2504.15175v3 [quant-ph] 7 Jul 2026

arXiv

Geometric Speed Limit of State Preparation and Curved

Control Spaces

Maximilian Goll*?2 and Robert H. Jonsson?3

LFreie Universitit Berlin, Department of Physics, Arnimallee 14, 14195 Berlin
2Nordita, Stockholm University and KTH Royal Institute of Technology, Hannes Alfvéns vig 12, SE-106 91 Stockholm, Sweden

3Department of Materials Science and Applied Mathematics, Malmé University, SE-205 06, Malmé, Sweden

The preparation of quantum many-body sys-
tems faces the difficulty that in a realistic sce-
nario only few control parameters of the sys-
tem may be accessible. In this context, an in-
teresting connection between the energy fluc-
tuations during state preparation and its geo-
metric length as measured by the Fubini-Study
metric was discussed in [5]. An inspiring con-
jecture lower bounding the energy fluctuations
by the minimal geometric length of all acces-
sible state preparation protocols was put for-
ward together with supporting examples and
numerical evidence. However, we here show
that the conjecture does not hold but can be
violated if the accessible parameter space has
extrinsic curvature, when embedded into the
space of all dynamically accessible states. We
illustrate this by a number of generic qubit,
qutrit and harmonic oscillator systems.

1 Introduction

State preparation is a foundational task in many envi-
sioned uses of quantum technology. It is the problem
of how to steer a system, starting from a given initial
state, to a desired target state using a given set of
controls. Typically, the initial state is easy and ro-
bust to prepare, whereas the target state is valuable
or useful for the application. A paradigmatic example
is adiabatic quantum computing [1] where the solu-
tion to hard optimization problems is encoded in the
properties of a target state. Given that state prepa-
ration can be used to solve hard problems, it is not
surprising that state preparation itself can be difficult
to achieve, depending on the system’s details.
Ultimate limits to the feasibility of state prepara-
tion can be quantified in terms of quantum speed
limits. For example, the time ¢, in which a sys-
tem can evolve from one state into an orthogonal
state is bounded by its energy variance t; > ﬁ
(Mandelstam-Tamm bound [15]), and its energy ex-

pectation value, t; > ﬁ (Margolus-Levitin
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bound [16]), where E = (H) and Ej is the Hamilto-
nian’s groundstate energy. Building on these funda-
mental works, today a range of results and extensions
to various distinguishability measures, mixed states,
open system dynamics and more are known [8]. Geo-
metric quantum speed limits go beyond the evolution
time, which depends on the Hamiltonian’s strength,
and directly address the quantum geometric length of
state paths. In the context of state preparation, the
work by Anandan and Aharonov [2] is particularly
interesting because it provided a first generalization
to time-dependent Hamiltonians, and it introduced
concepts from quantum geometry. This avenue has
proven fruitful and, for example, resulted in methods
to systematically derive families of speed limits from
families of distinguishability measures [18].

In their most general form, quantum speed limits
allow for all possible Hamiltonians to drive the evo-
lution of the system. For concrete applications such
bounds often are too weak to be relevant. Since in
applications the set of available Hamiltonians is typi-
cally restricted, the time evolution may never saturate
the most general speed limits, but much tighter limits
may apply. This applies in particular to state prepara-
tion problems and motivates the search for speed lim-
its which take into account the restrictions of the ac-
cessible control space. This approach was taken by [5]
which investigated the relation between the quantum
geometry of the accessible Hamiltonians’ ground state
manifold and the average energy variance of the state
path, as discussed in Sec. 2.1. In particular, the work
conjectured an intriguing geometric speed limit relat-
ing these two quantities. This conjecture, supported
by analytical examples and numerical evidence, re-
ceived significant attention and inspired follow-up re-
search [14, 17].

In this article, we report that the conjecture does
not hold. Taking a differential geometry perspective,
in Sec. 2, we explain problems of the conjecture which
arise if the control space’s ground state manifold has
extrinsic curvature when embedded in the state of all
controllable states, i.e., states that can be reached dy-
namically. Sec. 3 illustrates this problem with generic
counterexamples for qubit, qutrit and harmonic oscil-
lator systems. Several examples are of interest beyond
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the context of the above conjecture, as they achieve
(unit fidelity) state preparation very close to, or even
along the globally optimal path.

2 Geometry of Accessible State Prepa-
ration

2.1  State preparation and geometric distances

We begin with a review of accessible state prepara-
tion and the connection between energetic and quan-
tum geometric distance measures discussed in [5]. The
setup is based on a system with a family of accessi-
ble Hamiltonians { 4 (\)} with non-degenerate ground
states. Here we assume that the accessible control
space A € A C RP is given by p real-valued parame-
ters, which may or may not be bounded. The problem
at hand is to prepare a target state |1.) = |[1ho(As)),
which is the ground state of H (As), starting from
an initial state |¢;) = |¢o(\;)), the ground state of
H (M\;). For this, one needs to find an appropriate
time-dependent Hamiltonian, that is a path A(¢) such
that the time evolution

()

Lo ), ()

[9(t))

with initial condition |¢(t =0)) = |4;), arrives at
[(T)) = |1o(As)) after some time T. It is natural,
although not essential, to assume that A(0) = \; and
AT) = M.

The conjecture of [5] compares two natural ways
to measure the state preparation length: One uses a
geometric notion of length for the Hamiltonian path
A(t), the other uses an energetic measure along the
state path |¢(¢)). In the following, we review how
both distance measures can be understood in terms
of the Fubini-Study metric on the state space of the
system.

To measure the geometric length of the Hamilto-
nian path A(t) we need to equip A with a metric. This
can be achieved by mapping every accessible Hamil-
tonian H (\) to its ground state [1)o()\)), which we as-
sumed to be non-degenerate. We obtain the ground
state manifold

Mo = {[Po(N)[A € A}, (2)

as a submanifold of the system’s state space. Note
that this manifold may have a lower dimension than
the control space A. The Fubini-Study metric, which
is the natural metric on state space, induces a metric
on My, and thus on A, given by

ds® =1 — | (Yo(N)|tho(A + d)) |
= 3" g dNdN + O(dN°), (3)

pv

Here g, = X[u 18 the symmetric, and hence real,
part of the quantum geometric tensor [4, 10, 13, 19]

X = (0] DB [60) — (o] Dy [0) (ol B I} - (4)

With this metric, the geometric length of the Hamil-
tonian path A(t) is given by

lg[l%(A(t)))]:/dt g AN

At dt
AT (5)
= / VA,
2(0)

which is the length of the path [¢o(A(t))) in the
ground state manifold My under the Fubini-Study
metric. (See also Fig. 1.)

The second length measure, for the state path
|t(t)), considers the time-dependent energy variance
of the state under its evolution from [¢o()\;)) to
|1h0(A«)) which is integrated up over time fOTdt VOE?2.
At time t, the energy variance of the time-evolving
state is

SE2(t) = (W) H2 (@) [9(1)).
= (DO (1) — (D)) (()()) .

As shown in [2], and is evident from the previous
equation, this quantity is a function only of the state
path |¢(t)), but independent from the specific Hamil-
tonian used to generate the time evolution. Further-
more, this quantity is identical to the length of the
path [|¢(t)) as measured by the Fubini-Study met-
ric [2],

(6)

zﬂwwn=/&¢ﬁﬁ

:Zﬂﬁﬁﬁmﬁﬁm)

Thus we see that both the length of the Hamilto-
nian path I, and the length of the state path build
on the Fubini-Study metric in state space. How-
ever, we highlight an important difference: The path
[tbo(A(t))), which yields the geometric length of the
Hamiltonian path [4[A(¢)], remains in the ground state
manifold M of accessible Hamiltonians. In contrast,
the state path |¢(t)), which yields the energetic dis-
tance Ig[|1(¢))], will in general leave the ground state
manifold Mg and be driven into a larger subspace of
the system’s state space (as depicted in Fig. 1).

(7)

2.2 Conjectured distance inequality

The conjecture proposed in [5] was that the length lg

of a state path [1(t)) from [ig(N;)) to |[o(As)), gen-
erated by a time-dependent accessible Hamiltonian
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Figure 1: ground state manifold Mg of the Hamiltonian fam-
ily H()\) as a submanifold in state space: The target state
|1)«) needs to be prepared starting from |1);) under time evo-
lution with some H (A(t)). The Fubini-Study metric can mea-
sure both the length [, of the Hamiltonian ground state path
|o(A(t))), and lg of the state path |¢)(t)). Whereas the
former lies inside My, the latter generally leaves M.

H(\(t)) as described above, is always larger or equal
to the length of the (shortest) geodesic from [ig(\;))
to |1o(A«)) inside the ground state manifold My:

Lllv()] = da, (13) , |[94)) = min lo[lvo(A()))]-
(8)

In principle, any path A(t) connecting \; to A, in A
can be used to prepare the target state up to asymp-
totically vanishing corrections from the initial state,
when traversed adiabatically, as asserted by adiabatic
theorems [1]. And therefore, as discussed in [5], the
two length measures are equal, [ = [,, along adi-
abatic paths. This is suggestive of the conjecture,
since the (shortest) geodesic distance between initial
and target state in M is a lower bound to all other
paths between them.

The central observation here is that the adiabatic
state path |¢(t)) does not leave the ground state man-
ifold My. Indeed, it is not difficult to see, that the
conjecture always holds if a state path |¢)(¢)) does not
leave the ground state manifold M. In this case, be-
cause |[¥(t)) € My, the Fubini-Study metric on the
right hand side of Eq. (7) is equal to the right-hand
side of Eq. (5). Hence for state paths in Mg, we
have [ = Iy, and the latter is larger or equal to the
geodesic distance between initial and target state in-
side Mo.

In general, however, the state path |¢(¢)) leaves the
ground state manifold Mg. The question therefore is,
whether there can be state paths |¢(¢)) which are gen-
erated by Hamiltonians H (t) in the accessible control
space, but nevertheless are shorter than the geodesic
inside My, thus contradicting the conjecture. Below
we present a number of examples which answer this
question in the affirmative.

2.3 Extrinsic curvature of grounstate manifold

To understand how and when such counterexamples
arise, a differential geometric perspective is helpful.

To this end we consider the set of all states which
can be reached by accessible time-dependent Hamil-
tonians starting from the initial state [¢);). We call
this set the orbit of [¢;) under H(A) and denote it by
Otyy)-

The ground state manifold Mo C O}y,) is contained
in the orbit, because we allow for time evolution of
arbitrary duration and hence can move between states
in My adiabatically. The orbit O),, itself can be
viewed as a submanifold of the system’s state space.
That is we view My as embedded in O,y which, in
turn, is embedded in state space. This allows us to
equip O,y and Mg with a metric by restricting the
Fubini-Study metric from state space down to O}y,
and to M.

From this picture follows a sufficient condition for
the original conjecture to hold: If for any pair of
points ([¢;), |«)) in My their geodesic distance, i.e.,
the length of the shortest geodesic connecting them, is
the same in Mg as in O}y, then the conjecture holds
in its original form. Geometrically, for this to hold,
one shortest geodesic joining the points Oy, has to
lie inside of My.? On the other hand, if My, as a
submanifold of O\,y, has extrinsic curvature, then
the geodesic joining [1);) to [¢.) in O)y,y, which ap-
pears in Eq. (37), may lie outside of M. As a result
A, (|¥3i) , [1h«)) the geodesic distance in Mg then is
larger than doy, , ([4:) )

This opens for the possibility to violate the conjec-
ture if there exists a schedule for the control Hamilto-
nian A (\(t)) that drives the state along a path close
to the geodesic in Oyy,). Then Ig[[1)(t))] can get close

to dO\%) (|20:) » |¥«)) and shorter than daq, (|1:) , |¥«))-

The following examples show that this can happen al-
ready in basic two-level and harmonic oscillator sys-
tems. They raise the question whether extrinsic cur-
vature, in the above sense, is always sufficient for such
shorter dynamical state paths to arise.

3 Counterexamples

In the following we discuss the conjecture in the con-
text of a two-level system (qubit), a linear shifted
and a squeezed harmonic oscillator, and a three-level
system (qutrit). For all four we present cases which
achieve unit fidelity state preparation while violating
the conjecture.

The first example of a two-level system was con-
sidered in [5]. However, the configuration discussed
there corresponds to the special case where M is a
flat submanifold of state space. We show that consid-
ering a generic curved accessible control space yields

IThis condition is stronger than Mg being a totally geodesic
submanifold, which means that all geodesics in Mg also are
geodesics in O)y,y. And it is weaker than My being a totally
convex submanifold, which means that all geodesics in O|y,)
joining points in Mg are contained in My itself.
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Figure 2: Length comparison from the numerically solved
ODEs for 49 evenly spaces values in ¢; = (0,27) with
6 = mw/4. The dynamical state path lg and the geodesic
in the groundstate manifold [, are always lower-bounded by
the global geodesic ~.

counterexamples. Secondly, we consider a single har-
monic oscillator with linearly shifted Hamiltonians as
control space, which is easy to visualize since its met-
ric corresponds to flat R2. Thirdly, we consider a sin-
gle harmonic oscillator with purely quadratic Hamil-
tonians as control space. Here the metric is more
interesting and non-trivial, illustrating that it may in
general be difficult to decide whether the original con-
jecture applies to a given control space. Finally, the
fourth qutrit example addresses linear control Hamil-
tonians, showing that the conjecture also does not
generally apply in this important class of state prepa-
ration problems.

The contrast between the intriguing numerical evi-
dence originally supporting the conjecture in [5] and
the counterexamples we give, raises the question
which of the two cases is more generic. Is it more nat-
ural or common for the original conjecture to hold in
a typical system of interest and counter-examples are
fine-tuned instances? Or is the opposite more com-
mon? An exhaustive treatment of this question goes
beyond the scope of this work. However, we begin
the section by presenting numerical evidence that sug-
gests the existence of a large class of counterexamples
in two-level systems.

3.1 Qubit with circular control space

We denote a general two-level (qubit) Hamiltonian by

H(0,¢) = —% (sin@ (cos ¢ 6, +sinp ) + cosbé.),

(9)
where 6 € [0,7], ¢ € [0,27). The sign convention
is chosen such that in the Bloch sphere picture the
same vector U = (sinf cos¢,sinfsin ¢, cosd) repre-
sents both the Hamiltonian, as E[(Q,qﬁ) = —%7- (27',

Figure 3: Bloch sphere visualization of dynamical state path
trajectories from the greedy algorithm for 6 = 7, with ¢, =
0.6 and ¢; = 1.4 (see Sec. 3.1 and Fig. 2).

and its groundstate
0 0
[v0(0,¢)) = cos 3 0) + sin 2¢€ 1), (10)

as |1o)(tho| = 2(I+7- &). This yields a natural identi-
fication between accessible control Hamiltonians and
their groundstate manifold. In this standard notation,
the Fubini-Study metric is

1 1
ds® = ch? +7 sin? 0d¢?, (11)

i.e., a quarter of the metric induced by the standard
flat metric on R? on the Bloch sphere.

We now consider accessible control spaces given by
circles on the Bloch sphere:

Ag = {(0,9)l¢ € [0,27)}. (12)

For the special choice of § = 7 the ground states of
the control space form a great circle and hence a flat
ground state manifold My. Therefore, for Ay /o the
conjecture applies in its original form, as also verified
analytically in [5]. However, for all other values of ¢
the ground state manifold is not a great circle and we
will see that the original conjecture fails.

3.1.1 Greedy algorithm exploration

Before constructing examples, which achieve state
preparation with unit fidelity and violate the conjec-
ture, we explore the existence of counterexamples nu-
merically with a greedy control algorithm. The idea
of this algorithm is to always evolve the system to
a given target state by driving the system as closely
as possible along the geodesic from the current state
|t(t)) to the target state.
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To this end, the Hamiltonian H(t) is chosen from
the accessible control Hamiltonians so as to maximize
the overlap of the state’s time derivative 0 [¢(t)) =
—iH (t) [)(t)) with the tangent vector of the geodesic
from |(t)) to the target state [¢.). This means
that the state’s coordinates determine the Hamilto-
nian H (t) which, in turn, determines the time deriva-
tive of the state. As detailed in Sec. B, this leads
to two coupled differential equations (ODEs) for the
spherical coordinates of the state |1)(t)).

We solve these ODEs numerically and compare, in
Fig. 2, the length of the resulting dynamical state
path [g to the length of the path in the groundstate
manifold I/, and the length of the global geodesic ~y
connecting the initial to the target state. Fig. 3 visual-
izes two examples of resulting state trajectories. Note
that we end the numerical evolution of the ODEs,
when the distance between dynamical state and target
state reaches a small tolerance of Apg = 33-107° (cor-
responding to a fidelity of (below) 1—F < 1.1-1077),
because the numerical evaluation becomes challenging
closer to the target state. Hence, strictly speaking, we
here do not demonstrate unit fidelity state prepara-
tion. However, the ODEs’ numerical solutions and
direction field suggest that the algorithm converges
to unit fidelity on the scale of a few Agrg. Hence we
expect the numerical data in Fig. 2 to indicate the
existence of unit fidelity counterexamples.

The results in Fig. 2 display an interesting but ex-
pected asymmetry. Whereas [, and « are symmetric
around ¢, = 7, the algorithm yields slightly longer
paths when starting from, for example, ¢; = 37/2
than when starting from ¢; = /2. The asymme-
try arises because the Hamiltonian H (0, ¢) = —5 - &
generates a time evolution corresponding to clockwise
rotation around v in the Bloch sphere picture. This
makes it easier to steer states starting from the right

of the target (¢; > 0) than from the left.

We see that for small positive values of ¢; the
greedy algorithm is able to undercut l,, thus violat-
ing the conjecture. At a certain point (here around
¢; = bw/4) a crossover appears and the dynamic state
paths become longer than [, for the remaining values

of d)z

From a topological point of view it is interesting
to note that the shortest path in Ay jumps from a
clockwise orientation when 0 < ¢; < 7 to a coun-
terclockwise orientation when © < ¢; < 2mw. This
is in contrast to the azimuthal angles ¢y (t) which
the greedy algorithm uses to control the qubit and
which always lie between 7 < ¢y (t) < 27, although
they may evolve non-monotonically. In particular, for
0 < ¢; < 7/2 where the algorithm is able to drive the
state almost exactly along the geodesic, the time de-
pendent Hamiltonian employed for this lies far away
from the state path.

3.1.2 Exact unit fidelity for opposite azimuth target
state

Therefore we now consider the configuration where
the target state ¢, = 7 lies opposite to the initial state
(¢i = 0) on Ag. Here we can state control schemes
H(t) which achieve the state preparation with unit
fidelity in finite time and along a path that is shorter
than [, if 6 # 7/2.

The simplest choice is to apply the constant Hamil-
tonian H (0, 7/2). It is straightforward to calculate
that this Hamiltonian evolves the qubit from |¢);) =

[1)(6,0)) to |th.) = |1(0, 7)) within time Ty given by
Tyw =sec™ " (1 —2csc?(0)) . (13)

In the Bloch sphere picture, this evolution happens
along a circle with radius

ro = \% (sin(@)\/m) ; (14)

resulting in a dynamical state path length of

rolpw . 1 )
lg= = arcsin | ——— ] v/1 — cos? 0,
e 2 (\/1 + cos2 4

(15)
which is always less than the ground state manifold
distance [, = 5 sinf. For any value of § # 7 there
exists an interval around ¢, = w for which the con-
stant Hamiltonian H (6, ¢./2) still results in Ig < I,
i.e., a violation of the conjecture.

Applying a constant Hamiltonian may appear non-
physical or impractical. However, it is not difficult to
see, that continuous time-dependent choices of H (t)
exist which begin with H(0, ¢;) and end at H (6, ¢,).
For example, for the case of opposite target and ini-
tial states, ¢; = 0 and ¢, = m, as just discussed, this
can be achieved by a time-dependent control scheme
H(0, ¢(t)) where ¢(t) = —B(t)m/2 with

t/s, 0<t<s
s<t<T+s (16)

t-T)/s, T+s<t<T+2s

that is a function which linearly ramps up the Hamil-
tonian azimuthal angle in the time intervals [0, s] and
[T+ s, T + 2s] while remaining constant for time 7" in
the middle of the scheme. Figure 4 shows a numerical
example of such a solution for 6 = 7 /4.

To see that these can achieve the state prepara-
tion with unit fidelity, note that for small values of
s the state |¢(s)) is still close to the initial state
with a small azimuthal angle ¢(s). The length of
the middle time interval T can then be chosen such
that azimuthal angle of the state evolves such that at
t = T+ s the state has evolved to ¢(T'+s) = m— ¢(s).
Due to the symmetry of the equations of motion, the
interval T'4+ s < t < T + 2s then is the mirror image
of the first interval 0 < ¢ < s and the state ends up
exactly at the target.
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Figure 4: Bloch sphere representation of two-level system: If
the accessible control space A (solid, blue) does not corre-
spond to a great circle on the Bloch sphere, then the original
conjecture can be violated. For example, choosing numerical
values w = —1/2,s =4/10,T = 1.4778 in 16, results in the
(red, dashed) state path of length Iz = 0.81, which is shorter
than the distance inside A = 7/(2v/2) ~ 1.11. (Numerical
simulation and visualization using [11].)

3.2 Harmonic oscillator with linear shifts

We consider a simple harmonic oscillator with linear
shifts in its quadratures. That is we use the two real
control parameters A = (A\g,A,) € R? and consider
the Hamiltonian family

HO‘) =35 (((j - /\q>2 + (ﬁ - )‘p)Q) . (17)
Using the displacement operator

Dy =exp [a (A +1d) /V2 =8 (A — i)y) /V2)]
(18)
we can write H(\) = lA),\I:I(O,O)lA);. Hence the
ground state of H()\) is the displaced vacuum
|1ho(A)) = Dx10) .
With respect to the two-dimensional control param-
eters, the Fubini-Study induces the metric

1 1
2 2 2

which shows that the induced metric on the control
space is simply half of the standard metric on R2. In
particular, this means that geodesics in control space
are given by straight lines.

Under time evolution with linearly shifted Hamilto-
nians, displaced vacuum states evolve into other dis-
placed vacuum states. Thus, we can parametrize a
state path [¢(t)) = |vo(u(t))) in terms of the dis-
placed vacuum states it evolves through. The time
evolution induced by the (static) Hamiltonian H(\)

0.0 0.5 1.0 L5 2.0
Aq

Figure 5: Harmonic oscillator with linear shifts and curved
control space. The control space A (blue, solid line) is a semi-
circle (see Eq. (20)). The Hamiltonian of Eq. (21) prepares
the target state within time 0 < ¢ < 7/w, while driving the
state [¢(t)) (red, dashed line) along the geodesic in Oy,
thus violating the original version of the conjecture.

is visualized in R? by clockwise rotation of x on a
circle around A.

A natural instance of the state preparation prob-
lem is now to pick A; = (0,0) as the initial state,
A* = (qo,0) as the target state and A = [0, o] (or
more precisely A = {(z,0) € R?|0 < z < qo}) as
the accessible control space. Apart from the adia-
batic solution, there also exist time-dependent Hamil-
tonians which accomplish the state preparation ex-
actly and in finite time. In fact, for any X € R? it
is possible to find a time-dependent Hamiltonian in-
side A such that the system evolves from |¢(A;)) to
[tho(N\')) in some finite time. This means that the or-
bit Oy, = {Dx]0) X € R?} contains all displaced
vacuum states. Thus, for this A the conjecture holds
in its original form. Because inside O}y,), the mini-
mal geodesic connecting |1;) = |0) to |¢.) = |0, qo)
corresponds to the straight line between these points
in R?, which exactly corresponds to the accessible
control space itself. Hence the conjecture holds with
dMo ((Ov O)v (QO, 0)) = qo-

However, curved accessible control spaces can vio-
late the original version of the conjecture. An analyti-
cally solvable counterexample is as follows. For initial
state \; = (0,0) and target state A\, = (2,0) consider

A= {()‘qv)‘p)m SAg S22 =4/1 = (1= Ag)?

(20)
as the control space. It is depicted as the blue, solid
semi-circle in Fig. 5. The time-dependent Hamilto-
nian A (A(t)) with
(1) = 2sin?(wt/2), N\(t) = —sin(wt), 0<t<m

(21)
achieves the state preparation while driving the state
exactly along the geodesics

(@) = [Po(u(®)),  pt) = (A(1),0)  (22)
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and arriving exactly at the target state at time
[t =m)) = [Pv(A; =2, =0)). The length of the

dynamical state path hence is [ = 2 whereas the
length of the geodesic from \; to A, inside A amounts
to dp, = .

This analytical example is only one instance of
many choices of curved shapes of A for which time-
dependent Hamiltonians can be constructed that
achieve the state preparation in finite time, while driv-
ing the state close to the geodesic in O)y,) thus vio-
lating the original version of the conjecture.

3.3 Squeezed harmonic oscillator

The previous examples have representations which are
easy to visualize since the Fubini-Study metric corre-
sponds to the flat Euclidean metric. The following
example has both a more complex representation and
exhibits a non-trivial relation between the state path,
the Hamiltonian path and the geodesic path connect-
ing initial and target state.
We consider the family of Hamiltonians

H(r,0) = S.HyS! (23)
obtained by squeezing the harmonic oscillator Hamil-
tonian Hy = % (QZ + ﬁQ) with the operator

& 2o 2o i0
S, =exp S 587 ), z=re”, r>0,0 €R.

2
A (24)
The ground state of H(r, ) is the squeezed vacuum

. . (—e? tanh(r))" /(2n)!
ol 0)) =82 10 =3 =S o

(25)
Similar to above, squeezed states evolve into squeezed
states under arbitrary Hamiltonians H (r,0) along or-
bits as depicted in Fig. 6. Note that the orbits are
symmetric with respect to the axis through the origin
and (r,6). This will be used to construct counterex-
amples below.

The Fubini-Study metric induces the metric

1 1
ds? = idﬁ +32 sinh? (2r)df? (26)
on the squeezed state parameters. It corresponds
to the Poincaré disk [3, 6] which we obtain in its
standard form under the coordinate transformation
2 = tanh(r) cos § and y = tanh(r) sin 8, after which

(da:2 + dyQ)

1
ds? = - ——— .
5 2(1—22—y?)?

(27)
From the Poincaré disk comparison we can deduce the
shape of the geodesics in the squeezed states. First,
radial lines with constant 6 (with a flip of 6 — 0+ 7
as they cross the origin) are geodesics. Second, two
points (r,61) and (r,03) with equal radial coordinate

us
2
-——“~
// \\\
4 =7 > N
, ~
1 SSs 0.
V4 ~ ~
7T bl . =T 0
’a:/’
k \\ -~ _
N e 2 /’
& SALL S~
6
3T

2

Figure 6: Time evolution and geodesics of squeezed harmonic
oscillator states: The dashed lines are orbits of time evolution
under the static Hamiltonian H(r = 2,0 = 0) in Eq. (23),
whose ground state is marked by a black dot. The solid gray
lines are geodesics under the Fubini-study metric Eq. (26).

but different complex argument 6 are connected by
a geodesic that has a point of minimal radial coor-
dinate (rmin, (01 + 02)/2) symmetrically in between
the points. As r — oo the geodesic asymptotes to a
straight radial line.

For a control space with constant 6-coordinate the
original version of the conjecture applies because M
contains the shortest geodesic between any of its
states. However, a control space with fixed r,

A, ={(r,0)|0 € [0,27)}, (28)

can violate the original version of the conjecture in
an interesting way: Consider the state preparation
task with initial state |1;) = |[¢o(r,47/3)) and target
state [1.) = |Yo(r, 27w/3)). Time-dependent Hamilto-
nians of the form H(r,0(t)) with () = (8(t)—1)27/3
and B(t) as in Eq. (16) can accomplish the state
preparation while driving the state along a state path
[(t)) = |vo(pr, o)) that is shorter than the geodesic
inside A,. To this end, s needs to be chosen short
enough, such that ug(s) > m. Then T is chosen such
that pg(s + T/2) = w. With this choice, the symme-
try of the Hamiltonian parameters about t = s+7T/2,
and the symmetry of the equations of motion, yield
that the state evolves along

wr(284+T —x) = pr(x), po(2s+T —2x) =27 — pp(x).

(29)

Figure 7 shows a numerically constructed example of
this kind.

Figure 7 also highlights that the Hamiltonian

ground state path, the geodesic path in Mg and the
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s
2

Figure 7: State preparation for squeezed harmonic oscillator
(Sec. 3.3). The control space A; (solid, blue line) consists of
all Hamiltonians with squeezing parameter » = 2. The initial
state, at \;, has 0; = —27/3, the target, ., has 0, = 27/3.
The state path (red, dashed line) is obtained for numerical
parameters s = 3-107°, w = 27, T = 4.77 - 107°. Its
length is [g =~ 42.24 whereas the geodesic in A2 measures
lg = 97.48.

state path are all different: The Hamiltonian path
[tbo(r, 6(t))), that is the path of instantaneous ground
states, circles the ground state manifold counter-
clockwise from 6 = 47/3 to @ = 27/3. This path
is thus twice as long as the geodesic connecting these
states inside Mg which runs clockwise and resulting
in a geometric length of

Iy = 214 sinh?(2r). (30)

Nevertheless, the dynamic state path is much shorter
than this geodesic. This is because, as seen in Fig. 7
wr < 7, such that the path remains inside the circle of
M, where the coefficient £ sinh®(2r)d6? in the metric
leads to a shorter energetic length lp < .

3.4 Linearly controlled qutrit

Linear controls are of particular interest, both from
a practical and a theoretical perspective. By this, we
refer to Hamiltonians of the form H(\) = Hy + AK
which are linear (or more strictly speaking affine) in
the control parameter A. In fact, the analytic and
numeric evidence presented in [5] for the original con-
jecture, considered Hamiltonians only of this form,
whereas the previous counterexamples do not fall into
this class. And from the discussion of the qubit ex-
ample above, it follows that the conjecture holds for
linearly controlled qubits. However, in the following

we present a counterexample for a qutrit with linear
controls.
Specifically, we consider the Hamiltonian

. . . —w iA 0
H()\) =Hp+ \K = | —iA 0 ida|, (31)
0 —ida w

with w > 0 and the control problem in which the tar-
get state [1.) = |¥o(\s)) needs to be prepared start-
ing from the initial state |¢;) = |ho(—As)). This is
achieved, for all values of A, by evolving the qutrit
under the Hamiltonian Hy for a total time T = 7 Jw.

To see this, note that the eigenstates of H(\) are
proportional to the three-vectors

a® 2% + pup(w — pg)

k() o —iAw — k) (32)
a\?
where £ = 0,1,2 and pi is the corresponding

eigenvalue of H()\). Hence one obtains |1)o(—)))
from |¢g(A)) by changing the sign of the second
vector component, which is exactly achieved by
exp(—i(r/w)Hy) = diag(1,—1,1). The Hamiltonian
H (M) remains gapped and no level-crossings occur
as A changes, because its characteristic polynomial
N2w —a?X%w — u(A\? + a®X? + w?) + p? has a positive
discriminant and, thus, three distinct real roots.

When a # 1, the eigenvalues of H()), i.e., the roots
of the polynomial above are irrational. Hence we use
numerical calculations to obtain the length of the dy-
namical state path [g and the ground state manifold
length ;. Tor the latter, we can use perturbation
theory to obtain the tangent vector 9y |1)o())) to the
ground state manifold (by considering the effect of an
infinitesimal change in A on the groundstate of H()\)).

As shown in Fig. 8, we find that if a > 1, there exists
a critical value for \, such that when |\, > A, we
have l; > I thus disproving the original conjecture.

This numerical finding can be explained analyt-
ically by solving the case a = 1 exactly, and
then considering perturbative corrections around a =
1 +e For a = 1, the eigenvalues of H()\) are
{£Vvw? +2X2,0}. Using the above expressions, one
finds analytical expressions for [¢)g(A)) and 9y [¢g(A)).
With these one finds the length of the path connecting
the initial state |1o(—A«)) to the target state |o(\s))
to be

l, = V2arctan (/\* \/ﬁ/w) (33)

while the length of the dynamic path follows from the
energy variance of |1g(A.)) with respect to H(0) as

A§+2A3w( 222 +w2+2w) +2w3( 222 +w2+w)
T N2 F 2

w (\/W+w) + A2
(34)

Here the original conjecture holds, since for all finite
values of A, we have [, < [g and in the limit of A, —

lg =
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Figure 8: Dynamical state path and groundstate mani-

fold path length for the qutrit state preparation example of
Sec. 3.4, with w = 2 and @ = 1.5. If a > 1 there exists a
critical value for A, above of which [y, > Ig.

00, i.e., when initial and target states are eigenstates
of K, we obtain

1 =15 =n/V2. (35)

If we now expand a = 1 + € we can calculate the
leading order perturbative corrections to the ground-
state [¢o(A) = [¢0(), + €[t(N), +O(e2) and to
O [tho(N)), accordingly. From this we obtain leading
order corrections to both [, and [g. In particular, we
find that

15° = 7/vV2 + 5¢/(6V2) + O(€?), (36)

while the length of the dynamic state path I =
7/v/2 + O(X\2) between the eigenstates of K does not
change to leading order. This explains the numerical
observation presented in Fig. 8 of a critical value for
A« above of which the original conjecture is violated.

4 Discussion and Conclusions

In this work we have discussed the geometric speed
limit for accessible quantum state preparation con-
jectured in [5]. We have derived conditions on the
accessible control space under which the original con-
jecture holds, but we have also shown the existence
of various, generic and instructive counterexamples to
the conjecture. We have explained the problems with
the original conjecture from a differential geometric
perspective attributing the origin of counterexamples
to the extrinsic curvature of the system’s groundstate
manifold.

The counterexamples raise the question if the con-
jecture can be modified to still hold. It follows from
the counterexamples that instead of using the shortest
path in the groundstate manifold, the shortest path in
the orbit O)y,), the set of all states that can be reached
by accessible time-dependent Hamiltonians from the

target state, needs to be considered. Technically, this
modification can be constructed as follows. If in the
original conjecture the geodesic distance in My is re-
placed by the geodesic distance in O}y,), which in gen-
eral is shorter, then the conjecture always holds:

U@ > doy,, (W) 1)) (37)

This is because now both the state path on the left
hand side, and the geodesic path on the right hand
side, lie within O|,y. Hence [z, which is the Fubini-
Study length of |¢(t)), cannot be shorter than the
geodesic distance between initial and target state in
Otyy)-

This modified version of the conjecture is consid-
erably weaker, of course. In fact, it is almost self-
referential since it can be rephrased as the statement
that the shortest dynamical state path from the initial
to the target state is always shorter than or equal to
any other such dynamical state path. However, as the
example in Sec. 3.2 shows, the inequality in Eq. (37)
can be saturated, i.e., there exist control spaces for
which the system can be driven along the geodesic in
O|y,) from initial state to target state, but the path
inside M is longer. Hence, in order to derive stronger
bounds for a state preparation problem, one will need
to consider the specific properties of a given accessible
control space.

As we discussed the original conjecture does apply if
the ground state manifold contains a shortest geodesic
between target and initial state within the control-
lable states. In the absence of topological obstruc-
tions this is the case when the ground state manifold
is a flat submanifold of the controllable states. In par-
ticular, this raises the question whether any non-zero
extrinsic curvature of the accessible control space is
sufficient for the existence of counter examples to the
original conjecture. Here our results from the greedy
algorithm to the qubit example in Sec. 3.1 can be
instructive for further research. For target states to
the right of the initial state ( positive ¢. — ¢;) the
algorithm was not able to undercut the path length
along the groundstate manifold for target states close
to the initial state. This is in line with the observation
in [5] that the adiabatic path locally is a minimum of
the path length. However, for target states closely to
the left of the initial state, the algorithm was able to
drive the qubit closely to the global geodesic, thus un-
dercutting the path along the groundstate manifold.
This is not contradicting the fact that the adiabatic
path constitutes a local minimum of the path length,
because the Hamiltonian path achieving it is far from
the adiabatic path.

Hence, our results point towards a promising direc-
tion for future research which is to combine quantum
control theory [7, 9], to describe the orbit of dynami-
cally accessible states, with the differential geometry
of the control space. Studying the extrinsic curva-
ture of the control space may allow for estimates of
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the difference between geodesics in control space and
in the accessible states, leading to strong geometric
speed limits for state preparation.
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A Fubini-Study Metric for Examples

Here we present the calculations of the quantum
geometric tensors on the groundstate manifolds of
the harmonic oscillator and qubit counterexamples in
Sec. 3.

For the harmonic oscillator with linear shifts in
Sec. 3.2, the displacement operator in Eq. (18) can
be expressed via the Kermack—McCrea identity [12]

2,32 .
AGHAD Agtidp ot Ag=idp .

e vz Te v2 . (38)

A

Dy, =¢e"

This makes it easy to calculate the derivatives of the
coherent states [¢(\)) = Dy |0) with respect to the
components of A by differentiating the unitary oper-
ators. By commutating everything to the right of the
displacement operator after using the sum rule for dif-
ferentiation we obtain

(39)

Plugging these equations into Eq. (4) the displace-
ment operator and its adjoint cancel to the identity
and only the action of & and a' on the vacuum has to
be considered. This yields the metric

11 i 1
X_QLdl} = g=gt W)

For the qubit in Sec. 3.1, we consider the state as
in Eq. (10), for which

90 (0,0)) = — 5 sin & [0) +

1 6
—cos —e'?|1)
2 2 (41)

Dy |1(0, ¢)) =isin iew 1) .

Substituting these into Eq. (4) gives

I T T I O
X= 4 |—isin® sin®@ 9= 410 sin?6|"
(42)

For the squeezed harmonic oscillator in Sec. 3.3, the
derivation of the QGT is more involved. The state
Eq. (25) can be expressed in the Fock basis as

\/( n)!

[(r, 0)) = \/WZ —e'? tanh(r S |2n)
_ Z elfn tanhl(l r)4/ (2n)!sech(r) 2n)
(43)

The derivatives can be computed and simplified to

= 271 /(2n)!sinh(r
3 v (2n) (r)

Or |¢(7‘7 9)> = 3
0 nlcosh? (r)
x (2nesch?(r) — 1) (—e'® tanh(r))n [2n)
(44)
and
. 7 > i (—%)n ne'®” tanh™ (1)
ACURSY - "

xix/ (2n)!sech(r) |2n) .

The relevant overlaps are

(b(r,0) Dy D [1(r,0)) = sinh®(r)(3 cosh(2r) + 1)/8
(W6(r,0)] D [(r, 0)) = isinh®(r) /2
(W(r,0)] 0,0, |o(r,0)) = 1/2

(W (r.0)] 9, [(r,6)) =

(W(r,0) DD, [1(r,0)) = —isinh(2r) /4. (46)

Hence, the QGT and thus the Fubini-Study metric
take the form

isinh(??‘)}
) 0 (47)

= 9= [0 ésinh2(2r)] '
B Greedy Continuous Control Imple-

mentation

Here we give details on the greedy control scheme of
Sec. 3.1. Its idea is to choose the control Hamiltonian
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such that it always drives the state as closely as pos-
sible along the direction of the geodesic between the
current state and the target state.

The density matrix of a qubit can be written as

1

- (]I + 5 3) (48)

ﬁ =
where p'is the vector representing the state on the
Bloch sphere, and ¢ = (6,,8y,6,) is a three vector
of Pauli matrices. If the qubit state is pure, as in our
case, the vector has unit length |p] = 1. Similarly, we
write the Hamiltonian acting on the qubit as

w =

H= —§h~3. (49)

The Schrodinger equation then yields
~ A A we o
8p = —I[H,p} = —Shxp (50)

which implies that the time derivative of the state in
Bloch sphere picture is represented by p" = —wh x 0.

The idea of the algorithm is to choose the Hamil-
tonian such that g aligns as closely as possible with
the geodesic between the current state and the tar-

get state p, = % (HJrﬁ* c:f) A tangent vector of
this geodesic is given by (7' X pi) X g = pi — (0 fx) p-
Hence, h needs to maximize the scalar product be-
tween the states’ time derivative and the desired tan-

gent vector:

SR - W > — we

P (s = (7 pi) p) = =5 (W x p) - P = S h- (P % ).
(51)

With the following spherical coordinates for the state

Bloch vectors h = (cos ¢ sin 8, sin ¢sin 6, cosf), g, =

(sind,0,cosf), and p = (cos x sinn,sin y sinn, cosn),
we have

—sin 7 cos @ sin

Since the polar angle 0 is fixed (recall that we are
working with the set Ay of Eq. (12) as accessible con-
trol Hamiltonians), we can only optimize the Hamil-
tonian’s azimuthal angle ¢. Hence, to maximize

—

h - (P« X p), we choose ¢ such that

cos @ sinnsin

CoOsp = ——— -
(175 % Pl
. . (53)
) sinn cos 0 cos y — cosnsin 0
sin¢ = - )
7% % A2

where the norm of the first two elements of p, X g'is

[/ x pll1,2 =

\/(sin ncosfsiny)? + (sinncosf cosy — cosnsin ).

(54)

Inserting the optimized choice for ¢ into the
Schrodinger equation Eq. (50) results in the ODEs

dn _ V2w sin nsin? §(cot 1 cos x — cot 6)

dt /1 —sin(2n)sin(26) cos x — cos(27) cos(26)’
d

d%f( = —wcosf

V2w cos ) cot n sin? @ sin
/1 — sin(2n) sin(26) cos x — cos(2n) cos(26)
(55)

Numerical solutions of these equations show that the
resulting state paths can take very long time to con-
verge to the target state. In fact, it is conceivable
that the target state is only reached asymptotically
for infinite times.

To circumvent this difficulty, it is helpful to
parametrize the dynamical state path in terms of its
arc length. The time derivative of the arc length (with
respect to the Fubini study metric Eq. (11)) is

dS_l ) dX 2 d77 ?
dt_Q\/Sm n(dt) +<dt . (56)

P« X p= | sinncosfcosy —cosnsinf | . (52) Then with d—;’ = i’z (%)71 we obtain
sin 7 sin 6 sin x ‘
dn 2(cot n cos x — cot f)
ds ’

2
\/(cot 6 — cotnecos x)? + (\/COt2 6 (sin® n csc? 6 + cos(2n) — sin(2n) cot 6 cos x) + cosn cot 7 sin X)

dxy

—2cscn (\/cot2 6 (sin® n csc? 6 + cos(2n) — sin(2n) cot § cos x) + cosn cot nsin X)

ds

5"

The numerical integration of these equations be-
comes challenging as the state approaches the target
state. To save resources, we therefore abort the in-

\/(cot 6 — cotncos x)? + (\/cot2 6 (sin® ncsc? 6 + cos(2n) — sin(2n) cot 6 cos x) + cosn cot 7 sin X)

(57)

tegration when the distance between state and target
falls below a certain tolerance. To interpret this dis-
tance in terms of fidelity between the state and the
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target state, note that the Fubini-Study distance be-
tween two pure states dpg = /2 equals half the open-
ing angle v between their Bloch vectors. The fidelity
between two states is

_ l+4cosy 14 cos(2drs)
2 2

F ~1—dhg (58)
hence the tolerance of dpg < Apg = 33 -107°, which
we chose for the numerical results presented above,
corresponds to a fidelity of 1 — F < 1.1-107".

Going beyond the scope of this work, an investi-
gation of the analytical properties of the ODE for
points close to the target state may allow to show
whether the numerical solutions end up reaching the
target with unit fidelity. The behavior of the numer-
ical solutions we obtain here suggests that the state
paths would have to be continued by a length less
than 2A rg in order to reach the target state with unit
fidelity, because the absolute distance to the target
tends to drop at a high rate as the state approaches
the target.
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