qubit k =1,...,n form
a 2-design. Examples of 2-designs include stabi-
lizer states [40], states from a symmetric informa-
tionally complete POVM (SIC-POVM) [41], and
states forming a maximal set of mutually unbi-
ased bases (MUBs) [42]. We propose the follow-
ing estimation protocol:

1. Data collection. We uniformly sample a state
from the set {|u;)}},, prepare it on the
quantum device and then measure it using
the POVM. This procedure is repeated N
times. Let N;; denote the number of shots in

Accepted in { Yuantum 2026-07-02, click title to verify. Published under CC-BY 4.0. 4



which the sampled input state was [¢;) and
the observed POVM outcome was j. We de-
fine fij = Nj;j/N. Then fij is an unbiased
estimator of the joint probability

1
pij = 3 Wil Bjli). (8)

2. Least squares estimator. We compute em-
pirical estimators E; of each POVM element
separately as

A M A
E; =" fijvi, 9)
i=1
where

vi =d(d+ 1)) (i —dl  (10)

if the set of states {|1;)}}4, forms a 2-design
(see App. A) or

n

vi = @ (6lwi) (i | —21)  (11)

k=1
if the set of states is a tensor product of
single-qubit 2-designs (see App. B). The el-
ements from Eq. (9) form an unbiased esti-
mator for the POVM, denoted as E.

3. Projection onto a POVM. The bare least
squares estimator E = {El,...,EL} will
typically not meet the conditions of a phys-
ical POVM. To obtain a physical object

we solve the following convex optimization
problem [43]

dext (B, Z) or duy(E, Z)

minimize
{Zl ..... ZL}C(CdX d

: T
subject to  Z; = Z;

L
Y Zj=1.
j=1

We output the optimal solution (argmin)
{E]* ]L:1 of this optimization problem as the
estimator of the POVM in the corresponding
distance.

The LSE in Egs. (10) and (11) are related to
single-shot estimators in quantum state tomog-
raphy and classical shadows [12, 29]. Due to
the symmetry of the Born rule, probing an un-
known POVM with random states is the dual of
probing an unknown state with random measure-
ments. Consequently, our estimators v; are ex-
actly d times the shadow estimators. This factor
of d accounts for the differing trace constraint,
tr(p) = 1 versus Zle tr(E;) = d.

Z;>0 (12)

3.2 Error analysis for operational distance d,,

Now, we will show that the worst-case error
dop(E, E*) can be controlled by the sample size
N.

Theorem 2. Assume an L-outcome POVM E
acting on a Hilbert space of dimension d, and
an IC set of states {|;)}M,. A reconstruction
error dop(E, E*) < € with probability 1 —§ can be
achieved using the protocol described above with

sample size
2L+1 92d
n ( 3 (13)

when {|Y:)}M, forms a 2-design, or

N 80U+ ) <2L+192d> N

N> 8 (d? + e(d? +1)/6) |

- 62

= €2 )

if the POVM acts on an n-qubit system and
{lwi) M, is a tensor product of single-qubit 2-
designs.

These bounds imply that the sam-

ple complexity of our protocol scales as
O ((d® + d?L)/€®) when using global 2-designs,
and as O ((12" + 6"L)/€?) for tensor product of
2-designs. The number of degrees of freedom in
an L-outcome POVM on a d-dimensional Hilbert
space is Q(d?L). Thus the bound matches the
parameter-count scaling whenever L 2 d, while
for few-outcome measurements it contains an
additional d® term.

Proof. We first control the error in least-squares
estimator. Fix a sign vector a = (a1,...,ar) €
{—1,+1}" and define the signed fluctuation

L
Ag =" aj(E; - Ej). (15)
j=1

The vector a is fixed throughout the following
scalar concentration argument. Later we take a
union bound over all 2F choices of a.

Fix a unit vector |u) € C? and a € {£1}L. Let

gi(u) = (ulvi|u). (16)

For this fixed u and fixed a, define the real-valued
random variable 7, , such that

Zu,a(iaj) = ajgi(u)' (17)
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with probability bij = ﬁ<¢Z|Ej‘¢l>
The empirical mean of Z,, , is

ZZfzy u,a Z ] ZZfzja] U‘Vz‘u

=1 j=1 i=1j=1

= (ul (Z a; ) |u). (18)

The expectation of Z,, , is

M L
o = ZZPijaj<U|Vi|U>

i=1j=1
L ’ 1 M

= a;(y| <M ZWiIEg’\’%‘M) )
j=1 =1

L
= (u| (Z ajEj> ). (19)
j=1

Hence, the difference between these two quanti-
ties is

M L
(ulAalu) =Y (fij — pij)ajgi(u).  (20)
i=1j=1

By scalar Bernstein’s inequality, for every fixed
unit vector v and every fixed sign vector a,

2
Pr (|{ul Afu)] > £) < 2exp (ﬂ%) .
(21)

The Bernstein parameters for Z,, , are computed
in Appendices A.2 and B.2. Namely,

Var(Zy, q) < v?, |Zuwa —BZua <K, (22)
with (v?, K) = (d?,d* + 1) for a global 2-design
and (v?, K) = (6™,4" 4 1) for a tensor product of

single-qubit 2-designs.

We now pass to operator norm. Let AN be a
1/4-net of the unit sphere of C¢. We choose it
such that [N < 92¢ [44]. For every Hermitian
matrix B, the standard net estimate gives [44]

1Bl < 2max [(u| Blu). (23)
Apply Eq. (21) with ¢ = €/2, and take a union

bound over all u € N and all a € {-1,+1}F.
The failure probability is at most

2L +192d oxp o Ne . (24)
8(v? + Ke/6)

The sample-size assumptions in Eqgs. (13) and
(14) make this quantity at most §. Hence, with
probability at least 1 — ¢,

mage (] Aau)] < (25)

DN

simultaneously for every sign vector a €
{—1,+1}". By Eq. (23), this implies

L
N 1 €
doxt (B, F) = = < —.
ext( ) ) 2ae{r—nﬁi—{1} Zl 9
(26)

It remains to use the projection step. Since
FE is itself a feasible POVM, the definition of £*
gives dext(E*,E) < dext(E,E). Using the trian-
gle inequality,

dext (B, E*) < dext(E”, E) + dext (E, E)
< 2ext(E,E) < e. (27)
Finally, ¥ and E* are POVMs. Therefore the ex-

tended operational norm coincides with the op-
erational distance:

dop(E,E*) = dext (E, E™) < e. (28)
This proves the theorem. ]

Projecting E onto the set of POVMs using dext
may become computationally demanding when
L is large. As a practical alternative, one can
perform the projection using any distance that
upper bounds dext [23, 39]. A natural choice is

doo = %minZePOVM ZiLzl ”EZ — Z;||. Then,
dop(E, E2) < dext(E, E) + dext(EX, E)  (29)
€
< - +dwo
= 2 (30)

ds can be calculated after the protocol is run,
and in practice is of the order of e.

3.3 Error analysis for average distance d,,

A similar calculation can be done to bound the
error in the average distance dgy:

Theorem 3. Assume an L-outcome POVM E
acting on a Hilbert space of dimension d and an
IC set of states {|Y;)}M,. A reconstruction er-
ror day(E, E*) < € with probability 1 — 6 can be
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achieved using the protocol described above with
sample size

8L(d2+d4—mJSVf)hl<4>

N > = 1
- €2 ) (31)
when {1\ M, forms a 2-design, or
8L (5" 4 5™/%¢/3V/L
s SIS 8y
€

if the POVM acts on an n-qubit system and
{wi) M, is a tensor product of single-qubit 2-
designs.

These sample complexity guarantees scale as
order O(d*L/€*) in the global 2-design setting,
and as O(5"L/e?) when using local 2-designs.
Compared to the worst-case (operational) dis-
tance, this represents a reduction in sample com-
plexity by a factor of d. The detailed proof is
given in App. C.

4 Minimum sample complexity

Here, we provide a lower bound for the sample
complexity of non-adaptive measurement tomog-
raphy considering the worst-case distance dop.
The proof is based on a discretization of the prob-
lem which allows us to relate quantum measure-
ment tomography to the problem of discrimina-
tion of well-separated POVMs. We first con-
struct a set of R € exp(Q2(d?)) POVMs on di-
mension d that are €/8 apart in operational dis-
tance from each other. We then encode a ran-
dom message using this set and decode it us-
ing measurement tomography with sufficient pre-
cision. From Fano’s inequality, this gives us a
lower bound Q(d?) for the mutual information
between the encoder and decoder. Additionally,
we obtain an upper bound O(Ne?/d) for the mu-
tual information between the parties after IV uses
of the POVM. Using these two results, we de-
rive a bound N > Q(d3/e?) for the sample com-
plexity of any non-adaptive tomographic proce-
dure. These techniques have been previously em-
ployed in quantum information theory and are
standard tools in the statistical estimation liter-
ature [12, 27, 32, 45-47].

4.1 Construction of an e-packing

Here, we will demonstrate the existence of a set
of R € exp(2(d?)) POVMs that are at least ¢/8

apart in operational distance. Each POVM Ey,
in this set has L 4+ 2 elements of the form

1
E&zézﬂim k=1,...,L

1
Eﬁlz(zdﬂ—;%P@

1—
E@2:(4@1+;mpm, (33)

where U, is a unitary operator, P a projector of
rank d/2 and 0 <e <1/2.

To construct this packing, we require the fol-
lowing set of unitaries [32]:

Lemma 4. There exists a set of R € exp(Q(d?))
unitaries such that for any U; # Uj in the set,

1 1
SUPUT U PUT L = 2 (34)

where P is a fixed projector of rank d/2.
We will use this to prove the following

Lemma 5. There exists a set of R € exp(Q(d?))
POVMs that are €/8 apart in operational distance
dop from each other.

Proof. From Lemma 4 we fix a set of R €
exp(Q(d?)) unitaries to construct a set of POVMs
in exp(Q(d?)) of the form of Eq. (33). Then
all the POVMs are at least €/8 apart from each
other:

€
dop(Eu,, Ev;) =3 |

> |
2d

viPUl - U;PUJ |

vipUf - U;PUY||

2 (35)

€
3
O

In the proof of the lower bound on the sam-
ple complexity, each POVM Ey;, of the form of
Eq. (33) will encode a uniform random message X
that will be decoded using the information given
by the measurement outcomes Y.

4.2  Upper bound on mutual information

To prove the upper bound for the mutual infor-
mation, we will first bound it in terms of the y*-
divergence [32]:
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Lemma 6. Let X be an arbitrary random vari-
able and Z a discrete random variable. Then,

<Z E pZX()) _1>’

X~px pZ
(36)

I(X:2)

where py is the probability distribution of Z and
pz|x s the probability distribution of Z condi-
tioned on the event X = x.

Measuring a set of states {p;}Y; using a ran-
dom POVM Ep . in our set of POVMs defines a
random variable Y = (Y7,...Yy) such that the
probability of outcome y; € [L + 2] in round ¢ is
given by p(Y; = y;) = tr (E%;sz> Computing
the mutual information I(X :Y') is challenging
because we do not have an explicit description of
the POVMs in our construction. The next result,
adapted from Proposition 4.3 in Ref. [32], allows
us to replace our specific ensemble of POVMs
with one defined using Haar-random unitaries in
the analysis of mutual information:

Lemma 7. Let X ~ Unif[R], U be a Haar ran-
dom unitary and {p;}}., a set of N quantum
states. Then, there exists a set of R € exp(Q2(d?))
POVMs of the form of Eq. (33) which forms an
€/8 packing and satisfies

I(X:Y)<IU:2), (37)

where Y = (Y1,...Yn) is the outcome of mea-
suring {pi}., with a random POVM Ey, and
Z = (Zy,...ZN) is the outcome of measuring
{pi}X., with a random POVM Ey.

This result allows us to upper bound the mu-
tual information by averaging over Haar-random
unitaries, instead of computing it directly from
the specific set of unitaries used in the €/8-
packing.

Using these results and following Ref. [32] we
obtain an upper bound for the mutual informa-
tion:

Lemma 8. Let X ~ Unif([R]) and ¥ =
(Y1,Ys,...YN) be the outcome of the measure-
ment of a random POVM Ey, of the form of
Eq. (33) over N quantum states. Then,

62

N
Ix:Y) < In(2) (d+1)

(38)

Proof. We have

I(X:Y)<I(U: Z)
N
=SV 2z, 2)
;
SZ (U : Zz')
i=1
Pz (zi)?
Sh’l 2) Uwgaar (; W - 1) ’

(39)

where the first line follows from Lemma 7, the
second one from the chain rule for mutual infor-
mation, the third one from the independence of
Z1,...Z N given U and the final one from Lemma
6. Then, we have to calculate the values of pz, (z;)
and By pz,jv(2i)?.

For POVM elements L+ 1 and L+ 2, the prob-
ability pz,(2i) = Ev pz,|u(2:) is of the form

et (U400} )
4

(40)

For ¢ = 1...L we have pgz,(z;) = 1/(2L). Next,
we have for POVM elements L + 1 and L + 2:

1+ 2
:Etr(<( 6>1L¢6UPUT> p)
U 4 2

_1 2¢?
=16 (H (d+1)> 4D

and for i = 1...L we have pz,(z;)? = 1/(4L?).
Then, collecting these results and substituting in
Eq. (39), we obtain

Igpzi\U(Zi)Q

zi=1
N €
“h@) @+ (42)
0

4.3 Lower bound on the sample complexity

Now we show a lower bound on the sample com-
plexity

Theorem 9. Any procedure for quantum mea-
surement tomography of a POVM on a d-
dimensional Hilbert space that is €/16 accurate
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in operational distance using nonadaptive, single-
copy measurements on known input states re-
quires

d® + d?L
vea(£H)

uses of the unknown POVM.

Proof. Assume a random message is encoded in
N copies of a POVM Ey,., where this POVM
is uniformly sampled from the e/8-packing de-
fined by Lemma 5. Let Y = (Y3,...,Yy) denote
the outcomes from measuring N known quantum
states using the POVM. Since each POVM in the
packing is separated by at least €/8, a tomogra-
phy algorithm that takes this data and produces
an estimate of the POVM within €/16 precision
in dop (with some constant probability) is suffi-
cient to decode the message. Then, tomography
must have a sample complexity at least as large
as the communication problem. From Lemma
8, the mutual information between the measure-
ments used for tomography and the message is
upper bounded by

N €
I(X:Y)< . 44
( )< In(2) (d+1) (44)
Using Lemma 1, we also have
I(X :Y) > Q(d%). (45)

Combining these results, we obtain

N & I(X:Y) > Q(d?) (46)
In(2) (d+1) — T '

Thus, we conclude that

voo(2) .

€

The packing above gives the dimension-
dependent contribution N = €(d*/e?). The
outcome-dependent contribution N = Q(d?L/e?)
follows from the average-distance packing in Ap-
pendix D, together with 0.31 day < dop. Combin-
ing the two independent lower bounds gives

N = Q(M> . (48)

€2

O]
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Figure 2: Results for the reconstruction of a noisy one-
qubit Symmetric Informationally Complete (SIC-)POVM
using an auxiliary qubit for the generalized measurement,
implemented on a two-qubit flux-tunable transmon de-
vice using a budget of 1.66 - 10° random initial states.
The reconstructed noisy POVM is compared to its ex-
pected noiseless counterpart, with the absolute differ-
ence displayed. Though noisy, the reconstruction fol-
lows the target POVM closely. The deviations from the
expected values are due to the noisy device implemen-
tation.

5 Application to error mitigation

In experiments, implemented measurements of-
ten deviate from the ideal model due to both
classical and non-classical noise. Classical noise
can be modeled by a column-stochastic matrix A
and mitigated by applying A~! to the measured
probabilities [7]. Non-classical noise, arising from
coherent imperfections in the POVM elements,
cannot be corrected by classical post-processing
and leads to residual errors. Here we show that
combining error mitigation with our tomographic
bounds allows one to quantify and correct these
errors.

Assume we have an ideal POVM Mjq, an im-
plemented POVM My, and a tomographic es-
timate Mesy of Mexp. For any quantum state p,
we denote the corresponding outcome probability
vectors by pid(p), Pexp(p), and pest(p). Suppose
the estimated POVM admits the decomposition
Mgt = AMiq+ A, where A is a column-stochastic
matrix describing classical outcome mixing, and
A collects all remaining (non-classical) imperfec-
tions. Our goal is to bound the deviation be-
tween the ideal statistics and the classically cor-
rected experimental ones using A, uniformly over
all states p.
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Using the triangle inequality,

IPid — A Pexplln < Ipid — A pest |11
+ |A™ (Pest — Pexp)|l1- (49)

Applying the inequality Az, < [[Allisillz]:

and taking the maximum over all p gives

max |[pia - A Pexplln

S ”A_1||1%1 m[z)xx (HApid - pestHl + Hpest - pepol)-

(50)

Then, from the definition of the operational dis-
tance, we obtain

sup Hpid - Ailpexp”l
P

< 2HA71 ||1—>1 [dop (AMid7 Mest) + dop(Mest7 Mexp)} .

(51)

The first term quantifies how well the classi-
cal noise model AMjq fits the tomographic recon-
struction Mg, and can be calculated classically
[7], since both terms are known, while the sec-
ond term represents the tomography error, which
can be estimated using the tomographic protocol
presented here.

6 Computational scalability and Nu-
merical Simulations

To evaluate the computational scalability of the
proposed protocol, we benchmark our two-step
method against standard MLE. Although our ap-
proach separates statistical estimation from con-
straint enforcement, the exact projection onto the
POVM set via semidefinite programming (SDP)
can still become computationally demanding.
For the operational distance d,p, the complex-
ity scales exponentially with the number of out-
comes L, while for the average-case distance d,y
it matches the complexity of MLE. Here, we show
that replacing the exact SDP projection with
Dykstra’s alternating projection method avoids
these bottlenecks without loss of reconstruction
accuracy.

6.1 Computational Scalability

Consider an L-outcome POVM acting on a d-
dimensional Hilbert space, which is described by

O(d?L) independent real parameters. We com-
pare the computational cost of two reconstruction
strategies.

The first is standard MLE with semidefi-
nite constraints [16|, which maximizes the log-
likelihood of the observed frequencies subject
to the POVM constraints. Using interior-point
methods (for example, CVXPY with the MOSEK
solver), the dominant cost arises from assembling
and inverting the Hessian at each iteration, yield-
ing a time complexity of O(d°L?) and a memory
complexity of O(d*L?) [43].

The second strategy combines LSE with a
heuristic projection step in Frobenius norm im-
plemented using Dykstra’s algorithm. Instead
of solving an exact SDP, this method iteratively
projects between the positive semidefinite cone
and the sum-to-identity hyperplane [39]. The
dominant operation at each iteration is the eigen-
decomposition of L matrices of size dxd, resulting
in a per-iteration time complexity of O(d*L) and
space complexity of O(d?L).

6.2 Numerical Simulations

We evaluate the protocol in two scaling regimes,
using a total measurement budget of N = 107
shots. As probe states, we use a local 2-design
formed by tensor products of the six single-qubit
Pauli eigenstates. First, we fix the system size to
n = 3 qubits and vary the number of outcomes
L € {4,8,16,32}. Second, we fix the number of
outcomes to L = 8 and scale the system dimen-
sion from n =1 to n = 6 qubits.

For each scenario, we generate random target
POVMs as follows. We sample L complex ma-
trices G; with standard normal entries and de-
fine positive semidefinite operators E]’ = GjG}L..
Imposing the completeness relation through S =

JL:1 E;-, we construct the POVM elements E; =
5_1/2E95_1/2 [23, 39]. Each shot consists of
first sampling a probe state p; uniformly from
the local 2-design and then measuring the un-
known POVM. Thus the joint probabilities are
pij = 77 tr(p;E;), where M = 6™ is the number of
local 2-design states. The observed counts N;; are
sampled from the multinomial distribution with
probabilities p;;, and we define the joint empirical
frequencies f‘,-j = % Theoretical upper bounds
are computed using the analytical expressions de-
rived in Thms. 2 and 3 at a confidence level of
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Figure 3: Computational efficiency and reconstruction accuracy of the PLS method. (Top row) Median classical
execution time of our LSE+4Dykstra approach compared to standard MLE, scaling with the number of POVM
outcomes L for d = 8 (left), and scaling with the number of qubits n for L = 8 (right). (Bottom row) Reconstruction
errors under the operational distance proxy (doo, solid lines) and average-case distance (d,y, dashed lines) as a function
of outcomes L (left) and qubits n (right). Theoretical upper bounds from Thm. 2 and Thm. 3 in black. All simulations

use N = 107 shots.

1-6=0.95.

Figure 3 (top row) displays the median classical
runtime over multiple trials as a function of out-
comes L and qubits n. Standard MLE exhibits
steep polynomial scaling, becoming computation-
ally costly for large L and dimension. In contrast,
the LSE + Dykstra method is orders of magni-
tude faster over the same parameter ranges.

Figure 3 (bottom row) compares the empiri-
cal reconstruction errors of both methods under
dop and duy. Since evaluating the exact opera-
tional distance dop requires an intractable maxi-
mization over all 2 outcome subsets, we instead
use the more efficiently computable upper bound
doo = % Zle HEy — Ej||. For all evaluated values
of L and n, Dykstra’s algorithm achieves the same
reconstruction quality as full MLE while signifi-
cantly reducing the computational overhead. The

theoretical bounds for both distances are plot-
ted alongside the numerical data, confirming that
the observed errors remain consistently below the
predicted bounds.

7 Empirical performance evaluations

Here we complement our theoretical findings with
empirical performance studies on real quantum
hardware. Target POVMs are prepared using
noisy quantum gates and readout. Then, quan-
tum measurement tomography is used to recover
the POVM performed on the noisy device. In
this section, we present POVMs recovered from a
noisy experiment, we showcase the performance
of the method in a real scenario and we discuss
its potential applications.

Accepted in {uantum 2026-07-02, click title to verify. Published under CC-BY 4.0. 11



The experiment is performed on two supercon-
ducting flux-tunable transmon qubits. The de-
vice is controlled via microwave-based arbitrary
waveform generators orchestrated and calibrated
by open-source middleware [48, 49|. For further
details, we refer to App. E.

The experiment consists of a two-pronged ap-
proach, where data acquisition and analysis are
performed separately. Random initial states are
generated from the ensemble of single-qubit 2-
designs. In this case, the eigenstates of the
Pauli operators are used. After N random states
are drawn, the outcome statistics of the cho-
sen POVM are aggregated in a vector of rela-
tive frequencies f . These probe states are known
and, in the presented experimental setting, ef-
ficiently prepared via single qubit pulses acting
on the target qubits. With the data collected,
post-processing starts by a least-squares estima-
tor of each element of the POVM. This estimate,
does not generally satisfy the POVM constraints,
therefore a projection is needed to obtain the
physical object we are interested in.

We choose a set of representative POVMs to
showcase the capabilities of the algorithm. In this
section we present results on a single-qubit Sym-
metric Informationally Complete (SIC-)POVM
that has been realized using one additional aux-
iliary qubit [50, 51]. That is, the setup involves
two qubits in total. Appendix F contains addi-
tional performance studies for the two qubit Iden-
tity, Hadamard, Bell and Haar random measure-
ments, as well as details on the implementation

of the SIC-POVM.

The reconstruction of the experimental SIC-
POVM is shown in Fig. 2. This has been per-
formed with a budget of N = 1.66 - 10° initial
states, randomly sampled from a single qubit two-
design. The reconstruction closely follows the
target POVM. We also notice that there is a
non-negligible difference between the experimen-
tal and target results. This difference is consider-
ably larger than the precision of the reconstruc-
tion algorithm. This discrepancy is due to the
experimental setup having inherent error in the
gate application and readout that our protocol is
precise enough to characterize.

This estimated POVM can be used to con-
struct, for example, the half-sided noisy measure-
ment channel. This channel combines the noisy
estimation of the POVM with the ideal one. It is

M M*

1.0
© -0.500 -0.000 -0.000 -0.000 -0.500 -0.000 0.000 -0.000 [
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Figure 4: Comparison of the half-sided noisy measure-
ment channel with the expected channel for a one-qubit
SIC-POVM. The channels are represented in Pauli ba-
sis. The absolute difference between them is also shown
on the right. The half-sided noisy channel only slightly
deviates from the expected results, proportional to the
depolarizing channel. This reconstruction of the chan-
nel actually implemented in the device can be used to
improve results executed on the experimental device.

computed by using the noisy and exact POVM re-
constructions, { £} }]L:1 and {E; }]Lzl respectively,
in

L
M= 1B (B (52)
j=1

Here the round bra-ket follows the standard Dirac
notation with respect to the Hilbert-Schmidt in-
ner product (A|B) = tr[AT B] with A, B linear op-
erators [15]. This half-sided measurement chan-
nel M* for the SIC-POVM is shown in Fig. 4,
compared to the exact channel. We can see the
effects of the noisy implementation on the recov-
ered measurement channel. However, the differ-
ence between the expected and experimental re-
sults is small, and the proportionality to the effec-
tive depolarizing channel is still apparent. This
channel is the key to error mitigation protocols
for classical shadows |7, 12-15]. More precisely,
the classical shadow protocol [12] relies on the
inversion of the measurement channel of a spher-
ical two design, which is proportional to the ef-
fective depolarizing channel. Of course, when im-
plementing this POVM measurements on a noisy
device, the resulting channel will not be the ex-
pected one. Therefore, the mismatch of the im-
plemented channel and the one inverted will in-
troduce some error on the expectation values of
interest. The presented protocol, however, can es-
timate the noisy experimental POVM, which can
then be used in place of the depolarizing channel
[13]. Several works have tackled this issue by es-
timating the noisy POVM implementation with
different techniques [7, 9, 15|, but our protocol
offers both a practical and theoretical advance-
ment on the previous methods, as it targets the
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noisy POVM implemented directly, making it a
clear choice for the implementation of these ro-
bust classical shadow methods.

Furthermore, as shown in the previous section,
this protocol can be incorporated in calibration
and characterization pipelines for quantum de-
vices |7]. Understanding the error sources of these
early devices is crucial to perform useful compu-
tations. These can be used to design error mit-
igation schemes and develop targeted error cor-
rection frameworks. Readout error is often de-
coupled from the rest of the process, our proto-
col instead provides a complete picture for com-
plex measurements, that includes logical opera-
tions and auxiliary space.

8 Synopsis

This work addresses the problem of quantum
measurement tomography, which aims to recon-
struct an unknown POVM based on the statis-
tics obtained from a known set of input states.
We propose and analyze a two-step reconstruc-
tion protocol that is both computationally fast
and provably accurate. The protocol first con-
structs a linear least-squares estimator of the un-
known POVM based on measurement statistics,
and then projects this estimator onto the space
of valid POVMs. This approach resembles pro-
jected least-squares quantum state and process
tomography, but is adapted to the measurement
problem [29, 30].

A key strength of our method is that the least-
squares estimator can be computed analytically
when the probe states are drawn from specific
ensembles. We focus on two prominent choices:
global 2-designs and tensor products of local 2-
designs. For both ensembles, we provide rigorous,
non-asymptotic performance guarantees for our
estimator in terms of its average-case and worst-
case reconstruction error.

In particular, for a L-outcome POVM acting
on a d-dimensional system, our method requires
O((d3+d?L)/€?) samples to achieve error € in op-
erational (worst-case) distance with high proba-
bility when using global 2-designs, and O((12" +
6"L)/€e?) samples when using tensor products
of single-qubit 2-designs. For average-case dis-
tance, the sample complexity is O(d?L/e?) and
O(5"L/€?), respectively.

In principle, a POVM can be viewed as a

quantum-to-classical channel, meaning full recon-
struction could be achieved via standard quan-
tum process tomography using the diamond
norm. However, estimating a quantum chan-
nel to accuracy € in diamond distance requires
O(d3 L3 . /e®) samples, which is substantially
larger than our results. The choice between our
two proposed metrics presents a trade-off depend-
ing on the application. The operational distance
dop requires more samples but provides strict
guarantees for all possible states, making it the
necessary choice for rigorous error mitigation (as
shown in Sec. 5). On the other hand, the average-
case distance (day) requires fewer resources and
is much better suited for randomized or near-
term protocols (such as variational algorithms or
classical shadows). In these typical experiments,
worst-case bounds might overestimate the errors,
making d,, the most efficient and natural choice.

To assess the optimality of our approach, we
also derive lower bounds on the sample complex-
ity of any non-collective, non-adaptive QMT pro-
tocol. Our proof combines techniques from quan-
tum information theory and classical statistics,
such as discretization arguments and Fano’s in-
equality. We show that any protocol aiming to
reconstruct an unknown POVM up to error e
must use at least Q((d® + d?L)/e?) samples for
the operational distance and Q(d?L/e?) samples
for the average distance. These bounds match the
scaling of our upper bounds for both distances,
achieving strict optimality in both d and L.

Beyond theoretical guarantees, our numerical
results confirm that the protocol is practically vi-
able for near-term devices. We show that the
empirical reconstruction errors across various sys-
tem dimensions (n < 6) and outcome counts
(L < 32) consistently remain below our non-
asymptotic upper bounds. Crucially, our ap-
proach exhibits stable runtime profiles, offering a
computationally superior alternative to standard
MLE tomography without a penalty in precision.

Finally, we complement our theoretical results
with empirical studies on actual quantum hard-
ware. Our experiments validate the practical per-
formance of our protocol and demonstrate its ro-
bustness under real noise conditions. Moreover,
we discuss the use of the protocol in the context
of error mitigation and characterization of con-
temporary devices.
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A Estimator using 2-designs

A.1 Least-squares estimator using 2-designs

The measurement step in the protocol defines a
linear map M : M(C%) — RM from POVM ele-
ments to probabilities. The map is defined as

MO = @il Xle),  (3)

where {|1;)}M, is a set of states that forms a 2-
design. In the experiment, we uniformly sample a
state from the set, prepare it, and then measure it
using a POVM E with elements (Eq, Es, ... EL).
After performing several rounds of this proce-
dure, the collected data consists of a vector of
relative frequencies f € RM*L where ﬁ-j = %j
and N;; is the number of shots in which the in-
put state [¢);) was sampled and outcome j was
observed. The relation between the frequencies
and the POVM elements is given by

fi = M(E;) +e, (54)

where fj = (flj, fgj, ce fMj) are all the frequen-
cies associated to F; and € represents statistical
noise due to the finite sample size.

The task of POVM estimation can be formu-
lated as a least-squares problem. The goal is
to find estimators Ej that minimize the differ-
ence between the observed data fj and the model
M(Ej). The least-squares solution is given by

Ej = (MIM)" (MI(f), (55)

where MT : RM — M (C?) is the adjoint map of
M.

To compute the solution, we leverage the 2-
design property of the states {|1;)}M,. Specifi-
cally, it can be shown that the map MM satis-
fies [29]

M
MIM(X) = 205 S (I X o)
i=1

X +tr(X)1

Codd+1)M (56)

This result simplifies the inversion of M M. The
inverse channel is given by

(MEM) ™ (X) = dM (@ +1)X — x(X)1).
(57)

Substituting this into the least-squares solution,
(55), we find that the estimators £; take the form

By = (MIM) T (MI(F)

11 M
:(MTM) (MZfijWiﬂ%’)

i

M
=" Jij (d(d + D)) (i —d1).  (58)
i=1

Thus, the least-squares estimator provides a
closed-form reconstruction of the POVM ele-
ments from the observed data.

A.2  Scalar Bernstein parameters for global 2-
designs

Here we compute the range and variance param-
eters used there for global complex projective 2-
design probe ensembles.

Fix a unit vector |u) € C? and a sign vector
a=(a1,...,ar) € {£1}F. Define

vi = d(d + 1)) (¢i| — d1,
(59)

gi(u) = (ulvilu),

and let Z, , be the real-valued random variable
such that

Zu,a(ihj) = ngi(u>, (60)

with probability p;; = ﬁ<¢z‘E]|¢z>
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Using ﬁ Zi‘i1<¢z|X|¢z>V1 = X, we have

E[Zua) Sl Bl

e
T'Mh

N
Il
i

I
B

a;(ul Ej|u). (61)

.
I
—

Since E is a POVM,

L
[EZual < (ulEju) = 1. (62)
j=1

We now compute the second moment of g;(u).
Set x; = |(u|y;)|>. Then

gi(u) =d(d+1)z; — d. (63)

Because {|1;)}M, is a complex projective 2-
design,

R P B R
MEYTe MET T adr )
Therefore
1 M
il (u)? = d?(d 2
—2d*(d+1)— Zx@—i—dQ
=d> (65)

Moreover, since 0 < x; < 1, |g;(u)| < d?. Then,
the centered random variable satisfies

| Zya — BZy | < d? +1. (66)
The variance of 7, , satisfies

Var(Zyq.) <EZ},

3> Lsis

i=1j5=1
1M
= —> gi(u)?
M i=1
= d?, (67)

where we used a? =land > FE; =1.
Thus, for global 2-design probe

the scalar Bernstein parameters used in the

operational-distance proof are

states,

K=d*+1. (68)

B Estimator
designs

using single-qubit 2-

B.1 Least-squares estimator using single-qubit
2-designs

We now assume we have an n-qubit system and
that the set of states {|1;)}}£, we measure is a
tensor product of n single-qubit sets {[v;, ) };'_ 1
that form a 2-design. Then, we have M = m"
elements of the form

Vi) = Vi iy - - i,), (69)

Since for each qubit we have a local 2-design, we
can define reduced channels My, : M (C?) — R™

for each qubit k. Then, the map ./\/lL./\/lk can be
calculated as

X +tr(X)1

6m

MEM(X) = , (70)

with inverse

-1
(MIMi) (X)) =2m (3X —tx(X)1).  (71)
Following Ref. [29], the total channel is just a
tensor product of the local channels,

o X +tr(X)1

MIM(X) = ® L()

k=1

e (72)

with inverse

-1

(MM) ()

I
@3

m (3X — tr(X)1)

B
Il

®="

M

(6X — 2tr(X)1). (73)

T

1

Applying the formula for the least squares esti-
mator, we obtain

B = MM~ (M ()
(1 M
:(MTM) (M;fijwiﬂwz'!)
£ @ (6l) ] —21). (74)

B.2 Scalar Bernstein parameters for tensor
products of single-qubit 2-designs

We now compute the corresponding scalar Bern-
stein parameters when the probe ensemble is a
tensor product of single-qubit 2-designs.
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As before, fix a unit vector |u) and a sign vector
a € {£1}L, Define

n

® 6‘¢1k wlk - )
(75)

g9i(u) = (ulyilu),

and let Z, 4 be the real-valued random variable
such that

Zu,a(iyj) = ajgi(u) (76)

with probability p;; = ﬁ(iMEJWZ)

The expectation is

M-

I
—

E[Zual = ) aj(u|Ejlu), (77)

J

and therefore |[EZ, | < 1.

We first bound the range of g;(u). For each
qubit,
16]4his. ) (i | — 21| = 4. (78)
Hence
lgi(u)] < [|ui] < 47 (79)
This gives the centered range bound
| Zua —EZyal < 4" + 1. (80)

It remains to compute a useful second-moment
bound for g;(u). Let P, denote the n-qubit Pauli
strings. Then, we can expand

w)ul =% 3 reP,

PePy,

rp = tr(Plu)(ul).
(81)
Since |u)(u| is pure Y pep 75 = d Expand

vi= Y cp(i)P. (82)

PePy,

Then

Z T’PCP (83)

PePn,

gi(u) = tr(|u)(u| v;)

For a single qubit, if the local probe state is
a Pauli eigenstate [¢os) with a € {x,y,2} and
s € {£1}, then

6Vas) (thas| — 21 =1 4 3s0,.  (84)

Averaging uniformly over the six states gives

E[C%} =1, Elcs,Co5] = 3008, Elcrcs,] =0.
(85)
Tensorizing over n qubits yields
| M
M Zl cp(i)eq(i) = 5p3“™"),  (86)
where w(P) is the Pauli weight of P.
Using Eqgs. (83) and (86), we obtain
1 & i
i > gi(u)? = Z > reep(i
i=1 PPy,
Z rprQ— Z ep(i)eq(i
P,QePy
= Z 3w P)r%g
PePy,
< 3" Z r%
PePy,
= 3nd = 6" (87)
The variance of Z,, , is then bounded as
Var(Zy,qa) < ]EZ2
ZZ (Wil Bjli)aigi(u)?
M
= 29
< 6" (88)

Therefore, for tensor products of single-qubit 2-
designs, the scalar Bernstein parameters used in
the operational-distance proof are

v? = 6",

K=4"+1. (89)

C Proof of Thm. 3

In the proof, we will need the following theorem:

Lemma 10 (Vector Bernstein Inequality [52,
53)). Let Zi,...,Zn be independent, zero-mean
random vectors in a Hilbert space H. Suppose
that |Zel < K and &YV, EIZ2 < o,
Then for any t > 0,

1 X Nt2/2
r —ZZk >t <2exp<—2 .
( N &~ o ) o?+ Kt/3
(90)
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Then, we can prove the following:

Theorem 3. Assume an L-outcome POVM E
acting on a Hilbert space of dimension d and an
IC set of states {|1;)}M,. A reconstruction er-
ror duy(E, E*) < € with probability 1 — ¢ can be
achieved using the protocol described above with
sample size

NZS (d2+d+ \ﬁ) <4) o1)

€2

when {[v;) }2

8L (57 + 5%
G v I R

| forms a 2-design, or

€2

if the POVM acts on an n-qubit system (d = 2")
and {|1;)}M, is a tensor product of single-qubit
2-designs.

Proof. Let W; = Ej —FE;. We first control the er-
ror of the unconstrained least-squares estimator.
Using the definition of d,y, extended to arbitrary
Hermitian L-tuples, we have

L
doe(B, B) = o 3 VIWI + (W)
1 & 1 &
712 \WjHFJrﬁ;ltTle-
! )
Let Tv = 5> |Wilrp and T» =
%Zle [tr[W;]].  We will show that, with

probability at least 1 — 9, both terms are at most
€/4. This implies doy (E, F) < €/2.
By Cauchy-Schwarz inequality, we have

Z W% = \F

IIWIIH, (94)

where W = (El—El, ceey EL—
single vector in the Hilbert space H =
with the norm HV||H ZJ Vi3
The least-squares estimator can be written as
E = %ngvzl Xk For each shot k, we sample
an input state [¢;,) and observe an outcome jy.

T<7
1="94

Ep) is treated as a
(CaxdyeL

The random vector X € H has a single nonzero
block, namely (Xj); = v;, 1{jr = j}. By con-
struction, E[X}] = E, where E = (Ey,...,EyL).
Hence

o1 Xl . L
=¥ > 7, Zy =Xy —E, (95
k=1

and the vectors Zk are independent and mean-
Zero.

For a global 2-design, || X3, = ||lvi, |3 = d* +
d® — d?. Moreover,

2
L L
1E3, < D _(tr E5)* < (ZtrEj) = d*. (96)
j=1 j=1

Consequently,
1Zkllae < 1 Xklloe+ 1| Bl < 247, (97)

for d > 2. Thus, we may take K = 2d? in vector
Bernstein.
The variance parameter satisfies

E| Z|I3, < EHXkH%{

—ZZ

i=1j= 1
<d'+d°. (98)

¢Z|E Ky ||VZHF

Here we used 3_; E; = 1. Therefore o =dt+d3

To guarantee Ty < € / 4, it is enough by Eq. (94)
to require | 5 f Applying vector Bern-
stein gives

€ —Nd?*¢2/(8L)
br (Tl - 4> < 2exp <d4 +d3 + d3e/(3\/f)> '
(99)

Thus T7 < €/4 with probability at least 1 — /2
provided

N>8 <d2+d+3f) n(§>

> 62 (100)

We now bound 7,. For both global and local
2-design frames, trv; = d. Therefore

.od X R
trEj = N Z 1{jx = j} = dp;, (101)

where p; is the empirical frequency of outcome

j. Similarly, p; = trfj is the corresponding
marginal outcome probability, obtained by aver-
aging the input state over the 2-design. Hence
1 L
=53l p (102)
j=1

Using Cauchy—Schwarz, Tp < @Hﬁ — pll2. Let
I_fk = é}k —]7. Then E[Uk] = 0,

Il <2, E|l3 <1 (103)
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Applying vector Bernstein in R” shows that 75 <
€/4 with probability at least 1 — §/2 provided

(104)

8L (1+ ==
A,Z(3¢L)1n<4)_

€2 5
Taking the maximum of the constraints for T}
and Ty yields the bound €¢/2 for the global 2-
design.

An analogous derivation holds for local 2-
designs. The local frame elements satisfy
Vi3 = 5"d* = 0% and || Zy[ln < 202 + 2" <
2 5"/2d = K. Substituting these values into the
Vector Bernstein bound gives the required sam-
ple complexity for tensor products of single-qubit
designs.

Finally, due to the operational properties
of the projection step, we have d,,(E, E*) <
2oy (E,E).  Therefore, ensuring du(E,E) <
€/2 guarantees duy(E, E*) < €, concluding the
proof. O

D Minimum sample complexity for d,,

Here, we provide a lower bound for the sample
complexity of non-adaptive measurement tomog-
raphy considering d,,. The proof is based on the
discretization of the problem, reducing quantum
measurement tomography to the problem of dis-
crimination of well-separated POVMs. We first
construct a set of R € exp(Q2(d2L)) POVMs on
dimension d that are €¢/4 apart in Vddy, from
each other. We then encode a random mes-
sage using this set and decode it using measure-
ment tomography with sufficient precision. From
Fano’s inequality, this gives us a lower bound
Q(d?L) for the mutual information between the
encoder and decoder. Additionally, we obtain
an upper bound O(Ne?/d) for the mutual in-
formation between the parties after N uses of
the POVM. Using these two results, we derive
a bound N > Q(d?L/e?) for the sample complex-
ity of any non-adaptive tomographic procedure
using day -

D.1 Construction of an e-packing

Let {U; }L/ ® be a set of Haar-random unitaries,
P a rank- d/2 projector and Eyy a POVM with

L elements given by

- (1—e)
E) = i3 1
(1-{—6)]1

L

2€ t
+ FU;PU;

; 2e
EItE2 ijPUJT (105)
We want to construct a large set of POVMs of
this form such that \/EdaV(E{Uj},E{Vj}) > ¢/4.
To do this, we will use the following [54]:

Theorem 11. Let k and d be positive integers
and M = Uy(d)x---xUg(d) a space equipped with
the Lo-sum of Hilbert—Schmidt metrics. Suppose
F : M — R is k-Lipschitz, and that {U; € U;(d)}
are independent, Haar distributed unitary matri-
ces. Then, for each t > 0,

Pr(F(Ul,,Uk)Z

dt?
sexpl—pa ]

This theorem gives us a concentration inequal-
ity for day. Then, if we choose our set of POVMs
randomly, it will be e-separated with high prob-
ability.

E[F(Uy,...,Up)] +t)

(106)

Lemma 12. There exists a set of R €
exp(2(d?L)) POVMs that are €/4 apart in the
distance Vddyy, from each other.

Proof. We want to use Theorem 11 for

1 & :
F = QdZHE{U} Efylir

L
€
—ZmeP@—vwmmm (107)

since this is a lower bound for dav(E(y,y, Eqv;})-
Defining f; = ||U;PU} — V;PV]||r, we need to
calculate the Lipschitz constant s (from the re-
lation |F — F'| < &||(U;,V;) — (U, V))|]) and

E {ﬁ Zle f]}. We start with the former. Us-
ing the reverse triangle inequality, we have

£ = 1l (108)
< WUsPUS = VPV~ ULPU VPV
< ||U;PU = UPU | + VPV = VPV 5.

Then, since for unitaries W and W’ we have the
relation |[W; PW] W/ PW,|l» < 2 |w; - wj|
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and the unitaries satisty W; = W; 5 for j =
1,...L/2, we obtain

L
> fi~
j=1

NI

L2 )
<4VL (Z v -uj| .
j=1

#v-v; i)

(109)

This gives us an upper bound for the Lipschitz

< 46
constant, K IR

Now, we find a lower bound for the average
E [% ]L:1 f]} using [37]

(Eor)™
(EU,vf + ) i

E 110
U,V~Haar J ( )

We have

2
Ef? :Etr( U;PU} — V;PV)) )

=2Etr(P?) - 2Etr (U; PUJV; PV})

2
2 (tr(zﬂ) - tr(f;) ) . (111)
Also,
2 2
Ef} —4E (tr ((UJPU} - V;Pv)) ))
iyt (PR u(P)
=4t (P?)" -8 y
N 4tr (P)* +tr (P2)2 3 8tr (P2) tr (P)?
d? —1 dd?—-1)
(112)
Since the projector P has rank d/2, we get
d d*
2 4
Eff =5  Eff= (113)

CA4(d2—-1)

Then, E (47 X252, [|U;PU} = V;PV[||r) > o€
Using Theorem 11, we have

L
€ €
Pr|— U;PU — v, PV
(dLjZ:lH iPU; = Vil'V; —4\/&)
d’L
< - .
= exp ( 12 % 64 x 16) (114)

Then, using probabilistic arguments, we can

build a set of R € exp(2(d?L)) POVMs

(11— 2
o9 —EU-PUT
L
. 1+¢)
EItL/2 — ( ALY [ —U PUT 115
that satisfy

Vi do(E,F) > 7. (116)

O

D.2 Upper bound on mutual information for
the average distance

Lemma 13. Let X ~ Unif[R], {U; }L/2 be a
set of independent Haar random wunitaries and
{pi}Y, a set of N quantum states. Then, there
exists a set of R € exp(QU(d*L)) POVMs of the
form of Eq. (105) which forms an €/4 packing
for V/ddy, and satisfies

XY < IqUY2), ()
where Y = (Y1,...Yn) is the outcome of mea-
suring {p; }I¥., with a random POVM E{Ux} and

Z = (Zy,...Zn) is the outcome of measuring
{pi}X, with a random POVM B,y

Proof. We closely follow Proposition 4.3 in
Ref. [32]. Let X label a POVM of the form of
Eq. (105). The average distance for two POVMs
of this form of is invariant under the replace-
ment U; X WjU]‘X for arbitrary unitary oper-
ators {W; } _1, since for two unitaries U and V/,
we have HUPUT —VPVi|p = [WUPUWT —
WV PVIWT| . Then, this replacement maps an
arbitrary initial €/4-packing to another one.
Define Yy = (Y1,...Yn), withY; € {1,..., L},
as the outcome random variable obtained by
measuring the N copies {p;}Y; with Eqw uxy-
We claim that ’

E I(X:Yw) <I{U;}: 2)

(118)
{W;~Haar}

for a set of independent, Haar distributed uni-
taries {W]}]Lﬁ
tion of Yy given {UJ-X}7 with pywx (Y = y) =

Let py|w,x be the distribu-
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Notr (EWyinf-pi)' We have

E I(X:Yw)
{W;~Haar}

=E H( E pY|W,X> - E E H<pY\W,X)
W X~[R] Wj X~[R]

< H( E E pY|W,X> - E EH (pY\W,X)-
X~[R] W X~[R] W

(119)

The first line is just the definition of the mutual
information, and the second one follows from the
concavity of entropy. By the invariance of the
Haar measure, we have that E(w, ~Haar} Py|w,x =

E{w;~Haar} Py|w and E{w,~Haar} 7 (pY\W,X) =

E{WjNHaar}H(py|W). The probability distri-
bution of the outcomes of the random POVM
B,y is defined as pz = E{y,~Haar} PyiU =
E{W,;~Haar} Py|w- Using Eq. (119), this means
that

E (X :Yw)<I{U;}: 2).

(120)
{W;~Haar}

Since the expectation of I(X : Y ) over all
sets of unitary operators {W]}fﬁ is at most
I({U;} : Z), there exists at least one set of uni-
tary operators {V]}JLﬁ for which the inequality
I(X :Yy) < I({Uj} : Z) holds. Then we con-
sider the set of POVMs {E{ViUi" 1}, O

This means that in the calculation of the mu-
tual information we can replace the average over
the unitaries that define the €/4-packing by an
average over Haar random unitaries to obtain an
upper bound. This is given by [32]

Lemma 14. Let X ~ Unif([R]) and ¥ =
(Y1,Ys2,...YN) be the outcome of the measure-
ment of a random POVM E(y .y of the form of
Eq. (105) over N quantum states. Then,

(121)

Proof. We have

I(X:Y) <I{U;}: 2) (122)
N

:ZI({UJ} 1 Zi|Zia, .. Zn)  (123)
z;l

<> I{U;}: Z) (124)
=1

N pziv., (%)’
“hn@) (o) (Z Cpz(z) 1) ’
(125)

where the first inequality follows from Lemma
13, the second one from the chain rule for mutual
information, the third one from the independence
of Zi,...Zy given {U;} and the final one from
Lemma 6 and the independence of {U;}.

The probability pz,(z) = E(,} Pz{v.,} is of
the form

V- (L)) 2, T) >
Dz, (2i) —ll%tr (( T 1F LUZPUi P
1

For the other term, we have

(1+e).  2¢ 2
%pZAUi(Zi)Q ZIIEtr (( i 1F fUz-PUZ-T p

Ly, 2
=12 d+1))

Then, using Lemma 6, we obtain

N (&1 2¢2
I(X:Y) < n(2) (Z 7 <1+(d+1)> —1)

(127)

zi=1
2N € (128)
- In(2) (d+1)
0

D.3 Lower bound on the sample complexity of
dav

Theorem 15. Any procedure for quantum mea-
surement tomography of a POVM on a d-
dimensional Hilbert space that is €/8 accurate in
average distance using nonadaptive, single-copy
measurements on known input states requires

2
NeQ(ClzL>
€

uses of the unknown POVM.

(129)
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Proof. Similar to the calculation of the lower

bound for d,p,, assume a random message is en-

coded in N copies of a POVM Erxy, where
J

this POVM is uniformly sampled from the €/4-
packing defined by Lemma 12. Let Y =
(Y1,...,Yy) denote the outcomes from measur-
ing the random POVM over N quantum states.
Since each POVM in the packing is separated
by at least €/4, a tomography algorithm that
takes this data and produces an estimate of the
POVM within ¢/8 precision in v/d da, (with some
constant probability) is sufficient to decode the
message. Then, tomography must have a sample
complexity at least as large as the discrimination
problem. From the previous section, the mutual
information between the measurements used for
tomography and the message is upper bounded
by

2N €2
IX:V)< ——+—. 130
( )< In(2) (d+1) (130)
Using Lemma 1, we also have
I(X:Y) > Q(d’L). (131)
Combining these results, we obtain
2N €2
> I(X:Y)>Q(d*L). (132
In(2) (d+1) — ( )2 L) (132)
Thus, we conclude that
3L
N >Q <€2> (133)

to obtain precision € in Vidd,y,. Then, to obtain
precision € in d,,, we need at least

2
voo(22).
€

This matches the upper bound. ]

(134)

E Experimental details

The experiment is deployed on a subset of two
connected qubits within a 5 qubit chip. It is a star
topology flux-tunable superconducting transmon
device manufactured by Quantware and hosted
in the quantum computing lab of Technology In-
novation Institute. The device is driven via mi-
crowave pulses generated via a Quantum Ma-
chines OPX system, orchestrated by the open

Re(E) Re(E) Im(E) Im(E) |EF - E}|
- 05
o E ]
Los loa
- 1 03
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Figure 5: Results for the reconstruction of the full sys-
tem implementing a noisy two-qubit Symmetric Informa-
tionally Complete (SIC-)POVM, implemented on a two-
qubit flux-tunable transmon device using a budget of 10°
random initial states. The reconstructed noisy POVM is
compared to its expected noiseless counterpart, with the
absolute difference displayed. Though noisy, the recon-
struction follows the target POVM closely. The devi-
ations from the expected values are due to the noisy
device implementation.

source library Qibolab [48]. The system is cal-
ibrated using the available routines on the open
source Qibocal [49] package.

The two qubits are calibrated up to usable
specifications, as a reduced amount of noise is
desirable for our presented algorithms to recon-
struct the noisy POVMs. The two qubits are cali-
brated before launching the experiment up to the
following parameters: the relaxation times for the
first and second qubits are Tl(l) = 33.(6) us and
Tl(z) = 30.(6) us respectively. Equally for the
decoherence times TQ(I) = 13.(0) us and T2(2) =
9.(1) us. Assignment fidelity for a computational
basis readout of F,%) = 96.(9) % and Fg) =
98.(0) %. Lastly, the single qubit native pulse
infidelity, as extracted from a randomized bench-
marking experiment, of gl(rll} = 1.3(7) - 1073 and

91(2} = 6.(7)-1073 for native pulse length of 40 ns.

The experiments are designed directly in Qibo-
lab language to leverage the lower level logic of
the device. Everything is compiled down to the
native pulses and interactions of the target quan-
tum system. Code to reproduce the experiment
is available upon reasonable request.
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F  Further results

Here we expand on the reconstruction of noisy
experimental POVM implementation on a two-
qubit superconducting flux-tunable transmon
system. First we give details on the implemen-
tation of the SIC-POVM presented in the main
text, such as circuits and further reconstructions.
After, we present results on other POVMSs, such
as the Identity, a Hadamard gates or Haar ran-
dom gates on both qubits, as well as a Bell mea-
surement.

We create the SIC-POVM with a quantum cir-
cuit of the form shown in Fig. 6. The data qubit,
where the initial state will be prepared is the sec-
ond qubit in Fig. 6. The parameters for the sin-
gle qubit rotations are taken as # = arccos(1/+/3)
and ¢ = 37/4 [50] to generate a SIC-POVM |[51].
Furthermore, we also characterize this POVM as
a two-qubit measurement, instead of a projection
into a single qubit system. In Fig. 5 we showcase
the reconstruction. The results are similar to the
ones in the main text, but in an extended space.
Indeed, the single qubit POVM is located in the
top left quadrant of the shown data.

In Fig 7 we collect all the data from the other
POVM settings. First, on the top left are the
results for the Identity POVM, that is, a direct
measurement in the computational basis. While
a very straightforward POVM, this reconstruc-
tion provides a great deal of information about
the readout process of the device. For example,
the non-symmetry in readout error when mea-
suring different final states can be extracted from
the data shown in this figure. On the top right,
we plot the reconstruction results of a POVM
measurement with a Hadamard gate before the
readout, that is a measurement in the X basis
— where we consider the usual convention of the
computational basis being the Z direction. The
bottom-left panel showcases a similar scenario,

0
) ———— B

Figure 6: Quantum circuit depicting the implementation
of the SIC-POVM. When the single gate rotation param-
eters are § = arccos(1/v/3) and ¢ = 37 /4, this results
in a Symmetric Informationally Complete measurement.
The choice of a CZ gate as the entangling operation is
due to the native interactions of the experimental device
where this protocol is deployed.

but with a single qubit Haar random gate before
the readout. Unlike the other instances, in this
one we notice how the reconstructed POVM is
randomly spread across the real and imaginary
space, without a directly apparent structure. Fi-
nally, at the bottom right corner of Fig. 7 the re-
sults of the reconstruction of a noisy Bell POVM
are shown.

Accepted in { Yuantum 2026-07-02, click title to verify. Published under CC-BY 4.0. 24



Re(E¥) Re(E) Im(E}) Im(E) |Ef — E| Re(E¥) Re(E)) Im(E?) mE) |E -

. []0 0.5 [l 0.5
° °
Los [04 Los [04
— 0.3 - 0.3
-0.0 0.0
o 02 ~ 0.2
-0.5 01 0.5 01
o 1 ]
. v v llU -0.0 llo -0.0
[10 0.5 [10 0.5
° 1 °
05 [04 05 [04
-1 i oo - o
0.0 0.0
~ J 0.2 ~ 0.2
05 -0.1 05 -0.1
o -
l]u -0.0 llO 0.0
I 05 - 05
° °
05 [M jos [M
- 03 - 0.3
[ H . i
~ ] 02 ~ 02
05 0.1 05 “01
o m
l]U -0.0 llc 0.0
[]0 0.5 [10 0.5
° °
o5 [“ o5 [“
- 0.3 ind 0.3
0.0 0.0
~ i 02 o~ 0.2
05 01 05 0.1
o E ~
| N B (N o L, o
o i 2 3 6 1 2 3 o 1 2 3 0 1 2 3 0o 1 2 o 1 2 3 o 1 2 3 o 1 2 3 6 i 2 3 o 1 2 3
Re(E) Re(E) Im(EF) Im(E)) |Ef - E| Re(E7) Re(E) Im(EF") Im(E)) |Ef - E|
: . []0 0.5 - [lU 0.5
° 1 1 1 o E E E
05 [04 05 [“
- 0.3 - 0.3
0.0 0.0
~ 0.2 ~ 0.2
0.5 01 0.5 01
o o
lfl[) -0.0 l‘JD 0.0
[LO 0.5 [10 0.5
° °
[ [
— 0.3 ~ 0.3
0.0 0.0
~ 0.2 - 02
-05 o1 05 0.1
o ]
l]u -0.0 l]c 0.0
1.0 0.5 1.0 0.5
- I ol I
Los [04 Los [04
- 03 — 03
0.0 0.0
~ 02 o 02
05 01 05 01
- m-
l—]U -0.0 llO 0.0
1.0 0.5 1.0 0.5
E I E I
05 [“ Los [04
- 0.3 1 0.3
0.0 0.0
~ 0.2 o~ 02
--0.5 o1 05 0.1
o ]
l]U -0.0 llo 0.0
o 1 2 3 o 1 2 3 o 1 2 3 0 1 2 o 1 2 3 6 1 2 3 6 1 2 3 6 1 2 3 6 1 2 3 6 1 2 3

Figure 7: Results for the reconstruction of various noisy two-qubit POVMs, implemented on a two-qubit flux-tunable
transmon device using a budget of 10° random initial states. The reconstructed noisy POVMs are compared to its
expected noiseless counterpart, with the absolute difference displayed. Though noisy, the reconstruction follows the
target POVMs closely. The deviations from the expected values are due to the noisy device implementation. More
precisely, (top left) depicts the Identity POVM, where only a measurement in the computational basis is performed on
both qubits. (top right) depicts a POVM where a Hadamard gate is applied to each qubit before measurement, that
is, a change of basis from Z to X measurement basis. (bottom left) POVM where a Haar random gate is implemented
before the measurement gate, we notice the how even with a more complex measurement the noisy implementation
follows closely the noiseless simulation. Finally, on (bottom right) a Bell type POVM is reconstructed, where unlike
the previous three POVMs depicted in this figure, an entangling gate is performed between the two qubits.
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