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Encoding a qubit in a larger Hilbert space of an oscillator is an efficient way
to protect its quantum information against decoherence. Promising examples
of such bosonic encodings are the Gottesman-Kitaev-Preskill (GKP) codes. In
this work, we investigate how redefining the stabilizer group of the GKP codes
to include all operations with trivial action on the code space can contribute to
the search for an optimal implementation of a logical circuit when it is affected
by noise. We find the generators of the Gaussian stabilizer group, allowing us
to search for different physical implementations of a Clifford operation. We
then propose an algorithm that finds the optimal implementation of a given
logical Clifford circuit on GKP codes, such that the state is less affected by
loss errors during the computation. Finally, we demonstrate numerically, with
logical randomized benchmarking, that such a compiler can increase the lifetime
of square-GKP qubits while running Clifford circuits, compared to a random
walk compiler.

1 Introduction
As we move toward and beyond advanced noisy intermediate-scale quantum computing,
the roles of quantum error correction (QEC) and compilation techniques become increas-
ingly important. QEC ensures that the errors caused by decoherence channels during a
computation do not accumulate too quickly, while compilation techniques can reduce the
rate at which they occur in the first place. The combination of both is essential to move
toward fault-tolerant computations and useful applications. QEC consist of redundantly
encoding quantum information in a larger quantum system such that small physical errors
can be detected and corrected before the full system is affected by its spreading. Systems
that enable bosonic encodings are promising platforms for QEC, where the Hilbert space
of possibly many high-quality harmonic oscillator modes can be used to encode quantum
information. The increase in the ratio of redundancy over the number of physical devices
needed compared to other options, like qubit codes, is an encouraging perspective toward
the scaling of such implementations in a hardware-efficient manner. Bosonic codes can be
implemented in many architectures, such as cavity quantum electrodynamics [1, 2, 3, 4],
optical modes [5, 6] and trapped ions [7, 8, 9], to cite only a few. Amplitude damping
(bosonic loss) is the main type of error channel affecting those architectures, followed by
dephasing and other higher-order non-linear processes. The code introduced by Gottes-
man, Kitaev and Preskill (GKP) [10] can correct small displacement errors, and has been
observed to be very efficient to protect against amplitude damping, while remaining com-
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petitive against other types of noise [11, 12]. This has created a lot of interest to study the
limitations of GKP codes and potential ways to achieve universal quantum computation.
For example, with the ability to apply arbitrary Clifford gates, it is possible to achieve uni-
versal computation with the addition of magic state injection [13]. This path to universal
computation is particularly interesting for GKP codes because Clifford operations can be
realized with Gaussian operations only, for which the spread of displacement error can be
controlled. If we instead consider finite-energy GKP codes and the bosonic loss, the effect
of the error channel becomes dependent on the particular Gaussian operations used to im-
plement the logical operation. Solving this issue and finding good compiling algorithms for
Clifford circuits on finite energy GKP codes is then crucial to achieve universal quantum
computing with bosonic codes.

In the present work, we study this problem of finding an optimal implementation of a
Clifford circuit on a multimode finite energy GKP encoding, while it is affected by bosonic
loss. To attain this goal, we first identify all logically equivalent implementations of a
given logical operation on the ideal code. It is parametrized by the stabilizer group, which
we define here to be the (potentially non-abelian) group of all operations that stabilize
the code space. This leads us to include the standard translations symmetries of GKP
codes, but also an infinite number of non-commuting stabilizers. Focusing on Clifford
operations, we restrict this group to Gaussian operations and define the Gaussian GKP
stabilizer group. Along the way, we solve a quadratic matrix equation over the restricted
ring of integer matrices to fully characterize the generators of the group. Moving on to an
application on finite energy GKP, we find that each GKP codeword implementation can
be described by a general Fock-type envelope that generalizes the concept of finite-energy
GKP codewords [14]. For the sake of completeness, we include an updated version of the
so-called small-Big-small (sBs) stabilization protocol for those codewords. We find that
the logical information contained within a finite energy GKP state is independent of the
envelope, and is only dependent on the underlying logical grid, which create redundancy
on how we choose to implement a logical state. A consequence of the redundancy is that
choosing a specific implementation of a gate is equivalent to choosing an implementation
of a codeword, which is also equivalent to choosing an envelope. This enables us to find
clear optimization criteria on Clifford circuits based on the characteristics of the bosonic
loss channel and their effects on the envelope of the codewords. In the last part of this
work, we propose an algorithm that compiles Clifford circuits using those criteria. Finally,
we use logical randomized benchmarking to compare our compiler algorithm to a random
walk compiler algorithm [15] and show the gain of using the former. In the appendices,
we included supplementary results that are more technical, but still of interest for the
community. In Sect. C, we present the generalization of the sBs protocol to any Fock-
type envelope. In Sects. D to F, we included a derivation of the Wigner function of the
codespace projector for any GKP code, the derivation of the Wigner function of any finite
energy GKP grid state and a computation of the number of excition contained in a finite
energy GKP grid state, respectively.

The paper is organized as follows. We start in Sect. 2 with useful definitions and notations
on GKP codes, their representation and operations on harmonic oscillators. In Sect. 3, we
present and characterize the Gaussian stabilizer group for GKP codes. It is followed by its
application on finite energy GKP codes to find optimization criteria in Sect. 4. In Sect. 5,
we introduce our compiler algorithm and analyze its performance. We conclude in Sect. 6.
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2 Preliminaries and notation
In this section, we review the construction of multimode GKP codes as lattice codes [10,
16, 17, 18]. GKP codes are stabilizer codes which use the infinite-dimensional quantum
Hilbert space of N bosonic modes to encode a finite-dimensional logical subspace. We
denote the creation and annihilation operators for the kth mode as âk and â†

k, respectively,
with commutation relation [âj , â

†
k] = δj,k for j, k = 1, ..., N . We also make use of the

quadrature coordinates q̂k = (âk + â†
k)/
√

2 and p̂k = −i(âk − â†
k)/
√

2 with ℏ = 1. We
arrange these coordinates in a vector of operators ξ̂ = (q̂, p̂)T in the qqpp convention such
that the commutation relation becomes [ξ̂j , ξ̂k] = iΩjk for j, k = 1, ..., 2N . The matrix

Ω2N =
(

0 1
−1 0

)
⊗ IN (1)

gives rise to the skew-symmetric bilinear form (symplectic form)

ω(u,v) = uT Ωv, (2)

defined for u,v ∈ R2N . We omit the subscript of Ω2N when the dimension is clear from
the context. We define the translation operator as

T̂ (v) = e−ilvT Ωξ̂, (3)

from which the relation

T̂ (u) T̂ (v) = e−il2uT Ωv T̂ (v) T̂ (u) = e
−il2

2 uT Ωv T̂ (u + v) (4)

is implied by the commutation relation defined before. When using translations with units
of l =

√
2π, the commutativity of two translation operators is tantamount to the symplectic

form being an integer:

[T̂ (u) , T̂ (v)] = 0 ⇐⇒ ω (u,v) ∈ Z. (5)

These translation operators form representations of the Heisenberg group H2N+1 (R) on
the infinite Hilbert space of N oscillators. GKP codes are stabilizer codes which use
this structure to embed one or multiple finite-dimensional representations of the Weyl-
Heisenberg group on a finite-dimensional logical subspace using the translation operators.
In more detail, the stabilizer of a GKP code is an abelian group generated by a set of 2N
translation operators

S =
〈
e2πiµ1 T̂ (s1), e2πiµ2 T̂ (s2), ..., e2πiµ2N T̂ (s2N )

〉
, (6)

with {sj} a basis for R2N and µ the gauge vector. In most cases we take the trivial gauge
µ = 0. The abelianity condition of S translate to the matrix

A = SΩST (7)

being integral, where the matrix S is constructed from {sj} as row vectors. We refer to A
as the symplectic Gram matrix. The GKP stabilizer group is then isomorphic to a lattice
Λ ⊂ R2N generated by the matrix S with the elements given by

Λ = {ST a | a ∈ Z2N}. (8)
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In the stabilizer formalism, we obtain the generalized logical Pauli operators as operators
that commute with all of the stabilizers, but are not in the stabilizer: C(S)/S. Using the
isomorphism between the stabilizer group and the lattice Λ, we can show that the Pauli
operators coincide with the definition of the symplectic dual lattice Λ∗

Λ∗ = {u | SΩu ∈ Z2N}. (9)

A potential generator matrix for the symplectic dual lattice is

S∗ = A−1S, (10)

such that we can also write

Λ∗ = {ΩS−1b | b ∈ Z2N}. (11)

As a result, the logical Pauli operators are each associated with one of the det(Λ) =
det(A) = d2 cosets of Λ∗/Λ, where d is the dimension of the finite-dimensional encoded
Hilbert space.

An important type of unitary operation on oscillators is Gaussian operations, which are
generated by Hamiltonians quadratic in mode operators

ÛM = exp
(−i

2 ξ̂
T
Cξ̂

)
, C = CT , (12)

where C is a symmetric matrix that specifies the generating Hamiltonian. The group of
Gaussian unitaries can also be parametrized with symplectic matricesM ∈ Sp2N (R), where
the connection with Eq. (12) is M = exp(ΩC). The unitaries ÛM are representations of the
metaplectic group, which is a double cover of the symplectic group. However, it is possible
to lift those projective representations to ordinary representations by choosing the right
representatives for each M . Doing so, the unitaries respect the homomorphism property

ÛN ÛM = ÛNM . (13)

The action of Gaussian unitaries on mode operators is a linear application of the symplectic
representative

U †
M ξ̂UM = M ξ̂, (14)

where we have an element-wise product on the left and matrix multiplication on the right.
This implies the more general relation

U †
Mf

(
ξ̂
)
UM = f

(
M ξ̂

)
, (15)

for any function f(ξ̂) that can be represented as a power series of mode operators. Any
symplectic matrix M can be written as a a product of two orthogonal matrices and a
positive definite diagonal matrix via its Bloch-Messiah decomposition:

M = O2ΓO1, (16)

where Oi ∈ Sp(2N,R) ∩ O(2N) ∼= U(N) and Γ = D ⊕D−1 with D is a positive definite
diagonal matrix of dimension N .

In this work, we simulate GKP states directly using their Wigner function, defined as

W (ξ, ρ̂) =
∫
R2N

dv e−i2πξT Ωv Tr
[
T̂ (v) ρ̂

]
. (17)
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This version of the Wigner function is corrected for our specific version of the translation
operator and the l =

√
2π scaling for the units of ξ. Consequently, the average of an

operator Â in phase-space is given by〈
Â
〉

= Tr
(
ρ̂Â
)

= (2π)2N
∫
R2N

dξW (ξ, ρ̂)W
(
ξ, Â

)
. (18)

When a general gaussian unitary acts on the density matrix UM,λ : ρ̂→ UM,λ ρ̂ U
†
M,λ, the

Wigner function is modified to

W
(
ξ, UM,λ ρ̂ U

†
M,λ

)
= W

(
M−1 [ξ − λ] , ρ̂

)
, (19)

where UM,λ = T̂ (λ) ÛM . An important class of states in harmonic oscillators are Gaussian
states. They are the states that are fully described by their first and second moments:

µ =
〈
ξ̂
〉
/
√

2π, Σjk = 1
4π
〈{

ξ̂j −
√

2πµj , ξ̂k −
√

2πµk

}〉
, (20)

where {·, ·} is the anticommutator. In phase-space, they are represented by gaussian
Wigner functions

GΣ,µ (ξ) =
exp

(
−1

2 (ξ − µ)T Σ−1 (ξ − µ)
)

√
(2π)2N det (Σ)

. (21)

Finally, we define, on a bipartite qubit system jk, the generalized controlled Pauli operation
of applying Pauli operator B on subsystem k if subsystem j is in the −1 eigenstate of Pauli
operator A as

C (Aj , Bk) = IjIk +AjIk + IjBk −AjBk

2 . (22)

This symbol is symmetric in the sense that C (Aj , Bk) = C (Bk, Aj). Using this notation,
a controlled Z gate is noted as C (Z1, Z2) and a controlled X gate with control qubit 1
and target qubit 2 is noted as C (Z1, X2).

3 Gaussian stabilizer group
3.1 Generalized Stabilizer Groups
Qubit stabilizer codes use n qubits to encode k ≤ n qubits. The codespace T of these
codes is the submanifold of the full Hilbert space

(
C2)n restricted by the elements of the

stabilizer group S containing Pauli operators such that

T = {|ψ⟩ : s |ψ⟩ = |ψ⟩ ∀s ∈ S} . (23)

In the usual definition, the stabilizer group of a qubit code is generated by n−k commuting
elements, and it completely defines the code [19]. In this definition of the stabilizer group,
it is taken to be abelian. However, it is possible to relax this assumption of abelianity
and only ask that the stabilizers need to share the 2k eigenvectors that describe T with
eigenvalue 1. This is equivalent to asking that the action of the stabilizers on the codespace
commute, but not necessarily the operators themselves:

SjSk |ψ⟩ = SkSj |ψ⟩ ∀ |ψ⟩ ∈ T ≠⇒ [Sj , Sk] = 0. (24)
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The XS [20] and XP [21] formalisms are two examples where qubit codes were constructed
from a non-abelian stabilizer group. In general, removing this restriction to abelian groups
enables us to define a new stabilizer group that we call the unitary stabilizer :

SU = {U ∈ U (2n) | U |ψ⟩ = |ψ⟩ ∀ |ψ⟩ ∈ T} . (25)

The stabilizer group described in [19] is, by definition, a subgroups of SU . Similar to
the abelian elements, the unitary stabilizers can be used as a resource for stabilization,
error mitigation, and potentially decoding. This notion of unitary stabilizer groups can
also be used for continuous-variable codes such as the GKP encoding, in which case it
becomes of infinite order. It is worth noting that, contrary to the abelian stabilizer, unitary
stabilizers might mix error spaces or even entangle those subspaces together, which might
be devastating for the preservation of information in the system. With the definition of
Eq. (25), we can understand those symmetry operations as encoded identities that are
implemented via a non-identity operation on the system.

A way to identify such symmetry of a code is to compare the group order of a logical oper-
ation with its physical implementation. If they have a mismatching order, then necessarily
there will exist a symmetry that will be included in SU . For example, let g be a unitary
operation on an arbitrary Hilbert space that implements a logical operator g of finite order
|g|. If g is an adequate representation of g, then, necessarily,

gr|g| ∈ SU ∀r ∈ Z, (26)

as g|g| must implement a logical identity. An example of such operations for the square
GKP code is the logical gate

√
H implemented via the unitary [18, 22]:

Imp
(√

H
)

= exp
(
iπ

8 n̂
2
)
. (27)

Since n̂ has integer eigenvalues, this physical operation has order 16, while the underlying
logical operation,

√
H , has order 4. As a result, the four unitaries{

exp
(
irπ

2 n̂2
)}

r∈Z4

, (28)

implement a logical identity on the square GKP code. For infinite-dimensional Hilbert
spaces, the physical implementation of a logical operation might be of infinite order, re-
sulting in the inclusion of an infinite subgroup in SU . This case will arise in our treatment
of the GKP code with squeezing operations. There might even exist stabilizing operations
that do not correspond to powers of non-trivial logical operations. As a whole, the rich
structure of the unitary stabilizer group makes it impractical to try to find every element
in SU . Following this thread of ideas, we restrict the scope of this paper to grid codes. We
will also only be interested in a subgroup that is more easily implementable, i.e. Gaus-
sian operations. For qubit stabilizer codes, the restriction of the unitary stabilizer group
to Clifford operations has been studied [23, 24] to optimize the implementation of logical
Clifford operations. This work extends this notion to GKP codes.

3.2 Gaussian Stabilizer Group
The elements of any generalized stabilizer group on grid codes need to share a specific
property: they need to stabilize the Pauli subgrids Pj ⊂ Λ∗ individually:

Pj = Λ + pj pj ∈ Λ∗, (29)
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with an index j for every logical Pauli string. By definition, P0 is Λ. This gives a new
definition of the group as the intersection of all automorphisms of these subgrids

SU =
⋂
j

Aut (Pj) ⊂ Aut (Λ∗) . (30)

For grid codes, an important subgroup of SU is the Gaussian stabilizer group, which we
define as the intersection of the unitary stabilizer group and the Gaussian unitaries

SG = SU ∩ {UM |M ∈ Sp2N (R)} . (31)

Since any Gaussian unitary acts as an affine transformation on phase space, and stabilizers
in SG must be logical operations of the code, we know that each element of SG admits the
decomposition [25]

SG ⊂ AutS
∞ (Λ∗) = AutS (Λ∗) ⋉ Λ∗. (32)

Such affine transformations are characterized by two transformations: a fixed point sym-
plectic transformation M ∈ AutS (Λ∗) and a translation by a vector of λ∗ ∈ Λ∗. We denote
such transformations by LM,λ∗ with its application

LM,λ∗ (u) = Mu + λ∗. (33)

With respect to the condition in Eq. (30), these morphisms describe an element of SG

when
LM,λ∗ (Pj) = Pj ∀j. (34)

Expanding the restrictriction in terms of the original lattice P0 moved by a vector of the
dual lattice pj , we obtain a much simpler condition on M :

LM,λ∗ (Pj) = LM,λ∗ (P0) +Mpj = P0 + pj , (35)

(M − I) pj ∈ Λ ∀j. (36)

Using both the lattice and the dual lattice definition in terms of their generator matrix (S
and S∗), we conclude that elements of SG must have a fixed-point transformation of the
form

M = ST (XA+ I)S−T , (37)

where X ∈ Mat2N (Z) is a general matrix of integers and (XA+ I) ∈ SL2N (Z) (see
Sect. A). The matrix M is a valid solution only if it is also symplectic, which is not implied
by Eq. (37). Enforcing the symplectic structure to M returns an equation for X

XAXT −
(
X −XT

)
= 0, (38)

with A the symplectic Gram matrix that defines the lattice. From [10, 26], we know that
for every integrally symplectic matrix A = SΩST , there is a change of basis R ∈ SL2N (Z)
that transforms S and A as

SD = RS, AD = RART = Ω2 ⊗D, (39)

such that D is a diagonal matrix of natural numbers that fix the type of lattice. Since A
and AD describe the same lattice Λ, the transformation M must be valid for both. As a
result, if the pair (XD, AD) is a solution to Eq. (38), then so must be

(
RTXDR,A

)
. As a

result, we only have to solve the equation

XDADX
T
D −

(
XD −XT

D

)
= 0 (40)
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which is simpler since AD is skew-symmetric with only N independent non-zero elements.
The solutions of Eq. (40) form a group with a product ◦ defined as

XD ◦ YD = XD + YD +XDADYD, (41)

with XD, YD solutions to Eq. (40). The group product for solutions in Eq. (41) is also the
group product for solutions in a non-canonical basis, such as the solutions of Eq. (38).

To fully describe the transformations M , we now proceed to find the generators of this
group of solutions using the generators of the symplectic algebra sp (2N,R). Looking at
Eq. (37), we can deduce that XA must be similar in structure to an element that is a
small deviation from the identity, which also respects the symplectic property. This is
equivalent to saying that XA has the same structure as an element of the symplectic
algebra sp (2N,R). A basis for sp (2N,R) can be chosen to be the union of two sets. The
first set contains symmetric matrices

Fj,k = Ej,k + Ek,j , Fj,j = Ej,j , (42)

and the second contains skew-symmetric matrices

Gj,k = Ej,k − Ek,j , (43)

with Ej,k the matrix with 1 at position (j, k) and 0 elsewhere. We use those basis elements
to search for solutions of Eq. (40). Starting with the symmetric set, we fix the solution
to XD = αFj,k with k ≥ j and try to solve for α ∈ Z. This type of matrix is a non-zero
solution of Eq. (40) only if

AD,j,k = 0. (44)

This condition is validated for all values of α and all pairs of indices (j, k), except for
combinations of the form (j, k) = (j,N + j). We also find that the product rule in Eq. (41)
is simplified to

α1Fj,k ◦ α2Fj,k = (α1 + α2)Fj,k (45)

when restricted to this infinite subgroup of solutions. This means that solutions Fj,k

generate all other solutions of the form αFj,k, α ∈ Z via products with itself. By counting
the number of valid (j, k) pairs, we obtain 2N2 generators of this type. Moving on to
skew-symmetric solutions, we fix XD = βGj,k with β ∈ Z. This matrix is a solution only
if

2− βAD,j,k = 0. (46)

Because of the structure of AD, this can only be validated for pairs of indices such
that (j, k) = (j,N + j), which complement the symmetric set of solutions. Addition-
ally, the relation of Eq. (46) can also only be validated if the matrix AD contains elements
AD,j,k ∈ {1, 2}. As such, we get two types of potential solutions: (β = 1, AD,j,k = 2) and
(β = 2, AD,j,k = 1). Both correspond to an involution operation such that

βGj,k ◦ βGj,k = 0. (47)

Futhermore, only when AD,j,k = 1, we get an order four solution: XD = Gj,k + Fj,j + Fk,k

that squares to the solution of Eq. (46). In total, we have between 2N2 and 2N2 + N
generators of solutions depending on the number of diagonal elements of D that are either
1 or 2. This corresponds to the maximum number of generators possible, which means
that we found all solutions to Eq. (40).
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Now that the fixed-point part of the transformation M is determined, it only remains to
fix λ∗ to fully parametrize the transformation LM,λ∗ . The fixed-point transformation was
obtained by fixing each Pauli grid to itself. However, this restriction does not restrain the
phases that a Pauli representative can gain when the symplectic unitary is applied. This
means that the symplectic unitary UM is, in the general case, an implementation of a logical
Pauli operator. To adjust this phase, we choose λ∗ such that the whole transformation
commutes with every Pauli representative pj on the code space

T̂ (λ∗)UM T̂ (pj) |ψ⟩ = T̂ (pj) T̂ (λ∗)UM |ψ⟩ . (48)

The Pauli representatives T̂ (pj) might not commute in general with LM,λ∗ as operators,
but their action need to commute on the code space. Requiring that Eq. (48) is true entails
that the condition is also true after a transformation pj → pj + λ ∀λ ∈ Λ. Equation (48)
leads to a set of 2N equations derived in appendix B that always have a solution λ∗ ∈ Λ∗.
This choice fixes LM,λ∗ up to a translation stabilizer of the code. In general, we only need
to identify the action of UM on the Pauli representative and inverse it with a translation
by the corresponding λ∗.

In the end, for each generator of solution Xk of Eq. (38), we get a gaussian stabilizer group
generator UMk,λk

∗ , that implements the transformations LMk,λk
∗ . We can now write the

Gaussian stabilizer group as the group generated by the 2N translation stabilizers (indexed
by j) and the 2N2 +m Gaussian stabilizer generators UMk,λk

∗

SG =
〈
T̂ (sj), UMk,λk

∗

〉
(49)

with m the number of entries in D that are either 1 or 2.

3.3 Square GKP Gaussians Stabilizer
We now proceed to give an example of this group for the single-mode square GKP code
and how it is related to the encoded Clifford group. We then construct the same group
but for the combination of two square GKP codes before generalizing to N square GKP
codes. For the single mode case, the generator matrix is S =

√
2I2 and the symplectic

Gram matrix is
A = 2Ω2, (50)

which is already in the canonical form. To parametrize the Gaussian stabilizer group, we
are looking for all symplectic matrices of the form

M = 2XΩ2 + I. (51)

Following the analysis of the last section, we find three generators for the solutions of the
Eq. (38). They are

XH2 =
[

0 1
−1 0

]
, XQ2 =

[
1 0
0 0

]
, XP 2 =

[
0 0
0 1

]
, (52)

with the corresponding symplectic matrices

MH2 =
[
−1 0
0 −1

]
, MQ2 =

[
1 2
0 1

]
, MP 2 =

[
1 0
−2 1

]
. (53)

We indexed them as H2, Q2 and P 2 because of their logical action on the code, with
Q denoting the phase gate in the logical X basis and P the phase gate in the logical Z
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basis. The transformations in Eq. (53) implement the square of the logical operators H,√
X and

√
Z, respectively. From each symplectic matrix of Eq. (53), the corresponding

unitary operator that implement it are obtained by solving Eq. (12), which in this case
yield H

2 = exp{−iπn̂}, Q2 = exp
{
−ip̂2} and P

2 = exp
{
−iq̂2}, respectively. It now only

remains to fix the translation part of the affine transformations. Because the unitary Q2

has the same action on the logical Pauli representatives as an X operation (which can be
obtained by solving the equations of Sect. B), the affine transformation LMQ2 ,λ∗∈Px

= X Q
2

is a generator of the gaussian stabilizer group. Similary, the transformation LMP 2 ,λ∗∈Pz
=

Z P
2 is also a generator. Finally, we find that H2 is itself a generator. The Gaussian

stabilizer group of the single-mode square GKP code is

S□ =
〈
X

2
, Z

2
, X Q

2
, Z P

2
, H

2〉
. (54)

We now move on to the combination of two square GKP codes. In this case, the Gaussian
stabilizer group inherit two copies of the Gaussian stabilizer group described previously,
one for each mode. There are still four new generators to find out of the ten in total. The
symplectic Gram matrix now is 2Ω4, and we are looking for symplectic matrices of the
form

M = 2XΩ4 + I. (55)

The four missing generators are related to the solutions X = Fj,k, k ≥ j that are not on the
diagonal of any single block, given by F1,2, F2,3, F3,4 and F1,4. From those four solutions,
we obtain the following four symplectic matrices

M1 =


1 0 0 2
0 1 2 0
0 0 1 0
0 0 0 1

 , M2 =


1 0 0 0
−2 1 0 0
0 0 1 2
0 0 0 1

 , (56)

M3 =


1 0 0 0
0 1 0 0
0 −2 1 0
−2 0 0 1

 , and M4 =


1 −2 0 0
0 1 0 0
0 0 1 0
0 0 2 1

 . (57)

Their action on the Pauli operators Xj = exp (−ip̂j
√
π) and Zj = exp (iq̂j

√
π), are given

by the squares of the encoded controlled Pauli operators C (X1, X2), C (Z1, X2), C (Z1, Z2)
and C (X1, Z2), in order from M1 to M4, respectively. The action of C (A,B) is to apply a
B operation if the state is in a −1 eigenstate of A. The square of those controlled encoded
gates are implemented by the unitaries

C (Xj , Xk)2 = exp (2ip̂j p̂k) C (Zj , Xk)2 = exp (2iq̂j p̂k) C (Zj , Zk)2 = exp (−2iq̂j q̂k) .
(58)

Any encoded generalized controlled Pauli gate is an order two logical gate, such that
C (A,B)2

is in the Gaussian stabilizer group. As a result, we can write the full Gaussian
stabilizer group as generated by the two sets of single-mode GKP Gaussian stabilizer gen-
erators and those four additional two-mode generators. Since the full group of symplectic
operations is generated by two-body interactions, the Gaussian stabilizer group over N
single-mode square GKP is found as

S□⊗N =
〈
X

2
j , Z

2
j , Xj Q

2
j , Zj P

2
j , H

2
j , C (Xj , Xk)2

, C (Zj , Xk)2
, C (Zj , Zk)2〉 (59)
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Figure 1: Finite-energy GKP state stabilization. Autonomous sBs stabilization circuit for a GKP
state with envelope described by the covariance matrix ΣE = MΣ0M

T and position µE . The protocol
uses engineered cooling of a GKP on N modes (represented by three wires) using a 2-level system as
an ancilla (bottom wire) that is discarded at the end. The full stabilization is the result of cycling over
all the stabilizer generators {sj} of the code.

with j, k ∈ {1...N} and j ̸= k. Moreover, since this decomposition is based on the canon-
ical form of the Gram matrix A, any combination of arbitrary one-mode GKP qubits
leads to a Gaussian stabilizer group with the same structure and a very similar generator
decomposition.

4 Noise protection of finite energy GKP codes
The construction of the Gaussian stabilizer group in Sects. 3.2 and 3.3 was tailored for
GKP codes that span infinitely in phase space. In the following sections, we are interested
in using this group as a resource to increase the performance of gate-based computation
with a finite-energy GKP encoding. We show how a non-abelian stabilizer group on the
infinite energy code becomes a logical isometry group on finite energy codewords. Based
on arguments related to the noise channels, we propose optimization metrics to compare
different implementations of Clifford gates.

4.1 Finite-energy GKP and Gaussian stabilizer
A logical state of the infinite energy GKP code defined by the generator matrix S is noted
|ΨS⟩. We construct a finite-energy logical state from |ΨS⟩ by acting with a fock type
damping operator E on it:

E (ΣE , µE) |ΨS⟩ ∝ exp
(
−1

2
[
ξ̂ − µE

]T
Σ−1

E

[
ξ̂ − µE

])
|ΨS⟩ . (60)

This damping operator can be understood as a Gaussian envelope described by a mean
position µE and a covariance matrix ΣE . This state can be stabilized by a sequence of
measurements of all normalized stabilizers

T̂ΣE ,µE
(sj) = E (ΣE , µE) T̂ (sj)E (ΣE , µE)−1 . (61)

Another way of achieving stabilization of this state is by engineering an oscillator-bath
interaction that cools down the oscillator’s system toward the +1 eigenspace of each
T̂ΣE ,µE

(sj). One such protocol, called sBs [7, 14], was described in Ref. [18] for a mul-
timode GKP code with an isometric envelope. The sBs protocol can be generalized to
accommodate a more general envelope E (ΣE , µE) presented here. The circuit that imple-
ments it, using only controlled displacements and qubit rotations, is presented in Fig. 1
and the full derivation is included in Sect. C. In an experimental setup, an initialization
algorithm that prepares a logical state |ΨS,Σ,µ⟩ ∝ E (ΣE , µE) |ΨS⟩ with an envelope that
is centred and distributed equally in the quadratures of each mode is preferred, as we show
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in the following sections. In other words, at the beginning of a computation, the ideal
envelope is described by the parameters

Σ0 = ε−1 ⊕ ε−1 µE = 0 (62)

where ε is a diagonal matrix of dimension N × N with elements εj on its diagonal that
describe the distribution of mode j. At initialization time, the envelope thus takes the
form

E (Σ0,0) = exp

−∑
j

εjn̂j

 . (63)

The smaller the value of εj is, the closer the code is to its infinite energy counterpart. In
the process of stabilizing the GKP codespace in an actual device, there exists an optimal
value εj , limited by the amount of amplitude damping or other noises. For a unitary U
that implements a general logical operator on the infinite energy codespace U |ΨS⟩ = |ΦS⟩,
the application of the same operator on a finite-energy state is equivalent to applying the
gate perfectly on the logical state and modifying the envelope:

UE (Σ,µ) |ΨS⟩ =
(
UE (Σ,µ)U †

)
U |ΨS⟩ = E′ (Σ,µ, U) |ΦS⟩ . (64)

For a general unitary U , the new envelope E′ is not Gaussian. However, in the case that
U is a Gaussian unitary indexed by the symplectic matrix M followed by a translation in
phase space by λ, UM,λ, the new envelope E′ remains Gaussian and is computed using
Eq. (15):

UM,λ : E (Σ,µ)→ E
(
MΣMT ,Mµ + λ

)
. (65)

As a result, no logical information is transferred to the envelope during a Clifford cir-
cuit computation since Clifford operations are implemented via Gaussian unitaries, . At
each step, the logical information is contained only within the underlying infinite energy
grid state |ΨS⟩ or |ΦS⟩. If the transformation UM,λ describes a symmetry of the code,
UM,λ |ΨS⟩ = |ΨS⟩, the initial and final states both contain the same logical information,
even if different envelopes describe the states. They are physically different, but logically
equivalent. We’ve seen how to parametrize this set of logically equivalent states in Sect. 3.
The set of Gaussian operations that are also isometries of a GKP code is the definition of
the Gaussian stabilizer group of Eq. (49):

UM,λE (Σ,µ) |ΨS⟩ = E
(
MΣMT ,Mµ + λ

)
|ΨS⟩ ∀UM,λ ∈ SG. (66)

In the following, we show that the existence of an optimal state, and therefore, of an
optimal circuit, is highly dependent on the noise model.

4.2 Noise model and state representative optimization
A quantum circuit defined by a sequence of gates {Vk} and initial logical state |Ψ0⟩ can,
equivalently, be fully caracterised by a sequence {|Ψk⟩} of states :

...
Vk−1−−−→ |Ψk−1⟩

Vk−→ |Ψk⟩
Vk+1−−−→ ... (67)

This dual description of a circuit can be used as a tool to optimize how the sequence
{
V k

}
is implemented, based on the properties of the state sequence. During a computation,
some intermediate states might be more prone to errors, making it favourable to choose
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an alternative circuit implementation and hence reducing the probability of having an
error. In the context of quantum error correction, we aim to implement an encoded circuit(∣∣∣Ψ0

〉
,
{
V k

})
onto a physical system :

...
Imp(V k−1)−−−−−−−→

∣∣∣Imp
(
Ψk−1

)〉 Imp(V k)
−−−−−−→

∣∣∣Imp
(
Ψk

)〉 Imp(V k+1)−−−−−−−→ ... (68)

An explicit physical implementation (Imp) is called a compilation strategy. In the typical
quantum error correction code, the implementation of a codeword Imp

(
Ψk

)
is unique,

and so, only the gate compilation needs to be optimized. As presented in the last section,
the case of GKP codes is different since different physical states with different envelopes
describe the same logical information. This additional degree of freedom can be used to
reduce the effect of noise on the logical information during the computation by choosing
the logical states that are less affected by noise at each step. The optimization over all the
different implementations can then be done in both the gates compilation picture or the
states compilation picture. Since the best implementation is noise-dependent, we need to
define a noise model and its effect on the GKP codewords as a function of the parameters
of the envelope ΣE and µE in order to find an optimization criterion.

There are two main error channels for bosonic codes in harmonic modes. The more promi-
nent one is bosonic loss NL [γ] with its Kraus representation [27]:

NL [γ] (ρ) =
∞∑

k=0
L̂kρ̂L̂

†
k, L̂k =

√
γk

k! (1− γ)n̂/2 âk. (69)

Among other transformations, the main action of this channel on functions of phase-space
is a radial contraction of every feature toward the origin by a factor of √γ, displacing by
an amount √γ r features at radius r. The dephasing channel is the second most impactful
noise channel on bosonic modes, and is represented as [12]

ND [γϕ] (ρ) = 1√
2πγϕ

∫
R

dϕ e−ϕ2/2γϕeiϕn̂ρ̂e−iϕn̂. (70)

Its action is to smear phase-space functions in the angular direction, which can also be
interpreted as a rotation in phase-space by a random angle sampled from a normal dis-
tribution. On average, this channel rotates the Wigner function of a state by an angle
of amplitude

√
2/π γϕ. For a small dephasing rate γϕ, this induces a displacement of√

2/π γϕ r for a feature positioned at radius r in phase-space. Because their action are in
orthogonal directions, the pure loss and dephasing channel commute [27] and, therefore,
the general noise channel can be described as a composition of both:

NLD [γ, γϕ] = NL [γ] ◦ ND [γϕ] = ND [γϕ] ◦ NL [γ] . (71)

When both channels are active, the amplitude of the total translation of a feature at radius
r is, on average,

∆ξ (r) = r

√
γ + 2

π
γ2

ϕ. (72)

Coming back to finite energy GKP codes, each feature of the Wigner function of a GKP
state is a Gaussian (more details in Sect. 5.2). When both bosonic loss and dephasing
are considered, each Gaussian that composes the full Wigner function will be translated
on average by an amplitude of ∆ξ (r) depending on its position at each application of the
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Figure 2: Noise application on GKP states. Effects of different error channels on the Wigner
representation of the

∣∣0〉 state of the square GKP code. (a) Unaffected state. (b) Amplitude damping
with an average radial translation of r√γ. (c) Dephasing with an average absolute angular translation
of
√

2/π r γϕ. (d) Combined amplitude damping and dephasing.

channel. The separate and combined effects of the two noise channels are shown in Fig. 2.
When ∆ξ (r) becomes of a length similar to the logical operators of the code, the logical
error rate increases. It then becomes important to minimize the radial position of the
full finite energy GKP state, which in turn suggests that the position of the envelope µE

should be minimized at every step of a computation. Accordingly, we compare different
implementations with the metric

d2
µ (µE) = µT

EµE . (73)

More generally, the argument toward reducing the number of excitations in the harmonic
oscillator can be used more broadly for most error channels on harmonic oscillators (e.g.
bosonic loss, dephasing, spurious Kerr non-linearity), as their effects increase with excita-
tion number. We thus compute the average number of excitations in a GKP state described
by generator matrix S and envelope (ΣE ,µE) =

(
MEΣ0M

T
E ,µE

)
, where Σ0 contains the

symplectic eigenvalues on the diagonal after a Williamson decomposition [28]. This result
takes the form of a ponderated sum of the excitation contribution over all the Gaussian
peaks in phase-space:〈

ξ̂
T

ξ̂

〉
=

∑
χE∈ΛE

f (χE)
(
χT

EχE + Tr
[
ME tanh

(
Σ−1

0

)
MT

E

])
, (74)

where f (χE) is the ponderation coefficient (see Sect. F for the full derivation). ΛE is the
set of peak positions altered by the envelope. For each λ ∈ Λ, we have an associated
χE ∈ ΛE such that

χE = ME sech
(
Σ−1

0

)
M−1

E [λ− µE ] + µE . (75)

The result of Eq. (74) reinforces the criterion of Eq. (73) because the envelope position µE

that minimizes the contribution ∑
χE

f (χE) χT
EχE , (76)

also minimizes d2
µ (µE). The second contribution to the excitation number is connected to

the covariance matrix of the envelope∑
χE

f (χE) Tr
[
ME tanh

(
Σ−1

0

)
MT

E

]
. (77)
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The Williamson decomposition splits the covariance matrix ΣE into the product of a sym-
plectic matrix ME and a positive definite diagonal matrix Σ0: ΣE = MEΣ0M

T
E . The trace

contribution in Eq. (77) is invariant under orthogonal matrix congruence, leaving only the

squeezing part of ME contributing non-trivially to
〈

ξ̂
T

ξ̂

〉
. The contribution increases

with the amount of squeezing in ME and is minimized when ME ∈ O2N (R) [29]. Altough
our general goal is to reduce the excitation number, it is not the only goal of this optimi-
sation. As discussed in Sect. 4.1, the optimal eigenvalues of Σ0 depend on the quality of
the oscillators and the frequency of error correction. Consequently, reducing the excitation
contribution of one mode below its optimal value (at the expense of another mode) means
that we are not using the full capacity of the encoding and that errors will lead to quick
decoherence. In order to consider squeezing and anti-squeezing on the same footing, we
introduce a metric on covariance matrices

d2
Σ (ΣE ,Σ0) = Tr

[
ln2
(√

Σ−1
0 ΣE

√
Σ−1

0

)]
, (78)

with ΣE the covariance matrix of the envelope and Σ0 the optimal covariance matrix from
the Williamson decomposition [30]. If we consider that all modes are similar, the initial
parameters of the envelope are the ones of Eq. (62), where Σ0 = ε−1I. Under this similarity
assumption, minimizing the cost function

Tr
[
MEM

T
E

]
≥ 1, (79)

would minimize the excitation number of Eq. (77), while minimizing the cost function

d2
Σ

(
ME

(
ε−1I

)
MT

E , ε
−1I

)
= Tr

[
ln2
(
MEM

T
E

)]
≥ 0, (80)

would minimize the distance between covariance matrices of Eq. (78). Thus, in the case
where Σ0 = ε−1I, both metrics from Eq. (79) and Eq. (80) lead to the same optimization,
which only depends on the squeezing contained in ME .

Therefore, to reduce the impact of noise channels on GKP states, we aim to reduce the
amount of displacement and squeezing that are created by the chosen physical implemen-
tation. More general schemes could be designed for multimode GKP by playing with the
trade-off of sending errors to one mode to gain fidelity in another. Using such a sacrifi-
cial mode could be an interesting optimization technique, but it is outside of the scope of
this work. Combining both criteria of Eqs. (73) and (78), we can now compare different
physical implementations of a logical Clifford gate, and we are ready to give an explicit
description of our compiler algorithm.

5 Gaussian stabilizer compiler
5.1 Gaussian stabilizer compiler
As described in the last section, a compiler algorithm selects an implementation given
a logical circuit. When considering a physical representative U0 for a logical operation
on a code (we choose it closest to the identity for simplicity), U0S is the group of all
implementations of the same logical operation: U0S

∣∣∣Ψ〉 = U0
∣∣∣Ψ〉 ∀S ∈ S, where S is the

stabilizer group that can be implemented. Here, we choose S to be the gaussian stabilizer
group. Any operation logically equivalent to U0 can be written as

Imp
(
U
)

= U0 gn, (81)
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where gn correspond to the application of a sequence of at most n generators of S (or their
inverse). We can look at gn in Eq. (81) as a walk of length at most n on the Cayley graph
of the Gaussian stabilizer group Γ (SG), with generating set as in Eq. (49). A compilation
strategy is then translated to a choice of walk on Γ (SG). A simple compiling strategy is
to choose a fixed implementation for a given operation, which we call below the constant
compiler. Another compiling strategy, which we refer to as the random walk compiler, is to
choose an implementation at random among the closest ones to the identity, by which we
mean an implementation of the form of Eq. (81) with n = 1. This last strategy induces a
random walk on the Cayley graph Γ (SG) interleaved with the basic physical representatives
{U0}. As discussed in [31], such a random walk induce a Gaussian stabilizer group twirling,
which will result in an approximate logical depolarizing channel. Both the constant and
random walk compilers are suboptimal as the amount of squeezing and total displacement
increases with the number of operations, as seen in Fig. 3. This remains true if we modify
the random walk compiler to only sample from a smaller set of generators.

To achieve an optimized circuit implementation, the metrics in Eqs. (73) and (78) should
be minimized, among all possible walks on Γ (SG). However, because the Gaussian sta-
bilizer is an infinite group, the metrics cannot be computed for all equivalent operations,
and a cutoff needs to be defined. Because operations in SG that are far from the identity
generate more squeezing and displacement, they are less likely to be useful in the optimiza-
tion. Therefore, we only consider operations made of short sequences of generators of the
stabilizer group. With SG finitely generated, we can compute both metrics in Eqs. (73)
and (78) of all different walks on Γ up to a finite length n and define the optimal encoded
Clifford implementation as the path that minimizes the metrics at each step. This process
is described in algorithm 1. The algorithm takes as input the target operation U0 and the
parameters of the initial envelope (Σi and µi). After comparing the different paths gn on Γ
of length n, it returns the optimal operation Uopt and the final parameters of the envelope
(Σf,opt and µf,opt). We derived an example of the application of algorithm 1 in Sect. G.
Below, we set the maximum length n to 2. In general, pass a certain threshold, increasing
the walk length n will not necessarily increase the performance of the compiler. A lot of
the times, only short walks on Γ are used and increasing n will not give better implemen-
tations of a gate. In algorithm 1, we choose to optimize the squeezing parameter first and
then the displacement since squeezing is typically a larger limiter of the performance of
error correction protocols. Below, we compare the performance of the Gaussian stabilizer
compiler with the constant and random walk compilers and show that it outperforms both
of them.

5.2 Performance of the GS compiler
A method to compare different implementations of gates at the encoded level is logical
randomized benchmarking (LRB) [32]. Randomized benchmarking (RB) methods are effi-
cient ways to characterize and compare gate set implementations, in a way that the effects
of state preparation and measurement errors can be factored out [33, 34]. When applying
sequences of gates from a group G to a system, the final state is affected compoundly by
the decoherence that happens during each gate. The result of the following measurement is
then a function of the error channel and the length of the sequence. When the gate imple-
mentations are multiplicity-free representations of the target group G and the error model
is Markovian and time-independent, the survival probability is well described by a sum of
decaying exponentials in the number of operations [35]. However, in the setup of LRB,
the condition of multiplicity-free representations is often unfulfilled and non-exponential
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Algorithm 1 Gaussian stabilizer compiler

Input: U0 = T̂ (λ0)UM0 , Σi, µi

Σf,opt ←M0ΣiM
T
0

µf,opt ←M0µi + λ0
gopt ← I
for all gn ∈ {gn} do

Compute its symplectic representation U0 gn = T̂ (λ)UM

if d2
Σ

(
MΣiM

T ,Σ0
)
< d2

Σ (Σf,opt,Σ0) then
Σf,opt ←MΣiM

T

µf,opt ←Mµi + λ
gopt ← gn

else if d2
Σ

(
MΣiM

T ,Σ0
)

= d2
Σ (Σf,opt,Σ0) and d2

µ (Mµi + λ) < d2
µ

(
µf,opt

)
then

Σf,opt ←MΣiM
T

µf,opt ←Mµi + λ
gopt ← gn

end if
end for
return U0 gopt, Σf,opt, µf,opt

behaviour can appear [36]. In some cases, the survival probability remains a monotonically
non-increasing function of the sequence length and can still be used as a measure of perfor-
mance, but without links to the average gate fidelity. To obtain a measure of performance
of the GKP Gaussian compiler, we perform logical randomized benchmarking by sampling
uniformly the encoded Clifford group. As encoded Clifford operations are represented by
Gaussian operations that are not multiplicity-free, we do not expect to obtain pure ex-
ponential decay (at least not for small sequence length [35]). Furthermore, the Gaussian
stabilizer compiler presented in algorithm 1 does not respect the Markovian condition as it
selects gate implementations based on the previous ones in the circuit. Although Marko-
vian noise is a necessary condition for classic RB methods, correlations between the gates,
and so between noise applications, are exactly how we gain in performance against deco-
herence. By using LRB, we do not aim specifically to obtain an error rate for our gate set,
but instead aim to compare different compilation strategies for the encoded circuit. An
implementation strategy is better than another if, for all circuit lengths, the probability
of getting the correct result is greater. Alternatively, it means that longer circuits can be
implemented with the same success probability.

With the goal of doing an LRB analysis, we simulate GKP states by following the evolution
of their Wigner function in phase-space with the tools developed in Ref. [37]. In this setup,
the Wigner function of a finite energy GKP grid state is described as a sum of Gaussian
functions in phase space:

WGKP (ξ) =
∑

m∈M
cmGΣm,µm

(ξ) , (82)

with GΣm,µm
(ξ) defined in Eq. (21) and the set M indexing the Gaussian functions.

The normalization condition reads
∑

m∈M cm = 1 for this representation. We have also
generalized the results of [37] to obtain a representation of the form of Eq. (82) for any
multimode GKP grid state with potentially squeezed and displaced envelope in Sects. D
and E. For simplicity, we consider that the system is initialized in a way that all modes are
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Figure 3: Logical randomized benchmarking results. Survival probability for the constant compiler
(red), random walk (purple) and Gaussian stabilizer compiler (light green) on square GKP codes with
varying sequence length. We have also included the average survival probability curve when no logical
operation is applied (blue-green) as an indicator. The average survival probability curves are shown for
(a) 1 and (b) 3 logical qubits with loss strength γ = 0.999 and γ = 0.9999, respectively. The dashed
line indicates the survival probability for a fully mixed logical state. For the simulations included in
the decay curve (b), we compute (c) the maximum position metric of Eq. (73) and (d) the maximum
squeezing metric of Eq. (78) reached as a function of logical circuit length.

decoupled from each other ΣE = ε−1⊕ε−1 and µE = 0 as in Eq. (63). Those considerations
lead to an initial state with with parameters

Σm = 1
4π coth

(
Σ−1

E

)
, µm = sech

(
Σ−1

E

)
µS,m, (83)

where µS,m is the position of each Dirac delta function in the infinite energy description
of the state with stabilizer generator matrix S derived in Sect. D. This description of the
state as a sum of Gaussian functions in phase space has many advantages. The most
useful being that we can follow its evolution under all Gaussian operations and Gaussian
noise channels by updating the parameters in Eq. (83). Under any Gaussian operation,
the parameters of the envelope are updated like in Eq. (65). This rule can also be used for
the dephasing channel of Eq. (70) if we use a Monte Carlo method to model this channel
as a random rotation of each mode. For bosonic loss, the parameters are updated with

Σm → γΣm + 1− γ
4π I, µm →

√
γµm, (84)

when the loss parameter is γ. In summary, to apply a given Gaussian circuit, we find the
representation of the circuit in terms of symplectic operation and apply those symplectic
matrices directly onto the saved covariance matrices and peak positions.

At the end of the computation, we wish to apply a decoding gadget to know if a logical
error occurs. To achieve this decoding, we compute the characteristic function of a given
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Wigner function using the Fourier transform. This can be done analytically for any Wigner
functions of the form of Eq. (82) due to the linearity of the transform. The result is again a
sum of Gaussian functions that can be evaluated at any point. To complete the connection
with GKP codes, we present another form of the characteristic function

χ (v) = Tr
[
T̂ (v) ρ

]
=
〈
T̂ (v)

〉
. (85)

This form is particularly useful for us because we can obtain the average value of a displace-
ment operators, which include stabilizers of ideal GKP codes. Because we have access to
the whole characteristic function analytically, we can efficiently compute an approximation
of the projector onto the +1 eigenvalue subspace of the logical Z operator〈

ΠZ=+1

〉
=

∑
s∈Λ∪Λz

〈
T̂ (s)

〉
=

∑
s∈Λ∪Λz

χ (s) , (86)

by truncating the sum. The value of Eq. (86) is then interpreted as the probability of
having the correct result after the computation (based on an ideal characteristic function
decoder), which we also defined as a survival probability. The definition of the projector
can be generalized for the operator Z⊗N when multiple qubits are used, again described
by a sum of the average value of displacement operators. Hence, we can perform GKP
state preparation, state evolution under logical Clifford circuits and survival probability
measurements efficiently.

To analyze the advantages of using the Gaussian stabilizer compiler over other compiler
algorithms, we performed LRB simulations for 1,2 and 3 logical qubits encoded in a square
GKP code. The LRB simulations consist of generating a large number of logical Clifford
circuits varying in length and simulating the implementation of those circuits, obtained
from a given compiler algorithm. By averaging the survival probability obtained over all
random circuits of a given length, we obtain the average performance of a compiler at this
length. The results for 1 and 3 qubits are showcased in Fig. 3 in panels a and b, respectively.
As expected, the decay curves do not exhibit the regular exponential behaviour for short
sequences, but rather a Gaussian behaviour. The Gaussian behaviour can be explained
by the shape of the characteristic function of the finite-energy GKP states. This function,
like its Wigner function, is composed of a sum of many Gaussian features. The effect of
the noise channel is to shift the peaks of the Gaussian away from the measured points,
leading to a reduction in the survival probability. For short sequences of gates, the resulting
shape of the decay then corresponds to the shape of the characteristic function near the
measured point. For longer logical circuits, logical Pauli errors become more important,
and we recover the exponential decay behaviour. As discussed at the beginning of the
section, even if the decay does not follow an exponential behaviour, we still obtain a
lifetime ordering of the different compilation strategies.

Figure 3 demonstrates that the constant and random walk compilers have similar perfor-
mance, while the Gaussian stabilizer compiler performs better. In this situation, we ex-
pected the constant and random compiler to perform similarly. Since the logical Hadamard
gate is implemented via a π/2 phase-space rotation, it leads to an inversion of coordinates
in phase-space, which means that the randomness from the circuit sampling step can also
be understood as a random walk, leading to similar performance as the random walk com-
piler. We observe that in all cases, the Gaussian stabilizer compiler performs better than
the other two compilers. We also observe that, as expected, both the displacement and
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Figure 4: Performance of the GS compiler with varying randomized benchmarking conditions.
(a) Lifetime amelioration factor between the Gaussian stabilizer compiler and random walk compiler as
a function of loss rate (κt). (b) Results of two-qubit gates randomized benchmarking with the group〈
CX,CZ

〉
and loss parameter γ = 0.999. The figure shows the survival probability for the constant

compiler (red), random walk (purple) and Gaussian stabilizer compiler (light green) on two logical
square GKP codes with varying sequence length.

squeezing metrics remain low during computations with the GS compiler. To extract a
computation lifetime, we fit a Gaussian function on the survival probability P (x)

P (x) = Ae−(ax2+bx) +B, (87)

where x is the number of logical gates applied. For all decay curves, we define the compu-
tation lifetime t as the number of logical operations that we need to apply to reduce the
survival probability by a factor of 1/e:

P (t) = Ae−1 +B. (88)

This definition of the lifetime allows us to compare both Gaussian and exponential fits on
an equal footing. The amelioration factor, defined as the ratio of the GS compiler lifetime
over the random walk compiler lifetime, is dependent on bosonic loss strength. As shown
in Fig. 4 (a), we obtain that, at low loss rate, the GS compiler performs even better.
When the loss rate is high, no compiler can help preserve the logical information and the
computation fails with high probability in all cases. Another result from this simulation is
that the amelioration factor seems to decrease with the number of modes. We explain this
behaviour by the fact that, as we increase the number of modes and therefore the number
of logical Clifford gates that we cannot simplify, the state spends a lot of time in moderatly
squeezed state before we can actually apply any simplification. And so, as we increase the
number of modes, we need to reduce the noise strength to achieve the same performance.

Finally, we performed similar LRB simulations, but now replacing the full Clifford group
with two-qubit gates only. This scenario is relevant in a situation where a quantum com-
pution is performed with magic state injection and Clifford gates. In this case, all single-
qubit Clifford gates can be performed in a Pauli and Clifford frame, leaving only two-qubit
gates to be implemented physically. As a result, only squeezing would play a role here,
since all displacement operations would be removed. The result of a logical randomized
benchmarking simulation with only two-qubit gates on two logical qubits is included in
Fig. 4 (b). We find that the Gaussian stabilizer compiler still performs well in this setup
compared to other compiling strategies.

As a final note, we remark that interleaving quantum error correction gadgets in GKP
logical circuits will have an effect on the envelope and might affect the results presented
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here. For example, error correction via state teleportation resets the envelope of the state,
the sBs protocol stabilizes a centered envelope, and displacement twirling of the envelope
reduce the logical space leakage [31, 38]. However, we believe that our Gaussian stabilizer
compiler will remain useful with hybrid approaches depending on the actual implemen-
tation of error correction. We leave the analysis of combining quantum error correction
schemes with the GS compiler to future work.

6 Conclusion
In this work, we have investigated how to leverage more symmetries of GKP codes to
reduce the impact of noise at the logical level. We first presented how we can obtain more
symmetries of a code by relaxing the restriction to abelian stabilizer groups. This new
perspective enables us to find all symmetry operations related to an implementation of a
logical operator. Restricting this set to Gaussian operations, we showed that it is possible to
describe the Gaussian symmetry group with only a few generators for any lattice describing
a GKP code. This new set of non-commuting stabilizers can be used similarly to the
commuting ones, such as for state stabilization, quantum error correction and decoding. In
future work, we aim to characterize more thoroughly this connection between non-abelian
stabilizer groups and potential applications in quantum error correction.

Exploring the passage from infinite to finite energy GKP state, we found that infinite energy
stabilizers become logical stabilizers, but not physical stabilizers. As a first application of
GKP non-abelian stabilizer groups, we presented a compiler algorithm that uses those
logical symmetries on the finite-energy version of GKP codes to reduce the impact of loss
and dephasing. This compiler works by selecting an implementation of a logical operation
that reduces as much as possible the amount of total displacement and squeezing. Doing
so reduces the mean excitation number in the oscillator and, by consequence, reduces the
impact of loss and dephasing. We conjecture that it should also increase the protection
against other noise channels, such as Kerr non-linearity. We leave that analysis for future
work. It would also be interesting to explore how non-Gaussian stabilizer operations can
fit within this formalism and increase their fidelity.

We showed that we obtain an amelioration in computation lifetime while using the Gaussian
stabilizer compiler, and that this amelioration increases with the reduction of loss strength.
While the GS compiler only uses the GKP symmetries to recenter and unsqueezed the inter-
mediate states of a computation, it seems probable that dynamical decoupling techniques
at the compilation level could help symmetrize the effects of noise and further reduce its
impact.

It is conceivable that GKP codes will be used as a base layer for a fault-tolerant quantum
computer, with a top-layer qubit code [39]. To reach this goal, it is primordial to have good
native operations on the base layer combined with a performant compilation strategy. In
this paper, we have introduced one such strategy.
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A Derivation of gaussian stabilizer
Starting from Eq. (36), we derive in this section the condition on M such that it defines a
symplectic automorphism of the grid. In Sect. 3.2, we derived that the vector (M − I) pj

must be part of the grid Λ. A general element p0 of Λ can always be written as p0 =
ST a for a ∈ Z2N . At the same time, a vector pj of the dual grid can always be written as
pj = ΩS−1b for b ∈ Z2N . Equation (36) is modified to

(M − I) ΩS−1b = ST a. (89)

There always exist a matrix X ∈ Mat2N (Z), potentially singular, such that a = −Xb.
Equation (89) then becomes

(M − I) ΩS−1b = −STXb =⇒ M = STXSΩ + I. (90)

But we know that A = SΩST , from which we have the form of Eq. (37)

M = ST (XA+ I)S−T . (91)

To force this matrix to be symplectic, we need that MΩMT = Ω. This condition becomes

ST (XA+ I)S−T ΩS−1
(
ATXT + I

)
S = Ω. (92)

Using the relation A = SΩST and the skew-symmetry of A, we arrive at the conclusion of
Eq. (38):

XAXT −X +XT = 0. (93)

B Fixing the translation part of Gaussian stabilizers
In this appendix, we derive the set of 2N equations obtained from Eq. (48) that need to
be solve to obtain λ∗ ∈ Λ∗ in the transformation LM,λ∗ . Starting with the restriction from
Eq. (48)

T̂ (λ∗)UM T̂ (pj) |ψ⟩ = T̂ (pj) T̂ (λ∗)UM |ψ⟩ , (94)

we can permute the translation by the Pauli representative pj with the other two operators
on the left side, at the cost of a multiplication by M on the argument

T̂ (λ∗) T̂ (Mpj)UM |ψ⟩ = T̂ (pj) T̂ (λ∗)UM |ψ⟩ , (95)
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and an additional phase

exp
{
−2πiλ∗T ΩMpj

}
T̂ (Mpj) T̂ (λ∗)UM |ψ⟩ = T̂ (pj) T̂ (λ∗)UM |ψ⟩ . (96)

Because we are asking that LM,λ∗ acts as a stabilizer, we can reduce the last equation to

exp
{
−2πiλ∗T ΩMpj

}
T̂ (Mpj) |ψ⟩ = T̂ (pj) |ψ⟩ . (97)

At this point, we can reframe the argument of the translation by Mpj as a translation by
[M − I] pj + pj

exp
{
−2πiλ∗T ΩMpj

}
T̂ ([M − I] pj + pj) |ψ⟩ = T̂ (pj) |ψ⟩ , (98)

and split it into two translation operators using Eq. (4)

exp
{
−2πiλ∗T ΩMpj − πipT

j Ω [M − I] pj

}
T̂ (pj) T̂ ([M − I] pj) |ψ⟩ = T̂ (pj) |ψ⟩ . (99)

With the definition of the matrix M , we know that [M − I] pj ∈ Λ (see Eq. (36)) and so,
for trivial gauge, we have

exp
{
πipT

j [M − I]T S−1A◺S
−T [M − I] pj

}
T̂ ([M − I] pj) ∈ S, (100)

where A◺ is the lower triangular part of the symplectic Gram matrix A = SΩST and µ
is the gauge vector. With the identification of a stabilizer element in Eq. (100), we can
reduce Eq. (99) to

e−iπ(2λ∗T ΩMpj+pT
j Ω[M−I]pj+pT

j [M−I]T S−1A◺S−T [M−I]pj)T̂ (pj) |ψ⟩ = T̂ (pj) |ψ⟩ . (101)

The solutions of this equation are the vectors λ∗ for which the phase is the identity ∀j.
What we get is 2N equations (one for each generator pj of the dual lattice) of the form

2λ∗T ΩMpj + cj = 0 mod 2, (102)

which can always be solve since the generators pj are linearly independant.

C Generalized multimode sBs protocol
In this section, we derive a generalized sBs protocol to stabilize finite-energy GKP code-
words with a general Fock-type envelope. We start by computing the normalized stabilizers
of Eq. (61). To compute the effect of the normalization on the stabilizers, we only need to
understand how it acts on the quadrature operators since

E (ΣE , µE) T̂ (v)E (ΣE , µE)−1 = e−ilvT Ω E(ΣE ,µE) ξ̂ E(ΣE ,µE)−1
(103)

A general Gaussian envelope is described by a real symmetric matrix of covariance ΣE

and a vector of means µE . Any real symmetric matrix has a symplectic decomposition
ΣE = MΣ0M

T , where Σ0 = ε−1 ⊕ ε−1 is diagonal and positive definite and M is a
symplectic matrix. Using this decomposition, the envelope operator can be rewritten as

E (ΣE , µE) = T̂ (µE)UME (Σ0,0)U †
M T̂ (µE)† , (104)
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which means that the action of the envelope on the quadrature operators can be written
as

E (ΣE , µE) ξ̂E (ΣE , µE)−1 = T̂ (µE)UME (Σ0,0)
[
M ξ̂ + µE

]
E (Σ0,0)−1 U †

M T̂ (µE)† .

(105)
The envelope operator E (Σ0,0) acts element-wise on each quadrature, leading to the
simplification

E (ΣE , µE) ξ̂E (ΣE , µE)−1 = T̂ (µE)UM

[
ME (Σ0,0) ξ̂E (Σ0,0)−1 + µE

]
U †

M T̂ (µE)† .

(106)
For a diagonal covariance matrix Σ0, we get

E (Σ0,0) ξ̂E (Σ0,0)−1 =
[
cosh

(
Σ−1

0

)
+ i sinh

(
Σ−1

0

)
Ω
]

ξ̂,

≡ h (Σ0) ξ̂,
(107)

resulting in the full expression

E (ΣE , µE) ξ̂E (ΣE , µE)−1 = Mh (Σ0)M−1
[
ξ̂ − µE

]
+ µE . (108)

Inserting this last equation into Eq. (103), we arrive at the expression of the finite-energy
code stabilizers

T̂ΣE ,µE
(sj) = exp

(
−ilsT

j ΩµE

)
exp

(
−ilsT

j ΩMh (Σ0)M−1
[
ξ̂ − µE

])
. (109)

A state described by a translated envelope is stabilized by the same protocol as a centered
one, but with a different gauge. Moving forward, we will omit this phase for simplicity and
focus solely on finding an implementation for the second term. Following the derivation of
Ref. [14], we compute the set of nullifiers

d̂j = i√
2

ln T̂ΣE ,µE
(sj) (110)

= l√
2

sT
j ΩM cosh

(
Σ−1

0

)
M−1

[
ξ̂mod − µE

]
+ il√

2
sT

j ΩM sinh
(
Σ−1

0

)
ΩM−1

[
ξ̂ − µE

]
that enable the stabilization of the desired manifold given the implementation of the unitary

Ûj = e−iΓj

[
d̂j b̂†+d̂†

j b̂
]

(111)

between the oscillators and a bath. The subscript on ξ̂mod means that we take the
quadrature operators modulo a translation by lM sech

[
Σ−1

0

]
M−1sj , which comes from

the branching of the logarithmic function. We choose to remove this condition on the
quadrature operator, and instead apply this symmetry condition on the whole unitary Ûj .
The cooling rate Γj (dimensionless) is then fixed by this condition. Under a few assump-
tions (see Ref. [14]), we modelize the bath as a qubit with b = σx+iσy√

2 that is discarded
after each interaction. We also use a second-order Trotterization on the oscillator-bath
interaction. This leads to an approximation of the unitary in Eq. (111):

Ûj ≈ exp
(−ilΓj

2 sT
j ΩM sinh

(
Σ−1

0

)
ΩM−1

[
ξ̂ − µE

]
σy

)
(112)

× exp
(
−ilΓjsT

j ΩM cosh
(
Σ−1

0

)
M−1

[
ξ̂ − µE

]
σx

)
(113)

× exp
(−ilΓj

2 sT
j ΩM sinh

(
Σ−1

0

)
ΩM−1

[
ξ̂ − µE

]
σy

)
.
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Asking for this unitary to be symmetric under the translation mentioned before results in
the expression

Γj =
(
sT

j M
−T tanh

(
Σ−1

0

)
M−1sj

)−1
(114)

for the cooling rate. This unitary can be cast in a circuit that is implemented only with
controlled displacements and qubit rotations

CT̂ (v) = exp
(
−ilvT Ωξ̂

σ̂z

2

)
, Rx (θ) = exp

(
−iθ σ̂x

2

)
. (115)

In this representation, we obtain the unitary operator

Ûj ≈CT̂ (αj) R̂z

(
lαT

j ΩµE

)
R̂†

x

(
π

2

)
R̂z

(
−lβT

j ΩµE

)
CT̂

(
βj

)
(116)

× R̂z

(
−lβT

j ΩµE

)
R̂x

(
π

2

)
R̂z

(
lαT

j ΩµE

)
CT̂ (αj) , (117)

with small and big controlled displacements αj and βj , respectively defined as

αj = −
M sinh

(
Σ−1

0

)
MT Ωsj

sT
j M

−T tanh
(
Σ−1

0

)
M−1sj

, βj =
2M cosh

(
Σ−1

0

)
M−1sj

sT
j M

−T tanh
(
Σ−1

0

)
M−1sj

. (118)

This is the circuit presented in Fig. 1 of Sect. 4. A major difference with the sBs circuit
of [14] is that the small and big displacements are not orthogonal for a general symplectic
matrix M . Another difference is that, for non-zero µE , we get additional correction to the
qubit rotations. Those rotations can be combined with the original π/2 rotations around
the σx axis to keep the number of operations constant.

D Wigner function of GKP codes projectors
In this section, we derive the Wigner representation of the codespace projector of an ar-
bitrary GKP code considering a gauge. This demonstration is inspired from appendix A
in [17]. Our approach complete the demonstration for non-trivial gauges and non sym-
plectically even lattice. As defined in [17, 18], an element of the grid λ ∈ Λ of Eq. (8)
with generator matrix S is related to an element of the stabilizer group S up to a gauge
µ ∈ Z2N

2 by the stabilizer equation:

S =
{
νµ (λ) T̂ (λ) |ψ⟩ = |ψ⟩ , ∀λ ∈ Λ

}
, (119)

where
νµ (λ) = exp

(
iπλTS−1

[
A◺S

−T λ + µ
])
, (120)

and A◺ is the lower triangular part of the symplectic Gram matrix A = SΩST . After
moving to the canonical basis SD = RS using the matrix R in Eq. (39), we have a simplified
equation for the gauge

νµ (λ) = exp
(
iπaT [AD◺a +Rµ]

)
, (121)

where we used a = S−T
D λ ∈ Z2N . This transformation does not change the properties of

the code, and we obtain the codespace projector as

ΠS =
∑
λ∈Λ

νµ (λ) T̂ (λ) (122)
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The Wigner representation of this projector is then computed using the definition in
Eq. (17)

W (ξ,ΠS) =
∫
R2N

dv e−i2πξT Ωv Tr
[
T̂ (v) ΠS

]
, (123)

W (ξ,ΠS) =
∑
λ∈Λ

νµ (λ)
∫
R2N

dv e−i2πξT Ωv Tr
[
T̂ (v) T̂ (λ)

]
. (124)

Since translation operators are trace orthogonal: Tr
[
T̂ (v) T̂ (λ)

]
= δ2N (v + λ), we obtain

W (ξ,ΠS) =
∑
λ∈Λ

νµ (λ) ei2πξT Ωλ. (125)

W (ξ,ΠS) =
∑

a∈Z2N

exp
(
πiaTAD◺a + 2πi

[
R

2 µ− SDΩξ

]T

a

)
, (126)

which can be rewritten in terms of a multivariable theta function [40]

W (ξ,ΠS) = 1
det (Λ)ϑ

(
R

2 µ− SDΩξ;AD◺

)
. (127)

We can go further in the description using the symmetry of the theta function in the second
argument. Reminding ourselves that AD = Ω2⊗D, only the components for which Dkk is
odd contribute to a non-trivial phase. Defining the matrix D2 = (D ⊕D) mod 2, we can
split the infinite sum into two part on b ∈ Z2N and m ∈ Z2N

2 :

a = (I2N +D2) b +D2m. (128)

This manipulation separates the even and odd components of the vector a, but only on
the part for which the lattice is not symplectically even :

ak =
{

bk if Dkk mod 2 = 0
2bk + mk if Dkk mod 2 = 1

(129)

Using this change of summation indexing, we find that the products (I2N +D2)AD◺ =
AD◺ (I2N +D2) is an even matrix in 2Z2N×2N . This simplify the Wigner function of
Eq. (126) to

∑
m∈Z2N

2

e

(
πimT D2AD◺D2m+2πi

[
D2R

2 µ−D2SDΩξ
]T

m

) ∑
b∈Z2N

e
2πi

[
(I+D2)R

2 µ−(I+D2)SDΩξ

]T

b
.

(130)
The first sum in m, that we note C (S,µ, ξ), is finite and can be computed for a specified
lattice. For the second series, we can compute it as a product of Poisson summations to
find

∑
b∈Z2N

e
2πi

[
(I+D2)R

2 µ−(I+D2)SDΩξ

]T

b
= 1

det
(
Λ̃
) ∑

λ̃
∗∈Λ̃∗

δ(2N)
(

ξ −
[
λ̃

∗ − 1
2S

∗µ

])
(131)

with S∗ = ΩS−1. We have also defined a partially rescale lattice Λ̃:

Λ̃ =
{

[(I +D2)SD]T a |a ∈ Z2N
}
, (132)
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and its symplectic dual lattice

Λ̃∗ =
{

Ω [(I +D2)SD]−1 a |a ∈ Z2N
}
, (133)

We finally arrive at the result for the Wigner function for the projector onto the codespace
of a GKP code with generator matrix S and gauge µ:

W (ξ,ΠS) = 1
det

(
Λ̃
)C (S,µ, ξ)

∑
λ̃

∗∈Λ̃∗

δ(2N)
(

ξ −
[
λ̃

∗ − 1
2S

∗µ

])
. (134)

For the final result of this section, we produce the Wigner function of a pure grid state
|ΨS⟩. Provided that we are looking at the projector over a pure GKP grid state |ΨS⟩.
Then, the Wigner function of the projector on |ΨS⟩ is the Wigner function of the state
itself. In this case, because the canonical symplectic Gram matrix is only Ω, D2 = I and
Eq. (134) simplify to

W (ξ, |ΨS⟩) = C (S,µ, ξ)
42N

∑
λ∗∈Λ∗

δ(2N)
(

ξ − 1
2 [λ∗ − S∗µ]

)
, (135)

with S̃ = 2S. As a result, all grid states can be represented in phase-space as a sum
of Dirac delta functions positioned at half the dual lattice vectors under a trivial gauge
(µ = 0):

W (ξ, |ΨS⟩) ∝
∑

λ∗∈Λ∗

C

(
S,0, λ∗

2

)
δ(2N)

(
ξ − λ∗

2

)
. (136)

E Wigner function of multimode finite energy GKP codes states
As described in the main text, a general pure grid state of a finite energy GKP code is
described by the infinite energy grid state and an envelope E (ΣE ,µE):∣∣ΨS,ΣE ,µE

〉
= Ê (ΣE ,µE) |ΨS⟩ . (137)

In this section, we derive the Wigner representation of this finite energy grid state as a func-
tion of S, ΣE and µE . The Wigner representation of this state has a simple decomposition
as a star-product of Wigner functions of the envelope and the infinite energy state

W
(
ξ,
∣∣ΨS,ΣE ,µE

〉)
= W

(
ξ, Ê

)
⋆ W (ξ, |ΨS⟩) ⋆ W

(
ξ, Ê

)
. (138)

This star-product is defined as

A ⋆ B := A
N∏

j=1
exp

(
i

2
[
⃗∂qj ∂⃗pj − ⃗∂pj ∂⃗qj

])
B (139)

with ∂⃗a the partial derivative with respect to a acting in the direction of the arrow. Another
equivalent definition for the star-product is [41]

A (ξ) ⋆ B (ξ) = 22N
∫
R2N

dηdνA (ξ + η)B (ξ + ν) e4πiηT Ων , (140)

which has been rescaled according to our definition of the Wigner function in Eq. (17).
This product is associative and bilinear. Combining the argument of bilinearity with the
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result of the last section that a grid state has a Wigner function that decomposes as a sum
of Dirac delta functions (See Sect. D), Eq. (138) reduces to

W
(
ξ,
∣∣ΨS,ΣE ,µE

〉)
=

∑
λ∗∈Λ∗

cλ∗ W
(
ξ, Ê

)
⋆ δ(2N)

(
ξ − 1

2 [λ∗ − S∗µ]
)
⋆ W

(
ξ, Ê

)
. (141)

where cλ∗ = C
(
S,µ, λ∗

2

)
/42N . Then, we only need to compute each term of the sum:

W
(
ξ, Ê

)
⋆ δ(2N) (ξ − χ) ⋆ W

(
ξ, Ê

)
. (142)

To achieve this, we first compute the Wigner representation of the envelope. A general
envelope Ê (ΣE ,µE) can always be decomposed as a displaced and squeezed Gaussian
function

Ê (ΣE ,µE) = Ê
(
MEΣ0M

T
E ,µE

)
= T̂ (µE)UME

Ê (Σ0,0)U †
ME

T̂ (µE)† , (143)

where Σ0 is the symplectic diagonalisation of ΣE . This canonical form of the envelope is
connected to a thermal state of temperature Σ−1

0 in multiple modes. They are explicitly
related as

Ê (Σ0,0) = 1√
det

(
I − exp

(
−Σ−1

0

)) ρ̂thermal. (144)

The full thermal state is the product of one-mode thermal states. Therefore, ρ̂thermal is
a product of Gaussian states with zero mean and covariance matrix (2nk + 1) I/4π [27],
where nk is the mean number of excitation in mode k. Alternatively, we can use the
connection nk = [exp (εk)]−1 between excitation number and temperature of the thermal
state to find that its covariance matrix can also be written as coth (εk/2) I/4π. Combining
N single-mode thermal states result in a Gaussian function with a covariance matrix

1
4π coth

(
Σ−1

0 /2
)
. (145)

Using this connection with the thermal state, we find that the Wigner representation of
this simple envelope is given by

W
(
ξ; Ê (Σ0,0)

)
= det

(
I − exp

(
−Σ−1

0

))−1/2
G 1

4π
coth(Σ−1

0 /2),0 (ξ) , (146)

with G defined in Eq. (21). From this result, we can obtain the Wigner representation of
a general envelope by using Eq. (19):

W
(
ξ; Ê (ΣE ,µE)

)
= det

(
I − exp

(
−Σ−1

0

))−1/2
G 1

4π
ME coth(Σ−1

0 /2)MT
E ,µE

(ξ) . (147)

To simplify the notation, we rewrite this last equation as

W
(
ξ; Ê (ΣE ,µE)

)
= N GA,a (ξ) , (148)

where A = 1
4πME coth

(
Σ−1

0 /2
)
MT

E and a = µE . With this intermediate result, we can
move on to compute Eq. (142). Starting with the left star-product, we have

W
(
ξ, Ê

)
⋆ δ(2N) (ξ − χ) = 22NN

∫
R2N

dηdν GA,a (ξ + η) δ(2N) (ξ + ν − χ) e4πiηT Ων .

(149)
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We then use a change of variable η̃ = η + ξ

(149) = 22NN
∫
R2N

dν δ(2N) (ξ + ν − χ) e−4πiξT Ων
∫
R2N

dη̃GA,a (η̃) e4πiη̃T Ων . (150)

The integral over η̃ can be identified as the characteristic function of a Gaussian distribu-
tion at the position 4πΩν to obtain

(149) = 22NN
∫
R2N

dν δ(2N) (ξ + ν − χ) e4πi[a−ξ]T Ων exp
(
−16π2

2 νT ΩAΩT ν

)
. (151)

We complete the computation of the product using the Dirac delta distribution inside the
integral

(149) = 22NN e4πi[ξ−a]T Ω[ξ−χ] exp
(
−16π2

2 [ξ − χ]T ΩAΩT [ξ − χ]
)
. (152)

With the first star product computed, we now proceed to the second part

(142) =22NN 2
∫
R2N

dηdν e4πi[ξ+η−a]T Ω[ξ+η−χ]×

exp
(
−16π2

2 [ξ + η − χ]T ΩAΩT [ξ + η − χ]
)
GA,a (ξ + ν) e4πiηT Ων .

(153)

Once again, we use a change of variable ν̃ = ν + ξ and identify the characteristic function
of a Gaussian distribution to compute a first integral. Combining two Gaussian functions
and using the property ω (ν,ν) = 0 to simplify phase terms, we arrive at Eq. (154)

(142) =22NN 2 exp
(
−8π2

2 [ξ − χ]T ΩAΩT [ξ − χ]
)

e4πi[ξ−a]T Ω[ξ−χ]×

∫
R2N

dη e4πi[ξ+χ−2a]T Ωη exp
(
−32π2

2

[
η + ξ − χ

2

]T

ΩAΩT
[
η + ξ − χ

2

])
.

(154)

The last exponential function in Eq. (154) is linked to a Gaussian distribution function
through

exp
(
−32π2

2

[
η + ξ − χ

2

]T

ΩAΩT
[
η + ξ − χ

2

])
=
√

det
(
A−1

16π

)
GΩA−1ΩT

32π2 , χ−ξ
2

(η) ,

(155)
with

det

(
A−1

16π

)
= 2−4Ndet

(
tanh

(
Σ−1

0 /2
))
, (156)

once we insert back the initial form of A. With this identification, we can again use the
definition of the characteristic function of a Gaussian distribution to compute this last
integral

(142) =
√

det
(
tanh

(
Σ−1

0 /2
))
N 2 exp

(
−8π2

2 [ξ − χ]T ΩAΩT [ξ − χ]
)

e4πi[ξ−a]T Ω[ξ−χ]×∫
R2N

dη ei(−4πΩ[ξ+χ−2a])T ηGΩA−1ΩT

32π2 , χ−ξ
2

(η) .

(157)
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After a few manipulations, we get the simplified equation

(142) =
√

det
(
tanh

(
Σ−1

0 /2
))
N 2 exp

(
−8π2

2 [ξ − χ]T ΩAΩT [ξ − χ]
)
×

exp
(
−1
2 [ξ + χ− 2a]T A−1

2 [ξ + χ− 2a]
)
.

(158)

At this point, it is useful to combine both exponentials into a single Gaussian function
by completing the square in the exponent. After inserting the definition of A and a into
Eq. (158), we get

(142) =

√
det

(
tanh

(
Σ−1

0 /2
))

det
(
I − exp

(
−Σ−1

0

)) exp

−1
2 [χ− µE ]T

ME coth
(
Σ−1

0

)
MT

E

4π

−1

[χ− µE ]

 ×
exp

−1
2 [ξ − χE ]T

ME tanh
(
Σ−1

0

)
MT

E

4π

−1

[ξ − χE ]

 ,
(159)

where we have extracted the altered peak position

χE = ME sech
(
Σ−1

0

)
M−1

E [χ− µE ] + µE . (160)

Equation (159) tells us that the normalization process of adding a Fock-type envelope to
a GKP state Wigner function maps each Dirac distribution of the sum in Eq. (141) to a
Gaussian function of amplitude described by the first line of Eq. (159), centered around χE

and with covariance matrix ME tanh
(
Σ−1

0

)
MT

E/4π. This describes entirely the Wigner
function of any finite-energy GKP state with a Fock-type envelope. Especially, Eq. (159)
reduces to the result of Ref. [37] when ME = I and µE = 0. If we set Σ0 = α−1I and take
the limit α → 0+, we recover the infinite energy state. In this limit, the peaks position
are unaltered χE → χ, each peak is infinitely squeezed with an infinite amplitude because
tanh (Σ0)→ 0 and the envelope becomes infinitely large because coth (Σ0)→∞.

F Average number of excitation in GKP states
In this section, we aim to obtain an expression for the average number of excitations in a
GKP state with generator matrix S and an envelope described by covariance matrix ΣE

and position in phase-space µE . In Sect. E, we have derived the Wigner function of such
a state, and in the following, we are going to use this result. From our definition of the
Wigner function

W (ξ, ρ̂) =
∫
R2N

dv e−i2πξT Ωv Tr
[
T̂ (v) ρ̂

]
, (161)

we can derive the expression for the average excitation number [42]〈
ξ̂

T
ξ̂

〉
= Tr

[
ξ̂

T
ξ̂ρ̂

]
= (2π)2N

∫
R2N

dξ ξT ξW (ξ, ρ̂) , (162)

for a state described by the Wigner function W (ξ, ρ̂). With this intermediate result, we are
ready to compute it with the Wigner function of GKP states from Eq. (159). To simplify
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the demonstration, we express the Wigner function of GKP states as

W (ξ, ρ̂GKP) =
∑

χ∈M
cχ exp

(−1
2 [ξ − χE ]T B−1 [ξ − χE ]

)
, (163)

withM = (Λ∗ − S∗µ) /2 from Eq. (135), χE from Eq. (160) and
B = ME tanh

(
Σ−1

0

)
MT

E/4π. This leads us to compute the integral〈
ξ̂

T
ξ̂

〉
= (2π)2N

∑
χ∈M

cχ

∫
R2N

dξ ξT ξ exp
(−1

2 [ξ − χE ]T B−1 [ξ − χE ]
)
. (164)

This is an integral that we can compute analytically using a change of variable and adding
a source term. We reframe the problem as solving the integral∫

R2N
dξ [ξ + χE ]T [ξ + χE ] exp

(−1
2 ξTB−1ξ + JT ξ

)∣∣∣∣
J=0

. (165)

With this trick, we can move the polynomial term out of the integral by changing the
variable for derivatives in J[

∂

∂J
+ χE

]T [ ∂
∂J

+ χE

] ∫
R2N

dξ exp
(−1

2 ξTB−1ξ + JT ξ

)∣∣∣∣∣
J=0

, (166)

and we obtain a multivariate Gaussian integral. The result of this integral is

(2π)N
√

det (B)
[
∂

∂J
+ χE

]T [ ∂
∂J

+ χE

]
exp

(1
2JTBJ

)∣∣∣∣∣
J=0

, (167)

and we can reduce it to

(2π)N
√

det (B)
(
χT

EχE + Tr [B]
)
, (168)

which is the contribution to energy from one Gaussian peak of the GKP Wigner function.
Putting everything together and doing simplifications on prefactors, we arrive at the result
that the average number of excitations in a GKP state described by the generator matrix
S and envelope (ΣE ,µE) =

(
MEΣ0M

T
E ,µE

)
is〈

ξ̂
T

ξ̂

〉
=π2N

√
det

(
I + tanh

(
Σ−1

0

)) ∑
χ∈M

cχ

(
χT

EχE + Tr
[
ME tanh

(
Σ−1

0

)
MT

E

])

× exp

−1
2 [χ− µE ]T

ME coth
(
Σ−1

0

)
MT

E

4π

−1

[χ− µE ]

 . (169)

As a final remark, we can also obtain the number of excitations in a sub-system (in a single
mode, for example) by restricting the scalar product and trace in Eq. (168) to be only over
elements of this sub-system and rescaling the prefactors accordingly.

G Application of algorithm 1
In this section, we work out the optimization process of algorithm 1 for the toy logical
Clifford circuit on one qubit:

Σ0 = I, µ0 = 0 ,P P P P (170)
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applied on a square GKP qubit. This circuit, although trivial in practice, is ideal for demon-
strating the mechanics of the algorithm. As inputs of algorithm 1, we use the parameters
Σ0 = I and µ0 = 0, as they simplify the computations and make the demonstration more
intuitive. For those parameters, both metrics (Eq. (73) and Eq. (80)) are zero.

The first task of the compiler is to identify all potential implementations of the targeted
circuit. For the optimization of the circuit in (170), only the stabilizer group generated by
two elements S =

〈
Z2, P 2Z

〉
is useful, where we used the definitions of Sect. 3.3 for the

operations. At first order of the generators, this group contains the elements

S1 =
{
I, Z2, Z−2, P 2Z,P 2Z−1, P−2Z,P−2Z−1, P 2Z3, P−2Z−3

}
, (171)

where every element of the set is the product of the generators at a power of either −1, 0 or
1. By multiplying the set S1 by a representative of P (i.e. P ), we then obtain the different
implementations of the logical gate P at first order

PS1 =
{
P, PZ2, PZ−2, P 3Z,P 3Z−1, P−1Z,P−1Z−1, P 3Z3, P−1Z−3

}
. (172)

For the purpose of this demonstration, we retained only the elements with unit magnitude
power for all operations {

P, P−1Z,P−1Z−1
}
. (173)

The result of the optimization is not affected by the simplification in this specific case.
The second task is to identify the parameters (M,λ) of each implementation following the
form U = T̂ (λ)UM described in algorithm 1. Based on the derivations of Sect. 3.3, we
find the parametrization{([

1 0
−1 1

]
,
[
0 0

])
,

([
1 0
1 1

]
,
[
0 1/

√
2
])

,

([
1 0
1 1

]
,
[
0 −1/

√
2
])}

(174)

for the operations
{
P, P−1Z,P−1Z−1}, respectively. Before applying the algorithm, we

observe that the set of matrices

M (n) =
[

1 0
−n 1

]
(175)

form a group for which

M (n)M (m) = M (n+m) and M (n)M (n)T =
[

1 −n
−n n2 + 1

]
. (176)

When we compute the metric Eq. (80) for this set of matrices, we get

Tr
[
ln2
(
M (n)M (n)T

)]
= ln2

(
n2 + 2− n

√
n2 + 4

2

)
+ ln2

(
n2 + 2 + n

√
n2 + 4

2

)
,

(177)
which is symmetric in n and increasing with the magnitude of n. This is useful because
the combination of elements of Eq. (174) is all part of this set. With all the tools in hand,
we can now complete the application of algorithm 1.

In the first round of optimization, we try to optimize the first gate in the logical circuit
(170). Initially, the envelope parameters are Σ0 = I and µ0 = 0. At the squeezing level,
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all implementations in Eq. (174) are equivalent (the squeezing metric of Eq. (177) is the
same for n = 1 and n = −1). Therefore, we turn to the displacement metric to make the
discrimination. The second and the third operations both contain displacement, while the
first does not. It means that the first implementation of P by P is optimal and that after
the gate, the envelope parameters are

Σ =
[

1 −1
−1 2

]
and µ = 0. (178)

We move on to the second gate in circuit (170). We have the choice between implementing
the squeezing part of the gate with M (1) or M (−1). While the options are the same as
for the first implementation, the optimal choice might be different because the input state
is different. Choosing M (1) for the second implementation lead to the metric of Eq. (177)
with n = 2, while choosing M (−1) reverse the squeezing action of the first implemented
gate and lead to the same metric with n = 0. Therefore, the choice M (−1) is optimal.
Both options with M (−1) in Eq. (174) have the same cost for the displacement metric,
which means that we can choose at random between the two (we take P = P−1Z). Fol-
lowing the same rules for the third and fourth implementations, we find that the optimized
implementation of circuit (170) is

Σ0 = I, µ0 = 0 .P P−1Z P−1Z−1 P (179)

The output of the algorithm 1 for the chosen circuit shows that its action is to first remove
as much squeezing as possible, and then recenter the envelope. We observe this mechanism
between the first and second implementations, where the P operation is reversed and
replaced with an equivalent Z operation. The same logic is applied to the third gate
implementation, where the addition of squeezing is necessary, but where we can also remove
a unit of displacement in the Z direction. In the general case, the computation is more
tedious, and it is difficult to apply algorithm 1 analytically. However, the principles remain
the same.
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