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In continuous-variable quantum computa-
tion, identifying key elements that enable a
quantum computational advantage is a long-
standing issue. Starting from the standard
results on the necessity of Wigner negativity,
we develop a comprehensive and versatile ap-
proach in which the techniques of (s)-ordered
quasiprobabilities are exploited to provide rig-
orous statements on the simulability of pho-
tonic quantum circuits consisting of previously
characterized gates and thereby identifying
the contribution of each quantum gate to the
potential achievement of quantum computa-
tional advantage. This is achieved by means
of an analysis of the so-called transfer func-
tion, allowing us to highlight the resourceful-
ness of a gate set. As such this technique
can be straightforwardly applied to current
continuous-variables quantum circuits, while
also constraining the tolerable amount of losses
above which any potential quantum advan-
tage can be ruled out. We use (s)-ordered
quasiprobability distributions on phase-space
to capture the non-classical features in the pro-
tocol, and focus our technique entirely on the
ordering parameter s. This allows us to high-
light the resourcefulness and robustness to loss
of a universal set of unitary gates compris-
ing three distinct Gaussian gates and any non-
Gaussian unitary gate, providing important in-
sight on the role of non-Gaussianity.

1 Introduction

Ever since Shor’s algorithm [1] promised an expo-
nential speed-up in the factorisation of prime num-
bers, quantum computing has captivated the scien-
tific community. The laws and logic behind quantum
physics make it possible to solve certain highly spe-
cific problems much more efficiently than what could
be achieved with classical devices. While it is not un-
reasonable to expect that quantum computers hold
huge potential as a new computational framework, so
far actual algorithmic design has only scratched the
surface [2].
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A bit over a decade ago, a new approach to study
the question of the computational advantage of quan-
tum devices over classical ones was introduced. Spe-
cific protocols such as boson sampling [3], IQP [4],
and random circuit sampling [5], were proposed as
candidates for reaching a provable quantum compu-
tational advantage. The foundations of these works
within computational complexity theory [6, 7] sepa-
rates them from earlier works on quantum speed-ups
in the sense that there are strong arguments to suggest
that these protocols cannot be simulated efficiently by
any classical algorithm. These works have ultimately
led to a series of experiments claiming to have reached
such a quantum computational advantage [8—11].

In the field of photonic quantum computation, the
boson sampling protocol and its many variations [12—
16] have drawn much attention. The race for a quan-
tum computational advantage quickly imposed the
question: when do noise and experimental imperfec-
tions make a setup efficiently simulable on a classical
computer? This has led to applied results exploiting
the fine details of boson sampling [17-20] and Gaus-
sian boson sampling [21-25] setups. Furthermore, this
sparked research activities on the simulation of pho-
tonic sampling problems in a more general context.

This more general line of research can be seen as
a series of attempts to translate and generalise the
Gottesman-Knill theorem [26] for bosonic systems.
The first such generalisation dates back to the early
days of continuous-variable quantum information pro-
cessing, and it showed simply that a setup involv-
ing exclusively Gaussian states, operations, and mea-
surements can be efficiently simulated [27]. For a
highly ideal setup with pure states, unitary gates, and
projective measurements, Hudson’s theorem [28, 29|
teaches us that these Gaussian elements are the only
ones that are described by a fully positive Wigner
function [30]. When more general sampling setups
are considered, allowing states to be mixed, measure-
ments can be general positive operator-valued mea-
sure (POVMs), and gates to be described by gen-
eral channels, it turns out that this positivity of the
Wigner function is the element that makes a system
efficiently simulable [31, 32]. In other words, the exis-
tence of negative regions in the Wigner functions that
describe the system is a key resource for reaching a
quantum computational advantage.
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While such Wigner negativity might be a neces-
sary resource, it clearly is not a sufficient one [33].
A series of recent works has used tools from bosonic
codes to completely challenge the paradigm of Wigner
negativity as a crucial resource [34, 35|, relying in-
stead on discrete-variable resources that come from
the qubits that bosonic codes are encoding [36]. How-
ever, these sufficient resources may turn out to be
more demanding than necessary. In this regard, other
works have searched for new necessary resources for
reaching a quantum computational advantage, lead-
ing to the identification of stellar rank and some non-
Gaussian type of entanglement as key ingredients [37].
Other approaches have aimed to generalise the results
of Wigner negativity to more general phase-space rep-
resentations [20, 38].

Most of these recent results have focused primarily
on the resources that are present in the initial states
and/or the measurements. The resourcefulness of the
operations that are implemented in between (typically
quantum gates) have not received much attention. In
works such as [20, 34] these operations are limited to
a very specific class of circuits, or one directly con-
siders measurements on some generic state as in [37].
These works therefore assume, either explicitly or im-
plicitly, that a straightforward approach can be taken
when addressing big multimode channels connecting
input states to measurements. This is in strong con-
trast to [31], where a lot of attention is devoted to
the development of a Markov-chain model to simulate
the action of a sequence of few-mode quantum chan-
nels. This can effectively be understood as a hidden-
variable model for quantum computing which allows,
at least in principle, to study a very wide set of oper-
ations.

In the present work, we provide insight and results
on the simulatability of quantum gates by arguing,
in contrast to [20], that the ordering parameters can
be chosen in an optimal way that also allows to treat
quantum gates in a decoupled, independent manner.
Our gate-by-gate model allows for the precise iden-
tification of the sources of quantum computational
advantage within a circuit and its tolerance to local
losses. As such, we introduce a algorithmic approach
to derive the best decomposition of a quantum circuit
in terms of (s)-ordered quasiprobability distributions,
we demonstrate the significant insights that this can
yield. It is worth highlighting that our approach ef-
fectively looks for an optimal hidden-variable model
for the computation, by optimizing the choice of s-
ordering parameters in the representation of subse-
quent layers of operations. Moreover, this algorithm
allows us to effectively deal with losses or noise at
precise points in the circuit. Even if we find that a
certain protocol is impossible to simulate efficiently,
because no appropriate (s)-parameters can be found,
our approach allows us to identify how much loss or
noise can be tolerated before the setup can be effi-

ciently simulated.

The key results of our work lie in the second part,
Sec. 4 and Sec. 5, where we devote attention to
specific types of quantum gates and channels that
are highly relevant in photonic quantum computing.
Through an examination of their respective transfer
functions, and the manner in which each function fits
within the decoupled approach outlined in section 3,
it becomes possible to pinpoint the precise sources of
quantum computational advantage within a circuit,
or, conversely, where such advantage is crucially lost.
This notably allows to understand the role of squeez-
ing operations, photon addition and subtraction, and
any deterministic non-Gaussian gate, such as the cu-
bic phase gate, in reaching a quantum computational
advantage.

We stress that the primary aim of this work is not
to introduce a new classical simulation algorithm, but
rather to establish rigorous, gate-level conditions un-
der which a continuous-variable quantum computa-
tion can be efficiently simulated classically. Algorithm
1 serves as a concise formalism to state and organise
these conditions: by expressing the simulability of the
full circuit as the conjunction of local positivity con-
straints on (s)-ordered transfer functions, it reduces a
global problem to a tractable sequence of single-gate
analyses. It is in this analytical reduction, and in the
concrete characterisation of the resulting conditions
for a universal gate set, that the contribution of this
work lies.

2 Phase-space Representations

2.1 (s)-ordered representations of states and
observables

The main theoretical tool on which our results rely
consists of (s)-ordered quasiprobability distributions
(quasi-PDF) on phase-space. Let us consider a Fock
space of M bosonic modes, each associated with its
pair of creation and annihilation operators &;r-, a; such
that [a;,al] = d;5. We denote by @ = (@, ..., aar)
the corresponding vector of operators. For a bounded
operator O on such space, and for any real number
s € [—1, 1], we then define the (s)-ordered phase-space
representation [30, 39]
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The (s)-
ordered characteristic function XS)(ﬁ) is defined by

€ =T[0Ds(8), (2)

where €&, a € CM are complex vectors.

with Dg4(€) the (s)-ordered displacement operator
Ds(&) = D

(5)65551-/ 2 which is a generalisation of
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Figure 1: The range of values of the (s)-parameter. The val-
ues corresponding to the Q—, P—, and Wigner function are
highlighted. We also visually represent the effect of Eq. (18),
which describes how losses drive the nonclassical parameter
closer to one.

the standard M-modes displacement operator D (&) =
exp{€a’ — &'a}. These (s)-ordered representations
are useful tools to study CV quantum systems due
to the identity [30, 39]
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We emphasize the requirement of pairing a quasiprob-
abiliy distribution with parameter s with one with
parameter —s. As indicated in Fig. 1, the higher the
value of s, the more singular the distributions. Vice-
versa, lower values of s indicate more regular phase-
space representations.

Phase-space representations are often used to char-
acterise quantum states, in which case we choose O in
Eq. (1) to be the density matrix p. The (s)-ordered
phase-space representation then becomes a quasiprob-
ability distribution, meaning that it is normalised, but
not necessarily positive. For the case s = 0, we recover
the Wigner function. For s = —1, instead, we have the
Husimi Q-function, which is always non-negative and
normalised to 1, being a proper probability density
function (PDF) associated with non-orthogonal pro-
jectors onto coherent states. On the opposite hand,
for s = 1, the integral won’t always converge to some
regular function and the result is instead defined as
a distribution, i.e. a linear functional on a space of
test functions, and it bears the name of Glauber’s P-
representation.

Importantly, it is possible to transform a (s)-
ordered representation into a (s')-ordered represen-
tation with s’ < s by convoluting it with a Gaussian
function:

oy 2
WO () = s—s’/ﬁ

Clearly then, Wg/)(a) will be more regular than
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W((;) (o) for s’ < s [40]. If we are dealing with a quan-

tum state, O = p, with a negative Wigner function
(s = 0), looking for the highest value of s’ < 0 such

that W' is a PDF amounts to finding the narrow-
est Gaussian kernel that will erase all the negative re-
gions in the original Wigner function. As such, it is a
means of quantifying Wigner negativity, referred to as
the non-classical depth, which will be addressed in the

following paragraph. Unlike most common measures
of Wigner negativity, such as the negativity volume,
though, it also takes into account how the negative re-
gions are shaped in phase-space: a very elongated neg-
ativity region would require a much broader Gaussian
to be fully cancelled, when compared to another re-
gion with the same negative volume but concentrated
in a more symmetric area. To quantify this idea, we
can use the negativity volume:

N = [

o MW ()| - 1. (5)
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Combining with Eq. (4) and using the fact that the
modulus of an integral is always majorized by the in-
tegral of the modulus, we directly find that

NG (p) < NG (p) for all & < s. (6)

More generally, also for Wigner-positive states, we can
define 7 as the maximal value for which V(") (p) = 0,

and thus W ™ (a) is a PDF. Given that the Husimi
Q-function is obtained by projecting p onto coherent
states, it is clear that such a 7 > —1 always exists.
This value 7 defines the nonclassical depth [41] of the

state p:
1—7

0o = — (7)

All non-Gaussian pure states have nonclassical depth
t =1 (meaning that only their @-function is a PDF).
For Gaussian states, since they have positive Wigner
functions, t < 1/2, and for the particular case of co-
herent states we obtain t = 0. The latter are the only
pure states whose P-function is a PDF, thus they are
commonly referred to as the only classical pure state.
The nonclassical depth can be employed as a measure
of nonclassicality of quantum states and is particu-
larly informative for mixed states and noisy quantum
processes.

Up to now, we have only considered the case with
a single ordering parameter. However, dealing with
multimode states, it is much fruitful to define the
(s)-ordered phase-space representation such that s =
diag(sy, s2,...,80m) is a diagonal matrix, in such a
way that each mode has its own independent order-
ing parameter, instead of choosing a single ordering
parameter for all modes. This simply boils down to
replacing D (&) with Dy (&) = ﬁ(&“)e‘ssy/2 in Eq. (2).
Consequently, the (s)-ordered representation of any

operator O is designated by W, For s = —1py,
s = 0p7 and s = 1, one finds respectively the Husimi
@-function, the Wigner function and the Glauber-
Sudarshan P-function.

2.2 (s)-ordered representations of quantum
operations

We first consider a generic quantum optical scheme:
M input bosonic modes, described by a density op-




erator p;,, are processed by a trace-preserving com-
pletely positive (CPTP) quantum channel £. The
overall output state Pyt = E(Pin) is then measured
by a factorized POVM Il,, @ being the generic label
for each possible measurement result. It was shown
in [20] that the probability to obtain the outcome x
is given by

x) = // MM o g?M g Wéf')(a)
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where A(s -4 (a, B) is the (s, s)-ordered transfer func-
tion of 5 defined as:

A (o, B) =
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As such, the transfer function Aésl’s)(a, B) is a phase-
space representation of the trace-preserving quan-
tum operation £. Moreover, the transfer function in
Eq. (9) comes with an interesting additional property
that derives from the fact that it represents a CPTP
map:

/ﬁ B @) =1 (0
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In Section 3, we will use that (10) implies, whenever

A(s ) is a regular and positive function, that we can

interpret A(s S)( ,3) as a probability distribution for
B3, for every posmble value of a.

For a general multimode system Eq. (9) is usually
very hard to work out explicitly. This should not
come as a surprise, given that, for setups with
factorized multi-mode input states and single-mode
measurements, the map £ should provide the neces-
sary entanglement to make the setup hard to simulate
on a classical computer. It is therefore common to
make some assumptions on £.

In [20], the authors focus on boson sampling and,
thus, concentrate primarily on the case where £, is a
passive linear-optics channel. In this case, it is pos-
sible to find an analytical expression for Ag’s)(a, 3)
by using that £ (DT(¢)) = DT(L1¢). Here L is an
M x M matrix with LTL < 1,; that captures, both,
the mixing of the input modes and losses. This led to
the key result that Ag’s)(a, () is positive if and only
if s and s’ satisfy the following condition

Iy — L'L — s+ LTs'L > 0. (11)

When it is possible to find s and s’ such that con-
dition (11) is satisfied, and such that Wéisn)(a) and
WI%_S) (B) are both positive and can therefore be

treated as PDFs, one can efficiently simulate the sam-
pling process.

Despite the interest of this result, the class of
operations that can be described by such an & is
rather limited by the fact that it is a linear-optical
operation; in contrast, when we aim at studying
quantum advantage in CV systems, it is crucial to
include a wider range of operations that can induce
squeezing and non-Gaussianity.

In this work, we will also make an assumption on
&, namely that the total channel is decomposed into
many operations: £ = £0E30- - -0&. In the context of
quantum computing, we typically understand this as
a decomposition into quantum gates, i.e. other CPTP
quantum channels involving at most n < M modes
each. In Section 4 we restrict to the common cases
of single- and two-mode operations, but the results of
Section 3 can be applied more generally. To study this
sequence of operations, we rely on the composition
rule

AL (a,8) =
/ PMAAE T ()AL (). (12)
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The fact that an operation only acts on n modes is
reflected by the fact that these functions involve at
most n components of o, 3, and ~ each, and behave
like delta distributions on the remaining M —n modes.
Notice that s” drops out from the left-hand side of
the previous equation, according to the cancellation
of the terms e=*"1""/2 in the (+s”)-ordered displace-
ment operators appearing in Eq. (9).

3 Simulation of Sampling Algorithms

In Fig. 2, we show a schematic representation of the
full sampling protocol that is considered in our work:
a factorised input state p;, = p1 ® -+ ® Py is sent
through a CPTP channel £ =& 08 0---0&, and is
ultimately measured by a set of single- mode detectors
with POVM elements I, = I1,, ®- - -®II,,,. In phase-
space, we can generalise Eq. (8) to describe the prob-
ability to obtain a string of measurement outcomes
x = (x1,...x), associated with POVM element I,
as
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Explicit calculation for Eq. (13) can be found in Ap-
pendix (A). Here, the factorized input state p;, of M
modes can be represented by a factorized (s;)-ordered

quasi-PDF W‘g:)(al), and the measurement process
is described by a quasi-PDF Wéﬁs"'“)(akﬂ).

If there exists a set {s;};e[1,k41) S0 that each phase-
space representation appearing in the decomposition
(13) is regular and positive, the whole scheme can
be classically simulated in an efficient way, using the
same strategy as the one followed in [31], based on
the fact that we can perform each step by sampling a
probability distribution (see the second part of Algo-
rithm 1). We thus seek to optimise each s;, which will
eventually lead us to Algorithm 1 to check whether a
scheme that follows the general structure of Fig. 2 can
be efficiently simulated by classical means.

We note that the gate-by-gate decomposition pro-
vides sufficient conditions for classical simulability: if
positivity is achieved at every step, the full circuit is
simulable. Conversely, the failure of Algorithm 1 does
not imply that the circuit is non-simulable, since a dif-
ferent decomposition or a global optimization over all
ordering parameters might still succeed. The trade-
off is between tractability — our local conditions are
analytically or efficiently computable for each charac-
terised gate — and optimality, which would require
a global search over an exponentially large parameter
space. As discussed in the outlook, regrouping gates
whose individual transfer functions are negative into
larger blocks is a natural strategy to tighten the con-
ditions, at the cost of increasing the dimensionality
of the sampling space. One should keep into account
that simulating the full unitary is believed to be hard
task under the assumption that quantum computa-
tion is hard to simulate.

To explain this optimisation of the s; parameters,
we start with the input state. By virtue of Eq. ((6)),
for any single-mode state p there exists a maximal
value 75 € [—1,+1] such that Wés) is a probability-
density function for any s < 75. The positivity of the
Husimi Q-representation on top guarantees that such
a parameter 7, can always be found.

The study of  the
A(gjs"”sﬁl)(ai,awl) is somewhat more subtle.
We note, first of all, that we can easily derive a result
similar to Eq. (4) for sj > s; and s}, ; < s;11 (as

transfer functions
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Since we are convoluting with a Gaussian, the func-
tion gets smoother and negative regions become shal-
lower (see Eq. (4)). Due to the sign difference, the
same happens for si,; < s;;1. In other words, the

phase-space representation Ags”’s”l) behaves more
and more like a positive kernel as we increase s; and
decrease S;41.

At the ith step in the for-loop of Algorithm 1, the
input ordering parameters 7; are fixed in the previous
step, ¢ — 1, to be as high as possible. As implied by
Eq. (14), this also makes Agn’si“) as close to being
regular and positive as possible, therefore we shall
now focus just on the effect of the output parameters
S;+1 to show the consistency of our algorithm.

This maximal value will then become 7;4;. By
virtue of Eq. (14), the procedure of maximising s;41
in step ¢ of Algorithm 1 guarantees the best possible
choice for the first ordering parameters in the trans-
fer function of step ¢ + 1. Nevertheless, at any stage
of the for-loop, it is possible that no appropriate or-
dering parameter can be found to guarantee that the
transfer function is a positive kernel. In that case, the
algorithm fails, and we cannot simulate (13) through
sampling in this manner, one would need to find an-
other way to compile the gates, as it is discussed in
the outlook.

Let us note that the concept of 'maximizing a vec-
tor’ is ambiguous. Therefore, in the context of multi-
mode gates, where one is confronted with ambiguity,
we sought to maximize the minimal value of the vec-
tor. One will find an illustration, and a discussion on
this issue, in Section 5.1.2, where the beam-splitter
is studied. The order in which the algorithm is ap-
plied can be impacted by this ambiguity. Initiating
the process in reverse, beginning with the measure-
ment, has the potential to yield divergent results when
such a gate is encountered. Consequently, this can
result in different constraints being imposed on the
(s)-parameter at the last step.

If we do make it all the way to the final step, we find
a fixed parameter 7441 for which we have to evaluate
the POVM elements Wﬁm(f'r’““)(akﬂ). The func-
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Figure 2: Generic quantum-optical scheme depicted by M
input modes, described by a density operator pi, processed
through a trace-preserving quantum channel &, that can be
decomposed into a sequence of trace-preserving quantum
channels £ = & o0& 0---0&,. This produces the output
state Ppout = E(Pin) and an output probability distribution
p(x) = Tr[ﬁoutﬂm] sampled by measuring the POVM 1.

tion WAE(_""““) is a product of single-mode func-

[©)
tions W "“), with feX dzTl, = 1. The set X;
denotes the set of all poss1b1e measurement outcomes
for the detector that measures the jth mode. This
implies that every local detector is described by a set
of phase-space representations {Wé{s)(a) | z € X;}
that satisfy the condition ‘

)
71'/ de k“)(a) =1, (15)
QJGX]‘ 1L
which must hold for all @« € C. For the simulation
algorithm to work, we must be able to sample a final
measurement outcome x that describes the click in
all the detectors. When the resulting parameter 7,1
(3)
is such that the functions W( Tiet1)

functions for all possible measurement x € &, for all
( (J)

k+1) (a)
as probability distributions on the space z € X;. If
this is the case, we can sample the measurement
outcomes for all the individual detectors and finally
obtain @ in a way that is consistent with probability
density (13).

(«) are positive

the modes j, we can treat the functions W

The previously described optimisation scheme for
the ordering parameters explains the foundations of
Algorithm 1. This algorithm effectively reduces the
problem of the positivity of the quasiprobability dis-
tributions to a study of the ordering parameters. We
are only concerned with those parameters and how
they change during the computation. Indeed, Algo-
rithm 1 fixes ordering parameters layer by layer, and
we can understand this as an evolution of the ini-
tial ordering parameters (and thus nonclassical depth)
of the input state throughout the different stages of
the algorithm. Once the optimization part of the al-
gorithm has identified the optimal ordering param-
eters, the second part of the algorithm, doing the

Hn

Algorithm 1: Classical simulation algorithm
for a quantum computational scheme follow-
ing the general structure of Figure (2). No-
HBICG that in the last step Bg41 is fixed and

MW( Tht1) (Bk+1) is a PDF in .

1nput : set of functlons
Wé:)a {Agk sosiet) }26[1 k]7W( owt1)
output: a sample of measurement outcomes
according to p(Z) (result of classical
simulation), failed (classical
simulation not possible)
begin
> First the optimization
find the max s; s.t. Wé:)(al) is
non-negative ;
let 71 := max(s1) ;
for i € [1,k] do

find max s;41 s.t. A( TioS 1“)(

g, sz'+1)
is non-negative ;

if no such s;+1 can be found then
‘ return: failed ;

end

else
| let Tiy1 := max(si41) ;

end

end
if W( T’““)(ak_,_l) is non-negative for
Tht1 then
‘ proceed to sampling ;
end
else
‘ return: failed ;
end
> Then the sampling
sample a point a1 according to Wé:)(al) ;
B1 = aa;
for i € [1,k] do
sample a point o;41 according to
A‘(g:ﬁ’nﬂ)(ﬂi,ai+1) :
Bit1 = Qit1;
end
sample a string of outcomes x according to
WMWIEI;TkJrl)(IBk—i-l) ;

return: « ;

end




sampling, can proceed in the same way as the one in
Ref. [31]. Considerations on computational complex-
ity of the sampling algorithm were already provided
there, whereas the focus of our work is on the charac-
terization of the gates transfer functions in terms of
the ordering parameters and on their optimal choice.

We emphasise that when the optimisation phase
succeeds, the second phase of Algorithm 1 gener-
ates full measurement outcome strings & by sequen-
tially sampling from the certified positive probabil-
ity density functions, following a Markov-chain strat-
egy. This constitutes a bona fide classical simulation
of the sampling problem, producing outcome strings
distributed according to p(x), and not merely an es-
timation of individual outcome probabilities.

The pseudo-algorithm presented here is intended to
serve as a conceptual framework, to which mathemat-
ical considerations will be applied in the following sec-
tions. Nevertheless, the interested reader may refer to
the explicit code provided [42] to check simulatabil-
ity for arbitrary photonic quantum circuits involving
a universal set of gates, specifically the one character-
ized in Section 5. Given such a circuit and the non-
classical depths of the (multimode, factorized) input
states, the code provides two possible outcomes: ei-
ther the quest for positivity conditions fails at some
point in the computation, or succeeds until the end.
In the first instance, the code outputs the gate whose
transfer function could not be made positive. In the
latter case, the user is asked to input the nonclassi-
cal depths associated with the measurements POVM
and the code checks the classical simulatability of the
full scheme by comparing the latter with the final op-
timized s parameters. We emphasise that, for the
universal gate set characterised in Sec. 5, the maximi-
sation of the output ordering parameter at each step
reduces to evaluating closed-form inequalities (Egs.
(25), (27)—(29), and Theorem 2), rather than requir-
ing a generic numerical optimisation. The code [42]
implements these analytic conditions and chains them
sequentially through a user-specified circuit.

We should emphasise some key assumptions from
the computational point of view. First of all, we as-
sume that the circuit decomposition £ = 1050 - -0&},
is known. Furthermore, we assume that for all the
elements in the circuit (input states, gates, and mea-
surements) the (s)-parameterised phase space repre-
sentations in (13) are known (or can be calculated at
a negligible overhead). Finally, we assume that it is
computationally efficient to sample from these PDFs
once they are positive. This final assumption may
break down once the functions oscillate too rapidly,
an effect which is in principle captured by the stellar
rank [37].

To encapsulate, in broad terms, the fundamental
principle underlying the present method we propose
the following simplified thought experiment. Let us
assume that a single-mode highly non-classical state

goes through a specific channel whose transfer func-
tion, A({T""’T"“t), is positive only for 7,,; arbitrarily
close to 1. The inherent characteristic of the input
state would force the first parameter to assume a value
Tin close to —1. Indeed, if one whishes to erase all
negativity from the Wigner function of such a state,
one would have to proceed all the way to the smooth,
completely positive Husimi @-function by convolving
said Wigner function with a broad Gaussian. As such,
the channel has effectively transformed an input state
that is highly non-classical into an output state that is
highly classical; a greater range of quasi-PDFs behave
as PDFs at the output than at the input. Such a chan-
nel would represent a point in the computation where
all potential quantum advantage that might have been
provided by the nonclassical input is effectively lost.
This channel is ineffective in terms of providing a
quantum advantages, as it effectively negates the po-
tential benefits of imputing a Wigner-negative state.
This highlights that it is crucial to understand the
relation between the parameters 7; and 7,41 that are
selected by Algorithm 1. Therefore, in the next sec-
tion, we will examine different elementary gates and
observe how the ordering parameter evolves through
them.

4  Resourcefulness of Gates

4.1 Conditions for a general unitary

Before delving into less trivial examples, important
conclusions on the ordering parameters can be drawn
from the study of the identity channel. Since it acts
independently on each mode, we will detail it for a
single mode. Moreover, given that this channel leaves
any input state unchanged, it cannot modify the non-
classical depths. Consider then an input state p such
that Wgsi) is a regular probability density function
and s; is the largest possible value, i.e. correspond-
ing to the nonclassical depth. If the transition ker-
nel Ag_s“s”l) were to be positive and regular for
Si+1 > s;, we would obtain as an output a function

W’gsi“) which is still regular and positive, contradict-
ing the hypothesis that s; was the largest value. This
implies that a necessary condition for Agfsi’s”l) to
be regular and positive is that s;4+1 < s;, which is
also a sufficient condition by Eq. (11) with L = 1 be-
ing the identity matrix. When this condition is met
A(lfsi’si“) is a Gaussian function in its input and out-
put variables, while for s;;11 > s; it is a singular distri-
bution attaining divergent values almost everywhere.

Likewise, it can be foreseen that for a single-mode
unitary channel U the condition Si+1 < 8, is still nec-
(=si,

essary in order for AU

tive, otherwise U could increase the nonclassical depth
of any input state with initial nonclassical depth t.
Let us prove this formally:

si+1) t6 be regular and posi-




Theorem 1. Let U be a single-mode unitary op-
erator. If the associated (—s;, S;+1)-ordered trans-
fer function Agsi’si“) is a reqular function, then
Sit1 < S

Proof. Consider the equality UUt = 1 rewritten in
terms of s-ordered quasi-PDF:

/ c d2a2 Agj_si7si+l)(a1, 042)
az€

A(A_.Si+l,s'i+1)
Ut

A(I,shswl) (0417 a3)' (

(a27a3)

Formally, we can write the right-hand side as:

Agfsi,sprl)(al,ag) o /
£eC

d*¢

X65(8i+1*5i)@/2'(17)

If s;41 > s;, the former expression diverges almost ev-
erywhere in oy, ag and it is more singular than a delta
distribution, while for s;,1 = s; it reduces to the delta
distribution, imposing oy az. Now if AL sosD)
were to be a regular, positive semidefinite function
1. the result of the left-hand side in Eq. (16) can-

(=sit1,8i+1)
Ut

lar distribution, which implies that indeed AL EosD)
can never be a regular probability density function if
Si+1 > Si. Notice that when s;41 = s; we could have,

not be divergent, even if A is a very singu-

in the best case, that A(Ufsi’si“) is as singular as a
delta distribution and then Eq. (16) still holds even
if the right-hand side diverges for a; = ag. O

4.2 Losses

Before providing the characterization of a universal
set of unitary quantum gates, it is instructive to
contrast the general result that we got for unitary
channels with the prototypical example of dissipative
quantum channels, i.e. losses which are crucial in
modelling optical setups and deserves an additional
discussion in its own right. The optical loss chan-
nel is implicitly already covered in Ref. [20] where
Eq. (11) is derived to describe a linear optics network
with losses. To consider optical losses in the spirit
of our gate-based protocol of Fig. 2, we can just de-
fine a single-mode loss channel Ags””si“)(a,ﬂ) as a
single-mode version of Eq. (11) setting L = /5, where
n € [0,1] describes the efficiency of the channel (n =1
reflects the absence of losses, while 7 = 0 means that
the state is completely lost). We can from this find a
decreasing linear relation with respect to s; :

s 21—l — s3). (18)

IWe shall assume that whenever an s-ordered quasiprobabil-
ity is regular and non-negative, it also belongs to the Schwartz
space of rapidly decreasing function, so that no issues of conver-
gence can arise with respect to tempered distributions. This is
typically the case, since this probability density functions decay
as Gaussians for large absolute values of their arguments.

plar—az)El —(a1—az)'e

Since s; = (1 —n)s; +ns; < 1 —n(1l —s;), this im-
plies that we can always pick s;41 > s; for n < 1
and, the smaller the value of 7, the closest the maxi-
mum value of s;;1 approaches 1, as shown in Fig. 1.
It can thus be concluded that losses always result in
a more classical output, in stark contrast with the
opposite result that we derived for unitary gates 16,
thereby emphasizing the peculiar nature of losses for
T nonclassicality. This relatively straightforward result,
moreover, allows us to understand how losses can hin-

16Mer a possible quantum computational advantage. In

a real circuit, loss channels of the type A(Eii"s”l) can

occur everywhere, effectively increasing the chances of
success of Algorithm 1 at any step. As is commonly
done in quantum optics, we can now describe realistic
operations and measurements by taking ideal unitary
ones and adding a loss channel at the input and out-
put. When we add them in between the gates and run
Algorithm 1, we can now deal with mode-dependent
losses, which are often overlooked in studies of sam-
pling problems.

Finally, it is worth mentioning that losses allow us
to consider in principle values of the s parameters out-
side the range [—1,1]: indeed a coherent state going
through a loss channel will become a displaced ther-
mal state, whose s-ordered quasi-PDF will be a regu-
lar and positive function also for some values of s > 1,
defined again through Eq. (1). In general, problems
might arise because the s-ordered quasi-PDFs of chan-
nels and states for values of s > 1 are not guaranteed
to exist, even in the sense of distributions, and they
are not associated with an ordering of the creation
and annihilation operators. However, if we have in-
put states that are mixed and noisy, such that they
can be parametrized with values of s larger than 1,
the matching rule in Eq. (3) ensures that at the next
step we will have an even more regular function (since
s matches with —s) and we can possibly have more
chances to find a positive decomposition of the whole
circuit by going beyond the limitation of s € [—1, 1].

5 Characterization of a Universal Set
of Unitary Gates

Algorithm 1 is based on the idea that we have at hand
a decomposition of the full photonic quantum circuit
into a set of previously characterized gates, such that
the computational effort needed to compute the (s)-
ordered quasi-PDFs for such elements constitutes just
a fixed preliminary overhead with respect to the ac-
tual simulation cost of the computation through sam-
pling. It is thus consequential to characterize a uni-
versal set of unitary gates, with which all CV unitary
operations can be approximated efficiently [43]; one
such set is provided by two-mode Gaussian unitary
gates and one single-mode non-Gaussian gate, such
as the cubic phase gate [44], whose characterizations




are provided in the following.

5.1 Gaussian unitaries

Among Gaussian unitary gates, displacements and
single-mode phase shifters clearly do not affect the
nonclassicality (hence they leave the value of the s-
parameters unchanged), since they act as Euclidean
transformations on quasi-PDFs. Thus, we only need
to consider squeezers and beam splitters. We will
show that the action of a squeezing gate can directly
alter the s parameter of the output, whereas beam
splitters can “mix” the s parameters of their input
modes.

5.1.1 Squeezing gate

Starting with the squeezing gate, denoted by S, the
trace-preserving quantum gate S acting on the dis-
placement operator is:

S(DY(¢)) = 8(r)D"(€)S(r) = D¥(x), (19)

where S (r) is the squeezing operator for a squeez-
ing parameter r and x = £coshr 4 &fsinhr. Thus
implementing a simple re-scaling of the displacement
operator. For S the transfer function take the form

AS ()
= // ﬂﬁeﬁcf—w*ecsmc*/zef«ﬂ—af*egsiém
2
™ ™

< Tx[S(DYE)D©)]. (20)

We can write

2
SO =o' [Lota il

And we can use the normally ordered form of the dis-
placement operator, D(¢) = e=¢¢"/2¢¢a"e=ac" ¢ ob-
tain

Tr[S(DN(€)D(Q)] = mexX' 2 25(c =) (22)

Thus the transfer function (20) becomes

sipaxt s
Ag—si78i+1)(a76) _ /d&eXTB_XBT“F%efTO‘—&aM—{ gsT

(23)
As one can notice from this form the transfer function
is well behave and non-negative if and only if

ot = [(€ coshr + €T sinhr)s;, 1 (€7 coshr 4 € sinh )
(24)

—sil¢’]7 >0

Finally, we find that one can sample from the transfer
function, and thus classically simulate this block if
and only if

S4 .
Sip1 < if s; >0
5 (25)
Sit1 < T if 5, <0

Therefore, in general, the squeezing channel requires
us to parametrize the output expecting it to have a
greater nonclassical depth (lower maximum value al-
lowed for s) in order for the transfer function to be
a positive transfer probability kernel. It is interesting
to note that the conditions linearly bound one order-
ing parameter with respect to the other and they are
fully symmetric under the exchange —s; <> s;y1, as
can be seen more clearly from Fig. (3(a)), where we
plot in gray the region in the (s;, s;+1) plane where
Ag_s'i’si+1) is non-negative, for r = 0.3.

Notice that, for s; < 0, the upper bound si/e_2|’“|
can be smaller than —1, namely if [r| > —11n|s;],
therefore for sufficiently nonclassical, Wigner negative
input states the squeezing channel cannot be simu-
lated through Algorithm 1, no matter how the output
is parametrized. This observation provides a first hint
of the fact that non-Gaussian resources are pivotal for
possible quantum advantages.

It is crucial to stress that one could include the
squeezing channel into the previous channel that was
applied to the multi-mode system and try to simulate
it as a single block with a positive transfer probabil-
ity kernel, possibly finding less strict conditions for
the output parameter s;41; however, when the previ-
ous channel is multi-mode and potentially entangling,
this forces us to apply the squeezing to a multi-mode
state, converting the challenge of simulating the pos-
sibly negative squeezing transfer function into that
of simulating a positive transfer function on a larger
space.

A special point deserves now our attention, the out-
put state of the squeezing channel may not be more
non-classical than the input. It is evident that the
conditions set out in Eq. (25) pertain to the pos-
itivity and well-behaveness of the transfer function.
In the event that the aforementioned conditions are
not met, the transfer function will exhibit negative
region(s) and/or will be highly singular, thereby im-
plying that one cannot sample from it efficiently [45].
Nevertheless, it is possible for the output state to be,
in all respects and according to all characterisations,
classical. This can be understood by immagining a
highly squeezed input state going through a squeez-
ing channel with the opposite squeezing parameter
and resulting in a more classical output. Through the
action of §, we then squeeze in the orthogonal direc-
tion, by the same factor of r. In this case, the output
state would be very classical. However, if the condi-
tions set out in (25) are not met, it is not possible
to sample from the transfer function describing the
process.

5.1.2 Beam-splitter

We shall now proceed to identify the conditions un-
der which the beam-splitter (BS) can be considered
a resourceful gate. Assume that we encounter a BS
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(25) is displayed in gray, for r = 0.3. (b) On the single-photon subtraction: limit lines according to Eq. (32) for various values
of a € [0, 1], represented by different shadings. For each value of «, the allowed values of s;;1 to have a non-negative transfer

functions of the BS lie under the respective curve.

gate on block i, where 1 < ¢ < k. In a formal sense,
our objective is to construct a channel £89 that acts
as a beam-splitter transformation between two modes
and trivially on the remaining M — 2 modes. Denot-
ing by a and b the two modes on which the BS acts
non-trivially, according to Eq. (11) the limiting con-
dition relating output to input ordering parameters is
obtained by taking L is a unitary matrix describing
the beam-splitter transformation,
cos 6

sin 6
L= (—sinﬂ cos@) ’

and 6 € R. Potential phase factors e’®, representing
the phase shift between the input modes of the beam
splitter, has not been taken into account since the
phase shift channel has no impact on the ordering
parameter, merely rotating phase-space distributions
without altering their values. By virtue of unitarity,
one needs to solve the following equation maximizing
the output parameters:

(26)

min eig (—diag(s{, 1, s?.1) + Lidiag(s¢, s?)L) = 0.
(27)
While the relation between the input and output pa-
rameters is not very insightful at first glance, we do
see that s¢,; will generally depend on both s¢ and s?
(and analogously for s?, ). Accordingly, the process
of maximizing the output (s)-parameters for a given
input is not well defined and a continuous range of
solutions may exists, depending on the relative bal-
ance in the combined maximization. To keep con-
sistency with the proposed algorithm we impose the
symmetric condition s¢,; = s?,;, which is equivalent
to maximizing the minimum of the two. It is useful to
notice that from Eq. (27) one can derive a necessary
condition on the sum of the output s-parameters:

s+ st < st st — st — sb|sin26 (28)

assuming 0 < 0 < 7. In particular, if one imposes
s¢ , = sb,, for a balanced BS (6 = m/4), one gets the
necessary and sufficient condition for the positivity of

the transfer function:
b . b
5?4—1 =811 = min{s{, s;} (29)

Thus the most nonclassical of the two inputs fully
dictates the maximum value for the output ordering
parameters.

5.2 Realistic protocol for single-photon sub-
traction

Vacuum

y

Y

O> Sit1

1—¢
Photon counter
Figure 4: Realistic single-photon subtraction protocol seen
from the perspective of our framework, where we considers
solely the order parameter of the states on each branch.

In order to showcase the usefulness of the proposed
protocol, we will apply it to the single-photon sub-
traction operation which is commonly considered as
one of the most accessible de-Gaussifying procedures.
We model realistic single-photon subtraction with a
BS whose input modes are respectively the input state
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on which we wish to subtract a photon on one branch,
and the vacuum state on the other. The transmit-
tance n = cos?# of the BS with respect to the first
mode is close to 1, meaning that only a small frac-
tion of the signal will be reflected. On this weak
output signal, a photon counter with some finite effi-
ciency will be implemented, corresponding to the ideal
POVM (e = 0) with elements {ﬂl 1) (1] L, =
1—11) (1|}. At the last step, only the outcomes corre-
sponding to II; are post-selected. This measurement
will be modelled choosing an ordering parameter close
to —1, since the only value such that the s-ordered
quasi-PDF of |1) (1] is positive is —1, being a projec-
tor on a highly non-classical state, but we shall assume
that its value is —1 + € to account for imperfect mea-
surements. This proposed model is illustrated in Fig.
4.

This results in the following set of input-output or-

1

dering parameters:
0

(s 0. _ [ Si+1
Sin = (0 1) 3 Sout = ( O 1— 6) (30)

recalling that the output parameter for the mode that
is measured has the opposite sign with respect to the
ordering parameter that we had to choose for the
highly nonclassical measurement. The resulting out-
put parameter, s;y1, with which we have to parame-
terize the output to have a positive transfer function
for the beam-splitter will depend on the only free pa-
rameter : the ordering parameter of the input state.
Clearly, if we take the limit & — 0 for finite € the result
will be trivial, having s;+1 < s; as the only condition.
Going back to Eq. (27), inserting the diagonal matri-
ces above and imposing that the smallest eigenvalue
is non-negative, for an ideal detection (¢ = 0) with
generic mixing angle # we find instead:

B [Si—8i+1 — \/(1—81)24‘(1

)\min =

For —1 < 5,41 < s; < 1, this quantity is zero if 0 is
a multiple of 7, including 6 = 0, and it is negative
otherwise. Therefore we conclude that there exists no
set of input-output parameters such that the transfer
function is well-behaved in the case of perfect pho-
todetection. This result is of great importance as it
demonstrates that ideal single-photon detectors are
sufficient to render this building-block impossible to
simulate classically.

There exists however a nontrivial limit, tuning in
on the scaling # o« y/e. In this case, taking the limit
e — 0 with 6 = /e for a free tuning parameter
k € R, we can rewrite the condition A,,;, > 0 as:

si— (1 — s;)K?

< .
- 1—(1-s)K?

Si+1 (32)
In Fig. 3(b) these curves for various values of k
are displayed, with smaller values corresponding
to shades towards the violet. We notice that, for
each value of k > 0, there is a minimum s; under
which no solution exist (each curve reaches the value
siy1 = —1 for some s; strictly greater than —1).
Furthermore, for x > % this limiting value for s; is
strictly positive, meaning that the single-photon sub-
traction modelled by this limit cannot be described
with a non-negative transfer function whenever we
input a Wigner-negative state. Significantly though,
this implies that if we input noisy squeezed states,
at fixed detection efficiency and transmittance, there
is a maximum ratio of squeezing to noise beyond
which the transfer function will never be positive,
rendering this block non-simulatable even if the input
is Wigner-positive.

—8i11)%2 — 2(1 — 8;)(1 — s;41) cos 26)

> 0. (31)

Finally, let us note that the above arguments are
purely based on the order parameters and do not re-
quire any further details of the phase-space represen-
tations. This means that this reasoning can be ex-
tended to virtually all other measurement-based op-
erations.

5.3 Non-Gaussian unitary gates

Having seen that only Wigner-negative inputs can
force the squeezing channel to be represented only
by a negative transfer function, we will now tackle
non-Gaussian single-mode unitary channels, which
are needed to enable universal quantum computation.
The key result that we obtained is the following:

Theorem 2. Let U be a single-mode unitary non-
Gaussian gate. Then Agl’SZ)(a,,B) cannot be an ev-
erywhere non-negative function for any si,s2 > —1,
while it is always non-negative for s1 = so = —1.

Proof. Consider the application of U on coherent
states. If each coherent state were mapped by U
to some Gaussian state, it follows that every Gaus-
sian state would be mapped to a Gaussian state via
the Glauber representation theorem and the channel
would be Gaussian. Since we supposed U to be non-
Gaussian, there must then exist a coherent state |ag)
such that [¢) = Ulag) is non-Gaussian. Since it is
pure, non-Gaussianity implies that it has maximal
nonclassical depth and only its Husimi Q-function is
a proper probability distributions, while all the other
s-ordered quasiprobability representations of |¢) are
non-positive for any s > —1. On the other hand,
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coherent states are P-classical and their Glauber P-
distribution is a delta distribution, therefore we can

choose s;, = 1 and s1 = —s;, = —1. Then we have:

52) /5 a — ap) A( 1’82)(oz B)d*a =
v (33)
( 1,&2)
= AG)(ag, )

And since we showed that the left-hand side must
attain negative values for some 5 whenever so > —1,
the first part of the thesis follows. Finally, notice that
for s; = s3 = —1 we have the very general result:
AG D (a8) ox |(B1D1) P (34)
therefore the (—1, —1)-ordered transfer function is al-
ways non-negative. U

5.3.1 The cubic phase gate

Having seen that only Wigner negative inputs can
force the squeezing channel to be represented only by
a negative transfer function, we can tackle an instance
of a non-Gaussian single-mode unitary channel of ut-
most relevance in the theory of CV quantum compu-
tation: the cubic phase gate. It can be described by
the unitary operator U, = e—i3id’ , where v € R is
known as the cubicity. It is well known [43, 46, 47]
that, together with Gaussian gates, the cubic gate
is sufficient to attain universality with CV quantum
computation.

The explicit calculations are shown in Appendix
(B), where the (s1,s2)-ordered transfer function is
given in two versions, one involving a single integral
with a cubic phase term and another involving a dou-
ble convolution of the Airy function with Gaussian
kernels. This example also showcases how our method
can be applied to the characterization of more com-
plex unitary gates.

6 Conclusions

6.1 Simulability of photonic circuits

Using the language of (s)-ordered quasiprobability
distributions on optical phase-space, we detailed a
procedure to systematically assess the possibility of
framing a computational photonic quantum process
in terms of probability distributions updated through
positive-semidefinite transition kernels. Whenever
such a decomposition is possible, the process can be
simulated efficiently by a classical algorithm, namely
by sampling the starting probability distribution and
applying the steps of the algorithm in order to com-
pute the output. In doing so, we go beyond the al-
ready established necessity of Wigner negativity by
enlarging the class of functions, allowing us to un-
veil bounds in which new quantum resources may be

identified. In particular, our method is able to deter-
mine the exact amount of losses that are sufficient,
at each step in the quantum computation, to make
the corresponding process efficiently simulatable. We
emphasize that the strength of our method heavily
relies on the fact that the conditions for positivity
of each transfer function are determined just by the
ordering parameters, and therefore only by the non-
classical depth of the input and not on the specific
quantum state. This property allows us to explic-
itly derive these positivity conditions for all Gaussian
unitary channels, as well as for non-Gaussian unitary
channels for ordering parameters in the range [—1,1].
In particular, a single-mode squeezing channel can al-
ways be implemented by a positive transfer function
by some choice of the second ordering parameter, un-
less the input is Wigner negative. Studying how a
beam splitter mixes the nonclassicalities of the in-
put and fixing a maximally nonclassical measurement,
we deduce that (realistic) single-photon subtraction is
not efficiently simulatable if the squeezing of the in-
put is sufficiently high. Finally, we tackled the harder
computation of the (s1,sq)-ordered function of the
cubic gate to showcase the power of our method to
provide quantitative answers also for nontrivial non-
Gaussian gates. We emphasize that, in the most gen-
eral setting, we always assume that definite sets of
gates, input states and measurements have been fixed
and their (s)-ordered QPDs have been characterized.
Even when those steps imply a non-negligible numer-
ical cost, it is crucial that this is needed only once
for each type of element (state, gate or measurement)
and it can thus be considered as a constant overhead
to the simulation cost.

6.2 Loss tolerance of photonic quantum gates
and their resourcefulness

The presented techniques and results can not only di-
rectly be applied to existing photonic quantum cir-
cuits to test their simulability beyond the require-
ment of Wigner negativity, but they also probe the
robustness of different circuit designs to losses. They
allow us to pinpoint the most sensitive gates in the
circuit and provide constraints for the quality of tech-
nological components that implement them. For ex-
ample, taking Figs. 3(a) and 3(b) for the squeezing
and beam-splitter channels, respectively, we can inter-
pret the minimal value of s; attained by each curve
(for s;+1 = —1) as quantifying the maximum amount
of losses above which said gate can always be repre-
sented by a regular PDF, no matter the input state.

6.3 Outlook

Our results provide a significant step forward to-
wards the goal of singling out the salient quantum
features needed to hinder any attempt of simulating
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a photonic quantum process. Many directions remain
to be explored, including but not limited to: the role
of entanglement at preventing larger combinations
of quantum gates, acting on fewer modes each,
to be simulated in a single shot; the implications
of the conditions on (s)-ordered quasiprobability
distributions on the existence of local hidden-variable
models; the relation between common measures
of Wigner negativity and the nonclassical depth
of Wigner-negative states, to determine which one
best captures the quantitative aspects of this resource.

In particular, concerning the role of entanglement,
one may try to regroup gates whose transfer functions
cannot be made individually positive into larger ones,
but if these gates act on more than one mode and can
thus create entanglement, this requires sampling from
a probability distribution over a larger set of variables,
increasing the sampling costs accordingly.

It is also interesting to explore what happens when
we drop some of the computational assumptions. A
first key step is to connect our approach to the prob-
lem of compiling. In the present work, we have as-
sumed that the decomposition of the system into a
sequence of fundamental gates is known. In general,
there may be many different decompositions that lead
to the same global operation, a problem which con-
cerns more the compiling aspect of the algorithmic
design. Nevertheless, to each of these instances one
can readily apply our procedure to determine the re-
sourcefulness of each gate independently of the spe-
cific instance itself.

One may also argue that the computational cost of
sampling from a probability distribution is not really
taken into account. While from a probability-theory
point of view this is more a classical than a quantum
problem, it is clear that quantum properties of states,
gates, and measurements, may lead to highly oscillat-
ing PDFs on phase space. These features may render
our simulation protocol extremely costly, even when
Algorithm 1 would technically succeed. Moreover, the
sampling cost has been explored through the lens of
(s)-ordered quasiprobabilities in [48]. Given sufficient
classicality, the output parameter can be made arbi-
trarily close to one for a single step. This suggests that
the step in question may be simulatable in polynomial
time. Furthermore, allowing for additive errors in the
sampling allows for more space in the ordering param-
eter’s optimisation algorithm.

Finally, one may want to challenge altogether the
idea that one cannot construct a sampling proce-
dure if the phase space representation manifests neg-
ativity. Indeed, it has been shown that we can use
sampling techniques to deal with non-positive quasi-
probabilities by paying an additional sampling cost
[45] that is proportional to the negativity volume.
Some recent work on the role of phase space nega-
tivity on quantum kernel methods [49] may help us

get a more nuanced idea of the role of the negativity
volume in cases where our Algorithm 1 fails.
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A Explicit calculations for Eq. (13)

Similarly to its construction for operators, it is possible to construct ordered quasiprobability distributions for
quantum channels (see e.g. [20]). Figure 2 illustrates a generic quantum process; the simulation task would
amount to sampling from p(n) = Tr[poutIly]. It is possible to rewrite this probability distribution in terms of
(s)-ordered quasi-probability distributions using a generalization of the trace rules for Wigner functions [39]:
for any two bounded operators Ol, 02 of trace class we can write

R dZM _
Tr [0102] - / —gwé e, (35)
¢eC T 1 2
Thus leading to
plz) = Tr [ﬁoutﬂm} — n2M - M B Wi (@) (8), (36)
€
where -
_ d PN
WO = [ T m[ian ()] (37)
® gec T
and -
d“"¢ t_ceat
W8 = [ e )
One can write the M modes input state in terms of displacement operators as
N s’ _es'et - d2M€
b= [ D@ Do (39)
zieC T
This implies, by linearity of the quantum process, that the output state is
R , Cealet R d2M
b= [ D@ el e (10)
gec m

Moreover, by virtue of the inverse Fourier transform, the (s)-ordered characteristic function of the output state
is

X (€)= T | pow D (€)] (41)
By plugging Eq. (40) into the last we find
, R R d2M€
WO = [ x©ebL©D.0] (42)
geC ™
Which can be re-written in terms of the (s’)-ordered Wigner function of the input state
s d2]\/[€ o R R
W0 = [ [ e w e (el ©)D.)] (43)
gec T acC

Using the Fourier transform we can find a relation between the input and output ordered Wigner functions,
Wi (8) = / e W ()AL (e, B) (44)

where we define the (s’, s)-ordered transfer function A‘(ESI’S) (o, B) as

o s a*M¢ d>Mg t_¢atrtat —att t ret A A
AZ (a, B) :/ M L ¢ —cp'+eal—ag! <o /2res's! /2 Tr[g(DT(S))D(C) , (45)
cec T gec T

Finally, by plugging last equation into Eq. (36) we find the highlighted result of [20]:

o) = [ LT ad g W @A e B (9) (46)
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The last step needed to find Eq. (13) is to replace £ by a sequence of trace-preserving quantum channels
E10&E0---0&; and notice that

AS S (@, 8) = / . AL ()AL (4, 8) (47)
vy

Leading naturally to Eq. (13).

These functions are all defined on the complex plane, rather than on the real symplectic phase-space that is
commonly encountered when dealing with Wigner functions. To convert to quadrature notation, one can use
the following identities:

at, p=—i(a-al
¢t ¢ —¢t (48)
2 b

g=a+
+

i,

q_’:

B Explicit calculations for the cubic gate

Let [77 = exp (—i%d3). Firstly, we need to compute the characteristic function of this gate:

A A N

T [0, DY ()01 D(C)| (49)
It is convenient to sart by rewriting D(§) in terms of the real, quadratures variables:

D(€) = exp{eal —¢*a} = exp{~i(qp — p1d)} (50)

A~ A~ A

We have that U.y(f J; = ¢, while U, p ,Jg = p + 42, from which it follows that:

U,DNEUT = exp {i [q1(p+14°) — p1d]} (51)
where ¢ = Ref and p; = Im&. To compute the trace using the eigenbasis of §, it is useful to rearrange this
result as:

exp {i [q1(p+74%) — pid]} = ewPebired +d (52)

for a proper choice of a,b,c € C. Notice that there must be a solution, since commutators of quadratic
operators in the quadratures form a closed subalgebra and a term in p? cannot appear, as it is not present in
the exponent on the left-hand side. We can compute a, b, ¢ by applying the Baker-Campbell-Hausdorff formula
to the right-hand side, to get:

Aoy a2
eapebq+cq

1
- exp{aﬁ+bq+cq2+2[aﬁ,b@+cq2]+...}

1
exp {aﬁ + (b — 2iac)§ + cg* — iab + 2 [ap, —4iacd]}

2
= exp {aﬁ + (b — 2iac)§ + cg* — iab — 3a2c}

and we used [§, p] = 2i. All higher order commutators vanish, since the last second-order nested commutator is
a scalar. By direct comparison with the left-hand side of Eq. (52) we conclude that:
a=1q1, Cc=1q17Yy

. . . 4.
b=—ipy — 2igiy, d=iqp+ gwqi”
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If we similarly rewrite ﬁ(() = e!92P20102P¢P24 | with g = Re( and py = Im ¢, we finally have:

— ¢ / dq (g|e®Pebited® e—impeip2d| gy —
g€ER

B e¢/ dq e27(g + 2q1[e"T" g + 2g5) = (55)
geR

= 18455((]1 — q2) dgq eP2atblat2a)telet2an)®

_ fe‘gé(ql _ QQ)/ dq eip2—p1—2va?)a+ivard®
q€R

with ¢ = i(q1p1 + gop2) + %i’yq% and ¢ = —iqy (p1 — p2) + %i’yqi”. The remaining integration is the Fourier
transform of a Gaussian with an imaginary variance, and it can computed by regularizing the integral, to find:

) . ) (p2—p1—2v42)?
/ dq cip2—p1=2v))ativag® _ [T i (56)
q€R Yq1

Putting everything together, we arrive at:
1 ) i _ 2,1, 3
55((]1 - CD)“ —;; e Tvai (p1—p2)’+5iva; (57)

The next steps consist in performing the Fourier transform of this function with respect to q1, g2, p1, p2, With
additional Gaussian weights that impose the (s1, $3) ordering, that is, multiplying the result of Eq. (57) by:

A~

™ [0, D101 D)) =

S1

. S2
= exp[2i(gaP1 — Paq1 + PaG2 — qaP2)] €XD [5@% +pi) + 5<q§ +p3)| (58)

Because of the delta distribution, the integration with respect to ¢o is trivial. Also, the integrations with
respect to p; and po amounts to computing the Fourier transform of Gaussian functions with complex variance;
these converge if and only if the real part of the variance is positive, such that the integrand decays exponentially

« . w_gxr s11€12 | sal¢l?
e E—al +BCT =BT -+ 2

in p; and po. Also, observing that the Gaussian factor in Tr [UWﬁT (& )UJ/D(C )} is purely imaginary, the conditions

of convergence are just s; < 0 and sy < 0. The general formula that should be applied for the integrations in
p1 and po is then:

B2
VA, BEC: Re(4) >0 = / e AT HIBT gy — 1/%67ﬂ (59)
x€R

and the end result is:

dq1 )

A(ASI’Sz) 9 9 9 = / B
Uy (da Pas 45, P5) mer V21 \| 2yqis182 — i(s1 + s2)

[47(11(82(13 +51q3) — 2i(qa — 48)°+ 51452 4
X exp 3

i s
' + 3760+ 2i(Ps — Pa 60
2vq15152 — i(s1 + $2) 5 T 37%h (ps—p )(I1‘| (60)

Again, for s; < 0 and sy < 0 the integral must converge. Notice, moreover, that the integrand is Gaussian in
o, qp and the real part of the variance is positive as long as s1, s2 < 0. Finally, it depends only upon the combi-

(s1,52)

nation p, —pg and not on the single variables independently. We can then conclude that AU (Ga>Pa,qs,p8) 1S
Yy

a well-defined function whenever s1, s < 0 and, by Theorem 2, we know that it cannot be positive-semidefinite
for any s; > —1 and sy > —1. At the same time, it must be positive semidefinite for s; = so = —1, since it
then reduces to:

—1,—-1 A
A (o g5 ps) o [(BI0a) (61)

A somewhat simpler expression for A[(jsl’sz) for s1,s2 < 0 can be computed also using Eq. (14) for the change
vy

of the s-parameters starting with Ag}o,o)’ which can be directly computed to be:
Y

0,0 2 . (2(ps — Pa)
AL (o par g ps) =~ 70000 — gp)Ad (jl/g,+47|2/3qi (62)
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one can then finally get the following form for s;, sy < 0O:

A,(;“SZ)(qa,pa,qﬂ,pﬁ) =
:
4// dq’adp’adq’ﬁdp’ﬁ62(qafq’a)2:rl(pa—p’a>2+2(q3*q’5)2;(p57p’5>2 ©0,0)

/ / / / _
7T28182 U’Y (Q()npouq[—}vpﬂ) -

4 2(¢a—ap)? 2 _2 2 2(u—p)? 2u
Rt = Lo 2 (z—p) - ; 2/3,.2
= B nst /dm\/ P /due ” AI(W“ 4 m) (63

S2qatS5198
-

S1S2

where p = po —pg, £ = |51 + 82|, 0 = ey and p = Notice that this is a double Gaussian
smoothing of the Airy function. Due to the highly oscillatory behavior of the latter, however, it is still very
challenging to find conditions on (s1, s2) as functions of v such that the final result is everywhere non-negative.
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