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In this paper, we provide a complete mathematical theory for the entan-
glement of mixtures of Dicke states. These quantum states form an important
subclass of bosonic states arising in the study of indistinguishable particles. We
introduce a tensor-based parametrization where the diagonal entries of these
states are encoded as a symmetric tensor, enabling a direct translation between
entanglement properties and well-studied convex cones of tensors. Our results
bridge multipartite entanglement theory with semialgebraic geometry and the
theory of completely positive and copositive tensors.

This dictionary maps separability to completely positive tensors, the PPT
property to moment tensors, entanglement witnesses to copositive tensors, and
decomposable witnesses to sum of squares tensors. Using this framework, we
construct explicit PPT entangled states in three or more qutrits, disproving a
recent conjecture. We establish that PPT entanglement exists for all multi-
partite systems with local dimension d ≥ 3 and n ≥ 3 parties. We also show
that, for mixtures of Dicke states, the PPT condition with respect to the most
balanced bipartition implies all other PPT conditions.

We further connect bosonic extendibility of mixtures of Dicke states to the
duals of known hierarchies for non-negative polynomials, such as the ones by
Reznick and Polya. We thus provide semidefinite programming relaxations for
separability and entanglement testing in the Dicke subspace.
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1 Introduction
The characterization of entanglement in mixed quantum states is an important challenge
in quantum information theory. Entanglement is a central resource for various tasks in
quantum communication [1], cryptography [2], and even quantum computing [3, 4]. Al-
though being an important question in quantum information, the separability problem, i.e
deciding if a bipartite mixed quantum state is entangled or separable has been shown to
be NP-hard [5, 6]. This implies the efficient algorithmic solution of the problem is out
of reach, unless P=NP. Understanding entanglement in multipartite quantum systems is
even more difficult, as there exist different notions of entanglement. In this setting, gen-
uine multipartite entanglement underpins protocols such as secret sharing and multiparty
teleportation [7, 8].

In general, different criteria for detecting entanglement have been constructed. The
most famous of them is the positivity under partial transpose (PPT) criterion: any un-
entangled (or separable) bipartite state remains positive after transposition is applied to
either subsystem [9, 10]. This criterion is also sufficient in 2 × 2, or 2 × 3 systems [11];
entangled states satisfying the PPT condition exist in all other dimensions. These states
display some exotic properties; they cannot be distilled into pure entangled states and
are central to the irreversibility of entanglement theory [12]. Moreover, even finding new
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constructions of such states has been observed to be highly challenging. Various open
problems and conjectures surrounding this class of states remain open, for example, the
PPT-squared conjecture [13, 14] and the maximum Schmidt number of PPT entangled
states [15, 16, 17].

The intrinsic indistinguishability of particles is a distinctly quantum mechanical phe-
nomenon. In systems composed of such particles, the principles of quantum mechanics re-
quire that the particles be described not by individual quantum states, but rather by a sin-
gle collective state encompassing the entire system. Moreover, the structure of this collec-
tive state depends fundamentally on whether the particles are bosons or fermions. Specif-
ically, bosonic wavefunctions are symmetric under particle exchange, whereas fermionic
wavefunctions are antisymmetric. Importantly, the quantum description of indistinguish-
able particle systems often involves a substantially reduced number of independent pa-
rameters, thereby simplifying the theoretical treatment of many problems in quantum
information science.

There has been considerable progress in the understanding of multipartite entangle-
ment in bosonic quantum systems. The bosonic states display the extreme features of
multipartite entanglement; as they are either completely separable or genuinely entangled
across all systems [18]. Moreover, even in three qubits, there are no PPT entangled states
[19]. For all 4 ≤ n ≤ 23, n-qubit examples of quantum states satisfying the PPT condition
for every bi-partition, and still being entangled, were obtained [20]. Also, the existence of
2-qutrit PPT entangled bosonic states was shown [21]. Surprisingly, in the bosonic sub-
space, the bipartite entanglement criterion, such as covariance and realignment, coincide
with applying the PPT test [21].

In this article, we focus on a particular subclass of bosonic states called mixtures of
Dicke states. Experimentally, Dicke states have been demonstrated in photonic systems [22,
23, 24, 25], trapped ions [26], and cold atomic ensembles [27, 28], in correspondence with
the theoretical analysis of their entanglement properties [29, 30, 31, 32]. It was shown
that the theory of bipartite entanglement in mixtures of Dicke states is connected to well-
studied cones in polynomial optimization, the completely positive and copositive matrices
[33, 34]. The NP-hardness of deciding whether a matrix is completely positive implies a
corresponding complexity of the separability problem. Moreover, the PPT condition for
these states is also in exact correspondence with a well-studied relaxation for completely
positive matrices, known as doubly non-negative matrices [33, 34]. The doubly non-negative
and completely positive cones coincide if and only if d ≤ 4, and therefore, no PPT entangled
states exist for this regime in the bipartite setting. Construction of PPT entangled states
in multipartite states for d ≥ 5 can be achieved by considering bipartite marginals that
are PPT entangled [35]. At the same time, it was shown that for any n-qubit state in
multipartite mixtures of Dicke states, there is no PPT entanglement [33, 36]. The class of
mixture of Dicke states also enjoys the local diagonal unitary symmetry, recently studied
in [37]. Recently, a strong conjecture was proposed in a recent work [35] that for a multi-
partite mixture of Dicke states in d = 3 and d = 4, all separable states are PPT. Overall, the
situation seemed far from understood, and a rigorous and well-understood mathematical
framework to explicitly describe PPT and indecomposable maps was lacking. This is a
central point for the questions in this paper :

Q1. What is the appropriate parametrization and tools for the mixtures of Dicke states
to properly utilise the reduced number of parameters?

Q2. Can we characterize separability of the class of diagonally symmetric bosonic states
using some generalization of completely positive matrices? Can we do something

Accepted in Quantum 2026-06-23, click title to verify. Published under CC-BY 4.0. 3



similar for the entanglement witnesses with the same symmetries?

Q3. Can we characterise the PPT condition for such a given state? Is the PPT criterion
also sufficient for separability in d = 3, 4 as conjectured in [35]? Can we construct
new examples of PPT entangled states and indecomposable witnesses?

This article provides a complete answer to all these questions by translating the en-
tanglement properties of these states into well-known objects in tensor analysis and semi-
algebraic geometry. The dramatis personae of this article are sum of square polynomials
and tensors. Deciding whether a polynomial is globally non-negative is a central and com-
putationally difficult problem in optimization theory. A tractable sufficient certificate is
sum-of-squares (SOS): if p = ∑K

k=1 f
2
k , then p(x) ≥ 0 for all x ∈ Rd. Hilbert famously char-

acterized the exceptional cases where non-negativity coincides with SOS [38]; outside these
regimes, there exist positive polynomials that are not SOS (e.g., the Motzkin/Robinson
examples [39, 40]). A canonical example in three variables is

p(x, y, z) = x2y4 + x4y2 + z6 − 3x2y2z2,

which satisfies p ≥ 0 but is not SOS. To systematically tighten SOS certificates, one can
use Positivstellensätze: for instance, test whether p(x)∥x∥2r is SOS for some r. This yields
a semidefinite hierarchy for polynomial positivity; by a theorem of Reznick, every positive
definite form is detected at some finite level [41]. These ideas of positive polynomials and
certificates of positivity have been recently used to detect non-classicality of light and spin
systems [42].

1.1 Contributions
We present below, in an informal way, the main ideas and results in this article.

• Tensor-based parametrization of diagonally symmetric subspace: We introduce a novel
way to parameterize the diagonally symmetric subspace in terms of symmetric ten-
sors in Theorem 3.8, and Theorem 3.11. This tensor can be understood as an array
consisting of the diagonal entries of the state.

• Complete dictionary for entanglement properties: By using the new tensor-based para-
metrisation, we translate the entanglement properties of diagonally symmetric states
into the well-studied properties of tensors. We establish a correspondence between
separability and completely positive tensors (Theorem 4.10), and on the dual side,
entanglement witnesses and copositive tensors (Theorem 4.11). We also show the
characterization of the PPT property in terms of the flattenings of the even slices of
the tensors (Theorem 4.20). Moreover, the dual property of decomposability corre-
sponds to the sum of squares relaxation of copositive tensors (Theorem 4.15). Our
findings are summarized in Fig. 6.

• The balanced bipartition gives the strongest PPT criterion: For a mixture of Dicke
states on n particles, we show that the PPT property across the most balanced bi-
partition (the one that transposes the first ⌊n/2⌋ particles, leaving the other ⌈n/2⌉
unchanged) is the most stringent one, in the sense that it implies the PPT property for
all the other bipartitions (Theorem 4.21); this settles in the affirmative [35, Conjecture
III.1].
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• PPT entangled states and indecomposable witnesses: We use some highly celebrated
results in polynomial SOS to construct indecomposable witnesses, and to detect exam-
ples of PPT entangled states. We show that, except for qubits and bipartite systems
with d ≤ 4, all the other cases contain examples of PPT entangled states (Theo-
rem 4.29). Moreover, these states are PPT across all bi-partitions. This also disproves
the conjecture in [35], i.e there exist PPT entangled states in 3 qutrits, and beyond.

• Bosonic Extendibility: We introduce the notion of the hypergraph (PPT) extendibility
of bosonic states. Due to symmetry properties, it follows that all diagonally symmetric
states are extendable if and only if there is a diagonally symmetric extension (The-
orem 5.8). Moreover, the marginals of DS states correspond to the marginals of the
corresponding symmetric tensor (Theorem 3.13). This shows that the extendibility
of such states is equivalent to the classical extendibility problem for exchangeable
probability distributions (Theorem 5.9). On the dual side, this implies that the non-
negative and sum of squares hierarchy corresponds to the set of extendibility witnesses
(Theorem 5.11).

• Dicke subsystems are entangled: We use the tensor parametrization to compute re-
duced states of pure Dicke states. We provide a much simpler proof of the NPT prop-
erty of all marginals (across all bipartitions). We show that all the 2-body marginals
of pure entangled Dicke states are entangled (Theorem 4.30). This also reproduces
the recently obtained results in [43].

We recommend the reader to see the picture Fig. 1 for the full picture of correspon-
dences, inclusions, and dualities presented in this article. The notations for the acronyms
can be found in Table 1 and Table 2.
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Figure 1: The different sets explored in this work, with their inclusion and duality structures. On the
left-hand side, we have sets of symmetric tensors from ∨nRd, and on the right-hand side, entanglement
properties of the mixtures of Dicke states DS(n)

d . Every set in the diagram is in convex duality with the
set that is symmetric with respect to the middle horizontal line.
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Notation Name Description Reference

Sep(n)
d Bosonic separable cone{|v⟩⟨v|⊗n | v ∈ Cd} Eq. (18)

PPT(n)
d Bosonic PPT {X ∈ Herm[∨nCd] |

∀k ∈ [⌊n/2⌋], XΓ[k] ⪰
0}

Theorem 4.5

PSD(n)
d Bosonic PSD {X ∈ Herm[∨nCd] |

X ⪰ 0}
Theorem 4.5

Dec(n)
d Decomposable {X ∈ Herm[∨nCd] |

∃{P0, . . . , P⌊n/2⌋ ⪰ 0 |
X =
Π(n)

d

∑⌊n/2⌋
k=0 P

Γ[k]
k Π(n)

d }

Theorem 4.9

EW(n)
d Entanglement Witness {X ∈ Herm[∨nCd] |

∀v ∈
Cd, ⟨v⊗n|X|v⊗n⟩ ≥ 0}

Theorem 4.3

BExt(n,r)
d Bosonic Extendible {Tr[r](X) | X ∈

PSD(n+r)
d }

Eq. (25)

PPTBExt(n,r)
d PPT Bosonic Extendible {Tr[r](X) | X ∈

PPT(n+r)
d }

Eq. (25)

ExtW(n,r)
d Extendibility Witness {X ∈ Herm[∨nCd] |

Π(n+r)
d (X ⊗

I⊗r)Π(n+r)
d ⪰ 0}

Theorem 5.4

DecExtW(n,r)
d Dec. Extendibility Witness {X ∈ Herm[∨nCd] |

Π(n+r)
d (X ⊗

I⊗r)Π(n+r)
d ∈

Dec(n+r)
d }

Theorem 5.3

Table 1: Notation, definition, and main properties for bosonic matrices.
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Notation Name Description Reference

CP(n)
d Completely Positive cone{v⊗n | v ∈ Rd

+} Theorem 2.5

Mom(n)
d Moment {T ∈ ∨nRd | ∀X ∈

SF[T ], X ⪰ 0}
Eq. (24)

NN(n)
d Nonnegative {T ∈ ∨nRd | ∀i ∈

[d]n, Ti ≥ 0}
Eq. (5)

SOS(n)
d Sum-of-Squares {T ∈ ∨nRd |

pT (x⊙ x) ∈ Σ(2n)
d }

Theorem 2.10

Cop(n)
d Copositive {T ∈ ∨nRd | ∀x ∈

Rd, pT (x⊙ x) ≥ 0}
Theorem 2.6

RSOS(n,r)
d Reznick-SOS {T ∈ ∨nRd | pT (x⊙

x)∥x∥2r ∈ Σ(2n+2r)
d }

Eq. (7)

PNN(n,r)
d Polya-NN {T ∈ ∨nRd | pT (x⊙

x)∥x∥2r ∈ χ
(2n+2r)
d }

Eq. (9)

MomExt(n,r)
d Moment Extendible {tr[r](X) | X ∈

Mom(n+r)
d }

Eq. (27)

NNExt(n,r)
d Non-Negative Extendible {tr[r](X) | X ∈

NN(n+r)
d }

Eq. (28)

Table 2: Notation, definition, and main properties for convex cones of symmetric tensors.

1.2 Organization of the article
The paper is organized as follows: In Section 2, we provide some preliminary material
to understand the article. In Section 3, we discuss the central object of this article, the
diagonally symmetric subspace, and focus on the quantum states in this subspace called
the mixtures of Dicke states. We discuss the parametrization of the diagonally symmetric
bosonic subspace in terms of a symmetric tensor. In Section 4, we discuss the entanglement
properties of mixtures of Dicke states by showing exact correspondence to properties of
tensors. In Section 4.4, we construct indecomposable entanglement witnesses using positive
polynomials that do not have a sum of squares decomposition, like the Motzkin polynomial.
We also provide some examples of PPT entangled states in 3 qutrits, and beyond. In the
last Section 5, we discuss bosonic extendibility for states in the diagonally symmetric
subspace, and show connections to non-negative and the sum of squares hierarchy for
copositivity.

Accepted in Quantum 2026-06-23, click title to verify. Published under CC-BY 4.0. 8



2 Preliminaries and Background
2.1 Notation
We denote by R and C as the fields of real numbers and complex numbers, respectively.
We denote by Md×d′(F), the set of d × d′ matrices with entries in the field F which will
be either R or C. If d = d′, for ease of notation, we denote the set of matrices as just
Md(F) := Md×d(F). We use the Dirac bra-ket notation to denote vectors as |v⟩ ∈ Cd,
the dual vectors as ⟨v| ∈ (Cd)∗, and the complex inner product ⟨v, w⟩ := ⟨v | w⟩. We use
the indexed vectors {|i⟩}d

i=1 for the computational basis. The operator |v⟩⟨w| : Cd → Cd

is a linear operator with the matrix representation vw∗ (or vw† for physicists). By Sn, we
denote the group of bijections from [n] → [n], called the symmetric group. For any finite
set X, we use |X| to denote the cardinality of the set. We use ⊙ to denote the Hadamard
product, i.e the entrywise product between vectors, (v ⊙ w)i = viwi. We use ran(X) to
denote the range of a matrix X. We use cl to denote the closure of the set.

2.2 Symmetric subspace and Bosonic states
2.2.1 Symmetric subspace

In this section, we provide a brief introduction to the symmetric subspace, which, while
serving as the description of bosonic particles, also has a fundamental role in various
other problems in quantum information. For a much more thorough quantum information-
oriented introduction to this topic, the reader should refer to the excellent review [44].

For any element π in the symmetric group Sn, we define the following permutation
operator Pπ : (Cd)⊗n → (Cd)⊗n,

Pπ :=
∑

i1,i2...in∈[d]

∣∣∣iπ−1(1)iπ−1(2) . . . iπ−1(n)
〉〈
i1i2 . . . in

∣∣∣ .
Note that this is also a unitary representation of the group Sn on the space (Cd)⊗n; in
particular, we have Pid = I⊗n and (Pπ)∗ = Pπ−1 . We define the symmetric subspace of
order n and local dimension d as the linear space of vectors |ψ⟩ ∈ (Cd)⊗n that are invariant
under all permutations

∨nCd := {|ψ⟩ ∈ (Cd)⊗n | ∀π ∈ Sn, Pπ |ψ⟩ = |ψ⟩}.

The symmetric subspace has an equivalent description as the following span [44, Theorem
3]:

∨nCd = spanC{|ψ⟩⊗n | |ψ⟩ ∈ Cd}. (1)

Moreover, the orthogonal projection into the symmetric subspace Π(n)
d : (Cd)⊗n → ∨nCd

can be explicitly constructed by the sum of the permutation operators,

Π(n)
d := 1

n!
∑

π∈Sn

Pπ.

Let α ∈ Nd be a vector of natural numbers, such that |α| := ∑
i∈[d] αi = n. We will denote

the set of all such vectors as N(n)
d . We define the counting function, γ : [d]n → N(n)

d with the
components γ(i)j := |{k ∈ [n] | ik = j}| that count the number of elements of the multi-
index that get mapped to the value j. For all occupation vectors α ∈ N(n)

d , there is a unique
canonical multi-index i(α) in γ−1(α) that satisfies the ordering, i(α)1 ≤ i(α)2 . . . ≤ i(α)n.
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We define the following pure quantum states labeled by α ∈ N(d)
n ,

|Dα⟩ := 1√(n
α

) ∑
i∈[d]n : γ(i)=α

|i⟩ ∈ (Cd)⊗n,

where
(n

α

)
= n!

α1!α2!...αd! is the multinomial coefficient. These states are known as qudit
Dicke states, and vector α is called the occupation vector.

It is easy to verify that Π(n)
d |Dα⟩ = |Dα⟩ for all α ∈ N(n)

d , hence the Dicke states are
symmetric. These states are an orthonormal basis for the symmetric subspace ∨nCd [44,
Theorem 3]. Therefore, the cardinality of the set N(n)

d is equal to the dimension of the
symmetric subspace. Hence we have,

dsym = dim(∨nCd) = |N(n)
d | =

(
d+ n− 1
d− 1

)
=
(
d+ n− 1

n

)
.

For n = 1, the Dicke states are just equal to the computational basis:

|D(0,...,1i,...,0)⟩ = |i⟩ .

For the first non-trivial case, n = 2, we have the following possible occupation vectors

∀i ̸= j (0, . . . 1i, . . . 1j , . . . 0),
∀i (0, . . . 2i, . . . 0).

These correspond to the following states in the computational basis:

|D(0,...1i,...1j ,...0)⟩ = |ij⟩ + |ji⟩√
2

|D(0,...2i,...0)⟩ = |ii⟩ .

2.2.2 Multipartite bosonic states

We will now discuss the extension of the bosonic symmetry to linear operators. We have
the following definition.

Definition 2.1. A matrix X ∈ M⊗n
d is called bosonic if any of the following equivalent

statements are true.

(1) X = Π(n)
d XΠ(n)

d .

(2) ran(X), ran(X∗) ⊆ ∨nCd.

(3) ∀σ ∈ Sn, X = PσX = XPσ.

Proof. We show that all the above definitions are equivalent.

(1) =⇒ (2). We observe that, ran(Π(n)
d XΠ(n)

d ) ⊆ ran(Π(n)
d ) = ∨nCd, and the same

for the adjoint.

(2) =⇒ (3). Let |ψ⟩ ∈ Cd. We have, X |ψ⟩ ∈ ∨nCd as ran(X) ∈ ∨nCd. This shows,

∀σ, |ψ⟩ ∈ Cd, PσX |ψ⟩ = X |ψ⟩ .

Also, by a similar argument, we have,

∀σ, |ψ⟩ ∈ Cd, PσX
∗ |ψ⟩ = X∗ |ψ⟩ =⇒ (XPσ)∗ = X∗ =⇒ XPσ = X.
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(3) =⇒ (1). X = PσX =⇒ X = 1
n!
∑

σ∈Sn
PσX = Π(n)

d X. Similarly, we have,
X = XΠ(n)

d . This completes the proof.

We denote the linear space of bosonic matrices as

M[∨nCd] := {X ∈ M⊗n
d | X = Π(n)

d XΠ(n)
d }

and the real linear space of hermitian bosonic matrices as

Herm[∨nCd] := {X ∈ Herm[M⊗n
d ] | X = Π(n)

d XΠ(n)
d }.

From [44, Section 1.1], we also have the following descriptions of these spaces.

M[∨nCd] = spanC

{
|ψ⟩⟨ψ|⊗n

∣∣∣ |ψ⟩ ∈ Cd
}
, (2)

Herm[∨nCd] = spanR

{
|ψ⟩⟨ψ|⊗n

∣∣∣ |ψ⟩ ∈ Cd
}
. (3)

We finally present a useful proposition about linear operators, which connects the
restriction of the operator to the symmetric subspace to product forms.

Proposition 2.2. The following statements are equivalent for X ∈ M⊗n
d ,

(1) ∀ |v⟩ ∈ Cd, ⟨v⊗n|X|v⊗n⟩ = 0.

(2) Π(n)
d XΠ(n)

d = 0.

Proof. The reverse direction (2 =⇒ 1) is easy, by noting that for all |v⟩ ∈ Cd, Π(n)
d |v⊗n⟩ =

|v⊗n⟩ . For the forward direction (1 =⇒ 2), from Eq. (2), we have the following equiva-
lence:

∀ |v⟩ ∈ Cd, ⟨v⊗n|X|v⊗n⟩ = 0 ⇐⇒ ∀W ∈ M[∨nCd], Tr(XW ) = 0.

Moreover, this is equivalent to the statement

∀W̃ ∈ M⊗n
d , Tr(XΠ(n)

d W̃Π(n)
d ) = Tr(Π(n)

d XΠ(n)
d W̃ ) = 0.

This shows the claim.

Remark 2.3. Note that the bosonic matrices are a strict subset of the class of permutation
symmetric matrices, {X ∈ M⊗n

d | ∀σ ∈ Sn, PσX = XPσ}. To see this, note that the matrix
Idn = I⊗n

d is permutation symmetric, but not bosonic, as ran(Idn) = (Cd)⊗n ⊋ ∨nCd.

Since the Dicke states form a basis of the symmetric subspace of n qudits, they can
also be used to describe a basis for the vector space of operators acting on the symmetric
subspace.

Proposition 2.4. Any bosonic matrix X ∈ M[∨nCd] can be expanded in terms of Dicke
states.

X =
∑

α,β∈N(n)
d

⟨Dα|X|Dβ⟩ |Dα⟩⟨Dβ| .

All the sets of bosonic matrices that we shall discuss in this work are presented in
Table 1, which can be used as a reference for the acronyms and the main results about
each set.
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2.3 Tensors and Polynomials
One of the main conceptual contributions of this work is a correspondence between Dicke
states and real symmetric tensors. In this section, we shall describe the main properties
of tensors that are relevant for us. We refer the reader to Table 2 for a quick reference on
the main sets of tensors and their properties used in this paper.

2.3.1 Notations and diagrams for tensors

For any multi-index i ∈ [d]n, we denote the components of the tensor T ∈ (Rd)⊗n as
Ti1i2...in in the canonical basis ei := ei1 ⊗ ei2 . . . ein . This will be shortened to Ti whenever
appropriate. We use the notation i ⊔ j ∈ [d]n+m to show the join of the multi-indices
i ∈ [d]n and j ∈ [d]m. For two tensors Q ∈ (Rd)⊗n and T ∈ (Rd)⊗m, we have the tensor
(Q⊗ T ) ∈ (Rd)⊗(n+m) defined component-wise as,

∀i ∈ [d]n, j ∈ [d]m, (Q⊗ T )i⊔j := QiTj .

For any multi-index i ∈ [d]n and σ ∈ Sn, we denote by σ · i := (iσ(1), iσ(2) . . . iσ(n)).
We also use the diagrammatic notation for tensors wherever it is useful. A tensor with

n indices is represented with a spider with n legs as in Fig. 2. The tensor product Q⊗ T
will be denoted by placing two tensors together. A contraction of a tensor is represented
by joining two wires as Fig. 3, and represents the following operation,

(T ′)i1i2...in−2 =
d∑

j=1
Tjji1i2i3...in−2 .

A tensor with one index is a vector. A matrix can be interpreted as a tensor with
2 indices. The matrix multiplication of two matrices M and K can be represented as a
tensor contraction.

d∑
i2=1

(M ⊗K)i1i2i2j3 =
d∑

i2=1
Mi1i2Ki2i3 .

Moreover, the Euclidean inner product of two tensors can also be represented as a tensor
contraction.

⟨Q,T ⟩ :=
∑

i∈[d]n
TiQi =

∑
i∈[d]n

(T ⊗Q)i⊔i.

Figure 2: The tensor spider T with 6 legs.

2.3.2 Symmetric tensors and polynomials

In this article, we will work primarily with real tensors with permutation symmetry. For-
mally, any tensor T ∈ (Rd)⊗n is symmetric tensor if it stays invariant under the permuta-
tion of its indices, i.e,

∀σ ∈ Sn, ∀i ∈ [d]n, Ti = Tσ·i.
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Figure 3: A tensor contraction: the contracted tensor has now 4 legs i3, i4, i5, i6. The other two legs
are equal i1 = i2 and summed over.

Note that in the case of the 2 indices, by interpreting the indices to be row and column
indices of a matrix, these tensors correspond exactly to real symmetric matrices. The linear
space of such tensors will be denoted by ∨nRd. We can define the following projection map,
Π(n,R)

d : (Rd)⊗n → ∨nRd such that,

∀i ∈ [d]n, Π(n,R)
d [T ]i := 1

n!
∑

σ∈Sn

Tσ·i.

For α ∈ Nd, x ∈ Rd, we define the expression xα to denote the monomial xα1
1 xα2

2 . . . xαd
d .

Note that the degree of such a monomial is
∑

i αi := |α|. Let us denote by [x]nd the vector
of homogeneous monomials of degree n and in d variables, by ordering the monomials using
the lexicographic ordering. This is done by imposing the ordering xα > xβ if in α− β, the
first non-zero entry from the left is positive. An example of such an ordering in the case
of monomials of degree 2 and 2 variables is, [x]22 := (x2

1, x1x2, x
2
2).

It is well-known that the symmetric tensors have a linear bijection to the set of homo-
geneous polynomials of degree n and d variables, which we denote as H[x]nd . This bijection
is the following map T 7→ pT :

pT (x) := ⟨T, x⊗n⟩ =
∑

i∈[d]n
Tixi1xi2 . . . xin =

∑
α∈N(n)

d

(
n

α

)
Ti(α)x

α. (4)

Moreover, note the following characterization of real symmetric tensors [45], which is
analogous to that of complex tensors in Eq. (1):

∨nRd = spanR{v⊗n | v ∈ Rd}.

2.3.3 Convex duality

Let V be a real vector space, V ∗ be the dual vector space and C be a convex cone. The
dual cone of a convex cone C ⊆ V is defined by the following set.

C◦ := {X ∈ V ∗ | ∀Y ∈ C, X(Y ) ≥ 0}.

If for two convex cones, C,K, we have C ⊆ K, it implies that K◦ ⊆ C◦. A cone is called
self-dual if C◦ ∼= C. If the vector space V has an inner product ⟨. , .⟩, then all the linear
functionals are of the form,

X(Y ) = ⟨LX , Y ⟩ ,
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for a unique LX ∈ V . This provides a natural isomorphism between V and V ∗. In this
article, we consider tensor cones C ⊆ ∨nRd with the Euclidean inner product. Then, the
entrywise non-negative is an example of a self-dual convex cone.

NN(n)
d := {Q ∈ ∨nRd | ∀i ∈ [d]n, Qi ≥ 0}. (5)

2.3.4 Completely Positive (CP) and Copositive (Cop) tensors

We first introduce the notion of completely positive tensors. This notion generalizes that
of completely positive matrices, which have been investigated since the 1960s [46]. These
are symmetric matrices that can be written as a sum of rank-1 symmetric matrices, i.e,

X = |v1⟩⟨v1| + |v2⟩⟨v2| . . .+ |vK⟩⟨vK |

where each |vq⟩ ∈ Rd
+ is a vector with non-negative entries. We recommend the excellent

book by A. Berman and N. Shaked-Monderer [47] as a comprehensive reference on this
topic. This cone of completely positive matrices is quite well-studied due to its importance
in the theory of optimization, and also recently found a connection to entanglement theory
for bosonic states [33, 34]. Let us now define the general notion for tensors,

Definition 2.5. A symmetric tensor Q ∈ ∨n(Rd) is called completely positive if there
exists a finite set of entry-wise non-negative vectors {vq}K

q=1 ∈ Rd
+ such that

Q = v⊗n
1 + v⊗n

2 + . . .+ v⊗n
K .

The set of completely positive tensors is a convex, pointed, and closed cone with a non-
empty interior [48, Proposition 1] in the real vector space of symmetric tensors ∨nRd. We
denote this convex cone as CP(n)

d where n denotes the number of legs (indices) and d is the
local dimension. Clearly, any completely positive tensor is entrywise non-negative, as all the
components of vq are non-negative. We refer the reader to [49, 50, 51] for the recent work
on this class of tensors. The membership problem for even completely positive matrices
is known to be NP-hard [52]. Despite the hardness of general characterization, some
results have been obtained in this direction by different approaches; looking at structured
tensors [53], in low dimensions [54], or solving a growing sequence of semi-definite programs
[55, 51]. Similarly to the matrix case, some classes of polynomial optimization problems
can be reformulated in terms of the completely positive tensors [48]. Surprisingly, it has
been shown that for d = 2, deciding complete positivity is equivalent to checking positivity
of two Hankel matrices [56].

We introduce the dual cone of the completely positive tensors, called copositive tensors
[57]:

Cop(n)
d := (CP(n)

d )◦.

Recall that for all symmetric tensors Q ∈ ∨nRd, there is an associated homogeneous poly-
nomial pQ(x) = ⟨Q, x⊗n⟩; pQ(x) is a homogeneous polynomial of degree n in d variables
with real coefficients. The following proposition provides another characterization of copos-
itivity.

Proposition 2.6. A symmetric tensor Q ∈ ∨nRd is copositive if and only if

∀x ∈ Rd
+ pQ(x) ≥ 0.
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Note that in the previous definition, we only need the polynomial to be positive for
all non-negative vectors x, but in general, the polynomial pQ(x) can take negative values.
This generalizes the notion of copositive matrices, which correspond to the second-order
copositive tensors [58, 46, 59, 60]. The membership problem for copositive matrices is
known to be co-NP-hard [52]. Like the completely positive cone, this convex cone is well-
studied due to its importance in the theory of optimization as copositivity offers a unified
convex way to reformulate non-convex mixed quadratic programs into convex programs
[59]. For a comprehensive review of copositive matrices, we again refer the reader to the
detailed book by Berman and Shaked-Monderer [47].

2.3.5 Sum-of-squares

We review in this section some basic but important facts about multivariate polynomials
that can be written as sums of squares. Such polynomials play a central role in semi-
algebraic geometry, see [61].

Definition 2.7. Let p ∈ H[x]2n
d be a homogeneous polynomial in d variables (x1 . . . xd) =:

x and degree 2n. Such a polynomial p is said to be a sum of squares polynomial (or
in short a SOS polynomial) if there exist a finite number of homogeneous polynomials
fk(x)K

k=1 ∈ H[x]nd having degree n, such that,

p(x) =
K∑

k=1
f2

k (x).

We denote the set of sum of squares polynomials in even degree 2n and d variables
as Σ2n

d [x] ⊆ H[x]2n
d . The polynomials that can be written as a sum of squares are clearly

globally nonnegative (as ∀f ∈ R[x], f(x)2 ≥ 0). But the converse of the statement is false,
which is the content of Hilbert’s celebrated results [38]. This means that there exist globally
positive homogeneous polynomials that are not SOS. The following Table 3 summarizes
Hilbert’s theorem for the case of homogeneous polynomials. Note that the same result
holds true also for symmetric homogeneous polynomials [62], i.e polynomials that satisfy,

∀σ ∈ Sd p(x1, x2 . . . xd) = p(xσ(1), xσ(2) . . . xσ(d)).

2n = 2 2n = 4 2n ≥ 6
d = 2 Yes Yes Yes
d = 3 Yes Yes No
d ≥ 4 Yes No No

Table 3: Can any homogeneous or symmetric homogeneous polynomial of degree 2n in d variables be
represented as a sum of squares?

Next, we show a reformulation of the sum of squares condition of the polynomial in
terms of positive semidefinite matrices. Similar results are well-known in the literature,
see [63, 64] under the name of the Gram-Matrix Method. This formulation also provides
an efficient way to check the sum of squares property of polynomials, by recasting it as a
semi-definite program (SDP) [65, 66, 61].

Theorem 2.8. A homogeneous polynomial p ∈ H[x]2n
d of degree 2n is a sum of squares

(SOS) if and only if there exists a PSD matrix, P ∈ Herm[Md(R)⊗n] such that

p(x) = ⟨x⊗n|P |x⊗n⟩ .

Accepted in Quantum 2026-06-23, click title to verify. Published under CC-BY 4.0. 15



Proof. ( ⇐= ) Assume that there exists a PSD matrix P such that p(x) = ⟨x⊗n|P |x⊗n⟩.
Since it is PSD, P can be written as X⊤X, where X ∈ Md(R)⊗n. Therefore,

p(x) = ⟨x⊗n|P |x⊗n⟩ = ⟨x⊗n|X⊤X|x⊗n⟩ =
∑

i∈[d]n
f2

i (x)

where ∀i ∈ [d]n, fi(x) = ∑
j∈[d]n Xi,jxj1xj2 . . . xjn . This implies that p(x) is a sum of

squares polynomial.
( =⇒ ) For the reverse implication, assume that the polynomial p(x) is a sum of squares,
i.e, of the form

p(x) =
K∑

k=1
f2

k (x).

For all k, expand fk(x) = ∑
α µk,αx

α as a sum of monomials. Note that, we can also
expand fk(x) = ⟨µ̃k, x

⊗n⟩ where ∀i ∈ [d]n, (µ̃k)i =
( n

γ(i)
)−1

µk,γ(i), see Eq. (4). Then, we
have:

p(x) =
K∑

k=1
⟨µ̃k, x

⊗n⟩2 =
K∑

k=1
⟨x⊗n, µ̃k⟩ ⟨µ̃k, x

⊗n⟩ = ⟨x⊗n|
K∑

k=1
|µ̃k⟩⟨µ̃k| |x⊗n⟩ .

By choosing P := ∑K
k=1 |µ̃k⟩⟨µ̃k|, we conclude the proof.

Remark 2.9. It is easy to show with a slight modification of the above proof that the
polynomial is SOS if and only if there is a PSD matrix P such that p(x) = ([x]nd )⊤P [x]nd
where [x]nd is the vector of monomials of degree n in d variables. The matrix P in this
case is known as the Gram-Matrix [63, 64].

Recall that there is a homogenous polynomial of d variables and degree n associated
to the tensor Q ∈ ∨nRd,

pQ(x) :=
∑

i∈[d]n
Qi1i2...inxi1xi2 . . . xin .

From Theorem 2.6, it is clear that Q is a copositive tensor if and only if pQ(x⊙ x) ≥ 0 for
all x ∈ Rd. This motivates the definition of sum-of-squares (SOS) tensors.

Definition 2.10 (SOS Tensors). A symmetric tensor T will be called a sum-of-squares
tensor, or in short, an SOS Tensor, if the polynomial, pT (x⊙ x) is a sum of squares. We
denote the cone of these tensors using the notation,

SOS(n)
d := {T ∈ ∨nRd | pT (x⊙ x) ∈ Σ(2n)

d }.

It follows from the definition that all SOS tensors are copositive (as all SOS polynomials
are positive). The SOS tensors form a pointed convex cone. Note that in Theorem 2.10,
we do not demand that the tensor polynomial pT is a sum of squares polynomial, but a
weaker condition that pT (x ⊙ x) is an SOS polynomial. For example, consider the two-
variable polynomial p1(x1, x2) = x1x2. This polynomial is not positive for all x, hence
also not a sum of squares. But the polynomial p1(x2

1, x
2
2) = x2

1x
2
2 is an SOS polynomial.

The homogenous polynomials of this form were studied in [67], and the form of these
polynomials was completely characterized. We rephrase the result in the next theorem.

Accepted in Quantum 2026-06-23, click title to verify. Published under CC-BY 4.0. 16



Theorem 2.11 ([67, Proposition 9]). Let p(x) ∈ H[x]nd be a real homogeneous polynomial
in x ∈ Rd of degree n such that p(x⊙ x) is a sum of squares: p(x⊙ x) ∈ Σ(2n)

d . Then the
polynomial p admits a decomposition of the form

p(x) =
⌊n/2⌋∑
j=0

∑
α∈N(n−2j)

d

xαψj,α(x) (6)

where |α| := α1 + · · · + αd, xα := xα1
1 · · ·xαd

d , and each ψj,α is a homogeneous SOS
polynomial of degree 2j: ψj,α(x) ∈ Σ(2j)

d .

Let us consider the SOS tensors for n = 2. In this case, by definition, Q ∈ SOS(n)
d , if

the polynomial pQ(x ⊙ x) = ∑
i,j Qijx

2
ix

2
j ∈ Σ(4)

d . We apply Theorem 2.11 to obtain the
following decomposition:

pQ(x) =
∑

i,j∈[d]
Qijxixj =

∑
|α|=2

xαψ0,α(x) +
∑

|α|=0
xαψ1,α(x)

=
∑

i,j∈[d]
xixjλij + 1 · ⟨x|A|x⟩ .

We obtain for the first term with |α| = 2, all the monomials xixj and the degree 0 SOS
polynomial λij := ψ0,α(x) ∈ R+. For the second term, we have xα = 1 and the degree
2 SOS polynomial, ψ1,α(x) = ⟨x|A|x⟩ for some A ∈ PSDd. Therefore this shows that
Qij = λij +Aij . If we interpret the indices of Q as a matrix, we get, Q = {λij +Aij}d

i,j=1 ∈
NNd+PSDd. The reverse is also true. IfQ ∈ NNd+PSDd, this implies that pQ(x⊙x) ∈ Σ(4)

d .
This fully characterizes the SOS cone in n = 2.

Remark 2.12. The previous characterization also shows that the convex cone of SOS
tensors is closed (since sum of square polynomials of degree n and d variables is closed).
Moreover, there exists an ε > 0 such that the open ball B(ε, |e⟩⊗n) ⊆ SOS(n)

d implying
that the cone has a non-empty interior where |e⟩ := ∑

i ei

Remark 2.13. The convex cone of NN + PSD is well-studied, usually denoted as SPN in
the literature. It is the inner approximation to the set of copositive matrices, and is dual
to the cone of doubly non-negative matrices, that are the positive-semidefinite matrices
with non-negative entries, DNN := NN ∩ PSD. For results about these matrix cones, we
refer the reader to [47]. The sum of squares tensors can be considered a generalisation of
SPN matrix cone.

We also present here the characterization of the duals of sum of square polynomials.
For polynomials, we define the duals without any reference to any inner product, and
instead, we look at the linear functionals that are positive on all SOS polynomials.

(Σ(2n)
d )◦ := {f : H[x]2n

d → R | ∀ p ∈ Σ(2n)
d , f(p) ≥ 0}.

Recall that the monomials of a degree n in d variables, [x]nd are labeled by the vectors
α ∈ Nd such that |α| = n. The set of these monomials is of size

(n+d−1
d−1

)
. Then, we have

the following definition.

Definition 2.14 (Moment Matrix [64]). Let (yα)|α|=2n be a sequence labelled by the mono-
mial vectors, α ∈ Nd such that |α| = 2n. Then, define the following

(n+d−1
d−1

)
×
(n+d−1

d−1
)

matrix with rows and columns indexed using the monomial vectors,

Mn(y)αβ := yα+β.
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This matrix is called the moment matrix associated with the sequence yα.

Let f be a linear functional on homogeneous polynomials. Then, we associate a moment
matrix with the linear functional f by choosing the sequence yα := f(xα) where α ∈
Nd, |α| = 2n. We then have the following result about the dual of SOS polynomials.

Theorem 2.15. The dual cone of SOS polynomials,

(Σ(2n)
d )◦ = {f : H[x]2n

d → R | Mn(y) ⪰ 0 where yα := f(xα)}.

Proof. Recall that a polynomial is an SOS polynomial, i.e p ∈ Σ(2n)
d if and only if there

exists a positive semidefinite matrix P such that p(x) = ([x]nd )⊤P [x]nd . Expanding this, we
get,

p(x) = ([x]nd )⊤P [x]nd =
∑

α,β∈N(n)
d

Pαβ x
α+β,

where we recall that N(n)
d denotes the set of d-tuples of non-negative integers that sum

up to n. Applying the linear functional f to this expression while having f(xα) = yα, we
obtain,

f(p) =
∑

α,β∈N(n)
d

Pαβ yα+β = Tr
(
P Mn(y)

)
.

Moreover, this is positive for all PSD matrices P , if and only if Mn(y) ⪰ 0.

The last result, Theorem 2.15, completely characterizes the dual cone of the SOS poly-
nomials; a linear functional is in the dual cone if and only if the corresponding moment
matrix is positive-semidefinite. We refer the reader to the excellent notes by Laurent [64,
Section 4.4] for more details on moment matrices, particularly for the connection to the
moment problem.

2.3.6 SOS and Non-Negative Hierarchy

In [68], an inner approximation of copositive matrices was introduced based on the SOS
hierarchy that approximates positive polynomials. It consists of the following convex cones.

RSOS(r)
d := {Q ∈ ∨2Rd | pQ(x⊙ x)||x||2r ∈ Σ(2r)

d } (7)

Each of the sets RSOS(r)
d involves checking the sum of squares property of the polyno-

mial pQ(x ⊙ x) = ∑
i,j∈[d]Qijx

2
ix

2
j , after multiplying it with another polynomial, ||x||2r,

that is SOS by definition. We then have the following inclusions,

PSDd + NNd = RSOS(0)
d ⊆ RSOS(1)

d ⊆ RSOS(2)
d ⊆ RSOS(3)

d . . . ⊆ RSOS(r)
d ⊆ Copd.

The following are well-known results about this hierarchy.

• RSOS(0)
n = SPNd = NNd + PSDd. In particular we have, Copd = RSOS(0)

d for d ≤ 4.

• [68, 69] If d ≥ 5, RSOS(0)
d ⊊ RSOS(1)

d ⊆ · · · ⊆ RSOS(r)
d ⊊ Copd.

• [70]
⋃

r≥0 RSOS(r)
5 = Cop5 and int(Copn) ⊊

⋃
r≥0 RSOS(r)

d ⊊ cl
(⋃

r≥0 RSOS(r)
d

)
=

Copd for d ≥ 6.
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A similar approach of constructing the sum of squares (SOS) hierarchy is also possible
for tensors.

RSOS(m,r)
d := {Q ∈ ∨mRd | pQ(x⊙ x)||x||2r ∈ Σ2(m+r)

d }.

These sets satisfy similar inclusions for each m.

RSOS(m,0)
d ⊆ RSOS(m,1)

d ⊆ RSOS(m,2)
d ⊆ RSOS(m,3)

d . . . ⊆ RSOS(m,r)
d ⊆ Cop(m)

d .

• For d = 2, RSOS(m,0)
2 = Cop(m)

2 . This follows from the fact that all homogenous
polynomials in 2 variables are SOS [38].

• int(Cop(m)
d ) ⊆

⋃
r≥0 RSOS(m,r)

d ⊆ cl
(⋃

r≥0 RSOS(m,r)
d

)
= Cop(m)

d by Reznick’s Posi-
tivstellensätze [41].

Let e := ∑d
i=1 ei be the all-ones vector. Then, we can rewrite,

pQ(x⊙ x)||x||2r = ⟨Q⊗ e⊗r, (x⊙ x)⊗(m+r)⟩ = ⟨Π(m+r,R)
d [Q⊗ e⊗r], (x⊙ x)⊗(m+r)⟩ .

This implies that the hierarchy can be rephrased purely in terms of tensors.

RSOS(m,r)
d = {Q ∈ ∨mRd | Π(m+r,R)

d [Q⊗ e⊗r] ∈ SOS(m+r)
d }. (8)

Let χ(n)
d ⊆ H[x]nd be the cone of polynomials with non-negative coefficients. It is easy

to see that if a tensor polynomial pT ∈ χ
(n)
d it implies that pT (x⊙ x) ∈ Σ(2n)

d . We consider
the following hierarchy of convex sets considered in [71], which also provides an inner
approximation of copositive matrices.

PNN(r)
d :=

{
Q ∈ ∨2Rd

∣∣∣ ( ∑
i,j∈[d]

Qij xixj

)( d∑
l=1

xl

)r
∈ χ

(r+2)
d

}
. (9)

For all r, we have the inclusion PNN(r)
d ⊆ RSOS(r)

d , i.e, this hierarchy acts as a weaker
approximation than the SOS one. This hierarchy satisfies the following properties.

• PNNd = C(0)
d

• ∀d ≥ 2, PNN(0)
d ⊆ PNN(1)

d ⊆ PNN(2)
d ⊆ PNN(3)

d . . . ⊆ PNN(r)
d ⊆ Copd.

• int(Copd) ⊆
⋃

r≥0 PNN(r)
d ⊊ cl

(⋃
r≥0 PNN(r)

d

)
= Copd follows from Polya’s Posi-

tivstellensätze [72, 71].

A similar approach of constructing the non-negative (NN) hierarchy is also possible for
tensors.

PNN(m,r)
d := {Q ∈ ∨mRd | pQ(x)(

d∑
l=1

xl)r ∈ χ
(m+r)
d }

= {Q ∈ ∨mRd | pQ(x⊙ x)∥x∥2r ∈ χ
2(m+r)
d }.

These sets satisfy similar inclusions for each m.

PNN(m,0)
d ⊆ PNN(m,1)

d ⊆ PNN(m,2)
d ⊆ PNN(m,3)

d . . . ⊆ PNN(m,r)
d ⊆ Cop(m)

d .

This hierarchy can also be rephrased purely in terms of tensors.

PNN(m,r)
d = {Q ∈ ∨mRd | Π(m+r,R)

d [Q⊗ e⊗r] ∈ NN(m+r)
d }. (10)
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3 Diagonally symmetric subspace
In this section, we introduce the class of multipartite bosonic quantum states called mix-
tures of Dicke states or Diagonally Symmetric States. These states have been studied in
the case of bipartite systems [34, 37, 73, 74] and, recently, the multipartite extension has
been considered in [35]. We begin by discussing the basic structural properties of these
states, along with their symmetries. Recall that any n-partite bosonic matrix X ∈ (Md)⊗n

has an expansion into the orthonormal Dicke basis

X =
∑

α,β∈N(n)
d

λ(X)α,β|Dα⟩⟨Dβ|,

where λ(X)α,β := ⟨Dα|X|Dβ⟩ .
Let us begin by introducing the diagonally symmetric subspace. We denote by DUd

the abelian group of diagonal unitary matrices. These are exactly the diagonal matrices
with complex phases on the diagonal

DUd := {Uθ | Uθ := diag(eiθ1 , eiθ2 , . . . , eiθd), θ ∈ [0, 2π)d}.

Definition 3.1 (Diagonally Symmetric Subspace). A matrix X ∈ (Md)⊗n, will be called
diagonally symmetric if it satisfies the following two symmetry conditions:

1. Bosonic symmetry,
Π(n)

d XΠ(n)
d = X

2. Diagonal unitary invariance,

∀U ∈ DUd [U⊗n, X] = 0.

We will denote the vector space of diagonally symmetric (DS) matrices in (Md)⊗n

as DS(n)
d , and the real vector space of self-adjoint diagonally symmetric (DS) matrices as

Herm[DS(n)
d ]. In the next Theorem 3.2, we show that this space consists of matrices that

are diagonal in the Dicke basis.

Proposition 3.2. Let d, n ∈ N. We have:

(1) DS(n)
d = spanC

{
|Dα⟩⟨Dα|

∣∣α ∈ N(n)
d

}
,

(2) Herm[DS(n)
d ] = spanR

{
|Dα⟩⟨Dα|

∣∣α ∈ N(n)
d

}
.

Therefore, the matrices {|Dα⟩⟨Dα|}
α∈N(n)

d

form an ONB (orthonormal basis) of the DS
subspace.

Proof. Consider an operator X ∈ DS(n)
d . By Theorem 3.1, it satisfies the two symmetries.

Π(n)
d XΠ(n)

d = X,

[U⊗n, X] = 0 for all U ∈ DUd.

Since Π(n)
d XΠ(n)

d = X, then by Theorem 2.4, X ∈ M⊗n
d admits an expansion in the Dicke

basis:
X =

∑
α,β∈N(n)

d

λ(X)α,β |Dα⟩⟨Dβ|
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for some complex coefficients, λ(X)α,β. Let Uθ := diag(eiθ1 , . . . , eiθd) ∈ DUd be an ar-
bitrary diagonal unitary matrix. The action of the unitary matrix U⊗n

θ on Dicke states
is:

U⊗n
θ |Dα⟩ = 1(n

α

) ∑
j : γ(j)=α

U⊗n
θ |j⟩ = 1(n

α

) ∑
j : γ(j)=α

eiα·θ |j⟩ = eiα·θ |Dα⟩ ,

where α · θ is the Euclidean dot product of vectors. Hence, we have

∀α, β ∈ N(n)
d , U⊗n

θ |Dα⟩⟨Dβ| (U⊗n
θ )∗ = ei(α−β)·θ |Dα⟩⟨Dβ| .

By using the diagonal unitary invariance of X,

X = U⊗n
θ X(U⊗n

θ )∗ =
∑

α,β∈N(n)
d

λ(X)α,β e
i(α−β)·θ |Dα⟩⟨Dβ| for all θ ∈ [0, 2π)d.

Since the Dicke basis is orthonormal, we must have, for all α, β ∈ N(n)
d and for all θ in

[0, 2π)d that,
λ(X)α,β = ei(α−β)·θλ(X)α,β.

This implies either λ(X)α,β = 0 or ∀θ ∈ [0, 2π], ei(α−β)·θ = 1. The latter condition holds
if and only if α = β implying λ(X)α,β = 0 whenever α ̸= β. Therefore,

X =
∑

α∈N(n)
d

λ(X)α,α |Dα⟩⟨Dα| ∈ spanC{|Dα⟩⟨Dα|}
α∈N(n)

d

.

We can thus conclude:
DS(n)

d ⊆ spanC{|Dα⟩⟨Dα|}. (11)

Conversely, assume any operator of the form,

X =
∑

α∈N(n)
d

λα |Dα⟩⟨Dα|

is clearly supported on the symmetric subspace, so Π(n)
d XΠ(n)

d = X, and is invariant under
all U⊗n

θ , since U⊗n
θ |Dα⟩⟨Dα| (U⊗n

θ )∗ = |Dα⟩⟨Dα|. Thus, we have the inclusion,

spanC{|Dα⟩⟨Dα|} ⊆ DS(n)
d . (12)

By combining Eq. (11) and Eq. (12), we complete the proof of the first assertion. For the
second assertion, note that any state of the form,∑

α∈N(n)
d

λα |Dα⟩⟨Dα|

is self-adjoint if and only if λα ∈ R. The rest of the proof is analogous to the complex
case.

Note that the diagonal symmetry property of Dicke states was first noted in the papers
[33, 75, 76]. By a slight abuse of notation, we write λ(X)α := λ(X)α,α. In this paper, we
are interested in studying the quantum states in this subspace, i.e, PSD matrices (with
trace 1). Then, these properties can be captured by imposing positivity conditions and
normalization constraints on the coefficients λ(X)α.
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Proposition 3.3. Let X ∈ DS(n)
d , such that

X =
∑

α∈N(n)
d

λ(X)α |Dα⟩ ⟨Dα| .

Then, the following equivalences hold,

1. X ∈ Herm(n)
d ⇐⇒ ∀α ∈ N(n)

d , λ(X)α ∈ R,

2. X ∈ PSD(n)
d ⇐⇒ ∀α ∈ N(n)

d , λ(X)α ∈ R+.

Moreover, we have for the trace of X

Tr(X) =
∑

α∈N(n)
d

λ(X)α,

and the rank of X
rk(X) = |{α ∈ N(n)

d | λ(X)α ̸= 0}|.

Proof. The proof follows from the orthogonality of the Dicke states; the spectrum of the
normal matrix X is the set {λ(X)α}

α∈N(n)
d

.

It follows from Theorem 3.3 that X is a quantum state if and only if λ(X) is a finite
probability distribution over the set N(n)

d , and these quantum states are called mixtures of
Dicke states. These are the states introduced and studied for qubits in [75, 33, 76], for
bipartite qudit systems [33, 34], and for multi-partite qudit systems in the recent paper
[35]. Note that for the parametrization in terms of the vectors λ(X)α, we get the inner
product between two states X,Y in the diagonally symmetric subspace as

Tr(X∗Y ) =
∑

α∈N(n)
d

λ(X)αλ(Y )α.

Remark 3.4. We point out that a class of similar states that have been analysed in the
literature for qudits, i.e, the mixtures of D-symmetric states.
D-symmetric states. A symmetric tensor Q ∈ ∨nRd is called a Hankel tensor if ∀i, j ∈
[d]n such that i1 + i2 . . . in = j1 + j2 . . . jn, Qi = Qj . In the case of n = 2, this reduces to
the case of Hankel matrices. Let i ⊢ k to denote indices i such that ∑n

k=1 ik = k. Then,
we define

|Rk⟩ =
∑
i⊢k

|i⟩ .

These class of states are called restricted Dicke states. Then, the class of mixtures of
restricted Dicke states (or D-symmetric states) was discussed in

XD :=
dn∑

k=n

pk |Rk⟩⟨Rk| .

For d = 2, this coincides with the mixtures of Dicke states, parametrized by n+ 1 param-
eters. For higher dimensions, this class is incomparable to the mixtures of Dicke states.
For example, even in the bipartite case and d = 3 consider the projector corresponding to
the state |R4⟩ = |13⟩+ |31⟩+ |22⟩ . This cannot be written in the form of mixtures of Dicke
states. On the other hand |13⟩ + |31⟩ is not D-symmetric. Inspite of this, we can consider
the projection of D-symmetric states into the diagonally symmetric subspace. To this end,
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note that we can project it into the symmetric subspace by reading the diagonal elements
of this state, i.e,

∫
DU U

⊗2XU
⊗2
dU is a diagonally symmetric state with the tensor

Q[
dn∑

k=n

pk |Rk⟩⟨Rk|]l =
dn∑

k=n

pk

∑
i⊢k

δil

which is a Hankel tensor.

3.1 Permutation symmetry on local bases
Besides the bosonic symmetry (the action of Sn on tensor legs) and diagonal unitary
invariance, it is sometimes natural to impose an additional invariance under permutations
of the local basis labels [d].

Definition 3.5 (Sd-invariant DS states). For τ ∈ Sd, let Vτ ∈ Md be the permutation
unitary defined by

Vτ |j⟩ := |τ(j)⟩ ∀j ∈ [d].

We say that a DS matrix X ∈ DS(n)
d is Sd-invariant if

∀τ ∈ Sd, V ⊗n
τ X (V ⊗n

τ )∗ = X.

We denote by DS(n),Sd

d ⊆ DS(n)
d the subspace of Sd-invariant DS matrices.

The action of Sd permutes the components of occupation vectors. For α ∈ N(n)
d and

τ ∈ Sd, define (τ · α) ∈ N(n)
d by

(τ · α)j := ατ−1(j) ∀j ∈ [d].

Then, for a DS matrix
X =

∑
α∈N(n)

d

λ(X)α |Dα⟩ ⟨Dα| ,

the condition in Theorem 3.5 is equivalent to

∀τ ∈ Sd, ∀α ∈ N(n)
d , λ(X)α = λ(X)τ ·α. (13)

In other words, the vector λ(X) is constant on Sd-orbits, so the resulting family of matrices
has fewer parameters than the whole DS space.

Let
Pard(n) := {µ ∈ N(n)

d | µ1 ≥ µ2 ≥ · · · ≥ µd}

be the set of integer partitions of n with (at most) d parts. For α ∈ N(n)
d , denote by

sort(α) ∈ Pard(n) the non-increasing rearrangement of the entries of α, and by

Orb(α) := {τ · α | τ ∈ Sd}

its orbit. Then sort(α) is an orbit representative, so the orbits in N(n)
d are in bijection with

Pard(n).
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Proposition 3.6 (Extremal points of the Sd-invariant DS simplex). Let

S(n),Sd

d := {ρ ∈ Herm[DS(n),Sd

d ] | ρ ∈ PSD(n)
d , Tr(ρ) = 1}

be the convex set of Sd-invariant mixtures of Dicke states. Then S(n),Sd

d is a simplex whose
extreme points are indexed by Pard(n). Concretely, for µ ∈ Pard(n) define

ρµ := 1
| Orb(µ)|

∑
α∈Orb(µ)

|Dα⟩ ⟨Dα| .

Then {ρµ}µ∈Pard(n) are exactly the extreme points of S(n),Sd

d , and every ρ ∈ S(n),Sd

d admits
a unique convex decomposition

ρ =
∑

µ∈Pard(n)
pµ ρµ with pµ ≥ 0,

∑
µ

pµ = 1.

In particular, S(n),Sd

d is parameterized by |Pard(n)| − 1 real parameters.

Proof. Any DS quantum state is determined by a probability distribution λ on N(n)
d via

ρ = ∑
α∈N(n)

d

λα |Dα⟩ ⟨Dα|. By Eq. (13), ρ is Sd-invariant if and only if λ is constant on

each orbit Orb(α). Thus specifying ρ ∈ S(n),Sd

d is equivalent to specifying a probability
distribution (pµ)µ∈Pard(n) on the set of orbits, by setting λα := psort(α)/| Orb(sort(α))|.
This identifies S(n),Sd

d affinely with the standard simplex over Pard(n), whose vertices
correspond to placing all mass on a single orbit. The corresponding DS states are precisely
the orbit-averages ρµ.

Example 3.7 (Small-n examples). We give explicit descriptions of Pard(n) and the cor-
responding extreme points ρµ from Theorem 3.6, noting that some partitions only exist
when d is large enough.

(i) n = 1. For any d ≥ 1, we have Pard(1) = {(1, 0, . . . , 0)}, so S(1),Sd

d consists of a single
state:

ρ(1,0,...,0) = 1
d

d∑
j=1

|j⟩ ⟨j| = Id

d
.

(ii) n = 2. If d = 1, then Par1(2) = {(2)}. If d ≥ 2, then

Pard(2) = {(2, 0, . . . , 0), (1, 1, 0, . . . , 0)},

and S(2),Sd

d is a 1-simplex with vertices

ρ(2,0,...,0) = 1
d

d∑
j=1

|jj⟩ ⟨jj| ,

ρ(1,1,0,...,0) = 1(d
2
) ∑

1≤i<j≤d

|Dij⟩ ⟨Dij | , |Dij⟩ := |ij⟩ + |ji⟩√
2

.

(iii) n = 3. If d = 1, then Par1(3) = {(3)}. If d = 2, then Par2(3) = {(3, 0), (2, 1)}. If
d ≥ 3, then

Pard(3) = {(3, 0, . . . , 0), (2, 1, 0, . . . , 0), (1, 1, 1, 0, . . . , 0)},
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so S(3),Sd

d is a 2-simplex with vertices

ρ(3,0,...,0) = 1
d

d∑
j=1

|jjj⟩ ⟨jjj| ,

ρ(2,1,0,...,0) = 1
d(d− 1)

∑
i,j∈[d]

i̸=j

|Diij⟩ ⟨Diij | , |Diij⟩ := |iij⟩ + |iji⟩ + |jii⟩√
3

,

ρ(1,1,1,0,...,0) = 1(d
3
) ∑

1≤i<j<k≤d

|Dijk⟩ ⟨Dijk| , |Dijk⟩ := 1√
6
∑

π∈S3

|π · (ijk)⟩ .

In particular, the vertex ρ(1,1,1,0,...,0) only exists when d ≥ 3.

3.2 Tensor-based parametrization
As we saw in the last section, the mixtures of Dicke states can be completely parameterized
by the dsym positive real numbers (dsym − 1 if we include normalization), the parameters
λ(X)α. In this section, we complement this with another useful parametrization of the
diagonally symmetric subspace in terms of a symmetric tensor. Recall that we have the
occupation counting function, γ : [d]n → N(n)

d defined component-wise as,(
γ(i)

)
j

:= |{k ∈ [n] | ik = j}|.

Note that γ is not an invertible map: for example, it is symmetric under permutations

∀σ ∈ Sn, i ∈ [d]n, γ(σ · i) = γ(i).

This is reflected in the fact that the input and output spaces have different cardinalities,
dsym =

(n+d−1
d−1

)
̸= dn. Nonetheless, for all occupation vectors α ∈ N(n)

d , there is a unique
canonical multi-index i(α) in γ−1(α) that satisfies the ordering, i(α)1 ≤ i(α)2 · · · ≤ i(α)n.
Recall that for a multi-index i ∈ [d]n, the stabilizer subgroup of Sn, stab(i) := {π | Pπ |i⟩ =
|i⟩} is the set of permutations that leave the multi-index i invariant. In the next theorem,
we introduce a new parametrization of the DS(n)

d subspace, and prove some of its useful
properties.

Theorem 3.8. Let X be a n-partite matrix in DS(n)
d . Then, we define the tensor Q[X] ∈

(Cd)⊗n component-wise as,

∀i ∈ [d]n, Q[X]i := ⟨i|X|i⟩ .

Then, we have the following results,

(1) Q[X] is a symmetric tensor, i.e, Q[X] ∈ ∨nCd. Moreover, X ∈ Herm[DS(n)
d ], if

and only if Q[X] ∈ ∨nRd, i.e Q[X] is a real symmetric tensor. Moreover, X ∈
PSD(n)

d ⇐⇒ Q[X] ∈ NN(n)
d .

(2) Since X ∈ DS(n)
d , we have an expansion in the Dicke basis,

X =
∑

α∈N(n)
d

λ(X)α |Dα⟩ ⟨Dα| .

Then, we have the following connection between the vectors λ(X) and the tensor
Q[X],
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∀i ∈ [d]n
(
n

γ(i)

)
Q[X]i = λ(X)γ(i).

Equivalently, for all α ∈ N(n)
d and all i ∈ γ−1(α), we have(

n

α

)
Q[X]i = λ(X)α. (14)

(3) X has the following expansion,

X =
∑

i∈[d]n

∑
π∈Sn

( n
γ(i)
)

n! Q[X]iPπ |i⟩ ⟨i| .

(4) The trace of the matrix X,

Tr(X) =
∑

i∈[d]n
Q[X]i =

∑
α∈N(n)

d

λ(X)α.

Proof. Let X ∈ DS(n)
d , and Q[X] ∈ C⊗n

d is defined component-wise by,

∀i ∈ [d]n, Q[X]i := ⟨i|X|i⟩.

(1) Let π ∈ Sn be any permutation and let Pπ denote the corresponding permutation
operator on (Cd)⊗n. Since X ∈ DS(n)

d , by Theorem 3.1, we have PπX = XPπ = X
for every π. For any multi-index i ∈ [d]n and some π ∈ Sn,

Q[X]π·i = ⟨π · i|X|π · i⟩ = ⟨i|Pπ−1XPπ|i⟩ = ⟨i|X|i⟩ = Q[X]i.

Therefore, Q[X] is invariant under the action of Sn and hence is a symmetric tensor,
Q[X] ∈ ∨nCd. If additionally, X is Hermitian then each diagonal matrix element is
real ⟨i|X|i⟩ ∈ R, hence Q[X] ∈ ∨nRd.

(2) Let X ∈ DS(n)
d have the decomposition in the Dicke basis:

X =
∑

α∈N(n)
d

λ(X)α |Dα⟩⟨Dα|,

For any computational basis vector |i⟩,

⟨i|Dα⟩ = 1√(n
α

)1γ(i)=α

Hence,

Q[X]i = ⟨i|X|i⟩ =
∑

α∈N(n)
d

λ(X)α |⟨i|Dα⟩|2 = λ(X)γ(i)
1( n

γ(i)
) .

Rearranging gives the claimed identity
(
n

γ(i)

)
Q[X]i = λ(X)γ(i), (15)

which shows that the Dicke-basis coefficients λ(X)α are constant on each orbit
γ−1(α).
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(3) Since X ∈ DS(n)
d , it has the expansion in the Dicke basis.

X =
∑

α∈N(n)
d

λ(X)α |Dα⟩⟨Dα|.

Then, by using Eq. (14), and by expanding the Dicke state, |Dα⟩ = 1√
(n

α)
∑

i∈[d]n
γ(i)=α

|i⟩ ,

we get
X =

∑
α∈N(n)

d

Q[X]i(α)
∑

i,j∈[d]n
γ(i)=α, γ(j)=α

|i⟩ ⟨j|

By re-labeling the indices l := i(α), we have the following equation,

X =
∑

l∈[d]n
l1≤···≤ln

Q[X]l
∑

i,j∈[d]n
γ(i)=γ(l), γ(j)=γ(l)

|i⟩ ⟨j|

Now γ(i) = γ(l) ⇐⇒ ∃π ∈ Sn, i = π · l. Therefore, our expression reduces to,

∑
l∈[d]n

l1≤···≤ln

Q[X]l

( n
γ(l)
)2

n!2
∑

π,σ∈Sn

|π · l⟩ ⟨σ · l|

where we divide by | stab(l)|2 = n!2

( n
γ(l))

2 to avoid overcounting. By replacing ordered

indices, l1 ≤ · · · ≤ ln by all indices l ∈ [d]n, we divide by
( n

γ(l)
)
,

∑
l∈[d]n

Q[X]l

( n
γ(l)
)

n!2
∑

π,σ∈Sn

|π · l⟩ ⟨σ · l|

Finally, by relabeling permutations, we have,

∑
l∈[d]n

Q[X]l

( n
γ(l)
)

n!
∑

π′∈Sn

|π′ · l⟩ ⟨l| .

which is the claimed expression.

(4) By definition of Q[X],

Tr(X) =
∑

j∈[d]n
⟨j|X|j⟩ =

∑
j∈[d]n

Q[X]j .

Recall that from Theorem 3.3, Tr(X) = ∑
α∈N(n)

d

λ(X)α. This concludes the proof.

Note that in the previous Theorem 3.8, we establish a new tensor parametrization of
the diagonally symmetric subspace. In particular, it shows that the relevant parameters
for a diagonally symmetric matrix X are just entries on the diagonal of the state, which
can be arranged as a symmetric tensor Q[X]. This parametrization will be quite useful for
studying the entanglement properties in the remaining sections. We end this section by
characterizing the Hilbert-Schmidt (HS) inner product between two diagonally symmetric
matrices in terms of the tensor parametrization.
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Remark 3.9 (Sd-symmetry in the tensor parametrization). Let X ∈ DS(n),Sd

d and de-
fine Q[X] as in Theorem 3.8. For τ ∈ Sd and i = (i1, . . . , in) ∈ [d]n, write τ(i) :=
(τ(i1), . . . , τ(in)). Then

∀τ ∈ Sd, ∀i ∈ [d]n, Q[X]τ(i) = Q[X]i.

Equivalently, Q[X]i depends only on sort(γ(i)) ∈ Pard(n), so an Sd-invariant DS tensor has
|Pard(n)| independent diagonal values (and |Pard(n)| − 1 after normalization to a state).
Note that the action of Sd on indices i defined above is different that the action of Sn on
the same set, which ensures that the tensor Q[X] is symmetric.

Proposition 3.10. The Hilbert-Schmidt Inner product between the two DS matrices X
and Y satisfies,

Tr(X∗Y ) =
∑

i∈[d]n
i1≤i2...≤in

Q[X]iQ[Y ]i
(
n

γ(i)

)2

=
∑

i∈[d]n
Q[X]iQ[Y ]i

(
n

γ(i)

)
. (16)

Proof. Recall that for two DS matrices,

Tr(X∗Y ) =
∑

α∈N(n)
d

λ(X)αλ(Y )α.

Using Theorem 3.8, it follows that λ(X)α = Qi(α)
(n

α

)
hence the previous expression can

be reduced to

Tr(X∗Y ) =
∑

α∈N(n)
d

Q[X]i(α)Q[Y ]i(α)

(
n

α

)2

=
∑

i∈[d]n
i1≤i2...≤in

Q[X]iQ[Y ]i
(
n

γ(i)

)2

.

By replacing the ordered indices with unordered indices, we get

Tr(X∗Y ) =
∑

i∈[d]n
Q[X]iQ[Y ]i

(
n

γ(i)

)
.

Note that Theorem 3.10 shows that the inner product of two matrices parametrized
using the diagonal tensor X ↔ Q[X] is not equal to the Euclidean inner product between
two tensors corresponding to the matrices, i.e, Tr(XY ) ̸= ⟨Q[X], Q[Y ]⟩. This leads to an
inconsistency while looking at duals, as in entanglement theory, the duals are usually con-
sidered with respect to the Hilbert-Schmidt inner product, while for tensors, the Euclidean
product is standard. To solve this, we introduce another related parametrization of the
DS subspace.

Definition 3.11. Let X ∈ DS(n)
d . Then, define the symmetric tensor,

W [X]i := Q[X]i
(
n

γ(i)

)
= ⟨i|X|i⟩

(
n

γ(i)

)
.

Let us consider the following map, diag : ∨nRd 7→ M(∨nCd), defined as,

diag[Q] :=
∑

i∈[d]n
Qi |i⟩ ⟨i| .
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This maps a symmetric real tensor to a diagonal matrix in M⊗n
d . Note that this matrix is

not bosonic, i.e, it is not supported only on the symmetric subspace (if all the entries of
the tensor Q are non-zero, then diag[Q] is supported on the whole tensor space).

Proposition 3.12. Let X ∈ Herm[DS(n)
d ]. Then, we have the following equality:

X = Π(n)
d diag[W [X]]Π(n)

d

Proof. By using Theorem 3.8, we have

X =
∑

i∈[d]n

∑
π∈Sn

Pπ

( n
γ(i)
)

n! Q[X]i |i⟩ ⟨i| .

Hence, we have

X =
∑

i∈[d]n

∑
π∈Sn

1
n!PπW [X]i |i⟩ ⟨i| = Π(n)

d

∑
i∈[d]n

W [X]i |i⟩ ⟨i| = Π(n)
d diag[W [X]]

= Π(n)
d diag[W [X]]Π(n)

d

where the last equality follows from the self-adjointness of X.

In the remaining sections, we use these parametrizations for the set of diagonally sym-
metric states, as well as diagonally symmetric entanglement witnesses. Note that by The-
orem 3.10, we now have

⟨X,Y ⟩B(∨nCd) = ⟨Q[X],W [Y ]⟩∨nCd . (17)

Hence, the Hilbert-Schmidt product now corresponds exactly to the Euclidean product of
tensors in the Q and W parametrizations. The fact that the Hilbert-Schmidt product is
the same as the Euclidean product in the Q and W parametrizations will be used in later
section to relate the duality of bosonic matrices with diagonal symmetry to that of the
corresponding Q and W parametrizations.

3.3 Reduced states and marginals
From the previous section, we know that the diagonally symmetric matrices X are pa-
rameterized with a symmetric tensor Q[X]. The next theorem shows that the quantum
marginals (reduced density matrices) of these states have a direct correspondence with the
“classical” marginals of this tensor. First, recall that the marginal of a symmetric tensor
T ∈ ∨nRd, with respect to a set of indices A ⊆ [n] is given by

∀j ∈ [d]n−|A| [trA(T )]j :=
∑

i∈[d]|A|

Ti⊔j .

Note that, for symmetric tensors, the marginal depends only on the cardinality of the set
A.

Theorem 3.13. Let X ∈ DS(n)
d be a diagonally symmetric matrix. For any A ⊆ [n], let

TrA(X) denote the marginal of the state over the tensor factors in A. We have then

• TrA(X) ∈ DS(n−|A|)
d ;

• Q[TrA(X)] = trA(Q[X]).
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Proof. To prove the first assertion, we show that the reduced states also lie in the diago-
nally symmetric subspace. Firstly, we can show that any reduced bosonic state satisfies

∀σ ∈ Sm, Pσ TrA(X) = TrA

(
(Pσ ⊗ I|A|)(X)

)
= TrA(X),

where the last equality follows from the fact that X is bosonic. Moreover, we have,

∀U ∈ DUd U⊗(n−|A|) TrA(X)(U⊗(n−|A|))∗ = TrA(U⊗nX(U⊗n)∗) = TrA(X),

where the first equality follows from the cyclicity of the trace and the second follows from
the diagonal invariance of the matrix X. The second assertion follows from the direct
computation:

∀i ∈ [d]n−|A|, Q[TrA(X)]i = ⟨i| TrA(X)|i⟩ = Tr(X |i⟩⟨i| ⊗ IA)
=

∑
j∈[d]A

Tr(X |i, j⟩⟨i, j|)

=
∑

j∈[d]A
Q[X]i⊔j = (trAQ[X])i.

Above, we use the notation i ⊔ j to denote the vector

(i1, . . . , in−|A|, j1, . . . , j|A|) ∈ [d]n.

We use the previous result to compute the marginals of the pure Dicke states |Dα⟩. By
Theorem 3.13, the marginals lie in the DS subspace. We compute the marginals for two
reasons: firstly, it shows that the approach of tensors in terms of the tensor parametrization
is highly convenient, and secondly, the entanglement properties of these marginals have
been of independent interest [43]. Let |Dα⟩ be a pure Dicke state, defined as

|Dα⟩ = 1(n
α

)1/2

∑
i : γ(i)=k

|i⟩ .

The tensor parametrization of this state is as follows:

∀i ∈ [d]n Q[|Dα⟩ ⟨Dα|]i = | ⟨i|Dα⟩ |2 = 1( n
γ(i)
) 1γ(i)=α.

We compute next the marginal of the pure Dicke state using the marginal of the tensor,
by using Theorem 3.13.

Proposition 3.14. For an arbitrary Dicke state |Dα⟩ and a marginal set A ⊆ [n], we
have:

∀j ∈ [d]n−|A|, Q[TrA(|Dα⟩ ⟨Dα|)]j = trA[Q(|Dα⟩ ⟨Dα|)]j =
( |A|

α−γ(j)
)(n

α

) 1γ(j)≤α.

Proof. For the marginal of the tensor, we have:

[trA(Q[|Dα⟩ ⟨Dα|])]j =
∑

i∈[d]|A|

(Q[|Dα⟩ ⟨Dα|])i⊔j =
∑

i∈[d]|A|

1(n
α

)1γ(i⊔j)=α

= 1(n
α

) ∑
i∈d|A|

1γ(i)+γ(j)=α

=
( |A|

α−γ(j)
)(n

α

) 1γ(j)≤α.
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4 Entanglement and PPT property
In this section, we show an exact correspondence between the entanglement properties of
mixtures of Dicke states to some well-known positivity property of symmetric tensors; our
findings are summarized in Fig. 6. We then completely characterize for which local Hilbert
space dimension and number of particles there exist PPT entangled DS states. Finally, we
show in the last subsection that all marginals of entangled pure Dicke states have negative
partial transpose across all bipartitions, recovering a recent result of [43] in a simpler,
more conceptual way. By establishing these results, we have a comprehensive framework
for entanglement in mixtures of Dicke states, which we use to study PPT entanglement
and bosonic extendibility in the later sections using well-known ideas and results about
positive polynomials and tensors.

4.1 Bose-symmetry and entanglement
We begin this section with a brief review of multipartite entanglement in mixed states, with
the focus on the particular results about bosonic states. Note the following two examples
of entangled states in 3 qubits.

(|00⟩ + |11⟩) ⊗ |1⟩ |000⟩ + |111⟩

Although both states are entangled, there is a difference between the structure of entan-
glement. The first state is entangled in a bipartite fashion, while for the GHZ state, no
such decomposition into the bipartite entanglement exists. This motivates the following
definition.

Definition 4.1 ([18, 77]). Let H = ⊗n
i=1 Hi be the Hilbert space of an n-partite quantum

system. A pure state |ψ⟩ ∈ H is called k-producible if there exists a partition of [n] into
disjoint subsets S1, . . . , Sm such that |Sj | ≤ k for all j and

|ψ⟩ =
m⊗

j=1
|φj⟩,

where |φj⟩ is a pure state on the subsystems indexed by Sj. A mixed state X ∈ M⊗n
d is

called k-producible if,

X ∈ cone{|ψ⟩⟨ψ| | |ψ⟩ is k-producible}.

The entanglement depth of a state ρ is the smallest k such that ρ is k-producible. A state
is genuinely (k + 1)-partite entangled if it is (k + 1)-producible but not k-producible.

It is clear from the previous definition that bipartite quantum states are either sepa-
rable (i.e. have entanglement depth 1) or 2-partite entangled. In comparison to bipartite
systems, entanglement theory in the multipartite case is much more complicated. Surpris-
ingly, for multipartite bosonic states, a stronger result holds.

Theorem 4.2 ([18, Theorem 1]). Let X ∈ Herm[∨nCd]. Then, the state has entanglement
depth 1 or n. Particularly, if it has entanglement depth 1, there exist {|vk⟩}K

k=1 such that,

X =
K∑

k=1
|vk⟩⟨vk|⊗n .
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We denote all separable bosonic states (entanglement depth = 1) as

Sep(n)
d := cone{|vk⟩⟨vk|⊗n | |vk⟩ ∈ Cd}, (18)

which forms a proper convex cone. We define the set of bosonic entanglement witnesses as
the dual cone of the separable cone

EW(n)
d :=

(
Sep(n)

d

)◦
.

From the form of the extremal rays of the cone Sep(n)
d , we obtain the following charac-

terization of entanglement witnesses in the DS subspace.

Proposition 4.3. Let O ∈ Herm[∨nCd]. Then, O ∈ EW(n)
d if and only if

∀ |v⟩ ∈ Cd ⟨v⊗n|O|v⊗n⟩ ≥ 0.

Recall that all bipartite separable states satisfy the PPT (Positivity under Partial Trans-
position) property, i.e, PPT is a necessary condition for separability. The separable bosonic
states (ref. Theorem 4.2) are separable across any bipartition; hence, they also satisfy the
PPT property across each such partition. In general, a bosonic state might only satisfy the
PPT property across some bipartitions, and not all. Let I be a subset of [n]. We use ΓI to
denote the partial transpose of the systems indexed by I. We can use bosonic symmetry to
show that the PPT property only depends on the size of the bipartition we consider while
applying the partial transpose, and not on the particular systems that are transposed.

Proposition 4.4. Let ρ ∈ Herm[∨nCd] be a bosonic matrix. Let I and J be arbitrary
subsets of [n] such that |I| = |J |. Then,

ρΓI ≥ 0 ⇐⇒ ρΓJ ≥ 0.

Proof. For a bosonic state, we have,

∀π ∈ Sn PπρPπ−1 = ρ.

Let π be a permutation that maps the elements of the set I to J . Then,

ρΓI = (PπρPπ−1)ΓI = (Pπρ
ΓJPπ−1).

Therefore, following the previous Theorem 4.4, consider the following convex cones.

Definition 4.5. Let 0 ≤ k ≤ ⌊n/2⌋. We define the following convex cones,

PPT(n,0)
d := {ρ ∈ Herm[∨nCd] | ρ ≥ 0}

PPT(n,k)
d := {ρ ∈ Herm[∨nCd] | ρΓ[k] ≥ 0}.

Note that PPT(n,0) is the bosonic PSD matrices, and PPT(n,k) is the set of bosonic
matrices having the PPT property across the bipartition [k] : [n]\[k]. Clearly, all the
separable states (see Eq. (18), Theorem 4.2) satisfy the following inclusion.

Sep(n)
d ⊆

⌊n/2⌋⋂
k=0

PPT(n,k)
d =: PPT(n)

d . (19)

This means that the separable states satisfy the PPT property across all the bipartitions.
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Remark 4.6. The set inclusion in Eq. (19) is strict except for the case d = 2, n = 2, 3.
This has been shown by explicit construction of PPT entangled states for n ≥ 4 qubits.
[78, 20].

We now introduce the dual cone of the PPT sets. Note that we will consider the dual
cone in the ambient space of Herm[∨nCd] ⊆ Herm[M⊗n

d ]. We define the following convex
cone of decomposable bosonic matrices,

Dec(n,k)
d :=

(
PPT(n,k)

d )◦.

We also have the following characterization of the Dec(n,k)
d .

Theorem 4.7. O ∈ Dec(n,k)
d if and only if there exist positive semi-definite operators,

P ∈ Herm[M⊗n
d ] such that,

O = Π(n)
d (PΓ[k])Π(n)

d . (20)

Proof. We will show the proof in two steps. ( ⇐= ) Consider that there exist positive-
semidefinite matrix P ∈ Herm[M⊗n

d ] such that,

O = Π(n)
d (PΓ[k])Π(n)

d .

Then for all ρ ∈ PPT(n,k)
d , we have,

Tr(Oρ) = Tr
(
Π(n)(PΓ[k]

)
Π(n)

d ρ
)

= Tr
((
PΓ[k]

)
Π(n)

d ρΠ(n)
d

)
= Tr

(
PΓ[k]ρ

)
= Tr

(
P ρΓ[k]

)
≥ 0 .

This shows that O ∈ (PPT(n,k)
d )◦ = Dec(n,k)

d .

( =⇒ ) To show the reverse direction, assume that O ∈ Dec(n,k)
d . Then, note that,

PPT(n,k)
d = {ρ ∈ Herm[M⊗n

d ] | ρΓ[k] ≥ 0} ∩ {ρ ∈ Herm[M⊗n
d ] | Π(n)

d ρΠ(n)
d = ρ}. (21)

Consider the convex cone (PPT(n,k)
d )◦ as dual in the larger ambient space Herm[M⊗n

d ].
Therefore, by the properties of the dual, we get (for closed cones),

(PPT(n,k)
d )◦ = cl

(
{X ∈ Herm[M⊗n

d ] | XΓ[k] ≥ 0}+{X ∈ Herm[M⊗n
d ] | Π(n)

d XΠ(n)
d = X}⊥).

This equality is because in Eq. (21), the first cone is self-dual, while the second cone is a
subspace; moreover, the dual cone of an intersection is the closure of the sum. Also note
that if O ∈ (PPT(n,k)

d )◦ where dual is considered in Herm[∨nCd], then, it is an element
of the dual with respect to Herm[M⊗n

d ]. Using this, we have the sequence of operators
{Pl}l≥1, {Ql}l≥1,

O = liml→∞ P̃l +Ql

where ∀l, P̃
Γ[k]
l ≥ 0 and Π(n)

d QlΠ(n)
d = 0. Denote Pl := P̃

Γ[k]
l . Therefore,

O = Π(n)
d OΠ(n)

d = Π(n)
d liml→∞(PΓ[k]

l +Ql)Π(n)
d = Π(n)

d liml→∞(PΓ[k]
l )Π(n)

d = Π(n)
d (PΓ[k])Π(n)

d

where P := liml→∞ Pl. Also P ≥ 0 as the cone of PSD matrices is closed.
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Remark 4.8. By the previous result in Theorem 2.2, we can also show easily,

∀z ∈ Cd ⟨z⊗n|O|z⊗n⟩ = ⟨z⊗n|PΓ[k] |z⊗n⟩ = ⟨z⊗k ⊗ z⊗n−k|P |z⊗k ⊗ z⊗n−k⟩ ≥ 0.

This also shows easily that Dec(n,k)
d ⊆ EW(n)

d .

Corollary 4.9. We have the following conic-duality:( ⌊n/2⌋⋂
k=0

PPT(n,k)
d

)◦

= cl
( ⌊n/2⌋∑

k=0
Dec(n,k)

d

)
=: Dec(n)

d ,

where the latter set can be described explicitly as

Dec(n)
d =

{
O ∈ Herm[M⊗n

d ] | ∃{Pk ⪰ 0}⌊n/2⌋
k=0 , O = Π(n)

d

( ⌊n/2⌋∑
k=0

P
Γ[k]
k

)
Π(n)

d

}
.

We have the following inclusions and dualities of convex cones in the bosonic subspace.

Sep(n)
d ⊆ PPT(n,k)

d ⊆ PPT(n,0)
d ⊆ Dec(n,k)

d ⊆ EW(n,0)
d

Having established the basics of bosonic entanglement, we move on to studying entan-
glement in the diagonally symmetric (DS) subspace. By using the tensor parametrization
(ref. Theorem 3.8) of this subspace, we establish an exact correspondence of the entangle-
ment properties in the DS subspace with those of tensors.

4.2 Separability and Entanglement Witnesses
In this section, we establish an exact correspondence between the separability of the di-
agonally symmetric state X ∈ DS(n)

d and the convex properties of the tensor Q[X]. We
accomplish this by extending the known results about the bipartite separability problem
in mixtures of Dicke states. We now state and prove the main result of this section: the
separability of a bosonic diagonally symmetric matrix X is equivalent to the complete
positivity of the associated tensor Q[X].

Theorem 4.10. Let X ∈ DS(n)
d be a diagonally symmetric matrix. Then:

X ∈ Sep(n)
d ⇐⇒ Q[X] ∈ CP(n)

d .

Proof. ( =⇒ ) To show the first implication, we assume the state X is separable, i.e, there
exist vectors {|xq⟩ ∈ C}K

q=1, such that,

X =
K∑

q=1
|xq⟩⟨xq|⊗n.

By Theorem 3.8, we have ∀i ∈ [d]n, Q[X]i := ⟨i|X|i⟩. Hence, we have, by the separable
decomposition of X,

∀i ∈ [d]n Q[X]i = ⟨i|X|i⟩ =
K∑

q=1
|(xq)i1 |2|(xq)i2 |2 . . . |(xq)in |2. (22)
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By defining vq := xq ⊙ xq, it is clear that ∀q, vq ≥ 0. With this notation, the previous
equation reads

Q[X] =
K∑

q=1
v⊗n

q .

This implies that Q[X] ∈ CP(n)
d .

( ⇐= ) To show the reverse implication, we assume that Q[X] ∈ CP(n)
d . This implies that

there exists a finite number of entrywise positive vectors {vq ∈ Rd
+}K

q=1 such that

Q[X] =
K∑

q=1
v⊗n

q .

Consider the vectors, {xq}K
q=1 defined as ∀q, (xq)i :=

√
(vq)i. By this definition, it im-

mediately follows that ∀q ∈ [K], xq ⊙ xq = vq. Consider the following separable quantum
state σ ∈ Sep(n)

d , defined as

σ :=
K∑

q=1
|xq⟩⟨xq|⊗n .

Note that, ΠσΠ = σ. i.e σ is a bosonic state. We have the twirled quantum state,

TDU (σ) =
∫

DUd

U⊗n
K∑

q=1
|x⊗n

q ⟩ ⟨x⊗n
q | (U⊗n)∗ dU =

K∑
q=1

∫
DUd

U⊗n |x⊗n
q ⟩ ⟨x⊗n

q | (U⊗n)∗ dU

(23)
Firstly note that, Π(n)

d TDU (σ)Π(n)
d = TDU (σ) and due to twirling ∀U ∈ DUd, [TDU (σ), U⊗n] =

0, therefore by Theorem 3.2, the state TDU (σ) ∈ DS(n)
d . Secondly, since twirling is an LOCC

operation, TDU (σ) ∈ Sep(n)
d . Finally note that

Q[TDU (σ)]i = ⟨i|TDU (σ)|i⟩ = ⟨i|
∫

DUd

U⊗n
K∑

q=1
|x⊗n

q ⟩ ⟨x⊗n
q | (U⊗n)∗ dU |i⟩

=
K∑

q=1

∫
DUd

⟨i|x⊗n
q ⟩ ⟨x⊗n

q |i⟩ dU = Q[σ]i,

showing that Q[TDU (σ)] = Q[X]; above we have used that U⊗n |i⟩ is equal to |i⟩ up to
a phase for all diagonal unitary matrix U ∈ DUd. Hence, by Theorem 3.8, we conclude
TDU (σ) = X, finishing the proof.

The proof strategy we employed above is very similar to that presented in [33, 76] for
the bipartite case. Theorem 4.10 characterizes the separability properties of mixtures of
Dicke states. Recall that checking for complete positivity is known to be NP-hard.

We now use the duality relation from Eq. (17) to characterize entanglement witnesses
in the diagonally symmetric subspace in terms of the copositive tensors.

Proposition 4.11. The following equivalence holds for a matrix O ∈ Herm[DS(n)
d ].

O ∈ EW(n)
d ⇐⇒ W [O] ∈ Cop(n)

d .
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Proof. This follows from the duality of separable states and entanglement witnesses, read
at the level of Q and W parametrizations. More explicitly, by the result in Theorem 3.12,
we have

∀ |v⟩ ∈ Cd ⟨v⊗n|O|v⊗n⟩ = ⟨v⊗n|Π(n)
d diag[W [O]]Π(n)

d |v⊗n⟩ = ⟨W [O], (v̄ ⊙ v)⊗n⟩ ≥ 0.

Remark 4.12. The connection between entanglement witnesses and copositive matrices
has already been noted in [73] for the bipartite case. More precisely, it is shown in [73]
that, at n = 2, for the witness parametrized by a matrix C ∈ Herm[Md] in the way
X[C] = ∑

i,j Cij |ij⟩⟨ji|,
X[C] ∈ EW(2)

d ⇐⇒ C ∈ Cop(2)
d .

This is slightly different from our parametrization, as X[C] is not an element of
the DS subspace, in particular, it is not bosonic as X[C]P(12) = ∑

i,j Cij |ij⟩⟨ji|P(12) =∑
ij Cij |ij⟩⟨ij| ̸= X[C]. Therefore, instead ofX[C], in Theorem 4.11, we consider∑ij Cij |ij⟩⟨ij|

and project it into the symmetric subspace.

Before discussing an example of a bosonic entanglement witness, let us recall the Arith-
metic Mean-Geometric Mean (AM-GM) weighted inequality. Given, some d non-negative
real numbers x1, x2 . . . xd ∈ R+, and weights λ1, λ2 . . . λd ∈ [0, 1] such that

∑d
i=1 λi = 1,

we have the following inequality

d∑
i=1

λixi ≥
d∏

i=1
xλi

i .

For all λi = 1/d, this reduces to the usual AM-GM inequality.∑d
i=1 xi

d
≥

d∏
i=1

x
1/d
i .

Example 4.13 (Projective entanglement witnesses). We show some examples of bosonic
diagonally symmetric entanglement witnesses. We define

Rα(µ) := Π(n)
d − µ |Dα⟩⟨Dα| .

where Π(n)
d is a projector into the symmetric subspace ∨nCd. Then, by computing the

tensor parametrization of the witness, we obtain,

∀i ∈ [d]n, W [Rα]i =
(
n

γ(i)

)
⟨i|Π(n)

d − µ |Dα⟩⟨Dα| |i⟩ = 1 − µ

( n
γ(i)
)(n

α

) 1γ(i)=α = 1 − µ1γ(i)=α

Consider the polynomial,

⟨W [Rα], x⊗n⟩ =
( d∑

i=1
xi

)n
− µ

(
n

α

)
xα.

By applying the AM-GM weighted inequality, we obtain for all x ∈ Rd
+,

1
n

( d∑
i=1

xi

)
= 1
n

(
d∑

i=1
αi
xi

αi
) ≥

d∏
i=1

(xi

αi
)

αi
n ⇐⇒

( d∑
i=1

xi

)n
≥ nn∏d

i=1 α
αi
i

xα
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Using Theorem 4.11, we have that for all

−∞ ≤ µ ≤ 1(n
α

)∏d
i=1(αi

n )αi
,

Rα(µ) is a bosonic entanglement witness. In the case of n qubits, the Dicke state with
occupation numbers (n/2, n/2) yields the entanglement witness

Π(n)
2 − µ∗

∣∣∣D(n/2,n/2)
〉〈
D(n/2,n/2)

∣∣∣
with µ∗ = 2n

( n
n/2)

∼
√

πn
2 as n → ∞. Similar computations with entanglement witnesses

constructed from Dicke states were considered in [29, 32].

4.3 Decomposability and PPT
In the preceding section, we demonstrated that the separability of the states in the di-
agonally symmetric subspace is equivalent to the complete positivity of the tensor Q[X].
The convex cones PPT(n,k)

d are outer tractable approximation of the separable states. The
pertinent question is how to describe the PPT property in terms of the tensor Q[X]. The
analytical computation of PPT conditions in the diagonally symmetric subspace was ob-
tained in [35, Lemma III.4 and Lemma III.5] by block diagonalization of the matrix XΓ.
These conditions appear highly non-trivial to describe. This motivates us to focus on the
dual objects, the sets of decomposable witnesses, Dec(n,k)

d . Surprisingly, these sets can be
shown to have a correspondence with the sum of squares property of tensors.

We now state and prove the main result of this section. Briefly, this result provides a
correspondence between decomposable witnesses O and the properties of the polynomial
pW [O] in the diagonally symmetric subspace. For the rather long and technical proof of
this theorem, see Section A.

Theorem 4.14. The following results hold for O ∈ Herm[DS(n)
d ].

1. O ∈ Dec(n,l)
d =⇒ pW [O](x) ∈ cone{xαψ | |α| ∈ {n, n − 2, n − 4 . . . n − 2l}, ψ ∈

Σ(n−|α|)
d }.

2. Let k ≤ ⌊n/2⌋ such that α ∈ N(n−2k)
d and ψ ∈ H[x]kd. Then,

pW [O](x) = xαψ2 =⇒ O ∈ Dec(n,l)
d

for all l ∈ [k, n− k].

In particular, we have the equivalence,

O ∈ Dec(n,l)
d ⇐⇒ pW [O](x) ∈ cone{xαψ | |α| ∈ {n, n− 2, n− 4 . . . n− 2l}, ψ ∈ Σ(n−|α|)

d }.

and hence the following inclusions between the decomposable sets.

∀l ∈ [⌊n/2⌋ − 1], Dec(n,l)
d ∩ Herm[DS(n)

d ] ⊆ Dec(n,l+1)
d ∩ Herm[DS(n)

d ].

To make the notation less clunkier, we define the increasing series of sets,

SOS(n,l)
d := {T | pT (x) ∈ cone{xαψ | |α| ∈ {n, n− 2, n− 4 . . . n− 2l}, ψ ∈ Σ(n−|α|)

d }}.

Recall that an n-th order symmetric tensor is called a sum-of-squares (represented as
SOS(n)

d = SOS(n,⌊n/2⌋)
d by Theorem 2.11) tensor if its associated polynomial is a sum of

squares polynomial in "x2",
pT (x⊙ x) ∈ Σ(2n)

d .
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Corollary 4.15. For any O ∈ Herm[DS(n)
d ], we have

W [O] ∈ SOS(n)
d ⇐⇒ O ∈ Dec(n,⌊n/2⌋)

d =
⌊n/2⌋∑
l=0

Dec(n,l)
d .

Let us summarise what we have shown in the previous result. For a diagonally symmet-
ric (DS) operator O, the ⌊n/2⌋- decomposability property is equivalent to the symmetric
tensor W [O] being SOS. Surprisingly, we also find that ⌊n/2⌋- decomposability implies
decomposability of the DS operator for all l ≤ ⌊n/2⌋. Recall that for X,Y ∈ DS(n)

d , we
have,

⟨X,Y ⟩ = ⟨Q[X],W [Y ]⟩ .

We use this fact to characterize the property of PPT in the diagonally symmetric sub-
space, culminating with Theorem 4.20, in which we show that the PPT condition with
respect to the most balanced bipartion implies the PPT conditions with respect to all
other bipartitions. To accomplish this, we characterise the dual of SOS tensors.

Moment Tensors. Let f : H[x]nd → R. For all α ∈ Nd such that |α| = n− 2j, we define the
following matrices, with the columns and rows labelled by β, β′ such that |β| = |β′| = j.

(M(α,j)[f ])β,β′ := f(xα+β+β′).

This defines a finite family of moment matrices labeled by the monomial vector α and j.
Define the linear functional over the homogeneous polynomials.

LT : H[x]nd → R, LT (xµ) := Ti(µ) (|µ| = n),

and extend it by linearity. Then LT (pQ) = ⟨T,Q⟩ for every symmetric tensor Q, and the
moment-matrix entries are(

M(α,j)[LT ]
)

β,β′ := LT

(
xα+β+β′)

, |α| = n− 2j, |β| = |β′| = j.

We can show the following result.

Theorem 4.16. The following statements are equivalent and characterise the SOS ten-
sors.

(1) T ∈ (SOS(n,k)
d )◦

(2) ∀j = 0, . . . , k, |α| = n− 2j, M(α,j)[LT ] ⪰ 0.

Proof. We denote by ∆(n)
d := {p ∈ H[x]nd | p(x ⊙ x) ∈ Σ(2n)

d }. By Theorem 2.11, we have
the general characterization of polynomials p(x) such that p(x⊙x) is SOS. Note that such
polynomials belong to the following convex cone.

p(x) ∈ cone{xαφ2(x)| |α| + 2 deg(φ) = n}.

Therefore T ∈ (SOS(n,k)
d )◦ ⇐⇒ LT ∈ (∆(n)

d )◦ ⇐⇒ ∀|α| + 2 deg(φ) = n we have
LT (xαφ2(x)) ≥ 0. Let φ(x) = ∑

|β|= deg(φ)
2

cβx
β. Then, by plugging this into the functional,

LT (
∑
ββ′

cβcβ′xα+β+β′) =
∑
ββ′

cβcβ′Mα,j [LT ]β,β′ ≥ 0.

Since this is true for all cβ ∈ R|β|, Mα,j [LT ] ⪰ 0.
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In the remainder of this section, we want to interpret this family of moment matrices
in the language of tensors rather than linear functionals. We do this by showing that the
conditions in Theorem 4.16 can be exactly obtained by the combination of the following
two operations on tensors.

• Tensor flattenings: Let T ∈ ∨2nRd be a symmetric tensor of even order 2n and
dimension d. Then, such a tensor can be associated to a matrix of size dn × dn by
dividing the indices equally to arrange it as a matrix,

Mαβ := Tα1α2...αnβ1β2...βn .

This is called a tensor flattening (represented diagrammatically in Fig. 4). Note that
we consider only the flattenings that are balanced, i.e, we consider an equal number
of indices to create a matrix.

Figure 4: The figure represents a balanced flattening of a tensor T ∈ ∨4Rd.

• Tensor slices: Let T ∈ ∨nRd be a symmetric tensor of even order n and dimension
d. For a subset of indices I ⊂ [n], we define the tensor S ∈ ∨(n−|I|)Rd by fixing the
indices of the tensor T belonging to I, i.e ∀k ∈ I, ik = ak ∈ N:

Sj1...jn−|I| := Ta1...a|I|j1...jn−|I| .

Figure 5: The figure represents a slice of a tensor T ∈ ∨4Rd. by fixing two indices to be i, j.

This is represented diagrammatically in Fig. 5.

In what follows, we shall consider all the even-order slices of a given tensor. For tensors
of even order 2n, we have even slices of order 2n, 2n− 2, 2n− 4, . . . , 2, 0, and for tensors of
odd order 2n−1, we have even slices of order 2n−2, 2n−4, . . . , 2, 0. We consider the family
of flattenings of all the even slices of the tensor, and we call this family of square matrices,
the slice flattenings associated with a tensor T , denoted SF[T ]. We also use SF(k)[T ] to
denote the flattenings of even slices of size ≤ 2k (even order tensors) and ≤ 2k + 1 (odd
order tensors).
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Proposition 4.17. Let Q be a completely positive tensor.

(1) Any slice of the tensor is completely positive tensor.

(2) Any balanced flattening of the tensor is a completely positive matrix.

(3) All the slice flattenings are completely positive matrices.

Proof. Let Q have the completely positive decomposition, Q = ∑N
q=1 v

⊗n
q .

(1) Let S be the slice of the tensor over the indices I, by fixing indices ∀k ∈ I, ik = ak.
Then, we have

S =
N∑

q=1

∏
k∈I

(vq)ak
v⊗n−|I|

q ∈ CP(n−|I|)
d

as ∏k∈I(vq)ak
≥ 0.

(2) For n odd there is no balanced flattening. Hence, we assume n = 2m is even. Then,
we have that the balanced flattening of the tensor

F =
N∑

q=1

∣∣∣v⊗m
q

〉〈
v⊗m

q

∣∣∣ .
(3) The proof follows from combining the result in Item (1) and Item (2).

We define the following convex cones of moment tensors:

Mom(n,k)
d := {T ∈ ∨nRd | ∀X ∈ SF(k)[T ], X ⪰ 0},

and for k = ⌊n/2⌋ we denote the set of all slice flattenings positive semidefinite by

Mom(n)
d := Mom(n,⌊n/2⌋)

d . (24)
By Theorem 4.17, this is outer relaxation of completely positive tensors. Moreover, we

have the following equivalence that establishes that moment tensors are dual cones to SOS
tensors.

Theorem 4.18. We have the following conic-duality:

∀k ∈ [⌊n/2⌋], (Mom(n,k)
d )◦ = SOS(n,k)

d .

Proof. Recall that we have the following equivalence

T ∈ (SOS(n,k)
d )◦ ⇐⇒ ∀ j = 0, . . . , k |α| = n− 2j, M(α,j)[LT ] ⪰ 0.

We now explain how the moment matrices M(α,j)[LT ] are obtained from slice–flattenings
of T . Recall the entries of this matrix(

M(α,j)[LT ]
)

β,β′ = LT

(
xα+β+β′)

, |α| = n− 2j, |β| = |β′| = j.

Fix α ∈ N(n−2j)
d . Consider the even slice S(α) ∈ ∨2jRd of T obtained by fixing the first

n− 2j indices to the canonical multi-index i(α):

S
(α)
u∪v := Ti(α)∪u∪v, u, v ∈ [d]j .
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Its balanced flattening is the dj × dj matrix

F (α)
u,v := S

(α)
u∪v = Ti(α)∪u∪v.

Because T is symmetric, the entries F (α)
u,v only depend on the occupation vectors β := γ(u)

and β′ := γ(v). Consequently, F (α) has repeated rows/columns whenever two multi-indices
have the same occupation pattern.

Let D be the {0, 1}-matrix that duplicates rows/columns according to occupation
vectors (one column per β ∈ N(j)

d , one row per u ∈ [d]j , with Du,β = 1 iff γ(u) = β). Then
one checks that

F (α) = DM(α,j)[LT ]D⊤,

so M(α,j)[LT ] is exactly the effective flattening obtained from F (α) by deleting repeated
rows and columns. In particular, positive semidefiniteness is preserved (and reflected)
by this deletion/duplication: since D has full column rank, we have F (α) ⪰ 0 ⇐⇒
M(α,j)[LT ] ⪰ 0.

Remark 4.19. The size of the tensor flattenings of the general tensor of 2n legs is dn ×dn.
But due to symmetry in the tensor, this leads to repeated multiple rows and columns in
the matrix, leading to the size of the largest effective flattening (after deletion of the
repeated rows and columns) being

(n+d−1
d−1

)
×
(n+d−1

d−1
)
. For d = 2, we get the largest

effective flattening of size (n+ 1) × (n+ 1).

We end this section by showing the exact PPT conditions for the quantum states in the
diagonally symmetric subspace. We present these conditions in terms of the slice flattening
of the tensor Q[X]. Note that the same conditions for PPT have been obtained in [35],
in which they also pose the conjecture whether in the diagonally symmetric subspace,
the PPT just across the largest bipartition of the n-partite state implies PPT across all
bipartitions (and also positivity of the state). The next result discusses the PPT conditions
and the positive resolution of this conjecture.

Theorem 4.20. Let X ∈ Herm[DS(n)
d ]. Then, we have the following equivalence:

X ∈ PPT(n,k)
d ⇐⇒ Q[X] ∈ Mom(n,k)

d .

In particular, we have for the PPT sets:

∀l ∈ [⌊n/2⌋ − 1], PPT(n,l+1)
d ∩ Herm[DS(n)

d ] ⊆ PPT(n,l)
d ∩ Herm[DS(n)

d ].

Proof. Firstly, note the following equality between the sets.

Dec(n,k)
d ∩ Herm[DS(n)

d ] = {TDU (O) | O ∈ Dec(n,k)
d }.

PPT(n,k)
d ∩ Herm[DS(n)

d ] = {TDU (X) | X ∈ PPT(n,k)
d }.

Moreover, we have for all W ∈ Herm[∨nCd] and X ∈ Herm[DS(n)
d ], the following trace

relation.
Tr(XO) = Tr(TDU (X)O) = Tr(XTDU (O)).
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Then, we have the following equivalences for X ∈ Herm[DS(n)
d ]:

X ∈ PPT(n,k)
d ⇐⇒ ∀O ∈ Dec(n,k)

d , Tr(XO) ≥ 0

⇐⇒ ∀O ∈ Dec(n,k)
d , Tr

(
X TDU (O)

)
≥ 0

⇐⇒ ∀O ∈ Dec(n,k)
d ∩ Herm

[
DS(n)

d

]
, Tr(XO) ≥ 0

⇐⇒ ∀O ∈ Dec(n,k)
d ∩ Herm

[
DS(n)

d

]
, ⟨Q[X],W [O]⟩ ≥ 0

⇐⇒ ∀W [O] ∈ SOS(n,k)
d , ⟨Q[X],W [O]⟩ ≥ 0

⇐⇒ Q[X] ∈ Mom(n,k)
d .

The following direct corollary of the theorem above settles in the affirmative the Con-
jecture III.1 in [35].

Corollary 4.21. Let X ∈ Herm[DS(n)
d ] be a mixture of Dicke states on n particles with

local dimension d. If X is PPT with respect to the most balanced bipartition n = ⌊n/2⌋ +
⌈n/2⌉, then X is PPT with respect to all other bipartitions:

∀l ∈ [⌊n/2⌋], PPT(n,⌊n/2⌋)
d ∩ Herm[DS(n)

d ] ⊆ PPT(n,l)
d ∩ Herm[DS(n)

d ].

In other words, in the case of mixture of Dicke states, the PPT criterion with respect to
the most balanced bipartion is stronger than the PPT criterion with respect to all other
bipartitions.

The previous theorem implies that if we desire PPT of a partition of size k, this means
that flattenings of all even slices of size ≥ n− 2k are positive-semidefinite. For k = 0, the
PPT condition reduces to the positivity of the matrix X ∈ DS(n)

d , which is equivalent to
the entrywise positivity of the tensor Q[X]. We present the PPT conditions for the case of
n = 2 and n = 3 in the following tables.

Property Condition on Q[·]

X ∈ PPT(2,0)
d ∀i, j ∈ [d], Q[X]ij ≥ 0

X ∈ PPT(2,1)
d ∀i, j ∈ [d], Q[X]ij ≥ 0 and {Q[X]ij}d

i,j=1 ⪰ 0

X ∈ Sep(2)
d Q[X] ∈ CP(2)

d

Table 4: PPT and separability conditions for n = 2.

Property Condition on Q[·]

X ∈ PPT(3,0) ∀i, j, k ∈ [d], Q[X]ijk ≥ 0

X ∈ PPT(3,1)
d ∀i, j, k ∈ [d], Q[X]ijk ≥ 0 and ∀k, {Q[X]ijk}d

i,j=1 ⪰ 0

X ∈ Sep(3)
d Q[X] ∈ CP(3)

d

Table 5: PPT and separability conditions for n = 3.
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We summarize the main connections between the entanglement properties in the diag-
onally symmetric subspace and the corresponding tensor properties in Fig. 6.

CP(n)
d Mom(n)

d NN(n)
d SOS(n)

d Cop(n)
d

Sep(n)
d PPT(n)

d PSD(n)
d Dec(n)

d EW(n)
d

⊆

⊆

⊆

⊆

⊆

⊆

⊆

⊆

Theorem 4.10 [Q] Theorem 4.20 [Q] Theorem 3.8 [Q/W] Theorem 4.15 [W] Theorem 4.11 [W]

Figure 6: The different notions of positivity for Hermitian matrices in the DS subspace (bottom row)
and the corresponding class of real symmetric tensors (top row). References for the proof of the
correspondence are given, along with the parametrization (Q and/or W ) realizing the correspondance.

4.4 Existence of PPT entangled states
In the last section, we established a complete dictionary of entanglement properties in
the diagonally symmetric subspace. We now proceed to do a systematic study of PPT
entanglement by using the correspondences. Recall that a mixture of Dicke states, X ∈
DS(n)

d , is PPT for bipartitions if and only if Q[X] ∈ Mom(n)
d . On the dual side, we have that

a witness O ∈ DS(n)
d is decomposable if and only if W [O] ∈ SOS(n)

d . The PPT entangled
states correspond exactly to the moment tensors, Mom(n)

d that are not in CP(n)
d , and on

the dual side, the witnesses correspond to Cop(n)
d which are not SOS(n)

d .
In the remainder of this section, we analyze the three different regimes: multipartite

qubit systems, bipartite systems, and the rest. The first two have already been scrutinized
in [33, 34, 76].

Qubit systems. We begin by recalling the following standard fact [38] about homogeneous
polynomials of 2 variables (see also Table 3): non-negative homogeneous polynomials in two
variables of even degree are sums-of-squares; equivalently, every non-negative polynomial
in one real variable is a sum of (two) squares. This directly implies the following result in
[33, Theorem 2].

Theorem 4.22 ([33]). Let X ∈ DS(n)
2 . Then, X is separable if and only if it is PPT across

all bipartitions.

Proof. By Hilbert’s result [38] it follows that Cop(n)
2 = SOS(n)

2 . Therefore, on the dual side
it follows that CP(n)

2 = Mom(n)
2 showing the result.

We also explicitly show the conditions for PPT and hence, the necessary and suffi-
cient conditions for separability in the Section B. Moreover, note that the PPT across all
bipartitions is implied by just the PPT of the most balanced bipartition.
Bipartite qudit systems. For the bipartite mixtures of Dicke states, this problem reduces
to the matrix case. Recall the results about homogeneous polynomials of degree 4 [38],
as presented in Table 6. The table implies that for d = 3, SOS(2)

3 = Cop(2)
3 and similarly,

on the dual side, CP(2)
3 = Mom(2)

3 . Surprisingly, this equivalence also holds for d = 4, as
stated in the next theorem.
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d 2n = 4
2 Yes
3 Yes

≥ 4 No

Table 6: Can any homogeneous polynomial of degree 2n in d variables be represented as a sum of
squares?

Theorem 4.23 ([47, 34, 33]). For d ≤ 4, CP(2)
d = Mom(2)

d . Therefore, for d ≤ 4, a bipartite
mixture of Dicke states is separable if and only if it is PPT.

Recall that Mom(2)
d = NNd ∩ PSDd := DNNd. For the d = 5, the following matrix is an

element of doubly non-negative (DNNd) but not CPd as shown in [74].

A =


2 cos π

5 1 0 0 1
1 2 cos π

5 1 0 0
0 1 2 cos π

5 1 0
0 0 1 2 cos π

5 1
1 0 0 1 2 cos π

5

 .

Remark 4.24. The polynomial f(x, y, z, w) = x2y2+y2z2+z2x2+w4−4xyzw is a positive
polynomial which is not SOS, in line with Table 6. But the previous theorem implies that
there doesn’t exist any "square root" of this polynomial, i.e f(x, y, z, w) ̸= p(x2, y2, z2, w2)
for any polynomial p.

Three qutrits. It was conjectured in [35] that for local dimensions d = 3, 4, there is no PPT
entanglement in the class of mixtures of Dicke states for any number of systems, analogous
to the bipartite case. We will show that this conjecture is false by constructing explicit
examples of PPT entangled states in three qutrits. This also implies (Theorem 4.29) that
there exist PPT entangled states in all the remaining cases, d ≥ 3 and n ≥ 3.

Let us first focus on the construction of witnesses for PPT entanglement, i.e, finding
explicit copositive tensors that are not SOS. This is also equivalent to finding homoge-
neous polynomials p such that p(x⊙ x) is globally non-negative but not a sum of squares.
Surprisingly, a lot of these examples already exist in the literature. Let us present a few
of them.

Motzkin Polynomial [39]

pmot(x, y, z) = x2y + y2x+ z3 − 3xyz

Robinson Polynomial [40]

prob(x, y, z) = x6 + y6 + z6 + 3x2y2z2 −
(
x2y4 + x4y2 + x2z4 + x4z2 + y2z4 + y4z2)

The exact conditions for positivity and sum of squares for symmetric polynomials
(symmetric under the exchange of any variables) have been considered in [79], which is a
rich source of examples of positive polynomials that are not SOS. The exact conditions for
positivity of such polynomials, along with the SOS conditions, are outlined in [79].
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Example 4.25 ([79, Theorems 3.7 and 4.25]). Consider Mr = ∑d
i=1 x

r
i and the following

polynomial.
pa,b,c(x) = aM3 + bM1M2 + cM3

1 .

This polynomial is a homogeneous polynomial of degree 3 in d variables. Define the
polynomial p∗

a,b,c(t) = a+ bt+ ct2. Then, we have the following equivalences:

• ∀x ≥ 0, pa,b,c(x) ≥ 0 ⇐⇒ ∀k ∈ [d], p∗
a,b,c(k) ≥ 0.

• pa,b,c(x⊙ x) ∈ Σ(6)
d ⇐⇒ ∀t ∈ {1} ∪ [2, d], p∗

a,b,c(t) ≥ 0.

In particular, Robinson’s polynomial R is given by a = 3, b = −5/2, c = 1/2. The
corresponding R∗ polynomial can be factorized as, R∗(t) = 1

2(6−5t+ t2) = 1
2(2− t)(3− t).

This implies that:
R∗(t) < 0 ⇐⇒ 2 < t < 3

that violates the SOS condition. Surprisingly, in these constructions, the positivity and
SOS conditions are independent of the number of variables d. Therefore, for the same
parameter values, this provides examples of tensors in Cop(3)

d that are not in SOS(3)
d for

all d.

Let us discuss the case of Motzkin’s polynomial in detail, which, in fact, was the first
explicit positive polynomial that wasn’t a sum of squares. Firstly, it is easy to check that
this polynomial is positive for all x ≥ 0 by the AM-GM inequality.

pmot(x, y, z) = x2y + y2x+ z3 − 3xyz = 3(x
2y + y2x+ z3

3 − xyz) ≥ 0.

We now show that the Motzkin polynomial is not SOS. This proof strategy is well-
known in the literature.

Theorem 4.26. The Motzkin polynomial "entrywise squared" is not a sum of squares.

pmot(x⊙ x) /∈ Σ(2n)
d .

Proof. We recall that the Newton polytope of a general polynomial expanded in the poly-
nomial basis is given by

N (p) = conv{α ∈ Nd | p(x) =
∑

α∈Nd

λαx
α, λα ̸= 0}

Then, we have the following property, N (pq) = N (p) + N (q) and hence N (p2) = 2N (p).
Moreover, we have N (p + q) = conv{N (p) ∪ N (q)}. Now, for any polynomial that is a
sum of squares, i.e, pmot(x⊙ x) = ∑

k f
2
k (x), we have,

N (pmot(x⊙ x)) = 2 conv{
⋃
k

N (fk)}

Let us assume to the contrary that the Motzkin polynomial is a sum of squares. The
Newton polytope of the Motzkin polynomial is given by

N (pmot(x⊙ x)) = conv{(4, 2, 0), (2, 4, 0), (0, 0, 6), (2, 2, 2)}

and thus

1/2 · N (pmot(x⊙ x)) = conv{(2, 1, 0), (1, 2, 0), (0, 0, 3), (1, 1, 1)}.
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Note that N (fk) ⊆ 1/2 · N (pmot(x⊙ x)). Therefore, we can assume that fk = (akx1x
2
2 +

bkx
2
1x2 + ckx1x2x3 + dkx

3
3) and hence the coefficient of x2

1x
2
2x

2
3 is ∑k c

2
k ≥ 0, which is a

contradiction with the value −3 in pmot(x⊙x). Therefore, the Motzkin polynomial cannot
be a sum of squares.

The proof of the previous theorem actually works for all polynomials of the form,

p(x1, x2, x3) = x4
1x

2
2 + x4

2x
2
1 + x6

3 − αx2
1x

2
2x

2
3

which is a positive, not SOS polynomial for α ∈ (0, 3]. For a historical perspective on the
problem of positive polynomials and sum of squares, we recommend the book [80, Chapter
2].

Therefore, since we showed that there exist copositive tensors in ∨3R3 that are not SOS
tensors, by duality, there are PPT entangled diagonally symmetric states for 3 qutrits. For
any polynomial p, we can define the inequality on completely positive tensors by using the
tensor-polynomial correspondence. The strategy is as follows: Select a polynomial f(x)
such that ∀x ≥ 0, f(x) ≥ 0. Then, we use the correspondence to construct a copositive
tensor T such that pT = f. Then, for all Q ∈ CP(n)

d we have,

⟨Q,T ⟩ ≥ 0.

Moreover, if f(x⊙ x) is not a sum of squares, the tensor T /∈ SOS(n)
d acts as an indecom-

posable witness. Let us now present an explicit example of a PPT entangled state in 3
qutrits.

Example 4.27. Let Q ∈ ∨3R3 have entries

Qijk =


p, if i = j = k,

r, if i, j, k are all distinct,

q, otherwise.

For each i, define the slice matrix S(i) ∈ R3×3 by

S
(i)
jk := Qijk.

All slices are proportional to

S(i) ∼


p q q

q q r

q r q

 .
The PPT conditions (see Section 4.3) imply that for all i ∈ {1, 2, 3} we must have S(i) ⪰ 0.
This matrix is PSD if and only if

p ≥ q ≥ r ≥ 0, p(q + r) ≥ 2q2.

Using Robinson’s polynomial defined previously, we obtain the inequality

∀Q ∈ CP(3)
d Q111 +Q222 +Q333 + 3Q123 −Q112 −Q122 −Q113 −Q133 −Q223 −Q233 ≥ 0.

Under the present parametrization, this becomes

3p+ 3r − 6q ≥ 0.
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Hence, we obtain the optimization problem.

η⋆ = minimize 3p+ 3r − 6q

subject to p ≥ q ≥ r ≥ 0,
p(q + r) ≥ 2q2,

3p+ 18q + 6r = 1.

The last constraint comes from the normalization of the state. A numerical computa-
tion yields an optimal value η⋆ ≈ −0.02 < 0. In particular, there exists a feasible triple
(p, q, r) with 3p + 3r − 6q < 0, showing that the tensor is not CP even though all slices
are PSD. This tensor corresponds to a PPT entangled 3 qutrit mixture of Dicke states.

Remark 4.28. Note that the PPT entangled state that we construct has no bipartite
reduction that is entangled. This is because the marginals of diagonally symmetric bosonic
states are in the same class (ref. Theorem 3.13), and in 3∨3 systems, the states in the DS
subspace have no PPT entanglement (ref. Theorem 4.23). In terms of the permutation
symmetric mixtures of Dicke states from Section 3.1, the tensor Q in the example above
corresponds to the matrix

3αρ(3,0,...,0) + 6βρ(2,1,0...,0) + γρ(1,1,1,0...,0).

The values discussed in the example above allow us to construct a matrix with Sd symmetry
which is PPT entangled in the case of 3 qutrits (n = d = 3).

This is because the witness we consider based on the Robinson’s polynomials is sym-
metric under variable permutation; such polynomials correspond dually to the sub-family
of mixtures of Dicke states that have local basis permutation symmetry (Section 3.1).

We conclude the section by showing that such positive non-SOS polynomials can be
constructed for all d > 3 and n > 3. This conclusively settles the question of the existence
of PPT entangled states in the diagonally symmetric subspace.

Theorem 4.29 (PPT entanglement in d ≥ 3, n ≥ 3). There exist entangled states that
are PPT across all bipartitions for all d ≥ 3, n ≥ 3 in the DS subspace.

Proof. We will exhibit homogeneous polynomials p ∈ H[x]nd in d variables and degree n
such that p(x⊙x) ≥ 0 but p(x⊙x) is not a sum of squares. Note that for d = 3, n = 3, the
Motzkin/Robinson polynomials are of this type. Moreover, Theorem 4.25 includes such
polynomials for all d ≥ 3, n = 3. We show that for each d, examples for each n can be
obtained by induction.

Let p be a homogeneous polynomial of degree k such that p(x ⊙ x) is not a sum of
squares. Then, p̃ = x1 · p is a homogeneous polynomial of degree k+ 1. It is easy to verify
that the polynomial p̃(x⊙ x) is positive as p̃(x⊙ x) = x2

1p(x⊙ x) ≥ 0. Assume that it has
an SOS decomposition,

p̃(x⊙ x) =
∑

i

h2
i (x).

Moreover, if x1 = 0, it implies that p̃(x ⊙ x) = 0 and hence hi(x) = 0. This implies that
hi = x1zi for some homogenous polynomials zi ∈ H[x]kd. Therefore, x2

1p(x⊙x) = p̃(x⊙x) =∑
i h

2
i (x) = x2

1z
2
i . This implies p(x ⊙ x) is a sum of squares. Therefore, by contradiction,

p̃(x ⊙ x) is not a SOS polynomial. By starting this induction from the case n = 3, we
prove the theorem.
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Let us summarise our results in the table 7.

n = 2 n = 3 n ≥ 4
d = 2 No No No
d = 3 No Yes Yes
d = 4 No Yes Yes
d ≥ 5 Yes Yes Yes

[34, 33]

This article

[35, 36]

Table 7: Is there PPT entanglement in mixtures of Dicke states of n parties and local dimension d?

4.5 Marginals of entangled Dicke states are NPT
In [43], it was shown that for any marginal of a pure Dicke state |Dα⟩, such that supp(α) >
1, is NPT (Negative Partial Transpose) across all bipartitions. If supp(α) = 1, then the
state |Dα⟩ is separable. We recover the results slightly differently; we show that all the
2-body marginals are entangled as they have negative partial transpose. Our proof is
relatively straightforward, thanks to the characterization of marginals of Dicke mixtures
from Theorem 3.13.

Proposition 4.30. Consider an entangled Dicke state |Dα⟩ with α ∈ N(n)
d such that

supp(α) > 1. Then, all the 2-body marginals of |Dα⟩ have negative partial transpose
(i.e. they are NPT).

Proof. Consider l ̸= m ∈ supp(α), and let Q be the Q parametrization of the marginal of
the Dicke state corresponding to indices l,m ∈ [d]. By Theorem 3.14 we have

Qlm =
( n−2

α−γ(lm)
)(n

α

) 1γ(lm)≤α,

where γ(lm) is the vector having 1’s in positions l and m and 0’s elsewhere. We now claim
that QllQmm < Q2

lm. To see this, we expand the two expressions:

QllQmm =
( n−2

α−γ(ll)
)(n

α

) 1{γ(ll)≤α}

( n−2
α−γ(mm)

)(n
α

) 1{γ(mm)≤α}

= 1(n
α

)2 (n− 2)!2∏
i̸=l,m

(αi!)2 (αl − 2)!αl! (αm − 2)!αm!
1{γ(ll), γ(mm)≤α}

<
1(n

α

)2 (n− 2)!2∏
i̸=l,m

(αi!)2 (αl − 1)!2 (αm − 1)!2
1{γ(lm)≤α} = Q2

lm.

where the strict inequality follows from noting that 1{γ(lm)≤α} = 1 and

(αl − 2)!αl! (αm − 2)!αm! > (αl − 1)!2(αm − 1)!2.

This shows that the matrix Q is not PSD, and hence the 2-body marginal state X is
NPT.

Corollary 4.31 ([43]). Let α ∈ N(n)
d such that supp(α) > 1. Then, all the marginals of

the entangled pure Dicke state |Dα⟩ are NPT across all bipartitions.
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Proof. Let X = Tr[r](|Dα⟩⟨Dα|) for 1 ≤ r < n. Then, we claim that XΓ[k] ⪰̸ 0 for all
1 ≤ k < r. This can be shown by noting that

Tr[r]\{1,k+1}(XΓ[k]) =
(

Tr[r]\{1,k+1}(X)
)Γ =

(
Tr[n]\{1,k+1}(|Dα⟩⟨Dα|)

)Γ
.

By Theorem 4.30,
(

Tr[n]\{1,k+1}(|Dα⟩⟨Dα|)
)Γ ⪰̸ 0 implying XΓ[k] ⪰̸ 0.

5 Bosonic extendibility
In the final section of this article, we shift our focus to another important entanglement-
theoretic property of quantum states known as extendibility [81, 82, 83]. This property is
concerned with the existence of an extension, i.e, a state supported on a larger number
of systems, such that some chosen reductions of such a state are equal to the original
quantum state. There exist various notions of the extendibility of quantum states, see
[81, 84, 85, 86, 36]. In this article, we study the one that is well-suited to bosonic states,
which we call the hypergraph extendibility, generalizing the complete graph extendibility
from [85]. Let us begin by defining this notion.

Definition 5.1. Let r, n ∈ N be non-negative integers. A matrix X̃ ∈ Herm[∨n+rCd] is
called a (n, r)-hypergraph bosonic extension of a matrix X ∈ Herm[∨nCd] if both of the
following conditions hold:

(1) X̃ ⪰ 0

(2) ∀
(
A ⊆ [n+ r], |A| = r

)
TrA(X̃) = X.

We call such an extension a (n, r)-hypergraph PPT bosonic extension if the extension X̃
is also PPT across all bipartitions. Note that, thanks to the symmetry property, one could
have replace the “∀” in the second point above by an “∃”.

If X,Y have a (n, r)-hypergraph (PPT) bosonic extension X̃, Ỹ (resp.), then X̃ + Ỹ
is the (n, r)-hypergraph (PPT) bosonic extension of X + Y . Similarly, X̃ is a (n, r)-
hypergraph (PPT) bosonic extension of X , then, λX̃ is the (n, r)-hypergraph (PPT)
bosonic extension of λX. We denote these cones of (n, r)-hypergraph bosonic extendable
states as BExt(n,r)

d and (n, r)-hypergraph PPT bosonic extendable states as PPTBExt(n,r)
d ,

where r ≥ 0:

BExt(n,r)
d := {X ∈ Herm[∨nCd] | ∃X̃ ∈ PSD(n+r)

d s.t. Tr[r] X̃ = X} (25)

PPTBExt(n,r)
d := {X ∈ Herm[∨nCd] | ∃X̃ ∈ PPT(n+r)

d s.t. Tr[r] X̃ = X}. (26)

Remark 5.2. Note that for r = 0, BExt(n,0)
d reduces to the set of all n-partite bosonic

states, while PPTBExt(n,0)
d reduces to the set of n-partite bosonic states with all biparti-

tions PPT:

BExt(n,0)
d = PSD(n)

d

PPTBExt(n,0)
d = PPT(n)

d .

Recall that any separable state in the bosonic subspace, X ∈ Herm[∨nCd] is of the
form

X =
K∑

k=1
|vk⟩⟨vk|⊗n for |vk⟩ ∈ Cd.

Accepted in Quantum 2026-06-23, click title to verify. Published under CC-BY 4.0. 49



Consider, for any r ≥ 0, the following operator X̃ ∈ Herm[M⊗(n+r)
d ]:

X̃ :=
K∑

k=1

1
||vk||2r

|vk⟩⟨vk|⊗(n+r) .

It is easy to verify that X̃ is an (n, r)-hypergraph bosonic extension of X. Moreover,
this extension is also PPT across all bipartitions. Hence, we have the following inclusions,
showing that the newly introduced sets form a decreasing hierarchy of outer approximations
of the separable set:

Sep(n)
d ⊆ · · · ⊆ BExt(n,r)

d ⊆ · · · ⊆ BExt(n,1)
d ⊆ BExt(n,0)

d = PSD(n)
d

= · · · ⊆ · · · ⊆ ⊆ ⊆

Sep(n)
d ⊆ · · · ⊆ PPTBExt(n,r)

d ⊆ · · · ⊆ PPTBExt(n,1)
d ⊆ PPTBExt(n,0)

d = PPT(n)
d

We now provide a formal characterization of the dual sets, i.e, the set of extendibility
witnesses. Such a characterization has already been obtained in [36, Theorem 8.9] and [87,
Theorem 4.1] for the bipartite case n = 2. The essential argument can be easily extended
to the case of n > 2; we provide the proof for the sake of completeness.

Theorem 5.3 (PPT Extendibility Witness). The following statements are equivalent,

(1) X ∈ (PPTBExt(n,r)
d )◦ =: (DecExtW(n,r)

d )

(2) Π(n+r)
d (X ⊗ I⊗r

d )Π(n+r)
d ∈

∑⌊(n+r)/2⌋
k=0 Dec(n+r,k)

d , i.e. there exist PSD matrices Wk ∈
Herm[M⊗(n+r)

d ] for k = 0, . . . , ⌊(n+ r)/2⌋ such that

Π(n+r)
d

(
X ⊗ I⊗r

d

)
Π(n+r)

d = Π(n+r)
d

(
W0 +

⌊(n+r)/2⌋∑
k=1

W
Γ[k]
k

)
Π(n+r)

d .

Proof. For the implication (1) =⇒ (2), consider an arbitrary X ∈ (PPTBExt(n,r)
d )◦. By

definition, we have Tr(XW ) ≥ 0 for all W ∈ PPTBExt(n,r)
d . This also implies that for all

W̃ ∈
⋂⌊(n+r)/2⌋

k=0 PPT(n+r,k)
d , we have

Tr((X ⊗ I⊗r
d )W̃ ) = Tr(X Tr[r](W̃ )) ≥ 0.

Therefore, Π(n+r)
d (X ⊗ I⊗r

d )Π(n+r)
d ∈

∑⌊(n+r)/2⌋
k=0 Dec(n+r,k)

d = Dec(n+r)
d , see Theorem 4.9.

This shows the first claim.
For the reverse direction, we will show that Tr(XW ) ≥ 0 for all W ∈ PPTBExt(n,r)

d . If
W ∈ PPTBExt(n,r)

d , then there exists a W̃ ∈
⋂⌊(n+r)/2⌋

k=0 PPT(n+r,k)
d such that Tr[r](W̃ ) = W.

Then, we can show that

Tr(XW ) = Tr((X ⊗ I⊗r
d )W̃ ) ≥ 0.

If we restrict to k = 0 in the theorem above, we eliminate the non-trivial PPT conditions
to obtain the following result.

Corollary 5.4. Let X ∈ Herm[M⊗n
d ] be a self-adjoint matrix such that

Π(n)
d XΠ(n)

d = X.

Then, X ∈
(
BExt(n,r)

d

)◦ := (ExtW(n,r)
d ) if and only if

Π(n+r)
d

(
X ⊗ I⊗r

d

)
Π(n+r)

d ⪰ 0.
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5.1 Moment hierarchy for CP Tensors
In general, checking for the copositivity of a matrix is computationally co-NP-hard [52],
while on the dual side, checking for complete positivity of a matrix is NP-hard [88]. Despite
this, there is a systematic way to approximate these sets through inner and outer approx-
imations. We will briefly review the two widely used inner approximations for the set of
copositive matrices: the SOS hierarchy and the non-negative hierarchy. The membership
at any level of the hierarchy can be decided using a semi-definite/linear program. On the
dual side, the duals of these hierarchies outer approximate the completely positive matri-
ces. We also discuss the natural extension of these hierarchies to tensors, and in the next
section, provide a surprising connection to the extendibility properties in the diagonally
symmetric (DS) subspace. Recall the following tensor duality from Theorem 4.18,

(Mom(n)
d )◦ = SOS(n)

d .

Then, we define the following convex cones:

MomExt(n,r)
d := {tr[r](X) | X ∈ Mom(n+r)

d }. (27)

For a particular r ≥ 0, this is the convex cone of tensors in ∨nRd that have a moment
tensor extension in the larger space ∨(n+r)Rd. Note that any completely positive tensor
Q = ∑

k v
⊗n
k with vk ∈ Rd

+ has a moment tensor extension for all r, given by

Q̃ =
∑

k

1
|vk|r

v
⊗(n+r)
k .

Therefore, we have the following infinite hierarchy of sets that approximate completely
positive matrices from the outside:

CP(n)
d ⊆ · · · ⊆ MomExt(n,r)

d ⊆ · · · ⊆ MomExt(n,1)
d ⊆ MomExt(n,0)

d = Mom(n)
d .

Unsurprisingly, this is dual to the sum of squares hierarchy, which approximates copos-
itive matrices from the inside. This is the content of our next theorem.

Theorem 5.5 (Dual of SOS hierarchy). We have the following dual coneity:

∀n, r, d ∈ N,
(
MomExt(n,r)

d

)◦ = RSOS(n,r)
d .

Proof. Let us first note that RSOS(n,r)
d = {Q ∈ ∨nRd | Π(n+r,R)

d [Q ⊗ |e⟩⊗n] ∈ SOS(n+r)
d }.

Note also that the trace operation is dual to the tensoring operation with the normalized
all-ones tensor:

⟨tr[r](T ), Q⟩ = ⟨T,Q⊗ |e⟩⊗r⟩ .
Also if the tensor T is symmetric, we have

⟨T,Q⊗ |e⟩⊗r⟩ = ⟨Πn+r,R
d [T ], Q⊗ |e⟩⊗r⟩ = ⟨T,Πn+r,R

d [Q⊗ |e⟩⊗r]⟩ .

Finally, we have the following equivalences:

X ∈
(
MomExt(n,r)

d

)◦ ⇐⇒ ∀Y ∈ MomExt(n,r)
d , ⟨X,Y ⟩ ≥ 0

⇐⇒ ∀ Ỹ ∈ Mom(n+r)
d ,

〈
tr[r](Ỹ ), X

〉
≥ 0

⇐⇒ ∀ Ỹ ∈ Mom(n+r)
d ,

〈
Ỹ ,Πn+r,R

d

[
X ⊗ |e⟩⊗r ]〉 ≥ 0.

⇐⇒ Πn+r,R
d

[
X ⊗ |e⟩⊗r ] ∈ (Mom(n+r)

d )◦ = SOS(n+r)
d .

This completes the proof.
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Analogous to the case of the sum of squares hierarchy, we will characterize the dual
of Polya’s non-negative hierarchy. To this end, we define the following convex cones of
tensors:

NNExt(n,r)
d := {tr[r](X) | X ∈ NN(n+r)

d }. (28)
These are exactly the convex cones of tensors that have an entrywise positive extension of
order n+r. Therefore, we have the following new infinite hierarchy of sets that approximate
completely positive tensors from the outside:

CP(n)
d ⊆ · · · ⊆ NNExt(n,r)

d ⊆ · · · ⊆ NNExt(n,1)
d ⊆ NNExt(n,0)

d = NN(n)
d .

In the next theorem, we present the conic-duality of the non-negative hierarchy. We
skip the proof, as it is essentially the same argument as in Theorem 5.5, by replacing
"Mom" with "NN".

Theorem 5.6 (Dual of NN hierarchy). We have the following duality:

∀n, r, d ∈ N,
(
NNExt(n,r)

d

)◦ = PNN(n,r)
d .

Remark 5.7. The entrywise positive hierarchy that we discuss here has been abstractly
studied in the probability literature as “finitely extendable and exchangeable probability
measures”. We refer to the recent article [89], and all references therein, for the finite-
dimensional case of this problem.

5.2 Bosonic extendibility: extending the dictionary
In the previous section, we discussed two important hierarchies (and their duals) that ap-
proximate the set of copositive tensors (and completely positive tensors). In this section,
we connect these hierarchies to the bosonic extendibility problem in the diagonally sym-
metric subspace. To this end, we have the following lemma, which states that a diagonally
symmetric matrix has an (n, r)-hypergraph extension if and only if there is an extension
in the DS subspace. This result follows from the local symmetry properties of the DS
subspace, and has already been noted in [36, 87]. We provide the proof for completeness.

Lemma 5.8. Let X ∈ DS(n)
d . Then, the following statements are equivalent:

(1) X has a (PPT) r-bosonic extension.

(2) X has a (PPT) r-bosonic extension that is in DS(n+r)
d .

Proof. We only do the case without the PPT property, as the PPT case is analogous.
The reverse implication is trivial. For the forward implication, let X ∈ BExt(n,r)

d , i.e there
exists an extension X̃ ∈ M⊗(n+r)

d with Π(n+r)
d X̃Π(n+r)

d = X̃. We claim that the twirl with
respect to the diagonal unitary group DUd

TDU (X̃) :=
∫

DUd

U⊗(n+r)X̃U⊗(n+r) dU

is also an bosonic extension of X. Indeed, use [Π(n+r)
d , U⊗(n+r)] = 0 and compute

Tr[r]
(
TDU (X̃)

)
=
∫

Tr[r]
(
U⊗(n+r)X̃ U⊗(n+r)) dU

=
∫
U⊗n Tr[r](X̃)U⊗n dU

=
∫
U⊗nXU⊗n dU

= X,
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where the last equality follows from the fact that X ∈ DS(n)
d .

Now, we use the previous lemma to establish the main result of this section, the con-
nection between the bosonic-extendibility of mixtures of Dicke states and hierarchies for
completely positive tensors. This has already been proven in the recent papers [36, 87] for
the bipartite case n = 2.

Theorem 5.9. Let X ∈ DS(n)
d . Then, for all level of the hierarchies r ≥ 0:

(1) X ∈ BExt(n,r)
d ⇐⇒ Q[X] ∈ NNExt(n,r)

d

(2) X ∈ PPTBExt(n,r)
d ⇐⇒ Q[X] ∈ MomExt(n,r)

d .

Proof. For the forward implication of item (1), assume that X ∈ BExt(n,r)
d . Then, by

Theorem 5.8, there exists X̃ ∈ DS(n,r)
d which is PSD, and thus Q[X̃] ∈ NN(m+r)

d . We
also have Q[X] = Q[Tr[r](X̃)] = tr[r](Q[X̃]) where Q[X̃] ∈ NN(n+r)

d . This implies that
Q[X] ∈ NNExt(n,r)

d . For the reverse implication, let Q[X] ∈ NNExt(n,r)
d . There exists

Q̃ ∈ NN(n+r)
d such that tr[r](Q̃) = Q. Then, the state X̃ ∈ DS(n+r)

d such that Q[X̃] = Q̃ is
the bosonic extension of X.

The proof of the second item follows from replacing NN by Mom, PSD by PPT, and
bosonic extension by PPT bosonic extension in part (1).

Remark 5.10. Our proof of the previous theorem is considerably shorter than the proofs
in [36, 87], as the hard part of the proof was relegated to establishing a more general
dictionary in the previous sections of this work.

Finally, we can also establish the dual result for the extendibility witnesses.

Corollary 5.11. The following hold for operators O ∈ DS(n)
d :

(1) O ∈ ExtW(n,r)
d ⇐⇒ W [O] ∈ PNN(n,r)

d

(2) O ∈ DecExtW(n,r) ⇐⇒ W [O] ∈ RSOS(n,r)
d

Remark 5.12. Note that the theorem provides a much more powerful SDP hierarchy
to check separability in diagonally symmetric states. The largest slice flattening of a
symmetric tensor of 2n legs is of size

(n+d−1
d−1

)
. Therefore, to check Q[X] ∈ MomExt(n,r)

d ,

we need to check the PSD of the largest matrix of size
(⌊ n+r

2 ⌋+d−1
d−1

)
.

This result completes the picture of all the hierarchies for bosonic extendibility and
their duals, see Fig. 1 for the full picture of correspondences, inclusions, and dualities.

6 Conclusion
In this article, we present a detailed study of multipartite entanglement in the diagonally
symmetric subspace, with a particular focus on PPT entanglement. This forms a crucial
subclass of matrices with bosonic symmetry. By defining a tensor-based parametrization
of these states, we translate the entanglement properties of these states as convex cones of
symmetric tensors. In particular, the important entanglement-theoretic cones of separable
and PPT states can be described equivalently in terms of the complete positivity and
moment positivity of the parametrizing tensor. This extends the results in [34, 33, 35, 73]
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to provide a comprehensive theory for this class of states. Our results provide a bridge
between the study of multipartite entanglement, semi-algebraic geometry, and optimization
theory.

Our results also lead to several interesting corollaries in the DS subspace. Firstly, we
show the existence of PPT entangled states in 3 or more qutrits and ququarts, disproving
the recent conjecture from [35]. Quite surprisingly, the existence of entanglement witnesses
turns out to be closely related to the theory of positive polynomials that are not sums of
squares. Using this perspective, we develop a dictionary that links extendibility witnesses
on the diagonally symmetric subspace with the sum-of-squares (SOS) hierarchy for copos-
itive tensors. This viewpoint not only clarifies the underlying structure of these witnesses,
but also extends earlier extendibility results known in the bipartite setting [36, 87] to a
broader symmetric framework.

As a further application, we show that the two-body marginals of pure Dicke states
are NPT and therefore necessarily entangled. Our approach yields a shorter and more
transparent proof of the corresponding results in [43].

More broadly, we expect that the connections developed here between entanglement
theory, polynomial positivity, and SOS methods will open several new research directions.
We conclude by outlining two concrete avenues for future work.

Firstly, it will be interesting to understand the multipartite states that are invariant
under the diagonal unitary group, generalizing the LDUI (Local Diagonal Unitary Invari-
ant) states from [37, 90]. The bipartite versions of LDUI states can be parameterized using
matrix pairs, and entanglement-theoretic properties can be understood as convex cones of
matrix pairs. The bipartite mixtures of Dicke states are exactly the LDUI states where
these matrices are equal. Therefore, it seems possible that multipartite LDUI states allow
a similar description, replacing matrices with tensors.

The second question centers on extendibility hierarchies. In this paper, we consider
a hierarchy that was well-suited for bosonic states, which we call the (n, r)-hypergraph
extendibility. There are other extendibility hierarchies introduced for quantum states in
the literature. Since bosonic states are permutation symmetric (i.e. they satisfy Pπρ = ρPπ

for all π ∈ Sn), can one imagine another extendibility hierarchy in which the extensions
are required to be permutation symmetric instead of bosonic? Is there a gap between this
hierarchy and the one we consider for bosonic states?
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A Proof of the decomposability result
Proof of Theorem 4.14. We shall prove separately the two items in the statement.

Proof of the Item 1.
Consider O ∈ Dec(n,k)

d for some integer k ≤ n/2, and let p := pW [O] the associated
polynomial. Our goal is to show that the polynomial p belongs to the cone

cone{xαq | |α| ∈ {n, n− 2, n− 4 . . . n− 2k}, q ∈ Σ(n−|α|)
d }.

From O ∈ Decn,k
d , we have

p(|z|2) = ⟨z⊗n|PΓ[k] |z⊗n⟩

for some positive senmidefinite matrix P . Using the spectral decomposition of P , we can
write

p(|z|2) =
r∑

i=1
⟨z⊗n| |ti⟩⟨ti|Γ[k] |z⊗n⟩

for tensors ti ∈ (Rd)⊗n. By linearity, it is enough to prove the claim for the polynomial
corresponding to the general term above, so, without loss of generality, we can assume
that O = |t⟩⟨t|Γ[k] for some real tensor t. On the one hand, we have

p(|z|2) = ⟨W [O], (|z|2)⊗n⟩

=
∑

i∈[d]n
W [O]i|zi1 |2 · · · |zin |2

=
∑

α∈N(n)
d

(
n

α

)
W [O]i(α)z̄

αzα, (29)

where
N(n)

d := {α ∈ Zd | αi ≥ 0 ∀i ∈ [d] and
∑

i

αi = n}

is the set of d-tuples of non-negative integers that sum up to n and corresponds to the
types of multi-indices i ∈ [d]n.

On the other hand, using the form of O and moving the partial transposition on the
“z” factors, we also have:

p(|z|2) = ⟨z⊗n| |t⟩⟨t|Γ[k] |z⊗n⟩ = ⟨z̄⊗k ⊗ z⊗(n−k)| |t⟩⟨t| |z̄⊗k ⊗ z⊗(n−k)⟩ = |⟨z̄⊗k ⊗ z⊗(n−k)|t⟩|2.
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In the last scalar product above, we have

z̄⊗k ⊗ z⊗(n−k) ∈ ∨kCd ⊗ ∨n−kCd,

hence we can assume, without loss of generality, t ∈ ∨kRd ⊗ ∨n−kRd, by projecting it on
the corresponding tensor product of symmetric subspaces of Rd. We can now write

p(|z|2) =
∑

i,j∈[d]n
z̄i1 · · · z̄ik

zik+1 · · · zinti1···inzj1 · · · zjk
z̄jk+1 · · · z̄jntj1···jn

=
∑

α′,β′∈N(k)
d

α′′,β′′∈N(n−k)
d

(
k

α′

)(
n− k

α′′

)(
k

β′

)(
n− k

β′′

)
z̄α′+β′′

zβ′+α′′
ti(α′),i(α′′)ti(β′),i(β′′)

=
∑

α′,β′∈N(k)
d

α′′,β′′∈N(n−k)
d

α′+β′′=β′+α′′

(
k

α′

)(
n− k

α′′

)(
k

β′

)(
n− k

β′′

)
z̄α′+β′′

zβ′+α′′
ti(α′),i(α′′)ti(β′),i(β′′)

where the last equality follows from Eq. (29) which allows us to discard terms with α′+β′′ ̸=
β′ + α′′.

From the last formula for p(|z|2) we would like to extract a decomposition as in the
statement, as a product of a monomial in |z|2 and a sum-of-squares polynomial q evaluated
at |z|2. To this end, define the following d-tuples of non-negative integers:

µ′ := min(α′, β′) (30)
µ′′ := min(α′′, β′′)
µ := min(α′, β′, α′′, β′′) = min(µ′, µ′′)
δ′ := µ′ − µ

δ′′ := µ′′ − µ

α̂′ := α′ − δ′

α̂′′ := α′′ − δ′′

β̂′ := β′ − δ′

β̂′′ := β′′ − δ′′, (31)

where the min operation is taken entry-wise. We have, for example,

α̂′
i = α′

i − (min(α′
i, β

′
i) − min(α′

i, β
′
i, α

′′
i , β

′′
i )) ≥ α′

i − min(α′
i, β

′
i) ≥ 0.

Importantly, note that for every i ∈ [d], we either have µ′
i = µi or µ′′

i = µi; in other words,
the supports of the vectors δ′ and δ′′ are disjoint. We shall write this as δ′δ′′ = 0 using
the entry-wise product of vectors.

We shall now prove the following very important fact:

α̂′ = α̂′′ and β̂′ = β̂′′. (32)

For the α’s, fix some coordinate i ∈ [d] and denote by the Latin letter the i-th coordinate
of the respective Greek letter (e.g. b̂′′ = β̂′′

i ). From the constraint α′ + β′′ = β′ + α′′, we
obtain a′ + b′′ = b′ + a′′. This means that there exist rational numbers c, x, y such that

a′ = c+ x b′′ = c− x b′ = c+ y a′′ = c− y.
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We have then m′ = c + min(x, y) and m′′ = c − max(x, y); recall that m = min(m′,m′′).
We now have

â′ = c+ x− (c+ min(x, y)) +m and â′′ = c− y − (c− max(x, y)) +m

and thus
â′ − â′′ = x+ y − min(x, y) − max(x, y) = 0.

A similar argument shows b̂′ = b̂′′, proving the claim. From now on, we shall write

α̂ := α̂′ = α̂′′

β̂ := β̂′ = β̂′′.

From the claim in Eq. (32), we obtain the following constraints on the non-negative
vectors δ′, δ′′:

|δ′| ≤ k

|δ′′| ≤ n− k

|δ′′| − |δ′| = n− 2k.

Going back to the formula for p(|z|2), we can now write

p(|z|2) =
∑

α′,β′∈N(k)
d

α′′,β′′∈N(n−k)
d

α′+β′′=β′+α′′

(
k

α̂+ δ′

)(
n− k

α̂+ δ′′

)(
k

β̂ + δ′

)(
n− k

β̂ + δ′′

)
(|z|2)α̂+β̂+δ′+δ′′

ti(α̂+δ′),i(α̂+δ′′)ti(β̂+δ′),i(β̂+δ′′),

where the 4-tuple (δ′, δ′′, α̂, β̂) is a function of the 4-tuple (α′, β′, α′′, β′′).
We prove now a second crucial fact: the following two sets S and T are in bijection:

S := {(α′, β′, α′′, β′′) ∈ Nd | |α′| = |β′| = k, |α′′| = |β′′| = n− k, α′ + β′′ = β′ + α′′}

T := {(δ′, δ′′, α̂, β̂) ∈ Nd ||δ′| ≤ k, |δ′′| ≤ n− k, |δ′′| − |δ′| = n− 2k, δ′δ′′ = 0,
|α̂| = |β̂| = k − |δ′| = n− k − |δ′′|}.

Note that some conditions in the definition of T are superfluous, but we prefer to write
them for clarity. To prove the claim, we shall construct two maps φ : T → S, ψ : S → T
and prove that ψ ◦ φ = idT and φ ◦ ψ = idS . We introduce

φ : T → S

(δ′, δ′′, α̂, β̂) 7→ (α̂+ δ′︸ ︷︷ ︸
α′

, β̂ + δ′︸ ︷︷ ︸
β′

, α̂+ δ′′︸ ︷︷ ︸
α′′

, β̂ + δ′′︸ ︷︷ ︸
β′′

)

and ψ : S → T which defines (δ′, δ′′, α̂, β̂) as functions of (α′, β′, α′′, β′′) following Eqs. (30)—
(31) and Eq. (32).

First, we need to show that the maps φ, ψ are well-defined. In the case of φ, the only
non-trivial property that one needs to check is

α′ + β′′ = α̂+ β̂ + δ′ + δ′′ = β′ + α′′.
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In the case of ψ, all the properties (including δ′δ′′ = 0) have been checked previously, in
the main proof.

We now show ψ ◦ φ = idT . Let (δ′, δ′′, α̂, β̂) ∈ T and denote (α′, β′, α′′, β′′) :=
φ(δ′, δ′′, α̂, β̂), (δ̃′, δ̃′′, ˆ̃α, ˆ̃β) := ψ(α′, β′, α′′, β′′). We use Eqs. (30)—(31) to compute

µ′ := min(α′, β′) = min(α̂+ δ′, β̂ + δ′) = min(α̂, β̂) + δ′.

Similarly, µ′′ = min(α̂, β̂) + δ′′ and thus, using now δ′δ′′ = 0, µ = min(α̂, β̂). We conclude
that

δ̃′ := µ′ − µ = δ′ and δ̃′′ := µ′′ − µ = δ′′.

Similarly,
ˆ̃α = α′ − δ̃′ = α̂ and ˆ̃β = β′ − δ̃′ = β̂,

proving ψ ◦ φ = idT .
Let us now show φ ◦ ψ = idS . Consider (α′, β′, α′′, β′′) ∈ S and set (δ′, δ′′, α̂, β̂) :=

ψ(α′, β′, α′′, β′′) and then (α̃′, β̃′, α̃′′, β̃′′) := φ(δ′, δ′′, α̂, β̂). We have

α̃′ = α̂+ δ′ = α′

and similarly for the other 3 elements; here, we implicitly use the result in Eq. (32). This
proves the claim that the sets S and T are in bijection.

Having proved the second claim, we can now index the sum formula for p(|z|2) by the
4-tuple (δ′, δ′′, α̂, β̂):

p(|z|2) =
∑

(δ′,δ′′,α̂,β̂)∈T

(
k

α̂+ δ′

)(
n− k

α̂+ δ′′

)(
k

β̂ + δ′

)(
n− k

β̂ + δ′′

)
(|z|2)α̂+β̂+δ′+δ′′

ti(α̂+δ′),i(α̂+δ′′)ti(β̂+δ′),i(β̂+δ′′)

=
∑

δ′,δ′′∈Nd

|δ′|≤k, |δ′′|≤n−k
|δ′′|−|δ′|=n−2k

δ′δ′′=0

(|z|2)δ′+δ′′ ∑
α̂,β̂∈Nd

|α̂|=|β̂|=k−|δ′|=n−k−|δ′′|

(
k

α̂+ δ′

)(
n− k

α̂+ δ′′

)(
k

β̂ + δ′

)(
n− k

β̂ + δ′′

)
(|z|2)α̂+β̂ti(α̂+δ′),i(α̂+δ′′)ti(β̂+δ′),i(β̂+δ′′)

=
∑

δ′,δ′′∈Nd

|δ′|≤k, |δ′′|≤n−k
|δ′′|−|δ′|=n−2k

δ′δ′′=0

(|z|2)δ′+δ′′

 ∑
α̂∈Nd

|α̂|=k−|δ′|=n−k−|δ′′|

(
k

α̂+ δ′

)(
n− k

α̂+ δ′′

)
(|z|2)α̂ti(α̂+δ′),i(α̂+δ′′)


2

=
k∑

l=0

∑
δ′,δ′′∈Nd

|δ′|=k−l
|δ′′|=n−k−l

δ′δ′′=0

(|z|2)δ′+δ′′

 ∑
α̂∈Nd

|α̂|=l

(
k

α̂+ δ′

)(
n− k

α̂+ δ′′

)
(|z|2)α̂ti(α̂+δ′),i(α̂+δ′′)


2

.

Since two polynomials that are identical on non-negative integers are the same, we have
proven the result:

p(x) =
k∑

l=0

∑
δ′,δ′′∈Nd

|δ′|=k−l
|δ′′|=n−k−l

δ′δ′′=0

x

total degree n − 2l︷ ︸︸ ︷
δ′ + δ′′

qδ′,δ′′(x)2
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where
qδ′,δ′′(x) =

∑
α̂∈Nd

|α̂|=k−|δ′|=n−k−|δ′′|

(
k

α̂+ δ′

)(
n− k

α̂+ δ′′

)
ti(α̂+δ′),i(α̂+δ′′)x

α̂

Proof of the Item 2.
Assume that pW [O](x) = xαψ2 where ψ ∈ H[x]kd. We expand the polynomial ψ in the

basis of monomials xβ, β ∈ N(k)
d .

ψ(x) =
∑

β∈N(k)
d

cβx
β =⇒ ψ(x)2 =

∑
β,β′∈N(k)

d

cβcβ′xβ+β′
.

We now evaluate the polynomial for z ⊙ z where z ∈ Cd.

pW [O](z ⊙ z) = |z|2α
∑

β,β′∈N(k)
d

cβcβ′ |z|2β+2β′
.

Let δ, δ′ ∈ Nd such that δ + δ′ = α. We then can rewrite the previous expression as

pW [O](z ⊙ z) = |
∑

β∈N(k)
d

cβz
δ+βzδ′+β|2.

Consider the following vector.

|φ⟩ :=
∑

β∈N(k)
d

cβ

(
|1⟩⊗β1+δ1 · · · |d⟩⊗βd+δd ⊗ |1⟩⊗(β1+δ′

d) · · · |d⟩⊗(βd+δ′
d)
)

∈ (Cd)⊗n,

This allows us to rewrite the term inside the modulus as an inner product with the product
vector in z and z̄. ∑

β∈N(k)
d

cβz
δ+βzδ′+β = ⟨z⊗k+|δ| ⊗ z⊗n−k−|δ||φ⟩ .

Therefore, finally, we have the following series of equalities.

pW [O](z⊙z) = |
∑

β∈N(k)
d

cβz
δ+βzδ′+β| = | ⟨z⊗k+|δ| ⊗ z⊗n−k−|δ||φ⟩ |2 = ⟨z⊗n| |φ⟩⟨φ|Γ[k+|δ|] |z⊗n⟩ .

Since |α| = n − 2k, for any l satisfying 0 ≤ l ≤ n − 2k, there exists a δ ≤ α such that
|δ| = l. Defining l′ := k + l, this also implies that for all k ≤ l′ ≤ n − k, there exists a
|φ⟩ ∈ (Cd)⊗n such that

⟨z⊗n| diag[W [O]]|z⊗n⟩ = pW [O](z ⊙ z) = ⟨z⊗n| |φ⟩⟨φ|Γ[l′] |z⊗n⟩ .

This proves the claim.
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B Proof of qubit PPT criterion
We will study the following cone of SOS tensors for d = 2.

SOS(n)
2 := {T | pT (x) ∈ cone{xαψ | |α| ∈ {n, n− 2, n− 4 . . . n− 2⌊n/2⌋}, ψ ∈ Σ(n−|α|)

2 }}.

We will show that some of the terms are superfluous. In particular, we claim that α can
be taken to be max(α) ≤ 1. So, for the case of n even, we have,

SOS(n)
2 = {T | pT (x) ∈ cone{xαψ | α ∈ {(1, 1), (0, 0)}, ψ ∈ Σ(n−|α|)

2 }},

and in the case of n odd, we have,

SOS(n)
2 = {T | pT (x) ∈ cone{xαψ | α ∈ {(0, 1), (1, 0)}, ψ ∈ Σ(n−|α|)

2 }}.

We show the proof for n even. Let xαψ be an arbitrary term such that Σ(n−|α|)
2 . Also

|α| is even. Let p : N → {0, 1} denote the parity function. Then,

xαψ = xα1
1 xα2

2 ψ = x
p(α1)
1 x

p(α2)
2 x

α1−p(α1)
1 x

α2−p(α2)
2 ψ︸ ︷︷ ︸

∈Σn−p(α1)−p(α2)
2

Since p(α1) + p(α2) = p(α1 + α2) = 0 mod 2, either both are 0 or both are 1. Hence,
each term is equivalent to xαψ where Σn−|α|

2 where α = (0, 0) or α = (1, 1). The proof for
the odd case can be done similarly.

By following the essential argument as Theorem 4.16, the argument above implies that
the dual of SOS(n)

2 is equivalent to checking positivity of only two moment matrices, one
for each α.

For the even case, n = 2m, the explicit moment matrices in terms of the tensors can
be obtained as

M (0,0)(T ) =


Ti(2m,0) Ti(2m−1,1) Ti(2m−2,2) · · · Ti(m,m)
Ti(2m−1,1) Ti(2m−2,2) Ti(2m−3,3) · · · Ti(m−1,m+1)
Ti(2m−2,2) Ti(2m−3,3) Ti(2m−4,4) · · · Ti(m−2,m+2)

...
...

...
. . .

...
Ti(m,m) Ti(m−1,m+1) Ti(m−2,m+2) · · · Ti(0,2m)

 .

M (1,1)(T ) =


Ti(2m−1,1) Ti(2m−2,2) Ti(2m−3,3) · · · Ti(m,m)
Ti(2m−2,2) Ti(2m−3,3) Ti(2m−4,4) · · · Ti(m−1,m+1)
Ti(2m−3,3) Ti(2m−4,4) Ti(2m−5,5) · · · Ti(m−2,m+2)

...
...

...
. . .

...
Ti(m,m) Ti(m−1,m+1) Ti(m−2,m+2) · · · Ti(1,2m−1)

 .

These matrices of size of order n were also obtained in [33, Theorem 1]. These matrices
give necessary and sufficient conditions for the mixture of Dicke state X to be PPT by
Theorem 4.20, and hence, in effect, also separable by Theorem 4.22.

Theorem B.1. Let X ∈ Herm[DS(2m)
2 ]. Then,

X ∈ Sep(2m)
2 ⇐⇒ M (1,1)(Q[X]) ⪰ 0 and M (0,0)(Q[X]) ⪰ 0.

Conditions for n odd can be derived analogously to the case above.
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