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The quantum Zeno effect is a fundamental mechanism for implementing
the effective dynamics of projected Hamiltonian and Lindbladian systems. It
approximates the target projected evolution by interleaving Hamiltonian or
Lindblad dynamics with quantum operations associated with the desired sub-
space. In contrast to the related Trotter product formula, the best-known
convergence rate of the quantum Zeno effect is typically limited to order 1/n.

In this work, we improve this convergence rate by employing a multi-
product formula, thereby achieving arbitrarily high-order convergence of the
form 1/nK+1. This yields an improved approximation scheme for Zeno-like
expectation values via an efficient post-processing method. The approach com-
bines a modified Chernoff lemma, an adapted Dunford-Segal approximation,
holomorphic functional calculus, and Chebyshev interpolation. We illustrate
the method with the bosonic cat code and also consider the broader class of
systems governed by the Bang-Bang decoupling method.
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1 Introduction
The quantum Zeno effect is a fundamental quantum mechanical phenomenon that describes
a time evolution frequently interrupted by quantum operations. In its early days, the Zeno
effect was understood to freeze a given time evolution, or, in the words of Misra and
Sudarshan, who named the effect after it was first described by Beskow and Nilsson [6]:

An unstable particle which is continuously observed to see whether it decays
will never be found to decay! [37, Abst.]

This effect was experimentally verified by the seminal results [30, 21, 47, 7] and many
others. In the last two works, it is interesting to note that the Zeno limit is not just a
frozen, determined state but rather an ongoing, projected dynamic — the so-called Zeno
dynamic. This convergence behavior has been explored in various studies [19, 20, 46].
Even an “exponential rise of dynamical complexity” induced by the Zeno effect has been
observed [9]. To highlight this, we express the Zeno effect as the following general limit [4,
42]: ∥∥∥(Me

t
n

L)n −
J∑

j=1
λn

j e
tPjLPjPj

∥∥∥
1→1

= O
( 1
n

)
for n → ∞ , (1)

where M can be any finite quantum operation with J eigenvalues λj on the unit circle and
eigenprojections Pj , and L is any Lindbladian [24, 33]. If J = 1, this reduces to the case
discussed in [43], and if M is a projection and L a Hamiltonian to the case discussed in the
founding papers [6, 37]. Under appropriate assumptions, the above limit can be generalized
to infinite dimensions and unbounded generators [40, 42, 4], which is also discussed in this
work.

In this work, we improve Eq. (1) by summing over differently weighted product formu-
las: ∥∥∥K+1∑

ℓ=1
cℓ

(
Me

t
ℓnp

L)ℓnp −
J∑

j=1
λje

tPjLPjPj

∥∥∥
1→1

= O
( 1
nK+1

)
.

Since the coefficients cℓ are not necessarily positive, the result implies an exponential
improvement in the convergence of Zeno-like expectations due to post-processing (see
Thm. 4.3 for details):

∣∣∣∣K+1∑
ℓ=1

cℓ tr
[
O
(
Me

t
ℓnp

L)ℓnp]− tr
[
O

J∑
j=1

λje
tPjLPjPj(ρ)

]∣∣∣∣ = O
( 1
nK+1

)
.

The insight that a quantum dynamical semigroup can be projected onto a predefined
subspace through frequent ‘kicks’ or ‘pulses’ is fundamental for decoupling and motivates
the use of the quantum Zeno effect in error correction schemes to mitigate decoherence
in open quantum systems [29, 22, 5, 3, 35, 19, 14, 18]. In particular, the generalized
quantum Zeno effect is equivalent to various ‘Bang-Bang’ methods [19, 8, 27], which can
also be used to engineer an evolution by sequentially interrupting dissipative dynamics [53,
52]. Other applications of the quantum Zeno effect include ground state preparation of
a two-dimensional quantum many-body Hamiltonian [59], purifying quantum states [58],
generating entanglement [44, 54], and engineering the X(θ) gate in the bosonic cat-code
[25, 26], with more examples found in the literature.

In terms of simulating the above systems, the speed of convergence of the quantum Zeno
effect is quite limited. In comparison, Trotter’s product formula was improved in the early
days by Suzuki’s work [49], demonstrating that a convergence rate of order O

(
1

nK

)
for
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arbitrary K ∈ N can be achieved. Unfortunately, it is not clear whether — and if so, how
— this approach applies to the Zeno effect. Moreover, Trotter’s product formula has seen
further advances in simulation through so-called multi-product formulas, which improve
the gate complexity in comparison to the Suzuki approach [13, 34, 60, 1, 38, 11, 57]. The
analysis of these formulas heavily relies on the Baker-Campbell-Hausdorff formula, which
is not applicable to the quantum Zeno effect.

Nevertheless, in the works [43, 42, 40], we provided proof strategies that omit counting
arguments to address the unbounded case. These strategies allow for a simple and explicit
error representation, which is key for the multi-product Zeno effect — the main result of
this work.

After introducing the mathematical and quantum mechanical framework in Sec. 2,
we analyze the higher-order expansion of the quantum Zeno effect errors in Sec. 3. In
this section, all proofs are formulated for contractions on Banach spaces, in contrast to the
subsequent Sec. 4, which discusses the multi-product Zeno effect in the quantum mechanical
setting, along with examples. Finally, the results are summarised in Sec. 5, and all proofs
are provided in the appendix.

2 Preliminaries
Before presenting the results, we introduce the mathematical framework and notation.
Throughout, (X , ∥·∥X ) denotes a Banach space and B(X ) the Banach space of bounded lin-
ear endomorphisms (operators) on X with operator norm ∥A∥X →X := sup∥x∥X =1 ∥A(x)∥X
for A ∈ B(X ) and identity 1. We call an operator A ∈ B(X ) a projection if A2 = A and
a contraction if ∥A∥X →X ≤ 1. The resolvent set of A ∈ B(X ) is defined by res(A) := {z ∈
C | (z − A) is bijective}, its spectrum by spec(A) := C\res(A), and the resolvent of A is
defined by R(z,A) := (z −A)−1 for all z ∈ res(A).

Next, an operator-valued map I ∋ t 7→ X(t) ∈ B(X ) defined on an interval I ⊂ R

is continuous if it is continuous with respect to the operator norm, strongly continuous
if the vector-valued map I ∋ t 7→ X(t)x ∈ X is continuous w.r.t. the norm on X , and
differentiable at t ∈ I if it is Fréchet differentiable at t with respect to the operator norm.
If the operator-valued map is (strongly) continuous on [a, b] ⊂ I, the Bochner integral∫ b

a X(t)dt (resp.
∫ b

a X(t)xdt for x ∈ X ) is well-defined and extends the Lebesgue integral to
operator-valued maps. It satisfies the usual properties of linearity, the triangle inequality,
additivity of disjoint sets, dominated convergence, and the fundamental theorem of calculus
can be proven:

X(b) −X(a) =
∫ b

a

d

dt
X(t)dt ,

assuming that X(t) is differentiable for all t ∈ (a, b) with continuous derivative [28,
Thm. 3.7.4]. Next, a strongly continuous (C0-)semigroup is defined by an operator-valued
map (Tt)t≥0 that satisfies the following properties for all t, s ≥ 0 and x ∈ X :

TtTs = Tt+s, T0 = 1, and lim
t↓0

Ttx = x .

Note that the latter continuity condition is in the strong operator topology, i.e., pointwise
convergence for x ∈ X , and not in the uniform operator topology with respect to the
operator norm. Every C0−semigroup is uniquely determined by its generator given by

L(x) = lim
t→0+

1
t
(Tt(x) − x) ,
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for any x ∈ D(L) = {x ∈ X : t 7→ Tt(x) is differentiable on R≥0}, which is an unbounded,
densely defined, and closed operator, justifying the notation Tt = etL. An unbounded,
densely defined operator is a linear map L : D(L) ⊂ X → X defined on a domain D(L)
dense in X . Moreover, it is called closed if its graph {(x,L(x)) |x ∈ D(L)} is a closed set
in the product space X × X . The generator is bounded if and only if (Tt)t≥0 is continuous
in the uniform topology [17, Thm. II.1.4]. By convention, we extend all densely defined
and bounded operators by the bounded linear extension theorem to bounded operators on
X [31, Thm. 2.7-11].

Quantum mechanical systems are defined on a separable Hilbert space H over the
complex field C with an inner product ⟨· | ·⟩ and induced norm ∥ψ∥ :=

√
|⟨ψ |ψ⟩|. The

adjoint A† of A ∈ B(H) is uniquely defined by ⟨Aϕ |φ⟩ = ⟨ϕ |A†φ⟩ for all ϕ, φ ∈ H, and
A is positive if A = B†B for some B ∈ B(H). Then, the trace norm of A ∈ B(H) is
defined by ∥A∥1 = tr[|A|] with absolute value |A| :=

√
A†A [48, Thm. 2.4.4] and trace

tr[|A|] = ∑
j∈N ⟨φj | |A| |φj⟩ for any orthonormal basis {|φj⟩}j∈N. The Banach space of

trace-class operators is denoted by T1 = {A ∈ B(H) | ∥A∥1 < ∞} [48, Sec. 3.6]. The
subset S1 ⊂ T1 of positive operators with trace 1 is called density operators or quantum
states, which evolve via quantum operations in the Schrödinger picture. In the Schrödinger
picture, a quantum operation E ∈ B(T1) is a completely positive, i.e. E ⊗ 1(X) ≥ 0 for all
X ≥ 0, and trace non-increasing, i.e. tr[E(X)] ≤ tr[X] for all X ≥ 0, linear map, and a
quantum channel if equality holds in the latter. Then, a C0-semigroup defined on X = T1 is
called a quantum dynamical C0-semigroup if it is a quantum operation as well. To connect
the first operator theoretical part and the quantum mechanical part of this section, note
that every quantum operation is a contraction on X = T1 with respect to the operator
norm ∥ · ∥1→1 (or diamond norm) [56].

3 Higher order expansion
The main aim of this section is to analyze the higher-order terms of the quantum Zeno
effect error in powers of 1

n . Specifically, we expand the following difference in terms of 1
n :

(
Me

1
n

tL
)n

−
J∑

j=1
λn

j e
tPjLPjPj . (2)

Recall that in this section we consider contractions, contractive C0-semigroups, and con-
tractive operator-valued maps on a Banach space X . This framework will be applied to
the quantum setting in Sec. 4, where X is chosen as the space of trace-class operators, as
discussed in Sec. 4.

3.1 Projective quantum Zeno effect
To provide a clear progression of ideas, we first introduce the tools used to prove an
expansion for the projective Zeno effect (where M = P , J = 1, and λ1 = 1).

Auxiliary lemmas

The proof relies on a modification of Chernoff’s
√
n-Lemma [12] and the Dunford–Segal

approximation [15, 23]. We begin with the former:
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Lemma 3.1 (Modified Chernoff Lemma [42, Lem. 4.2]) Let C ∈ B(X ) be a contraction
on a Banach space X . Then, (et(C−1))t≥0 is a contraction semigroup, and(

Cn − en(C−1)
)

= −n(C − 1)2
∫ 1

0
τCn−1

τ e(1−τ)n(C−1) dτ ,

where Cτ = (1 − τ)1+ τC. If C : [0, 1] → B(X ), s 7→ C(s) is a contractive, continuously
differentiable operator-valued map with C(0) = 1, then for s ∈ [0, 1],(

Cn(s) − en(C(s)−1)
)

= −ns2
∫∫∫ 1

0
τ1e

(1−τ1)n(C(s)−1)C ′(sτ2)C ′(sτ3)Cn−1
τ1 (s) dτ321 ,

where C ′(s) is the first-order Fréchet derivative, Cn(s) = (C(s))n, and dτ321 abbreviates
dτ3dτ2dτ1.

Proof. The proof is given in detail in Sec. A.1.

Next, we prove a modification of the Dunford–Segal approximation [15, 23]:

Lemma 3.2 (Dunford–Segal approximation) Let C : [0, 1] → B(X ), s 7→ C(s) be a twice
continuously differentiable operator-valued map with C(0) = 1. Then, for s1, s2, t ∈ [0, 1],
(
e

t
s1

(C(s2)−1) − etC′) = t
s2

2
s1

∫∫∫ 1

0
e

(1−τ1) t
s1

(C(s2)−1)
(
τ2C

′′(τ3τ2s2) + s2 − s1
s2

2
C ′
)
eτ1tC′

dτ321

where C ′(s) and C ′′(s) are the first and second-order Fréchet derivatives, and C ′ = C ′(0).
If C(s) is a contraction for all s ∈ [0, 1], then (etC′)t≥0 is a contraction semigroup.

Proof. The proof is given in detail in Sec. A.1.

Higher-order expansion of the projective Zeno effect

With the help of the auxiliary result above, we prove an explicit representation of the
first-order projective Zeno error.
Proposition 3.3 (Zeno second-order expansion) Let (L,D(L)) be the generator of a con-
tractive C0-semigroup, and let P ∈ B(X ) be a contractive projection such that PL, LP ,
and PL2 are bounded. Then, for all n ≥ 1 and t ≥ 0,∥∥∥(Pe t

n L)n − etP LPP − t2

2n

∫ 1

0
eτ1P LPPL[L, P ]Pet(1−τ1)P LP dτ1 − t

n
etP LPPL(1 − P )

∥∥∥
X →X

≤ 1
2n2

(
1 + 2t2∥PL2∥X →X + t∥LP∥X →X (4 + t∥LP∥X →X )

)2

Proof-sketch. A detailed proof can be found in Sec. A.2. In the first step, we apply the
modified Chernoff Lemma (3.1) and the Dunford-Segal approximation (3.2) to achieve the
zero-order approximation in a slightly generalized setup. By applying the above tools a
second time to the error explicitly given by an integral, we derive the statement.

Remark 1 (Bounded generators). Note that Prop. 3.3 applies directly to bounded L, and
the assumptions that PL, LP , and PL2 are bounded become redundant.
Remark 2 (Time dependency). In the above result, the convergence rate is also tracked in
time and is shown to be a quartic polynomial. Due to the inductive nature of the proof
and the paper’s focus on higher-order expansions, we do not track the time-dependence
in the following and keep it constant. However, it is an interesting question to investigate
in future work whether the time dependency can be improved.
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In the following main result for the projective Zeno effect, we show that an expansion in
powers of 1

n exists for every K ∈ N, provided that the appropriate boundedness conditions
are satisfied.

Theorem 3.4 (Projective Zeno higher-order expansion) Let (L,D(L)) be the generator of
a contractive C0-semigroup, and P ∈ B(X ) be a contractive projection such that PLk and
LP are bounded for all k ∈ {1, ...,K + 1}. Then, there is a sequence {Ek}K

k=1 ⊂ B(X ),
independent of n, such that

∥∥∥(Pe t
n

L)n − etP LPP −
K∑

k=1

1
nk
Ek

∥∥∥
X →X

= O
( 1
nK+1

)
.

Proof-sketch. A detailed proof can be found in Sec. A.2. The proof is based on induction
over K. Prop. 3.3 provides the ‘induction start’ for K = 1, and then it is shown that
the procedure used in the proof of Prop. 3.3 can be iterated under certain boundedness
assumptions.

To clarify the relation to the bounded generator case, we briefly present a simplified
version.

Corollary 3.5 (Bounded generator) Let L ∈ B(X ) generate a contractive semigroup, and
P ∈ B(X ) be a contractive projection. Then, there is a sequence of operators {Ek}K

k=1 ⊂
B(X ), independent of n, such that for all n ≥ 1 and t ≥ 0,

∥∥∥(Pe t
n

L)n − etP LPP −
K∑

k=1

1
nk
Ek

∥∥∥
X →X

= O
( 1
nK+1

)
.

3.2 Generalized quantum Zeno effect
With the expansion of the projective Zeno effect at hand (Thm. 3.4), we can use the
holomorphic functional calculus [48, Thm. 2.3.1-3] to extend the result to the generalized
quantum Zeno effect. Before presenting the auxiliary result, we first discuss the neces-
sary assumptions: We assume that M ∈ B(X ) satisfies the uniform power convergence
assumption: ∥∥∥Mn −

J∑
j=1

λn
j Pj

∥∥∥
X →X

≤ cδn (3)

for a constant c ≥ 0, n ∈ N, peripheral eigenvalues {λj}J
j=1 ⊂ ∂D1 = {z ∈ C | |z| = 1} on

the unit sphere, and eigenprojections {Pj}J
j=1. The labeling is motivated by the fact that

the power convergence above is equivalent to the spectral gap condition [4, Prop. 3.1]:

spec(M) ⊂ Dδ ∪ {λ1, ..., λJ} (4)

with the ball Dδ = {z ∈ C | |z| ≤ δ} and eigenprojections defined by the holomorphic
functional calculus:

Pj = 1
2πi

∮
Γj

R(z,M)dz (5)

and zero nilpotent parts Nj = (λj −M)Pj . Here, Γj is the curve

Γj : [0, 1] → C,Γj(s) = λj + min
i∈{1,...,J}

{1 − δ

3 ,
|λi − λj |

3
}
e2πis ,

which separates the peripheral eigenvalues λj from the rest of the spectrum. We also assume
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Γ1

Γ2Γ3Γ4

Γ5

Γ6

Γ7
Γ8

ΓJ

δ

δ̃
γ

spec(M)

Figure 1: Spectral separation of the peripheral eigenvalues from the strictly contractive part of the
spectrum; adapted from [42, Fig. 3].

that MLk and LM are bounded for all k ∈ {1, . . . ,K}. Under the above assumptions, [42,
Thm. 6.1] provides the following convergence:

∥∥∥(Me
t
n

L)n −
J∑

j=1
λn

j e
tPjLPjPj

∥∥∥
X →X

= O
( 1
n

)
. (6)

Note that the projections Pj are, by assumption, contractive. This follows from the average
operator defined in Equation 4.3 of [4], which is contractive, and thus, its limit Pj inherits
this property.

Auxiliary Lemma

Next, we present a description of the perturbed eigenprojection of an isolated part of the
spectrum using the holomorphic functional calculus (cf. [42, Lem. 6.2, 4, Lem. 5.3]).

Lemma 3.6 Let M ∈ B(X ) satisfy the spectral gap assumption (4), and let Γ be a simple,
closed, rectifiable curve1 that separates, but does not intersect, the gapped spectrum. Let
(L,D(L)) be the generator of a contractive C0-semigroup, with MLk bounded for all k ∈
{1, . . . ,K + 1}. Then, there exists an ϵ > 0 such that for all t ∈ [0, ϵ],

P (t) := 1
2πi

∮
Γ
R(z,MetL) dz

defines a projection onto the eigenspace enclosed by Γ. Moreover, there exists a sequence
of bounded operators {Fk}K

k=1 ⊂ B(X ) such that for t → 0

∥∥∥P (t) − P (0) −
K∑

k=1
tkFk

∥∥∥
X →X

= O(tK+1) .

Proof. A detailed proof can be found in Sec. B.1.

Higher order expansion of the quantum Zeno effect

With the help of the above result, we can follow the proof strategy of [43] to establish the
following result.

1A simple, closed, rectifiable curve is a continuous, non-intersecting loop with finite length.
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Theorem 3.7 (Generalized Zeno higher-order expansion) Let (L,D(L)) be the gener-
ator of a contractive C0-semigroup, and let M ∈ B(X ) be a contraction satisfying the
assumption of uniform power convergence (3). Assume that MLk and LM are bounded
for all k ∈ {1, . . . ,K + 1}. Then, there exists a sequence of operators {Ek,j}K,J

k,j=1 ⊂ B(X ),
independent of n, such that∥∥∥(Me

t
n

L)n −
J∑

j=1
λn

j e
tPjLPjPj −

K∑
k=1

1
nk

J∑
j=1

λn
jEk,j

∥∥∥
X →X

= O
( 1
nK+1

)
.

Proof-sketch. A detailed proof can be found in Sec. B.2. The proof uses the holomorphic
functional calculus to define the perturbed eigenprojections on the unit circle (see
Lem. 3.6). This is then used to decompose the Zeno sequence into a part related to the
spectrum in Dδ, which converges to 0, and another part, for which we follow the proof of
Thm. 3.4. Finally, the expansion of the perturbed eigenprojection is used to conclude the
proof.

4 Multi-product Zeno effect
With the above proven higher order error expansion for the generalized quantum Zeno
effect, we can construct a multi-product formula for the quantum Zeno effect similar to
the multi-product trotter formulas [13, 13]. Due to the strong quantum mechanical motiv-
ation, we construct the Multi-product Zeno effect for quantum operation M and quantum
dynamical C0-semigroups etL defined on trace-class operators T1 of an separable Hilbert
space, which are by definition contractions. However, the the following also works for
operators, as discussed in Sec. 3.

4.1 Multi-product scheme
For a given vector of real values c ∈ RK+1, we define the multi-product Zeno effect by

K+1∑
ℓ=1

cℓ

(
Me

t
nℓ

L
)nℓ

. (7)

The goal is to choose the coefficients such that the higher-order error terms found in
Thm. 3.7 cancel out. This is first demonstrated using the first-order expansion of the
projective Zeno effect.

Projective 2-product Zeno effect

Recall that Prop. 3.3 proves that for any projective quantum operation P , with P = (1−P ),
and a quantum dynamical C0-semigroup (etL)t≥0, where PL, LP , and PL2 are bounded,
there is an explicit bound such that for n → ∞ and t ≥ 0∥∥∥∥∥(Pe t

n
L)n − etP LPP − t2

2n

∫ 1

0
eτ1P LPPL[L, P ]Pet(1−τ1)P LPdτ1

− t

n
etP LPPLP

∥∥∥∥
X →X

= O
( 1
n2

)
.

Then, we search for a c ∈ R2 such that the multi-product formula for K = 1 and nℓ = ℓn
satisfies

2∑
ℓ=1

cℓ(Pe
t

nℓ
L)nℓ − cℓe

tP LPP − cℓ
1
nℓ
E1 = O

( 1
n2

)
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where

E1 := t2

2

∫ 1

0
eτ1P LPPL[L, P ]Pet(1−τ1)P LPdτ1 − tetP LPPLP .

This is satisfied if the zeroth order is unchanged and the first-order error cancels or equi-
valently if the following system of linear equations is satisfied:(

1 1
1
1

1
2

)(
c1
c2

)
=
(

1
0

)
which is solved by c1 = −1 and c2 = 2. This gives the following 2-product scheme:

Corollary 4.1 (2-product Zeno effect) Let (L,D(L)) be the generator of a quantum
dynamical C0-semigroup, P ∈ B(T1) be any projective quantum operation such that
PL, PL2,LP ∈ B(X ) are bounded, O ∈ B(H) be an observable, and ρ ∈ T1(H). Then for
all n ≥ 1 and t ≥ 0, we have∥∥∥2(Pe

t
2n

LP )2n − (Pe
t
n

LP )n − etP LPP
∥∥∥

1→1
≤ O

( 1
n2

)
,

in particular,∣∣∣2 tr
[
O(Pe

t
2n

LP )2n(ρ)
]

− tr
[
O(Pe

t
n

LP )n(ρ)
]

− tr
[
OetP LPP (ρ)

]∣∣∣ ≤ O
( 1
n2

)
.

This means that running two Zeno effects in parallel with different step sizes can im-
prove the convergence rate to 1

n2 , while only linearly increasing the number of channel
usages.

Generalized Multi-product Zeno effect

In the following, we generalize the above scheme, similar to the multi-product Trotter
formulas discussed, for example, in [13, 11], using the higher-order expansion of the gen-
eralized quantum Zeno effect (see Thm. 3.7). That is, there exists a sequence of bounded
operators {Ek}K

k=1 such that∥∥∥(Me
t
n

L)n −
J∑

j=1
λn

j e
tPjLPjPj −

K∑
k=1

1
nk

J∑
j=1

λn
jEk,j

∥∥∥
1→1

= O
( 1
nK+1

)
.

For a quantum operator M admitting the uniform power convergence assumption∥∥∥Mn −
J∑

j=1
λn

j Pj

∥∥∥
X →X

≤ cδn

given a c ≥ 0, n ∈ N, peripheral eigenvalues {λj}J
j=1 ⊂ ∂D1, and a quantum dynamical C0-

semigroup with generator (L,D(L)), so that MLk, LM are bounded for all k ∈ {1, . . . ,K+
1}. Additionally, assume that the peripheral eigenvalues are periodic, i.e., the phases are
rational:

{λj}J
j=1 ⊂ {e2πiq | q ∈ Q} .

Therefore, there exists a common period p such that λp
j = λj for all j ∈ {1, ..., J}. Then,

choosing nℓ = mℓpn, we obtain∥∥∥∥∥∥
K+1∑
ℓ=1

cℓ(Me
t

mℓpn
L)mℓpn −

J∑
j=1

λje
tPjLPjPj

−
K∑

k=1

1
(pn)k

(K+1∑
ℓ=1

cℓ

mk
ℓ

) J∑
j=1

λjEk,j

∥∥∥∥∥∥
1→1

= O
( 1
nK+1

)
.

(8)
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if
K+1∑
ℓ=1

cℓ = 1 and
K+1∑
ℓ=1

cℓm
−k
ℓ = 0 for k = 1, ...,K . (9)

For the choice mℓ = ℓ, the multi-product Zeno effect converges with a rate of order 1
nK+1 ,

provided that the vector c ∈ RK+1 satisfies the following system of linear equations:
1 1 . . . 1
1
1

1
2 . . . 1

K+1
...

...
. . .

...
1

1K+1
1

2K+1 . . . 1
(K+1)K+1




c1
c2
...

cK+1

 =


1
0
...
0

 . (10)

Note that the system of linear equations in Eq. (10) is a Vandermonde system and therefore
invertible. However, this equidistant-grid choice is typically ill-conditioned for large K (see
[34, 11]). More importantly for the present setting, the coefficients grow exponentially:
solving the Vandermonde system yields

cℓ = (−1)ℓ−1
(
K + 1
ℓ

)
ℓK ,

and thus SK := ∑K+1
ℓ=1 |cℓ| satisfies

SK ∈ Ω(eK), (11)

as discussed in [34]. Since SK is part of the error bound, this limits the scalability of the
multi-product Zeno effect for large K.

Corollary 4.2 (Equidistant-grid case) Let M be a quantum operation satisfying the uni-
form power convergence (3) with periodic eigenvalues, i.e., {λj}J

j=1 ⊂ {e2πiq | q ∈ Q}, with
period p ∈ N, and let (L,D(L)) be the generator of a quantum dynamical C0-semigroup
satisfying MLk and LM bounded for all k ∈ {1, ...,K + 1}. For mℓ = ℓ ∈ {1, ...,K + 1},
any ε > 0, all observables O ∈ B(H), states ρ ∈ T1(H), and t

n < ε, we have

∥∥∥K+1∑
ℓ=1

cℓ

(
Me

t
mℓnp

L)mℓnp −
J∑

j=1
λje

tPjLPjPj

∥∥∥
1→1

= O
( 1
nK+1

)
,

in particular,

tr
[
O

(K+1∑
ℓ=1

cℓ

(
Me

t
mℓnp

L)mℓnp −
J∑

j=1
λje

tPjLPjPj

)
(ρ)
]

= O
( 1
nK+1

)
.

Here, the coefficients cℓ are given by cℓ = (−1)ℓ−1(K+1
ℓ

)
ℓK so that

∑K+1
ℓ=1 |cℓ| ∈ Ω(eK) and∑K+1

ℓ=1 mℓ = (K+1)(K+2)
2 .

Well-conditioned multi-product grids

To overcome this limitation, we choose mℓ in nℓ := mℓ p n following the approach discussed
in the Hamiltonian-simulation literature [13, 34, 11]. Recall that by Thm. 3.7 each sequence
satisfies the error bound in Eq. (8) under the condition Eq. (9), i.e.

K+1∑
ℓ=1

cℓ = 1 and
K+1∑
ℓ=1

cℓm
−k
ℓ = 0 for k = 1, ...,K .
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is satisfied. This linear system has a (K + 1) × (K + 1) matrix determined by {mℓ} as
observed in Eq. (10). Next, we follow [34] (see also [11]) and choose mℓ as an approximate
Chebyshev grid.

Theorem 4.3 Let M be a quantum operation satisfying the uniform power convergence
(3) with periodic eigenvalues, i.e., {λj}J

j=1 ⊂ {e2πiq | q ∈ Q}, with period p ∈ N, and let
(L,D(L)) be the generator of a quantum dynamical C0-semigroup satisfying MLk and LM
bounded for all k ∈ {1, ...,K+1}. Then for all ε > 0 and all observables O ∈ B(H), states
ρ ∈ T1(H), and t

n < ε, there exist pairwise distinct integers m1, . . . ,mK+1 ∈ N and a
coefficient vector c ∈ RK+1 solving the linear system (9) such that the multi-product Zeno
effect converges with rate 1

nK+1 :

∥∥∥K+1∑
ℓ=1

cℓ

(
Me

t
mℓnp

L)mℓnp −
J∑

j=1
λje

tPjLPjPj

∥∥∥
1→1

= O
( 1
nK+1

)
,

in particular,

tr
[
O

(K+1∑
ℓ=1

cℓ

(
Me

t
mℓnp

L)mℓnp −
J∑

j=1
λje

tPjLPjPj

)
(ρ)
]

= O
( 1
nK+1

)
.

Proof. First, recall that by Thm. 3.7, for each fixed ℓ ∈ {1, . . . ,K + 1} and nℓ = mℓpn
(compare to Eq. (8)), there exist bounded operators Ek,j (independent of n) and a re-
mainder Rℓ,n such that

∥∥∥(Me
t

mℓpn
L)mℓpn −

J∑
j=1

λje
tPjLPjPj −

K∑
k=1

1
(mℓpn)k

J∑
j=1

λjEk,j −Rℓ,n

∥∥∥
1→1

= O
( 1
nK+1

)
.

Then, summing over ℓ and using the condition (9) yields

∥∥∥K+1∑
ℓ=1

cℓ(Me
t

mℓpn
L)mℓpn −

J∑
j=1

λje
tPjLPjPj

∥∥∥
1→1

= O
( 1
nK+1

)
.

The argument above holds for every pairwise distinct integer grid {mℓ} for which (9) is
solved. It remains to explain, in detail, how to choose such a grid with good conditioning.
For

xℓ := m−1
ℓ ∈ (0, 1], ℓ = 1, . . . ,K + 1 ,

Eq. (9) is equivalent to the polynomial interpolation problem of finding cℓ such that

K+1∑
ℓ=1

cℓx
k
ℓ = δk0, k = 0, 1, . . . ,K.

In Eq. (11), we observed that the equidistant-grid choice mℓ = ℓ yields exponentially
growing SK (Vandermonde instability). The key idea of [34, Thm. 1, Eqs. (8-9)] is to first
relax xℓ to real values so that m̃ℓ = x−1

ℓ and start from a Chebyshev-type node family:
The real nodes are

x⋆
j = sin2

(π(2j − 1)
4(K + 1)

)
, j = 1, . . . ,K + 1,

These are the images of the Chebyshev-Gauss-Lobatto interpolation points; their use
minimizes the Lebesgue constant and hence the polynomial interpolation error (see [51,
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Chap. 5]). Solving the moment system on these nodes gives coefficients with logarithmic
norm growth instead of exponential growth:

K+1∑
j=1

|c̃j | = O(log(K + 1)) and
K+1∑
ℓ=1

m̃ℓ = O(K logK) .

However, we require integer step counts, which is why we convert real exponents to integers
by scale-and-round:

mℓ := ⌈κm̃ℓ⌉ ∈ N,

with κ chosen so that the rounded values remain pairwise distinct (this is exactly the role of
the scaling parameter in [34, Eq. (10)]). The perturbation estimate of [34, Eq. (11)] shows
that rounding changes each coefficient by only a constant relative factor, provided the
pre-rounded nodes are sufficiently separated. Therefore, one can choose pairwise distinct
integers m1, . . . ,mK+1 such that (9) is satisfied and

SK =
K+1∑
ℓ=1

|cℓ| = O(log(K + 1)).

This finishes the proof by choosing nℓ = mℓpn.

Remark 3 (Time dependency). From the proof of Theorem 4.3, one obtains the time
dependence O(t2(K+1)/nK+1). Hence, to achieve a target accuracy η > 0, it suffices to
choose n = O(t2η−1/(K+1)). Thus, increasing K improves only the accuracy dependence
(from η−1 to η−1/(K+1)), while the t-dependence remains quadratic.

This shows that the convergence of the quantum Zeno effect can be improved to order
1

nK+1 by post-processing the probability distributions of K + 1 parallel Zeno sequences
with step counts nℓ = mℓpn. Hence, the accuracy scaling improves exponentially in K,
while the overhead remains moderate: the number of parallel sequences grows only linearly
in K + 1, and for well-conditioned grids the coefficient sum satisfies SK = ∑K+1

ℓ=1 |cℓ| =
O(log(K + 1)).

4.2 Applications
Finally, we present two brief examples demonstrating the scheme’s broad applicability,
which is formulated with sufficient generality to encompass most instances of the Zeno
effect. This means that every convergence rate of the Zeno effect in the above form (6),
even in infinite-dimensional systems, can be improved using the presented multi-product
scheme.

Dynamical decoupling

The so-called ‘Bang-Bang’ method is closely related to the quantum Zeno effect (see [19,
8, 27]). In a bipartite system with one part being the bath, the idea is to apply frequent
strong ‘kicks’ at short intervals to reduce the influence of the bath on the system, thereby
decoupling the system from the bath [53]. The quantum operation acting on the bipartite
system is 1H1 ⊗M , where M is an ergodic quantum channel on system 2. By [27, Thm. 16],
the peripheral eigenvalues of M are λj = e2πij/J for j = 0, . . . , J − 1, with spectral gap
δ equal to the spectral radius of M on the complement of its peripheral eigenspace. A
concrete example is the qubit amplitude-damping channel Mγ(ρ) = K0ρK

†
0 +K1ρK

†
1 with
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K0 = |0⟩⟨0| +
√

1 − γ |1⟩⟨1| and K1 = √
γ |0⟩⟨1| for 0 < γ < 1: it is ergodic with unique

fixed point |0⟩⟨0|, has J = 1 (only peripheral eigenvalue λ1 = 1), and δ =
√

1 − γ.
More formally, the quantum dynamical semigroup is defined on a bipartite system of

two finite-dimensional Hilbert spaces H1 ⊗ H2 and a Hamiltonian, which can always be
represented by a set of self-adjoint operators H1, H1,j ∈ B(H1) and H2, H2,j ∈ B(H2) for
all j ∈ {1, ..., d} so that

H = H1 ⊗ 1+ 1⊗H2 +
d∑

j=1
H1,j ⊗H2,j .

The goal is to interact with the dynamics in such a way that the sum over the interaction
terms with the bath is transformed into a weighted sum over H1,j in the effective dynamics
(see [27, Def. 15]). Here, we focus on the recent results of [27], which states in Theorem
16 that dynamical decoupling using a quantum channel 1⊗M is possible if and only if M
is ergodic, i.e. the channel admits a unique fixed point. By [27, Thm. 16], this property
is equivalent to the assumption that the eigenvalues given in Eq. (3) are not degenerated
and of the form λj = e2πij/J for all j ∈ {1, ..., J}. In particular the phases are rational
so that Thm. 3.7 improves the convergence rate of the decoupling scheme [27, Thm. 16],
i.e. for a fixed K ∈ N, fixed point ρ∗ = M(ρ∗), there is a cℓ ∈ RK+1 so that with
Hdec = H1 +∑d

j=1 tr[H2,jρ
∗]H1,j

∥∥∥K+1∑
ℓ=1

cℓ

(
(1⊗M)e− t

ℓnJ
i[H,·])ℓnJ − e−ti[Hdec,·] ⊗

J∑
j=1

λjPj

∥∥∥
1→1

= O
( 1
nK+1

)
.

Bosonic cat code

Another example is the bosonic cat code [2, 26, 25]. Let H = L2(R) be the Fock space
of a single-mode bosonic system endowed with an orthonormal (Fock-)basis {|n⟩}n∈N.
The annihilation and creation operators are then defined by a |n⟩ =

√
n |n− 1⟩ and

a† |n⟩ =
√
n+ 1 |n+ 1⟩, satisfying for all n ∈ N the so-called canonical commutation

relation (CCR):
[a, a†] |n⟩ = |n⟩ , [a, a] |n⟩ = 0 .

The number operator is defined as N |n⟩ = a†a |n⟩ = n |n⟩, and coherent states are the
eigenvectors of a, denoted by |α⟩, such that a |α⟩ = α |α⟩ for any α ∈ C. The code
space of the bosonic cat code governed by the two-photon driven dissipative process for a
given α ∈ R is C2 := span {|α1⟩⟨α2| : α1, α2 ∈ {−α, α}}. Note that larger code-spaces are
desirable due to their error-correcting properties, but they are not relevant to demonstrate
the multi-product Zeno effect. The Schrödinger cat states, which represent the logical
qubits, are defined by

|CAT+
α ⟩ := |α⟩ + |−α⟩√

2(1 + e−2|α|2)
,

|CAT−
α ⟩ := |α⟩ − |−α⟩√

2(1 − e−2|α|2)
.

Then, the X(θ) gate, described in [36] and experimentally realized in [50], is defined by

X(θ) = cos
(
θ

2

)
(P+

α + P−
α ) + i sin

(
θ

2

)
Xα ,
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with P±
α = |CAT±

α ⟩ ⟨CAT±
α | and Xα = |CAT+

α ⟩ ⟨CAT−
α |+ |CAT−

α ⟩ ⟨CAT+
α |. One possible

construction is obtained by intersecting the driving Hamiltonian H = a + a† with the
projections Pα = P+

α + P−
α (see [40]), because the Zeno dynamics is

eitPαHPαPα = cos
(
t(α+ α†)

)
Pα + i sin

(
t(α+ α†)

)
Xα ,

which constructs the rotation X(θ) for appropriate t. Since PαH
k and HkPα are bounded

for any k ∈ N (as Pα is a projection onto a finite-dimensional subspace), the quantum
operation Pα = Pα · Pα has a single peripheral eigenvalue λ1 = 1 (i.e. J = 1) and δ = 1,
with all non-peripheral eigenvalues equal to zero. Thm. 4.3 improves the convergence rate
to any power K ∈ N, i.e., for Pα = Pα · Pα, we have

∥∥∥K+1∑
ℓ=1

cℓ

(
Pαe

−i t
ℓn

[H,·]
)ℓn

− e−tiPα[H,·]PαPα

∥∥∥
1→1

= O
( 1
nK+1

)
.

Remark 4 (Multi-mode systems). The analysis applies only to single or few-mode sys-
tems. Extending to multi-mode dynamics encounters fundamental obstructions related
to information propagation, resulting in bad dependence on the number of modes: Lieb–
Robinson bounds (LRBs), which control information spread, exist only weakly for the
Bose–Hubbard model [16, 32]. Establishing strong locality tools for dissipative bosonic
systems (see [41, 45]) is an important open problem for scalable bosonic quantum error
correction.

5 Conclusion
This work proposes a multi-product scheme for the quantum Zeno effect by deriving a
higher-order error expansion. The approach involves calculating higher-order error terms
in the Zeno sequence using a modified Chernoff Lemma, a modified Dunford-Segal approx-
imation, and the holomorphic functional calculus. A multi-product scheme is then applied
to improve the convergence rate from order 1

n to 1
nK+1 for a given K ∈ N. Due to the

generality of the result, we are able to apply the result to the ‘Bang-Bang’ method, which
is used to decouple systems from their environment, and the bosonic cat code to engineer
the X(θ) gate. It is important to highlight that the scheme is broadly applicable due to
its general formulation. However, several research directions remain open. For instance,
obtaining tighter bounds, especially for the generalized Zeno effect, would be of interest.
Additionally, one could investigate generalizing the choice nℓ = ℓn to minimize error for a
given gate complexity (or, more generally, resource constraints). In this case, an analysis
of the Vandermonde matrix discussed in Eq. (10), similar to that in [34, 11], would be
necessary to ensure a numerically well-conditioned problem. Another path could involve
extending the approach to time-dependent systems [55, 39, 10] or relaxing the assumptions
on the unbounded generator.
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A Proofs of Sec. 3.1 (Projective quantum Zeno effect)
In this section, we state all proofs required in Sec. 3.1 in detail.

A.1 Proofs of auxiliary results
Proof of Lem. 3.1. We follow the proof in [42, Lem. 4.2]. First, note that (et(C−1))t≥0
defines a contraction semigroup, and Cτ := (1 − τ)1+ τC = 1+ τ(C −1) is a contraction
for all τ ∈ [0, 1]. By the fundamental theorem of calculus, we have:

(
Cn − en(C−1)

)
= n

∫ 1

0
Cn−1

τ

(
(C − 1) − Cτ (C − 1)

)
e(1−τ)n(C−1) dτ

= −n(C − 1)2
∫ 1

0
τCn−1

τ e(1−τ)n(C−1) dτ .

Under the assumption that C : [0, 1] → B(X ), s 7→ C(s) is a continuously differentiable
operator-valued map with C(0) = 1, the fundamental theorem of calculus gives:

(
Cn(s) − en(C(s)−1)

)
= −ns2

∫∫∫ 1

0
τ1e

(1−τ1)n(C(s)−1)C ′(sτ2)C ′(sτ3)Cn−1
τ1 (s) dτ321 ,

which completes the proof.

Proof of Lem. 3.2. To prove this statement, we use the same strategy as in [43, 42] and
apply the fundamental theorem of calculus three times:(
e

t
s1

(C(s2)−1) − etC′
)

= t

∫ 1

0
e(1−τ1) t

s1
(C(s2)−1)

(
1
s1

(C(s2) − 1) − C ′
)
eτ1tC′

dτ1

= t

∫∫ 1

0
e(1−τ1) t

s1
(C(s2)−1)

(
s2

s1

(
C ′(τ2s2) − C ′

)
+
(s2

s1
− 1
)
C ′
)
eτ1tC′

dτ21

= t

∫∫∫ 1

0
e(1−τ1) t

s1
(C(s2)−1)

(
s2

2
s1
τ2C

′′(τ3τ2s2) + s2 − s1

s1
C ′
)
eτ1tC′

dτ321

= t
s2

2
s1

∫∫∫ 1

0
e(1−τ1) t

s1
(C(s2)−1)

(
τ2C

′′(τ3τ2s2) + s2 − s1

s2
2

C ′
)
eτ1tC′

dτ321.

Next, it is clear that (etC′)t≥0 is a semigroup, and applying the above identity shows:

∥etC′∥X →X ≤ ts

2 max
τ∈[0,1]

∥C ′′(τ)∥X →X e
t∥C′∥X →X + ∥e

t
s

(C(s)−1)∥X →X

≤ st2 max
τ∈[0,1]

∥C ′′(τ)∥X →X e
t∥C′∥X →X + 1

for all s ∈ (0, 1], so that ∥etC′∥X →X ≤ 1, which completes the proof.

A.2 Proof of the projective Zeno higher order expansion
Proof of Prop. 3.3. First, we absorb the time t ≥ 0 into L and begin with the well-
known first-order approximation (see [43, 42]). To this end, we define C(s) := PesLP on
B(PX ) with continuous derivatives C ′(s) = PLesLP = PesLLP , C ′′(s) = PLesLLP in
the uniform operator topology, and C ′′′(s) = PL2esLLP continuous in the strong operator
topology. Since PLP is bounded, (etC′)t≥0 is a well-defined contraction semigroup (see
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Lem. 3.2). Then, for n,m ∈ N,

Cm( 1
n) − eC′

= Cm( 1
n) − em(C( 1

n
)−1)︸ ︷︷ ︸

Lem. 3.1

+ em(C( 1
n

)−1) − eC′︸ ︷︷ ︸
Lem. 3.2

= −m

n2

∫∫∫ 1

0
τ1e

(1−τ1)m(C( 1
n

)−1)C ′( τ2
n )C ′( τ3

n )Cm−1
τ1 ( 1

n) dτ321

+ m

n2

∫∫∫ 1

0
e(1−τ1)m(C( 1

n
)−1)

(
τ2C

′′( τ3τ2
n ) − (n−m) n

m
C ′
)
eτ1C′

dτ321.

(12)

Note that the identity in B(PX ) is P , but it is denoted as usual by 1, and for m = n, this
implies the usual Zeno bound. In the next step, we consider the second-order expansion
of the Zeno product for x ∈ PX , which is required due to the continuity of C ′′(s) in the
strong operator topology:

Cn( 1
n )x− eC′

x

= 1
n

∫∫∫ 1

0
e(1−τ1)n(C( 1

n )−1)
(
τ2C

′′( τ3τ2
n )eτ1C′

− τ1C
′( τ2

n )C ′( τ3
n )Cn−1

τ1
( 1

n )
)
x dτ321

= 1
n2

∫∫∫ 1

0

[
(1 − τ1)

∫∫∫ 1

0
ξ2e

(1−ξ1)(1−τ1)n(C( 1
n )−1)C ′′( ξ3ξ2

n )eξ1(1−τ1)C′
dξ321

]
·
(
τ2C

′′( τ3τ2
n )eτ1C′

− τ1C
′( τ2

n )C ′( τ3
n )Cn−1

τ1
( 1

n )
)
x dτ321

(13)

+ 1
n2

∫∫∫ 1

0
e(1−τ1)C′

(
τ2

[
τ3τ2

∫ 1

0
C ′′′( ξ1τ3τ2

n )dξ1

]
eτ1C′

− τ1

[∫ 1

0
τ2C

′′(ξ1
τ2
n )C ′(ξ2

τ3
n ) + τ3C

′(ξ1
τ2
n )C ′′(ξ1

τ3
n )dξ1

]
Cn−1

τ1
( 1

n )
)
x dτ321

(14)

− n− 1
n3

∫ 1

0
e(1−τ1)C′

τ1(C ′)2
[∫∫∫ 1

0
e(1−ξ1)(n−1)(Cτ1 ( 1

n )−1)τ1

((
ξ2C

′′( ξ3ξ2
n ) − n

n− 1C
′)eξ1τ1C′

− ξ1τ1C
′( ξ2

n )C ′( ξ3
n )Cn−2

ξ1τ1
( 1

n )
)
dξ321

]
x dτ1

(15)

+ 1
2n

∫ 1

0
e(1−τ1)C′

(
C ′′ − (C ′)2

)
eτ1C′

x dτ1 ,

where we have iteratively applied previously proven bounds, that is, we approximate the
following:

Eq. (13) e(1−τ1)n(C( 1
n

)−1) by e(1−τ1)C′ using Lem. 3.2 with t = (1 − τ1) and s1 = s2 = 1
n ;

Eq. (14) C ′′( τ3τ2
n ) by C ′′, and C ′( τ2

n ) and C ′( τ3
n ) by C ′ using the fundamental theorem of

calculus and [17, Lem. B.15], ensuring the continuity of the integrand;

Eq. (15) Cn−1
τ1 ( 1

n) by eτ1C′ using Eq. (12) with m = n− 1 and Cτ1(s) = (1 − τ1)1+ τ1C(s)
satisfying C ′

τ1 = τ1C
′, C ′′

τ1 = τ1C
′′, and

(Cτ1)ξ1 = (1 − ξ1)1+ ξ1((1 − τ1) + τ1C) = (1 − ξ1τ1)1+ ξ1τ1C . (16)

Since C(s) := PesLP has bounded derivatives, we have:

∥C(s)∥X →X ≤ 1 , ∥C ′(s)∥X →X ≤ ∥LP∥X →X ,

∥C ′′(s)∥X →X ≤ ∥PL2∥X →X , ∥C ′′′(s)∥X →X ≤ ∥PL2∥X →X ∥LP∥X →X
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so that

∥Cn( 1
n) − eC′ − 1

2n

∫ 1

0
eτ1C′(C ′′ − (C ′)2)e(1−τ1)C′

dτ1∥X →X

≤ 1
n2

(1
8∥PL2∥2

X →X + 1
12∥PL2∥X →X ∥LP∥2

X →X

+ 1
6∥PL2∥X →X ∥LP∥X →X + 1

2∥PL2∥X →X ∥LP∥X →X

+ n− 1
n

∥LP∥2
X →X

(1
4∥PL2∥X →X + n

2(n− 1)∥LP∥X →X + 1
6∥LP∥2

X →X

))
= 1

24n2
(
3∥PL2∥2

X →X + 8∥PL2∥X →X ∥LP∥X →X (2 + ∥LP∥X →X )

+ 4∥LP∥3
X →X (3 + ∥LP∥X →X )

)
≤ 1

6n2

(
∥PL2∥X →X + ∥LP∥X →X (4 + ∥LP∥X →X )

)2
,

which concludes the first step of the proof. Next, the fundamental theorem shows

(Pe
1
n

L)n − eP LPP

= (Pe
1
n

LP )n−1Pe
1
n

L(1− P ) + (Pe
1
n

LP )n − eP LPP

= 1
n2

∫∫ 1

0
τ1C

n−1( 1
n)PL2e

τ1τ2
n

L(1− P )dτ21 + Cn−1( 1
n)PL(1− P ) + Cn( 1

n) − eC′
P .

(17)
Finally, we apply the result from Eq. (12) and Equations (13–15) to the last three terms
in the equation above to show

∥(Pe
1
n

L)n − eP LPP − 1
2n

∫ 1

0
eτ1P LPPL[L, P ]Pe(1−τ1)P LPdτ1 − 1

n
eP LPPL(1− P )∥X →X

≤ 1
6n2

(
∥PL2∥X →X + ∥LP∥X →X (4 + ∥LP∥X →X )

)2

+ 1
2n2

(
3∥PL2∥X →X + ∥LP∥X →X (2 + ∥LP∥X →X )

)
≤ 1

2n2

(
1 + 2∥PL2∥X →X + ∥LP∥X →X (2 + ∥LP∥X →X )

)2
,

which concludes the proof by substituting again L with tL in the statement.

Proof of Thm. 3.4. We first consider the symmetric case and prove

∥∥∥(Pe t
n

LP )n − etP LPP −
K∑

k=1

1
nk
Ẽk∥1→1 = O

( 1
nK+1

)

for a sequence (Ẽk)K
k=1 ⊂ B(X ). In particular, we prove by induction that for every K,

there exists a sequence of bounded operators (Ẽk)K
k=1 such that the following equality

holds:

(Pe t
n LP )n − etP LPP −

K∑
k=1

1
nk
Ẽk = 1

nK+1

∫
[0,1]3K

fA1

(
XA2

n (τA3), Y A2
n (τA3 , τA4), ZA2

n (τA3)
)
dτ .

(18)
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Here, f represents exactly what we saw in Equations (13-15), namely a sum of products
of five operators that appear repeatedly. These are defined by

Xk
n(s) := C(k+1)

( s
n

)
and Xk

∞ = C(k+1)(0) ,

Y k
n (s1, s2) := es1(n−k)(Cs2 ( 1

n
)−1) and Y∞(s) = esC′

,

Zk
n(s) :=

(
Cs( 1

n)
)n−k

,

(19)

for s, s1, s2 ∈ [0, 1] and k ∈ {0, . . . ,K}. As can be observed in the proof of Prop. 3.3,
the input s is a product of different integration variables τ1, τ2, . . . . In addition to these
parameters, the order of the operators is important since they do not commute. To account
for this, we use the following triple of matrices (A1, A2, A3, A4) with

• A1 ∈ {X,X∞, Y, Y∞, Z}3K×4K , which determines the order of the products by its
rows; for example, the matrix row (X,Z, Y ) refers to the operator product XY Z,
with the operators specified as follows.

• A2 ∈ {0, . . . ,K}3K×4K , which refers to the different k-inputs for the operator-valued
functions Xk

n(s), Y k
n (s), and Zk

n(s). Here, we assume that the sum of each row, if
the entry refers to X, X∞, Y or Y∞, is less than or equal to 2K + 1.

• A3, A4 ∈ {0, 1}3K×4K×3K , which refers to the different s-inputs. As mentioned, these
are products of the integration variables, so that τA3(i, j) = ∏3K

k=1 τ
A2(i,j,k)
k . These

products, organized in the matrix 3K ×4K, are then used as inputs again (A4 resp.).

In summary, the function f is a sum over 3K products of 4K different operators and
coefficients given by monomials in τ1, . . . , τ3K , 1

n , with coefficients bounded in absolute
value by K − 1. The matrices XA2

n (sA3), Y A2
n (sA3 , sA4), and ZA2

n (sA3) are elements of
B(X )4K×3K with operator-valued entries. These determine the products in the function f
via the matrix A1, which includes the information on whether X,X∞, Y, Y∞, Z is used at
a position i in the product in the jth term, and with which parameters A2(i, j), A3(i, j),
and A4(i, j) as input.

It is clear that for K = 1, the above construction corresponds to the expression con-
sidered in Equations (13-15) in the proof of Prop. 3.3, verifying the ‘induction start’.

Next, we assume that the expansion in Eq. (18) is given for some K ∈ N. We then
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repeat the following expansions of Xk
n(s), Y k

n (s1, s2), and Zk
n(s):

Xk
n(s) = C(k)(0) + s

n

∫ 1

0
C(k+2)

(
τ1s

n

)
dτ1

= Xk
∞ + s

n

∫ 1

0
Xk+1

n (τ1s)dτ1

Y k
n (s1, s2) = es1s2C′

+ s1s2
n − k

n2

∫∫∫ 1

0
e(1−τ1)s1(n−k)(Cs2 ( 1

n
)−1)

(
τ2C′′( τ3τ2

n
)

− k
n

n − k
C′
)

eτ1s1s2C′
dτ321

= Y∞(s1s2) + s1s2
n − k

n2

∫∫∫ 1

0
Y k

n ((1 − τ1)s1, s2)
(

τ2X1
n(τ3τ2)

− k
n

n − k
X0

∞

)
Y∞(τ1s1s2) dτ321

Zk
n(s) = esC′

− s2 n − k

n2

∫∫∫ 1

0
τ1e(1−τ1)(n−k)(Cs( 1

n
)−1)C′( τ2

n
)C′( τ3

n
)Cn−k−1

τ1s ( 1
n

) dτ321

+ s
n − k

n2

∫∫∫ 1

0
e(1−τ1)(n−k)(Cs( 1

n
)−1)

(
τ2C′′( τ3τ2

n
) − k

n

n − k
C′
)

eτ1sC′
dτ321

= Y∞(s) − s2 n − k

n2

∫∫∫ 1

0
τ1Y k

n ((1 − τ1), s)X0
n(τ2)X0

n(τ3)Zk+1
n (τ1s) dτ321

+ s
n − k

n2

∫∫∫ 1

0
Y k

n ((1 − τ1), s)
(

τ2X1
n(τ3τ2) − k

n

n − k
X1

∞

)
Y∞(τ1s) dτ321

using the fundamental theorem of calculus, Lem. 3.2, and Eq. (12) with Eq. (16). Since
the integration variables are extended by three dimensions, the number of terms increases
by a factor at most three, the products increase by four, and the k’s increase by at most
two. We achieve a 1/n error increase by one power if and only if there is an n-dependent
operator left in the product; if not, the term is added to the definition of ẼK+1.

Moreover, note that the following bounds hold:

∥Xk
n(s)∥X →X , ∥Xk

∞∥X →X ≤ ∥PLk∥∥LP∥X →X

∥Y k
n (s)∥X →X , ∥Y∞(s)∥X →X , ∥Zk

n(s)∥X →X ≤ 1

and are independent of n, which concludes the expansion of the symmetric, projective
Zeno effect (19). Next, we consider Eq. (17)

(Pe
1
n

L)n − etP LPP

= Cn−1
( 1
n

)
Pe

1
n

L(1− P ) +
(
Cn

( 1
n

)
− eC′

)
P .

Since Cn−1
(

1
n

)
and

(
Cn

(
1
n

)
− eC′

)
P can be expanded analogously to the above proof

and

Pe
1
n

L(1− P ) =
K∑

k=0

1
nk
PLk(1− P )

+ 1
nK+1

∫
[0,1]K+1

τK
1 τK−1

2 · · · τK+1PLK+1e
τ1···τK+1

n
L(1− P )dτ .

by the fundamental theorem of calculus, as long as PLK+1 is bounded by assumption, the
proof is complete.
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B Proofs of Sec. 3.2 (Generalized quantum Zeno effect)
In this section, we state all proofs required in Sec. 3.2 in detail.

B.1 Proofs of auxiliary result
Proof of Lem. 3.6. In the first part of the proof, we follow the strategy of [42, Thm. III],
adapted to the special case where, for all x ∈ X ,

M(t)x := MetLx = Mx+ t

∫ 1

0
MLetτLx dτ =: Mx+ tB(t)x .

Since ML is bounded by assumption, we have ∥M(t) −M(0)∥X →X ≤ t∥ML∥X →X , so [42,
Lem. A.2] shows the semicontinuity of the spectrum under this perturbation. That is,
there exists an ϵ > 0 such that spec(MetL) remains separated by Γ for all t ∈ [0, ϵ]. By
applying the holomorphic functional calculus [48, Thm. 2.3.1-3], we obtain that

P (t) = 1
2πi

∮
Γ
R(z,MetL) dz

defines, for all t ∈ [0, ϵ], a projection onto the eigenspace enclosed by Γ. Next, for simplicity,
we introduce the notation R(t) = R(z,M + tB(t)) and R = R(0). Applying the second
resolvent identity, tR(t)B(t)R = R−R(t), and using the fundamental theorem of calculus,
we show that

2πiP (t) =
∮

Γ
R(t) dz

=
∮

Γ

(
R− tR(t)B(t)R

)
dz

=
∫ 1

0

∮
Γ

(
R− tRBR+ t2R(t)(BR)2 − t2RB′(τ1t)R

)
dz dτ1

=
∮

Γ

(
R− tRBR+ t2

(
R(BR)2 −RB′R

))
dz

− t3
∫∫ 1

0

∮
Γ
R(t)(BR)3 dz dτ12

+ t3
∫∫ 1

0

∮
Γ
R
(
B′(τ2t)RB(t) +BRB′(τ2t) − τ1B

′′(τ1τ2t)
)
Rdz dτ12 .

Since B(k)(t) =
∫ 1

0 MLk+1eτtL dτ and MLk+1 is bounded for all k ∈ {0, . . . ,K}, we have

∥B(k)(t)∥X →X ≤ ∥MLk+1∥X →X ,

and the resolvent R(z,M + tB(t)) is uniformly bounded for z ∈ Γ and t ∈ [0, ϵ]. Iterating
the above strategy completes the proof.

B.2 Proof of the generalized Zeno higher order expansion
Proof of Thm. 3.7. As mentioned above, the uniform power convergence assumption is
equivalent to the spectral gap assumption with zero nilpotent operators [4, Prop. 3.1].
This is why there exists a curve γ : [0, 1] → C, γ(s) = 2δ+1

3 es2πi that separates the part
of the spectrum of M inside Dδ from the isolated eigenvalues {λj}J

j=1, along with similar
curves Γ1, ...,ΓJ that separate each isolated eigenvalue (see Fig. 1). Then, Lem. 3.6 shows
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that these curves separate the spectrum of MetL for sufficiently small t ∈ [0, ε]. This
allows us to perform the following splitting:

(Me
1
n

L)n =
J∑

j=1
λn

j

(
λjPj

(
1
n

)
Me

1
n

LPj

(
1
n

))n
+ 1

2πi

∮
γ
znR(z,Me

1
n

L) dz , (20)

with the eigenprojection
Pj(t) = 1

2πi

∮
Γj

R(z,MetL) dz

defined in Lem. 3.6. The last term in Eq. (20) is strictly contractive because∥∥∥∥ 1
2πi

∮
γ
znR(z,Me

1
n

L) dz
∥∥∥∥

X →X
≤ cδ̃n,

where c = maxz∈γ ∥R(z,M)∥X →X
2+2δ̃

1+2δ̃
with δ̃ = 1+2δ

3 , holds true due to the second von
Neumann series and the boundedness of the resolvent (see [42, Eq. 23-24]). Therefore, we
consider the following operator on X for any j ∈ {1, ..., J}:

C(s) := λjP (s)MesLP (s).

and omit the j in the notation so that P (t) = Pj(s), P = P (0), and P ′ = P ′(s). It admits
the following expansion in the operator norm:

C(s) = λ

(
P +

K∑
k=1

skFk

)(
K∑

k=0

sk

k!MLk

)(
P +

K∑
k=1

skFk

)
+ O(sK+1)

= P + λ(PMP ′ + P ′MP + PMLP ) + λ
K∑

k=2
sk

∑
k1+k2+k3=k

Fk1Gk2Fk3 + O(sK+1)

= P + s(P ′ + PLP ) + λ
K∑

k=2
sk

∑
k1+k2+k3=k

Fk1Gk2Fk3 + O(sK+1) ,

for s → 0, where k1, k2, k3 ∈ {0, ...,K}, F0 := P , and Gk2 := 1
k!MLk. Here, we used the

same trick as in [43], P ′ = d
dtP (t)

∣∣
t=0= d

dtP
2(t)

∣∣
t=0= P ′P + PP ′. Next, we apply the

modified Chernoff Lemma (3.1) to C(s) on P (s)X and then use the fundamental theorem
of calculus to rewrite (C − 1) ≡ C(s) − P (s), which implies the following bound on X :

Cn(s) − en(C(s)−P (s))P (s)

= −ns2
∫∫∫ 1

0
τ1e(1−τ1)n(C(s)−1)(C′(sτ2) − P ′(sτ2))(C′(sτ3) − P ′(sτ3))Cn−1

τ1 (s) dτ321 .

Similarly, the modified Dunford-Segal approximation (3.2) is adapted to(
e

t
s1

(C(s2)−P (s2)) − etC̃′
)

= t

∫ 1

0
e

(1−τ1) t
s1

(C(s2)−P (s2))
(

1
s1

(C(s2) − P (s2)) − C̃′
)

eτ1tC̃′
dτ1

= t

∫∫ 1

0
e

(1−τ1) t
s1

(C(s2)−P (s2))
(

s2

s1

(
C′(τ2s2) − P ′(τ2s2) − C̃′

)
+
(

s2

s1
− 1
)

C̃′
)

eτ1tC̃′
dτ21

= t

∫∫∫ 1

0
e

(1−τ1) t
s1

(C(s2)−P (s2))
(

s2
2

s1
τ2
(
C′′(τ3τ2s2) − P ′′(τ3τ2s2)

)
+ s2 − s1

s1
C̃′
)

eτ1tC̃′
dτ321

= t
s2

2
s1

∫∫∫ 1

0
e

(1−τ1) t
s1

(C(s2)−P (s2))
(

τ2
(
C′′(τ3τ2s2) − P ′′(τ3τ2s2)

)
+ s2 − s1

s2
2

C̃′
)

eτ1tC̃′
dτ321.
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with C̃ ′ = C ′ −P ′ = PLP . Then, we can repeat the proof of Thm. 3.4 with the following
set of operators (similar to Eq. (19))

W k
n (s) := P (k)( s

n) and W k
∞ = P (k) ,

Xk
n(s) := C(k+1)( s

n) and Xk
∞ = C(k+1)(0) ,

Y k
n (s1, s2) := es1(n−k)(Cs2 ( 1

n
)−P ( 1

n
)) and Y∞(s) = es(C′−P ′) ,

Zk
n(s) :=

(
Cs( 1

n)
)n−k

,

(21)

with Cτ (s) := (1 − s2)P (s) + τC(s). Then, we follow the proof of Prop. 3.3 with the
above operators and use the expansion of P (s), given in Lem. 3.6. This proves for every
j ∈ {1, ..., J} the expansion

∥∥∥(λjPj

(
1
n

)
Me

1
n

LPj

(
1
n

))n
− etPjLPjPj −

K∑
k=1

1
nk
Ek,j

∥∥∥
X →X

= O
( 1
nK+1

)
,

which finishes the proof.
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