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We analyze the task of estimating a multi-
parameter unitary belonging to the SU(2) or
SU(1,1) groups, in a two-bosonic-mode scenario and
investigate the scaling of the precision in terms of the
total particle number. For the SU(2) case, the total
particle number is conserved by the evolution and we
discuss optimal states in fixed-n subspaces, identify-
ing eigenstates of .J? as useful resources, even allow-
ing simultaneous Heisenberg precision scaling for all
three parameters. In the SU(1,1) case instead, the
conserved quantity is the particle number difference
between the two modes, and we identify useful probe
states in the sector with an equal number of parti-
cles in the two modes. These states are analogous
to the SU(2) case and would also allow simultaneous
Heisenberg precision scaling for all three parameters.

We then consider the more pragmatic scenario of
an estimation via expectation values of time-evolved
observables, which we restrict to be the first two mo-
ments of the generators. We analyze the maximal
precision achievable in this setting and we find that
the twin-Fock state emerges in both the SU(2) and
the SU(1,1) cases as the only one potentially allow-
ing Heisenberg scaling for the estimation of two out of
the three parameters. As a complement, we also con-
sider other probe states with fluctuating number of
particles, with measurements restricted to quadratic
expressions in the mode operators. In this scenario,
simultaneous Heisenberg scaling in multiple parame-
ters seems mostly forbidden, with the only exception
being an input two-mode squeezed state for the es-
timation of a two-parameter SU(2). This extends to
the multiparameter scenario the well-established in-
tuition that the performance of a SU(2) interferome-
ter can be enhanced by a prior SU(1, 1) operation.

1 Introduction

Since the early days of quantum theory, interferome-
ters have been employed to demonstrate nonclassical fea-
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tures of quantum systems. The Mach-Zehnder Interfer-
ometer (MZI) reveals, among other foundational aspects,
wave-particle duality, uncertainty relations and comple-
mentarity [1-4]. The interferometers designed by Han-
bury Brown and Twiss and by Hong, Ou and Mandel [5—
7], reveal higher-order optical correlations and phenom-
ena such as particle bunching and anti-bunching, demon-
strating that a quantum description of electromagnetic ra-
diation is unavoidable. Furthermore, the observation that
inputting quantum states of light can enhance the per-
formance of interferometers has triggered an enormous
amount of investigation on what in current terminology
can be called quantum-enhanced metrology, which repre-
sents nowadays an entire field of research, as well as one
of the most promising immediate applications of quan-
tum technology. In fact, current applications of quantum
sensing range from atomic clocks [8], magnetometry [9],
imaging [10], gravitational wave detectors [11-14], and
are even reaching the realm of high-energy physics [15].
Quantum metrology [16—18] can be thus identified as one
of the most important modern developments of interfer-
ometry [19-25].

The estimation of a single parameter with quantum re-
sources has been extensively investigated in recent times,
in different paradigms and also in connection with vari-
ous notions coming from classical statistics, such as the
Cramér-Rao bound introducing the Fisher information,
the Bayesian estimation, and the geometry of the param-
eter space [26]. In [27], Yurke, McCall and Klauder
established a formulation of interferometers in terms of
the groups SU(2) and SU(1,1), introducing a group-
theoretic approach to metrology. They showed that an
MZI could be fully described in terms of SU(2) oper-
ations, while squeezing operations could be understood
in terms of SU(1,1). Previously, Caves [28] discov-
ered that squeezed states can enhance the performance
of an MZI beyond the so-called Standard Quantum Limit
(SQL). The standard description of spin and two-level sys-
tems in terms of SU(2) allowed the derivation of anal-
ogous interferometers for these systems and many im-
portant concepts in quantum information theory such as
spin-coherent states and spin-squeezing were derived in
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related works [29-31]. These concepts were also later
related to uncertainty relations [30, 32-35] and entangle-
ment [29, 36—40].

In a modern approach to quantum metrology, resources
are analyzed in terms of input states, which are charac-
terized via the quantum Fisher information, providing
asymptotic precision limits for phase estimation, and mea-
surements that allow to saturate such limits on the given
input state, at least in the limit of a large number of in-
dependent repetitions [19-25]. For SU(2) interferometers
in which the particle number is fixed and conserved, e.g.,
in Ramsey schemes with atomic ensembles, typical input
states considered are given by spin-squeezed states [29-
31] (or generalizations thereof [41]). Similarly, so-called
NOON states [42, 43], or twin-Fock states [21, 44, 45],
have also been considered as useful resources, and investi-
gated from the point of view of their entanglement [21, 46—
53]. Many such states have also been the focus of recent
experiments [25, 43, 44, 51, 54—-60].

Allowing SU(1,1) operations, which makes the to-
tal number of particles not conserved, has also been
extensively explored for improving the performance of
MZIs, and in that case typical input states considered
are, for example, mode-squeezed states [61-68] or cat-
like states [69-72]. Furthermore, there are also works
that consider the estimation of parameters generated by
SU(1,1) evolutions, i.e., squeezing coefficients, mainly
in the framework of quantum metrology with Gaussian re-
sources [73-84].

Recent years have seen an ever-increasing interest in an-
alyzing the estimation of multiple parameters at once [ 10,
21, 85, 86], building upon the abstract observations of
Matsumoto [87] concerning the ultimate precision limits
of such an estimation based on the Quantum Fisher In-
formation matrix (QFIM). In that case, for the saturation
of the QFIM bound there is a crucial difference between
the cases in which the generators of the phase-imprinting
dynamics commute or not [88-94]. Several concrete mul-
tiparameter scenarios have been considered in recent lit-
erature, which include unitary phase imprintings from
commuting subsets of SU(d) generators [95], or non-
commuting ones belonging to the SU(2) group [96-106],
also with group-invariant or parametrization-invariant fig-
ures of merit [107—110]. Furthermore, multiparameter es-
timation has been considered also in the Gaussian frame-
work [82, 83, 111, 112].

In general, abstract sensitivity bounds have been ex-
plored from the point of view of the QFIM [86, 87, 91—
94, 113], more general bounds [114] or different, more
general frameworks [93], including the Bayesian ap-
proach [115-117]. Moreover, the theoretical saturation of
the QCRB [88, 89, 118] has been investigated, as well as
more pragmatic approaches based on signal-to-noise ratios
of observables, generalizing the idea of spin-squeezing
coming from the error-propagation formula [90, 119, 120].

In this paper, we follow some of these approaches and
investigate the case in which the generators of the unitary
phase imprinting do not commute, but have some struc-

ture, and in particular form a Lie algebra, which is a sce-
nario that has been partly investigated in literature [121]
also by using group-theoretic tools [110, 122, 123].

Concretely, we investigate the three-parameter estima-
tion of SU(2) and SU(1,1) unitaries, in the neighbor-
hood of a reference point located at the origin, which are
also relevant for practical applications, emphasizing as-
pects that have potential generalization to the SU(d) and
SU(p, q) groups, which we mention as an outlook in the
end. We consider the typical scenario of an encoding with
a two-bosonic-mode system and, in order to characterize
resources for maximal sensitivity, we consider different
sectors of pure states that are labelled by group invariants.
In the SU(2) case this invariant is just the total particle
number, which is the usual resource considered in litera-
ture (and related to the energy of the system) and is used
to distinguish shot-noise precision scaling, achieved by
usual SU(2)-coherent states, versus Heisenberg scaling.
In that case, we then consider the sectors with fixed to-
tal particle number and identify as a useful class of states
the eigenstates of J ZQ, which also contains states that allow
reaching Heisenberg scaling for all three phases. How-
ever, by then restricting to measurements of the first two
moments of the su(2) generators, we observe that the best
performance is achieved by the twin-Fock state, which al-
lows Heisenberg scaling only in two of the three phases.

In the SU(1,1) case, the group invariant is given by
the particle number difference between the two modes
and SU (1, 1)-coherent states are generated starting from
the vacuum state and essentially correspond to two-mode
squeezed vacuum states, which allow Heisenberg pre-
cision scaling in the single-parameter case. Analyzing
group-invariant sectors, we find that states that have an
equal number of particles in the two modes contain, anal-
ogously to the SU(2) case, useful states for the three-
parameter estimation, including some that allow reaching
Heisenberg scaling in all the three parameters. Once again,
when we restrict the measurements to be only of the first
two powers of the generators, we find that the twin-Fock
state remains as the only case allowing the estimation of
two parameters simultaneously with Heisenberg scaling.
As a comparison we also analyze the performance of fur-
ther typical states, in particular not having a fixed number
of particles, such as Gaussian or cat-like states, and ob-
serve that among those only the two-mode squeezed state
allows Heisenberg scaling for more than one parameter in
a setting with measurement resources limited to quadratic
mode operator combinations. From our analysis, we also
conclude that in both the SU(2) and SU(1,1) cases the
reaching of Heisenberg precision scaling is generally pos-
sible only by measuring combinations of mode operators
of order higher than fourth.

The work is organized as follows. In section 2 we give
an overview of multiparameter estimation strategies based
on the quantum Fisher information paradigm, as well as
related techniques based on the method of moments. In
section 3, we illustrate the main ideas with the Heisenberg-
Weyl group of unitaries, generated by two canonically-
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commuting quadratures. In section 4 we present a de-
tailed account of our results for the multi-parameter es-
timation of SU(2) unitaries, characterizing the usefulness
of J2 eigenstates as probe states, that include paradigmatic
states like the NOON state and the twin-Fock state. We
investigate such states both from the (asymptotic) point of
view of the quantum Fisher information matrix, as well as
in the more pragmatic scenario of estimation via second-
order moments of the su(2) generators. In section 5, we
do a similar analysis for the SU(1,1) case, identifying
probe states analogous to the SU(2) case and investigat-
ing their performance with estimations using the method
of moments with again second-order power of the su(1, 1)
generators. In section 6 we discuss states with fluctuating
number of particles, including estimation within the Gaus-
sian framework and with cat-like states. In section 7 we
give our closing statements and perspectives on future de-
velopments. In the appendices, we elaborate further on the
technicalities of the method of moments and provide more
details for the SU(2) case, including aspects related to the
different parametrizations.

2 Methods

2.1 Introduction to multiparameter estimation

We consider the task of estimating a vector of phases 8 =
(61,...,0K) encoded with a unitary evolution on a probe
state:

0 = U(B)Q()UT(B)a (1)

where g is the initial state and U(0) is the unitary en-
coding. We consider a [ocal estimation problem, in which
the phases are considered in an infinitesimal neighborhood
of a given point . To estimate such a vector of phases
one needs to make measurements, which in quantum me-
chanics are described by a Positive Operator Valued Mea-
sure (POVM), i.e., a set of positive operators { M, } with
M, > 0and >0 M, = 1, while g labels the outcomes.
Here we assume that the vector of parameters can be as-
sociated to real numbers that are prior to and independent
of the measurements, which is often called the frequentist
approach in literature, and is suitable for our local estima-
tion task. An alternative, more general approach, which
is typically termed Bayesian, is usually employed for a
global estimation, when a prior probability distribution
p(0) is assigned to each point 6 and is then updated to a
posterior p(0]q) after some measurements with outcomes
q are performed [115-117].

Thus, collecting statistics with v independent measure-
ments, one in principle samples a probability distribution

p(qlf) = Hp(qjle) = Htr [My,00], (2

where g = (¢1,...,q,) is a set of v outcomes, and the
outcome probability depends on the encoded parameters

A

6. Then, one has to find a good vector of estimators 6(q),

A

possibly unbiased, i.e. Eg[@] = 0, the accuracy of which
is most commonly quantified via its covariances

[Cov(B)];; = Eo[0:0;] — Bgl0:]Eg[;], (3)

where we used the notation Eg[f(q)] = >_, f(q) p(q|6)

for the expectation value of a function of the outcomes”.

2.2  Quantum Cramér-Rao bound and its sat-
uration

In general, lower bounds can be found as matrix inequali-
ties for the covariance matrix, the most commonly used of
which is the celebrated Cramér-Rao bound:

Cov(8) > F~1(0)/v, (4)

where the matrix on the right hand side is called Fisher
information matric

Fij = Eg[(9p, Inp(ql6)) (s, Inp(al®))].  (5)

In turn, the classical Fisher information matrix can be opti-
mized over all POVMs, so to get the additional bound [87,
95]

Cov(6) 2]—'_1(0)/1/2]-51[99]/1/. (6)

The second inequality is referred to as the quantum (multi-
parameter) Cramér-Rao bound (QCRB), which defines the
quantum Fisher information matriz (QFIM)

[Foloelljk := trloe(LjLi + LrLj)/2], (7)

where the L; are the symmetric logarithmic derivatives
(SLDs) relative to each of the phases, i.e., they satisfy
1

9j00 = 5(Ljoo + 0oL;), (8)
where we used the simplified notation 9; = Jp,. Note
that a more general version, termed Holevo-Cramér-Rao
bound can be also found, which is generally tighter than
Eq. (6) [91, 94, 113, 124, 125]. When the probe state is
pure, i.e., og = |Wg){(Wy|, the QFIM is proportional to the
covariance matrix of the vector FI(8) of generators [86,
95]

1
;(0) := iU (8)0,U(0) = / GO O
0
(9)

calculated on the initial state |¥;). Namely, we have

FqWe] = 45y, [H(6)], (10)

where the (symmetric) covariance matrix of a vector of op-
erators A = (A, ..., Ax) on aquantum state g is defined
as

[T[Alljn = 5 (Aj A + ArAy), — (4)), (Ar), . (11)
’In case the estimator is biased, the appropriate figure of

merit becomes the mean square error, defined as MSE[@]

Eg[(6 — 0)?].

Accepted in {Yuantum 2026-05-26, click title to verify. Published under CC-BY 4.0. 3



From the matrix inequality in Eq. (6) one can derive
scalar figures of merit for the performance of the estima-
tor from any positive semidefinite weight matrix P via
tr[PFgloe]]. A common choice is just to take P = 1
and thus obtain

A 1
> (A0)° > S [}—51[@9]}. (12)
?
In some cases where the group structure of the unitaries
is relevant, e.g., in the SU(2) case that we are going to
discuss, another approach is to consider the metric as a
group-covariant weight matrix [110].

Note also that the matrix inequality in Eq. (6) is satu-
rated if and only if all possible inequalities for the scalar
figures of merit are saturated. Thus, the saturation of one
single scalar condition is in general a necessary but not
sufficient requisite for the saturation of the matrix inequal-
ity.

In the multiparameter case the quantum Cramér-Rao
bound in Eq. (6) is in general harder to saturate than in the
single-parameter case, even in the asymptotic limit, due to
the fact that the SLDs associated to the different param-
eters might not commute. In fact, a simple condition for
saturation that is in general only sufficient but not neces-
sary is given by [L;, L] = 0 for all j and k, which implies
that all the SLDs share a common eigenbasis and thus the
optimal measurement is simply given by a projective mea-
surement onto that basis [70, 87, 88]. A simple necessary
and sufficient condition can be instead given for pure states
00 = |Po){Wy| and reads

(Wo| [H;(6), Hi(0)] [#) =0 forall j, k. (13)

Whenever the saturability condition is satisfied, concrete
conditions for POVMs to saturate the QFIM bound have
been derived in [95], while in [89] it was shown how mea-
surements that saturate the QCRB for a pure probe state
can be constructed by means of projectors into the probe
state plus a set of projectors into its orthogonal subspace.

2.3 Method of moments estimator and accu-
racy

‘When the Cramér-Rao bound is saturated, there are well-
known estimators that saturate it in the limit of large v, one
of which is given by the maximum-likelihood estimator
6 = argmax, p(q|d), which, however, requires sampling
extensively the likelihood function p(g|6) (seen as a func-
tion of #). A common alternative, which only requires de-
termining lower-order moments of p(g|6), is the so-called
method of moments (MoM) [25, 115, 120], which we are
going to consider in the following. Let us illustrate it first
in the single parameter scenario. One performs projective
measurements 1, = |¢){g| in the eigenbasis of an observ-
able M =} mq|q)(q| and uses as an estimator for ¢ the
expectation value

(M),, = mgtr[Iype] = > mgtr[UT(0)IT,U(6)po).

(14)

More precisely, the estimator in this case will be given by
the value 6, such that

u(bar) = B, = (M) (15)

2o’
where M, = % Zi”:l my, is the measured average, calcu-
lated from v >> 1 measurement outcomes {g; }7_; [20, 25,
120]. In other words, this estimator is given by

Ors == (M), (16)

where 1 ~1(+) is the inverse of the function given above.
This estimator becomes unbiased in the large v limit and
its accuracy can be calculated from the error-propagation
formula, and, to the first order in 1/v, is given by:

5o 1 (AM)2, 1 (AM)2,
A= a0, 7 = i, 7

e 0

This formula (once again, valid in the limit of v > 1) is
calculated from a Taylor expansion of the function p~* ()
in the neighborhood of (M),,. More details about this
method are provided in section A.

This method of moments can be generalized to the
multiparameter scenario [120]. In this case, one calcu-
lates the expectation value of a set of observables M =
(My,...,Mg) and again estimates 6 from the corre-
sponding sample means after v > 1 rounds: (M),, =
M,,. The accuracy can be again calculated via a Tay-
lor series expansion of the multivariate estimator around
(M),,, but it also becomes important to distinguish
whether the observables M commute with each other or
not. If they all commute, their joint expectation value can
be obtained from a single measurement in the common
eigenbasis |¢)(q| and the accuracy becomes (at first order
in1/v):

Cov(0) = Mggl[H, M]/v
= 512, [H, M|I'y, [M]($2,, [H, M])",
(18)
where I',,[M] is the covariance matrix of the set of ob-
servables M and

[0 [H, M]3y = —i ([My, Hy)) (19)

Qe

is the commutation matrix, both of them calculated on the
evolved probe pg. When the observables M do not com-
mute, their expectation values have to be obtained either
from separated subsets of the samples, or by performing
a POVM that approximates a joint measurement of all
the Mj, which, however, has generally increased uncer-
tainty [126]. See section A.2 for further details. In [120],
it has also been investigated how to look for bounds on
the precision reached by the method of moments, when
fixing the set of available observables A, which includes
the generators of the dynamics, as well as additional ob-
servables that are considered as measurements, which is
what we are also going to do in what follows. For finding
this overall bound, one defines the moment matrix of the
available observables as

MlA] = 2, (A) I71(A) 2,(A),  (20)
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where [£2,(A)] = —i{[Ak, Al]), is the matrix of ex-
pectation values of commutators. The following upper-
bound then holds:

M,[H(6),M] < R(O)M,[AIR(®)",  (21)

where R is the matrix such that H = RA. See section A.3
for more details.

3 Intermezzo: Estimation  of
Heisenberg-Weyl unitaries

As a preliminary discussion on the idea we want to em-
ploy, let us consider now arguably the simplest scenario of
estimation of multiple phases from non-commuting gener-
ators, which is the case in which the generators form the
Heisenberg-Weyl algebra:

[, p] = i1. (22)

This essentially means that we consider a single-mode sys-
tem and want to estimate a two-parameter phase-space dis-
placement, i.e.:

U(r) = e~ (mztrap), (23)

Let us imagine that we want to estimate © = (ry,72)
by measuring the quadratures X = (z,p) and using the
method of moments. For these observables, the expec-
tation value of the commutator is actually constant for
all states and thus the commutator matrix is given by the
canonical symplectic form

2,[X] = <01 é) =0, (24)

independent of p. For a given probe state o, we then con-
sider the moment matrix of the quadrature vector X which
is given by

My X]=0"T,'X] 2, (25)

which for Gaussian states o actually coincides with the
QFIM [120]. In particular, for pure Gaussian probe states
|@,.) = U(r)|¥) we can use Eq. (10) and also obtain
directly ~
Fl¥y] = 45y, [X]. (26)
For simplicity, let us consider the case » ~ 0, which im-
plies X = X. Note that in this case the saturability con-
dition in Eq. (13) is not met for any pure state, since the
commutator between the generators is a nonzero constant.
On the other hand, because the commutator between the
generators does not vanish, we can take the vector of avail-
able observables to coincide with the generators, i.e:

H=X = R=1. (27)

Correspondingly, we can see that a vector of optimal mea-
surements is given by

M=0T,'[X] X, (28)

which follows from the general argument discussed in sec-
tion A.3 (see Eq. (136) with G = R = 1).

Now it just remains to analyze the probe state. As a
first example, let us consider the vacuum state |0). For
such a state the covariance matrix is just proportional to
the identity and we have

MIX] =" Iy X)| =21, (29)

while the optimal observables whose expectation values
have to be measured are

M = 0X = (p,—), (30)

which is essentially the same as the vector X itself.
The same reasoning would hold for all coherent states,
defined by

1 .
@) =ala, (31)

where « is a complex number.
Let us now instead consider a squeezed state, defined by

Leca2_(at)?
&) = e24@ (@) |0y, (32)

where £ is a real parameter which gives the squeezing fac-
tor.

In this case we have I¢[X] = idiag(e™ 2, %) and
consequently

M X = 2diag(e‘25, 625), (33)

while the optimal observables can be again taken to be
those in Eq. (30).

The question then arises how to directly estimate from
a single measurement run the expectation values of both
x and p quadratures. For that, in this case one can em-
ploy a heterodyne measurement, which is essentially a
POVM into the (non-orthogonal) coherent states projec-
tors |« ){«|. Formally, we have that the resolution of iden-
tity is given by

™

1 2
lszdammL (34)

Such a measurement gives as an outcome a phase-space
point labelled by o € C and is such that its real and imagi-
nary parts provide the values of x and p. Thus, by estimat-
ing the expectation value of «, we get an estimate of both
the expectation values of () and (p) through its real and
imaginary parts respectively. This essentially amounts to
evaluate the Husimi function of the quantum state, namely:

Qu(e) = (ol ola) (3)

Note also that for the MoM estimator we do not need the
full statistics of «, but just its first order moments, i.e., the
expectation value (), which may be obtained also from
such an imperfect measurement. Still, in order to evaluate
the accuracy one needs to calculate the moment matrix,
which in this case is essentially given by the covariance
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matrix I,[X]. This can be also reconstructed from het-
erodyne measurements (i.e., from a partial reconstruction
of the Husimi function) or other imperfect joint measure-
ments of the quadratures, but with additional noise com-
ing from the non-commutativity of the quadratures and the
non-existence of a perfect joint measurement.

We remark that in this case the QCRB is not saturated,
and this example just provides an illustration of how a mul-
tiparameter estimation can be performed using the method
of moments, also for the case of two noncommuting gen-
erators.

4 Multiparameter SU(2) estimation

Let us now consider an estimation of a SU(2) unitary
parametrized by three phases, as depicted in fig. 1. In the
literature this problem has been considered in a number of
works, also from the point of view of abstract estimation
of unitaries, without referring to a specific parametriza-
tion [110], and with general group-invariant figures of
merit [101, 107-110]. Here, following the previous dis-
cussion and other typical approaches in quantum metrol-
ogy [95, 96, 100, 103, 104, 120], we are interested in
the estimation of a three-dimensional vector of phases
0 = (0;,0,,0.) related to a given parametrization of the
unitary, and in minimizing the corresponding variances,
close to a reference point. That is, we focus on the com-
mon approach of local estimation, where however the ref-
erence point, as well as the parametrization can be in prin-
ciple arbitrary. Applying the Cramér-Rao bound and us-
ing the convexity of the QFIM, we will thus look for pure
probe states that maximize the covariances of the observ-
ables in Eq. (9), while ensuring the saturability condition
in Eq. (13). These provide the best possible resource, at
least in an asymptotic regime of a large number of inde-
pendent repetitions. In this case of an SU(2) unitary, it is
easy to see that the generators defined from Eq. (9) form
an su(2) algebra (see also section C).

For illustrating the known results with more simplicity,
we consider here small values of the phases (6,,6,,6.) ~
(0,0,0) such that these observables can be simply set to be
the three canonical spin components. In section C we dis-
cuss the more general case of arbitrary phases, as well as
different parametrizations (still in a local point estimation
scenario, where the QCRB is meaningful), and observe
how in the case of SU(2) estimations the general case can
be worked out explicitly, due to the compactness of the
group. For infinitesimal phase imprintings, the probe state
is given by”?

Vo) ~ (1 —1i6 - J) [Wo) , (36)

where J = (Jg,Jy,J,) are a basis of the su(2) alge-
bra, i.e., three orthogonal reference spin axes, which in

“Note that, even if globally an SU(2) unitary can have mul-
tiple parametrizations, in the case that we consider of infinites-
imal unitaries this form is valid independently of the chosen
parametrization.

our context are given by the Schwinger representation

1
Jp = §(a4{a2 + ala;)

1
Jy = Q—i(aiaz - alag) (37)

1
J, = i(aial - a;ag),
with two bosonic modes satisfying canonical commutation
relations [a;, a;] = 0;; 1. Thus, in this infinitesimal regime
we have H = J and the QFIM is given by

FqlWo] = 41, [J]. (38)

Note that eigenstates of spin components will always have
a singular QFIM and in that case the QCRB is meaningful
only in the two-dimensional subspace given by the two
orthogonal spin components.

Q.é“i Zi
U

cal 2 !

~P

Figure 1: Three-parameter SU(2) estimation. An input state
|@o) undergoes a SU(2) rotation, evolving into the state
U(0) |¥o), and then detected at two output ports. The input
is a two-mode state of the form Eq. (39), like the twin Fock
state obtained for k = n/2.

4.1 Probe states reaching Heisenberg scaling
for three parameters

To analyze potentially good candidate (pure) probe states,
we first consider sectors with fixed number of particles
n and take this as the resource with respect to which we
investigate the precision scaling. This is a common ap-
proach, which relates to the energy or intensity of the
probe. Moreover, in this context where the evolution pre-
serves the particle number, components of the states in
each fixed-n sector will be invariant during the evolution,
and the question also arises on whether the measurement
can detect superpositions between different sectors or not.
Later in section 6 we will discuss more extensively probe
states with a non-fixed particle number. In this scenario,
it is well-known that the best single-parameter probe state
is the NOON state [21, 22, 25] (see also section B), which
has a non-singular QFIM and is an eigenstate of .J2. On a
deeper inspection one can then see that, while it provides
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Heisenberg scaling for estimating one phase, say 6., its
QCRB for the other two phases scales as the SQL. An-
other well-known good candidate state is the twin-Fock
state, which is also an eigenstate of .J, and .JZ at the same
time and thus, while it is useful only for the estimation
of two phases, 6, and 8,, it allows achieving Heisenberg
scaling in both of them. In general, eigenstates of J2 with
(J) = 0 have a diagonal QFI matrix and the QCRB is
saturated in their case, since Eq. (13) is satisfied.

This is also an indication that eigenstates of J2 can be
considered as good candidate probe states in the multipa-
rameter case. In fact, other eigenstates of .J2 present sort
of intermediate scalings for the three phases and, in partic-
ular one can find some that allow Heisenberg scaling for
all three directions. Specifically, these have the form

) = % (In—k k) + kb — k), (39)

_ . /n(n+2)
with k = V“”—‘ = kopt and |x] denoting the

2

closest integer to z 7.
The QFIM of states of the form (39) is given by

FQlW] = diag (Fy, Fy, FL) (40)

with F| = 2k(n — k) + nand F| = (n — 2k)?, which
reaches Heisenberg scaling for all parameters already for
k~ O(n).

In the case of k = kop the state becomes close to those
called two-anti-coherent in literature [98—101, 103, 127]
(see also [106] for a similar approach), which are states
that have equal value of second moments of the angular
momentum components for all possible directions 1, i.e.,
(J2) = j(j +1)/3 is satisfied for all directions fi 4. Due
to this similarity, we can refer to the state with k = K¢
as quasi-two-anticoherent.

In [103] two-anticoherent states were analyzed in de-
tail for the task of estimating three rotation angles from a
geometrical point of view and also optimal measurements
were studied, following the approach of [89] that gener-
ates an optimal PVM from the probe state and its orthog-
onal subspace. Furthermore, they also analyzed the case
of a POVM of the form analogous to that in Eq. (34),
which relates to the Husimi function in this SU(2) con-
text. Specifically, approaching the analysis from a geo-
metrical perspective the authors argued for a reasonable
subset of projectors onto spin-coherent states that need to
be measured in order to obtain a good scaling of the clas-
sical Fisher information matrix for all three parameters.

Thus, we can see that the states from the class Eq. (39)
that are close to be two-anticoherent would also allow

SNote that here, and similarly later in Eq. (67) the 1/+/2
normalization of the state should be modified in order to obtain
the twin Fock state as a special case in the class.

4Note that anti-coherent states are defined for any order M.
Those are states with equal spin moments of order M in any
direction [98-101, 103]. In this case we are discussing the case
M =2.

reaching Heisenberg scaling for a full three-parameter
SU(2) encoding in an analogous fashion, except that they
are simpler, which also means that the optimal PVM that
allows to saturate the QCRB is correspondingly a bit sim-
pler as well, as it involves the projector into the probe state
itself, plus a set of orthogonal projectors. Similarly, we
would expect that the set of projectors onto coherent spin
states that need to be measured to approach the saturation
of the QCRB bound would be similar. In the next subsec-
tion, we will discuss an approach that is partly analogous,
but focused on the method of moment estimator, and we
restrict to an estimation that is based on just the recon-
struction of the first two moments of the generators. In
that case, as we will see, it is not possible to saturate the
QCRB for the full three-parameter estimation.

As a further comparison with two-anticoherent states,
we mention that the three-parameter SU (2) estimation can
also be seen as a rotation sensing scenario, where the ro-
tation direction is not known, i.e, a unitary encoding of
the form U, (6) = exp(—if.Js), where 1 is an arbitrary
direction. With such a viewpoint, a natural benchmark
figure of merit is the average performance over all direc-
tions [103, 128], which is lower bounded from the QCRB
as:

225> [aa— 1 (41)
Fql¥) , Ja)
In this respect, it is known that two-anticoherent states
are optimal [103], and would remain optimal probes also
when the first correction to the QCRB with the maximum-
likelihood estimator is considered [128].

Once again, in analogy to this reasoning, considering as
probe states those in Eq. (39) we obtain

FQ[|y7k> s Jﬁ] = i /d’l’l FQ[|ka> ,Jﬁ] = én(n + 2),

(42)
which is exactly the same as the two-anticoherent
states [103]. In terms of averaged accuracy we get, con-
sidering for concreteness only the case F'y = Fj|+4d ~ F|
(i.e., with || < 1):

~ 1 1
A% > = /dn L
R FQl|#k) » Jal

1 ., [FL-F
= ————tan —1  (43)
VE(FL - F) Fy
1 5 )
= FH - ? + O((S )7

which as expected contains a O(d) correction with respect
to the case of two-anticoherent states, where the result is
A20,.4; = ﬁ [103]. (More broadly, a similar expres-
sion can be obtained for F'y > Fj).

To conclude, we point out that other states that achieve
Heisenberg scaling for the three phases were studied in
Refs. [91, 95], where they also considered the case of ar-
bitrary phases and the optimal measurements. More pre-
cisely, they studied a probe state which is a superposition
of three NOON states in the three orthogonal directions
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and the optimal measurements that are more realistically
implementable are composed of projectors of the form
(1 +o07™)/2with k = {z,y, z}.

4.2 Estimation via multiparameter method of
moments

As we have seen, states are known that can be useful to
estimate three phases with Heisenberg scaling, and also
measurements saturating such bounds can be worked out.
However, these schemes can be quite challenging in some
setups. Also, from a purely theoretical perspective, it is in-
teresting to look for alternative protocols and, at the same
time, uncover other aspects that might also be related to
the group-structure of the unitaries to be estimated. Here,
we have already discussed that states of the form (39) can
be a viable alternative to those discussed in literature for
the potential achievement of Heisenberg scaling, which in
some sense is also constructed from the algebraic struc-
ture forming the unitary group. In fact, we will observe a
somewhat similar structure later for the case of SU(1,1)
unitaries.

On top of that, we can also try to observe whether a
pragmatic estimation scheme, namely the method of mo-
ments implemented with reasonable observables, also al-
lows the saturation of Heisenberg scaling, or alternatively
what is the best scaling achievable in that case. In particu-
lar, we ask the question: What is the best achievable preci-
sion (scaling) when only the first two moments of the gen-
erators are available? Clearly, more in general this ques-
tion can be asked for different sets of observables, which
may be relevant in different experimental contexts. The
case we consider here can be seen as being of relatively
general relevance, as it involves the generators of the dy-
namics themselves. Moreover, the first two moments are
what is most typically estimated in actual experiments, es-
pecially those where the particle number is conserved, e.g.,
atomic ensembles [25], while larger and larger order mo-
ments become quickly very tedious to consider and also
more difficult to reconstruct in practical circumstances.

Thus, overall for the estimation of an SU(2) unitary we
consider the following vector of observables:

Asu(2) = (Ja Q)v (44)

where

Q= (J2 Jg,J? {Jw7Jy}7{JIﬂJZ}7{Jy7JZ}) (45)

xrYyr Yz

is the vector of quadratic products of spin operators.
It is also useful to express these observables in a two-
index tensor notation from the quadratic products

Ay = Jidi, (46)

such that by taking the symmetric and anti-symmetric part
we can write
Ji = €A,
Kl (47)
Qri = A + A,

with €;,; being the usual Levi-Civita symbol and we see
that basically A2y is just a vectorized form of the oper-
ator matrix A.

Furthermore, the expectation value of the symmetric op-
erator matrix () on a quantum state gives the correlation
matrix of the spin operators. Thus, estimating the ex-
pectation values of the vector of observables A, ) es-
sentially amounts to estimating the average vector (J) =
((Jz), (Jy),(J,)) and the covariance matrix I'y,[J] on
the probe state |Pp). Here, we work in the Heisenberg
picture, in which the probe state remains fixed and the el-
ements of our vector of observables A are transformed as

A;(0) =UT(0)A,U(6). (48)

Group-theoretically speaking, these observables transform
under the adjoint representation of SU(2), and in particu-
lar the vectors J and @ are transformed as

J(6)=UT(6)JU () = 03(0) J,
Q(6) =UT(6)Q(8)U(8) = 04() Q,

where O3(60) and Og(0) are 3 x 3 and 6 x 6 orthogo-
nal matrices respectively which are obtained from the ad-
joint representation of SU(2) (see section C for details).
The matrix Og gives basically a three-dimensional rota-
tion of the spin axes, while the six-dimensional matrix is
constructed from vectorizing the quadratic relation

Q(8) = 05Q 05, (50)

where () is the symmetric operator matrix given in
Eq. (47), which is transformed quadratically with the
three-dimensional orthogonal rotation of the spin axes.
Further details are provided in section C.

Let us now consider the moment matrix My, [A.y(2)]
coming from Eq. (18) for the vector of observables as in
Eq. (44). Here, the probe states are the eigenstates |Wy)
of J2 as in Eq. (39) for all possible values of k. As we
mentioned, this class contains states that can be poten-
tially good resources for multiparameter SU(2) estima-
tions. Then, we can calculate what the optimal observables
M are among the vector A2y, which can be done fol-
lowing the methods described in section A (cf. Eq. (136)).
In summary, we have

(49)

My, [H, M| < RMy,[A]RT

_ (51)
= R0y, [A] T [A] 24, [A]RT,
where R is the matrix such that
J = RA. (52)

This way, we get from Eq. (18) an upper bound to the pre-
cision matrix given by

Cov™ () < VR [A] T, [A] 24 [AJRT.  (53)

Note that the saturability of this bound is not trivial in gen-
eral, and eventually can be reached only in the asymptotic
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limit v > 1. Note also that this relation assumes that the
moment matrix is invertible. However, if there are some
zero eigenvalues of My, (A) we should discard the corre-
sponding observable from the vector A since it will simply
not contribute at all to the estimation.

Now let us consider probe states of the form Eq. (39),
and again for simplicity an infinitesimal estimation with
0 ~ 0. Because all of the states in our family |¥)
are eigenstates of .J2 (the corresponding eigenvalue being
1(n — 2k)? for a given value of k) it turns out that the
expectation values of .J, and J2 are insensitive to the (in-
finitesimal) rotation we want to estimate. Thus, first of all
with such states it is impossible to estimate 6, by measur-
ing expectation values of A, (2); secondly, the observables
J. and J2 can be eliminated from Aqy(2) entirely since
they are not useful also for the estimation of ¢, and 0,,.
Consequently, for the states in Eq. (39) we can consider
the reduced vector of observables

A;u(2) = (Jﬂi?Jy’{Jwan}a{JwJZ})’ (54)

and the reduced problem of estimating just 8’ = (6, 0,).
Moreover, as we already briefly observed before, for the
two-parameter estimation problem it is actually the twin-
Fock state that gives the best precision scaling (which cor-
responds to the state with & = n/2 in Eq. (39)). What we
observe here is that Heisenberg-scaling precision can in
principle be maintained also via the method of moments
with the observable set in Eq. (54). Note, however, that
in practice it might still be challenging to make a suit-
able (potentially imperfect) reconstruction of the moments
needed for the estimation, as the observables do not com-
mute.

Making a more precise statement, we find that none
of the states of the form Eq. (39) have a moment ma-
trix My, [A] that allows to reach Heisenberg scaling for
all three parameters 6 = (6,,6,,6.). We find that only
the twin-Fock state (or states close to it, e.g., with k =
n/2 £ 1) allow for Heisenberg-scaling precision and only
for the reduced problem of estimating 8’. In particular,
for the twin-Fock state we get the following precision ma-
trix (for small 6, but analogous statement can be made for
arbitrary 0 in this case, see section C):

(n(n+2) n(n+2)’0> |

. —1 P .
GJ%(%’O) Cov " (0) < v diag 5 , 5
(55)
and thus we see that in this case the theoretical Heisenberg
scaling of the QFIM could be in principle saturated via
method of moments.
Furthermore, we can also obtain the optimal observ-
ables from which to evaluate the expectation values, which

are (cf. Eq. (136))
M’ = ({Jﬂﬂ?JZ}v{Jy’JZ})Tv (56)

i.e., essentially one needs to estimate cross-covariances
between the spin operators. Note that in [120] it was also
discussed how to saturate the QCRB (i.e., achieve simulta-
neous Heisenberg scaling for 0, and §,)) for the twin-Fock

state via the method of moments. It was pointed out that a
set of two commuting observables can be found, which are
Ay = Jal ) (W ol o and Ay = T\ j0) (8 0],
But they involve the projector onto the twin-Fock state it-
self.

We conclude this discussion by briefly commenting on
another candidate state that was proposed to achieve the
Heisenberg limit for the three parameters, namely the state
that is a superposition of three NOON states relative to
three orthogonal directions [91, 95]. For this, one can ob-
serve that the method of moments involving only quadratic
spin observables does not work, essentially because the
moment matrix would be entirely zero for that state. In
fact, as we already mentioned, optimal measurements that
achieve Heisenberg scaling for such a state contain cor-
relators among all the n particles. Concerning the two-
anticoherent states instead, as they are close to the state

n— n(n+2)
@) for k = { Vs

2

(even though a bit more dif-

ficult to characterize analytically), we would expect a sim-
ilar conclusion on the impossibility to reach Heisenberg
scaling with only the observables in A (2).

5 Multiparameter SU(1, 1) estimation
5.1 Single parameter SU(1,1)

Let us consider here the estimation of a phase generated by
an SU(1, 1) evolution. Even though the SU (2) estimation
schemes are more extensively treated in the literature, the
SU(1,1) interferometer has been considered in a number
of works [27, 73, 80, 81]. For better clarity, let us first
consider the single-parameter case. First of all, the two-
mode bosonic generators obtained from the fundamental
representation of su(1, 1) are given by:

1
K, = f(aiaz + aras),

2
1

K, = Z(al{a; —aiasz), (57)
1

K, = 5(1 +alay + alay).

We can see that K, and K, are two-mode squeezing gen-
erators, while K, is essentially the total number operator.
Thus, a single-parameter SU (1, 1) estimation can be the
estimation of a real squeezing parameter £ in an evolution

of the form
U(g) = e, (58)

In this setting it is clear that the total number of particles
will not be conserved, since SU(1,1) operations do not
commute with N. Thus, the question also arises how to
properly identify the resources. An argument similar to
the previous section is that the total average number of
particles (N) =: n will be still bounded in practical evo-
lutions, since it is related to the total energy of the system.
In fact, a typical benchmark for indefinite-n states in the
Mach-Zehnder interferometer is provided by a coherent-
state input |Pp) = |a,0) [19, 22], which allows one to
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reach only shot-noise scaling in terms of the average par-
ticle number (see also section 6).

Another quantity that might make sense to keep fixed in
the context of SU(1, 1) estimations, at least from a group-
theoretical point of view, is the eigenvalue m of J,, which
is a quantity that is left invariant by SU(1, 1) unitaries
and labels the corresponding irreducible representations.
In other words, SU (1, 1) unitaries always map eigenstates
of J, with a given eigenvalue m into eigenstates with the
same eigenvalue and the question arises as to which sector
are states that give the best scaling of precision with n.

As a practical example, let us consider the estimation of
an infinitesimal squeezing parameter £ ~ 0 generated by
K, as above. First, it is easy to see that a Fock-state input
reaches SQL scaling:

[Wo) = [n,0) — 4(AK,)E=n+1

- (59)
— (457 = 0(1/n),

while for example once again an input twin-Fock state
reaches Heisenberg scaling:

o) = In/2.n/2) = 4(AK,)} = (n%/2) +n+1

— (A2 =0(1/n?).
(60)
Similarly, it is also easy to see that the NOON state gives
a SQL scaling with n = n.

Note also how the Fock state has m = n, while the
twin-Fock state is in the sector m = 0. Other natural
probe states with fluctuating number of particles are again
the Heisenberg-Weyl coherent states, as well as squeezed
states. The former gives SQL scaling completely analo-
gously as the Fock state because it satisfies

YAK) = o> +1=n+1, (61)

while inputting some initial squeezing allows to reach
Heisenberg scaling in 7. For example, a natural probe
state to consider in our context is given by a two-mode
squeezed-vacuum

W) = e Kv10,0) = 1= 1g2 D _q"|n,n) , (62)

where ¢ = —tanh({/2). This probe state is also in the
sector with m = 0 and satisfies
YAK)Z =n? +2n+1 — (A2 = O(1/n%), (63)

where the average particle number is given by
_ Caua2G
n = (N), = 2sinh 3 (64)

Let us now consider the three-parameter estimation of
an arbitrary SU(1,1) unitary (cf. fig. 2), and let us focus
once again on the case of an infinitesimal unitary:

which also means that H = K in this case. Here the
case of an infinitesimal unitary, besides being possibly the

g
sl
| - Squeezing:
pump ?e—i(&l{xﬂyky) s PS:e

@ b

Figure 2: lllustration of a potential interferometric setup
designed for three-parameter SU(1,1) estimation. An in-
put two-mode state of the form Eq. (67) evolves into
U(&) |Wo). The pump-driven nonlinear element implements
a two-mode SU(1,1) squeezing operation e~ H(&sKatéyiy)
while a common-mode phase shifter PS realizes e %25 |n
the infinitesimal regime this yields Eq. (65). The input is

again a twin Fock state, obtained from Eq. (67) when k = 0.

—i§K;

most relevant from a practical perspective, is also the most
tractable from a mathematical point of view.

Note once again that there are many different possi-
ble parametrizations of such a unitary, and in this case
the group of unitaries is not compact, thus preventing an
easy treatment of infinitesimal unitaries close to an arbi-
trary point. See for example [129] for more details about
this group. Nevertheless, we proceed via analogy with
the three-parameter SU(2) estimation, trying to empha-
size some common traits of the two problems. First, we
note that, since K is a function of the total number oper-
ator, its corresponding phase &, cannot be estimated with
probe states that have a definite number of particles, i.e.,
eigenstates of N. Fock states |n1,ng) are eigenstates of
K. with eigenvalue (1 + ny + n2) and have

(AK,)? = (AK,)? = 3 (1 +n1 +n2 + 2n1n2) . (66)

Furthermore, for Fock states the covariance matrix of
K., Ky, K, is diagonal. Itis clear that if we fix ny +ny <
n the best Fock state for estimating the squeezing coef-
ficients §; ~ 0 and &, ~ 0 is given once again by the
twin Fock state, which reaches Heisenberg scaling for both
phases.

5.2 Probe states reaching Heisenberg scaling
for three parameters

Let us now consider superpositions of such Fock states, in
the special case n; = ns, so as to restrict to the subspace
m = 0 which, as we observed, might contain the most use-
ful states. By analogy to the states considered in Eq. (39)
for the SU(2) case, let us consider a state of the form

(68)

=

;Su
I

3

+
o~
I

S
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The variances of K and K, are given by

(AK,)5, = § (2K +2k(n+ 1) + n(n +2) + 2)

= (AKy)g”/k~

(69)
Thus, states of the form in Eq. (67) can reach Heisen-
berg scaling for the estimation of &, and &,. In order for
such a state to reach Heisenberg scaling also for estimat-
ing £, we have to look for the one that has 712 spread in
the particle number, or in other words, for the state that

maximizes (AN)?2. This will have the form °

Wo) = |¥_pj2) = 75 (10,0) + [n/2,n/2)),  (70)

which has = n/2 and is such that

1 1 1
2 _ - 2 _ 2 _ T52

(AK,); = 4(AN)O 16n 4n , (71)

(AK,)§ = (1 +n+n?) = (AK,)}.

Furthermore, once again the covariance matrix of
K., K, and K, is diagonal, and its diagonal entries scale
as O (ﬁ2) for all three parameters. Thus, Eq. (13) is met
and this state allows in principle for Heisenberg scaling
for the full SU(1,1) estimation. Clearly, other classes of
states can be considered in the fluctuating-n scenario. See
section 6 for further details and examples. However, as we
mentioned here we focus on states of this form which are
analogous to those in Eq. (39), which we analyzed for the
SU(2) estimations. It is also worth noting once more that
they are eigenstates of J, (and J. 3) with eigenvalue m = 0,
but not of N.

5.3 Estimation via multiparameter method of
moments

Following the same approach as in the SU(2) case, we
now consider the scenario of an estimation via multipa-
rameter method of moments with the following vector of
observables:

Asu(l,l) = (K7 Q)» (72)

where the vector of generators is given by
H=K= (K, K, K.), (73)
and corresponds to the first three elements, while

Q= (sz Kjv K?? {Kl" Ky}7 {K’JK’ KZ}? {Ky’ KZ})
(74)
is the vector of quadratic products.

Analogously as in the SU(2) estimation case, for states
of the form (67) we have that the expectation values of K,
and K? are insensitive to infinitesimal SU (1, 1) unitaries,
and therefore we can restrict to the smaller vector

A,su(l,l) = (KIaKyv{KmaKz}v{KyaKz})Ta (75)

5See also [130, 131] for a discussion about the preparation
of these and similar states.

and again for the same reason we will be able to estimate
only phases generated by K, K,. We find once again that
the twin-Fock state, i.e., the state obtained in £ = 0 from
the class in Eq. (67), achieves Heisenberg scaling for both
phases, and concretely that the accuracy is given by

li Cov (&) < vdi 0 76
¢ Jim ~Cov (&) < vdiag(x,r,0),  (76)

where
k=1+7n+in? (77)

which would in principle allow the QFIM scaling given by
Eq. (66). The observables for which one has to estimate
the expectation values are given by

M = (hKy - {Ky7Kz}ahK:c - {KI,KZ})Ta (78)

where h = 1 4 n. Clearly, this is a more abstract scenario,
in which the measurements are not necessarily possible to
implement in practice. Furthermore, as before it is un-
clear whether the precision bound that we found can be
saturated, even just theoretically, with an imperfect joint
measurement of the observables in M, since they do not
commute (besides being potentially unrealistic to imple-
ment). Nevertheless, we do find some analogy between
the SU(1,1) and the SU(2) case also in the estimation
via second moments of the generators.

6 Discussion on states with indefinite
number of particles

6.1 Indefinite-n states for SU(2) estimation

Let us now expand briefly the discussion of the case of
probe states with indefinite n. Typically, accuracy scalings
in this case are expressed with respect to n := (V) instead
of n. In particular, the shot-noise limit is a scaling with n
while the Heisenberg scaling is taken to 72 by analogy
to the fixed-n case, and also for practical arguments that
rule out faster scalings under realistic circumstances (see,
e.g., [22]). For example, in general to exploit possible
particle-number coherences, the term e“®N in the evolu-
tion imposes the need of a reference beam [22, 132, 133].
However, formally speaking the Heisenberg scaling is not
anymore a strict bound [64]. Note also that, for calcula-
tions involving moments of su(2) operators a state of the

form
W) = ch 299 (79)

that is a superposition between states with different n is
essentially equivalent to a state

Qo :Z|Cn|2‘wn><g7n|7 (80)

that is just a mixture of states with different n. This is
because we have

Z CnCn Py Jll@ W) = Z lenl® (] Jllc @), (81)

n,n’

Accepted in {Yuantum 2026-05-26, click title to verify. Published under CC-BY 4.0. 11



which can also be understood in terms of a superselection
rule [132]. In this sense, coherences between different par-
ticle numbers are not so crucial for estimations of SU(2)
unitaries via moments of su(2) generators [21].

Still, one can consider the more general framework of
fluctuating-n states, perhaps with physical restrictions on
the allowed superpositions and measurements. A typ-
ical benchmark for indefinite-n states is provided by a
coherent-state input to the Mach-Zehnder interferometer,
which allows to reach only shot-noise scaling in terms of
the average particle number, i.e.,

|W()> = |a,0> —
(AJy)seo = (AJy)5 = 570 (82)
A 1
Af)? o =
> (40)° o =,
where the coherent state is expanded in Fock basis as

a2 Ozn
|O[,O>:6 | |/2Zﬁ|na0>a (83)

and has an average number of particles given by n = |a|2.
Thus, the reference for “classical” probe states for fluctu-
ating n can be taken as the SU(2) orbit of |«, 0).

Several ideas have been explored to surpass this limit
in the fluctuating-n case, for example by making use of
squeezed states in one of the input ports [27, 28, 32—
34, 61, 62, 65, 67, 68, 71, 134-136]. In this sense, one
can see an SU(1,1) operation as a resource for improv-
ing the performance of SU(2) interferometers. In gen-
eral, it is hard to find the optimal state in the fluctuating-
n case, and it is even difficult to make precise statements
on the maximum achievable precision scalings, essentially
because one can always have a mixture of states with ar-
bitrarily large n but with fixed (). Similarly, also super-
positions between states with extremely different particle
number give Heisenberg scaling with n. As a simple ex-
ample one can see that the following probe state

has a diagonal QFIM given by
FOWwy] = idiag (n(n+2),n(n+2),n%).  (85)

Such a state has (N) = n and thus it allows for Heisen-
berg scaling in terms of average total particle number for a
full three-parameter SU(2) unitary. A similar conclusion
can be made for a three-parameter SU(1,1) unitary, for
example considering the state

o) = 5 (10,0) + In,n)), (86)

as we mentioned earlier.

6.2 Analysis of common states with indefinite
particle number

A paradigmatic class of probe states with indefinite par-
ticle number is given by Gaussian states. In fact, both
the SU(2) and the SU(1, 1) unitaries belong to the class
of Gaussian unitaries, i.e., those that have a Hamiltonian
quadratic in the mode operators. These unitaries always
transform Gaussian states into other Gaussian states and
have in fact often been investigated in the context of quan-
tum metrology with Gaussian resources [74-79, 82—84].
In fact, it is a natural question to ask what is the preci-
sion limit that can be reached with only Gaussian probe
states and encoding evolutions, plus measurement observ-
ables quadratic in the mode operators. In our framework
this can be also seen as a way to look at the interplay
between SU(2) and SU(1,1) operations, which would
generalize the idea of improving SU(2) estimations with
a prior SU(1,1) operation, pushed forward by seminal
works [27, 28, 134], and later extended in a broad frame-
work [32-34, 61, 67, 68,71, 135, 136]. Besides two-mode
operators forming su(2) or su(1,1) basis, we consider
also single-mode su(1, 1) operators, that have the form

1

L, = Z(aTaJr + aa),
1
L,= g(aTaT —aa), (87)

1
L, = Z(aTa + aa'),

and similar definitions for mode b. Note that essentially
the operator L, corresponds to the number of particles in
mode a. As observed often in literature in different con-
texts [27, 28, 62, 63, 65, 134], unitaries generated by these
operators (i.e., single-mode squeezing operations) are also
important resources for parameter estimations. However,
it is not essential to consider single-mode squeezing op-
erations in both modes, and thus for simplicity we only
consider one set of such single mode su(1,1) operators.
Thus, overall we consider the following vector of observ-
ables

AG:(L.’EvLyaL27Km7Ky7KZaJ.7:7Jy7Jz) (88)

and various probe Gaussian states. As we did previously,
whenever an observable does not contribute to the estima-
tion or leads to a singular moment matrix, we drop it from
the set. In table 1 we summarize our findings with concrete
probe states and measurements.

As an overall summary, we conclude that single- and
two-mode squeezed states represent good probe states for
both SU(2) and SU (1, 1) estimations, which is something
in agreement with well-established results [27, 28, 62—
65, 72, 73, 81, 134]. We also observe that it is somehow
crucial to allow measurements of the observables L, L,,.
As a final comment, and as a term of comparison in this
context, we also analyze other highly quantum states with
fluctuating-n that are often considered in literature, such
as Schrodinger-cat-like states [69-72]. It might be per-
haps counter-intuitive that we find (for various forms of
cat-like states) that only shot-noise scaling can be achieved
in our context, i.e., by using the method of moments with
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%) A H M(H) M
"Ly [0, 0) (L, J) J diag (7, n,n(1+ 1)) (S, Sy, Ly)
'Ly |0, 0) (L, K) K diag (1 +n), (1 +1),2a(1 + 7)) (Ky, Kz, Ly)
€K 10,0 | (Lo Lys Jordy) | (Jandy) | diag (0(2 4+ 7). (2 + ) (Jw + 2/ B Le Ty + 2/ Ly)
— 2
v, 0) (Ly, Ly, J) J diag (nﬁ Qfgfl) (Jx, Jy, e, + Ly)
la, 0) (L, Ly, K) K diag (ﬁ+1,ﬁ+1, ;{fl) (Kme,%LﬁLy)

Table 1: Summary of multiparameter SU(2) and SU(1, 1) estimations with typical Gaussian states as inputs

the vector of observables As. However, intuitively, our
findings just confirm that in this case more complicated
observables would have to be included, as it is the case for
NOON states or analogous ones.

7 Conclusion and outlook

In conclusion, we have investigated the multiparameter es-
timation of SU(2) and SU(1,1) unitaries and the limit
to their precision scaling. First, for each of the two esti-
mation tasks we identified a class of pure states contain-
ing ideal probes that would potentially allow for reaching
Heisenberg precision scaling simultaneously in all three
parameters according to the quantum Fisher information
matrix and the relative multiparameter quantum Cramér-
Rao bound. In the SU(2) case, we consider subspaces
(sectors) of states with fixed particle number, as the oper-
ator N itself is left invariant by the parameter-encoding
evolution. Furthermore, the value of (N) = n can be
seen as a resource connected with the total energy of the
system. As an ideal class of probe states we identified
eigenstates of .J2 with different fixed-n eigenvalues. Such
a class contains paradigmatic states, such as the NOON
state, the twin-Fock state and also states close to those
which have been called two-anti-coherent in recent liter-
ature [98-101, 103, 127].

In the SU(1, 1) case instead, the particle number is not
anymore fixed by the evolution, but the analogous invari-
ant becomes the value of J,. Still, the average particle
number, even if not conserved by the encoding evolution,
can be seen as the total energy resource of the system.
Therefore, we consider subspaces of states with different
values of (J,) = m and identify a class of states in the
m = 0 sector that contains states that would allow Heisen-
berg scaling of precision in terms of (N) = n in all three
parameters according to their QFIM. Again, motivated by
the fact that the sector with m = 0 contains ideally useful
states, we consider a class of eigenstates of J2 which is
analogous to the SU (2) case.

Afterwards, we considered a more pragmatic scenario
in which the estimation is performed via signal-to-noise
ratio of first and second moments of the (su(2) and
su(1,1)) generators on the probe states. Analyzing such a
scenario with the ideal class of pure probe states that we
have identified, we found that the twin-Fock state emerges
in both SU(2) and SU(1, 1) estimations as the only state

that allows one to achieve Heisenberg limit for at least two
out of the three parameters. As a comparison, we also
investigated the case of other paradigmatic probe states
with a fluctuating particle number, such as Gaussian states
and cat states, allowing only the measurement of expec-
tation values of operators quadratic in the mode opera-
tors. In this case we find that only the two-mode squeezed
state emerges for allowing simultaneous Heisenberg scal-
ing in a two-parameter SU (2) estimation, which confirms
the resourceful nature of such a state as discussed in the
single-parameter scenario [27, 28, 134] and also general-
izes to the multiparameter case the arguments on the en-
hancement of SU(2) estimations with prior SU(1, 1) op-
erations [32-34, 61, 67, 68, 71, 135, 136].

As an outlook, we anticipate that our methods are read-
ily generalizable to unitary groups containing more param-
eters, such as the SU(d) and the SU (p, ¢) groups. Also in
those cases it is possible to identify ideal classes of states
in sectors left invariant by the encoding evolution and an-
alyze the estimation precision with the error-propagation
formula from measurements of (low) powers of the gen-
erators. Still, the open question remains on how to sat-
urate the asymptotic bounds coming from the method of
moments when the measured observables do not commute
and one is forced to do either independent or imperfect
measurements of the noncommuting observables. We be-
lieve these and related questions, for example, further con-
nections between optimal probe states for larger subgroups
of unitaries, and the notion of anti-coherent states [127],
would deserve further investigation. Moreover, from a
practical point of view, it could be interesting to explore a
more general framework, for example including non-ideal
preparations, practical measurement schemes, as well as
going towards global estimations (at least in the SU(2)
or other compact groups cases) and consider a Bayesian
approach. We thus hope that our work could trigger sub-
sequent investigation with group-theoretic methods in the
estimation of multiparameter unitaries.
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A Details on the method-of-moments estimator
In this appendix we briefly recap the method of moments (MoM) in a form suited to our setting.

A.1 Single-parameter case

Let M = M (q) be a random variable (e.g., the value of an observable in a projective measurement), and let each single-
shot outcome ¢ be distributed as p(g|6). Define the sample mean after v shots:

_ 1<
M, == "my,. (89)
V=
Assume that the theoretical mean
p(0) :=Eg[M] = > mgyp(ql6) (90)
q

is known and (locally) invertible. The MoM estimator is defined implicitly by matching the empirical and theoretical

moments, R B R B
pl)=m, = O=p'(M,). (91)

For large v, the central limit theorem (CLT) implies that the random variable /v (M, — p(6)) is normally distributed
with zero mean and variance given by B
Varg[M,] = Bg[M?] — 1*(6). (92)

Then, from a first-order Taylor expansion one obtains

(M, — u(0)), (93)

where p/(6) := 9ppu(6).
Because of this, the estimator is asymptotically unbiased and has a mean-squared error (MSE) given by
1 Varg[M]

MSE[f] = Eo[(0 - 0)*) = — o7 o(v2). (94)

In the quantum setting, if M corresponds to a Hermitian operator measured on a density matrix gy, then the mean is
— : : _ 2
u(0) = (M), and the variance is Vary[M] = (AM), .
Unbiased estimators satisfy the (classical) Cramér—Rao bound,

N 1
MSE[)] > .

(95)

where F () is the Fisher information for a single shot. Pre-asymptotic corrections to (94) typically enter at O(v~2) and
depend on higher cumulants as well as higher derivatives of 1(6); see, e.g., Refs. [128, 137]. The method of moments
estimator is asymptotically unbiased [20] so that in this regime the MSE coincides with the variance (Af;)?.

A.2 Multiparameter case

Let @ = (64, ...,0,) be the unknown parameter vector. First, consider a single joint measurement described by a PVM
{lg){q|}, and let M = (M, ..., My) be a collection of commuting Hermitian operators that are diagonal in that same
basis,
My =S mi(@)la)al,  [Mi, Mj] = 0. (96)
q

The joint outcome ¢ is distributed as p(¢|@) = Tr[ee|q){¢|], and it induces a classical random vector

T

M(q) := (ma(q), ..., mr(q)) (97)
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The empirical mean vector and the theoretical mean vector are
_ 1 <& T
M, = ;ZM(qt), 1(8) :=Eg[M] = ((M1)gp- - (Mk)o,) - (98)
t=1

The MoM estimator is defined by the vector equation
w(0) = M,. (99)

Define the £ x r Jacobian
01(0) = 89j,ui(0) = 8g], <Mi>gg~ (100)

The multivariate CLT yields that the vector of random variables /v (M, — 1(0)) is normally distributed with mean zero
and covariance matrix given by Covg(M). Linearizing (99) around 6 gives

60 ~ CT(0)(M — u(8)), (101)

where CT denotes a left-inverse (for k = r and det C' # 0, this is C~!). Hence, once again the MoM is asymptotically
unbiased. Its MSE matrix following from the CLT (i.e., valid in the large v limit) is given by:

MSE[] :=Ey[(6 — 0)(6 — 0)"] = % C* Cove[M] (CH) +0(v2). (102)

In this case of commuting observables, since each repetition produces a joint outcome ¢, that gives the value of all
observables, the empirical covariance of the sampled statistics converges to the covariance matrix of the measured observ-
ables, i.e., we have:

v

[Cove[M]]i; := — i T ;(mi(%) — (M,,)i) (mj(a) — (My);) = (MiM;) 0o — (Mi) o (M;) 0o = [0 [M]}ij-
(103)
If 09 = U(6)o U (6) and we work in the Heisenberg picture M;(8) = UT(8)M,U(0), then
Cij(8) = 0y, (Mi(8)), = ~i ([M;(6), ;(0)]) , == [£2,[M(6), H(8)]]i;, (104)

with H;(8) :=1U"(6) 0p,U(8), which connects the Jacobian directly to commutators with the (local) generators H;(8).
Here we also defined the commutator matrix 2,,[M, H] = 2,[M(0), H(8)]. Compactly, one can introduce the

moment matrix . .
Mo [M] == 21 [M, H| T, [M] 2,,[M, HJ, (105)

such that the MSE matrix can be written as [120]

- 1
MSE[f] = - MM+ O(v™2). (106)
Note that this argument can be extended also to the case of non-commuting quantum observables M. With the
same reasoning, one can resort to the CLT to find the asymptotic expression for the MSE matrix as in Eq. (106). In
that case, we have to consider the real covariance matrix, which is given by the symmetrized version [I,,[M]];; =
L(M; M + M;M;) o5 — (M), (M;),o,. However, when the observables of interest do not commute, one cannot in
general associate them to a single joint PVM on the original system. A natural alternative is to perform an imperfect
joint measurement described by a (generally non-projective) POVM; operationally, this produces joint classical data
from which one may extract (noisy) estimates. An exemplary scenario is the extraction of Husimi type of quasi-probability
distributions, as it is done via heterodyne measurements of quadrature operators, or non-orthogonal projectors onto spin-
coherent states for the case of spin variables.
Let {E,} be such a noisy POVM, where u can be discrete or continuous, and we use a different letter to emphasize
that it is not associated to the spectrum of the quantum operators M that we want to measure. In this case, the outcome
probability is given again by the Born rule:

p(u|6) = tr[og Eu], (107)
and we can take a vector of (real) processing functions M (u) = (my(u), ..., my(u))T to define the classical random
vector

M = M(u), (108)
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and repeat the same reasoning as above to define the MoM estimator and find its asymptotic unbiasedness and its MSE.

From v independent repetitions we obtain outcomes ¢, . . . , ¢, and hence the sampled mean vector
1 v
M, =~ M (q), 109
= D M@) (109)

analogously as before, which defines the MoM estimator. The theoretical mean can be also still computed analogously as
before:

(6) = EolM) = [ dumu)p(ulo). (110)

where we used a continuous variable notation for the outcomes for generality.
Similar relation holds for other moments like

(M), = [ dumiuhmy(u) pule), (1)
which can be expressed also by defining operators associated to the moments in terms of the POVM elements:
F; := /dumi(u) E,, F,; = /dumi(u) m;(u) Ey, (112)
so that
pi(0) = trlooFil, Iy (M)}i; = tr{oo Fi;] — tr[oo Fi] trloe Fjl. (113)
If the goal is to jointly infer expectation values of a non-commuting operator vector A = (A1,..., Ag), a standard

notion of an unbiased (first-moment preserving) joint measurement is
F, = A for all 7. (114)
In this case, the POVM outcomes reproduce the target first moments exactly,
pi(0) = trlog As] = (A;) oo (115)

The price for joint access to non-commuting observables is then paid at the level of second moments: the measurement is
necessarily noisy, and the covariance of the sampled statistics contains additional noise [126].

Alternatively, one may estimate different components by measuring different POVMs on disjoint subsets of the v copies.
In this case, the corresponding sample means are formed from independent datasets, which in turn requires a large number
of samples for each independent observable, as well as additional ones to estimate the MSE from the covariances.

A.2.1 Example: heterodyne measurement of two quadratures

A canonical way to jointly, but imperfectly access two non-commuting quadratures is heterodyne detection on a single
bosonic mode. Let a be the annihilation operator and define dimensionless quadratures

aJraT a—al
T = —, = , z,p| =11. 116
N R e S Y (116)

The heterodyne POVM is the coherent-state POVM

Ela) = %|a><a|, aec, /Cd2aE(a) _1, (117)
so that the outcome distribution is the Husimi () function:
p(al@) = trlee E(a)] = % (o 00 |a) =: Qg (). (118)
Writing the complex outcome as
a:x—kz'p — z=+V2Rea, p=+Vv2Ima, (119)

V2

each experimental run returns a pair oy = (2, p;) from a single shot. We then define the empirical means and empirical
covariance matrix from the data stream

P= Y e =Y (120)
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v

f(Yar(x) 5@’“) Fap) = =g S =)o = ), (121

I'(p,xz) Var(p) v—1

t=1

(and similarly for @(x), @(p)). Since each repetition produces joint outcomes (x¢,p;), we can resort to the law of

large numbers to assume
— V—00

T Y72 Belx], P2 Eelp), I == r,,(X), (122)

where I',, (X)) can be also drawn from heterodyne statistics, i.e., from the moments:

Eo[f (x(a), p(e))] = /Can f(@(),p(a)) p(al@), (123)

for suitable functions f(z(a), p(«)). The Q distribution reproduces first moments of the quadratures exactly:

Eo[X] = (X)g,- (124)
For second moments, heterodyne detection is a noisy joint measurement: it adds one half quantum of vacuum noise to
each marginal quadrature. Concretely,

1 1
2 Varg(p) = Var,, (P) + -. (125)

Varg(z) = Var,, (X) + 5
Equivalently, one may think of the heterodyne outcomes as an effective classical model

=X +&,, p=P+¢E, (126)

where £, &, are independent, zero-mean Gaussian noises with variance 1/2 (the “vacuum penalty”), independent of the
state.
For the cross covariance, no additional constant term appears; rather one obtains the symmetrized quantum covariance:

To(z,p) = %(XP +PX), — (X)ge(Pop = ™ (X, P). (127)

Thus, the heterodyne covariance matrix can be written compactly as

(128)

(sym)
ree) = pézym) (X,P)+ % 1., FéSym)(X P) = < Var,(X) Iy (X, P)) .

rf™(p,X)  Var,(P)

A.3 Optimization over an accessible operator set and attainability of the moment-matrix bound

In many practical scenarios one has access only to a restricted set of observables
A= (Ay,..., AT, (129)

from which both the (local) generators and the measured observables are chosen as linear combinations. In particular, we
write (local) generators as R
H(0)=R(0) A, (130)

with a (generally 8-dependent) real matrix R(0), and the measured observables as
M = SA, (131)

for some real matrix S.
Given a state p, define the covariance matrix of A and the commutator matrix

[FQ(A)]M = Iy(Ag, A), [QQ(A)]M = —1([Ak, Ai])os (132)

(where for noncommuting operators we take the symmetrized covariance I,(Ag, A;) := %(AkAl + AjAg), —
(Ak) (A1) o, Which corresponds to the real part of the non-symmetrized covariance matrix). The associated “accessi-
ble” moment matrix is

M,[A] = QT (A) I;7(A) 2,(A). (133)

e

For any choice of measured observables M and generators H of the form (130)—(131), the moment matrix associated
with the MoM protocol obeys the bound

M,[H(6), M] < R(8) M,[A] R"(6), (134)
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as shown in Ref. [120]. Moreover, the bound is saturated whenever there exists an invertible matrix G such that

GS = R(0) 2,(A) I, (A), (135)

e

in which case one may choose an optimal set of observables

Moy = G~ R(6) 2,(A) I, '(A) A. (136)

The key point is that Eq. (21) is an algebraic optimization over linear combinations of the accessible operators and is
therefore independent of how (or whether) the components of M, can be measured jointly in a single shot.

Whether the upper bound (21) is operationally saturable depends on the measurement model, i.e. on what is allowed
in collecting the classical data used to form the empirical moments. The bound (21) is automatically attainable by a
single PVM whenever the optimal observables commute. If the optimal observables do not commute, then attainability
becomes model-dependent: a single-shot joint POVM typically adds noise (hence one may fail to saturate the bound),
while separate measurements avoid joint-measurement noise but require a larger number of samples.

Beyond the CLT regime, the covariance admits a systematic expansion in 1/v, whose next-to-leading terms depend on
higher-order cumulants of the measurement outcomes and on higher derivatives of the mean-value map (0) = (M (6)).
Such pre-asymptotic corrections can be addressed using higher-order asymptotic methods (see, e.g., [137-139]) and, in
the quantum setting, may be viewed as multiparameter generalizations of corrections beyond the QCRB [128]. In the
present work we restrict to the leading 1/v behavior captured by the moment-matrix formalism.

B Recap of single-parameter SU(2) estimation

Here, we reconsider some known results about the precision limits of estimation schemes where the evolution belongs
to SU(2). As we mentioned, it is well known that the Mach-Zehnder Interferometer can be described in terms of the
Lie-group SU(2) [27-29, 31]. Mathematically, applying the so-called Jordan-Schwinger map to the spin-1/2 operators
J, =af- %ak - a where o, are the usual Pauli matrices with k = z,y, z and a = (ay, ag)T, we obtain

1

Jp = 5( 102 +ala£)
1

Jy = %(aiag — alag) (137)
1

J, = §(a]{a1 — agag),

which generate a su(2) algebra. In an optical setup, J,, and J, correspond to the interaction of a beam-splitter and in
general two-mode systems (e.g., a Bose-Einstein Condensate with two internal states or in a double-well), these operators
correspond to tunneling between the modes. In both cases, .J, is half the population difference between modes.

The su(2) operators are observables that can be measured via the action of a suitable SU(2) unitary followed by

measurements of local number operators n; = aial and ny = agag. For example, the observable J, satisfies

Jy = €T/ a g e=im/2) 0 (138)

One can then measure J, by sending the input state through a balanced beam-splitter and measure %(nl — n2) on the re-
sulting state. A similar reasoning allows to measure .J,, and indeed any su(2) observable. More generally, any polynomial
in J,, J, and J, can be brought to a polynomial in .J, via suitable SU(2) unitaries [140].

These su(2) operators commute with the total particle number operator N = aJ{al + agag, and as such it might be
useful to partition the state space into sectors with different fixed values of V. The latter, or its expectation value (IV), can
be also seen as a resource that is connected with the total energy of the system, which is bounded in practical applications.
Furthermore, when the total number of particles is bounded by some n, one can easily see that the most useful states are
in the corresponding fixed-n subspace.

We also remark that a subspace with fixed n corresponds to the permutationally symmetric subspace of n qubits, or
equivalently to the space of a single particle with total spin j = n/2, which has dimension d = n + 1. In such a
space, states that are eigenstates of the spin J; along a direction fi = (fi,, fi,, i) with eigenvalue n/2 are called SU(2)-
coherent. From those states, which are not orthogonal to each other, one can construct a resolution of the identity similar

to that in Eq. (34) which reads

279 +1

7+ / da [A)(a] = 1, (139)
47T So

where |01) denotes the state pointing in the direction fi and the integral is performed on the two-dimensional (Bloch)
sphere Sy of a spin-j particle with j = n/2.
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In the usual MZI (cf. fig. 3), an input state enters a balanced beam-splitter followed by arbitrary phase shift operations
and then by a recombining beam-splitter operation, which corresponds to the unitary encoding:

B s €i(7/2)Tagi(érmatdane) o=i(r/2) T |y (140)
It is easy to see that
_|_
111 + gang = WN + (¢1 — #2)J-
— ei(¢1n1+¢2n2) _ ei@Ne—iOJz (141)
with & = ¢1;¢2 and 0 = ¢ — 1.

For states with a definite value of the total number of particles n the term e!*™ corresponds to a negligible global phase.

Thus, the usual MZI corresponds to a single-parameter estimation scheme with generator given by J,,:
) = &= |ig) (142)

Taking a Fock state |n, 0) as the input corresponds to a SU (2)-coherent state pointing in the Z direction and results in the
so-called Standard Quantum Limit (SQL) (or shot-noise scaling):

Po) = [n,0)  — 4(AJ)F=n — (40)° >1/[4(AJ,)5] =1/n, (143)

where the QFI is calculated as the variance of the generator .J,, since it is a single-parameter estimation (cf. Eq. (9)). Such
a scaling is saturated, in the vicinity of a reference point # = 0, by a measurement of ./, and the usual error-propagation
formula for the accuracy coming from the method of moments:

jp - (AL) | (AL)5 1
(a6 = (o (J2))? gm0 <Jz>§ n (144)

On the other hand, using a so-called twin-Fock state as an input gives Heisenberg scaling
W) = |n/2,n/2) — 4(AJ,)F =n(n/2+1), (145)

which is also saturated by the method of moments, by measuring the second-order observable {.J,, J.}, where {-,-}
denotes the anti-commutator.
The theoretically optimal state is given by the NOON state

o) = e~ (/s ('”’0>;§|0’”>) — 4(AJ,)5 =7, (146)

which needs the measurement of observables such as M = |0,n)(n, 0| + |n,0)(0, n|, which essentially corresponds to
parity measurements, or in the multi-qubit language to n-qubit correlators like c©™ [21].

C More details on three-parameter SU(2) estimations with the method of mo-
ments

C.1 Local estimation and parametrizations

Here we provide some details on the more general problem of locally estimating three SU (2) phases with arbitrary values
by measuring moments of the su(2) generators. Beyond infinitesimal unitaries, the formulation of the problem depends
on the chosen parametrization of the SU(2) group. Let us first consider the fundamental representations, given by

1 cos(0/2) — j22500/2) _ 02sin(6/2) _ ;0 5in(0/2)
UO) =exp| —i= Y Orop | = - K] 4 in(d , 147
( ) p( 2%: k k) (9231%(0/2) _2-9131119(0/2) COS(Q/Q)—}—i%W ( )

where oy, are the usual Pauli matrices and we called 0 = /6% + 63 + 63.
Given any element of the algebra G € su(2), and any element of the group U € SU(2), we have also the relation
UGU ™! € su(2), which also means that, given a basis {.J1, J2, J3} of su(2) we can write

UGU™" = crdy, (148)
k
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Figure 3: A Mach-Zehnder interferometer. An input state [Wg) passes through BS-1, PS-1 and PS-2, resulting in the evolved
state |Wy) = U(0) |Po), where U(0) € SU(2). Measurement of spin components are then performed by sending |¥) through
BS-2 and performing measurements of the single-mode populations n1 and no.

for some coefficients c. In particular, a change of su(2) basis is obtained as

T =ULU = (03)ui, (149)
l

where O is a 3 x 3 orthogonal matrix. For a generic change of basis U (6) = exp(—i% >k Qkak) parametrized by three
angles 0 such an orthogonal matrix is given by

03+(024603) cos 0 01602(1—cos0)—030sin®  61603(1—cos 0)+620 sin 6
62 02 02
— | 6162(1—cos0)+6360sin6 05+(03+63) cos 6 6265(1—cos §)—610 sin 6
03(9) — 102( 00502) 30 sin 5+( 1923) 205 ( 00502) 160 sin . (150)
0103(1—cos 0)—020sin0  02603(1—cos 0)+0,0 sin 6 02+(03+62) cos 0
02 02 02

A similar relation holds if we consider the generators from Eq. (9), namely
~ 1 ~
,(0) = iU (8)0,U(6) — / ds Os (51, 502, 5605)T = Os(8) J, (151)
0

and the matrix O3 () can be calculated explicitly:

03 +(03+63)sin0/0 0105(1—sin0/0)—03(1—cos )  6103(1—sin0/0)+05(1—cos )
2 2 92
A — | 0102(1—sin6/6)+05(1—cos 6 02+(02+62)sin0/0 0205(1—sin 0/6)—01 (1—cos 0
03(0) = 162 /92) 3( ) 2(10# 203 ( /92) 1( ) | . (152)
6103(1—sin0/0)—02(1—cos )  0203(1—sin6/0)+61(1—cos ) 02 +(02+62)sin /0
62 62 62

Therefore, in a given parametrization U (0), the QFIM of generic SU (2) unitaries of a pure state can be written as
FQ W] =4Iy, [H(0)] = 405(0) 'y, [J] OF (6). (153)

In turn, this gives an asymptotic precision bound for the local estimation of U (@) around the point given by 8 (and again
in the given parametrization).
In particular, a common parametrization that is alternative to U (0) = exp[—i(8,J, + 0,J, + 6. J.)] is given by Euler
angles, namely:
U(®,0,¥) = exp(—i®J.) exp(—iO.J,) exp(—i¥J,), (154)
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where 1 := (@, O, V) are three independent parameters just as @ = (0, 6,, 6.). The transformation from the € represen-

tation to 1 reads
Oz tan & — Oz
@ = arctan <929yg>

SCC 9z
1+q7 tan 3

. WAZE S
O = 2arcsin +——L sin § . (155)
[ 6,6
- tan 3+ 3%
U= arctan(W)

— o= 4 tan 3
0y 0 2

A change of parametrization then impacts the QCRB, and in particular the QFIM is transformed via the Jacobian matrix:
F(®,0,%)=7J" F(0)J, (156)
where the Jacobian matrix of the transformation 7(8) is defined as

00y,
)W

Tka , kel{x,y,z}, ac{d,0,0}. (157)

Besides considering different parametrization, one can also find a parametrization-invariant QCRB [110]. Following

Ref. [110] one can consider the Cartan metric:

92+2c050—20 0T + 2(1 — cosb)

A AT
g=0s0; = 94 02

]]-3a (158)
where 13 is the 3 x 3 identity matrix. Then, considering ¢ as the weight matrix on the multiparameter QCRB, one gets
N 1 _
tr[gCov(G)} > Ztr [le[J]}7 (159)

which is valid when the probe state is pure and is independent on the parametrization. Applied to our investigation, we
find that for the states in Eq. (39), the r.h.s is given by

1 2 1
—tr[Iy J]] = . 160
1V = g T e (160)
C.2 Estimation via moments of the generators
Let us now consider a vector of observables constructed by vectorizing the tensor
A i = Jin iy o Jige, (161)

where K is the maximal degree of the monomial of spin observables and we consider all the different such monomials for
each given order K. Again, working in the Heisenberg picture the moment matrix of such a vector can be written as

Mu,[A] = O(6) My, [A] O (0), (162)

where O(8) is an orthogonal matrix that can be constructed iteratively in the order K of the monomial terms.

For first order moments, i.e., the vector J, we already know that the transformation is given by O3(6). We now
illustrate how this construction works for the case K = 2, i.e., monomials of second order. For the vector of second order
monomials, which we call Q = (J32,J2,J3,{Ja, J3},{J1,J3},{J1, J2}), we have that the orthogonal transformation
matrix is given by

2 2 2
011 079 0713 2012013 2011013 2011012
2 2 2
031 039 033 2022023 2021023 2021022
2 2 2
031 039 033 2032 033 2031033 2031 032
06(0) = ; (163)

021031 022032 023033 022033 + 032023 021033 + 031023 021032 + 031022
031011 032012 033013 012033 + 032013 011033 + 031013 011032 + 031012
011021 012022 013023 012023 + 022013 011023 + 021013 011022 + 021012

where 0;; := 0;;(0) are the entries of Og. Thus, in total, the vector A = (J, Q) transforms with the matrix O3(0) &
Og(0). For higher order moments of the generators, the transformation matrix can be calculated iteratively with similar
methods.
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C.2.1 Reconstructions of moments via spin-j Husimi measurement

In order to reconstruct the moments of the generators, one can employ a spin-coherent-state measurement, also known as
the Husimi-() measurement, which is described by a continuous POVM on the sphere. The POVM elements are given by

“H onel, 2=y es? B(2)d2 =1, (164)

E(2
( ) 47 S2

where df2 = sin ¥ d9 dg and |2) denotes the spin-j coherent state pointing in the direction specified by (2. The associated
unit vector is n(£2) = (sin ¢ cos p, sin ¥ sin @, cos ¥). For a quantum state pg encoding the parameters to be estimated,
the outcome distribution is the normalized Husimi function

2j+1

p(2]0) = trloe E(12)] = pp

(2 06]12). (165)

Choosing suitable functions f({2) (e.g., components of the unit vector n({2) or other spherical harmonics / symbols),
one obtains p(0) = (M (0)), for the chosen set of observables M directly from the Husimi statistics and can apply the
method of moments as described in section A.2. In this sense, the Husimi POVM plays for spins the same conceptual
role as heterodyne detection for continuous variables: it provides a single-shot, joint (non-projective) measurement whose
covariances determine the asymptotic MoM precision.

To connect the continuous measurement outcomes directly to the method-of-moments employed throughout this work,
we use the contravariant symbols dual to the Husimi-QQ POVM [141]. For any operator A, the contravariant symbol
AV (£2) is defined such that

(A), = /S A2 AY(92) trleB(2)) (166)

Given v independent samples {{2,}%_, from the Husimi distribution, the sample mean A, = v~} >r—y AV (£2,) provides
an unbiased reconstruction of (A),,.
For the first- and second-order moments relevant to our analysis, the contravariant symbols take explicit forms [141]:

(J)"(12) = (G + 1) ni(£2), (167)
{5, Je}) (2) = (5 + 1)(2] + 3) s (2)n(2) — (5 + 1) bie- (168)

These relations allow us to map the measurement data onto the moment vector A used in the main text. Define the
processed outcomes as M;(£2;) := (M;)V (£2¢). The sample means By [M;] constructed from Egs. (167) and (168) yield
unbiased estimates of (M), , while the sample covariance matrix can be used to find the MSE. Note that this measurement
was also used in the context of estimation of three-parameter rotations in [103], where the classical Fisher information of
this POVM was investigated.
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