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We construct an ontological model for the theory known as bilocal classical the-
ory [1]. To our knowledge, this is only the second time that an ontological model has
been constructed for an entire theory, rather than just for some particular scenarios
within a theory. This result refutes a conjecture from Ref. [1] which suggested that
there might be no local-realist ontological model for bilocal classical theory. Moreover,
it is the first time that an ontological model has been constructed for a theory that fails
to be locally tomographic, showing that the assumption of local tomography underpin-
ning the structure theorem in Ref. [2] is a genuine limitation of the theorem. This
demonstrates that in general there is no tension between failures of local tomography
and classical explainability (i.e., generalised noncontextuality). In fact, bilocal classical
theory is in many ways more simply understood via the underlying ontological model
than it is within its original formulation (much as how odd-dimensional stabiliser sub-
theories can be more simply understood via Spekkens’ toy theory). Furthermore, this
result naturally leads to the question, does every locally-classical theory admit of an
ontological model? By constructing a concrete counterexample, we show that this is
not the case. Our findings demonstrate that there is no straightforward relationship
between theories being locally-classical, and them being classically-explainable. This
shows that the fundamental status of compositional properties (such as local tomogra-
phy) is not a technical side-issue, but a central and unavoidable question for a coherent

understanding even of classicality itself.

Contents
1 Introduction 2
1.1 Operational probabilistic theories . . . . . . . . . . .. ... ... ... ...... 3
1.2 Classical theory . . . . . . . . . . 4
1.3 Ontological models and classical explainability . . . . .. .. ... ... ..... 6
2 A locally-classical theory that is classically-explainable 6
2.1 Bilocal classical theory . . . . . . . . .. 6
2.2 An ontological model for bilocal classical theory . . . . . . .. .. ... ... ... 9
Linearity preservation . . . . . . . . . . ... .. e 11
Diagram preservation . . . . . . . ... oL L oo 11
Sina Soltani: sina.soltani@phdstud.ug.edu.pl
Marco Erba ©: recobrama®@gmail.com
John H. Selby: john.h.selby@gmail.com
Accepted in ¢uantm 2026-06-15, click title to verify. Published under CC-BY 4.0. 1


https://orcid.org/0000-0002-2172-592X
https://orcid.org/0000-0002-2172-592X
mailto:sina.soltani@phdstud.ug.edu.pl
https://orcid.org/0000-0002-2172-592X
mailto:recobrama@gmail.com
mailto:john.h.selby@gmail.com
https://arxiv.org/abs/2511.19266v2

Determinacy preservation . . . . . . ... ... o0 0. 12

2.3 Bilocal classical theory admits an ontological model . . . . . ... ... .. .... 12
3 A locally-classical theory that is not classically-explainable 12
3.1 Latent classical theories . . . . . . .. .. .. o 12
3.2 Latent classical theories do not admit ontological models . . . . . . . .. ... ... 13
4 Conclusion 14
Acknowledgments 15
References 15
Appendix 19

1 Introduction

The formalism of operational probabilistic theories (OPTs) [3-7] (closely related to the one of
generalised probabilistic theories, or GPTs for short [8-12]) is a broad framework encompassing
essentially all theories that admit of an operational characterisation. In this framework, classical
probability theory (CT) has traditionally been singled out as the unique “classical” theory [8—
10, 12-15]. From an operational standpoint, this conception of classicality essentially boils down to
three characteristic traits of systems in CT: joint perfect discriminability of pure states—implying
that every state space is geometrically described by a simplex; the distinguishability of any two
bipartite states by using the statistics of measurements on the individual components—entailing,
for simplicial systems, a composition rule that can be described by the Cartesian product; and that
all mathematically consistent processes are physically possible (“everything that is not forbidden is
allowed” [4]). The second feature operationally boils down to the local tomography [16-20] or local
discriminability [4] principles, while the third is known as the no-restriction hypothesis [3, 9], which
are important properties also satisfied by quantum theory. Note that joint perfect discriminability
of pure states is a single-system property, while local tomography is a multi-system, compositional
notion. In brief, CT is the operational probabilistic theory that contains all and only processes
consistent with simpliciality and local tomography.

One can also ask which theories are classically-explainable, in the sense that they can be rea-
sonably explained by CT. This question was first answered in Refs. [2, 21-23], which argued that
one GPT can explain the statistical, convex, and compositional structures of another if and only
if there is a linear and diagram preserving map between the two. In particular, then, a GPT
is classically-explainable if it can be embedded into CT in this manner. Such an embedding is
called an ontological model of a GPT. This conception of classical explainability was subsequently
explored in a number of works [6, 24-27].

This notion of classical explainability coincides with the existence of a generalised-noncontex-
tual [28] explanation (for the operational theory which leads to the GPT [2]) within an ontological
model [29]. The latter approach can also be motivated by a methodological version of Leibniz’s
principle [30], by its equivalence to the existence of some positive quasiprobabilistic representa-
tion [2, 31], and by its equivalence to the above notion of classical explainability. Failures of gen-
eralised noncontextuality are strong manifestations of failures of classical explainability, and have

been found (and often leveraged as resources) in the realms of quantum computation [32, 33], state
discrimination [34-37], interference [38—411], compatibility [24, 412—44], uncertainty relations [45],
metrology [46], thermodynamics [416—18], weak values [19, 50], coherence [51-53], quantum Dar-

winism [54], information processing and communication [55-61], cloning [62], broadcasting [63],
pre- and post-selection paradoxes [(4], randomness certification [(5], psi-epistemicity [66], and
Bell [22, 67] and Kochen-Specker scenarios [68-74].

Relatedly, some recent works [1, 5, 43, 75] on OPTs have explored the idea, and modifications
thereof, of locally-classical theories—that is, those theories where all systems are classical in the
strict sense of CT (i.e., containing all and only processes consistent with simpliciality), while
the system-composition rule may differ from that of standard CT (thus generally violating local
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tomography) [1, 18, 75, 76].1 Such theories can only differ from CT in their composition rule,
which may not obey local tomography. The first example of a fully-fledged locally-classical theory
that violates local tomography is known as bilocal classical theory [1], which we introduce in Sec. 2.

In this paper, we further explore the connections between these different concepts relating to
classicality, that is, between local classicality and classical explainability (in the precise senses
described above). Our first result is to show that bilocal classical theory is classically-explainable.
Hence, modifications to the composition rule of classical theory (as an OPT) are not necessarily
incompatible with the existence of an underlying ontology which composes following the standard
“classical” composition rule (the Cartesian product). On the other hand, we construct alternative
examples of locally-classical theories (following the construction of latent theories introduced in
Ref. [76]) which we prove are not classically-explainable. Consequently, locally-classical theories
that fail to be tomographically local are sometimes, but not always, classically-explainable. An
important direction for future work would be to find some way to classify such theories, for example,
by finding some physical principle which singles out which are classically-explainable.

In the remainder of the introduction (and in more detail in App. A), we provide a concise
overview of the framework of operational probabilistic theories, tailored to the needs of our discus-
sion. In particular, defining ontological models of OPTs [(], and what it means for such a model to
be classically-explainable. In section 2 of the paper, we construct such a model for bilocal classical
theory and show that the constructed model is a consistent one. Finally, in section 3, we conclude
the paper with a no-go theorem concerning another type of locally-classical theories, termed latent
classical theories, for which we prove that no ontological model can be constructed.

1.1 Operational probabilistic theories

In this section, we briefly review the framework of operational probabilistic theories (OPTs). For a
more detailed introduction, we refer readers to App. A.1 and references therein. The primitives in
the OPT framework are systems, transformations, and probabilities.? A system is representative of
a physical object under study in a laboratory, such as a particle, atom, or field. A transformation
describes the evolution a system undergoes. The OPT framework prescribes the probabilities of
different outcomes one would obtain in a measurement, given the preparations and evolutions that
have occurred before the measurement, taking into account how these primitives are composed.

We denote the class of systems for a generic OPT © as Sys(©). For single systems, we use
Latin characters A, B,C,--- € Sys(©). We denote the class of transformations from system A to
B as Transf(A — B), and we depict a transformation ¢ € Transf(A — B) as

- )

When not describing any physical system, we use the trivial system I € Sys(©), which we
represent it as a blank space. Thus, for a particular class of transformations p € Transf(I — A)
and a € Transf(A — I), we can depict them as

G- and 20 ®

These are respectively called states and effects, where for a system A, we denote them as St(A)
and Eff(A) respectively. Sometimes, we denote a state for a system A as |p) 4, and an effect a as
(a]a. We also denote the sequential composition of a state |p)4 and an effect (a|4 as (a|p)a.

INote that, since our approach is compositional, composite systems can be always taken to be themselves com-
ponents of larger composites. Motivated by this observation, “locally-classical” here means that every system, be it
elementary or composite, is classical—while, globally, the theory may differ from the standard classical theory, par-
ticularly in its composition rule. Such a terminology therefore slightly differs from the one used, e.g., in Refs. [77, 78],
where the analysis was carried out for multipartite correlation scenarios and, accordingly, “locally quantum” refers to
settings where the elementary components are quantum, while the global systems need not necessarily be quantum.

2At least, these are the primitives of relevance for this paper.
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In the OPT framework, a transformation p with both trivial input and output is called a scalar,
which we demand to be a probability, i.e., p € [0, 1], which we depict as

&

Thus, closed circuits in the OPT framework represent the probability that a given closed circuit
occurs among all other possibilities for that particular closed circuit in a laboratory (see (65) and
App. A.1 for a more detailed description of probabilities in OPTs).

An OPT is given by composition rules, i.e. a sequential composition rule for transformations,
and a parallel composition rule when transformations are combined in parallel to form another
transformation. These are given by associative bilinear maps and must satisfy additional com-
patibility conditions to ensure well-defined composition in a given OPT [1]. We denote sequential
composition map as o and parallel composition map as X. Likewise, single systems can be com-
posed together to form multipartite systems.

It is well known [3, 4, 79, 80] that one can define a complete class of linearly independent
vectors in St(A) that span a real vector space, denoted by Str(A) := Spang St(A). Similarly,
the space Eff(A) spans, in general, a subspace of its dual vector space, defined as Effg(A) :=
Spang Eff(A). Similarly, transformations belong to a vector space, which allows us to define
Transfgr(A — B) := Spang Transf(A — B). A transformation ¢ € Transf(A — B) is called atomic
if, whenever one has t = t; + ¢ for some t1,ty € Transf(A — B), it follows that ¢; o t5. That is,
atomic transformations are those that, up to a scalar factor, cannot be further refined into other
transformations. In the theories that we consider here, atomic transformations are important
because every other transformation can be represented as a positive conic combination of atomic
transformations.

An OPT is said to satisfy local tomography, if and only if, for any two distinct bipartite state
p € St(AB) and p' € St(AB), there exist local effects a; € Eff(A) and as € Eff(B), such that

In other words, two bipartite states can be distinguished solely through local measurements.

The condition that the probability distribution associated with a preparation of a set of states
does not depend on the specific choice of the measurement applied at its output is commonly
referred to as causality. It is well known that this notion of causality is equivalent to the principle
of no-signalling from future and equivalent to the statement that each system possesses a unique
deterministic effect [4]. In particular, an OPT is said to be causal if and only if every system A
admits a unique deterministic effect, represented as

A—“I. (5)

A transformation ¢ € Transf(A — B) is called deterministic if and only if

A= (6)

This means that the transformation occurs with certainty, i.e, with probability 1. For deterministic
states, this condition reduces to the normalisation condition.

1.2 Classical theory

Classical theory is an OPT A where systems are labelled by natural numbers n € IN representing
the number of perfectly distinguishable states (See (70) in App. A.1 for more detail) for the system.
The composite of a system n with a system m gives us the system nm (i.e., given my multiplication
of integers). It can be shown that this composition rule ensures that classical theory satisfies local
tomography.
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Transformations from system n to system m are represented by substochastic matrices M €
SubStoch(n — m), while deterministic transformations correspond to stochastic matrices S €
Stoch(n — m). As a special case, states are (subnormalised) probability distributions, effects
correspond to response functions, and scalars correspond to probabilities. Sequential composition
is given by the composition of (sub)stochastic matrices, whereas parallel composition is given by
the usual tensor product. We depict systems in classical theory using grey wires

n

(7)
We represent a pure state of a system n in classical theory as

G, (8)

where 1 < ¢ < n. Composing two pure states of system n and m, reults in another pure state of
the composite system nm which we depict as

) !)
-

Where 1 < j < m. A pure effect for a system n in classical theory is depicted as

n , (10)

(i) = i,ur, (11)

where one has

foralll1<i<n,andalll <7 <n.
An atomic transformation from a system n to m is given by

A N =2 (-, (12)

for some 1 <ip <n,1 <1 <m and X\ € [0,1]. Similarly, for composite systems, atomic transfor-
mations are given by

ny ; mq
i1 15

ni m1
ng ma
ns ms3
N 11,02, g B L
, o] ba ) o= A
nyt i1vigse ip iy A (13)
Np Mg
where for lower indices, one has 1 <i; <nj, 1 <iy <ng, ..., 1 <4, <n,, and for upper indices,
one has 1 <1y <my, 1 <ly <mg, ..., 1<, <my, and, X € [0,1].

We call atomic transformations with A = 1 normalised atomic transformations which we denote
as Q%Zf) . Every arbitrary transformation ¢ in classical theory, from a system n to m, can be written
as the unique conical combination of normalised atomic transformations, that is

b =N Clio, ) (14)
0.l

where C(ig,!) denotes the conical coefficient.?

3Note that, since classical theory satisfies local tomography, there is no need to include ancillary systems (see (69)
and App. A.1) in order to fully characterise transformations. Consequently, atomic transformations can be described
as specific instances of general transformations without reference to any ancillary system, as we have done in this
analysis.
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1.3 Ontological models and classical explainability

In this section, we are interested in a particular notion of a map between two OPTs that helps
us formulate our notion of classical explainability of OPTs. For a more detailed discussion of the
notion of a map between two OPTs, we refer readers to App. A.3.

Definition 1.1 (Ontological models of OPTs). An ontological model of an OPT £:0 — A ,

depicted as
~ A B Aa A B Ap
‘- . | (5
3
s a linear map from an OPT © to a classical theory A that satisfies diagram preservation and
determinacy preservation. See App. A.3 for a discussion of these properties, and Remarks A.3
and A.J for a more detailed discussion of the structure of ontological models.

An ontological model of an OPT associates each transformation with a substochastic transfor-
mation in classical theory. Additionally, it assigns a classical state to every state and a classical
effect to every effect. Each system A in the OPT is mapped to a classical system whose dimension,
denoted by A4, specifies the size of the corresponding ontic space [29]. Note that an important
property an ontological model must satisfy is empirical adequacy, namely, preservation of scalars.
In the present setting, this follows immediately from linearity and determinism preservation. In-
deed, determinism preservation implies £(1) = 1. Hence, by linearity, £(p) = £(p - 1) = pé(1) = p,
for every p € [0, 1], which is pictorially represented as

@g :@. (16)

If the constructed model is consistent and qualifies as a valid ontological model, then, as
explained in [2, 6], it confirms that the OPT of interest is classically-explainable and compatible
with the notion of generalised noncontextuality. Note that as the ontological model is diagram
preserving, that this ensures that the causal structure of the ontological model is the same as the
causal structure of the OPT, and in particular, means that such ontological models are Bell local.
Le., if an OPT admits of an ontological model then it can never violate any Bell inequality in any
causal scenario.

In Sec. 2, we carry out this construction for BCT, focusing in particular on how the model maps
systems, pure states, pure effects, and normalised atomic transformations. We then demonstrate
the model’s consistency, thereby confirming the existence of an ontological model for BCT, and
thus its classical explainability. In Sec. 3 we show that no such construction can exist for LCT,
and hence, LCT is not classically explainable.

2 A locally-classical theory that is classically-explainable

2.1 Bilocal classical theory

Bilocal classical theory (BCT) was first introduced in [1] as a consistent theory of locally-classical
systems with a composition rule that differs from that of classical theory—but in such a way that
the state and effect spaces of composite systems are also classical (identical to that of the simplicial
theory). Despite the fact that all systems are themselves classical, the exotic composition rule in
BCT leads it to exhibit several features absent in classical theory, such as entanglement, cloning,
entanglement swapping, dense coding, additivity of classical capacities, non-monogamous entan-
glement, and hypersignaling. In this section, we briefly review the basic properties of BCT that are
most relevant to our purposes. In the following sections, we aim to construct an ontological model
for BCT. To that end, we will focus in particular on the composition rule, the characterisation of
pure states and pure effects, and atomic transformations in BCT. We do not aim to prove all of
the properties we mention here. Interested readers can find full proofs and more discussions in
Ref. [1].

Bilocal classical theory (BCT) is an OPT in which every system is classical. Hence, we represent
each single system by a natural number n which for the trivial system, one has n = 1. The main
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difference from classical theory lies in the composition rule. For any two single systems n and m,
the composite system, denoted as n X m, is given by

2nm, ifn#1%m,
nXm = ¢ n, ifm=1, (17)

m, ifn=1.

In the n # 1 # m case, pure states are given as the vertices of a 2nm-simplex. In light of the
composition rule, BCT does not exhibit local tomography; instead, it exhibits bilocal tomography,
so that it requires bipartite measurements to fully characterise multipartite states (hence why it
has been named as bilocal classical theory). We represent a system n in BCT pictorially as as
thick violet wire

& (18)

A pure states of a single system n can be represented as

: (19)

where 1 < ¢ < n. For a composite system 2nm, with subsystems n and m, we represent a pure
state as

@)s | (20)

where 1 <4 <mnand 1 <j <m, with s being a binary variable s € {0,1}. We can also represent
a bipartite pure state as [(ij)s). For all pure states |¢) of a system n, and all pure states |j) of a
system m, the parallel composition is given by

(j)s : (21)

s=0,1 —

This composition rule for pure states implies that when two pure states are composed in parallel,
the resulting state—unlike in classical theory—is no longer pure. However, despite this difference,
composite systems in BCT remain classical systems. Consequently, every state in BCT can still
be expressed as a unique subconvex combination of pure states.

Similarly, a pure effect of a single system n can be represented as

2. (22)

where 1 < ¢ < n. For a bipartite system 2nm, with subsystems n and m, a pure effect is denoted

as
n

Nan) . (23)

where 1 <i¢<n,1<j<mands e {0,1}, which we can also denote it as ((ij)s|. For all possible
pure states of a single system n and a bipartite system 2nm—that is, forall 1 <i<n, 1< j <m,
and s € {0,1}—one has

(’,m = 51",1‘ )
((ilj/)s’ ‘(U)s) = 51",1'5]",]'55’,5 ) (24)

for all possible pure effects, i.e., forall 1 < <mn, 1 <j" <m, and s’ € {0,1}.
For an arbitrary composite system consists of systems n1,n2,n3,. . .,np, we represent a pure state

as
s
"'((i1i2)3 iS)s iyt ip> :
(e o) B (29

Sp—1
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where 1 < i1 <ni, 1 <is < ng, ..
pure effect, one has

. 1<ip, <np, and s1, S2, ..., sp—1 € {0,1}. For a composite

ny
no

3
_: ((.“((1112)5113)52”‘%l)sp_2zp> ’ (26)

np_1 sSp—1
Ty

where 1 <11 <ny, 1<y <ng,...,1 <4, <np,and s1, s2, ..., sp—1 € {0,1}. For a discussion on
how to relate the multi-system and single-system definitions of states, effects, and transformations
see App. B.

A transformation ' from system n to m is atomic if and only if, for every system FE used as

an ancillary system, one has
- Nl
5 = Adi,io (ZJ)S@T ) (27)

(i9)s i

for some A € [0,1], 1 <ip <mn,1<I<mand 7 € {0,1}, with the summation taken modulo two
(see Ref. [1, Prop. 3] for the proof). Hence, we can denote an atomic transformation from system
n to m as

St A (28)

707

Similarly to classical theory, we call atomic transformations with non-trivial systems with A = 1
normalised atomic transformations, which we denote as

I R K (29)

20°?

where one has

AN N B A (30)

’i07

An atomic transformation, with a composite system input and a composite system output, is

represented as

n M

n2 m2

n3 ma3

- I,y s lgatysta, o tg_q _

e s (31)

np mq
where for lower indices, one has 1 < 43 < nj, 1 < iy < ng, ..., 1 <4 < ny, and sy, s2, ...,
sp—1 € {0,1}, and for upper indices, one has 1 < I3 < mq, 1 <y < mg, ..., 1 <1y < my,
and ti1, t2, ..., t4—1 € {0,1}. Also, one has A € [0,1] and 7 € {0,1}. More details on how

to characterise atomic transformations on composite systems can be found in App. C. It can be
shown that, similarly to classical theory, sequential composition of atomic transformation yields
another atomic transformation (see (75) in App. A.2), However, in the case of parallel composition,
there is a stark contrast between BCT and classical theory, that when atomic transformations are
composed in parallel, the resulting transformation is no longer atomic [1].

Similarly to classical theory we have that:

Proposition 2.1. Every transformation t from system n to m in BCT can be uniquely expressed
as a conical combination of normalised atomic transformations:

"-m = ZC(Z'O,Z,T)~L%{),T&. (32)

i0,l,T

Proof. See Ref. [1, Prop. 3] for existence and App. A.2 for uniqueness. O

As a category, BCT is consistent in the sense that it satisfies the required coherence conditions.
Moreover, as an OPT, it exhibits a consistent probabilistic structure. These properties have been
discussed and demonstrated in Ref. [1]. We have also included a very brief introduction to reversible
transformations of BCT in App. E.1%.

4Note that, since BCT does not satisfy local tomography, unlike classical theory it is necessary to consider
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2.2 An ontological model for bilocal classical theory

In this section, we construct an ontological model for BCT. But first, it will be useful for our purpose
to introduce some notations regarding even dimensional classical theory. In classical theory, we
can depict a single system of dimension 2n as

2n "

= B (33)

wherein n represents n dimensional classical subspace, and B represents a binary subspace. This
representation of a single system enables us to represent a pure states of a 2n dimensional classical
system in classical theory as

34
- ”
where 1 <¢ <, and s € {0,1}. On the binary subspace, we denote the t-controlled NOT gate as

G- @@= o > @

with the summation being modulo two. We use the symbol o to denote the action of copying pure
states. For instance, in the case of the binary subspace, applying the copying to the completely

mixed state yields
ke 2 \&-—a-) )

We can further generalize the copying operation on binary subspaces to accommodate multiple
inputs and outputs as

By
B1 By s s By

B B
? ’ 2 b2
. Q . = g . .

. s . .
B, s s B
P q
Bp Bq

Now, with these notations in place, we construct an ontological model for BCT as follows:

(37)

Definition 2.2 (An ontological model for BCT). The ontological map € : BOCT — A is the unique
linear map specified by the following:

e & assigns to each system n an ontic space A, = ~(n), where for a non-trivial system n # 1,
we define g(n) as classical system with the dimension 2n, and for the trivial systemn = 1, we
define £(n) to be the trivial system in classical theory as well, i.e., £(n) = 1. For non-trivial
systems, this is depicted as

n £ (n)
= — == (38)
€
And for every composite system in BCT with non-trivial subsystems ny, na, N3 ... Np—_1, Np,
one has
—_— £(n1)
—_— € (n2)
2 ———— £(n3)
: = : . (39)
Np— : -
i Zpl i (np—_1)
= z E(np)
§ p

ancillary systems E in order to fully characterise transformations (see (69) and App. A.1), as we have done in our
analysis of atomic transformations in (27) (and reversible transformations in (152) and App. E).
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o For a pure state of a single system n, one has

G== G (10)

3
and for a pure state of a composite system in BCT with subsystems ny, na, N3 ... Np_1, Np,
using not and copy gates, one has
nil
By
Li no
(('“((iliz)slis)sz'“ip1) 1p> | (41)
Sp—2 Sp—1 '"’p;l
) .
g
np
Bp

e For a pure effect of a single system n, one has
n .
i = (42)
3

and for a pure effects of a composite system, one has

=
° <("'((i1i2)sli3)s2"'ip—1) iP) =
. Sp—2 s

e For a normalised atomic transformation with a single system n as input, and a single system

m as output, one has
n m
m
=B B

S 7 R
i9?
¢ —1—
and for a normalised atomic transformation in BCT, with composite systems as input and
output, one has

(44)

ny —
Bn,

my

e — i
) / 2
—2

3 ng —
—_ f—

e ettt (PRET o Bey

1) G .

T " Bm,

E—_..
4

1502500 ip,s1a82,sp 1T T

1 H
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e Finally, we define the ontological model of BCT to be deterministic scalar-preserving, i.e.,
the ontological model maps scalar 1 in BCT to scalar 1 in classical theory, that is

£(1) :==1. (46)

We have defined the ontological model on single system entities, namely pure states, pure effects,
and normalised atomic transformations, as well as their multipartite counterparts. In App. B we
will see how these two views are related, where as an example, in App. E.2, we use the results
established in App. B to formalize reversible transformations of BCT in the ontological model.

2.2.1 Consistency checks

In this section, we examine whether the ontological model constructed for BCT is consistent.
By 1.1, consistency requires the model to be linear, diagram preserving, probability preserving,
or empirically adequate, and determinacy preserving. The model we have constructed is defined
as a linear map, with its action specified on systems, pure states, pure effects, normalised atomic
transformations, and the scalar 1. It remains to verify that this definition is compatible with lin-
earity and that the model satisfies diagram preservation, probability preservation, and determinacy
preservation. We show these properties in what follows.

Linearity preservation We have defined the ontological model to be linear, but a priori this
could lead to incomnsistencies. Namely, if we had two different linear decompositions of the same
transformations in terms of normalised atomic transformations, then the ontological model could
conceivably depend on which decomposition we used. This, however, is not a problem for BCT
because all of the normalised atomic transformations are linearly independent, as we showed in
Prop. 2.1.

Diagram preservation Diagram preservation implies that for the sequential composition of two
arbitrary transformations (for clarity, we omit explicit notation of systems and transformations),

one has
il o

And for the parallel composition of two arbitrary transformations, one has

= _=F

One also has both identity and swap preservation (See (86) in App. D.1). When all of these con-
ditions are satisfied, diagram preservation holds for every arbitrary scenario (like the one in (85)).

The ontological model of BCT, as we have defined it, indeed satisfies diagram preservation,
as we prove in App. D.1. In doing so, we first show that diagram preservation holds for the
sequential composition of normalised atomic transformations. Then, using the linearity of the
ontological model and the fact that every transformation is uniquely given as a conical combination
of normalised atomic transformations (by Proposition 2.1), we conclude that the model is diagram
preserving for arbitrary sequential compositions.

For parallel composition, we reduce the preservation of an arbitrary pair of transformations
to simpler conditions (see (130) in App. D.1)—including identity and swap preservation—whose
joint satisfaction implies diagram preservation. These conditions are all fulfilled by virtue of
Proposition 2.1 and the linearity of the ontological model.

Note that, for the sake of clarity, we have reviewed diagram preservation in Figures (47) and (48)
only for the case where all systems are single and non-trivial. In App. D.1, we explain why diagram
preservation also holds when systems are multipartite, not limited to this specific setting.

(48)
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Determinacy preservation The ontological model must map every deterministic transforma-
tion in BCT to a deterministic transformation in classical theory. This requirement is satisfied,
as demonstrated in App. D.2, where we prove that the ontological model preserves the unique
deterministic effect. By diagram preservation, this implies that the ontological model maps every
deterministic transformation in BCT to a deterministic transformation in classical theory (i.e., a
stochastic matrix).

2.3 Bilocal classical theory admits an ontological model

We have shown that the model in Definition 2.2 satisfies all the requirements of Definition 1.1, and
so is a valid ontological model for BCT. Hence, we obtain the following result:

Theorem 2.3. There exists an ontological model for bilocal classical theory.

Thus, BCT is classically explainable and compatible with the notion of generalised noncontex-
tuality, in the sense discussed in [2, 6]. This might lead one to suspect that every locally-classical
OPT admits of an ontological model and is hence classically explainable. However, as we show
in the next section, this is not the case. To demonstrate this, we leverage the general OPT con-
struction presented in Ref. [76] to build a specific counterexample: a locally-classical theory that
violates local tomography and does not admit an ontological model.

3 A locally-classical theory that is not classically-explainable

3.1 Latent classical theories

Here, we aim to show that a class of locally-classical OPTs known as latent classical theories—ob-
tained via the OPT construction introduced in Ref. [76]—unlike BCT, do not admit of any onto-
logical model. This OPT construction was originally applied to quantum systems to define latent
quantum theories (LQTSs), namely, a family of OPTs that are locally quantum while violating local
tomography.® By applying the same construction to classical systems, one can similarly define the
following:

Definition 3.1 (Latent classical theories (LCTs)). Latent classical theories (LCTs) are the family
of locally-classical OPTs defined by applying the construction of [76, Apps. A-B] to classical sys-
tems. Equivalently, LCTs may be defined as the restriction of LQTs [76] to their classical, namely,
diagonal, sectors.

The key feature of LCTs is that they generally differ from standard classical theory in the
composition rule. Intuitively, the composition rule for latent classical system is the usual one up to
extra degrees of freedom “popping up” in the form of factor spaces. This generalises the standard
classical composition rule. More concretely, for every pair of elementary latent classical systems
C7 and C5, there exists a classical space Ly such that

0102 = Cl X CQ = L12 ® Cl ® 02.

The space Lis is called the latent factor associated with the composite C;Cy. Moreover, there
exists a normalised state |k) Lia? called the latent state of Lys, such that the parallel composition
of latent classical states reads as

9)e, W), = 1K), @10)e, ©[T)g,  VIo)o, €SEC1),|7)e, € SH(Ca). (49)

Therefore, whenever a LCT has a latent factor that is non-trivial—i.e., that is not one-dimensional—
the resulting LCT will be different from standard classical theory. With this, we can prove the
following result.

5«Locally quantum” here means that every system, be it elementary or composite, is quantum—while the com-
position postulate may generally differ from the standard quantum one. See also footnote 1.

Accepted in ¢uantm 2026-06-15, click title to verify. Published under CC-BY 4.0. 12



3.2 Latent classical theories do not admit ontological models

Theorem 3.2. There does not exist an ontological model for any latent classical theory where at
least one latent state is not full-rank.

Proof. Let us consider any LCT where there exists a pair of elementary latent classical systems C
and Cy whose associated latent factor Lo has latent state |) Lis that is not full-rank. Note that
this implies that the associated latent factor Lio has dimension d > 2, meaning that the LCTs
considered here are all different from standard classical theory. Therefore, by construction, there
also exists at least one non-null effect (FLJ‘| Lis such that (/iH/i) Ly = 0. Denoting the discarding
of any system by (Tr|, we then define the composite effect (b|, o, = (HL‘LH ® (Tr|g, ® (Tr|g,
that, in spite of being non-null, annihilates every product state in the light of Eq. (49), i.e.,

Gl
Cs

The existence of such an effect is a non-trivial feature and is made possible by the violation of local
tomography—as a necessary albeit not sufficient condition. Furthermore, one also has

=0 Vl]o)e, € St(Ch),[7)q, € St(C2). (50)

Ci C1

@ : CI Cl (51)
Cs

for all states |3) -, ¢, (where we recall that € denotes the null process). Eq. (51) can be easily verified
by direct computation resorting to the general construction of Ref. [76, App. B] and using Eq. (50).
Let us define |r),, , to be any state of L1z such that (kt]R) L,, 7 0: thus, the composite state

1B) e c, = 1R, ®lp1) o, ®lp2)c,—where |p1), and [p2), are arbitrary non-null states—satisfies

Finally, we recall that the real-linear span of any finite-dimensional locally tomographic theory,
including standard classical theory, contains a generalised Choi vector |ycn)gg = >, |ii)ss €
Str(SS) and a generalised Choi covector (gonl|gs = >_;(jjlss € Effe(SS) for every system S,

such that
s
S
= . (53)
s s

Note that neither of these is necessarily physical as they only need to live in the vector space
spanned by the states/effects. In particular, even if they are in the cone of states/effects they are
not necessarily normalised. We are now in position to prove the thesis by contradiction. Suppose
that there exists an ontological model ¢ for the above-defined class of LCTs. Accordingly, by
diagram preservation and linearity, from relation (51) one obtains

£(C1) £(Ch)
£(C) &(cy)
) = :
£(C2)
13 3
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which, by exploiting relation (53), in turn implies

£(Ch)
&) £(Ch) £(c) &)
£ = = |ycn| g : gen| = 0.
C: C C
@~5(2) D_ 5(1)5(1)
3 i3
£<CZ)
3 3

é
(54)
On the other hand, by relation (52) and probability preservation, one also has

Cy
= @ # 07
é

which is in contradiction with (54). O

Some comments are here in order. The above proof is based on more general techniques and
results which will be presented in a forthcoming work [$1]. In particular, by generalising the proof
technique exploited here, Theorem 3.2 can be shown to hold even in the case where the image of
the ontological model is taken to be an infinite-dimensional classical theory (provided that local
tomography is satisfied) [81]. This means that the result is not an artifact of considering ontological
models into a finite-dimensional classical theory. In fact, the LCTs that we defined in Theorem 3.2
cannot be embedded in any locally tomographic theory [81]. Remarkably, the example illustrated
here is the first one (to our knowledge) of a theory exhibiting such a strong violation of local
tomography, in the sense that it allows for the existence of a non-null bipartite effect annihilating
every product state (as per Eq. (50)). By construction, the latter feature is common to LQTs [70]
as well.

4 Conclusion

The existence of an ontological model for BCT refutes the conjecture of Ref. [1] and shows that in
general there is no tension between failures of local tomography and classical explainability (i.e.,
generalised noncontextuality). Indeed, the model constructed for BCT provides a way to locally
account for non-locally tomographic degrees of freedom by locally adding extra ontic states. This
matches with the results of Ref. [18], and can in fact be viewed as the completion of the argument
regarding holism from that work from a prepare-and-measure scenario to a fully compositional
theory. Moreover, it embodies a concrete example that the assumption of local tomography used
in the structure theorem in Ref. [2] is indeed a genuine limitation of the theorem.

Our proof technique for demonstrating the validity of the ontological model for BCT (see
Appendices) provides a concrete methodology to define fully-fledged ontological models for other
theories existing in the literature. The explicit model constructed here is also likely to provide
a useful tool for further research into locally-classical theories. On the one hand, it provides a
convenient diagrammatic representation of BCT which will be useful for better understanding the
features of this theory. On the other hand, it provides a convenient route towards generalising
this theory, both to further locally-classical theories, but also to general methods for modifying the
composition rule of a given OPT. In particular, it opens the door to understanding the relationship
between BCT and the twirled and swirled worlds introduced in Refs. [18, 82].

We found that not every locally-classical theory is classically-explainable, as shown by the
latent classical theories that we defined. Note that, for latent classical unipartite systems, every
two-stage experiment where a state is prepared and a measurement is chosen out of a set of possible
measurement settings (called a prepare-and-measure scenario) is clearly classically-explainable.
In fact, latent classical unipartite systems satisfy a stronger property: since they are strictly
classical (therefore simplicial), they are also simplez-embeddable [21] by construction—and then,
in particular, also Kochen—Specker noncontextual [33, 84]. Consequently, the failure to admit of an
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Figure 1: Venn diagram incorporating our results. One example of a theory is included for each region, with the
exception of a single region that is empty (since the only theory that is both locally tomographic and locally-
classical is CT, which is, however, also classically-explainable). Our main results, Theorem 2.3 and Theorem 3.2,
allow us to populate the two regions of locally-classical theories which are non-locally tomographic.

ontological model [2] is here due to how latent classical systems compose, essentially exhibiting a
strong violation of local tomography—one that cannot be explained away due to the impossibility
of embedding the theory into any locally tomographic one [81]. Note that this notion of classical
explainability is sensitive to this kind of failure of nonclassicality, whereas the traditional Kochen—
Specker [33, 84] notion of noncontextuality is not, since the latter applies to single systems, whereas
the generalised notion constrains all parts of a theory, including the theory’s composition rule.
Hence, our results, that are summarised in Figure 1, demonstrate that there is no straightforward
relationship between theories being locally-classical and being classically-explainable. It would
therefore be an interesting direction to find some physical principle which singles out which locally-
classical theories are classically-explainable. This also underscores the fact that considering how
systems compose is an important part of understanding what it means to be classical, just as it is
an important part of defining and understanding any fully-fledged theory.
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A Further preliminaries

In this appendix we provide sufficient technical details on the background material such that this
paper can be understood. However, we also provide references for more in depth and pedagogical
introductions to these topics.

A.1 Operational probabilistic theories

In this part of the appendix, we try to elaborate further on Section 1.1 and briefly provide a
more detailed review of the framework of operational probabilistic theories (OPTs), addressing
additional preliminaries of the OPT framework that help clarify our main result®. For a more
comprehensive review we refer readers to [4] and the forthcoming work [7]. As mentioned in the
main text, the primitives in the OPT framework are systems, transformations, probabilities, and
instruments.

An instrument specifies the set of possible transformations that may occur in a given proba-
bilistic process. whcich we denote it as T)’?HB , where X represents the outcome space, i.e., the set
of possible outcomes that may occur in the process. Each instrument T)"(‘*B is an indexed family
of transformations from A to B, namely,

TP = [ty)uex; Vz e X, t, € Transf(A — B). (55)

An instrument with a single outcome will be called a singleton instrument, and will have an outcome
set denoted by % := {x}.

We denote the sequential composition of two arbitrary transformations, t; € Transf(A — B)
and to € Transf(B — C), for all systems A, B,C' € Sys(©) as ty o t1, which is depicted as

Aot} = Ha} u . (56)

To allow the OPT framework to include the possibility of doing nothing to systems, we introduce
an identity transformation, Ig, for each system S € Sys(0), which we depict as

L= — (57)

60r, more precisely, the framework of operational probabilistic theories which satisfy process tomography, i.e.,
those OPTs that have been quotiented [6] relative to the operational equivalence relation induced by (68) below.
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Furthermore, since an identity transformation represents doing nothing to systems, we demand for
an identity transformation to satisfy

Igot, =t, =ty o0ly, Vte Transf(A— B). (58)
For all systems A and B, in the OPT framework one can combine single systems to form a composite

system AB, which we depict as
A

B (59)

where, when we use the trivial system I € Sys(0), it satisfies A = A = AT for all A € Sys(0©).

Having composite systems allows one to compose two arbitrary transformations, ¢; € Transf(A —
B) and ty € Transf(C' — D), for all systems A, B,C, D € Sys(0), in a parallel way, which we
denote as t; M5, and depict as

B
c |[t1 Xty | D= (60)

|

This has to be compatible with sequential composition, in the sense that

(tQ (¢] tl) & (t4 [¢] t3) = (tg & t4) (¢] (tl & t3).

To describe the exchange of systems, an OPT requires the notion of swapping, that is, a family o
of invertible transformations such that, for any two systems A and B, their exchange is represented
by 04,8, depicted as

A B A B
0A,B = a ) (61)
B A y A
and its inverse, denoted by 0;713, is depicted as
B A B A
5 N\
OAB = . (62)
A B A Q
Swapping is required to satisfy the sliding property, namely,
A c D
= , (63)

forall A, B,C,D € Sys(©), and all t; € Transf(A — B), t5 € Transf(C — D). In the case where
02,113 = 0B, 4, the OPT is said to be symmetric, where we represent o4 p as

o =X o
B A B A

Note that the compositional structure of an OPT, as described here, corresponds to the structure
of a braided monoidal category.

Given a state p for system A, followed by a transformation ¢ from A to B, and then an effect
a, an OPT O assigns a probability p € [0,1] to

GEnEnROSY )
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This probability p is the chance that p occurs among all other states in its corresponding state
instrument, ¢ among all transformations in its instrument, and a among all outcomes in its corre-
sponding effect instrument. The assignment thus defines a probability distribution over all trans-
formations in the respective instruments. We define parallel composition of scalars as

pXq:=pq, Vp,q€ Transf(I — I), (66)

which is simply the multiplication of real numbers. We can also define multiplication by scalars,
that is, for every p € Transf(I — I) and every ¢t € Transf(A — B), one has

A B
.
- t = A B = . 67

p-—t] » (67)
an OPT O is required to be tomographic for transformations. That is, one can use the states and

effects within an OPT to generate statistics to distinguish them or to identify their equivalence.
In particular, for every t1,ts € Transf(A — B) one has t; = t5 if and only if they yield the same

probabilities, i.e.,

for every E € Sys(©), every state p € Transf I — AE , and every effect a € Transf(BE — I).
Note that in the full framework of OPTs this is in fact only required to be an equivalence relation
rather than an equality, however, one can always quotient with respect to this relation and obtain
an OPT of the sort we have defined here.

Note that in an OPT, as can be seen from (68) that St(A) := Transf(I — A) can be identified
with a set of functionals from Eff(A) := Transf(A — I) to the real interval [0, 1], and vice versa.
Moreover, the set of states separates the set of effects, and the set of effects separates the set of
states. This means that for any pair of distinct states |p)a,|o)a € St(A), there exists an effect
(ala € Eff(A) such that (a|p)a # (a]o)a (and similarly for any pair of distinct effects), where
one can show [3, 4, 79, 80] that these two properties imply a linear structure, as described in the
main text. Similarly, transformations from A to B can be regarded as functionals that assign a
probability to each state—effect pair. As such, they also form a vector space, whose linear structure
is discussed in the main text.

Also, note that, as a consequence of (68), any transformation ¢ € Transf(A — B) naturally
gives rise to a hnear map g from Stg(AE) to Stg(BE) for every system E. Thus, each transfor-
mation ¢ is fully specified by the collection of such linear maps {t E}Eesys(e)- In particular, two
transformations t; and t5 from A to B are equal if and only if

t1 =ty < fl,E = 1?27]5;, VE € SyS(@) (69)

In general, the full infinite family {{g} Eesys(o) over all systems E may be needed to completely
determine a transformation. However, in some cases, this is not required. For instance, in “locally
tomographic” theories, each transformation is uniquely determined by its action on the system
alone [2], meaning the map with trivial ancilla F suffices.

In a locally tomographic OPT, the complete specification of any state is achievable using only
the statistics of local measurements. That is, two states are identical if they yield the same statistics
for all local measurements. An OPT O is locally tomographic if and only if the dimension condition
Dap = DaDpg holds for all systems A, B € Sys(0) [4]. Under this condition, for each composite
system AB, the real vector space Str(AB) is spanned by product states. Moreover, to fully
determine a transformation ¢t € Transf(A — B) it suffices to examine its action on the system
alone, using only the trivial system as the ancilla.

The notion of local tomography can be generalised to n-local tomography [1, 17], wherein a the-
ory exhibits n-local tomography if the state of a composite system can be completely determined
using measurement statistics from subsystems of up to n components—that is, from 1-component,
2-component, ..., up to n-component measurements. For the special case n = 2, the theory is
referred to as a bilocally tomographic theory. In such a theory, both local and bipartite mea-
surements—as well as conical combinations of their parallel compositions—are required to fully
characterise a multipartite state. An example of such theory is BCT reviewed in Sec. 2.
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A set of deterministic (i.e., normalised) states {|p;)}7; for a system A is said to be jointly
perfectly discriminable if there exists an observation instrument {(a;|a}?; such that

(ailpy) =6, , Viyi €{1,2,...,n}. (70)

An agent may choose to conflate outcomes within any subset of a instrument’s outcome space,
that is, ignore distinctions between transformations in that subset. To formalise this in the OPT
framework, we define coarse-graining for an instrument T)’?_*B = [tz]zex and any subset Y C X

as
ty ==Y iy, (71)

yey

where both sequential and parallel composition distribute over summation.

Every deterministic transformation (see (6)) ¢t € Transf(A — B) defines a singleton instrument
such that T, = {¢t}. which implies that that the transformation occurs with certainty, having a
marginal probability of 1. Consequently, since singleton instruments correspond to deterministic
transformations, for any instrument T¢7% = {t,},ex € Instr(4 — B), the full coarse-graining,
ie., tx =Y cxte, is a deterministic transformation. Deterministic transformations are referred
to as channels, while deterministic extremal states are known as pure states.

A transformation # € Transf(A — B) is called reversible, if there exists a transformation
#~' € Sys(A — B) such that Z7'# =T, and Z% ' = Ip.

To account for zero probabilities within the framework, we assume 0 € Transf(I — I). From
scalar multiplication (67), it follows that for any ¢ € Transf(A — B) and any systems A, B €
Sys(©), one can define a null transformation e4_,p := 0-t € Transf(A — B). This null trans-
formation satisfies the condition that for all E € Sys(0), |p)ar € St(AE), and (a|pg € Eff(BE),
one has

(72)

In the OPT framework, one may also consider conditional instruments [3], where the selection
of an instrument depends on the outcome of a previously performed instrument. That is, based
on the result of one instrument—i.e., an element of the outcome space—a subsequent instrument,
conditioned on that outcome, is applied in sequence. This notion enables the definition of a stricter
form of causality, known as strong causality. An OPT is said to be strongly causal if every condi-
tional instrument is itself an instrument of the theory. In other words, implementing a conditional
instrument must result in a valid instrument within the theory. The reason this property is re-
ferred to as strong causality is that, in any OPT satisfying it, the ability to implement arbitrary
conditional instruments implies the uniqueness of the deterministic effect for every system—i.e.,
standard causality. Hence, causality is a necessary condition for strong causality. However, the
converse does not necessarily hold. In this paper, we do not attempt to formalise the notion of
strong causality, as its technical details are not directly relevant to our purposes.

Remark A.1. A key feature of the OPT framework is that the primitive objects are instruments.
In this formulation, the category of transformations is induced by the category of instruments,
rather than the other way around. However, for our purposes, we are primarily interested in
transformations rather than instruments, and we do not investigate the full implications of treating
instruments as primitive. This is because our goal is to construct, or show the nonexistence of, an
ontological model for specific OPTs. Ref. [6] showed that, for strongly causal OPTs, including the
OPTs of interest in this paper, the construction of an ontological model can be formulated at the
level of transformations without the need to include instrument structure. Our analysis of OPTs
will therefore primarily focus on transformations.

Finally, it is intended that the concrete models of OPTs presented in the following all satisfy
the property of existence and uniqueness of system-decomposition [5, §6, Def. 14], that is: every
system can be uniquely decomposed as a parallel composition of non-trivial elementary systems.
This property, which was already exploited for the construction of latent theories in Ref. [70],
allows for the concrete definition of parallel composition rules by specifying the least number of
equalities between different decompositions of arbitrary systems. More specifically, one may start
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by defining all of the elementary systems for a theory, so that the composite ones are defined by
strings on the alphabet of the elementary ones. For instance, finite-dimensional quantum theory
may be defined by setting qudits Qg, for every integer d > 2, to be the (non-trivial) elementary
quantum systems; thus, instead of strict equalities, one generally has just isomorphisms of the kind

Ql®ngQm®Ql7 Ql®ngle7 Ql®anng®an-

Accordingly, it will be sufficient to specify the elementary systems of an OPT together with a
parallel composition rule for them: arbitrary systems will be then given by the monoid that
is freely generated by the elementary systems. From a category-theoretic viewpoint, an OPT
satisfying unique system-decomposition is a coloured PROP [35, 80].

A.2 Bilocal classical theory

The action of a local pure effect on a bipartite pure state, as well as the action of a local pure state
on a bipartite pure effect, is given by

n 2/
(i5)s = 0iir ault (73)

(@7)0) = 300077 (74)

Sequential composition of atomic transformations is also an atomic transformation, given by

n q m

_f%l T,)\ JZ{Z-Z(]/,’TI,)\/—:_%V ,7':’5\_7 (75)

i0? i0?

for all systems n, ¢, and m, all 1 < iy <n, 1 <1<¢q,1<iy<q, 1<V <m,all 7,7 €{0,1}, and
for all X\, X € [0,1], where 7 := 7 @& 7/ and \ := 61,4 AN In the case of m = 1, the corresponding
effect on the right-hand side will also be an atomic effect. Using (31), It can also be shown that
the sequential composition of atomic transformations on composite systems results in another
atomic transformation. However, in the case of parallel composition of atomic transformations,
the resulting transformation is no longer atomic. The same holds for the parallel composition of
atomic effects, where the resulting effect is no longer atomic.

Swapping o,.m, between two arbitrary systems n and m is defined as a transformation in BCT
that satisfies

(i) k), X = | (D) k) squt™ (76)
B2 zh

forevery 1 <i<n,1<j<m,1<k<ng,and every s,t € {0,1}. Swapping in BCT satisfies

-1 _ . .
Opm = Omn for every system m and n. Hence, BCT is symmetric.

A.2.1 Proof of Proposition 2.1

Consider two possible conical combinations of normalised atomic transformations for an arbi-
trary transformations ¢:

=Y Clio,l, )l 7= > C'(ig, I, 7) A}, T (77)

10,0, i0,l,T

This implies that for the null transformation from system n to m, one has

=Y (Clio,1,7) = C'(io, 1, 7)) 2L, 7H = >~ alio, I, 7).l TH= , (T8)

10,l,T i0,l,T

where a(ig,l,7) := Cl(ig,l,7) — C'(ip,l,7). Now, consider an arbitrary bipartite state p for a
bipartite system n X E, and an arbitrary bipartite effect a for a bipartite system m X E. Since ¢
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is a null transformation from system n to m, for any such p, effect a, and any ancillary system FE,

one has
e
di-=aDR ™
— 7;/ ./ o , 80
5 (05" B ( )

for some 1 < if; <n, 1 < j < ng (where ng is the dimension of the ancillary system E), and some

s’ € {0,1}, and also choose
m m
= U ’/)S/ P 81
@ L ( ’ ’ ( )
for some 1 <1’ < m, and some 7’ € {0, 1}, then using (78) implies

=[] ERpTn
[T ) = St (wns [ 20T u.
io,l,T

L
= Z a(i()7l,7')67;0’i6 Gj/)s/@r 5 (l/j/)sl }
40,0, —
=0

®
= Z alio, 1, 7)dig i1 01107 = alip, I, 7') = 0, (82)

i0,L,7

If we choose

where by appropriate choice of p and a, we can show that all the coefficients a(ig, [, 7), for every
i, I, and T, are zero as well. This concludes the proof as it implies that C(ig,l,7) = C'(io,l, 7).

A.3  Maps between different OPTs

In this section, we introduce the general notion of a map between transformations of two oper-
ational probabilistic theories (OPTs). For the purposes of this paper, we adapt the framework
of [6]—without loss of generality—to our setting.

Definition A.2 (Maps between two OPTS). A map between two OPTs | ¢: © — @ |, takes every

system A € Sys(©) to a system ¢(A) € Sys(®) and maps every transformation t of © to a
transformation ¢(t) of ®, depicted as

A B 4(4) A B ¢(B)
¢pu— t f—r t - , (83)

where for the trivial system, one has ¢(I) = I.

Note that this definition implies that a map ¢, takes every state in © to a state in ®, every
effect in © to an effect in ®, and every scalar in ® to a scalar in ©. This definition also implies that
every instrument © is mapped to an instrument in ®, where each transformation of the instrument
in @, is simply given by the action of the map on the corresponding transformation in ©.

A map ¢ is said to be linear if for every r, € R, every system A and B € Sys(©), and every
transformation t, € Transf(A — B), such that ) _7r,t, € Transf(A — B), one has

x x
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A map is said to be diagram-preserving = ¢pp : © — ®  if composing transformations before or
after applying the map remains equivalent. For example,

C — . —C D C Cr— .
" o < A dop(A) A Sor(C) G (G
D w s D Ppe (D) Dl

t = ;
5 EF H —wl) B g () B |E G () Bl [ en()
L

¢DP _(é‘m) ¢DP ¢DP
Diagram-preserving maps also preserve the identities and swaps, that is

(%) ®) o () ¢DP(A)DABC¢DP(B) f%%(g)
Por(A A boe(A oA
) ’ - . (86)
Gor(B) dor Ppp(A)  Pop(B)  dop(A)

d)DP

A map is said to be probability-preserving | ¢pp : @ — ® |, if for every scalar p € [0, 1], one has

<% :<z>. (87)

PP

A map is said to be determinacy preserving if it maps every deterministic transformation to a
deterministic transformation in the codomain OPT. For the unique deterministic effect in causal
OPTs, this implies

(83)

9(4)
A}|| = .

Remark A.3. Note that our definition of a general map between OPTs acts only on transforma-
tions. Although one could instead define such maps, including ontological models, at the level of
instruments, Ref. [0] shows that this is unnecessary for strongly causal quotiented of OPTs, includ-
ing BCT and latent classical theories. In these cases, noncontextual ontological models are fully
determined at the level of transformations, as in Def. 1.1.

In general, however, for OPTs that are not strongly causal, this definition may be inadequate,
since the instrument structure may still induce a contextual representation of ontological models
even at the level of quotiented OPTs. Consequently, the mere existence of ontological models
defined only at the level of transformations, as in Def. 1.1, would not necessarily imply classical
explainability (see Ref. [6] for more details).

o I

Remark A.4. Once instrument structure is ignored, a quotiented OPT can be regarded as a par-
ticular kind of strict symmetric monoidal category enriched in finite-dimensional real vector spaces,
together with a specification of which hom-vectors represent physical transformations and which are
merely linear combinations of them. Somewhat more specifically, the physical transformations in
each hom-vector space can be characterized by the intersection of an appropriate cone with a set
of linear inequality constraints. From this perspective, a noncontextual ontological model can be
viewed as a linear strict monoidal functor é :©® — A that maps physical transformations to phys-
ical transformations. More explicitly, diagram preservation supplies the strict monoidal functorial
structure, linearity ensures linearity on the hom-vector spaces, and determinism preservation en-
sures that deterministic transformations are mapped to deterministic transformations. Probability
preservation follows from these assumptions, as noted in the main text.

B Relating single- and multi-system definitions

In the main text we define BCT and its ontological model using multi-system transformations,
states, and effects. This was a choice for simplicity of presentation, and here we will show how to
relate the single-system and multi-system definitions via explicit merging and splitting maps.
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B.1 In bilocal classical theory

To do this, we first introduce a invertible merging transformations for each pair of systems, denoted
by v where the inverse v~! is then the splitting transformation. These satisfy

1 1

27’L1 na

- | 1 (89)

n2 n2

for every system m; and ns. In particular, these map pure bipartite states to pure states of the
corresponding single system, such that

n1

(i9)s | ,,| 2 = (QGs) P, (90)

for all systems nq, ng, and for all 1 <i <nj, 1 <j < noy, and s € {0,1}, where we define

Q,j,8) :==2n1(i — 1)+ (25 + s — 1). (91)

In other words, v maps each bipartite pure state with subsystems n; and ny to a pure state of a
single system of size 2niny. For each combination of 7, j, and s, it assigns the pure state labeled
by Q(i,j,s), where 1 < Q(3, j, s) < 2nina.

In order to fully specify v we must specify its action on arbitrary multipartite pure states of
any composite system in BCT, in particular we have that

]

2ning
2 [ ns
<('“((2112)5123)52“‘%1) Zp) : = (("'(Q(11712751)23)s2'“7':0—1)5 721;7) npz s
s ny_o P s
p—2 sp—1 + p—1 Tp—1
1
+p er
(92)

where the empty triangle hereon represents v. In other words, to a pure state of a composite
system with p single subsystems, it assigns another pure composite state, where one has p — 1
single subsystems, as described above. For example, for an arbitrary tripartite pure state, one has

ni
2n1no 2n1n2
((ij)s k)tzb_ — (Q(i,4,5) k), ns R (93)
n3

where applying v again yields the corresponding single-system pure state. More generally, for an
arbitrary composite system consisting of single subsystems n1, ng,ns, ..., np, and an arbitrary pure
state p, using v consecutively p — 1 times as

p—((...((z‘nz)slig)sz...ip1>Sp2ip) np:_2 ’ (94)

results in the corresponding single-system pure state with the dimension 2P~ ninons. .. Np—1MNp,
which we denote it as @, [p]. For example, for the cases of bipartite, tripartite and quadripartite
pure states one has

Q2 ()] = Q0.1 5).
Qs [((i7)s k)] = QQ (5. ) . k. 1),
Q1 [((@)sk),1) | = @(Q(Q0,3,5) k). L) (95)
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And for an arbitrary pure multipartite state, it can be depicted as

]

Sp—2 s p—2 )

where N = 2P"'nynans...n,_1n,. Similarly, for a multipartite pure effect one has

1

g no

25

a=<<.H((i1i2)31i3)52mip1) iP)
Sp—2 ’

Sp—1

where the empty triangles represent v~ 1.
transformations. Consider an

The same logic can be used for normalised atomic
arbitrary normalised atomic transformation on composite systems

n1 m 1
no m2
n3 ms3
T Ly, lg, e lg,ty,ta, tg_1 T
np:,l il,i2y'--iIJ?Sl,S2v"- ,qufl T mq:71 (98)
TLP mq
We can associate an effect a; to the lower indices as
11,02, 1p, $1,82 "+ ,Sp—1 —> A = <( - ((iad2),, i3) "'ip—l) ip) , (99)
2 Sp—2 Sp—1
and a state p, to the upper indices as
liylay - S lg bt ta ity —> pu= (( ((lllQ)tl 13)152 "'lp—1>t lp) (100)
p—2 t

q—1

Using a; and p,, for an arbitrary normalised atomic transformation on composite systems, one has

n1 mi
no m2
n3 m3
: Lyslg, e lgot1yta, o tg g - :
i i e vee b
Ny $1,09,0 0 0p,S1,82,  sSp_1 My
p Mg

'Q{Qq[l)u] -
Qp|a]

)

(101)

Since v is a transformation in BCT, it can be expressed as a conical combination of normalised
atomic transformations (note that in App. C we show why Proposition 2.1 also holds for transfor-

mations on composite systems such as v), given by

ny
2 1
= S Cligs )| T e (102)
4,807 "2
Mo
which, when applied to an arbitrary pure state ((i'j'),, k’),,, results in
= 2n1no 2n1n2
= = [ (@) K), | g
n,
. (103)
, 2n1no
= Y C(,4s )00, 00,0 | (K)o
5,80,
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This, as a consequence of the uniqueness of the conical combination of normalised atomic trans-
formations established in Proposition 2.1, uniquely determines the conical coefficients as

C (ivj, S, la 7_) = 5Z,Q(i,j,s)57,0~
Substituting the above equation into (102) implies

2n1ng

ni
) ny o —_
ninz | sQG.ds)
_ s
v => |30
Qs 2
n2
Similarly, using the same logic, one has
ny
2n1n2 on Y
_ — 1n2 1,],8
S D P
1,558
)

B.2 In the ontological model

(104)

(105)

(106)

We map the splitting and merging transformations of BCT, namely v and its inverse as introduced
in (89), (90), and (92), to define splittings and mergings for the ontological model, namely p and

its inverse p~!. That is,

€(ny1)

£(2n1na) §(2n1ng)

& (ng) & (ng)

where applying the ontological model on the both sides of (105) implies

.
£ (n1) n1
.o 2 % n
~ By Q (74]5 5) mane Bi
£ (2nyng) B
® = O =
2 :
1,5,8 By
Here, ® is defined as the merging gate

. no . P 2 3
b= (Quaafee.

=z O ., (107)

2ning

o 5 (108)

(109)

The second equality in (108) can be verified when we apply both sides to the orthonormal basis of

the corresponding classical space. Similarly, for ©~!, one has
&(n1) 2ning
® ny
§(2niny) By
pt = B , (110)
O no
= D By
£ (n2)
wherein ® is defined as the inverse of the merging gate ®
K3
’
Accepted in ¢uantum 2026-06-15, click title to verify. Published under CC-BY 4.0. 28



Having defined v and consequently p, we can alternatively define the ontological model only for
single-system entities, namely, single-system pure states, single-system pure effects, and single-
system normalised atomic transformations. This, in turn, enables us to derive their multipartite
counterparts, which we will show to be consistent with the direct definitions we have given for
multipartite entities in the ontological model.

Consider a pure bipartite state (90). If we apply the ontological model on the both sides, we

have
i L
N e e
_ — _ 3
3 3 3

Note that in the first equality, we use diagram preservation. This indeed holds in this particular
case which we show in App. B.2.
Now, having derived p and its inverse, from (112), one has

~ £(n1)
£(ny)
1
.. — £ (2n1n2)
i) [, e = (@i SR (113
ne "2 é & (ng)
— no
3

In other words, this implies that for a bipartite pure state, instead of applying the ontological model
directly to the pure bipartite state, we can first apply the ontological model to the corresponding
pure state of the corresponding single system, and then apply x~!, which entails

ni

2njng
L Q(i,5,5) & o
(i), o fom = ) . By :||| 3 N (114)

| | "2 Bo

which is in agreement with the multi-system definition in Eq. (41). This can be generalised to a
pure multipartite state (96) as

£(n1)
=
:_;i p ,,j<_§/:§_(n2)
L o5 2P~ lning ... np Y
= “'((“12)5113) 5 tp—1 . p L= 9y [p] = \ E(np_2)
P2 sp-1 Moot £ \ &(np_1)
np -
é‘i é("p)
(115)

where empty triangles represent ¢ ~'. When clear from context, we use empty triangles to represent
both p and its inverses. For a pure multipartite effect (97), one has

&(n1)

n - =
f_"; €(ﬂ2)§l>\___ N
- : 2P~ lping . ..n
: a:((“‘((iliz)sliS)sz“'iP*1> irl) = é(ﬂp—Z).’%/)\ T - . Qp [a]
—= T e é(%—ﬁ/ £
= é &(np)
(116)

Note that to derive both (115) and (116), we assume diagram preservation for the ontological
model, where in App. B.2 we show why it holds for both of these cases.
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For multipartite normalised atomic transformations (101), one has

o m1
__n2 ma
~_n3 m3
1 : L1sl, - lgatrsta, - stg_q - : —
. 01,82, ,ip,S1,82,  ,Sp 1" .
B T I A N P iR
— " Mq
13
f("l) = P %(1!1,1)
€(n2) @x o 7<= E0m2)
. N a a 7 .
- . 2 2P— (nlnz.,.np) ng[pu] 29— (mlmg.“mq) V% . 117
T Enpo2) / | ol T \ &(mg_2) * ( )
Enp—1) / € \ Emg—)
&(np) E(mgq)

Once again, to derive the equation above, diagram preservation is required, which we show why it
holds for this specific case in App. B.2. To better understand how this works, consider a normalised
atomic transformation where both the input and the output are bipartite systems. Applying the
ontological model as described in (117) to such a transformation yields

my
| ltilast T _2nan2 | Q,lg,t)  |2myma
e i1,dg,8" |mg Q(iy,ig,s)’

2nqng 2mqmo
Q(i1, 42, SDCQ(IL lg,t)

= , (118)
ng m2
Bay ~ /—BWLQ
which simplifies to
nq
| ma o I
ng| HNET |y = ; (119)
3 -
Ba
which is in agreement with the multi-system definition in Eq. (45).
B.2.1 Diagram preservation of p
For a pure bipartite state followed by v, diagram preservation implies that
1 ra
. . 2nin _ . . 2nin _ .. 2ning
) |, [ = (e [, [ = )
2 & &

This can be justified in this specific case, because applying the ontological model—regardless of
whether diagram preservation is assumed, as in the leftmost diagram—must yield the same result
as the rightmost diagram. The latter can be shown to coincide with the case where diagram
preservation is assumed, that is, by first applying the ontological model to the bipartite pure state
given by (41), and then applying p, as shown in the middle diagram. This confirms that diagram
preservation holds in this instance.
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For multipartite pure states, diagram preservation implies

ni n
T >
mal | ns
((..4((111’2)311'3)Q2 1p_1> 7.p) — ((.“((1'11'2)311'3)g2 1p_1> 1p> :
Sp—2 sp_1|mp_1 . Sp—2 sp—1|Pp—1
np 7
€ 3
2ning
n3g :

— | (@i, i), w)

‘p—1

(121)

The first diagram corresponds to the use of the ontological model, regardless of whether or not the
model satisfies diagram preservation. This is equal to the final diagram—i.e., when the ontological
model is used on the pure state resulting from the action of v. On the other hand, according to
our definition of the ontological model on a pure composite states in (41), one can show that in
the case where diagram preservation holds—as in the second diagram in the equation above—if
one first applies the ontological model to the original composite pure state, and then applies p, the
result will match that of the last diagram. Therefore, diagram preservation holds in this specific
instance, and by recursively applying this reasoning, one can derive (115). The same argument
applies to a composite pure effect in equation (116), where using what we define in (43) one can
show that diagram diagram preservation holds when one has

nq . n1
——T= <]
_._ "3 — | =3
1 - (-u((i]iz)slig)ﬁz-~~i,,,1) ip = : (...((¢1i2)51¢3)s2...ip,l) ip
 impey p—2 Sp—1 * |npea p—2 sp—1
. S
_|2ning
_._n3
o - (("'(Q(i17i2781)i3)52"'ipfl)s 2%)
= — p— spo1
L
3
(122)

Using the above equation recursively, one is able to derive (116).
Using the same logic, for a normalised atomic transformation on composite systems, diagram
preservation implies

1 M1 71 mi
:_@ @_: =< N2 Mo >—
. n3 M3 T3 M3
] : L1l slgstrsta, - stg g - .  _ : . L1l slgatrsta, - stg_q -
Cmpy 15925 9psS1,82 p—1 me_1 np_1 1,i2,:ip,51,52 =1 lmg
_ 2nins 2mima
—_ 73 ms
_ . Q(ly,l2,t1),0l3, g ta,ta,  tg_q -
_— : i i s i cee 2 e ? )
npa Q(i1,i2,51),83, " ,ip,52,83, " ,8p_1 mg_1
- Ty —
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Which using (45) ensures that diagram preservation indeed holds. Using the equation above
recursively, one can obtain (117).

C Atomic transformations on composite systems

An atomic transformation on composite systems (31) is atomic, if and only if, for every ancillary
system E with dimension ng. one has

nq m
D) ™o
: 11,0, gttt :
Y -/ ] ., . : 'Q{_lv.2 qu 1:t2 q—1 AT :
1129 o 13 ~~’Lp71 Zp JE np_1 7'1’7’2"“’7'1?’51’52*“"5{)717 ’ —
1 s , 2 q
2 LI v np g
-1 op B E
n1
T2
=N0s 5 8yt s Oy i B / / o ((alo)y, ), lg—a ! iB '
)\611,1167'2#2 6%,%551’51652,5265,,_1731:—1 ((( )tl ty 1 to o a np—1
q— t n
q—1 sp®T D
E
E

Where 1 < jg < ng, and sg € {0,1}. For example, for an atomic transformation with a bipartite
system input and a bipartite system output, one has

1 mi

mi
l1,l2,t1
((i)sk)e 22 Pl DA P ME NG5 (((1112)t1k)t@7_ L m2 (125)
E E

To show why a transformation .2/ on composite systems is atomic if and only if (124) holds, re-
call (101) (originally stated for normalised atomic transformations, but it can be straightforwardly
extended to atomic transformations by multiplying both sides by a scalar factor A, which does not
affect the argument). In this setting, </ is expressed in terms of an atomic transformation <7 on
the corresponding single system, and for clarity we denote this as & = v, o s o v L where Vp
denotes the consecutive application of v for p times, and v, I denotes the consecutive application
of v=! for ¢ times.

To prove that &7 is atomic if and only if it satisfies (124), is equivalent of proving, «/ is atomic
if and only if @7 is atomic. To see this equivalence, consider a transformation </ on a composite
system that satisfies (124), without assuming atomicity. Then, by (124), there exists a single-
system transformation &7 such that 2/ can be expressed in terms of &7, as & = v, o @ o vy L
Since 7 satisfies (27), it is atomic. Therefore, to conclude that 7 is atomic, it suffices to show that
the atomicity of «7; implies the atomicity of 7. Also, to show the other direction, that an atomic
transformation o satisfies (124), we can define a transformation 7 such that one can rewrite o
in terms of @ as & = vpodsov, L If we can show that the atomicity of & implies the atomicity
of &7, then it follows that o7 satisfies (27), which ultimately implies that & satisfies (124). Hence,
to prove that «f is atomic if and only if it satisfies (124), one must prove & is atomic if and only
if 7, is atomic.

This indeed follows from the properties of v. We can use proof by contradiction to show that
the atomicity of o7; implies the atomicity of <. For that, suppose 7 is atomic, but 7 is not. This
means there exist two transformations .y and 7, such that & = & + o and & & of5. But this
leads to contradiction, since one has «7; = l/q_l o ov,+ Vq_l o /3 o vy, and using the properties
of v implies that <7 is not atomic, because v, ' o @/ o vy, * v, ! o ek ov,. Hence, o7 is atomic.
The same logic can be applied to show the other direction. That is, the atomicity of 7 implies the
atomicity of o7;. If one assumes the contrary, that is o7, is not atomic, then one would be led to
a contradiction of having &7 as a non atomic transformation. Therefore, &7 is atomic if and only
if o7, is atomic. Moreover, one can show that every transformation ¢ on composite systems can
be uniquely expressed as a conical combination of atomic transformations on composite systems.
This follows directly from Proposition 2.1, since any transformation on composite systems can be
mapped to a transformation on single systems via v. Consequently, one obtains a unique conical
combination of atomic transformations .&7; on single systems, which in turn implies that the conical
combination of the corresponding composite normalised atomic transformations &7 is also unique
for the original transformation.
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D Consistency checks proofs

D.1 Diagram preservation proof

In App. B.2, we have shown that the ontological model is diagram-preserving when applying p.
Here, we aim to generalise this property and demonstrate that diagram preservation holds in every
arbitrary scenario, not just in the specific cases we previously examined.

Since the ontological model is linear and every transformation in BCT can be expressed as
a conical combination of atomic transformations, verifying that the ontological model preserves
diagrams under sequential composition reduces to checking this property specifically for the se-
quential composition of atomic transformations. Recall that the sequential composition of atomic
transformations (75) is given by

n q

— AL A T N = — A F A (126)

i0? i0?

where 7 = 7@ 7' and X = Onit AN, If diagram preservation holds for the sequential composition of
atomic transformations, using linearity, one must have

£(n) m o £(g) n / 3 ;_|m &(m)
Eo 2o P 2y = g Ay

13 13 3

for all systems n, g, and m, all 1 <ip<n,1<1<¢q,1<iy<gq, 1<V <m,andall 7,7 € {0,1}.
Using (44), this can be shown to hold, as one has

n q m n m
B B B 5171'6 B B
-

Similarly, using g in the form it appears in (117), along with the above result, ensures that
diagram preservation holds for the sequential composition of atomic transformations when systems
are composite. Hence, diagram preservation also holds for the sequential composition of arbitrary
transformations when systems are composite.

For parallel composition, first we can rewrite parallel composition of two arbitrary transforma-
tions as

gl g _g><i_f><; -

where we used diagram preservation for sequential composition. If one has

SR - -

Then diagram preservation holds for parallel composition. Hence, to verify the above equality,
we must check diagram preservation for an arbitrary bipartite system in which one subsystem
undergoes a transformation and the other remains unchanged, while also verifying preservation of
the swap between subsystems and of the identity on each subsystem.

Since the transformation in question can be rewritten as a conical combination of normalised
atomic transformations, and since the ontological model is linear, it suffices to check diagram

(128)

(130)
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preservation for normalised atomic transformations.

n 1 n
J A o = o T (131)
N § +—0 &(m)

3

For every system nq, ng, m, and for every 1 <ig < nj, 1 <l <ng, o € {0,1}. To verify this, one
can write
ni no
Q{ilo o Iy 02

Lo - 1y,la,t
_m = Z Ciy (i, 51, b, by 00, T) o |50 T s (132)

i1,42,81,l1,l2,t1,7

which is the conical combination of normalised atomic transformations for the transformation on
the left-hand side of the equation above. Applying the left-hand side to an arbitrary pure tripartite
state with the ancillary system E gives

Ty 1 2
o

(133)

= iy

SHERE

For the first and the last equality, we have used the relabeling of tripartite pure states ((ij), k), =
(i ( jk)s®t)s, as defined for BCT in [1, Eq. 38], where it is shown that all relevant consistency checks
for this relabeling are satisfied in BCT. Applying the right-hand side of (132) to the same pure
tripartite state gives

n1 2
. l1,l2,t1
o . .. m | iy a0 T | m
E G (inyiz, 81,01, Doyt 7) | ((0) g k), Pt e
i1,12,81,l1,l2,t1,T E

= > CL7 (inyizy 51,01, 12,11, 7) 6.6, 0.0y 0 s, ; (134)
11,92,81,01,02,t1,7
which by putting (133) and (134) equal, we have
Cf;" (i1,72, 51,11, 12, 81, T) = 00,7 0iy 1,00, 104, 10ty 5, @7 - (135)

Substituting the above coefficients in (132) gives us

o n2
ig? =D w0 (136)

io,l2,81 7 [m

12,81

Now, to verify (131), we must also examine identity preservation. To see this, first note that in
BCT, identity, for every system m, is given by

—— = o (17)

This can be verified by applying the both sides to an arbitrary pure bipartite state with the
subsystem m and an ancillary system. By applying the ontological model to both sides of the

equation above, one has

N T B G i v D € )

ey -y - i
3 - o 3 —~ _Bn B, B, '

(138)
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Hence, the ontological model is identity preserving. Having identity preservation, if we apply the
ontological model to the left-hand side of (132), then, assuming diagram preservation holds, one

must have
] i07a  _ S _ ioao- ~ __ By - B1 139
m - - - 3 - ( )
£ = m L £(m) m m
£ Bm B

On the other hand, by applying the ontological model to the right-hand side of (136), regardless
of whether the ontological models is diagram preserving, one has

n2 .
n2
n1

]

lLl2,5100 _ S5 14 _ B1 o B1
m |“Tig,lz,s1 0T m ’
= ! 1
l2,s1 3 l2,s1 m m
m m
m s Bm o o

where the last equality can be verified when we apply both sides to the orthonormal basis of the
corresponding classical space. Hence, it coincides with (139), which implies that the ontological
model is indeed digram preserving for (139), which ultimately implies diagram preservation for
an arbitrary bipartite system where one subsystem undergoes a transformation while the other
remains unchanged, i.e.,

(141)

Iy

The final step that must be checked for parallel composition, is the swap preservation. This
is analogous to what we have done previously, which is to write the swap in terms of conical
combinations of bipartite normalised atomic transformations, for every system n and m, as

n m
n m
_ s l1,l2,t1
><— E C(’Ll,ZQ,Sl,ll,lQ,tl,T) m i1,7i2,781’7- n (142)
z L dyyi2,81,00,02,t0,T

Recalling (76), by applying the left-hand side of the above equation to an arbitrary pure tripartite
state with an ancillary system FE, one obtains

T m m
((2)s k), X (1) s k) g » (143)
E L2
and by applying the right-hand side, one has
n m
] 102,81
> C (i1, iz, 81,10, 12, 11, 7) | () k), At 7 e
i1,82,81,01,la,t1,7 E
= > C (i1, 42, 81,11, 2,81, T) 61,4, 05,4 0s,5, ; (144)
i1,42,81,01,l2,t1,7
which gives
C (1,92, 51,11, 12,1, T) = 0iy 1,01,i, 0ty 51 Or,s: - (145)
Substituting these conical coefficients in (142) results in
n m
O e
li,la,t
= Z &”Q{lzl,lihl’tli (146)
L 2 1,2ty
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Now we are in a position to see if the ontological model preserves the swap, and for this one needs
to apply the ontological model to the both sides of equation above, which gives

=0T Y, L0
L2yt _
:TDQ Z _.m ’Q{l;,llz,tll’tl n -
l1,l2,t1 3
, L (147)
: " G

Bn Bm, = —
— O -u}d _

m
Bm —t1 -t Bn

Hence, the ontological model is swapping preserving. Swapping preservation, together with (141),
implies that (130) holds. Therefore, the ontological model is diagram preserving for the parallel
composition of arbitrary transformations. Similarly, using x the way it has been used in (117), one
can show that diagram preservation also holds for the parallel composition of arbitrary transfor-
mations when systems are composite.

Note that here we have only shown diagram preservation in the case where every system,
whether a single system or a composite system, is non-trivial. Nevertheless, since our ontological
model defines how pure states, pure effects, normalised atomic transformations, and scalar 1 are
mapped, one can use the same reasoning to show that diagram preservation also holds when at
least one system is trivial. In other words, in such cases, it is possible to breakdown an arbitrary
composition into a conical combination of normalised atomic transformations, pure effects, pure
states, and scalar 1. Then, by the linearity of the ontological model, one can verify diagram
preservation for arbitrary compositions involving at least one trivial system.

D.2 Determinacy preservation proof

Unique deterministic effect in BCT for a system n is given by

L|||=Z , (148)
i=1

Using the definition of the ontological model for effects in (42), one can verify that the ontological
model preserves the unique deterministic effect on each system n, since

n [ "||
-2 20,-%, -
i i B || =

where the penultimate equality follows from the fact that the sum over all pure effects of system
n in the ontological model gives the unique deterministic effect for system n. Since the ontological
model is digram preserving, for an arbitrary deterministic transformation ¢ from system n to m (6),

ie.,
e (e P (150)

Applying the ontological model to both sides, and using diagram preservation along with the
uniqueness of the deterministic effect, implies that the corresponding transformation in the onto-
logical model is also deterministic, i.e.,

= =<
3

which, using p (107), one can show that it also holds true for transformations involving composite
systems. Hence, the ontological model of BCT is determinacy-preserving. This ensures that

£(n)

I, (149)

¥ (151)
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the ontological model maps every arbitrary instrument in BCT to a valid instrument in classical
theory as well, which follows from coarse-graining preservation. Since the full coarse-graining of all
transformations within a given instrument yields a deterministic transformation, linearity of the
ontological model and determinacy preservation imply that the coarse-graining of the corresponding
transformations in classical theory is also deterministic. Therefore, the corresponding instrument
in classical theory is itself a valid instrument.

E Reversible transformations

E.1 In bilocal classical theory

For all systems n # 1, a transformation Z is reversible in BCT (see Postulate 3 and Proposition 1
in [1]) if and only if, there exists a permutation 7 of n elements and a binary variable o; € {0, 1},
such that for all non-trivial ancillary systems E, and all bipartite pure states |(ij)s) of the system
of interest and ancilla, one has

(03 % n L
(i) = "D oas| - (152)

Hence, we can denote a reversible transformation on system n as

n n

— % . (153)

E.2 In the ontological model

Here we derive the ontological representation of reversible transformations in BCT. This is not
strictly necessary for any of our results, but shows example calculations that can be performed
using the ontological representation, and provides a tool which will be useful for future research
on applications of BCT.

Writing an arbitrary reversible transformation on system n as a conical combination of nor-
malised atomic transformations, one has

n

=S CZio, 1 r) e T (154)

%0

io,l,T

After applying the both sides of the equation above to an arbitrary bipartite pure state of system
n and ancilla E, one has

=" S =
(Zj)b = Z Cg(i(),l,T) (Z])b - = Z Cg(i()?laT)(Si,io (lj)s@r )

E ; E ) E
10,0, T io,l,T (WA
(155)
which, when put equal to the right-hand side of equation (152), one has
C:. (iOa lv T) = 57r(i0)7l50i0,7'- (156)

Substituting the above coefficients in (154) and applying the ontological model, one has

0 0
— % L:_Z:i%:(io)vgi()i::z - S = n@
¢ i

= g

é io —7i0

B

where

nn::n,n@BszB. (158)
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The subscript S denotes that og is acting upon the single system n. The last equality in (157)
can be verified when one applies both sides to the orthonormal basis of the corresponding classical
space.

Using p (108), we can also derive how the ontological model maps reversible transformations
on composite systems. For example, for a bipartite reversible transformation £, one has

£ (n) £ (n)

] L . 2nm 2nm
| Z |m = " o= Rs =t ; (159)
3

£ (m) £ (m)

where #Zs denotes the corresponding reversible transformation on a single system. Before examin-
ing how the ontological model maps a bipartite reversible transformation, we first need to specify
how to denote a permutation of a pure bipartite state in BCT. To this end, consider applying the
bipartite reversible transformation to a pure tripartite state, with an arbitrary ancillary system E:

((ij)sk;)ti # [ _ <<z‘j>sk>tib‘ 7 ‘@: _

E E

2nm %
s

= (Q (iaj’ 5) k)t

E
2nm =

= (T (@) )y, et pary (160)
I 7

where 0@ js) € 10,1}, and 7 (Q (4,7,s)) denotes a permutation of 2nm elements. Note that
we have assumed that if a reversible transformation % on bipartite systems can be expressed in
terms of a transformation %, on the corresponding single system as Z = v o %, o v !, then %, is
reversible itself, where we used the reversibility of %, in the last equality of the equation above.
This indeed holds, as the existence of the inverse of & implies that its corresponding single-system
transformation is the inverse of #Z,. Therefore, %, is indeed reversible.

Since 7 (Q (4, 4, s)) is also representing a permutation of a bipartite pure state, we define

T

e n

@n (iajvs)vﬂm (ivja s))ﬂB(iJ‘,s) = W(Q (i,j, S)) 2nm m - (161)

m

In other words, the permuted bipartite pure state corresponding to the permuted single pure state
m(Q(3, j,s)) can be denoted as |(i'j")s), where one has 1 <4’ <n, 1 < j' < m, and s € {0,1},
each being a function of the original indices of the bipartite state, which we denote this functional
relation as i’ = m,(4,4,5), j' = mm (4,7, 8), and 8’ = w5(i, 4, s). Therefore, one has

NBEn - -
((Z.])S k)t — —_ = ((ﬂ'n (17]7 5) s TTm, ('La]a 5))71—3(1'7]‘75) k) ot R (162)
E i3, B

Where 0; ;s = 0g(i,j,s)- Hence, we can denote a reversible transformation on a bipartite system

o . . . . . aQ
nXmas Z7 . ., and its corresponding reversible transformation on a single system as #srg.
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Now, if we apply the ontological model, we have

§(n) &(n)

a
m Tn,Tm T B

wherein one has

Alternatively, we can express any reversible transformation on bipartite systems as a conical com-
bination of normalised atomic transformations on bipartite systems. By determining the explicit
form of the conical coefficients and applying the ontological model, one derives the same result as
in (163).
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