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Incorporating higher-order interactions in information processing enables
us to build more accurate models, gain deeper insights into complex systems,
and address real-world challenges more effectively. However, existing methods,
such as random walks on oriented simplices and homology, which capture these
interactions, are not known to be efficient. This work investigates whether
quantum walks on simplicial complexes exhibit quantum advantages. We in-
troduce a novel quantum walk that encodes the combinatorial Laplacian, a key
mathematical object whose spectral properties reflect the topology of the un-
derlying simplicial complex. Furthermore, we construct a unitary encoding that
projects onto the kernel of the Laplacian, representing the space of harmonic
cycles in the complex’s homology. Combined with the efficient construction of
quantum walk unitaries for clique complexes that we present, this paves the way
for utilizing quantum walks to explore higher-order interactions within topolog-
ical structures. Specifically, our construction requires O(n?log(1/€)/\x) gates,
where n is the number of vertices, A is the smallest non-zero eigenvalue of the
combinatorial Laplacian, and € is the error of the projection, for the implemen-
tation of the projector onto the harmonic cycles. Thus, our results indicate
apparent superpolynomial quantum speedup with quantum walks without re-
lying on quantum oracles for large datasets, provided that the spectral gap
of the combinatorial Laplacian is inverse-polynomially bounded and efficient
sampling of simplices is available.

Crucially, the walk operates on a state space encompassing both positively
and negatively oriented simplices, effectively doubling its size compared to un-
oriented approaches. Through coherent interference of these paired simplices,
we are able to successfully encode the combinatorial Laplacian, which would
otherwise be impossible. This observation constitutes our major technical con-
tribution. We also extend the framework by constructing variant quantum
walks. These variants enable us to: (1) estimate the normalized persistent Betti
numbers, capturing topological information throughout a deformation process,
(2) verify a specific QMA-hard problem related to the homology of clique com-
plexes, showcasing potential applications in computational complexity theory,
and (3) solve the high-dimensional discrete Dirichlet problem (HDDP), a gen-
eralization of the classical discrete Dirichlet problem on graphs to the setting
of simplicial complexes, with an apparent superpolynomial speedup over the
best known classical algorithm.
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1 Introduction

Graph-based information processing has seen extensive success over several decades. How-
ever, a fundamental limitation of graphs is their inability to model beyond pairwise in-
teractions. Recent evidence has highlighted the importance of higher-order interactions,
where links can connect more than two nodes. Consequently, higher-order networks have
emerged as a crucial frontier in complex network science [BGHS23, BCIT20]. A prominent
model in this domain is simplicial complexes, which are natural generalizations of graphs
to higher-order structures.

Just as random walks on graphs have been important tools to solve graph problems,
random walks on simplicial complexes can play an important role in analyzing higher-order
networks. Graph Laplacian dynamics and homology are significant concepts in graph-
based information processing. Therefore, it is natural to explore the theoretical connection
between higher-order random walks and the topological properties of underlying simplicial
complexes. Recent breakthroughs have revealed close relationships between the topological
properties of simplicial complexes and random walks on them |[PR17, MS16, SBH'20,
Ros14, EM23].

The concept of orientation becomes crucial when relating random walks on simplicial
complexes to their homology. While O-simplices are merely vertices and lack a natural
orientation, for k > 1, there exists a clear distinction between positive and negative orien-
tations of simplices. For instance, in the case of 1-simplices (edges), positive and negative
orientations (directions) can be discerned. Analogously, similar notions of positive and
negative orientation can be extended to higher-dimensional simplices. Random walks de-
scribed in [PR17, MS16, SBH20| are conducted on such oriented simplicial complexes.
In essence, these approaches treat identical simplices with different orientations as distinct
states. By exploring random walks on such oriented simplicial complexes, one can examine
the difference between the probabilities of being in a positive simplex and its corresponding
negative simplex. This process, defined through the difference of probabilities, is termed
the “expectation process" [PR17, MS16]. It has been demonstrated in [MS16] that the
normalized version of the expectation process exhibits a rigorous connection with the pro-
jector onto the harmonic homology group of the underlying simplicial complex. It is shown
in [MS16] that performing random walks from some initial simplex and executing the nor-
malized expectation process is equivalent to approximately applying the projector onto the
harmonic homology group to that initial state. It is shown as long as the spectral gap of
the combinatorial Laplacian operator is inverse-polynomially large, the normalized expec-
tation process can implement the projector with high precision with polynomial time steps.
However, since the normalized expectation process differs from the conventional random
walk itself, it remains open whether the process can be simulated efficiently, especially in
(extremely) high-dimensional cases.

Analysis of higher-order networks has recently gained attention in the quantum com-
puting literature. One significant focus has been on efficiently performing topological data
analysis (TDA) [EH22, DW22] in the high-dimensional regime using quantum computing.
In TDA, input data is transformed into a family of simplicial complexes (referred to as
filtration), and the goal is to analyze how topological invariants vary across the filtered
simplicial complexes. The primary topological invariants of interest in TDA are known as
persistent Betti numbers. While classical TDA has become a popular field of data analysis,
classical algorithms face limitations in analyzing high-dimensional persistent Betti num-
bers. This is because the number of simplices can grow superpolynomially in the number
of vertices.

Accepted in { Yuantum 2026-06-08, click title to verify. Published under CC-BY 4.0. 2



As exact computation is even intractable for quantum computers !, in quantum TDA
(QTDA), a relaxation of the condition of estimating the persistent Betti numbers is usually
considered, namely the estimation of the normalized Betti numbers with inverse-polynomial
additive precision. The first QTDA algorithm was proposed by Lloyd, Garnerone, and
Zanardi [LGZ16|. The estimation of the normalized Betti number has been extended to the
estimation of the normalized persistent Betti numbers [Hay22, MGB26]. QTDA algorithms
exhibit superpolynomial speedup compared to the best-known classical algorithms, because
there is no known efficient classical algorithm for solving the NBE problem with inverse
polynomial precision in n.

Utilizing Quantum Walks (QW) based algorithms has shown significant speed en-
hancements compared to classical algorithms across various scenarios, and demonstrated
polynomial speedup over classical algorithms [AS04, Sze04, BS06, MNO7, SBBKO08, AS19,
AGJK20]. However, there are a few problems that exhibit exponential speedup. The
first QW algorithm exhibiting exponential speedup was proposed in [CCD'03|, which
utilized continuous-time quantum walks to traverse the welded-tree graph with height
n by using O(n%) queries, demonstrating that no classical algorithm can match its effi-
ciency. This problem can be solved by a multidimensional QW algorithm with a better
complexity|JZ23|, and can be extended to a broad class of hierarchical graphs|BLH25]. Al-
though these results show an exponential advantage over the classical algorithms, the ad-
vantage holds in the query complexity with oracle access to exponentially large data. There-
fore, it does not mean that these QW algorithms demonstrate superpolynomial speedup
in the realistic computation time.

There are a few existing quantum walk results considering higher dimensional space
than the graphs. The first quantum walk on simplicial complexes is proposed by Matsue,
Ogurisu, and Segawa in [MOS16]. They extend Szegedy’s QW on simplicial complexes, and
these quantum walks possess linear spreading and localization as the Grover walk. Later
on, they proposed a QW algorithm that can find a marked simplex polynomially faster
than the classical counterpart [MOS18]. However, these results do not show a superpoly-
nomial quantum advantage. Another line of work introduces Grover-type quantum walks
constructed using coin operators together with shift operators that encode the orienta-
tion of each simplex [LT18]. The corresponding discriminant operators are closely related
to the up and down combinatorial Laplacians, revealing a deep connection between the
quantum walk dynamics and the underlying geometry of the simplicial complex. However,
these results are primarily structural and do not directly address dynamical aspects such
as mixing behavior. In addition, it has been numerically observed that quantum walks on
simplicial complexes reflect the topology of simplicial complexes [MOS16]. However, the
connection between the quantum walks and topology of simplicial complexes has not been
rigorously proven.

Even though there is no known efficient way to simulate the normalized expectation
process in arbitrary dimensions, it indeed paves new applications for signal processing and
learning tasks on simplicial complexes in constant dimensions such as the random walks on
edges or triangles. For example, random walks on oriented edges have been applied to the
task of label propagation on edges in [MS16]. In [SBH"20], similar higher-order random
walks are applied to the task of edge flow estimation and Pagerank vector on simplicial
complexes. For a review, see [SZST21, BCIT20].

Tndeed, exactly calculating the Betti numbers is known to be #P-hard for clique complexes [ST.23] and
more precisely, it is #QMA;-hard [CK24].
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1.1 Main results

In this paper, we show a rigorous relationship between quantum walks and homology for the
first time. Our main result concerns the implementation of projectors onto subspaces that
are related to the topology of simplicial complexes with quantum walks. Let us focus on
the k-th harmonic homology group, denoted by Hj. For a trivial Hy, the simplicial complex
has no “k-dimensional holes”. Conversely, the dimension of Hj, reflects the number of such
holes, making it highly relevant to the complex’s topology. We can relate Hj to a positive
semi-definite hermitian operator called the combinatorial Laplacian Aj. It is known that
Hj. = ker(Ag). Our main result can be stated as follows.

Theorem 1 (Quantum walk based projection onto harmonics (informal statement of
Theorem 3)). Let X be a simplicial complex over n vertices such that Ay > 1/poly(n),
where A\ is the smallest non-zero eigenvalue of Ag. Then, we can implement a unitary
encoding of an operator that is inverse-exponentially close to the projector onto H; with
poly(n) use of U" and other elementary quantum gates. Here, U" is a harmonic quantum
walk unitary operator in which a Markov transition matrix P on oriented k-simplices of
eq. (20) is encoded using a-ancilla qubits i.e., U" is a unitary s.t.

(15 @ (071) U™ (117 @10%) ) = TP,

where Hf is a projector onto the space spanned by positively and negatively oriented
k-simplices.

In addition to the implementation of the projector onto Hjy, we implement quantum
encodings of projectors onto other subspaces related to the topology based on variants of
quantum walks on simplicial complexes (See the formal statement of Theorem 3). These
projectors play essential roles in the application of quantum walks to the estimation of
the normalized persistent Betti numbers, which is an indispensable topological invariant
in TDA. In total, we construct three quantum walk algorithms and they are referred to as
up, down, and harmonic quantum walks.

Our second contribution is that we provide an explicit construction of quantum walk
unitaries in Section 4. Especially, we show that we can efficiently construct quantum
walks unitaries for cliqgue complexes given access to the graph adjacency matrix, which is
(exponentially) succinct compared to the size of the simplicial complex.

Theorem 2 (Informal statement of Theorem 4). Let X be a vertex-weighted clique com-
plex over n vertices. Then, we can construct unitaries U, U%%" and U" that are
unitary encodings of up, down, and harmonic Markov transition matrices with error e
using a = O(n) ancilla qubits with O(n?log(1/¢))-number of gates, respectively.

Our results on the encoding of Laplacians, implementation of projectors, and construc-
tion of quantum walk unitaries are summarized in Table 1.

The presented Theorems 1 and 2 lead to new applications of quantum walks to higher-
order networks because they clarify the conditions for the efficient implementations of the
projectors and the efficient implementations of quantum walk unitaries for clique com-
plexes. We demonstrate the usefulness of our quantum walks through four applications:

e Normalized Betti number estimation: First, we show that we can efficiently estimate
the normalized k-Betti numbers of clique complexes of arbitrary dimensions based
on harmonic quantum walks if we can sample from the uniform distribution of k-
simplices and the combinatorial Laplacian has an inverse-polynomial spectral gap
(Theorem 5).

Accepted in { Yuantum 2026-06-08, click title to verify. Published under CC-BY 4.0. 4



e-approx. projector (Thm. 3)

Effici ;
#-of use of QW unitaries clent construction

QW  Quantization of Encoding

[rup pur AP ZF, By,
(Def. 3) (Prop. 1) O(K"log(1/e)/\P) Clique complexes
[rdown pdown Adown Zy, Bf O(n?)-gates
(Def. 2) (Prop. 2) O(Kdwnlog(1/e) /Adown) (Thm. 4)
h P Ay Hi
(Def. 4) (Prop 3) O(K log(1/€)/ k)

Table 1: Our results on the encoding of Laplacians, implementation of projectors, and construction of
quantum walk unitaries. Here, n is the number of vertices. 7%, By, Zi, B*, H; are k-cocycle, k-

boundary, k-cycle, k-coboundary and k-harmonics. A\;”, )\gf’“’”, i are the smallest non-zero eigenvalue

of AP, Adown and Ay K*P, K%v" K are normalization factors of O(||A}7]), O(||Af**™|) and
O(llAxl)-

e Normalized persistent Betti number estimation: Second, we show that we can effi-
ciently estimate the normalized k-persistent Betti numbers of clique complexes com-
bining up quantum walks and down quantum walks (Theorem 6).

e High-Dimensional Discrete Dirichlet Problem (HDDP): Third, we apply our quan-
tum walk framework to the HDDP |[Ros14], a higher-dimensional generalization of
the discrete Dirichlet problem from graphs to simplicial complexes. Given a partition
of k-simplices into boundary and interior, and a boundary cochain, we construct a
quantum algorithm that outputs a k-cochain satisfying the Dirichlet condition (The-
orem 7).

e Verification of the promise clique homology problem: Fourth, we show we can effi-
ciently verify the promise clique homology problem of [KK24]| i.e., we can efficiently
verify if a state sent from the prover is in the harmonic homology group or not
(Theorem 8).

The first two applications are motivated by TDA. The HDDP arises naturally in the study
of harmonic k-forms with prescribed boundary conditions, connecting spectral geometry,
Hodge theory, and combinatorial topology, and has many potential applications in higher-
order networks. As far as we know, our algorithm is the first quantum algorithm for
HDDP. The fourth application is motivated by potentially providing new interactive pro-
tocols based on quantum walks such as the verification of quantum computing. These
results also open the possibility of demonstrating superpolynomial speedup using quantum
walks for practical problems on simplicial complexes. We discuss the computational com-
plexity of the problems in our applications in Section 1.3 and discuss why these problems
might not be tractable for classical algorithms. Notably, unlike the previous superpoly-
nomial speedup results of quantum walks for graph problems [CCD™03, BLH25, JZ23],
our superpolynomial speedup result does not rely on the query access to exponentially
large matrices. This is because clique complexes can be described with graphs and we can
efficiently construct quantum walk unitaries clique complexes from the graph adjacency
matrices. As far as we know, this is the first example of superpolynomial speedup for graph
or topological problems in the computational time rather than the query complexity based
on quantum walks. We expect that our quantum walks on simplicial complexes will find
more applications in high-dimensional signal processing and machine learning tasks as is
in the case for the random walks on simplicial complexes in constant dimensions.
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Figure 1: An example of quantum representation of oriented 2-simplex (triangle) over 5 vertices.

In summary, our main contribution is the discovery of a novel connection between
quantum walks and the topology of simplicial complexes, inspired by the classical expec-
tation process. This opens new applications of quantum walks for higher-order networks
with potential superpolynomial speedup without relying on quantum oracles to exponen-
tially large datasets, unlike previous claims of exponential speedups based on quantum
walks [CCD'03, BLH25, JZ23]. Compared to previous general quantum algorithms for
topological data analysis [LGZ16, Hay22, MGB26, BSG*24], it is not that our algorithm
provides improvement over them. However, our work provides a clearer picture of dynam-
ics with quantum walks and connects the research of quantum TDA to the larger field of
random walks and quantum walks. More discussions with previous literature can be found
in Section 1.3.

1.2 Technical Contributions

No previous works have shown a relation between the homology of simplicial complexes and
quantum walks. We identified that this obscurity originated from the lack of the proper
treatment of orientations of simplicial complexes in quantum walks. It is the treatment of
orientations of simplicial complexes that enabled us to encode the topological Laplacian
operators into quantum walks and moreover, enabled us to implement the projectors onto
the topological subspaces. Let us start by first illustrating how we represent the oriented
simplicial complexes with quantum states.

Quantum representation of oriented simplices. As we perform quantum walks on
oriented simplicial complexes, how we represent such objects as quantum states comes up as
the first technical challenge. The oriented k-simplices can be represented as [vg, v1, ..., Vg].
The oriented k-simplices obtained by even (odd) permutation of vertices are said to have
the same (opposite) orientation. Throughout the paper, we fix the positively oriented
simplices by the ordering [vg, v1, ..., vx] With v9 < v; < ... < vg. The unoriented simplices
can be described by n-bit strings with Hamming weight k + 1 where the positions of
1’s correspond to the vertices of simplices. We represent each of oriented k-simplices o
with n 4+ 1-qubit computational basis states where the first n qubits correspond to the
membership of the vertices and the last 1 qubit represents the orientation i.e.,

o) {|xo) ®10) if o is positively oriented,
o) =

|xs) @ |1) if o is negatively oriented,

where z,, is the n-bit string with Hamming weight k+ 1.2 In Figure 1, we show an example
of quantum representation of a positively oriented 2-simplex over 5 vertices.

2We actually use n + 2-qubit state to represent an additional special state called the absorbing state.
Here, we describe without the absorbing state for simplicity.
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Encoding of up, down, and full Laplacians into quantum walks. The next tech-
nical challenge is how we can define quantum walks on simplicial complexes in which we
can encode the Laplacians. Unlike graphs, there are two different notions for adjacency for
simplicial complexes: up-adjacency and down-adjacency. Based on the up-adjacency and
down-adjacency, we can define three kinds of random walks on simplicial complexes (up,
down, and harmonic random walks). Formal definitions can be seen in Definitions 2, 3, 4 in
Section 3. Examples of up, down, and harmonic walks on simplicial complexes are shown
in Figure 2. For simplicity, we consider unweighted simplicial complexes here.

Let us take the relationship among up random walk, up quantum walk, and up Lapla-
cian for example. It should be emphasized that although the random walk is defined on
the oriented simplicial complexes, the up Laplacian is defined for the simplices with a fixed
orientation. In the up random walk, a k-simplex o transit to simplices ¢’ that share a
common upper simplex and the orientation of the & + 1 induced by ¢ and ¢’ must be the
same. In Figure 2(a), it can be seen that the orientation of the triangle induced by the
edges are same. This means that for o # o,

up no_
P, =Prob(c —0') = T
if 0 and o’ are up-adjacent (including the orientation) where K" is some normalization
factor of probabilities. Meanwhile, the matrix element of the up Laplacian satisfies for
o # o' s.t. o and ¢’ are up-adjacent,

1 if o4 and o/, are up adjacent,

(AZP)UJ,_,O'SF = {

—1 if o4 and ¢’ are up adjacent,

where o and ¢/, (resp. o’) are positively (resp. negatively) oriented simplices correspond
to o and o', respectively. These relationships show that if a state transits to a state with
the same (resp. different) orientation, the corresponding sign of the matrix element of
the up Laplacian is + (resp. —). Suppose we have a unitary encoding U"P of P“P using
a-ancilla qubits i.e.,

(Hf ® (0“\) up (Hf ® \oa)) = I PYII, (1)

where Hf is the projector onto the space spanned by positively and negatively oriented
k-simplices. This is a unitary encoding of a Markov transition matrix P"P, which is im-
plementable with the classical circuit that simulates the transition |o0) — P“P|o) ( See
Remark 1 in Section 3.2.1). Moreover, for the specific case of clique complexes, we show
efficient construction of such unitary encoding in Theorem 4 in Section 4.

Then, we apply HZ gates to the qubit that represents the orientation to obtain a
unitary V% := ((I,, ® HZ) ® 1,) U"P using the U"P in eq. (1). Then, we apply H Z gates to
the qubit that represents the orientation to obtain a unitary V*? = ((I,, ® HZ) ® I,) U"P.
By this construction, we can add a relative phase factor of —1 if a simplex transit to
other simplices with a different orientation. The laziness of the random walk (i.e., the
probability of staying in the same simplex after a transition) is proportional to the up-
degree (the number of k+ 1-simplices that a k-simplex has as upper simplex). The diagonal
elements of the up Laplacian are given exactly by the up-degree of simplices. Therefore,
we can conclude that V¥P is a unitary encoding of the up Laplacian. A formal statement
and proof can be found in Proposition 1 in Section 3. For the down and harmonic quantum
walks, we can encode the down and full Laplacians with analogous arguments.
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Figure 2: Examples of random walks on unweighted 1-simplices (edges). (a) An example of a step of
up random walk on 1-simplices. K"“P is some normalization factor. An edge transits to other edges
that share common upper simplices (triangles) with equal probabilities. The orientation is shown by the
arrow. The laziness of the up walk is proportional to the up-degree (the number of triangles that an
edge has). (b) An example of a step of down random walk on 1-simplices. K "™ is some normalization
factor. A state moves to other edges that share common lower-simplices (vertices) and stays on the
same edge with probability proportional to the down degree (the number of vertices of edges i.e., 2).
It can be seen that the “orientation” of the vertices (i.e., whether a vertex is a starting point or end
point of the arrows) is preserved in the transition. Notably, the orientation of the transition is opposite
compared to that of up random walk. (c) An example of harmonic random walk on 1-simplices that
moves to lower-adjacent simplices that are not upper-adjacent. K is some global normalization factor.
The laziness is proportional to the sum of the lower degree and the upper degree.

Accepted in { Yuantum 2026-06-08, click title to verify. Published under CC-BY 4.0. 8



Implementing the unitary encoding of projectors. The implementation of the
projectors is based on the quantum singular value transformations [GSLW19] of quantum
walk unitaries. The k-chain space C}, which is a space spanned by positively oriented
k-simplices, can be decomposed as follows:

Ci = B, ® Hy, @ B*,

where By, B*, H,, are k-boundary, k-coboundary, and k-harmonic homology group. For
formal definitions, see Section 2. These subspaces can be represented with Laplacian
operators as follows:

o B, =Im(A}F), B =Im(Afown).
o By & Hj, = ker(ALPw™), BF & Hy, = ker(A}7).

Therefore, projectors onto these subspaces can be realized by the projectors onto the
low /high energy subspace of Ay, A/? and A{o¥" with threshold A, AF, and A{o“" where
Ak, )\Zp , and )\gow” are the minimal non-zero eigenvalues (spectral gaps) of A, Azp , and
A%"w”, respectively. We perform quantum singular value transformations with polynomial
approximation of rectangle functions with threshold A, A{¥, and A{“" with the quantum
walk unitaries. The number of quantum walk unitaries used in the procedures is bounded
by polynomial in n if Ag, AF, and A" are lower bounded by 1/poly(n).

Construction of up/down quantum walk unitaries. We explain how to construct
the quantum walk unitaries for clique complexes using the membership function

1 ifoeX
f(a):{o if o ¢ X.

For simplicity, we consider the unweighted case. The up quantum walk unitary is con-
structed with “up-down” construction and the down quantum walk unitary is constructed
with “down-up” construction. In the “up-down” construction, k-simplices first go up to
k+ 1-simplices and then go back to k-simplices. In the “down-up” construction, k-simplices
first go down to k — 1-simplices and then go back to k-simplices.

When we go up from k-simplex o to k + 1-simplices, we can change one of the 0’s of
the n-bit string z, to 1. As the number of 0’s in x, is n — k — 1, we use the superposition
of > icn—k—1] \/ﬁ |i) in an ancilla register. Of course, not all of the Hamming weight
k 4 2 strings are included in the k£ + 1-simplices. Therefore, we can apply the membership
function to verify if they are included in the k + 1-simplices. The induced orientation of
the k£ + 1-simplices depends on the position of 0 that is converted to 1. If there are odd
numbers of 1 before the position of 0, the relative orientation changes from the original
simplex o. If the number of the sum of 1 is even, the relative orientation does not change.
After we transit to k 4 1-simplices, we similarly go down to k-simplices by changing one
of the positions of 1 to 0 while tracking the orientation. When we go down, we use the
superposition of 37 ¢4 9 ﬁ |7) prepared in another ancilla register.

The “down-up” construction can be similarly done. Note that when we go down from
k-simplices, the states must be included in the elements of k — 1-simplices by the definition
of simplicial complexes. Therefore, we apply the membership function after we go back
to k-simplices. Note that in the “up-down” and “down-up” constructions, the self-loops
(laziness) are automatically encoded.
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Construction of the harmonic walk unitary. For the construction of harmonic walk
unitary, we use the following superpositions in an ancilla register:

> )10+ > LD+ Y mom) 1),

i€[n—k—1],5€[k+1] le[n—k—1] me[k+1]

where we hide a global normalization factor. The first term is for the adjacency, the second
term is for the upper degree, and the third term is for the lower degree. Based on this
superposition, we perform the following computation for each of the o:

> 14,5)10) + > LD + ) Imom)1).

i€[n—k—1],j€[k+1] l€ln—k—1] me[k+1]
Flip the i-th 0 and j-th 1 of z,, Check the membership of the simplex Do nothing.
then, check the membership. obtained by flipping the I-th 0 of z,

By Claim 1 in Section 5, it follows that the relative orientation of the simplex obtained
by the transition of the first term is equal to the sum of the bit elements of the posi-
tions between the indices of i-th 0 and j-th 1 of z,. In the harmonic walk, simplices
transit to other simplices that are lower-adjacent but not up-adjacent. This condition can
also be computed using the membership function. Unlike the “up-down” and “down-up”
construction, this construction separates the self-loops and adjacency.

Applications. The constructed projectors onto topological subspace can be applied to
problems of practical interest. The first two applications of our quantum walks are the tasks
of estimating the normalized Betti numbers and the normalized persistent Betti numbers,
that are related to the topological data analysis. First, the estimation of the normalized
Betti numbers, denote by S8k /nik, can be done in the following steps:

e Prepare the uniform mixture over k-simplices pp = é Ygext o) (o], where ny is
k

the number of k-simplices of a simplicial complex X.
e Estimate the energy w.r.t the combinatorial Laplacian A and measure the energy.
e Sample from the above quantum circuit and output:

The # of outcomes of energy below Ag
The # of samples

as the estimate, where A; is the minimal non-zero eigenvalue of Ay.

We can estimate () /nj with the above procedures. This is because

P nlk S o) (o] = nlk 3 i) (il

ceX;h i€ng

where {|1;)}; are eigenvectors of Ay with eigenvalue \; and the probability of observing
0 energy is fr/ng. In the second step, we measure the energy w.r.t. the combinatorial
Laplacian. To be more precise, we actually construct a quantum circuit that can condi-
tionally project onto the low-energy subspace of the combinatorial Laplacian. This means
that in the third step, if the measurement outcome is 1, the state is successfully projected
onto the low-energy subspace below the energy threshold. The complexity of the proce-
dure is governed by the complexity of preparing the initial mixed state, the complexity of
energy measurement, and the number of necessary samples. We can efficiently estimate
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the normalized Betti numbers with inverse-polynomial additive precision under the con-
ditions that we can efficiently sample from the uniform distribution over k-simplices and
Ak > 1/poly(n).

Next, we explain how to estimate the normalized persistent Betti numbers. We use the
following relationship: B,i’j = dim(ker(Ai’down)) - dim(ker(AZ’down) N (Im(Ai’uP)), where
i and j represents the two simplicial complexes X? C X7. We can estimate BZ’j /ng by
estimating dim(ker(AL%"™)) /n;  and dim(ker(AZ’down) N (Im (A7) /ny,, respectively,
where ny is the number of k-simplices of X*. The first quantity can be estimated using the
down quantum walk on K; and the second quantity can be estimated by combining the
down quantum walk on K; and the up quantum walk on K; in a similar way with the case
of Betti numbers. This application illustrates that down quantum walk and up quantum
walks are useful for tasks related to persistence and TDA.

Finally, in the case of the verification of the promise clique homology problem, the
task is to verify if the homology group of the given clique complex is trivial or not. If the
homology group is not trivial (YES case), we can receive a witness state from the prover
which is supposed to be in the kernel of Aj. In the NO case, there is a promise that Ay
has some inverse-polynomial spectral gap. Therefore, we can show that the verifier can
decide which is the case based on the implementation of the projector onto the low-energy
subspace of Ay with desirable soundness and completeness.

1.3 OQutlook and Related works

Our work opens avenues for applying quantum walks to higher-order networks. In this
subsection, we discuss related works and open problems. We first compare existing classical
results and our results in detail. Second, we discuss the computational complexity of the
problems related to clique complexes to clarify how hard the problems we are solving are
and to highlight the evidence for the classical difficulty of the tasks. Next, we compare
our results to another classical algorithm based on the path integral Monte Carlo method
and existing QTDA algorithms. Finally, we present two open problems: one regarding
the potential for further application of our construction to graph problems, and the other
concerning the extension of our quantum walks to persistent homology groups.

Comparison with classical expectation process. We give a comparison between our
results and previous results on classical random walks on simplicial complexes. We give
a summary of classical results in Table 2. Although [SBH'20] also provides conceptually
similar results, we do not include their result because the rate of convergence of the result
of [SBHT20] is not known. The formal definitions of up and down random walks can
be found in Appendix A. The number of required time steps ¢ should be comparable to
the number of uses of quantum walk unitaries in our results. As it can be seen from the
table, the rate of the convergence to the target subspaces is similar to our results in the
sense that the distance can be made to be inverse polynomially small in polynomial time
steps t with proper choice of the laziness if the spectral gaps of the Laplacians are at
least inverse-polynomially large. However, there are two obstacles to classically simulating
the normalized expectation process. One obstacle is that in order to perform the process,
one needs to characterize the behavior of two different probabilities at the same time to
take their differences. Moreover, the difference of two probabilities must be multiplied
by an exponentially large normalization factor. These are highly challenging obstacles to
classically simulate the normalized expectation process.
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Random walks NE Process £° update t— o0 distance at ¢

Up walk k41 t o 1—p Aup k 1—p yup t
[PR17] (36) (Pk’+1) & ~ 4 ( = )
DOWH Walk M—1 t o (l_p)Adoum (1_p))\down 4
[MS16] (37) (Grss) & 1= gorgeneen % (1 Gorseen
Harmonic walk K t oy 1—p)A, D1 1— t

[MS16] (p(Kfl)H) & I= (p(1p<)71k)+1 Hi (1 - pi(K,ﬁH Ak)

Table 2: Classical results on simplicial complexes and homology. NE process referees to normalized
expectation process. The expectation process is £° = p;°(0) — p{°(F), where p;° (o) is a probability
of being in o after t-steps of random walks starting from og. The “update” means operators A such
that g’fﬁl = AEJ° for each of the random walks. The column of “t — 00" shows the final subspaces to
that every initial state oy will reach with the normalized expectation processes. The “distance” means
orders of distance between £79 and £7° in the operator norm. The number of time steps ¢ should be
comparable to the number of quantum walk unitaries in our results. M is the maximal (up) degree
of k — 1 simplices. D~ is a diagonal matrix such that (D7), , = ((Ak)o.0) "t if (Ak)sor # 0 and
(D™Y),., = 0 otherwise. K = O(||AxD~Y)).

Classical random walk without the orientation problem Although the problem
of orientation appears as an obstacle for classical random walks on simplicial complexes,
there are cases where such an obstacle can be overcome. For example, if the underlying
simplicial complex is a triangulation of an orientable manifold, there are classical random
walks that do not suffer from the orientation problem [EM23]. Furthermore, it has been
recently shown that when the underlying simplicial complex satisfies certain conditions
regarding the orientation, there is an MA-complete problem related to the homology of
simplicial complexes [HGRD25]. The MA-completeness indicates that the problem can
be verified with a classical random walk without suffering from the orientation problem.
These results indicate that there are subclasses of problems related to high-dimensional
topology that are feasible for classical random walks, although they are not efficient for
general simplicial complexes.

Outlook on quantum advantage. Our prospects of superpolynomial speedup based
on quantum walks come from the application for the problems related to the topological
data analysis and the homology of clique complexes. Here, we discuss the evidence for clas-
sical hardness, best-known classical algorithms, and regimes for potential superpolynomial
speedup.

e Computational complexity of estimating the normalized Betti numbers:
We have shown an application of estimating the normalized Betti numbers (Theo-
rem 5). First, the normalized Betti number estimation (NBE) problem for inverse-
polynomial precision for general simplicial complexes is DQC;-hard [CC24]. Simi-
larly, the Low-lying Energy Density Problem, a generalization of the NBE problem,
is also DQCj-hard [GCD22|. These results can be seen as evidence that there are no
efficient classical algorithms for such generalized problems assuming that DQC;-hard
problem cannot be solved efficiently classically. Note that it is still open whether the
estimation problem of normalized Betti numbers in inverse polynomial precision is
DQC;-hard for clique complexes for which we have efficient quantum algorithms.

¢ Known classical algorithms for estimating the normalized Betti numbers:
As we have discussed, a general classical algorithm for NBE problem in inverse-
polynomial additive error would lead to a classical algorithm for DQC;-hard prob-
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lems, which is very surprising. It has been shown that this is not the case for the
estimation in the constant additive error. In [AGSS23|, the authors proposed an
efficient path integral Monte Carlo algorithm NBE problem in a constant additive
error. The algorithm of [AGSS23| first samples uniformly from the k-th simplices and
then performs some random walk related to the combinatorial Laplacian. Finally,
it computes and outputs the estimate for the normalized Betti numbers. Instead of
sampling from the space with positive and negative orientations, they perform ran-
dom walks on unoriented k-simplices and use the information of orientation in the
post-processing.

e Regimes for superpolynomial speedup: For the application in NBE problem,
three conditions should be satisfied so that the quantum algorithm works efficiently.
First, we should be able to sample from the uniform distribution over k-simplices.
Second, the combinatorial Laplacian should have an inverse-polynomial spectral gap.
Third, the k-Betti number should be exponentially large (because the normalized
quantity may be exponentially large and we can only estimate the normalized Betti
number in the inverse-polynomial additive error.) In [BSGT24], it is shown that there
exists a family of simplicial complexes that satisfy all these criteria and therefore can
be a regime of simplicial complexes for superpolynomial quantum speedup. At the
same time, it is also shown that for random clique complexes (clique complexes for
Erdés—Rényi), only approximately a quartic speedup can be achieved [BSG™24].

e Estimating the (non-normalized) Betti numbers: We have seen there can be
superpolynomial speedup for the estimation of normalized (persistent) Betti numbers.
What can be said for the estimation of the (non-normalized) Betti numbers, which is
more practically motivated? For this problem, it has been discussed in [MGB26| that
there is at most polynomial quantum speedup with the currently known quantum
algorithms over the known classical algorithms [MN13, MMS11|. Therefore, it is still
open if a quantum algorithm can achieve any practical task related to TDA with
superpolynomial speedup.

Comparison between the existing QTDA algorithms. We give a comparison be-
tween our algorithm and the prior works on QTDA [LGZ16, Hay22, GSLW19]. Compared
to the prior works, we double the state space due to the distinction of orientations. Note
that, however, this doubling only requires an additional single qubit. It can be said that it
is due to this addition of a single qubit that we have been able to ease the “sign problem”
of combinatorial Laplacians® and relate QTDA to Markov chains. Therefore, although
it is not that our algorithm drastically improves the time complexity for QTDA com-
pared to the prior works on QTDA, we have been able to find a new way to perform
topological information processing through the experimental realization of quantum walks
[TLET18, AAMP20, DGGT19, QMS24], and in a broader sense, our work opens a way to
unify the study of quantum walks and QTDA.

Lackadaisical quantum walks. Our random walks on simplicial complexes are lazy
random walks i.e., there are self-loops. A lazy version of quantum walks is called the
lackadaisical quantum walks [Won15] [HY20]. Therefore, our quantum walks can be seen
as high-dimensional lackadaisical quantum walks. If we consider our quantum walks on

3Here, the “sign problem” referees to the fact that there are both positive and negative entries in the
off-diagonal elements of the combinatorial Laplacian.
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0-simplices i.e., vertices, we can straightforwardly obtain the encoding of graph Laplacians
into quantum walk unitaries. As graph Laplacian is an important tool in graph-based
information processing, can the encoding of graph Laplacians into quantum walks find
more applications?

Persistent harmonic homology group. In this paper, we show the implementation of
several projectors onto subspaces related to topology. Recently, persistent Laplacian oper-
ators are introduced [MWW22| [WNW20] [WW25]. It has been known that the dimension
of the kernel of the persistent Laplacian is equivalent to the persistent Betti numbers. Al-
though we show how to estimate the normalized persistent Betti numbers in Section 5.2,
it is based on the combination of several projectors and not based on the persistent Lapla-
cian. Is it possible to construct quantum walks with which we can directly implement the
projector onto the persistent harmonic homology group (i.e., the kernel of the persistent
Laplacian)?

High-dimensional expanders. Random walks on simplicial complexes are actively
studied in the context of high-dimensional expanders [KO20]|. Although they do not typi-
cally consider the orientation and therefore the motivation is different, it would be inter-
esting to explore potential connections between the study of high-dimensional expanders
and quantum walks on simplicial complexes.

Quantum walk algorithm without QSVT. Our quantum algorithms first construct
quantum walk unitaries that encode a single step of random walks on simplicial complexes.
Then we utilize the quantum singular value transformation. This is because if we try to
quantize a sequence of random walk steps rather than a single step, we would also suffer
from the problem of an exponentially large normalization factor, as is the case in classically
simulating the normalized expectation process. We leave it for future work to construct
quantum walk algorithms on simplicial complexes that avoid the problem of exponentially
large normalization without QSVT.

Subsequent works. Since the appearance of this work, quantum algorithms for higher-
order networks and TDA have been further developed. Leditto et al. [LST"25a] pro-
posed Quantum HodgeRank as an application of quantum topological signal processing
on simplicial complexes [LST*25b]|. Gyurik et al. [GSK™24] introduced the harmonic per-
sistence problem and established its computational complexity. Extending our quantum
walk framework to these problems is an interesting direction for future work. More broadly,
finding further applications of quantum walks on higher-order networks, as we have done
for the HDDP in this work, remains an important open problem.

1.4 Organization of the paper

The remainder of this paper is organized as follows. In Section 2, we introduce several
preliminaries on simplicial complexes, homology, and quantum computing. In Section 3,
we present the implementation of the projectors based on the quantum walks. This section
includes the formal definitions of up, down, and harmonic random walks on simplicial com-
plexes. In Section 4, we show efficient constructions of up, down, and harmonic quantum
walk unitaries for clique complexes. In Section 5, we show two applications of our quantum
walks on simplicial complexes: estimation of the normalized Betti numbers, estimation of
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the normalized persistent Betti numbers. Finally, in Section 6, we show application of our
quantum walk framework on HDDP.

2 Preliminary

In this section, we introduce several preliminaries. In Section 2.1, we introduce simplicial
complexes and their orientations. In Section 2.2, we introduce up-adjacency and down-
adjacency of simplicial complexes. In Section 2.3 we introduce boundary operators and
homology group. In Section 2.4, we introduce the discrete Hodge theory, which relates the
homology and the Laplacian operators. In Section 2.5 and 2.6, we introduce the matrix
representation of Laplacians and the weighting of simplicial complexes. In Section 2.7, we
introduce some preliminaries on quantum computing. Finally, in Sectioin 2.8, we further
introduce some notations.

2.1 Oriented simplicial complexes

An abstract simplicial complex X over a finite set of vertices V' C N is a set of vertices
of V' that is closed under taking subsets. Let n := |V|. A simplex is called a k-simplex
if it is composed of (k + 1)-vertices. We denote the set of k-simplices of X as Xj. We
denote the number of k-simplices of X by ng. An oriented k-simplex o is a simplex o
with orientation inherited from the ordering of vertices o = [vg, vy, ..., vx]. Two oriented
k-simplices o = [vg, v1, ..., v] and o’ = [vg, v], ..., v},] are said to have the same orientation
if [Ur(0)s Vr(1)s -+ Va(k)] = [V0s V1, -+, v}] for an even permutation w. Such oy and o), are
regarded as the same oriented simplex.

Throughout the paper, we say o = [vg, v1, ..., Uk| is positively (negatively) oriented if
an ordering [vr (o), Vr(1)s -+ Ur(k)] Such that vrgy < vrq) < -+ < Vg is obtained with an
even (odd) permutation 7. We denote the set of positively oriented k-simplices by X ,j
and negatively oriented k-simplices by X, . It follows that | X ,j | = |X, | = ng. For any
oriented simplex o € X ,:Ct, 7 represents its counterpart with the opposite orientation. For
any 0 € X ki, we can identify its corresponding unoriented simplex with a Hamming weight
k+1 bit string z, € {0,1}", where the positions of 1s correspond to the membership of the
vertices of the simplex. With a slight abuse of notation, we denote the set of all Hamming
weight &k + 1 bit strings associated with elements of X,;t by Xi C {0,1}".

2.2 Adjacency of simplicial complexes

For an unoriented simplex o = {wvg,v1,...,v;}, its faces are the subsets obtained by re-
moving a single vertex: o\vg,o\v1,...,0\vg. By definition, any k-simplex has exactly
k + 1 faces. An oriented simplex o = [vg, v1, ..., vg] induces an orientation on its faces
as (—1)7[vgy «wey Vj—1,Vj41, ..., vx] Where (—1)7 means to take the opposite orientation if
(—1)7 = —1. (We take the opposite orientation if we remove the j-th vertex and j is odd.)
A (k + 1)-simplex o7 is called a coface of oy, if 0y, is a face of o} ;. For 0,0 € XF we
use the following notations:

e (Up-adjacency:) We denote o ~4 ¢’ if they share a common k4 1-dimensional coface
and the orientation of the coface induced by ¢ and ¢’ are same. If ¢ ~4 ¢/, 0 and
o' are said to be oriented similarly. If o ~4 o/, o and o’ are said to be oriented
dissimilarly.

e (Down-adjacency:) We denote o ~| ¢’ if they share a common k — 1-dimensional
face and the orientation of the face induced by o and o’ are same. If o ~| ¢/, o and
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o’ are said to have a similar common lower simplex. If ¢ ~| ¢/, ¢ and ¢’ are said to
have a dissimilar common lower simplex.

e 0 ~4 o't if o and ¢’ are not up-adjacent.
e deg(o): number of cofaces of o.

The quantity deg(o) should also be called as up-degree as it is the number of cofaces. We
simply refer to it as “degree" because the number of faces of any k-simplex (down-degree)
is always k + 1. Note that for any k-simplices o and ¢/, the common face or coface is
always unique if they exist.

2.3 Chain group and homology

We denote a k-th chain group Cj, defined as Span{|o)} .+ with real coefficients. We can
k

define a k-th boundary operator J;, : C, — Cr_1 as an operator that acts for any k-simplex

in [vg, v1, ..., vx) € X} as

k
Ok [vo, V1, ..y U] = Z(—l)J [V0, ooy Vjm1, Vjp 1 - vy Uk
7=0

The important property of boundary operators is that 0;_10y = 0. The k-th homology
group is defined as

Hk = ker(@k)/lm(akﬂ)a

and the k-th Betti number is defined as [y := dim(Hy). By = Im(0ky1) is called the
k-boundary and Zj := ker(0y) is called the k-cycle.

Given two simplicial complexes X? C X7 over the same vertices, we can define the per-
sistent homology groups and the persistent Betti numbers. The k-th persistent homology
group is defined as follows:

Hy? = ker(9})/ (kex(9}) N Tm (3], ))-

The k-th persistent Betti number is defined as ﬁ]i’j = dim(H,i’j ).

2.4 Discrete Hodge theory

We define the inner product such that {|o)} .+ forms an orthonormal basis for C. This
k

means that (¢/|0) = 6, for all 0,0’ € X;". Then, let 9; be an adjoint of . With our

choice of inner product, 9}, = 8};. The k-th combinatorial Laplacian (Hodge Laplacian)
Ay : Cp — C is defined as
Ak = 8k+182+1 + 8;8k

We also define
AP = 010541,

Afown = 9oy,

It is known that
ker(Ak) = Hk

and
Br = Nullity (Ag) = dim(ker(Ay)).
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We denote the smallest non-zero eigenvalues of Ay, A}” and Agow” as A\, A" and /\zow",
respectively. It holds that Ay = min{\;”, )\gow"} because the non-zero energy spectrum
of Ay, is the union of the non-zero spectrums of A;” and Agow”. Note that the spectrum
of the Laplacians does not depend on the choice of the orientation of simplices.

We can decompose C, as

Cy = Im(akH) ® keI‘(Ak) ® Im(a;)
This decomposition is known as the Hodge decomposition. It holds that Im(0k41) =
Im(A}P) and Im(9;) = Im(A{¥"). Therefore, we can decompose Cj, in terms of up, down
Laplacians as Im(A}?) @ ker(Ay) @ Im(Adown) .
2.5 Matrix representation of the unweighted combinatorial Laplacian

The combinatorial Laplacian can be described using the degree and the adjacency rela-
tionships. It is known that A"P, A%w" and A} satisfy for all 0,0’ € X,

deg(o), if o=o'

1, if o~y o

(AZP)U,O'/ = 1 . ) (2)
-1, if o~y o
0, otherwise.

k+1, if o=0
1, if o~ 0
-1, if o~y 0

0, otherwise.

deg(o)+k+1, if o=0

1, if o~y 0 and o~y o’

(Ak)a,a/ = . ¢7/ ! / (4)
-1, if o~y 0o and o~y o
0, otherwise.

Note that o ~4 o’ also implies ¢ ~| o/. Therefore, in the full Laplacian, the matrix
elements of 0,0’ that are only lower adjacent (regardless of orientations) remain to be
non-zero.

2.6 Vertex-weighted simplicial complexes

We generalize the simplicial complexes with a vertex-weighted graph G, which is character-
ized by a function w : V' — (0, 0o] assigning each vertex v a weight w(v) following [KK24].
A vertex-weighted simplicial complex X over the vertices is defined in the same manner
as the unweighted case. The main difference between them is that we assign each simplex
o in X a weight w(o), defined as the product over weights of all vertices in o:

w(o) = H w(v).

veo

Furthermore, the inner product on the k™ vertex-weighted simplicial complexes chain
space, Ci(X,R), is defined by

w(e)? ifo=1
<a|7>={” fo=r,

0 otherwise,
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for 0,7 € Xj are k-simplices of X. This inner product implies that the set {|o’) :=
ﬁ |o) : 0 € Ck} forms an orthonormal basis for C.

To define the combinatorial Laplacian Ay, of the k" vertex-weighted simplicial com-
plexes chain, it is necessary to define the boundary operator Jy:

i lo’) =Y _w)[(e\{v})).

With the boundary operator, the combinatorial Laplacian Ay = 04105, + 00k can
be expressed as follows: A%, A%w" and A, satisfy for all 0,0’ € X ,j ,

ZuEup(o) w(u)Qv if o= o'

(AP = L)) S )
’ —w(vg)w(vyr), if o~y 0’
0, otherwise.
veo W(V)2, if o=0o
(Azown)o o = w(vd)w(va’)a 'Lf g~y Oi (6)
7 _w(va)w(vcr’)7 if o ~1 o’
0, otherwise.
(ZuEup(a) w(u)Q) + (Zvea w(v)2) ) Zf oc=0
(Ag)os = w(ve)w(vgr), if 0~ 0 and o =4 0’ (7)
koo —w (Ve )w(vy), if o~ 0 and o =4 o’
0, otherwise.

Here, up(c) C V is the subset of vertices v such that o U {v} € Xy 1 is a k + 1-simplex,
and v, and v, are the vertices removed from o and ¢’, respectively, to obtain the common
lower simplex.

2.7 Unitary encoding, transformation, and measurement

We introduce some preliminaries on quantum computing. The block-encoding of an oper-
ator is defined as follows:

Definition 1 ([GSLW19]). Suppose that A is an s-qubit operator, a,e € Ry, and o € N.
We say that the (s + «)-qubit unitary U is an (a, o, €)-block-encoding of A, if

A —a(ls @ (0*NU (L @ [0%))]| < e

More generally, we say that U is a IIs-projected (a, o, €)-unitary encoding of A if
A = a(Ils @ (0*)U(ILs @ [0%))[| < e,

where Il is an s-qubit projector.

Using the block encoding or the unitary encoding, we can perform quantum singular
value transformation (QSVT) [GSLW19|. For a Hamiltonian H with eigendecomposition
H =Y, \i |¥i) (¥i], the singular value transformation of H with polynomial f(x) is

f(H) = Zf(&') i) (il -

We introduce a CpNOT-gate which applies X gate conditioned that a state is in the
image of a projector II as:

CuNOT == X ® T+ I @ (I — II).
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Block-measurement. Suppose we have Up that is a block encoding of a projector II,
ie.,

ITT = (Is ® (0*)Un (s ® [07)) ]| < e.

Then, we can perform a measurement procedure called “block-measurement” [Ral21]. The
circuit for block-measurement is defined as

Um = (U, @ 1,) - Cq,NOT - (U @ L),

where o denotes the single ancilla qubit and II, = I, ® |0%) (0%|. Let A be a quantum
channel by tracing out the a qubits of Upq. Then, the following lemma is shown:

Lemma 1 ([Ral21]). Let Ay be a quantum channel that maps as

0o ®@[¢) = [1)q @ TT[) +[0), © (s = 1) [¢)) .

Then 3
[An — Anlle = O(e),

where || - ||o is the diamond norm.

We call the ancilla qubit labeled by « as the output qubit of the block-measurement.

2.8 Notation

In this subsection, we introduce some notation. We use a special state ©, which is called
an absorbing state in the literature of random walks. Let S, = X iét U {©}. This is the
state space of our random walks on simplicial complexes. Note, however, that we do not
expect the introduction of the absorbing state is essential one to construct quantum walks
on simplicial complexes. It is introduced to relate our quantum walk unitaries to Laplacian
operators. For any |o) where o € Sk, we identify an (n + 2)-qubit computational basis

state as follows:
|z5) ®100) if o€ X;,

lo) = 4 |zo) @ [10) if o€ X, (8)
0" ®[01) if o= O,

where x, € X is the Hamming weight k£ + 1 n-bit string that represents the unoriented
simplex that corresponds to o. We also use

oy [0 if o e X,
TN ifeex.

Therefore, for o € X,
o) = |z4,5(0),0). (9)

For0'E)(/,;t,weuseour aSO'+:O'ifO'EX;r and oy = o if 0 € X;. Then, o_ == 0.
Also, let II be a projector onto the space spanned by {]a)}UGXJr ={lzs)® ]00>}U€X+ and
k k

let IT;" be a projector onto the space spanned by o)} pex= -
k

Foro e X ,;t, we also introduce the following notation:
e i(0) € [n]: the position of i-th 0 of z,. (i € [n — k —1].)

e i(0) € [n]: the position of i-th 1 of z,. (i € [k + 1].)
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Figure 3: Relationships among the k-(co)cycle Z; (Z*), k-(co)boundary By (B*), and k-harmonics
Hy.

3 Quantum walks and homology of simplicial complexes

We begin this section by introducing our main results on the implementation of projectors
which contains three folds in Section 3.1. First, we propose a Markov transition matrix
PYP_ which could aid in encoding two projectors. One projector has support consisting
of the k-cocycle, while the other has support consisting of the k-boundary. Second, we
employ a similar approach, substituting PP with another transition matrix P%%" to
encode two projectors. One has support consisting of the k-cycle, while the other has
support consisting of the k-coboundary. Third, one projector of the k-th homology group
is encoded using another transition matrix P. The relationships among the subspaces are
depicted in Figure 3.

Then, the proofs for these results are presented in Section 3.2, which consists of three
steps. First, we formally define the Markov transition matrices P*?, P%"" and P, and
utilize them to establish three types of quantum walks, denoted as U™P, U%%" and U",
respectively. Secondly, we demonstrate the utility of these quantum walks in encoding
AP, Aim"”, and Ap. Finally, quantum singular value transformations are applied to the
above Laplacians, resulting in the projectors in our main result.

3.1 Formal statements of quantum walk based projectors

We formally present three main results, each of which is derived through the utilization of
the three aforementioned quantum walks. Recall that we say U is a IIs-projected (a, a, €)-
unitary encoding of A if

|A = a(ll; ® (04)U(II; ® [09))]] < e.

Theorem 3. Given a simplicial complex X over n-vertices, we can implement Ugk, Up, ,
Uz, Ugk, Uy, that are Ily-projected (1, a, €)-unitary encodings of Proj(Z¥), Proj(By,),
Proj(Zy), Proj(B¥), Proj(Hy), respectively, with
o O(K"Plog(1/€)/\F)-number of use of U, (U"P)T, CyNOT and single qubit gates
for Uyr and Up,,

o O(K%wnlog(1/e)/Adowm)number of use of Udownr (Udewn)t CyNOT and single
qubit gates for Uz, and Upgk,

o O(Klog(1/€)/A\g)-number of use of U" (U™, CpNOT and single qubit gates for
Uny,»

where IT = ITj, ® |0%) (0%, and U, U%"" U" are quantum walk unitaries that are IT; -
projected (1, ,0)-unitary encodings of HfP“pr, Hdeow”Hf, HfPH,f, respectively.
Here, \,7, Adewn )\, are the smallest non-zero eigenvalues of AP, Afown A, respectively.
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In the above theorem, unitary encoding of Proj(Hy) is implemented using the harmonic
quantum walk unitary U”. As a corollary of Theorem 3, we can alternatively implement a

projector onto Hji by combining the up quantum walk U“? and the down quantum walk
Udown.

Corollary 1. Given a simplicial complex X over n-vertices, we can implement Uy, such
that 3
(Hk ® <02a‘> Uy, (Hk & |02a>) = Iy, (10)

where 3
[Proj(Hi) — Uy, || <,

with O(K%%" log(1/€)/A{own + KU log(1/€) /A )-number of use of Udewn (Udown)t yup,
(U“P)T CgNOT and single qubit gates with IT = T ® |0%) (0%].

Proof. This result is based on taking the product of projected unitary encoding of projec-
tors onto k-cycle and k-cocycle (Theorem 3). Note that H; = Z, N Z*. Using the method
of taking the product of block-encoded matrices of [GSLW19], the theorem follows. O

3.2 Proof of Theorem 3

We complete the proofs of our theorems in the subsequent subsections as follows. In
Section 3.2.1, we define the Markov transition matrix P“P and show an encoding of A;”
into up quantum walk. In Section 3.2.2, we define the Markov transition matrix P%w"
and show an encoding of Az"“’" into up quantum walk. In Section 3.2.3, we define the
Markov transition matrix P and show an encoding of Aj into harmonic quantum walk.
In Section 3.2.4, we show how to approximately implement the encoding of projectors and
show the complexity of the procedures.

3.2.1 Up quantum walk and encoding of up Laplacian

We start by formally defining the up random walk on simplicial complexes. Let us introduce
the following normalization factor for up random walk:

K s max Y w(i(0)w(ieT0). (1)
o€Xy ieln—k-1]
jelk+2]

Note that K"P € poly(n) as long as the w(v) € poly(n) for all v € V. Let us also define

1
5" = 1= e D (Ao

Y +
o'eX,

Definition 2 (Up random walk on simplicial complexes). We define a Markov chain
transition matrix P*P : S — S for up random walk as follows

Zueup(a) w(u)2/Kup, Zf g ?é O and o = ?
w(vg)w(ver )/ K"P, if o #£0, o~y

(P"P)gor = { m4P if o #0© and o' =0O (12)
1, ifo=0' =0
0, otherwise.
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This is a random walk on oriented k-simplices and an additional absorbing state ©.
A k-simplex moves to up-adjacent simplex ¢’ with probability w(vy)w(ves)/K"P. The
lazyness for o is given by 3=, cup(0) w(u)?/K" . For unweighted simplicial complexes,
> ucup(o) w(u)? is equivalent to the up-degree of o.

Recall that the matrix representation of up Laplacian is

Zuéup(a) w(u)z, Zf oc=oa
w(ve)w(vgr), if o~y
—w(e)w(vy), if o NT?

0, otherwise.

(Azp)a,a’ =

From the matrix representation of the up Laplacian, it can be seen that

(Ao, 0y /K™, if 0 # O and o =0’
I(AZP)U;,MI/KUP, if o #£0, g~y ol

(PP)yor = nup if o #£0and o' = 0O (13)
L, if co=0 =06
0, otherwise.

We then consider the quantization of the up random walk. Suppose we have a projected
unitary encoding of HfP“pr, then we can construct an encoding of the up Laplacian by
taking the coherent interference between the positively oriented simplices and correspond-
ing negatively oriented simplices after the application of a quantum walk step:

Proposition 1. Given a simplicial complex X over n-vertices, let U“P be a Hf—projected
(1, v, 0)-unitary encoding of HfPupr ie.,

(1 @ (0°]) U™ (10 @ |0°) ) = T PPIIE,
Then, V¥ := (I, @ HZ @ I) ® 1,) U"P satisfies
AP .
Kup\/2

Proof. For o, y e X ,j , let us denote the corresponding unoriented simplices by x,y €

{0,1}™, respectively. Then, for all o, o ; € X

(I @ (0%)) V(I @ [0%)) =

({y[ {00] @ <0”+2!)V“p(\fr> 100) @ [0"*2))

( 00\ 10! <0n+2’>U“p(‘x>|00>®‘0n+2>)

({oy | @ YV (lo) ® [0%))

( <0””!> Ur(loy) ®[0"%))

U,
- P
oz ,cry Oz 0y

ot —
TPUQf,U;” if oy =
ot +
— \TPG;L U;’ ,Lf Tz ™1 O-ZI
B ~L PP ot -
0, otherwise.
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Using the relationship between the Markov transition matrix and the up Laplacian of
eq. (13), we can further compute

Kulli\/E(AZp)U;,U;” lf O-;_ =
AP . if of ~yof
({oy | ® (0 )V*P(lo7) ©]0%)) = il 3;) ot .f i T
Kupf‘(A ) Ne ;’7 Zf Oy ~1 Uy
0, otherwise.

up R
Kup\[(A >Um 70'; Zf Oz =
up e+ ot
_ Kupf(A )a;,a;7 if o5~ oy
. + —
K“‘p\/7 +, Zf O-:U ~4 Uy
0, otherwise.

Therefore, it can be observed that

1 up
K“P\/iAk .

(I © (0%)) V* (I @ 10%)) = (14)

O

Remark 1. There could be several ways of realizing the unitary encoding of H,fP”pH,f.
For example, based on the Szegedy type quantum walk, we can consider the following
unitary that acts on two state registers for all o € Sg:

U:|o)|0"?) — Z \ P o) o). (15)

o'esS

Then, we can construct a projected unitary encoding of P by Ut . SWAP - U:

(I @ (0™+2) Ut - SWAP - U (T1" @ [0™+2) ) = [T PPIIE,

This is because for all 0,0, € Sk,

(o] ® (0"T2NUT - SWAP - U(|o,) ® |0"F2)) ( Z /P ;‘50, (o] (o y) ( Z ,/P;‘fp; lol) |ax>)

ol €Sy UQDES]C

_ up / pup
- PO'acvffy PUyaO'xv

and for all 0,0, € XE

(o ® (" F2NUT - SWAP - U(|ow) ® [0"2)) = \/ Pov'o,\/ Popow = P3%y,

because the Markov transition matrix is symmetric except for the elements related to the
absorbing state ©. In Section 4 we give explicit construction of the unitary encoding of
Markov chain for clique complexes.

3.2.2 Down quantum walk and encoding of down Laplacian

Let us introduce the following normalization factor for a down random walk:

Kdown .— max > w(i(o))w(j(o*(i))). (16)
TEAL i€lk+1],j€[n—K]
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Note that K9°"™ € poly(n) as long as the w(v) € poly(n) for all v € V. Let us also define

1
b 5 e

+
o'eX,

down =1

Mo
Definition 3 (Down random walk on simplicial complexes). We define a Markov chain

transition matrix P%w" : S, — S;. for a down random walk as follows:

ZvEJw(U)Q/Kdown, Zf g 7& ©and o =o'
w(ve)w(ve )/ K" if o £0O, o ~y o

(P)gzr = { mieun if o #©and o' = © (17
1, if o=0'=6
0, otherwise.

Recall that the matrix representation of the down Laplacian for 0,0’ € X ,j is

vET w(,U)Z, if o= o
(Adoum) ,— w(”a)w(va/), if o ~y o’ (18)
k 0,0 —w(ve)w(ver), if o N\L?
0, otherwise.

Then, it can be seen that

(Agown)a+70+/Kdown, if c A0 and o =o'

(A1 o |JK@, if 0 £0, 0~y 0
(P g g0 = 4 o, if o #£0and o =©

L, ifo=0c =06

0, otherwise.

With a projected unitary encoding of P%"" we can construct a unitary in which down
Laplacian is encoded:

Proposition 2. Given a simplicial complex X over n-vertices, let U%"™ be a Hf—projected
(1, v, 0)-unitary encoding of Hdeow”Hf ie.,

(155 @ (0°]) U™ (T @ [0%) ) = I P,
Then, V4our .= (I, ® HZ ® I) ® I,) U%"" satisfies

Adown
I, ® 0« Vdoum I ® 0%)) = k .
(I (07 Vo (I @ [07) = S 5ho—

Proof. The proof is almost similar to the proof of Proposition 1. With a similar calculation,
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we can show that

d, d
(o1 2 0DV (jo) @10°) = 7 (P = Pt
whelep  oi=oy
1 pd ;
= ﬂpagﬂs’ if oz~ JJ
1 d . —
—alelay o~
0, otherwise
Kdown\/i(Adown)U;r,Ui’ Zf 0-: = O-ZU+
— Kdownf(Adown)U;,U;7 Z'f U; N‘L O’;
I{down\/>(Ado’wn)o'z ,0’+’ Zf O-:—E’— N¢ Uy_
0, otherwise.

3.2.3 Harmonic quantum walk and encoding of full Laplacian

In this subsection, we introduce the random walk on simplicial complexes that we will
quantize in the subsequent section.
Given a directed simplicial complex X, define

K = max Z w(i)? + Z w(i(o))w((e)) | . (19)
oEX) i€[n] i€[n—k—1],
jE[k+1]
Note that K € poly(n) as long as the w(v) € poly(n) for all v € V. Then, let us also
introduce

1
No ::1_E Z |(Ak)a’,cr+|'

+
o'eX,

Definition 4 (Harmonic random walk on simplicial complexes). We define a Markov
chain transition matrix P : S — Sj as follows

(Zueup(g) w(u)? + Zveaw(v)2)/[(, ifco£Oand o =o'

w(ve)w(vy) /K, if 0 #0, 0~ 0 and o =y o’
(P)oo’ = 4 Ny if o O and o' = © (20)

1, ifo=0 =6

0, otherwise.

It can be seen that this is a stochastic matrix, i.e., >°,cg (P)oo = 1 for all o € Sy.
Recalling the matrix representation of the combinatorial Laplacian

deg(o)+k+1, if o=0

1, if 0~ 0 and o =4 o’

(Ak)oor = A " (21)
-1, if o~y 0o and o xy o
0, otherwise,
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it can be seen that

(Ap)os o /K, if c#0©and o =o'
((Ak)or o |/ K, if 0 #©, 0~y 0" and o =40’

(P)oo = Ny if c O and o' =©
1, ifo=0 =6
0, otherwise.

Based on this definition, we show the following proposition:

Proposition 3. Given a simplicial complex X over n-vertices, suppose that U" is a Hf—
projected (1, a, 0)-unitary encoding of HZEPHf ie.,

(1 @ (0°]) U™ (11 @ [0%)) = TEPIIE.

Let Vi = (I, ® HZ ® I) ® I,) (U")T - SWAP - U"). Then, V" satisfies

(T @ (0°]) V" (TTy, @ [0)) = KAji
.

Proof. The proof is similar to the proof of Proposition 1. In this case, for all o, J;r e X;h,

(o 1@ O DV"(|oh) @ 07) = —= (Pys o — Py )

Sl

23 (Bk) i oty if 0F =0f

0, if of ~y o) and of ~ 0
o, if of ~y o, and of ~yof
B %PO';,U;—’ if of ~yof and of <y oy

_%Pai,o;’ if of ~y o, and of =4 of

0, otherwise.

Then, we can conclude the proof of the proposition.
O

Remark 2. We can give a different definition of harmonic random walk on simplicial
complexes as follows:

(ZuEup(o) w(u)2 + ZUEU w(U)Q) /K7 Zf g 7é © and o =o'
w(vy)w(ve) /K, if c#0, 0~ 0 oro~yo
1 )
(Poor =3 1o, if c#0O and o' = 0O (22)
1, ifco=0" =0
0, otherwise.

Note that 0 ~| ¢’ and o ~4 ¢’ do not coincide. Although this definition also works for the
quantization and quantum encoding of the Laplacian, we mainly consider the definition
in Section 3.2.3 in this paper.
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3.2.4 Implementing the unitary encoding of projectors

In this subsection, we finally show how to implement the unitary encoding of the projector
onto the k-cocycle Z¥ = ker(9;,,) = ker(A,”) of vertex-weighted simplicial complexes
using up quantum walk.

The projector can be implemented by applying the quantum singular value transfor-
mation (QSVT) [GSLW19] to VP of Proposition 1, which is a unitary encoding of the up
Laplacian. We use the following polynomial, which is an approximation of the rectangle
function, to transform the eigenvalues.

Lemma 2 (Lemma 29, [GSLW19]). Let d,¢ € (0,1/2) and t € [—1,1]. There exists an
even polynomial P € R[z] of degree O(log (1/€)/d), such that |P(z)| <1 for all z € [-1,1],
and

P(z) €0, €], Ve e [-1,—t —0|U[t+9,1], and (23)
P(z) e[l —e€1], Ve [-t+6,t—7].
Let S\Zp = \/%‘E;p where \;” is the smallest non-zero eigenvalue of A;*. We perform

QSVT with this polynomial by taking ¢ = \;”/2 and § = \{? /4. Then, the degree of P(x)
is T = O(K"Plog(1/e)/A,F). By performing QSVT for VP, we can implement V* s.t.

1 (00 0°) Vi 1. o0y o 10%) = (5 24

up
-y r ( jiK) ol (@9
=: T, (26)

where {\/?, |1;)}; are the eigenvalues and eigenvectors of A}P. Then, I« satisfies
|Proj(Z%) — Tl | < e

The unitary V7 can be implemented using 7' = O(K log(1/€) /) number of VP (V)T CyNOT
gates and other single qubit gates. With up quantum walk, we can also implement the
unitary encoding of the projector onto the k-boundary By = Im(0k+1) = Im(A,”). In this

case, instead of using the polynomial of Lemma 2, we use a polynomial P(z) s.t.

(27)

P(z)e[l—el], Vxe|[-1,-t—06]U[t+0,1], and
P(z) €0, €, Vo e [—t+4,t—0].

of [IMRTC21|. By performing QSVT with this polynomial, we can implement Up, with
the desired complexity.

With down quantum walks, we can similarly implement projectors onto k-cycle Z; =
ker(0) = ker(Af“") and k-coboundary B¥ = Im(9}). Finally, we can implement a
projector onto the harmonics with the harmonic quantum walk in a similar way as in the
case of the up walk and down walk. This concludes the proof of Theorem 3.

4  Efficient construction of quantum walk unitaries for clique complexes

In this section, we show efficient constructions of up, down, and harmonic quantum walk
unitaries for clique complexes. When we use O, it hides factors in polylog(n), where n is the
number of vertices. In the following, we assume that quantum access to graph adjacency
matrices and vertex-weighting functions can be done in at most linear time in n. We will
prove the following theorem.
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Theorem 4. Let X be a vertex-weighted clique complex over n vertices and P, pdown
P be the Markov transition matrices of Definitions 2, 3, 4. Suppose that (P"?), .,
(pdewny 1. (P)gor can be represented with t-bits with ¢ € O(log(1/e) + logn) for ev-
ery 0,0’ € S}, and we are given the normalization factors K", K%"" and K. Then we
can construct Ugi, U,fT, U,’; such that it holds for all o,0’ € X ki that

o |[(P)g g = (o[ (0, 0 (UL - SWAP - U[¥[o) [0742) 07, 0m) | < e,
o | (P 0 — (o (072 (0, 07 (U SWAP - U o) [072) 0, 0m)] < e,

| Brar — ('] (072 (07,07 (UL - SWAP - U [g) 02} 07, 07)] < e,
with O(n?log(1/€)) gates and m = O(logn), where the SWAP operator swaps between
the first and the second n + 2-qubit registers and the two m-qubit registers, respectively.

An immediate consequence of Theorem 4 is that the transition operators PUP, Pdown,
and P admit block-encodings constructed from the unitaries U, ,Ii, U ,iT, and U, ,?, respectively.
We summarize this in the following corollary.

Corollary 2 (Block-encoding of transition operators). Let
U = (uhtswapult,  Ufevn .= ot sSwWAP UM, UF = (UM SWAP U}

Then ﬁgp, ﬁgow”, and [7,? are Hf—projected (1, v, €)-unitary encodings of H,fP“pH,f,
Hdeow”Hf, and HfPHf, respectively, where a = n + 2 + 2m. In particular,

[T PPITE — (ITF @ (0%)) O (11 2 10%)| <,

and similarly for P%%" and P, where || - || denotes the operator norm. Moreover, these
encodings can be implemented with

te O(log(1/e) + (k+2)logn)
additional workspace qubits.
Proof. We focus on the case of P*; the arguments for P%“" and P are analogous. Let
E = I PYII — (I @ (0%)) Uy (I @ [0)).

By Theorem 4, the entries of E satisfy |E, .| < € for all 0,0’ € X ki which implies
|E|lo < |Xifle and ||E|; < |X{fle. Using the standard inequality |E|| < /[E[1[[E]co,
we obtain
IE] < 1X;e.
Therefore, by choosing the entry-wise precision in Theorem 4 as € = ¢/|X ,2t|, we get
IE] <e.
Substituting this choice into the bound for ¢ in Theorem 4 yields
X+
te O<10g<|k‘> + logn> € O(log(1/e) + (k+2)logn),
5

where we use | X;°| € O(n**1). O

In Section 4.1, we introduce notations that we use in the proof. In Section 4.2, we give
the proof of the first part of the theorem (construction of U,Ii). In Section 4.3, we give the
proof of the second part of the theorem (construction of U, ,iT) In Section 4.3, we give the
proof of the third part of the theorem (construction of U}).
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4.1 Notations

Before giving the proofs of theorems, we introduce several notations for the proofs. We
denote f(o) =0if 0 € XT and fi(0) = 1 if 0 ¢ X*. We denote the state representing an
oriented k-simplex o € Xi= by |o) = |z,,5(0),0) where z, is the Hamming weight k + 1
n-bit string that represents the unoriented simplex that corresponds to ¢ and

w1 oo
For o € X,;t, we define
e i(0) € [n]: the position of i-th 0 of z,. (i € [n — k —1].)
e i(0) € [n]: the position of i-th 1 of z,. (i € [k + 1].)
Then, we introduce
o zl (i) =2, ® 01)~11077) for i € [n — k — 1].
o zt(i) =z ®0UO)11070) for  =1,2, ... k+1.

These are the descriptions of the unoriented simplices obtained by adding a vertex i(o)
to o and removing a vertex i(c), respectively. Note that z%(i) € X;_; always holds but
x} (i) € Xj41 does not always holds. Then, we define

e Parity of i-th 0 of o: P(i,0) == @;(2 T,

e Parity of i: P(i) = 0 if i is odd and P(i) = 1 if i is even.

Using these notations, we can define
e o'(i): k + 1-simplex corresponding to x] (i) with orientation P(i, ).
e o¥(i): k — 1-simplex corresponding to x};(i) with orientation P (7).

These are cofaces and faces of o with the induced orientations (as long as x} (i) € Xp41).
Finally, we introduce

o 214(i,j) = 2l (i) ® 0" @) —11gn—il" (),
o 241, 5) = xb(i) ® 04 @D -11gn=i(e* (),

The first n-bit string represents the unoriented simplex obtained by removing a vertex
§(o'(i)) from o'(i). The second n-bit string represents the unoriented simplex obtained
by adding a vertex j(o*(7)) to o*(i). Corresponding to the removed and added vertices,
we define the following functions of the product of weights.

o wit(i,j) == w(i(o))w(j(c(i))) foralli € [n —k—1],5 € [k +2] .

o wil(i,j) = w(i(o)w(i(o"(i)).
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4.2 Proof of the first part of Theorem 4

We first provide the construction of U,Ii. The construction is given using a quantum
membership unitary M that acts for all b € {0,1} and o € {0,1}""? as follows:

Mlo) |b) = |o) [b® f(0)),

where f(0) =0if 0 € X* and f(0) =1if o ¢ XT.
Let U, ,Ii be a unitary constructed in the following steps.

1. For |o), compute the positions of 0’s of z, in an ancilla register:

& li(o)-

i€[n—k—1]

2. Further compute j(o'()) for j € [k + 2] to create the following ancilla state:

0% [i(0)) Li(a"(2))) -

i€n—k—1],j€[k+2]

3. Compute the following weights using the above ancilla state in another ancilla regis-
ter:
®  luli)/E"),
i€[n—k—1],j€[k+2]

where wl* (i, j) = w(i(o))w(j(c'(i))). In this step, we have used two calls to the
vertex-weighting functions.

4. Then, following [CNW10], approximately prepare the following state for all initial
states |0} [0"F2) = |24, 5(0),0) [0"F2) where o € X

N s
2 wo (i,4) .
|C7H0nJr ) Z Tn;%ﬁ-
i€n—k—1],j€[k+2]
Although we do not prepare this state exactly, we use this exact expression in the
following for simplicity. We give a complexity and error analysis later.

5. Create the following state using @;cp,—k_1] jefr+2) [1(0)) 17(aT(3))):

ooy Y W (9) 1) 3o i)
Kup ’ ’

i€n—k—1],j€k+2]
6. Then, create the following state:

T -
we™ (1, . ) . AL . .
S 8D 10 414 ).s(0) © Pli.0) © P10 "(0). F(0T0) i(0). 507 (0)
i€n—k—1],
jElk+2]
This computation is based on the following sub-steps:

(a) Recall that 2f4(i, ) = 2, ® 09)~1107=i(0) g i (" (@) =119n=i(="(©)  Therefore,
|24 (i, 4)) can be computed by copying z, from |¢) and applying X-gates to
i(o)-th qubit and j(o'())-th qubit conditioned on that the state of the last

register is |i(c), j (o7 (4))).
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(b) The state |s(o) @ P(i,0) @ P(j,0'(i))) can be prepared by copying s(o) from

|o) and computing the “parity” of |i(c), j(o(i))).

(c) The state |f(o7(7))) can be computed by applying the membership unitary M
to the state |z, @ 0(9)=1107?)) (which appear in the intermediate of step

(a)).
7. Conditioned that f(o'(i)) = 1, uncompute the above step (this is to move to the
absorbing state if o1(4) ¢ X,irl).
8. Uncompute the following ancilla registers:

0% [i(0)) Li(a"(2))) -

i€ln—k—1],j€[k+2]

& [l (i, 1)/ K") .

i€[n—k—1],j€k+2]

Note that in the above construction, we only used one query to the membership oracle
and O(n) query to the weight functions.
For all 0 € X ,ét, U IP approximately acts as follows:

Ul o) [07F2) o, 0™

wg\L Z‘,‘ . . . ~ . . . ~ .
~ % we ) |5y 15146, ), 5(0) @ Pl 0) @ P, 01 (1)), 0 i(0), J(7 )
i:f (o7 (2))=0,j€[k+2]
D S O
9) 15) 0) (o). (001

i:f (o1 (i))=1,j€[k+2]

The state |z1*(i, 5), s(0) @ P(i,0) @ P(j,0'(i)),0) can be seen as the representation of
simplex with vertices z/¥(, j) and orientation s(¢) ® P(i,0) ® P(j,0(i)). Let us denote
such a simplex as o™(i, §).

For i € [n — k — 1] such that f(o7(i)) = 0 (i.e., o'(i) € X,;':_l), we can show that
o ~4 o1¥(i,7) for any j € [k + 2]. This is because 2'(i(c)) is the common upper simplex
of them and the orientation induced by them s(o) ® P(i, o).

Therefore,

Ut o) |072) [0, 0™

wli(i,j) s . S0 s
~ ¥ = o) I, 9)) i) (o ()
i:f(07(i))=0,5€[k+2]
wg‘L(z,]) . S0 s
+ > - 19)10) [i(), (o (@) -

i:f (o (i))=1,5€[k+2]
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Finally, it can be seen that for all o, ¢’ € X,

(o' ("2 (0™, 0™ (U SWAP - U]¥ [o) |07+2) o™, 0™)

~ T wti]) (/| ("', 3] (' (o), (0" (1)
T D gy o) o))
Sl
% if o~y 0,
_ W if o =0,
0 otherwise,

as desired.

Complexity and error analysis. In the construction of U, N, we use O(n) calls to the
vertex-weighting function in step 3, and one call to the membership function in step 6. We
assumed that the cost of calling the vertex-weighting function is O(n). The cost of imple-
menting the membership function for clique complex is O(n?) because it suffices to check
the connection of all the pairs of vertices. The number of pair of vertices for k-simplices is
(k'gl) and k < n — 1. The error in the construction comes from the creation of the super-
position in step 4. As it is shown in [CNW10|, the gate complexity for making the error
of the amplitude in each of the superposition upper bounded by O(y/€) is O(nlog(1/e)).
Other computations in the construction can be done with O(n?) size circuit with classical
reversible gates. This concludes the proof of the first part of Theorem 4.

4.3 Proof of the second part of Theorem 4

We first give a construction of U, ,iT. Let U,ﬁT be a unitary that is constructed in the following
steps:

1. For |o), compute the positions of 1’s of x, in an registers:

& i)

ielk+1]

2. Compute j(o+(i)) for j € [n — k] to create the following ancilla state:

&  lilo)lieH(@).

i€lk+1],j€[n—kK]

3. Compute the following weights in another ancilla register:
X wil (i, §) /K"
i€lk+1],j€[n—kK]

where w1 (i, j) == w(i(o)w(j(o"(1))).
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4. Then, following [CNW10], approximately prepare the following state for all initial
states |o) [0"F2) where o € X

b2 wy! (i, 4)
|$073(U)70> ’0 > Z Kdoum | >

i€[k+1],j€[n—k]

5. Create the following state using the information in ancilla registers:

n+2 M < o Lo
|25, 5(0),00[0"F2) D7 [1(0), 5(0(7))) -

icktilgem—r | K7

6. Create the following state:

. J) o - 1. W LN L
> Kdown |25, 5(0), 0) |25 (i, 5), s(0) ® P(i) ® P(j,0()), f (237 (i, 5))) [i(0), j(o*(1))) -
zE [k+1],
JE[n—K]
The computation is similar to the step 6 of the previous subsection.

7. Conditioned that f(x'(i,5)) =1 (i.e., zt(i,j) € Xy), uncompute the above step.

8. Uncompute the following ancilla registers:

X [i(0)) i(a" ()

i€[n—k—1],j€[k+2]

®  [wll Qg K.

i€lk+1],5€[n—kK]

The computation is similar to the first part of the proof of Theorem 4. In this case, it
holds that

U (o) [07F2) o™, 0™

wiTi ] R . .
= B 109G, i), )

i€lk+1], K
jif (@8 (,4))=0
L
Wo \1,] ~ . .
DY ~ ) 15 10) fito). (o))

i€lk+1],
3 f (@ (i.4))=1

where in the first term, |oV(i,5)) = |z5(i,5), s(0) @ P(i) @ P(j,0%(i)),0) and ¢ ~
o¥1(i, 7). This is because due to the condition that j : f(z}'(i,5)) = 0, o and o*(i, §)
shares a same lower simplex and the orientation of the lower simplex induced by both o
and o¥1(i, §) is s(o) ® P(i).

The relation between the error and the complexity is similar to the case of the first part
of Theorem 4. Then, by a similar calculation as in the first part of the proof of Theorem 4,
we can conclude the second part of the proof of the theorem.
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4.4  Proof of the third part of Theorem 4

First, we show the following claim:

Claim 1. For 0,0’ € X,;t s.t. o ~y o', let v, and v, be the vertices to be removed
from o and o’ to obtain the common lower simplex, respectively. It holds that s(¢’) =
$(0) + Lie(vpw,)(To)i (mod2) . Here, (v, v,) are set of integers between vy + 1 and
vy — 1 if v, < vy and integers between v, + 1 and v, — 1 if vy < v, .

Proof. Suppose that v, < v,. Then, the lower simplex obtained by removing v, from o
has an orientation s(c) + 3 ;cq1,0,](%0)i + 1 . Therefore, the orientation of o' is

(s(a)+ > (xa)i+1)+ Yo (@o)itl=s()+ > (20)i (mod2).

1€[1,vs] Jjelv,r) 1€(vo,v,1)

Here, [1,v,) = {1,2,...,u,s—1} and (z,); is the i-th bit of x,. Next, suppose that v, < v,.
Then, the orientation of ¢’ is

(s<a>+ > <xa>i+1)+ S @)i=slo)+ Y (@) (mod2)

i€[1,v,] Jjelv,] i€(v) Vo)

This concludes the proof of the claim.
O

Then, we show the construction of U”. Let U be the unitary constructed in the
following steps:

1. Compute the positions of 0’s and 1’s of o

R i) & i)

i€[n—k—1] JElk+1]

2. Compute the following weights in another ancilla register:

w(i(o))w(j(o w(i(o))?
® (i(0)) (J())>‘(())>

i€[n—k—1],j€[k+1] K K

w(ﬁ(v))2>
=)

3. Approximately create the following superposition following [CNW10]:

Z \/ T o ienio+ Y i) jio) 1
znkl

+Z\/ !.7 ) 1i(0)) [2) =2 [6(0)) -

jEk+1]

The first term corresponds to the superposition for adjacency, the second term cor-
responds to the up degree, and the third term corresponds to a lower degree of o.

4. Prepare |o) [0"2) |¢(0)).
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5. Define
[ij (o)) =

(O @00 s(0)+ P (@), fl@l(D) @ 0T @ f(a <»@1>
me(i(o),j (o))

Here, z] (i) @ 07 i(@)=110n=3(%) is the unoriented simplex obtained by exchanging be-
tween the j-th vertex of ¢ and the i-th “empty vertex” of o.

6. Create the following state:

22 ¢ S 15} i) i) L) 1) (28)

p O \0) . s(0). £(0 () i) i) 1)

o 3 D2 ) ) o) it .

jelk+1]

7. Uncompute the above step conditioned on that the n + 2-th qubit of the second
register is |1).

Note that in the above construction, we used O(1) query to the membership oracle and
O(n) query to the weight functions.

In the first term of eq. (28), observe that f(x] (7)) = 0 implies f(xl i
0. This is because if f(z} (7)) = 0 i.e., (i) € Xpy1, 20(i) @ 0i(e)-1
face of x! (i), is also in X;. Then,

@0ilo 11()71*5(0)) =
o7 ("), which is a

)
1

Flal(i) @ 00O110" Ty @ fal (@) ©1=0

means that f(:L’T()) =1and fzl () @ 0il )_110”_3(")) = 0. Therefore, it can be observed
that f(z](i) ® 0i(@)-11gn—i @) @ f(x](i)) @1 = 0 means that [;;(c)) are correct repre-
sentations of “lower adjacent simplices of o that are not upper adjacent” because due to
Claim 1, D,,,¢ (i(0),5(o)) (25 )m represents the relative orientation of lower adjacent simplices.
In the second term of eq. (28), the elements of superposition that satisfy f(o'(i(c))) =0
corresponds to laziness due to the upper degree. These arguments also show that the
uncomputation in step 7 leads to the absorbing state with the desired condition. The
relationship between the error and the complexity is similar in the case of the first part of
the proof of Theorem 4. Therefore, with a similar calculation, we can conclude the proof
of the theorem.

5 Applications to topological data analysis problems

In this section, we apply the derived quantum walk algorithms to resolve the following
three problems: estimation of the normalized Betti numbers, estimation of the normalized
persistent Betti numbers, and the verification of the promise clique homology problem. In
these applications, we consider a special class of simplices called clique complexes. Clique
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complexes are closely related to the Vietoris-Rips complexes which are commonly used in
the topological data analysis for the point cloud data. The Vietoris-Rips complexes are
constructed by first connecting the vertices by taking the intersections of balls obtained by
fattening the vertices with a certain radius and then computing the cliques of the graph.
Therefore, clique complexes are an important class of simplicial complexes that can be
succinctly described by graphs and are of practical interest.

5.1 Estimating the normalized Betti numbers

In this subsection, we show how to estimate the Betti numbers using harmonic quantum
walk on simplicial complexes.

Theorem 5. Given G = (V, E) where |V| = n, let X be a clique complex of the (un-
weighted) graph G and U" be a Hf—projected (1,0(n),0)-unitary encoding of HfPHf
where P is the Markov transition matrix defined in Definition 4. Suppose X satisfies the
following promises:

o We can (classically or quantumly) approximately sample from the uniform distri-
bution over the k-simplices of X within a total variation distance (TVD) § for any
5 € Q(1/poly(n)) in poly(n) time.

e The smallest non-zero eigenvalue A of the k-th combinatorial Laplacian Ap of X

satisfies A € Q(1/poly(n)).

Then, we can output an estimate for 8 /nj within additive error € in poly(n) time for any
e € Q(1/poly(n)) using poly(n) number of harmonic quantum walk unitary U", (U")T,
and other single-qubit and two-qubit gates, respectively.

Proof. First, based on the assumption, sample from the uniform distribution over k-
simplices within TVD error §. Then, we use the sample as the input to the quantum
circuit and prepare pi such that

where 1
= — 3 o) ol
Nk 4
UEXk
Note that

1 1 &
= > |o><o|=;k;|wi><wi|,

+
O’EXk

where {|1;)} are the eigenvectors of the combinatorial Laplacian.

We can easily modify the unitary encoding Uy, of Theorem 3 (with error €) into
block-encoding using Cy;, NOT with an additional ancilla qubit. Then we apply the block-
measurement of Lemma 1. Let us denote the probability of outputting 1 by measuring
the first qubit as p;. We have

Ip1 — Br/nkl < |lgk — prll + | Am — Anllo
=3J+0(€).

Then, we estimate the probability p; by drawing N = ¢~2 samples from this quantum
circuit. Let us denote the number of measurement outcomes 1 of the N samples as N;. We
output N1 /N as the estimate of the normalized Betti numbers. By the Chernoff-Hoeffding
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inequality, N1/N is a correct estimate of p; within additive error € with high probability.
Therefore, we can estimate (i/nj; within arbitrary additive error e € Q(1/poly(n)) by
taking small enough ¢, €, e while keeping the algorithm efficient.

O

5.2 Estimating the normalized persistent Betti numbers

In this subsection, we show how to estimate the persistent Betti numbers using quantum
walks. We show the following theorem:

Theorem 6. Given two unweighted graphs G; = (V, E;) and G; = (V, E;), where |[V| =n
and E; C Ej, let X% XJ be clique complexes of the graph G; and Gj. Let UZ»dOw" be a
H,f’z—projected (1,0O(n),0)-unitary encoding of H,f’zpidownﬂi’z, where ijc’Z is the projector

onto the space spanned by {|o)} Similarly, let U} be a I,/ -projected (1, O(n), 0)-

oceX ,3: i
unitary encoding of H,f’] P* H:’J where where H,f’ﬂ is the projector onto the space spanned
by {|o)},cx#.3- Suppose X% and X7 satisfy the following promises:

k

o We can (classically or quantumly) approximately sample from the uniform distribu-
tion over the k-simplices of X* within a total variation distance (TVD) § for any
d € Q(1/poly(n)) in poly(n) time.

o The smallest non-zero eigenvalue A\4%%" of the k-th down Laplacian Az,’dow” of X*
satisfies \b4wn € Q(1/poly(n)).

« The smallest non-zero eigenvalue A7 of the k-th down Laplacian Ai’w of X7 sat-
isfies A% € Q(1/poly(n)).

e The singular value 1 of
Proj(ker(AL%"™)) . Proj(ker(A7*?)*)
is separated from the rest of the singular spectrum by an inverse-polynomial gap.

Then, we can output an estimate for B,i’j /ng within additive error € in poly(n) time for
any € € Q(1/poly(n)) using poly(n) number of Uhdownr (yhdowmyt griwp ({7iup)t and
other single-qubit and two-qubit gates, respectively.

Proof. This result is inspired by the quantum algorithm of [MGB26]. The quantum algo-
rithm of [MGB26] is based on the following fact:

B! = dim(ker(d})) — dim(ker(9}) N Im(d7 ).
It can be seen that
ker(d}) = ker((85)*0%) = ker(AL™Y™) = 71

and
Im(aiﬂ) = Im(ai+1(ai+1)*) =Im(A;"™) = By.

Therefore, N ' ' ‘
A7 = dim(ker(AL™")) — dim(ker(AZ™") 0 (Im(A]"P)).

We can therefore estimate ﬁ,i’j /ny; with estimating

dim (ker(AL™)) ind dim (ker(AX%“™) N (Tm (A7)
ng ng
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separately. The estimation of the first quantity can be achieved with the unitary encoding
of '
Proj(ker(AZ’down)),

and the estimation of the second quantity can be achieved with the unitary encoding of
Proj (ker(AZ’dOwn) N (Im(Ai’upD .
Next, we estimate
dim (ker(Azdow") N ker(Ai’“p)J‘> /.

A unitary encoding of ' '
Proj (ker(A;*""") N ker(AL"")*)

can be implemented as follows. First, we construct a unitary encoding of
Proj (ker(AZ’down)) - Proj (ker(Ai’up)J‘) (29)
by composing the unitary encodings [GSLW19] of
Proj (ker(Azdown)) and Proj (ker(Ai’“p)L) .

Then, following [MGB26], we apply QSVT to the resulting unitary. The singular value 1
of the operator in eq. (29) coincides with the subspace

ker(AZ’down) N ker(Ai’up)J‘,

and is separated from the rest of the singular spectrum by an inverse-polynomial gap under
the assumption. Indeed, a vector lies in the singular value 1 subspace of the operator in
eq. (29) if and only if it is invariant under both projectors, and hence belongs to

ker(AL%U™) ( ker(AT"P) L.
Therefore, QSVT yields a unitary encoding of
Proj (ker(A; ") N ker(AL"7)*) .
Using this encoding, we can estimate
dim (ker(AZ’dow") N ker(Ai’uP)L) /g

in the same manner as in the proof of Theorem 5. The estimation can be performed
efficiently provided that ' ‘
1/ABdown 1 J\IUP € poly(n).

6 Application to the High-Dimensional Discrete Dirichlet Problem

In this section, we consider an application of our quantum walk framework to the high-
dimensional discrete Dirichlet problem (HDDP) introduced by Rosenthal [Ros14| and dis-
cuss potential quantum advantage for this problem.
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6.1 Problem Setup

The Dirichlet problem is a fundamental problem in mathematics and physics, with a rich
history dating back to the 19th century. In the discrete setting, the Dirichlet problem on a
graph asks for a harmonic function on the interior vertices of a graph given prescribed values
on the boundary vertices, and arises naturally in a wide range of applications including
electrical network analysis, random walks, and machine learning [DS84].

HDDP [Ros14] generalizes this classical problem to the setting of simplicial complexes,
where the unknown function is a k-cochain rather than a function on vertices. This gen-
eralization is significant because it provides a natural framework for studying harmonic
k-forms with prescribed boundary conditions, connecting spectral geometry, Hodge the-
ory, and combinatorial topology.

The high-dimensional discrete Dirichlet problem is defined as follows.

Definition 5 (High-Dimensional Discrete Dirichlet Problem (HDDP)). Let X = X(G) be
the clique complex of a graph G on n vertices, and let X} = AL(Xy\ A) be a partition into
boundary simplices A and interior simplices X, \ A, and let f € C*(A;R) be a boundary
cochain. We assume the partition X = AU (Xj \ A) and the boundary cochain f are
described with poly(n) bit strings and we can efficiently decide o € A or o € X}, \ A for

any o € X, and
)= ——— 3 Jl0
ZO’EAf ( 0%;4

can be prepared by poly(n)-size quantum circuit. The high-dimensional discrete Dirichlet
problem asks for a k-cochain F' € C*(X};R) satisfying

APl =0, Fli=F. (30)

We note that, throughout this section, we restrict attention to real coefficients and
unweighted simplicial complexes. By [Ros14, Theorem 5.1 and Claim 5.2|, a unique solution
exists whenever

where Hy (X, A) is the relative homology.

6.2 Quantum Algorithm
Under the partition X = AU (X}, \ A), the up Laplacian A, admits the block decompo-

sition [Ros14]
A —R
AP = 32

where A%\A = Ix,\4 AP HXk\A|Ck(Xk\A) is the Durichlet Laplacian and Iy, \ 4 denotes
the orthogonal projector onto the subspace spanned by interior simplices Xj \ A. The
Dirichlet condition AP F| x\4 = 0 then reduces to the linear system

A4 Fxoa=QF =), (33)

where Fx,\4 denotes the restriction of F' to interior simplices. Under the condition of
eq. (31), A;‘é\A is positive definite on Cj(Xj \ A4), so the solution Fx,\a = (AY \a)” L)
is unique.

A block encoding of AY 1\ follows from that of AP (Proposition 1) by restricting
the simplex register from X* to X* \ A, which is a straightforward modification for
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clique complexes and the access to the given partition Xy = AU (X, \ A). We then
apply QSVT [GSLW19] with a polynomial approximation to 2! on the spectral interval

[Amin HA%\AH], where Apin > 0 is the smallest eigenvalue of ASL(I;\A'

Theorem 7. Let X = X(G) be the clique complex of a graph G on n vertices, and
suppose Hy(X,A) = 0. Let Apin > 0 be the smallest eigenvalue of AuXi\A’ and suppose
QI = (). Then there exists a quantum algorithm that outputs a state e-close to

[Fxa) o (A% )74 r) (34)
using
gates.

Remark 3. Because f is known classically, the full solution F' € C*(X};R) is obtained
by combining Fly,\4 with the boundary values f.

Remark 4. The assumption ||Qf| = Q(]|f]|) indicates that the boundary values f have
a non-trivial influence on the interior simplices. We believe this is a natural assumption.

Proof. The block encoding of AUXIL\ 4 1s obtained from Proposition 1 at cost poly(n). The
right-hand side |r) = Q|f) = x4 A" II4|f) is prepared by one application of the
block encoding of A}” to IT4|f), followed by the projector I, \ 4, which is implementable
in O(n?) gates for clique complexes. Under the assumption ||Qf| = Q(||f]]), the post-
projection state |r) is obtained with (1) success probability. The total cost is poly(n)
by assumption on |f). We then apply QSVT [GSLW19] with a degree-O(log(1/€)/Amin)
polynomial approximation to 27!, each iteration using one call to the block encoding of
ASL{Z\A‘ The total gate count is O(poly(n) - log(1/e)/Amin)- O

6.3 Quantum Advantage

We compare the quantum complexity of Theorem 7 with the best known classical ap-
proaches. The space C*(X}) has dimension |Xj| = (1) = O(n**1). Classical direct
solvers for linear systems AuXi\ 4 Fxoa = |r) therefore require Q(nF+Dw) operations,
where w = 2.37 is the matrix multiplication exponent. For non-constant k, this best
known classical direct-solver approach takes superpolynomial time. Hence, the quantum
algorithm of Theorem 7 indicates an apparent superpolynomial speedup over the best
known classical algorithm whenever Ay, = Q(1/poly(n)). We leave showing a quantum
speedup for HDDP under plausible computational complexity assumptions as an open
problem.

We remark that the assumption ||Q f|| = (]| f]|) is natural, since it holds whenever the
boundary cochain f is not concentrated on simplices that are decoupled from the interior.
When [|Qf]| is exponentially small, the preparation of |r) requires exponentially many
repetitions, and the complexity of the HDDP in this regime remains an open problem. It
would be interesting to characterize the boundary conditions f for which ||Qf| = Q(||f]])
holds, and to determine whether a quantum speedup persists in the regime ||Q f|| = o(|| f]])-
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A Overview of the classical random walks on simplicial complexes

In this section, we give an overview for the definitions of up and down random walks
of [PR17] [MS16]. The results related to these walks are summarized in Table 2. Note
that we use the notations we introduce in Section 2.2, that are sometimes slightly different
from the notations of [PR17] [MS16].

The Markov transition matrix of the up random walk of [PR17] is defined as

D o=0c
1— —
Poor = (k+1)d§g(0) o'~ @ (36)
0 otherwise.

Here, p is the parameter of laziness. Note that o transits to ¢’ s.t. @ ~4 in this definition
while we transit to ¢’ s.t. ¢ ~4 in our definition (Definition 2).

The Markov transition matrix of the down walk of [MS16] is defined using an absorbing
state O as
c#0Oand o =0
c#0Oand o' ~| T
c#O©and o ~j o
c#0O and o' =0

p
a7
PO'O'/ g (Mfl)
B
1 c=0 =0
0

otherwise,

where M = max, xx—1 deg(o) is the maximal (k—1)-degree. This definition is also different
from our definition (Definition 3).

Let p7°(0) be a probability of being in o after ¢-steps of random walks starting from
0g. Then, the expectation process is defined as

& =p{"(0) = pi" (@)

and the normalized expectation process is defines through normalization to this process.

B Verification of the promise clique homology problem

In this section, we provide a verification algorithm for the following problem using quantum
walks on simplicial complexes.

Definition 6 (Promise clique homology [KK24]). Fix functions ¥ : N - N and g : N —
[0,00), with g(n) > 1/poly(n),k(n) < n. The input to the problem is a vertex-weighted
graph G on n vertices where the weights of vertices are between 1/poly(n) to 1. We
denote the clique complex of G by X.

The task is to decide whether:

o YES: the k(n)-th homology group of X is non-trivial.
o NO: the k(n)-th homology group of X is trivial.

given a promise that in NO cases, the combinatorial Laplacian A¥ has minimum eigenvalue
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Verification of QMA problems has been important in quantum computational complex-
ity. For example, a protocol for a certain QMA-type problem has led to a novel interactive
protocol for the verification of quantum computing which is done by untrusted quantum
computing devices [GKK19, FHM18|. Motivated by potentially providing a new protocol
for the verification of quantum computing based on quantum walks, we consider the task
of the homology problem in a prover and verifier setting.

We provide a QMA-verification algorithm based on the harmonic quantum walk on
simplicial complexes. We provide a verification algorithm for the promise clique problem
as follows:

1. The prover sends an n-qubit state |w) to the verifier (which is supposed to in ker(Ag)
in the YES case).

2. The verifier performs the block-measurement of Lemma 1 with respect to the pro-
jected unitary encoding of the projector onto ker(Ay) of Theorem 3 based on the
harmonic quantum walk.

3. Finally, if the measurement outcome is 1, the verifier outputs YES; otherwise, outputs

NO.

In order to perform the block-measurement, we need to know the spectral gap of the
combinatorial Laplacian. However, we do not know the spectral gap in the YES case.
Instead, we perform the block-measurement that corresponds to the spectral gap of g(n)/2.

Theorem 8. The above algorithm can efficiently verify the promise clique homology
problem with completeness and soundness.

Proof. From Theorem 3, the approximate kernel projector I}, satisfies
[Ty, — Proj(Hp)| <e.

According to Lemma 1, we can construct a quantum channel AHHk which is approximately
equal to a channel AH’Hk that maps as

10) ® [¢0) = [1) @ Iy, |9) +10) @ (I — Ipy,) [)

such that [[Am,, — AHH}C llo € O(e). What we can actually implement is a projector that
is close to the projector onto the space spanned by eigenstates of A with energy below
9(n)/2.

Therefore, in the NO case, the probability of outputting 1 is at most O(e) for any state
provided by the prover. This is because there are no eigenstates of Ay with eigenvalues
below g(n), and the gap between g(n)/2 and g(n) is at least inverse-polynomially large.
Similarly, in the YES case, for a state |w) € ker(Ay) provided by an honest prover, the
probability of outputting 1 is at least 1 — O(e).

By choosing € € O(1/exp(n)), the procedure remains efficient. This concludes the
proof. ]
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